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Abstract. Suppose G is a finite group and A € G is such that {gA4 : g € G} has VC-dimension
strictly less than k. We find algebraically well-structured sets in G which, up to a chosen € > 0,
describe the structure of A and behave regularly with respect to translates of A. For the subclass of
groups with uniformly fixed finite exponent r, these algebraic objects are normal subgroups with
index bounded in terms of k, r, and €. For arbitrary groups, we use Bohr neighborhoods of bounded
rank and width inside normal subgroups of bounded index. Our proofs are largely model-theoretic,
and heavily rely on a structural analysis of compactifications of pseudofinite groups as inverse limits
of Lie groups. The introduction of Bohr neighborhoods into the nonabelian setting uses model-
theoretic methods related to the work of Breuillard, Green, and Tao [8] and Hrushovski [28] on
approximate groups, as well as a result of Alekseev, Glebskii, and Gordon [1] on approximate
homomorphisms.

Keywords. Arithmetic regularity, VC-dimension, pseudofinite groups

1. Introduction and statement of results

Szemerédi’s Regularity Lemma [50] is a fundamental result about graphs, which has
found broad applications in graph theory, computer science, and arithmetic combina-
torics. Roughly speaking, the regularity lemma partitions large graphs into few pieces
so that almost all pairs of pieces have uniform edge density. In 2005, Green [24] proved
the first arithmetic regularity lemma, which uses discrete Fourier analysis to define arith-
metic notions of regularity for subsets of finite abelian groups. For groups of the form F,
Green’s result states that given A C IFI’}, there is H < }FI’} of bounded index such that A4 is
uniformly distributed in almost all cosets of H (as quantified by Fourier-analytic methods;
see [24, Theorem 2.1]). Arithmetic regularity lemmas, and their higher order analogues
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(see [23,25]), are now important tools in arithmetic combinatorics. From a general per-
spective, one can view regularity lemmas as tools for decomposing mathematical objects
into ingredients that are easier to study because they are either highly structured (e.g., the
cosets of a subgroup) or highly random (e.g., uniformly distributed).

Recently, a large body of work has developed around strengthened regularity lemmas
for classes of graphs which forbid some particular bipartite configuration. This setting is
fundamental in both combinatorics and model theory, although often for very different
reasons. In combinatorics, forbidden configurations can lead to significant quantitative
improvements in results about graphs, and several well-known open problems arise in
this pursuit (e.g., the Erd6s—Hajnal conjecture; see [17, 1.4], and also [20]). In model
theory, the focus is usually on infinite objects, and forbidden configurations are used to
obtain qualitative results about definable sets in mathematical structures. Indeed, much
of modern model theory emerged from the study of mathematical structures in which
every definable bipartite graph omits a finite “half-graph” as an induced subgraph (such
structures are called stable).

In combinatorics and model theory, the practice of forbidding finite bipartite config-
urations is rigorously formulated using VC-dimension. By definition, the VC-dimension
of a bipartite graph (V, W; E) is the supremum of all k € Z™ such that (V, W; E) con-
tains ([k], P ([k]); €) as an induced subgraph (where [k] = {1,...,k}). We call (V, W E)
k-NIP if it has VC-dimension at most k — 1.! While this definition is based on omitting
one specific bipartite graph, an illuminating exercise is that if (V, W; E') omits some finite
bipartite graph (V’, W', E’) as an induced subgraph, then (V, W; E) is k-NIP for some
k < |V'| + [log, |W’|]. Therefore, having finite VC-dimension is equivalent to omitting
some finite bipartite configuration.

In [2, Lemma 1.6], Alon, Fischer, and Newman proved a strengthened regularity
lemma for finite graphs of bounded VC-dimension,” in which the bound on the size of
the partition is polynomial in the degree of irregularity (in contrast to Szemerédi’s orig-
inal work, where these bounds are necessarily tower-type [21]), and the edge density in
any regular pair is close to 0 or 1. This latter condition says that, as a bipartite graph,
each regular pair is almost empty or complete, and so the normally “random” ingredients
of Szemerédi regularity are in fact highly structured. Graph regularity with bounded VC-
dimension was also developed by Lovasz and Szegedy in [35], and similar results have
been found for hypergraphs (e.g., [18-20]), as well as for various model-theoretic set-
tings inside NIP (see [5, 10, 11,37]). The strongest conclusion is for stable graphs,” where
Malliaris and Shelah prove the existence of regular partitions with polynomial bounds,
no irregular pairs, and the same “0-1" behavior of edge densities in regular pairs (see
[37, Theorem 5.18]).

The goal of this article is to develop arithmetic regularity for arbitrary finite groups
in the context of forbidden bipartite configurations, as quantified by VC-dimension. In

I'This terminology is from model theory, where a bipartite graph with infinite VC-dimension is
said to have the independence property, and so NIP stands for “no independence property”.

2The VC-dimension of a graph (V; E) is that of its “bipartite double cover” (V, V; E).

3 A bipartite graph is called k-stable if it omits ([k], [k]; <) as an induced subgraph; and a graph
is k-stable if its bipartite double cover is. Note that a k-stable bipartite graph is k-NIP.
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analogy to the case of graphs, we show that by forbidding finite bipartite configurations,
one obtains a strengthened version of arithmetic regularity in which the normally ran-
dom ingredients are instead highly structured. Moreover, our proof methods deepen the
connection between model theory and arithmetic combinatorics, in that we use pseudofi-
nite methods to extend combinatorial results for finite abelian groups to the nonabelian
setting. This is in the same vein as Hrushovski’s [28] celebrated work on approximate
groups, and the subsequent structure theory proved by Breuillard, Green, and Tao [8].
We will use similar techniques in order to formulate arithmetic regularity in nonabelian
groups using Bohr neighborhoods, which are fundamental objects from arithmetic com-
binatorics in abelian groups. Finally, our results show that arithmetic regularity for NIP
sets in finite groups coincides with a certain model-theoretic phenomenon called “com-
pact domination”. This notion was first isolated by Hrushovski, Peterzil, and the second
author [29] in their proof of the so-called “Pillay conjectures” for groups definable in o-
minimal theories, and later played an important role in the study of definably amenable
groups definable in NIP theories [9,29,31,32].

Before stating the main results of this paper, we briefly recall previous work on stable
arithmetic regularity, as it provides a template for the “structure and regularity” statements
we will obtain in the NIP setting. Given a group G and a subset A C G, we define the
bipartite graph g (A) = (V.,W;E) where V. =W = G and E = {(x,y) € G?: yx € A}.*
Given k > 1, we say that a subset A of a group G is k-NIP (respectively, k-stable)
if ['g(A) is k-NIP (respectively, k-stable), as defined above. In [52], the third author
and Wolf developed arithmetic regularity for k-stable subsets of IF;. They proved that
such sets satisfy a strengthened version of Green’s arithmetic regularity lemma, in which
there is an efficient bound on the index of H and A is uniformly distributed in all cosets
of H. They also show that a k-stable subset of I, is approximately a union of cosets of
a subgroup of small index, which is an arithmetic analogue of “0-1 density” in regular
pairs. In [14, Theorem 1.2], we generalized and strengthened the results from [52] on ]FI’,’

to the setting of arbitrary finite groups, but without explicit bounds.’

Theorem 1.1 ([14]). Foranyk > 1 and € > O, there is n = n(k, €) such that the following
holds. Suppose G is a finite group and A C G is k-stable. Then there is a normal subgroup
H < G, of index at most n, satisfying the following properties:

(i) (structure) There is a set D C G, which is a union of cosets of H, such that
|AAD|<elH|.

(i1) (regularity) Forany g € G, either |gH N A| < €|H| or |gH\A| < €|H|.
Moreover, H is in the Boolean algebra generated by {gAh : g, h € G}.

“4This is a bipartite analogue of the “Cayley sum-graph of 4 in G”, as defined in [52] for abelian
groups. The reason we use yx € A rather than xy € A is the model-theoretic preference for “left-
invariant” formulas (see Section 2.4 for details).

SQuantitative results for stable sets in finite abelian groups were later proved by the third author
and Wolf (see [53, Theorem 4]), and more recently for arbitrary finite groups by the first author (see
[12, Theorems 1.3 and 1.4]).
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We now describe the main results of this paper. Our first result on arithmetic regu-
larity in the setting of bounded VC-dimension is for k-NIP subsets of finite groups with
uniformly bounded exponent.

Theorem 3.2. Foranyk,r > 1 and € > 0, there is n = n(k, r, €) such that the following
holds. Suppose G is a finite group of exponent r, and A C G is k-NIP. Then there are

* a normal subgroup H < G of index at most n, and
x aset Z C G, which is a union of cosets of H, with |Z| < €|G|,
satisfying the following properties:

(i) (structure) There is a set D C G, which is a union of cosets of H, such that
[(A\Z) 2 D| < €|H|.

(ii) (regularity) Forany g € G\Z, either |gH N A| < ¢|H| or |gH\A| < €|H|.
Moreover, H is in the Boolean algebra generated by {gAh : g,h € G}.

Thus the behavior of NIP sets in bounded exponent groups is almost identical to that
of stable sets in arbitrary finite groups, where the only difference is the error set Z. This
reflects similar behavior in graph regularity, where the main difference between the stable
and NIP cases is the need for irregular pairs. Theorem 3.2 also qualitatively generalizes
and strengthens a recent quantitative result of Alon, Fox, and Zhao [3, Theorem 1.1]
on k-NIP subsets of finite abelian groups of uniformly bounded exponent. A version
of Theorem 3.2 with polynomial bounds (in € '), but weaker qualitative ingredients, is
conjectured in [3].°

We then turn to k-NIP sets in arbitrary finite groups. In this case, one cannot expect
a statement involving only subgroups, as in Theorem 3.2. Indeed, as noted in [3, Sec-
tion 5], if p > 3 is prime and A = {1,2, ..., |p/2]}, then A is 4-NIP as a subset of
Z/pZ, but A cannot be approximated as in Theorem 3.2 for arbitrarily small €. This
example illustrates a common obstacle faced in arithmetic combinatorics when work-
ing in abelian groups with very few subgroups. In situations like this, one often works
instead with certain well-structured subsets of groups called Bohr neighborhoods. Bohr
neighborhoods in cyclic groups were used in Bourgain’s improvement of Roth’s Theo-
rem [7, (0.11)], and also form the basis of Green’s arithmetic regularity lemma for finite
abelian groups [24, Theorem 5.2]. Results related to ours involving Bohr neighborhoods,
with quantitative bounds but for abelian groups, were independently obtained by Sisask
[49, Theorem 1.4].

Given a group H, an integer » > 0, and some § > 0, we define a (8, r)-Bohr neigh-
borhood in H to be aset of the form B] ; :={x € H :d(t(x),0) <}, where T: H — T"
is a group homomorphism and d is a fixed invariant metric on the r-dimensional torus T”
(see Remark 4.6 and Definition 4.7). Our main structure and regularity result for NIP sets
in finite groups is as follows.

This weaker version of Theorem 3.2 was later proved by the first author with a bound of the
formn = exp(ck,re'k), where ¢y, is an ineffective constant (see [13, Theorem 1.6]).
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Theorem 5.7. Forany k > 1 and € > 0 there is n = n(k, €) such that the following holds.
Suppose G is a finite group and A € G is k-NIP. Then there are

* anormal subgroup H < G of indexm < n,

* a (8, r)-Bohr neighborhood B in H, where 0 <r <nand1/n <§ <1, and

x asubset Z C G, with |Z]| < €|G|,

satisfying the following properties:

(i) (structure) There is a set D C G, which is a union of at most m(%)’ translates of B,

such that
[(A 2 D)\Z| < €|B].

(ii) (regularity) For any g € G\Z, either |gB N A| < €¢|B| or |gB\A| < €|B|.

Moreover, H and Z are in the Boolean algebra generated by {gAh : g,h € G}, and if G
is abelian then we may assume H = G.

In order to prove Theorems 3.2 and 5.7, we will first prove companion theorems
for these results involving definable sets in infinite pseudofinite groups (Theorems 3.1
and 5.5, respectively). We then prove the theorems about finite groups by taking ultra-
products of counterexamples in order to obtain infinite pseudofinite groups contradicting
the companion theorems. To prove the companion theorems, we work with a saturated
pseudofinite group G, and an invariant NIP formula 6(x; y) (see Definitions 2.1 and
2.10). In [15], the first two authors proved “generic compact domination” for the quotient
group G/Gg?, where 67 (x; y,u) ;= 0(x - u; y) and Gg? is the intersection of all 6”-
type-definable bounded-index subgroups of G (see Definition 2.12). In this case, G/ Gg?
is a compact Hausdorff group, and generic compact domination roughly states that if
A C G is 0" -definable, then the set of cosets of Gp?, which intersect both A and G\ 4 in
“large” sets with respect to the pseudofinite counting measure, has Haar measure O (see
Theorem 2.14). This is essentially a regularity statement for A with respect to the sub-
group G 39, which is rather remarkable as generic compact domination originated in [29]
toward proving conjectures of the second author on the Lie structure of groups definable
in o-minimal theories [41, Conjecture 1.1].

For G and 6(x; y) as above, the regularity provided by generic compact domination
for 67 -definable sets in G cannot be transferred directly to finite groups, as the state-
ment depends entirely on type-definable data (such as Gg?). Thus, much of the work in
this paper focuses on obtaining definable approximations to Gg? and the other objects
involved in generic compact domination. We first investigate the situation when G/ Gg?
is a profinite group, in which case Gg? can be approximated by definable finite-index
subgroups of G. Using this, we prove Theorem 3.1 (the pseudofinite companion to The-
orem 3.2 above). The connection to Theorem 3.2 is that if G is elementarily equivalent
to an ultraproduct of groups of uniformly bounded exponent, then G/ Gg? is a compact
Hausdorff group of finite exponent, hence is profinite (see Fact 2.3(d)).

When G/ Gg? is not profinite, there are not enough definable finite-index subgroups
available to describe Gg?, and it is for this reason that we turn to Bohr neighborhoods.
This is somewhat surprising, as Bohr neighborhoods are fundamentally linked to abelian



G. Conant, A. Pillay, C. Terry 588

groups, and we do not make any assumptions of commutativity. However, by a general
result of the second author on “definable” compactifications of pseudofinite groups, we
in fact know that the connected component of G/ Gg,(.) is abelian (see Theorem 2.7). It is
at this point that we see the beautiful partnership between pseudofinite groups and NIP
formulas. Specifically, we have generic compact domination of 6" -definable sets by the
abelian-by-profinite group G/ Gg?, which allows us to analyze 6" -definable sets in G
using Bohr neighborhoods in definable finite-index subgroups. In order to obtain a state-
ment involving only definable objects, we use approximate homomorphisms to formulate
a notion of approximate Bohr neighborhoods. This leads to Theorem 5.5 (the pseudofi-
nite companion of Theorem 5.7 above). We then apply a result of Alekseev, Glebskii, and
Gordon [1, Theorem 5.13] on approximate homomorphisms to find actual Bohr neighbor-
hoods inside approximate Bohr neighborhoods and, ultimately, prove Theorem 5.7.

In Section 6, we prove similar results for fsg groups definable in distal NIP theo-
ries (see Theorems 6.8 and 6.7). This follows our theme, as such groups satisfy a strong
form of compact domination (see Lemma 6.6). In Section 7, we discuss compact p-adic
analytic groups as one concrete example of the distal fsg setting.

2. Preliminaries

2.1. First-order structures and definability

We start by establishing the setting involving first-order structures. See [38] for an intro-
duction to first-order logic and model theory.

Let £ be a first-order language. Following model-theoretic convention, we will say
that an £-structure M * is sufficiently saturated if M* is k-saturated and strongly -
homogeneous for some large (e.g., strongly inaccessible) cardinal x. Let M* be a fixed
sufficiently saturated £-structure. We say that a set is bounded if its cardinality is strictly
less than the saturation cardinal ¥ of M*.” When £ and M * are fixed, we will refer to
an £L-formula with parameters from M * as simply a formula. We also call an elementary
substructure M < M* small if its universe is bounded. As usual, a subset X C (M *)"
is definable if there is a formula ¢ (x1, ..., x,) such that X = ¢(M*) :={a € (M*)" :
M* E ¢(a)}; and X C (M*)" is type-definable if it is an intersection of a bounded
number of definable subsets of (M *)". We will further say that X € (M *)" is countably-
definable if it is an intersection of countably many definable subsets of (M *)".

Many of our results will operate in a “local” model-theoretic setting, which is to say
that we focus on a single formula 6(x; y) whose free variables are partitioned into a
singleton x and a finite tuple y.

Definition 2.1. Let 0(x; y) be a formula.

(1) A (6)-formula is a formula ¢ (x; yy,..., y,) obtained as a Boolean combination of
0(x;y1),...,0(x; yp) for some n > 1 and variables yy,..., y,.

"This is not to be confused with later uses of the phrase “uniformly bounded” in the context of
theorems about finite groups.
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(2) An instance of 6(x; 7) is a formula of the form 0(x: b) for some b € (M*)7!.
(3) A O-formula ¢ (x) is an instance of a (#)-formula ¢ (x; yi,..., Vn).
(4) Aset X C M*is O-definable if X = ¢(M™) for some O-formula ¢ (x).

(5) Aset X C M* is O-type-definable (respectively, f-countably-definable) if it is an
intersection of a bounded (respectively, countable) number of 6-definable subsets
of M*.

Note that if 6(x; y) is a formula, and X € M * is a set that is both countably-definable
and 0-type-definable, then X is 8-countably-definable by an easy saturation argument.

We end this subsection with some discussion on our conventions regarding definable
groups. In general, we will work with a sufficiently saturated structure M * and consider a
group G definable in M *. (For example, this will be the setting for the results in Sections 6
and 7.) Thus most of the preliminaries below will take place in this context. On the other
hand, the results in Sections 3 and 5 are in the “local setting” discussed above, and thus
we will work in the situation where & is an expansion of the group language® and M *
expands a group. So in this case, we use G in place of M*, and we just say that G is a
sufficiently saturated expansion of a group.

In some situations, we may start by working in the setting of groups definable in M*
and then, for certain results, move to the latter setting where M * is itself an expansion of
a group. To clarify this, we adopt the following convention. Given a sufficiently saturated
structure M* and a group G definable in M*, we will write G = M™ to signify the
additional assumption that £ contains the language of groups, M* is an expansion of a
group, and G is defined by x = x. In other words, this assumption moves us to the setting
where we work with a sufficiently saturated expansion of a group (as discussed above).
This will be done primarily for the sake of convenience, and in order to avoid introducing
further terminology and notation.

Definition 2.2. Let G be a sufficiently saturated expansion of a group. A formula 6(x; y)
is (left) invariant if, for any ¢ € G and b € G7!, there is ¢ € G| such that 6(a - x; b)
and 6(x; ¢) define the same subset of G.

The typical example of an invariant formula is something of the form 6(x; y) :=
¢ (y - x), where ¢ (x) is a formula in one variable. Note also that if 8(x; y) is an invariant
formula then any (6)-formula is invariant as well.

2.2. Compact quotients

By convention, when we say that a topological space is compact, we mean compact and
Hausdorff. We will frequently use the fact that a compact space is second-countable if and
only if it is separable and metrizable (e.g., by Urysohn’s Metrization Theorem). Given a
topological group K, we let K® denote the connected component of the identity in K,

81n fact, the group language expanded by a single unary relation symbol A suffices for our main
results on finite groups (Theorems 3.2 and 5.7).
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which is a closed normal subgroup of K. A topological group is called profinite if it is a
projective limit of finite groups. By a Lie group, we mean a finite-dimensional real Lie
group. For n € N, let T" denote the n-dimensional torus, where T = R/Z (so T? is
the trivial group). We view T” as a compact topological group (with the product of the
quotient topology on R/Z). We use = for isomorphism of topological groups.

The structure theory for compact groups as projective limits of compact Lie groups
will play a significant role in this paper. We refer the reader to [43, Section 1.1] for details
on projective limits of topological spaces. Each projective limit below will be indexed
by a join semilattice (jsl), i.e., a poset I = (I, <) such that any finite set ¥ C [ has a
least upper bound (denoted sup F'). When we refer to N as a js/, we always use the usual
ordering.

The following are several important facts about compact groups that we will need at
various points throughout the paper.

Fact 2.3.

(a) If K and L are compact groups, and w: K — L is a surjective continuous homomor-
phism, then m(K°) = L°.

(b) A compact group K is profinite if and only if K is trivial.

(c) A continuous homomorphic image of a profinite group is profinite.

(d) Any compact torsion group is profinite.

(e) Any compact second-countable group admits a bi-invariant compatible metric.

(f) Any compact group K admits a unique left-invariant regular Borel probability mea-
sure ng (called the normalized Haar measure on K).’

(g) If K is a compact abelian Lie group, then
K~T"xF

for some finite group F and some n € N.

(h) If K is a compact group then there is a jsl I and a projective system (L;)icy of com-
pact Lie groups such that K = lim L;. Moreover, the projection maps are surjective,
and if K is second-countable then we may assume I = N.

Proof. Part (a) is a straightforward consequence of the Open Mapping Theorem for com-
pact groups [27, p. 704]. See also [26, Theorem 7.12] for a more general result in the
locally compact setting.

Part (b) follows from the fact that a topological group is profinite if and only if it is
compact and totally disconnected (see [43, Theorem 2.1.3]).

Part (c) follows from (a) and (b).

For (d), see [33, Theorem 4.5] (where torsion groups are called periodic).

For (e), (f), and (g), see [27, Corollary A4.19, Theorem 2.8, and Proposition 2.42].

In fact, ng is also right-invariant and is the unique right-invariant regular Borel probability
measure on K.



Structure and regularity for VC-sets in groups 591

Part (h) is part of the well-known Peter—Weyl Theorems. See [27, Corollary 2.43] for
the first statement and surjectivity of the projection maps. The js/ in question is the collec-
tion I of kernels of continuous homomorphisms from K to unitary groups under reverse
inclusion (see [27, Corollary 2.36 and its proof]). In particular, any open neighborhood
of the identity in K contains some kernel in / (see [27, Exercise E9.1]), which yields the
final claim on second-countability. ]

We now return to model theory. Let £ be a first-order language. Given a suffi-
ciently saturated &£-structure M *, a type-definable set X C (M *)", and a complete n-type
p € S,(M™), we say p concentrates on X, written p |= X, if p contains a bounded set
{¢i(X)}ier of formulas such that X = (");c; ¢: (M ™) (note that, by saturation and since
p is a complete type, we have p = X if and only if ¢ (X) € p for any formula ¢ (X) such
that X C ¢p(M™)).

Fact 2.4. Let G be a group definable in a sufficiently saturated £-structure M *. Suppose
I' < G is a type-definable normal subgroup of bounded index, and let w: G — G/ T be
the canonical homomorphism.

(@) G/T is a compact topological group, where a set X C G/ T is closed if and only if
7~ Y(X) is type-definable.

(b) If X C G is definable then the set {al’ € G/T :al’ C X} isopenin G/T.

(¢) G/T is second-countable if and only if T is countably-definable.

(d) Suppose G = M™* and T is 0-type-definable for some invariant formula 6(x; y). Then
X C G/T is closed if and only if 1= (X) is O-type-definable.

(e) Suppose | is a left-invariant finitely additive probability measure on the Boolean
algebra B of definable subsets of G, and X is a closed subset of G/ I". Then ngr(X)
=inf{u(Z): Z € Bandn ' (X) C Z}.

Proof. For (a), see [41, Lemma 2.7], and for (b), see [41, Remark 2.4].

Concerning (c), see [34, Fact 1.3] for the right-to-left direction. Conversely, sup-
pose G/ T is second-countable and let {U, : n € N} be a neighborhood basis of the
identity in G/T. For any n € N, n~1(U,) is co-type-definable and contains I". By satu-
ration, there is some definable set D,, € G suchthat " C D,, C JT_I(Un). It follows that
L= ;20 Dn.

For (d), see [15, Corollary 4.2].

To prove (e), let Sg(M™) be the space of types concentrating on G. Recall that
Sc (M ™) is a Stone space, with a basis of clopen sets [Z]:={p € Sg(M™*) : Z € p} where
Z € B. Note that G acts on Sg (M *) by left multiplication. Moreover, there is a unique
left-invariant regular Borel probability measure & on Sg (M *) such that u(Z) = w([Z])
for any Z € B (see, e.g., [46, Section 7.1]). In particular, if C € Sg(M ™) is closed then
w(C) =inf{u(Z): Z € B and C C [Z]}. Now define the function f:Sg(M*) - G/T
where f(p) is the unique coset al” such that p = al". It is straightforward to show that
fUX)={peSec(M*) : pl n (X))} for any closed X € G/T. It follows that f
is continuous and 77(f~1(X)) = inf{u(Z) : Z € B and 7~ (X) € Z} for any closed
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X C G/T. Finally, one checks that 77 o f ! is a left-invariant regular Borel probability
measure on G/ T, and thus must be g, by Fact 2.3(f). ]

The topology defined on G/ T in the previous fact is called the logic topology, and
the canonical homomorphism from G to G/ T" connects topological structure in G/ T to
definable sets in G. This is a special case of the following notion.

Definition 2.5. Suppose M * is a sufficiently saturated £-structure, X € M * is definable,
Y is a compact space, and f: X — Y is a function. Then f is definable if f~1(C) is
type-definable for any closed C C Y. If X is §-definable and each f~!(C) is 0-type-
definable, for some fixed formula 6(x; y), then we say f is 6-definable.

Remark 2.6. Suppose f: X — Y is definable (as above).

(a) Fix C C U C Y with C closed and U open. Then, by saturation of M *, there is a
definable set D € X such that f~1(C) € D € f~Y(U). Thus if C C Y is clopen
then f~1(C) is definable.

(b) If f(X) is finite then the fibers of f partition X into finitely many type-definable sets
which, by saturation, implies that each fiber of f is definable.

Suppose further that X and f are 6-definable for some fixed formula 6(x; y). Then in
part (a) we may assume D is #-definable, and so if C C Y is clopen then f~!(C) is
0-definable. Moreover, in part (b), we have that each fiber of f is #-definable.

Recall that a first-order structure is pseudofinite if it is elementarily equivalent to an
ultraproduct of finite structures. We now recall a result of the second author on definable
compactifications of pseudofinite groups, which will be the key ingredient that allows us
to introduce Bohr neighborhoods into the setting of possibly nonabelian finite groups.

Theorem 2.7 ([42]). Suppose G is a sufficiently saturated pseudofinite expansion of
a group, and T' < G is normal and type-definable of bounded index. Then (G/T)° is
abelian.

Proof. Suppose M < G is a small substructure such that I" is type-definable over M.
Then Gz?/? < TI', where Gf",}’ denotes the intersection of all bounded-index subgroups
of G that are type-definable over M. By [42, Theorem 2.2], (G/Gp)° is abelian, and
s0 (G/T)? is abelian by Fact 2.3(a) and since the canonical homomorphism from G/ GI?JO
to G/ T is surjective and continuous. ]

Remark 2.8. The proof of [42, Theorem 2.2] uses the classification of approximate
groups due to Breuillard, Green, and Tao [8]. This theorem was later generalized by
Nikolov, Schneider, and Thom [39, Theorem 8], who showed that the connected com-
ponent of any compactification of an (abstract) pseudofinite group is abelian. Their proof
uses the classification of finite simple groups.

We are now ready to collect all of the previous facts and prove the main result of
this subsection. In particular, let G be a group definable in a sufficiently saturated struc-
ture M*, and let I' < G be type-definable and normal of bounded index. Since G/ T is
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a compact group, and the topology on G/ I is controlled by type-definable objects in G,
we can analyze I' using the structure theory for compact Lie groups. The next lemma
describes the main ingredients of this analysis. Given a poset /, we say that a net (X;);ers
of subsets of some fixed set X is decreasing if X; C X; forany i, j € [ suchthati < j.

Lemma 2.9. Let G be a group definable in a sufficiently saturated £-structure M*. Sup-
pose I' < G is type-definable and normal of bounded index. Then there is a bounded jsi I,
a decreasing net (I';)ieq of countably-definable bounded-index normal subgroups of G,
and a decreasing net (H;)icy of definable finite-index normal subgroups of G, such that
the following properties are satisfied:

@) T =(jey Ti,and Ty < H; foralli € I.
(ii) Foralli € I, G/T; is a compact Lie group and H; /T; = (G/T})°.
“ee ~ . . 0 ~ . . . 10

(iii)) G/T = 1(21G/ I and (G/T)° = L&nH,/F,.

Moreover:

(a) If T is countably-definable then we may assume I = N.

(b) If G = M* and T is 0-type-definable for some invariant formula 6(x; y) then, for
alli € I, the quotient map G — G/ T'; is 0-definable, and so we may assume that H;
is O-definable and T; is 0-type-definable.

(¢) If G/T is profinite then we may assume H; = T foralli € I.

(d) If G = M* and G is pseudofinite, then we may assume that for all i € I, there is
some n; € N such that H; /T'; =~ T".

(e) If G is abelian then we may assume that, for alli € I, there is some n; € N and some
finite group F; such that G/T; =~ T" x F; (and so H; /T; = T").

Proof. By Fact 2.3(h), there is a projective system (L;);e; of compact Lie groups such
that G/I' = 1(i£1L,~ and the projection maps f;: G/I" — L; are surjective. Since I has
bounded index in G, we may assume / is bounded. Fori € I, set I'; = ker(f; o 7), where
7:G — G/ T is the canonical homomorphism. Then each T is a type-definable bounded-
index normal subgroup of G, and I" = ﬂie ; I'i. Moreover, G/I'; = L; foralli € I, and
soG/T = 1(21 G/ T'; with canonical (surjective) projection maps 7;: G/ I' — G/ T;. Since
each G/ T 1s a Lie group (and thus second-countable), each I'; is countably-definable by
Fact 2.4(c).

Now, given i € I, let H; < G be the pullback of (G/T;)° under G — G/T; (so
(G/Ty)° = H;/T;). Thenforanyi € I, H;/ T} is a clopen finite-index normal subgroup
of G/T;."" So each H; is a finite-index normal subgroup of G and, since G — G/ T}
is definable, H; is definable by Remark 2.6(a). If i, j € I and i < j, then the pullback
of H;/TI'; to G/ T is a clopen finite-index normal subgroup, and thus contains H; /T,

10Here we view (G/T;);ez and (H;/T;);eg as projective systems using (i) and the assumption
that (H;);ey and (I';); s are decreasing.

T K is a Lie group then it is locally connected, and so K© is clopen. Thus, if K is also compact,
then K© has finite index.
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which implies H; < H;. Finally, 7; ((G/T')°) = H;/T; for all i € I by Fact 2.3(a), and
so (G/T)° = lim H;/T; by [43, Corollary 1.1.8]. This finishes the proof of claims (i)
through (Gii).

Now we deal with the remaining claims. Claim (a) follows from Facts 2.3(h) and
2.4(c), and claim (e) follows from Fact 2.3(g). For claim (b), note that the quotient map
G — G/T is O-definable by Fact 2.4(d), and thus the remaining claims are evident from
the above arguments. For claim (c), if G/ T is profinite then each group H; /T is trivial
by Fact 2.3(b, ¢). Finally, for claim (d), assume G = M * and suppose G is pseudofinite.
Then (G/T')? is abelian by Theorem 2.7. So, forany i € I, H; /T'; is a compact connected
abelian Lie group, and thus H;/I'; = T" for some n; € N by Fact 2.3(g). ]

2.3. NIP formulas in pseudofinite groups

In this subsection, we assume that &£ expands the group language. Let G be a sufficiently
saturated expansion of a group.

Definition 2.10. Let 6(x; y) be a formula. Given_k > 1, 0(x; y) is k-NIP if there do not
exist sequences (a;);efk] in G and (by)rck] in G” such that 6(a;, by) holds if and only if
i € I.Wesay 0(x;y)is NIP if it is k-NIP for some k£ > 1.

Remark 2.11. Given k > 1, a formula 6(x; y) is k-NIP if and only if the set system
{6(G;b) : b € G} on G has VC-dimension at most k — 1 (see, e.g., [46, Section 6.1]
for details on set systems and VC-dimension).

Next, we summarize several main results from [15], which will form the basis for our
work on NIP sets in finite and pseudofinite groups. We say that a set A C G is generic if G
is covered by finitely many left translates of A; and a formula ¢ (x) is generic if ¢(G) is
generic. Given a formula 6(x; y), let Sg(G) denote the space of complete 6-types over G
(i.e., ultrafilters over the Boolean algebra of 8-formulas). A type p € Sg(G) is generic if
every formula in p is generic.

Definition 2.12. Given a formula 6(x; y), we let 6" (x; y, u) denote the formula
O(x-u;y),and Gg? denote the intersection of all 8" -type-definable bounded-index sub-
groups of G.

Note that if 6(x; y) is invariant, then so is 87 (x; y,u). One can also show that if 6(x; y)
is invariant and NIP, and ¢(x) is a 6" -formula, then ¢ (y - x) is NIP."> We now focus on
the case when G is pseudofinite, which, by saturation, implies that G is an elementary
extension of an ultraproduct [ [, G;, where each G; is a finite £-structure expanding a
group and U is a (nonprincipal) ultrafilter on some index set /. In this case, p will always
denote the pseudofinite counting measure on G, which is obtained by lifting (e.g., as in
[29, Section 2]) the ultralimit measure limq; (; on H‘u G;, where u; is the normalized
counting measure on G;.

2However, 0" (x; ¥, u) itself need not be NIP (see [15, Example 3.7]).
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Remark 2.13. In several proofs, we will apply L.os’s Theorem to properties of p, which
requires an expanded language £ containing a sort for the ordered interval [0, 1] with
a distance function, and functions from the G-sort to [0, 1] giving the measures of &£-
formulas. There are many accounts of this kind of formalism, and so we will omit further
details and refer the reader to similar treatments in the literature, for example [15, Sec-
tion 2.3], [28, Section 2.6], and [29, Section 2].

Before stating the next theorem, we “localize” the notation given before Fact 2.4.
Given a formula 6(x; y), a 8-type-definable set X C G, and a complete O-type p € Sg(G),
we write p = X if p contains a bounded set {¢; (x)};e; of O-formulas such that X =

Nier $i(G).

Theorem 2.14 ([15]). Let G be a sufficiently saturated pseudofinite expansion of a group,
and suppose 0(x; y) is an invariant NIP formula.

(a) A 0" -formula ¢ (x) is generic if and only if u(¢(x)) > 0.
(b) There are generic 0" -types in Sgr (G).
© Gg? is 0" -countably-definable and normal of bounded index.

(d) Suppose A C G is 0" -definable, and let E C G/ Gg? be the set of C € G/ Gg? such
that p E C N A and q = C N (G\A) for some generic p,q € Sgr(G). Then E is
closed and 6/G92 (E)=0.

Proof. See [15, Corollary 2.15, Proposition 3.12(a)] for part (a). Parts (b), (c), and (d) are
Proposition 3.12(c), Theorem 3.15(a, e), and Theorem 5.2 in [15]. [

Remark 2.15. In the setting of the previous fact, part (a) implies that if X C G is 8"-
type-definable, then p = X for some generic p € Sgr(G) if and only if w(W) > 0 for
any definable (equivalently, any 6”-definable) set W C G containing X .

We now prove the main result of this subsection.

Lemma 2.16. Let G be a sufficiently saturated pseudofinite expansion of a group. Sup-
pose 0(x; y) is an invariant NIP formula, and let (W;){2, be a decreasing sequence of
definable sets such that Gg? = (Nieo W;. Fix a 0" -definable set A  G. Then, for any
€ > 0, there is a 0" -definable set Z C G and some i € N such that ((Z) < € and, for
any g € G\Z, either u(gW; N A) = 0 or u(gW;\A) = 0.

Proof. To simplify notation, let I' = GJ? and K = G/T, and let 7: G — K be the
canonical homomorphism. Let E be as in Theorem 2.14(d) (with respect to the fixed
0" -definable set A). So E is closed and ng (E) = 0.

Fix € > 0. By Fact 2.4(e), we may fix a definable set Z’ € G such that u(Z’) < ¢
and 7~1(E) € Z’. By saturation and Fact 2.4(d), there a s #”-definable set Z C G such
that 7! (E) € Z C Z’. In particular, we still have 1(Z) < €. We show that Z satisfies
the conclusion of the lemma. To motivate the argument, we first make a side remark. By
saturation and Remark 2.15, we immediately see that for any g € G\ Z, there is some
i € N such that u(gW; N A) = 0 or u(gW;\A) = 0. Thus the content of the following
argument is to show that we can pick one i € N that works for every g € G\ Z.
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Toward a contradiction, suppose that for all i € N there is some a; € G\Z such
that w(a; W; N A) > 0 and u(a; Wi\ A) > 0. Let U = {C € K : C C Z}, which is open
in K by Fact 2.4(b). Note that E C U and 7~} (U) C Z. In particular, (a; T)$2, is an
infinite sequence in K\U. Since U is open and K is compact and second-countable
(by Fact 2.4(c) and Theorem 2.14(c)), we may pass to a subsequence and assume that
(a; T")$2,, converges to some al” € K\U. In particular, al" ¢ E.

Claim. Foralli € N, u(@aW; N A) > 0 and u(aW;\A) > 0.

Proof. First, giveni € N, let U; = {C € K : C C aW;}. As above, each U; is open in K.
Moreover, forany i € N, since I' € W;, we have al" € U; € aW;/T'. Also, since (W;)$2,,
is decreasing and T’ = ()72, W; is a subgroup of G, it follows from saturation that, for all
i € N, thereis n; € N such that W, W,,, € W,.

Now fix i € N. Since U,; is an open neighborhood of aI, there is j > n; such
that ;I € Uy, . In particular, a; € n_l(Un,.) C aW,,. Now we have a; W; C a; W, C
aWy,; Wp, CaW;. Since pu(a; Wy N A) > 0and p(a; Wi\ A) > 0, we have p(aW; N A) >0
and u(aW;\A) > 0. =

Now, since (Wi)l?’io is decreasing and I' = ﬂ;-)io W;, it follows from saturation that
any definable set containing aI" N A (respectively, al'\ A) contains aW; N A (respec-
tively, aW;\ A) for some i € N. So al’ € E by the claim (and Remark 2.15), which is a
contradiction. ]

Note that Lemma 2.16 provides a “regularity” statement for invariant NIP formulas in
pseudofinite groups. However, it does not provide any information about the shape of the
definable sets W;, other than that they approximate the subgroup Gg?. Indeed, most of the
remaining work in this paper is toward replacing these definable sets with ones that enjoy

more meaningful algebraic properties.

Remark 2.17. Except for Sections 6 and 7, our use of finite VC-dimension is based
entirely on applications of Lemma 2.16. So it is worth emphasizing that the proof of
Theorem 2.14 in [15] heavily uses fundamental results about VC-dimension such as the
Sauer—Shelah Lemma and the VC-Theorem (see [46, Chapter 6]), as well as work of
Simon [47,48] on NIP formulas, which builds on a large body of research on NIP theories
and groups definable in such theories (e.g., [9,29,31]).

2.4. NIP subsets of groups

In this subsection, we briefly recall the notion of an NIP subset of an arbitrary group, and
clarify the relationship to VC-dimension and NIP formulas. Recall from the introduction
that if G is a group and A C G, then we have the bipartite graph '¢(4) = (G, G; E)
where E = {(x,y) € G?: yx € A).

Definition 2.18. Given a group G and an integer k > 1, we say that A is k-NIP (in G) if
I'G(A) is k-NIP, i.e., it omits the bipartite graph ([k], P ([k]); €) as an induced subgraph
(where [k] = {1,....k}).
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Remark 2.19. Fix a group G and a subset A C G.

(1) If T'g(A) omits some finite bipartite graph (V, W, E) as an induced subgraph, then A
is k-NIP for some k < |V| + [log, [W]].

(2) Givenk > 1, A is k-NIP if and only if the formula

O(x;y) = A(y-x)

is k-NIP (here we view G as a structure in the group language expanded by a predicate
for A).

(3) Given k > 1, A is k-NIP if and only if the set system {gA : g € G} of left translates
of A has VC-dimension at most k — 1 (see Remark 2.11).

Note that the formula 6(x; y) defined in (2) above is invariant. This is the main reason
we define I'g(A) in terms of the edge relation yx € A and not xy € A. However, an
important fact is that if a bipartite graph (V, W; E) is k-NIP then the “opposite graph”
(W, V:{(w,v) : E(v, w)}) is 2K-NIP (see [46, Lemma 6.3])." So the order of the group
operation when defining k-NIP sets only affects the precise value of k, and not whether
the set is NIP overall.

3. Structure and regularity: the profinite case

In this section, we prove a structure and regularity theorem for 6" -definable sets in a
sufficiently saturated pseudofinite group G, where 8(x; y) is an invariant NIP formula
and G/ Gg,o is profinite (Theorem 3.1 below). As an application, we obtain a structure and
regularity theorem for NIP sets in finite groups of uniformly bounded exponent. We also
view Theorem 3.1 as a warm-up to the general case. Indeed, this theorem follows almost
immediately from Lemma 2.16 and the fact that profinite quotients correspond to type-
definable subgroups that are intersections of definable subgroups (via Lemma 2.9(c)).

Theorem 3.1. Let G be a sufficiently saturated pseudofinite expansion of a group, and
suppose 0(x; y) is an invariant NIP formula. Assume G/Gg? is profinite. Fix a 0" -
definable set A C G and some € > 0. Then there are

* a 0" -definable finite-index normal subgroup H < G, and

* aset Z C G, which is a union of cosets of H, with u(Z) < ¢,

satisfying the following properties:

(i) (structure) There is a set D C G, which is a union of cosets of H, such that

n((A\Z) o D) = 0.
(ii) (regularity) Forany g € G\Z, either u(gH N A) = 0or u(gH\A) = 0.

130n the other hand, if a bipartite graph is k-stable (as defined in the introduction) then one can
easily check that the opposite graph is as well. This reconciles our definitions with those in [14],
where we defined k-stable subsets of groups using the relation xy € A.
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Proof. By Theorem 2.14(c) and Lemma 2.9(a, c), there is a decreasing sequence (H;)$2,,
of 6”-definable finite-index normal subgroups of G such that Gg? = (i2, Hi. By Lem-
ma 2.16, there is a #"-definable set Z’ C G and some i € N such that u(Z’) < €
and, if H := H;, then for any g € G\Z’, either u(gH N A) = 0 or u(gH\A) = 0.
Let Z={ge€G:gH C Z'}. Then Z is a union of cosets of H, and thus is 6"-
definable since [G : H] is finite. Note that u(Z) < € since Z C Z’'. Moreover, if
g € G\Z then gH = g’H for some g’ € G\Z’, and so we have condition (ii). Now
let D =|J{gH : g € G\Z and u(gH N A) > 0}. Then D is 6" -definable since [G : H]
is finite. Moreover, u((A\Z) Ao D) = 0 by condition (ii) and since [G : H] is finite. So
we have condition (i). [

We now prove structure and regularity for NIP sets in finite groups of uniformly
bounded exponent. In this case, we obtain the optimal situation where NIP sets are entirely
controlled by finite-index subgroups up to small error. This is related to a similar result
of Alon, Fox, and Zhao [3, Theorem 1.1] on finite abelian groups of bounded exponent.
Our result is stronger in the sense that the abelian assumption is removed and the struc-
tural conclusions are improved, but also weaker in the sense that we do not obtain explicit
bounds. This is analogous to the comparison of our stable arithmetic regularity lemma
in [14] (Theorem 1.1 above) to the work of the third author and Wolf [52] on stable sets
inFj.

Theorem 3.2. Foranyk,r > 1 and € > 0, there is n = n(k, r, €) such that the following
holds. Suppose G is a finite group of exponent r and A C G is k-NIP. Then there are

* a normal subgroup H < G of index at most n, and
*x aset Z C G, which is a union of cosets of H with |Z| < €|G|,
satisfying the following properties:

(i) (structure) There is a set D C G, which is a union of cosets of H, such that
[(A\Z) A D| < €|H|.

(ii) (regularity) Forany g € G\Z, either |gH N A| < €¢|H| or |gH\A| < €|H|.
Moreover, H is in the Boolean algebra generated by {gAh : g, h € G}.

Proof. Note that condition (ii) follows immediately from (i). So suppose condition (i) is
false. Then we have some fixed k, r > 1 and € > 0 such that, for all i € N, there is a finite
group G; of exponent r, which is a counterexample. Specifically, there is a k-NIP subset
A; C G; such that, if H < G; is normal with index at most i, and D, Z C G; are unions
of cosets of H with |Z| < €|G;|, then |(4;\Z) A D| > €|H|.

Let £ be the group language with a new predicate A, and consider (Gj;, A;) as a finite
&-structure. Let U be a nonprincipal ultrafilter on Z ™, and let G be a sufficiently saturated
elementary extension of M := [[q,(Gi, A4;). Let 6(x; y) be the formula A(y - x). Note
that 6(x; y) is invariant. Moreover, by £.o$’s Theorem and since M < G, 6(x; y) is k-NIP
(in G) and G has exponent r. So G/ Gg? is a compact torsion group, and thus is profinite
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by Fact 2.3(d). By Theorem 3.1, there is a 6”-definable finite-index normal subgroup
H < G and sets D, Z C G, which are unions of cosets of H, such that u(Z) < € and
w((A\Z) o D) = 0.

Let n = [G : H], and fix (8")-formulas ¢ (x; y), ¥ (x;Z), and {(x;u) such that H,
D, and Z are defined by instances of ¢ (x; 7), ¥ (x; Z), and {(x; i), respectively. Given
i €Z7,let u; be the normalized counting measure on G;. Let I be the setof i € Z* such
that, for some tuples a;, b;, and ¢; from G;,

(1) ¢(x;a;) defines a normal subgroup H; of G; of index n,
(i) ¥ (x:b;) and ¢(x; &) define sets D;, Z; G, respectively, which are each unions
of cosets of H;, and
(iil) wi(Zi) < eand u;((Ai\Z;) & D;) <¢€/n.
Then I € U by Lo$’s Theorem and since M < G. So there is some i € I such thati > n,
which contradicts the choice of (G;, 4;). |

The statement of the previous result is almost identical to our result from [14] on
stable arithmetic regularity in arbitrary finite groups (Theorem 1.1 above), except for the
presence of the error set Z. As in [14, Corollary 3.5], we can use this result to deduce
a very strong graph regularity statement for bipartite graphs defined by NIP subsets of
finite groups of uniformly bounded exponent.

Let I' = (V, W; E) be a finite bipartite graph and fix nonempty sets X C V and
Y € W. The edge density of the pair (X,Y) is ér(X,Y) = |(X xY) N E|/|X xY]|.
We say that (X, Y) is e-regular if |§p(X,Y) — dr(Xo, Yo)| < € for any X¢y C X and
Yo C Y such that | Xo| > €| X| and | Y| > €|Y|. Given vertices v € V and w € W, define
degr(v,Y)=|{yeY :E(v,y)}| anddegr(X,w) = |[{x € X : E(x,w)}|. Following [14],
we say that the pair (X, Y) is uniformly e-good for I, where € > 0, if | X| = |Y| and
either

(i) forany x € X and y € ¥, degp(x,Y) = degp (X, y) < €|X|, or

(ii) foranyx € X and y € Y, degp(x,Y) = degr(X,y) > (1 —€)| X].

One can show that if (X, Y) is uniformly €2-good then it is e-regular, and either §r(X,Y)
<eordér(X,Y) > 1—e. In fact, a stronger property holds: if Xo C X and Yy C Y are
nonempty and either | Xo| > €| X| or |Yo| > €|Y |, then 1 (Xo, Yo) < € or 8r(Xo, Yo) >
1 — € (see [14, Proposition 3.4]).

Now suppose G is a finite group and A is a subset of G. Let I'¢(A) = (G, G; E)
where E = {(x,y) € G?>: yx € A}.Given X € G and g € G, note that degr, (4)(g.X) =
|A N Xg| and degr, 4)(X, g) = |4 N gX|. We now observe that Theorem 3.2 implies a
graph regularity statement for NIP subsets of finite groups of uniformly bounded expo-
nent, in which the partition is given by cosets of a normal subgroup and almost all pairs
are uniformly good (and thus regular up to a change in €). Given a group G, a normal
subgroup H < G, and C, D € G/H, let C - D denote the product of C and D in the
quotient group G/H .
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Corollary 3.3. Foranyk,r > 1 and € > 0 there is n(k,r,€) such that the following holds.
Suppose G is a finite group of exponent v and A € G is k-NIP. Then there is a normal
subgroup H of index n < n(k,r,€), and a set ¥ C (G/H)?, with | 2| < en?, such that
any (C, D) € X is uniformly e-good for T'g (A).

Proof. Fix k,r > 1 and € > 0 and let n(k, r, €) be as in Theorem 3.2. Fix a finite
group G and a k-NIP set A C G. Then there is a normal subgroup H < G of index
n <n(k,r,€),and asetd C G/H with || < en, such that for any C & J, either |C N A| <
elH|or |[CNA|>(1—¢€)|H|.Let X ={(C,D) € (G/H)?>:C-D € J}. Then & =
Uceg/a{(C.C™'-D): D € 4}, and so || < en?. Finally, if (C, D) ¢ %, then (C, D) is
uniformly €-good for I'g (4) (this is identical to the calculation in the proof of [14, Corol-
lary 3.5], and makes crucial use of normality of H). ]

Remark 3.4. In Theorem 3.2, the assumption of uniformly bounded exponent was used
to obtain a certain profinite quotient, and so it is worth reviewing this argument from a
more general perspective. Specifically, fix k > 1 and consider the following property of a
class g of finite groups:
(*)x For any sequences (G;){2, and (A4;)72,, where G; € § and A; C G; is k-NIP, and
for any ultrafilter U on N, if G is a sufficiently saturated elementary extension of
[T, (Gi, Ai), then G/G? is profinite, where 0(x; y) := A(y - x).
Then, for any § satisfying (*); and any € > 0, there is some n = n(k, €, §) such that
any group G € § and k-NIP set A C G satisfy the conclusions of Theorem 3.2 using 7.
Indeed, Theorem 3.2 only uses that for any k, r > 1, the class §, of finite groups of
exponent r satisfies (), for the rather heavy-handed reason that compact torsion groups
are profinite.

Profinite quotients also arise in the stable setting (recall that A C G is k-stable if
' (A) omits ([k], [k]; <) as an induced subgraph). In fact, if G is pseudofinite and sat-
urated, and 6(x; y) is a stable invariant formula, then the group G/ Gg? is finite (see
[15, Corollary 3.17]). Therefore, in this case, the set E in Theorem 2.14(d) is empty
since it is a Haar null set in a finite group. So, if one replaces “NIP” with “stable” in
Lemma 2.16 and Theorem 3.1, then one can choose the error set Z = @, and a similar
ultraproduct argument as in Theorem 3.2 yields Theorem 1.1 (structure and regularity for
stable subsets of finite groups).'

4. Bohr neighborhoods

In this section, we recall some basic definitions and facts concerning Bohr neighborhoods,
and define an approximate version of Bohr neighborhoods, which we will need for later
arguments involving ultraproducts.

141t is worth noting that this explanation of Theorem 1.1 is not a faster proof than what is done in
[14]. In particular, [15, Corollary 3.17] relies on the same results from [30] used in [14] to directly
prove Theorem 1.1. Also, pseudofiniteness is not needed to prove that G/ Gg,(.) is finite.
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Given a group G, 1 denotes the identity (if G is abelian we use Og). We say that the
pair (L, d) is a compact metric group if L is a compact metrizable group and d is a bi-
invariant metric on L compatible with the topology. By Fact 2.3(e), if L is any compact
second-countable group then there is a (not necessarily unique) bi-invariant metric d on L
such that (L, d) is a compact metric group.

Definition 4.1. Let H be a group and let (L, d) be a compact metric group. Given some
8 > 0 and a homomorphism t: H — L, define

By ={x e H :d(t(x),11) < §}.

Aset B C H is a (8, L)-Bohr neighborhood in H if B = B rLS for some homomorphism
.H —> L. ’

Our ultimate goal is to transfer Bohr neighborhoods in pseudofinite groups to Bohr
neighborhoods in finite groups. To do this, we will need to approximate Bohr neighbor-
hoods by definable objects. This necessitates an approximate notion of a Bohr neighbor-
hood, which involves approximate homomorphisms of groups.

Definition 4.2. Let H be a group and let (L, d) be a compact metric group.

(1) Given § > 0, a function f: H — L is a 5-homomorphism if (1) = 1 and, for
allx,y € H,d(f(xy), f(x) f(y)) < 4.

(2) Givene, 6 > 0,asetY C H is a §-approximate (¢, L)-Bohr neighborhood in H if
Y ={xe H:d(f(x),1L) < €} for some §-homomorphism f: H — L.

Approximate homomorphisms have been studied extensively in the literature, with a
special focus on the question of when an approximate homomorphism is “close” to an
actual homomorphism. For our purposes, this is what is needed to replace approximate
Bohr neighborhoods with actual Bohr neighborhoods. More precisely, we will start with a
definable approximate Bohr neighborhood in a pseudofinite group, and transfer it to find
an approximate Bohr neighborhood in a finite group. At this point, we will be working
with an approximate homomorphism from a finite group to a compact Lie group, which is
a setting where one can always find a genuine Bohr neighborhood inside an approximate
Bohr neighborhood, with a negligible loss in size.

Theorem 4.3 (Alekseev, Glebskii, & Gordon [1, Theorem 5.13]). Let (L, d) be a com-
pact metric Lie group. Then there is an oy > 0 such that, for any 0 < § < ar, if H is
a compact group and f: H — L is a §-homomorphism, then there is a homomorphism
©: H — L such that d(f(x),t(x)) <28 forall x € H.

An easy consequence is that in the setting of compact Lie groups, Bohr neighborhoods
can be found inside approximate Bohr neighborhoods. Given a compact metric group
(L,d) and n > 1, note that we have a compact metric group (L",d"), where L" is
endowed with the product topology and d” (¥, y) = maXi<i<n d(xi, yi)-

Corollary 4.4. Let (L, d) be a compact metric Lie group. Then there is an ay, > 0 such
that, if H is a compact group, n € N, and 0 < § < ar, then any §-approximate (36, L")-
Bohr neighborhood in H contains a (8, L™)-Bohr neighborhood in H.
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Proof. Fix oy, > 0 from Theorem 4.3. Suppose H is a compact group, and ¥ C H is
a §-approximate (35, L")-Bohr neighborhood in H, for some n € N and 0 < § < oy,
witnessed by a §-homomorphism f: H — L". We may assume n > 1. For 1 <i <n,
let fi: H — L be given by f;(x) = f(x);. Then each f; is a 5-homomorphism. Given
1 <i <n, Theorem 4.3 provides a homomorphism t;: H — L such that d( f; (x), 7; (x)) <
26 for all x € H. Let t: H — L" be such that t(x) = (t1(x), ..., 7,(x)). Then 7 is a
homomorphism and d” ( f(x), t(x)) < 26 for all x € H. Now we have BrLg C Y by the
triangle inequality. ]

The next result provides a lower bound on the size of Bohr neighborhoods in finite
groups. The proof is a standard averaging argument (adapted from the abelian case; see
[51, Lemma 4.20] and/or [24, Lemma 4.1]). We include the details for the sake of clarity
and to observe that the method works for Bohr neighborhoods in nonabelian finite groups
defined using compact metric groups.

Proposition 4.5. Let (L, d) be a compact metric group and, given § > 0, let L5 =
nL({t € L : d(t, 1) < 8}). For any finite group H and § > 0, if B C H is a (26, L)-
Bohr neighborhood in H, then |B| > {s|H |.

Proof. Fix a finite group H, a homomorphism t: H — L, and some § > 0. Given x € H,
let fr: L — {0, 1} be the characteristic function of {t € L : d(z(x),?) < §}. Then

Gl =Y [ fean=[ 3 fodn.

xeH xeH

So there must be some ¢ € L such that Y .y fx(t) > {s|H|. In other words, if S =
{x € H:d(t(x),t) <8} then |S| > £s|H]|. Fixa € S. For any x € S, we have

d(t(xa™1),11) = d(z(x), t(a)) < d(z(x),1) + d(t(a), ) < 26.

Therefore Sa~! C BrLzs’ and so |BrLz$| > |Sa7l = |S| > ls|H|. L]

Remark 4.6. As we have seen in previous results (e.g., Lemma 2.9), real tori of the
form T" have a distinguished role in the study of compact abelian groups. Moreover, in
the setting of finite abelian groups, Bohr neighborhoods are usually defined using homo-
morphisms to the torus (see, e.g., [7], [24]). Thus, in order to match these definitions more
explicitly, we define the metric dp1(x,y) = min{|x — y|,1 — |x — y|} on T (identified
with [0, 1)) and the product metric dr := dy, on T" for r € N. Throughout the rest of
the paper, when we speak of T" as a compact metric group, will always work with this
choice of metric.

Definition 4.7. Given a finite group H, a homomorphism 7: H — T", and some § > 0,
we let B ; denote B:rg . We call B C H a (8, r)-Bohr neighborhood in H if B = B,

for some 7.

1511 this case, r and § are sometimes referred to as the rank and width of B, respectively.
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In Theorem 3.2, we showed that NIP sets in finite groups of uniformly bounded expo-
nent are approximated by normal subgroups of uniformly bounded index. As noted in
the introduction, we cannot expect such a result for NIP sets in finite groups G of unre-
stricted exponent. So instead of subgroups of G, we will consider pairs (B, H), where H
is a normal subgroup of G and B is a (8, r)-Bohr neighborhood in H. Thus, in Proposi-
tion 4.9 below, we point out some ways in which Bohr neighborhoods behave like normal
subgroups of “small” index. We will need the following minor generalization of a well-
known exercise, namely, if G is an amenable group and A C G has positive upper density
then AA™! is generic.

Proposition 4.8. Suppose G is a group, B is a left-invariant Boolean algebra of subsets
of G, and v is a left-invariant finitely additive probability measure on B. Suppose A € B
is such that v(A) > 0. Then, for any X C G, there is a finite set F C X such that |F| <
1/v(A)and X € FAA™L.

Proof. We say that Y C G separates A if xA N yA = @ for all distinct x, y € Y. By the
assumptions on v, if ¥ € G separates A then |Y| < 1/v(A4). Choose a finite set F' € X
with maximal size among subsets of X that separate A. Fix x € X. Then thereis y € F
such that xA N yA # @, and so we may fix z € xAN yA. Then y 'z€ Aandz7'x € A7,
which means y_lx € AA7 !, andsox € FAA™L. n

Proposition 4.9. Let G be a finite group and H < G be a normal subgroup of index n.
Suppose B is a (8, r)-Bohr neighborhood in H, wherer € N and 0 < § < 2.

(@ B=B7!,1g € B, and gB = Bg forany g € G.

(b) Forany X C G there is F C X such that |F| <n(2/8)" and X C FB. Thus G is
covered by at most n(2/8)" translates of B.

Proof. For (a), we have B = B1 by bi-invariance of dr, and clearly 1 € B.If g € G
and x € B then gxg~! € H (since H is normal), and so gxg~! € B by bi-invariance
of dpr. It follows that gB = Bg forany g € G.

To prove (b), suppose B = B;S for some t: H — T7, and let By = B:,S/Z. Note that
ntr({t € T” :dyr(t,0pr) < 8/4}) = (§/2)", and so | Bo| > (§/2)"|H| = n"1(8/2)"|G|
by Proposition 4.5. Now fix X € G. By Proposition 4.8 (with v the normalized counting
measure on G), we have X C FBOBO_1 for some F C X with |F| < n(2/§)". Finally,
note that if x, y € By then

d(r(xy_l),OTr) =d(t(x),7(y)) <d(t(x),0rr) +d(z(y),0r) <§.
So BoB;! € B, and we have X C FB. n

Note that part (a) of the previous fact holds for any compact metric group (L, d) in
place of T” (and does not use that G is finite); and the analogue of part (b) holds for
any (L, d) with (§/2)" replaced by {54 (from Proposition 4.5). We refer the reader to
[51, Section 4.4] and [24, Sections 3 & 4] for more on the role of Bohr neighborhoods in
arithmetic combinatorics and discrete Fourier analysis.



G. Conant, A. Pillay, C. Terry 604

5. Structure and regularity: the general case

The next goal is a result analogous to Theorem 3.1, but without the assumption that
G/ Gg? is profinite. For this, we need to understand more about descriptions of Gg? as
an intersection of definable subsets of G. The goal is to find properties of definable sets
which are both interesting algebraically, and also sufficiently first-order so that they can
be transferred to finite groups in arguments with ultraproducts. In particular, we will use
approximate Bohr neighborhoods.

Suppose G is a group definable in a sufficiently saturated structure, and I' < G is a
type-definable normal subgroup of bounded index. By Lemma 2.9, I" is an intersection
of a bounded number of definable finite-index normal subgroups of G whenever G/ I is
profinite. The next result shows that in general, we can write I' = (");; W; where each
W; is a definable subset of a definable finite-index normal subgroup H; < G, and there
is a Bohr neighborhood B; in H; such that I' € B; € W;. Moreover, B; is obtained from
a definable homomorphism to a compact connected Lie group (so, in particular, B; is
co-type-definable).

Proposition 5.1. Let G be a group definable in a sufficiently saturated structure M*.
Suppose I' < G is type-definable and normal of bounded index. Then there is a bounded
Jjsl I and a decreasing net (W;)er of definable subsets of G such that T = (";c; Wi and,
foralli € I, there are

* a definable finite-index normal subgroup H; < G,

* a definable homomorphism ;. H; — L;, where (L;,d;) is a compact connected metric
Lie group, and

* a real number §; > 0,

such that I' C kermr; C B;I;,-i,si C W; C H;. Moreover:

(a) If T is countably-definable then we may assume I = N.

(b) If G = M* and T is O-type-definable for some invariant formula 0(x; y), then we
may assume W;, H;, and 7t; are 0-definable.

(¢) If G = M* and G is pseudofinite, then we may assume L; = T"i for some n; € N.
(d) If G/ T is abelian then we may assume H; = G and L; = T" for some n; € N.

Proof. Let (I';)ier, and (H;);er, be as in Lemma 2.9, where Iy is a small jsl. For each
i €Iy, let L; = H;/T; and equip L; with some bi-invariant metric d; (by Fact 2.3(e)).
Let 7r; : H; — L; be the canonical homomorphism. Then 7; is definable since G — G/ T
is definable.

For eachi € Iy, let (W,f)zo:o be a decreasing sequence of definable subsets of G such
that I'; = ﬂflozo W,f . Let I be the set of all finite subsets of 7y x N, and view [ as a js/
under the subset ordering. Given o = {(iy,n1),. .., (ig,ng)} € I, letic =sup{iy,..., g},
and set Hy := H;,, Wy := Hy N(\_, Wi* Ty :=T\,, Ly := L;, ., and 7, := 7;,, . Note
that 'y € Wy € Hy forallo € I, and (), ¢; Ws = T'. By choice of iy, we also see that
(Ws)oer is decreasing.
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Now, given o € I, the set U, = {al'y € G/ Ty : al'y € Wy} is an identity neighbor-
hood in L, (by Fact 2.4(b)) and, by construction, 7 Y(U,) € W,. So choose 8, > 0 such
that U, contains the open ball of radius 8, around 1z,. Note that I' € 'y = ker gy C
B #: 55 S W . This finishes the proof of the main statement.

We now deal with the remaining claims. Claims (b) and (c) follow by applying Lemma
2.9(b, d) in the above construction. For claim (a), suppose I is countably-definable. Then,
by Lemma 2.9(a), we may assume /o = N. So [ is the js/ of finite subsets of N x N under
the subset ordering, which contains a cofinal sub-js/ isomorphic to N.

Finally, for claim (d), suppose G/ T is abelian. Then G/ T is a compact abelian
Lie group for any i € Iy, and thus isomorphically embeds in T" for some n; € N
by Fact 2.3(g). So in the argument above, we can replace each H; and m; with G and
G — G/T; C T", respectively. |

Note that in the previous result, the homomorphism 7;: H; — L; is also surjective,
except in part (d) where we can replace H; with G when G/ T is abelian. The purpose
of part (d) is to note that if G is already abelian then one can obtain Bohr neighborhoods
defined by tori without first passing to a subgroup H;, and without Theorem 2.7 or an
extra pseudofiniteness assumption.

One drawback of Proposition 5.1 is that the Bohr neighborhood B Li L5 is not nec-
essarily definable. In order to work with definable objects, we will have to consider
approximate Bohr neighborhoods.

Definition 5.2. Let G be a group definable in a sufficiently saturated structure M *. Sup-
pose H < G is definable and : H — L is a definable homomorphism to a compact metric
group (L,d). Givent > 1, we say that a sequence (Y,,)5.— of subsets of H is a definable
(¢, w)-approximate Bohr chain in H if (Y,,)5_, is decreasing, ker w = ﬂfio Y, and
there are (8,)5—q and (fm)gr—o such that

(i) (8m)ge—, is a decreasing sequence of positive real numbers converging to 0,
(ii) for all m, f,,: H — L is a definable §,,-homomorphism with finite image, and
(iii) forallm, Y, = {x € H : d(fm(x), 1) < t8m}.
Moreover, if G = M* and H, 7, and f,, are all §-definable, for some fixed formula
0(x; y), then we say “6-definable” in place of “definable”.

Proposition 5.3. Suppose (Y;,)o_, is a definable (respectively, 0-definable) (t, m)-
approximate Bohr chain in H < G, as in Definition 5.2. Then each set Y, is a
Sm-approximate (t8y,, L)-Bohr neighborhood in H, and a definable (respectively, 0-
definable) subset of G.'°

Proof. The first claim is obvious. For definability, note that for any m € N, H is par-
titioned into finitely many fibers £, '(1) for A € f,,(H), each of which is definable

160n the other hand, we are not claiming that the family {Yy, : m € N} is uniformly definable
(which could be misconstrued from our choice of terminology).
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(respectively, 6-definable) by Remark 2.6. Now Y, is a union of the (finitely many) fibers
f-1(1) where A € f(H)issuchthatd(A,17) < e. |

m

The parameter ¢ in Definition 5.2 is introduced in order to control the “width” € and the
“error” § in a §-approximate (e, L)-Bohr neighborhood. Specifically, it is desirable to have
€ be some constant multiple ¢ of §, and in the following results we will choose ¢ arbitrarily.
This will eventually be used to find actual Bohr neighborhoods inside approximate Bohr
neighborhoods, with L = T” for some n € N, in which case setting t = 3 will suffice
(via Corollary 4.4).

Lemma 5.4. Let G be a group definable in a sufficiently saturated structure M *. Suppose
H is a definable subgroup of G and w: H — L is a definable homomorphism to a compact
metric group (L, d). Then, for any t > 1, there is a definable (t, 7)-approximate Bohr
chain (Yn)5o_y in H. Moreover, if G = M™* and H and w are 0-definable for some
invariant formula 0(x; y), then (Y,,)5_, is a 0-definable (t, w)-approximate Bohr chain.

Proof. Given A € L and € > 0, let K(4,¢) C L and U(A, €) C L be the closed ball of
radius € around A and the open ball of radius € around A, respectively.

Fix m > 1. Choose a finite set A C L such that L = | J;c, K(A, 1/(2m)) and
1z € A. For any A € A, since 7 is definable, there is a definable set D), € H such
that 7=Y(K(A, 1/(2m))) € D; < n~Y(U(A, 1/m)) (see Remark 2.6(a)). Enumerate
A ={Ai,..., Ak}, with Ay = 1z, and, for 1 <i <k,let D; = Dy,. For 1 <i <k,
define E; = D;\ |J i< D;. Then Ey, ..., Ei are definable and partition H. This deter-
mines a definable function f,,: H — A such that f,,(x) = A; if and only if x € E;. For
any x € H, wehave x € Dy, (x) € 7~ H(U(fm(x),1/m)), and so d(r(x), fm(x)) < 1/m.
Note that f,, (1) = 11 by definition. Also, given x, y € H, we have

d(fm(xy), fn (X) Jim ()
= d(fm(xy). w(xy)) +d@)7(Y), fm ()7 (¥)) + d(fn ()7 (Y). fin (%) fn (¥))
= d(fm(xy). 7(xy)) + d(7(x), fm(x)) + d (7@ (y), fm(y)) < 3/m.

Altogether, f,,: H — L is a 3/m-homomorphism.
Now fix an integer t > 1. For m € N, define

Ym={xe€e H:d(fu(x), 1) <3t/m}.

Note that D; C Y,,, and sokerw € 7~ (K(12,1/(2m))) C Y,,. We now have a sequence
(Yin)oe— of definable subsets of H with ker = C Y, for all m € N. Moreover, for any
m e N, if x € Y, then

d(m(x),11) = d(@(x), fm(x)) + d(fm(x),1L) < Bt +1)/m.

This implies ker 7 = (e, Y. Finally, given m € N, we have 7~} (K(12,1/(2m))) €
Y € n- Y U1y, (3t + 1)/m)). In particular, if n > (6¢ + 2)m, then Y, C Y. So,
after thinning the sequence, we may assume Y+ € Y, for all m € N. Altogether,
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if §,, = 3/m, then (8,,)5—, and (f)5o_, witness that (¥,,)5%_, is a definable (¢, )-
approximate Bohr chain in H.

For the “moreover” statement, suppose G = M *, and H and m are 0-definable for
some formula 6(x; y). Then one can choose each D, to be 6-definable (by Remark 2.6).
So each f,, is 0-definable by construction, and (Y,,)5r_, is a 0-definable (¢, 7)-approxi-
mate Bohr chain. ]

We now combine the above ingredients to prove a structure and regularity theorem
for 6”-definable sets in a sufficiently saturated pseudofinite group G, where 6(x; y) is
an arbitrary invariant NIP formula. Recall that we use p for the pseudofinite counting
measure.

Theorem 5.5. Let G be a sufficiently saturated pseudofinite expansion of a group, and
suppose 0(x; ) is an invariant NIP formula. Fix a 0" -definable set A € G and some
€ > 0. Then there are

* a 0" -definable finite-index normal subgroup H < G,

* a 0" -definable homomorphism w: H — T", for some n € N, and
* a 0" -definable set Z C G, with u(Z) < ¢,

such that, for any integer t > 1, there is

* a 0" -definable (t, w)-approximate Bohr chain (Yp,)oe_ in H
satisfying the following properties, for any m € N:

(i) (structure) There is a set Dy, C G, which is a union of finitely many left translates of
Y, such that w((A & Dy)\Z) = 0.

(ii) (regularity) For any g € G\Z, either u(gYy, N A) = 0 or u(g¥,\A) = 0.

Moreover, if G/ Gg? is abelian then we may assume H = G.

Proof. Let (W;)?2, be a sequence of 0”-definable sets in G satisfying the conditions
of Proposition 5.1 with I' = GJ?. By Lemma 2.16, there is a 6" -definable set Z € G
and some i € N such that u(Z) < € and, if W := W, then for all g € G\ Z, we have
w(gW nA)=0oru(gW\A)=0.Proposition 5.1 associates to W a " -definable homo-
morphism 7: H — T", where H is a 6" -definable finite-index normal subgroup of G. If
G/ Gg? is abelian then we may further assume H = G. Fix ¢ > 1. By Lemma 5.4, there
is a 6"-definable (¢, )-approximate Bohr chain (Y,,)>_, in H. Recall that each Y, is
definable by Proposition 5.3. Since ker 7 is type-definable and contained in the definable
set W, it follows from saturation that Y,,, C W for sufficiently large m. So for sufficiently
large m we have, for any g € G\Z, either u(g¥, N A) = 0 or u(gYn\A) = 0. Thus,
after removing finitely many sets Yy, from the sequence, we have condition (ii).

Toward proving condition (i), fix m € N. Since ker 7 is a subgroup of H, we may
use saturation (much as in the proof of Lemma 2.16) to find some r > m such that
Y, Y, ! C Y. Since ¥, contains a type-definable bounded-index subgroup of G (namely,
ker 1), it follows that Y} is generic and so u(Y;) > 0. By Proposition 4.8, there is a finite
set '€ G\Z suchthat G\Z C FY,,.Let I be the setof g € F such that u(g¥,,\4) =0,
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and note that if g € F\I then w(gY, N A) = 0. Let Dy, = [Y,,. Since G\Z C FY,
we have
As Dy cZUlJ@tm\ U | (g¥mna).
gel geF\I

and so u((A 2 Dy)\Z) = 0. |

The next goal is our main result for NIP sets in arbitrary finite groups (see Theo-
rem 5.7). Roughly speaking, we will show that if A is a k-NIP set in a finite group G,
then there is a normal subgroup H < G, and Bohr neighborhood B in H, such that almost
all translates of B are almost contained in A or almost disjoint from A (up to some error
€ > 0). Moreover, A is approximately a union of translates of B, and the index of H and
complexity of B are bounded in terms of k and €.

The proof of Theorem 5.7 from Theorem 5.5 is of course in analogy to the proof
of Theorem 3.2 from Theorem 3.1. However, the argument is significantly more com-
plicated, due to certain crucial differences between Bohr neighborhoods and subgroups.
Specifically, Bohr neighborhoods are not closed under the group operation, and moreover
distinct translates of a Bohr neighborhood need not be disjoint.!” Thus, when using Theo-
rem 5.5 to obtain results for finite groups, we will focus solely on the regularity statement.
In order to then deduce structure from regularity in finite groups, we will need to argue
as at the end of the proof of Theorem 5.5, while also taking into account the quantitative
behavior of Bohr neighborhoods described in Propositions 4.5 and 4.9. So we first prove a
lemma, which gives a rather flexible version of the regularity statement, and also contains
the ultraproduct argument necessary to prove Theorem 5.7.

Lemma 5.6. Forany k > 1 and € > 0, and any function y: (Z*)? x (0,1] — R™, there
isn = n(k,e,y) such that the following holds. Suppose G is a finite group and A C G is
k-NIP. Then there are

* a normal subgroup H < G of index m < n,

% a (8, r)-Bohr neighborhood B in H and a §-approximate (38, r)-Bohr neighborhood
Y in H, wherer <nand1/n <8 <1, and

* aset Z C G with |Z] < €|G]|,

suchthat B CY C H and, forany g € G\ Z, either |gY N A| <y(m,r,8)|B| or|gY \A|
< y(m,r,8)|B|. Moreover, H, Y, and Z are in the Boolean algebra generated by {gAh :
g, h € G}, and if G is abelian then we may assume H = G.

Proof. Suppose not. Then we have k > 1, € > 0, and y: (Z1)? x (0,1] — R* witnessing
this. In particular, for any n > 1, there is a finite group G, and a k-NIP subset 4, € G,
such that, for any H, B, Y, Z C G, if

* H is a normal subgroup of G, of index m < n,and H = G, if G, is abelian,

* H,Y,and Z are in the Boolean algebra generated by {gA,h : g,h € G, },

17This is also the reason why Theorem 5.7 does not yield a graph regularity statement for I'g (4)
involving a partition into translates of Bohr neighborhoods.
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* B is a (8, r)-Bohr neighborhood in H and Y is a §-approximate (3§, r)-Bohr neigh-
borhood in H, where r <nand1/n <§ <1,

* |Z| <€|Gyland B Y C H,

then there is some g € G,\Z such that |gY N A,| > y(m, r,§)|B| and |gY \A,| >

y(m,r,8)|B|.

Let £ be the group language together with an extra predicate A, and consider each
(Gn, Ay) as a finite E-structure. Let U be a nonprincipal ultrafilter on Z%+, and let
G be a sufficiently saturated elementary extension of M := [[q,(Gn, A,). We identify
A = A(G). Let 8(x; y) be the formula A(y - x). Note that 6(x; y) is invariant, and k-NIP
(in G) by Lo$§’s Theorem and since M < G. Finally, let o := min{o1, 1}, where ¢p1 > 0
is as in Corollary 4.4. By Theorem 5.5 (with # = 3), there are 6" -definable sets Y, Z C G
(for Y we obtain 8" -definability via Proposition 5.3), a 8" -definable finite-index normal
subgroup H < G, and a 6" -definable §-homomorphism f: H — T", for some r € N and
0 < § < «, such that

* if G is abelian then H = G,

* w(Z) <e,

* f(H)isfiniteand Y = {x € H : drr(f(x),0rr) < 38}, and
x forany g € G\ Z, either u(g¥ N A) = 0or u(g¥\A4) = 0.

Letm =[G : H],and sete* = y(m,r,§)m™ 18" > 0.Let A = f(H) and, given A € A,
let F(A) = f~1(1). Then each F(A) is #”-definable by Remark 2.6.

Fix (6")-formulas ¢ (x; y), ¥ (x;Z), {(x;u), and &, (x; vy) for A € A (without param-
eters) suchthat H, Y, Z,and F(A) for A € A are defined by instances of ¢ (x;y), ¥ (x;Z2),
C(x;u), and &) (x; vy), respectively. Given n € N, let i, denote the normalized counting
measure on Gy Let d denote dpr. Define I € Z™ to be the set of n € Z™ such that, for
some tuples a,, by, ¢y, and d,,  for A € A,

(1) ¢(x;ay) defines a normal subgroup H, of G, of index m, and if G is abelian then

sois H, = Gy,

(i1) ¢(x;¢,) defines a subset Z, with w,(Z,) < €,

(iii) foreach A € A, £, (x; cfn’,x) defines a subset Fy (1) of Hy, and (F, (1)) ca forms a
partition of H,,,

(iv) if fu: H, — A is defined so that f,(x) = A if and only if x € F, (1), then f, is a
§-homomorphism from H, to T",

(v) ¥ (x:by,) defines the set Y, = {x € H, : d(f,(x),0rr) < 38}, and

(vi) forall g € G,\Zy, either w,(gY, N A,) < €* or uy(gY¥n\An) < €*.

We claim that I € U by Lo$’s Theorem and since M < G. In other words, the claim is

that conditions (i) through (vi) are first-order expressible (possibly using the expanded

language discussed in Remark 2.13). This is clear for (i), (ii), (iii), and (vi), and the

only subtleties lie in (iv) and (v). In both cases, the crucial point is that A is finite,

and so these conditions can be described by first-order sentences (using similar ideas
to those in Proposition 5.3). For instance, to express condition (iv), fix A € A, and let
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Py = {(A1,A2) € A2 :d(A, A1 + A2) < 8}. Let 0, be a sentence expressing that for any
x,y,ifx-y € F(1) thenx € F(A11) and y € F(A,) for some (11, A;) € P(1). Then the
conjunction /\, 5 0 expresses precisely that f is a §-homomorphism. The details for
condition (v) are similar and left to the reader.

Since I € U, we may fix n € I such that n > max{m,r, 8_1}. Since 0 < § < « and
Y, is a §-approximate (36, r)-Bohr neighborhood in H,, it follows from Corollary 4.4
that Y}, contains a (8, 7)-Bohr neighborhood B in H,. So, by choice of (G,, Ay), there
must be g € G,\Z, such that u,(g¥, N A,) > y(m,r,8)u,(B) and pu,(gY,\Ap) >
y(m, r, §)un(B). So, to obtain a contradiction (to (vi)), it suffices to show that €* <
y(m,r,8) i, (B), ie. (by choice of €*), show m~18" < u,(B). To see this, note that
|B| > §"|Hy,| by Proposition 4.5 (applied with L = T", so {5/, = "), and so |B| >
8§"m~1|G,| since [G,, : H,] = m. L]

We now prove the main result for NIP subsets of arbitrary finite groups.
Theorem 5.7. Foranyk > 1 and € > 0 there is n = n(k, €) such that the following holds.
Suppose G is a finite group and A C G is k-NIP. Then there are
* a normal subgroup H < G of index m < n,
* a (8, r)-Bohr neighborhood B in H, wherer <nand1/n <§ <1, and
x asubset Z C G, with |Z]| < €|G|,
satisfying the following properties:
(i) (structure) There is a set D C G, which is a union of at most m(2/8)" translates
of B, such that
|(A 2 D)\Z| < €|B].
(ii) (regularity) Forany g € G\Z, either |gB N A| < €¢|B| or |gB\A| < €|B|.
Moreover, H and Z are in the Boolean algebra generated by {gAh : g,h € G}, and if G
is abelian then we may assume H = G.

Proof. Fix k > 1 and € > 0. Define y: (Z1)? x (0, 1] — R™ such that y(x, y,z) =
ex1(z/2)?.Letn = n(k, e, y) be given by Lemma 5.6. Fix a finite group G and a k-NIP
subset A C G. By Lemma 5.6, there are
* anormal subgroup H < G of index m < n,
*x asubsetY C H,
% a (8, r)-Bohr neighborhood B in H, where r <nand 1/n <§ <1, and
*x aset Z C G with |Z| < €|G],
such that H, Z are in the Boolean algebra generated by {gAh:g,h€ G}, BCY C G, and
forall g € G\Z, either [gY N A| < y(m,r,8)|B|or |gY\A| < y(m,r, 5)|B|. Moreover,
if G is abelian then we may assume H = G. Since B C Y and y(m, r, ) < ¢, this
immediately yields condition (ii).

For condition (i), we argue as in the proof of Theorem 5.5. First, by Proposition 4.9(b),
there is a set F € G\Z such that |F| <m(2/§)" and G\Z C FB.Let I ={g € F :
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|gB\A| < y(m,r,§)|B|}, and note that if g € F\I then |[gB N A| < y(m, r,§)|B|. Let
D = IB. Since G\Z C FB, we have

AanDCZU U (gB\A) U U (gBNA), andso
gel geF\I

(A8 DNZI <Y gB\AI+ Y 1gB A < |Flyon.r.8)|B| <elBl. m
gel geF\I

We end this section with some remarks on NIP subsets of finite simple groups. To
motivate this, we first consider the stable case. In particular, given £ > 1 and € > 0, it
follows immediately from Theorem 1.1 that if G is a sufficiently large (depending on k
and ¢) finite simple group, and A C G is k-stable, then |4| < €|G| or |4]| > (1 —€)|G|. On
the other hand, this conclusion fails for NIP subsets of abelian finite simple groups (e.g.,
by the examples of NIP sets in Z/ pZ mentioned in the introduction). So it is interesting
to observe that for nonabelian finite simple groups, one recovers the same “triviality” for
NIP sets.

Corollary 5.8. Givenk > 1 and e > 0, there is m = m(k, €) such that the following holds.
Suppose G is a nonabelian finite simple group, with |G| > m, and A C G is k-NIP. Then
|A| < €|G|or|A| > (1 —¢€)|G|.

Proof. Letm = n(k,€/2) be as in Theorem 5.7. Suppose G is a nonabelian finite simple
group, with |G| > m, and A C G is k-NIP. Then we have a normal subgroup H < G of
index at most m, a (8, r)-Bohr neighborhood B in H (for some § and r), aset Z C G
with |Z]| < €/2|G|, and a union D of translates of B such that |(4 Ao D)\Z| < €/2|B|.
So |A A D|<|(AaDN\Z|+|Z| < €|G|. Since G is simple and |G| > m, we have
H = G. Now B contains the kernel K of a homomorphism from G to T”. So G/K is
abelian, which implies K = B = G since G is simple and nonabelian. Now D is either @
or G, and the result follows. ]

The previous proof highlights the significance of obtaining Bohr neighborhoods
defined from abelian compact Lie groups, which is ultimately possible thanks to The-
orem 2.7.

Remark 5.9. Corollary 5.8 is one of the few results on NIP sets in nonabelian finite
groups for which we know an explicit bound. Specifically, in [13], the first author used
techniques of Alon, Fox, and Zhao [3] and a result of Gowers [22] on “quasirandom”
groups to obtain the bound m = exp(c(90/¢)%%~¢) in Corollary 5.8, where ¢ is an absolute
constant (see [13, Remark 8.7]).

As for stable sets, the proofs of Corollaries 1 and 3 in [53] yield an explicit lower
bound of the form |G| > exp(ck (¢ %)) for the analogue of Corollary 5.8 in which A is
k-stable and G is an abelian finite simple group (i.e., a cyclic group of prime order). The
work in [12] removes the exponential and yields improved values for the constants ¢y, dg
(see [12, Theorem 1.3]).
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6. Distal arithmetic regularity

In this section, we adapt the preceding results to the case of NIP fsg groups with smooth
left-invariant measures (e.g., fsg groups definable in distal theories). In contrast to previ-
ous results, where we focused on a single NIP formula, here we will operate in the setting
of groups definable in an NIP theory.

In this section, we let T be a complete theory and we work in a saturated model M *.
Given M < M™* and an M -definable set X in M*, a Keisler measure on X over M
is a finitely additive probability measure defined on the Boolean algebra of M -definable
subsets of X. If M* = M then p is a global Keisler measure on X. If 7 is NIP, then
a global Keisler measure p on a definable set X is generically stable if there is a small
model M < M™ such that X is M-definable, y is M -definable (i.e., for any formula
¢ (x; ¥) with x in the same sort as X, the map b — (¢ (x;b) N X) is M -definable) and
W is finitely satisfiable in M (i.e.,if Y C X is definable and u(Y) > Othen Y N M # @).
See [46, Section 7.5]) for details.

Definition 6.1. (7 is NIP.) A definable group G is fsg if it admits a generically stable
left-invariant (global) Keisler measure.

We note that this is not the original definition of fsg (which is given in [29]), but rather
the right characterization (in NIP theories) for our purposes (see [29, Proposition 6.2] and
[32, Remark 4.2]). The significance of this notion in the context of our work is illustrated
by the following example.

Example 6.2. If T is NIP and G is a definable pseudofinite group, then G is fsg since the
pseudofinite counting measure on G is generically stable. This follows directly from the
VC-Theorem (see, e.g., [46, Example 7.32], [15, Section 2]).

The fsg property for a definable group in an NIP theory has strong consequences. For
example, we will use the following result from [31].

Theorem 6.3 (Hrushovski & Pillay [31, Theorem 7.7]). An fsg group definable in an
NIP theory admits a unique left-invariant Keisler measure |1, which is also the unique
right-invariant Keisler measure.

In NIP theories, definable fsg groups also satisfy a generic compact domination state-
ment similar to Theorem 2.14(d) (see [48, Corollary 4.9]). However, in this section, we
focus on a certain strengthening of generic compact domination for definable fsg groups
in NIP theories whose unique left-invariant Keisler measure is smooth.

Definition 6.4. Let X be definable in M *. A global Keisler measure ; on X is smooth
if there is a small model M < M* such that X is M -definable and p is the unique global
Keisler measure on X extending 1t|ps.

If T is NIP, then any smooth measure is generically stable (see [46, Proposition 7.10
and Theorem 7.29]), and so any definable group with a smooth left-invariant Keisler mea-
sure is fsg. A place to find smooth measures is in the setting of distal theories, which were
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introduced by Simon in [45]. For our purposes we will take the following characterization
as a definition of distality (see [45, Theorem 1.1]).

Definition 6.5. T is distal if it is NIP and every global generically stable Keisler measure
is smooth.

So, in particular, if 7" is distal and G is a definable fsg group, then the unique left-
invariant Keisler measure on G is smooth. In [46, Proposition 8.41], Simon shows that if
T is countable and NIP, and G is a definable group with a smooth left-invariant Keisler
measure, then generic compact domination for G can be strengthened to outright “com-
pact domination”. We give a formulation of this result suitable for our applications. First,
recall that if 7' is NIP and G is a definable group, then G has a smallest type-definable
subgroup of bounded index, denoted G°°, which is an intersection of at most |T'| defin-
able sets (see [44] and/or [29, Proposition 6.1]). The reader should compare the following
result to Lemma 2.16.

Lemma 6.6. Assume T is countable and NIP, and G is a definable fsg group. Let | be
the unique left-invariant Keisler measure on G, and assume p is smooth. Let (W;)?2 be
a decreasing sequence of definable sets such that G°° = ﬂ?io W;. Fix a definable set
A C G. Then, for any € > 0, there is a definable set Z C G and some i € N such that
w(Z) < € and, for any g € G\Z, either gW; N A = @ or gW; C A.

Proof. Let F = {C € G/G* :CNA#@and C N (G\A) # @}. Then F is closed by
Fact 2.4(b), and 1, goo (F) = 0 by [46, Proposition 8.41]. Now fix € > 0. By Fact 2.4(e),
there is a definable set Z C G such that u(Z) < e and {a € G : aG° € F} C Z. By
saturation of G and since (W;)$2,, is decreasing, there is some i € N such that for any

g € G\Z,eithergW;, NA=0orgW; C A. [

We now prove analogues of Theorems 3.1 and 5.5 for an fsg group G, definable in an
NIP theory, such that the unique left-invariant Keisler measure on G is smooth. In these
results, the assumptions are stronger in the sense that the whole theory is assumed to be
NIP. Moreover, in the conclusions we have definability of the data, but no claims about
definability in a certain Boolean fragment (see Remark 6.9). On the other hand, we have
outright inclusion or disjointness, rather than up to €, which yields stronger structure and
regularity statements.

Theorem 6.7. Assume T is NIP. Let G be a definable fsg group, and let |1 be the unique
left-invariant Keisler measure on G. Suppose  is smooth (e.g., if T is distal) and G/ G°°
is profinite. Fix a definable set A C G and some € > 0. Then there are

* a definable finite-index normal subgroup H of G, and

* aset Z C G, which is a union of cosets of H with u(Z) < e,
satisfying the following properties:

(i) (structure) A\Z is a union of cosets of H.

(ii) (regularity) Forany g € G\Z, either gH N A = @ or gH C A.
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Proof. The proof is similar to that of Theorem 3.1. First, we may restrict to a countable
language in which G and A are definable and p is still smooth (see [46, Lemma 7.8]
and subsequent remarks). By Fact 2.3(c), we also preserve the hypothesis that G/ G is
profinite.

By Lemma 2.9, we may fix a decreasing sequence (H;){2,, of definable finite-index
normal subgroups of G such that G%° = (Mi<o Hi. By Lemma 6.6, we have a definable
set Z and some H = H; satisfying condition (ii). As in the proof of Theorem 3.1, we
may assume Z is a union of cosets of H. For condition (i), set D ={ge G:gH C A
and gH N Z = @}. Then D is a union of cosets of H, and D € A C D U Z. Since
DNZ =@, wehave A\Z = D. n

Now we prove the general statement.

Theorem 6.8. Assume T is NIP. Let G be a definable fsg group, and let pu be the unique
left-invariant Keisler measure on G. Suppose [ is smooth (e.g., if T is distal). Fix a
definable set A C G and some € > 0. Then there are

% a definable finite-index normal subgroup H of G,

* a compact connected metric Lie group (L, d),

* a definable homomorphism w: H — L, and

* a definable set Z C G with u(Z) < e,

such that, for any integer t > 1, there is

* a definable (t, w)-approximate Bohr chain (Y,,)pr_g in H,

satisfying the following properties, for any m € N:

(i) (structure) There is D,, C G, which is a union of finitely many left translates of Yy,
such that D,, T A< D,,U Z.

(ii) (regularity) Forany g € G\Z, either g¥,, N A = @ or g¥, C A.

Moreover, if G is pseudofinite then we may assume L = T" for some n € N; and if
G/ G is abelian then we may assume L = T" for somen € N and H = G.

Proof. The proof is similar to that of Theorem 5.5. First, as in the proof of Theorem 6.7,
we may assume 7 is in a countable language. Let (W;){2, be a decreasing sequence of
definable subsets of G satisfying the conditions of Proposition 5.1, with I' = G%. By
Lemma 6.6, there is a definable set Z C G and some i € N such that u(Z) < € and,
if W := W;, then for all g € G\ Z, either gW N A = @ or gW C A. Proposition 5.1
associates to W a definable homomorphism 7: H — L, with kerm# € W, where H is
a definable finite-index normal subgroup of G and (L, d) is a compact connected met-
ric Lie group. Note also that the “moreover” statement is given by Proposition 5.1. By
Lemma 5.4, there is a definable (¢, 7 )-approximate Bohr chain (Y3,);"_, in H . By satura-
tion, if m is sufficiently large then Y,,, C W and so if g € G\ Z then either gY,, N A =0
or gY;, € A. This yields condition (ii). For condition (i), mimic the end of the proof of
Theorem 5.5 to find D,, C G, which is a union of finitely many left translates of Y;,, such
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that D,, € A € D,, U Z (replace each occurrence of u(A N g¥y,) =0with AN gY,, =0,
and each occurrence of u(A\gYy,) = 0 with gY;,, C A). |

Since Theorems 6.7 and 6.8 use global assumptions on the theory, a fully general
statement for applications to finite groups would be rather cumbersome to state. However,
one concludes, in a routine fashion, structure and regularity for suitable families of finite
groups, for example a collection § of finite &£-structures expanding groups, such that any
completion of Th(¥) is distal. In the next section, we will discuss an application to the
family of finite groups obtained as quotients of a compact p-adic Lie group by its open
normal subgroups.

Remark 6.9. Results along the lines of Theorems 3.1 and 5.5 can also be shown for fsg
groups definable in NIP theories, but without the smoothness assumption. Indeed, such
groups satisfy generic compact domination just as in Theorem 2.14(d), but with Gg?
replaced by G (see [48, Corollary 4.9]). However, as discussed in [15, Remark 1.3],
since the unique left-invariant measure on an NIP fsg group G is generically stable, one
could fix an invariant formula 6(x; y) and construct Gg? as in Theorem 2.14. This yields
structure and regularity theorems as before with additional information about the defin-
ability of the data. Precisely:

Assume T is NIP. Suppose G is definable and fsg, and let i be the unique left-invariant
Keisler measure on G. Without loss of generality, assume G = M™*. Fix an invariant
formula 6(x; y). Then, for any 6" -definable A C G and any € > 0, we have the conclusion
of Theorem 5.5, except with T” replaced by some compact connected metric Lie group
(L.d). 1t G/ G39 is profinite, then the conclusion of Theorem 3.1 holds exactly as stated.

It would be interesting to pursue notions of smoothness for local measures, or “local
distality” for formulas, and recover local versions of Theorems 6.8 and 6.7. For instance,
one might consider an NIP formula 6(x, y) such that every generically stable global
Keisler measure on the Boolean algebra of 6-formulas is smooth.

7. Compact p-adic analytic groups

In this section, we apply Theorem 6.7 to the setting of compact p-adic analytic groups (see
Theorems 7.3 and 7.5). We assume some familiarity with the p-adic field Q, and p-adic
model theory. See [6] for further reading. The topology on Q,, is given by the valuation
v where open neighborhoods of a point a are defined by v(x —a) > n for n € Z. The
topology on Q7 is the product topology. A p-adic analytic function is a function f,
from some open V' € Q7 to Qp, such that for every a € V, there is an open neighborhood
of a € V in which f is given by a convergent power series. We obtain the notions of a
p-adic analytic manifold and a p-adic analytic (or Lie) group. Recall that any compact
p-adic analytic group is profinite (see also [43, Section 2.12.1]).

We let Q3" denote the expansion of the field (Qp, +, -) by symbols for all convergent
(in Zp) power series in Zp[[ X1, ..., Xp]] for all n. Then any compact p-adic analytic
manifold or group is seen to be naturally definable in the structure Q3" (we conflate defin-
able and interpretable at this point). For example, given a compact p-adic analytic group,
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we can find an atlas consisting of finitely many open definable (even semialgebraic) sets
with analytic transition functions and such that group operation is analytic when read in
the charts. When we talk about a compact p-adic analytic group being definable in Q7"
we will mean definable in such a manner.

We note that Th(Q;“) is distal. Indeed, this follows from several results in the liter-
ature: distality of Th(Q,, +, ) [46, Example 9.20], dp-minimality of Th(Q3") (see [4,
Corollary 7.9 and Remark 7.10]), and the fact that a dp-minimal expansion of a distal and
dp-minimal theory is distal [10, Remark 6.7]. It is also well known that distality passes
from T to T° (see [46, Exercise 9.12]).

The next lemma follows from [36], and we will give an explanation afterwards.

Lemma 7.1. Let K be a compact p-adic analytic group. Then the family of open normal
subgroups is uniformly definable in Q3.

Explanation. First, by [36, Theorem 2.1], K has an open normal subgroup G (so of
finite index) which is a “uniformly powerful pro-p group of finite (topological) rank d”
(see [36] for the definitions). Proposition 1.2 of [36], and its proof, states that G is iso-
morphic (as a topological group) to Zg equipped with a certain analytic group structure *

(and note (Z¢, %) is definable in Q3" such that moreover the collection of open subgroups
of (Zd, x) is (uniformly) definable in Q;“. By [16, Theorem 10.5], there is an analytic (so

definable in Q") isomorphism between G and (Z2, %), whereby the family of open sub-
groups of G is uniformly definable in Q7. As G has finite index and is normal in K, it
follows that the collection of open subgroups of K is uniformly definable in Q7". (See
[36, last part of the proof of Theorem 1.1((1)=>(2)) on page 1043 of that paper].)

In particular, the collection of quotients of a compact p-adic analytic group by its
open normal subgroups is a family of uniformly definable (in Q}") finite groups. Let us
fix a compact p-adic analytic group K (so definable in Q3"). If M™* > QU is sufficiently
saturated, then K(M™*) denotes the group definable in the structure M* by the same
formula as the one defining K in Q;“. The next result combines the “Claim” in [29,
Section 6] with Corollaries 2.3 and 2.4 of [40].

Fact 7.2 ([29,40]). Let M* > Q3 be sufficiently saturated. Then K(M*) is fsg. More-
over, K(M*)]/ K(M*)% is isomorphic to K, and thus is profinite. In particular, K (M *)°°
=i2o Hi(M*) where {H; :i € N} is the neighborhood basis at the identity consisting
of open normal subgroups of K.

Our first application of Theorem 6.7 is the following “structure and regularity” state-
ment for definable subsets of compact p-adic analytic groups. In fact, as we point out

below, this can also be seen as a fairly direct application of [40, Proposition 2.8], and an
extension of certain results in that paper.

Theorem 7.3. Let K be a compact p-adic analytic group (so definable in the struc-
ture Q;“). Let A C K be definable in Q%, and let € > 0. Then there are
* an open (so finite-index) normal subgroup H of K, and

* aset Z C K, which is a union of cosets of H, with nx(Z) < ¢,
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satisfying the following properties:
(i) (structure) A\Z is a union of cosets of H.
(ii) (regularity) Forany g € K\Z, either gH N A = 0@ or gH C A.

Proof. Let M* > Qi be sufficiently saturated. By distality, we may apply Theorem 6.7
to the group K(M*) and the definable set A(M*). Since K(M*)% is contained in any
definable finite-index subgroup of K(M *), we may use Fact 7.2 to further assume that
the finite-index normal subgroup of K (M *) given by Theorem 6.7 is of the form H (M *)
for some open normal subgroup H of K. So the error set is of the form Z(M*), where
Z is definable in Q}". Note also that if p is the (unique) left-invariant Keisler measure
on K(M*), then u(H(M™*)) = nxk(H) = 1/[K : H] since H is a finite index subgroup
of K, and thus u(Z(M*)) = nx(Z). Altogether, by elementarity, we have (i) and (ii). =

Remark 7.4.

(1) The proof of Theorem 7.3 only requires definability of the open normal subgroups of
K (and not uniform definability).

(2) Proposition 2.8 of [40] states that K(M™*) is compactly dominated via the map
K(M*) — K(M*)/K(M*). So we could also have deduced Theorem 7.3 from
this result, together with the standard methods.

(3) It would be interesting to prove Theorem 7.3 from the cell decomposition results of
Denef and others (at least when K = Z7 for some n).

Our second application of Theorem 6.7 is to the family of quotients of a compact
p-adic analytic group by its open normal subgroups.

Theorem 7.5. Let K be a compact p-adic analytic group. Let (G;)iey be the family
of finite groups obtained as quotients of K by open normal subgroups. Let A C K be
definable in Q' and fori € I, let A; € G; be the image of A under the quotient map. Fix
€ > 0. There is some n = n(K, A, €) such that for any i € I, there are

* a normal subgroup H; < G; of index at most n, and

x aset Zi Gy, which is a union of cosets of H; with |Z;| < €|Gi|,
satisfying the following properties:

(i) (structure) A;\Z; is a union of cosets of H;.

(i1) (regularity) For any g € G;\Z;, either gH; N A; = @ or gH; C A;.

Proof. 1t suffices to prove condition (i). Toward a contradiction, suppose we have € > 0
such that for any n > 1 there is some i,, € I such thatif H < G;, is a normal subgroup of
index at most n, and Z C G;, is a union of cosets of H with |Z| < €|G;, |, then 4;,\Z
is not a union of cosets of H.

Let G; = K/ U;, where (U;);er lists the open normal subgroups of K. By Lemma 7.1,
we may view U; as a formula (over Q) in the variable 7, and [ as a definable set in Q3"
in the sort for z. Let S7(Q,) be the space of types with parameters from @@, concentrating
on/l.Let M* > Q3 be sufficiently saturated, and let i € (M *) realize an accumulation
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point of {tp(i,/Qp) : n > 1}in S7(Qp). Let G = K(M*)/Uj;, . Then G is a pseudofinite
group definable in M *, and thus is fsg (see Example 6.2). Since G is a definable quotient
of K(M*), and K(M*)/K(M*)? is profinite by Fact 7.2, it follows (using Fact 2.3(c))
that G/G00 is also profinite. By Theorem 6.7, there are m,n,r € N, withn > 1, m < en,
and r < n, and a formula ¢ (x; y) (with no parameters) such that:

(%) For some b € (M*)?, H := ¢(M*; b) is a normal subgroup of G = K(M*)/ U=
of index n, and there is Z € G, which is a union of m cosets of H, such that
(A(M*)/ U;+)\Z is a union of r cosets of H.

In particular, (x) is a property of i* that can be expressed using a formula ¢ ()
over Qp. So there is n’ > n such that Q%' E §(in), which is a contradiction. |

Remark 7.6. Suppose K is a compact p-adic analytic group such that the family of open
normal subgroups is (eventually) linearly ordered by inclusion (e.g., K = Z,). In this
case, Theorem 7.5 can be deduced easily from Theorem 7.3. Indeed, given a definable
set A C G and some € > 0, let H < K and Z C K be as in Theorem 7.3. Then all but
finitely many open normal subgroups of K are contained in H and, given such a subgroup
U <H,if Hi = H/U; and Z; = Z/Uj;, then H; and Z; satisfy conditions (i) and (ii)
in Theorem 7.5. Choosing n sufficiently large, we can then let H; be trivial for any U; not
contained in H.

It is not clear whether such an argument can be given for arbitrary K (or if there is a
proof of Theorem 7.5 not relying on Lemma 7.1). Note that the above assumption does
not hold for every compact p-adic analytic group; for example (Z2, 4+) does not have
eventually linearly ordered open (normal) subgroups.
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