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• Vertical flow structure for wave-driven flow on a shallow coral reef resembles surf-zone
• Shear in cross-reef flow can be modeled using a wave-based eddy viscosity
• The depth-averaged mean flow on the reef flat is not predicted a priori
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A B S T R A C T
We present a 1D model of the vertical structure of wave-driven flows on a shallow coral reef and
compare that model to observations made on the reef flat on Ofu, American Samoa. This model
is based on longstanding approaches to modeling flow structure in beach surf zones including the
averaged effects of breaking and broken surface waves. Waves enter the model through an imbalance
between the radiation stress and barotropic pressure gradients that exists below the troughs of the
waves, which is offset by turbulent shear stress gradients. Assuming that the depth varying eddy
viscosity takes the form found in open channel flows, i.e., a parabola, the horizontal momentum
equation can be integrated twice with respect to height to derive the distribution with height of
the velocity. The resulting theory is compared to observations made on a reef flat located on Ofu,
American Samoa. Using a velocity scale in the eddy viscosity model that is proportional to the rms
wave velocity, modeled profiles match observations reasonably well (average skill= 0.66), although
there is some ambiguity introduced because matching observations and theory requires the addition
of a correction that is found to depend on the square of the rms wave height.

1. Introduction
Waves and wave-driven flows in beach surf zones have

received considerable attention (e.g. Battjes (1988)) be-
cause of their importance to surf zone sediment transport
and thus to beach evolution (Roelvink and Reniers, 2012;
Raubenheimer et al., 1995), as well as to cross-shore ex-
change of contaminants and larvae between the surf zone
and the inner shelf offshore (Grant et al., 2005; Morgan
et al., 2018)). The transformation of incident waves due to
shoaling and breaking can be predicted with some accuracy
using models that represent the phase-averaged properties
of breaking (e.g.,Thornton and Guza (1983); Raubenheimer
et al. (1996); Apotsos et al. (2007, 2008)).

Similar models have been employed to look at wave
transformation and breaking on coral reefs, although reflect-
ing the intrinsic rugosity of coral reefs, bottom roughness
can have much larger effect on wave height on reefs than on
beaches (Lowe et al., 2005; Becker et al., 2014; Monismith
et al., 2015). Moreover, while the model proposed by Thorn-
ton and Guza (1983) for wave breaking on mildly sloping
beaches provides a reasonably accurate model of dissipation
due to breaking on beaches, wave-breaking on coral reefs,
which typically have steep faces, is more complex (Yao et al.,
2012; Monismith et al., 2013; Becker et al., 2014; Buckley
et al., 2016), such that the applicability of models like that
of Thornton and Guza (1983) may be questionable.

The theory of wave-averaged (hereafter "mean") flows
on beaches is largely based on the pioneering analysis of
Longuet-Higgins and Stewart (1962), who showed how
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wave shoaling and breaking produce net forces in the sur-
fzone that can drive alongshore flows and produce mean
setups and set downs of the free surface (e.g., Ruessink
et al. (2001)). Moreover, as first shown by Svendsen (1984b),
because forces exerted by the waves on the mean flow
vary with height, they produce a vertically sheared velocity
profile with offshore flow, the undertow, over much of the
water column (Svendsen, 1984b; Reniers et al., 2004).

In this paper we present an application of Svendsen’s
theory to the description of the vertical structure of cross-
reef flows measured on a shallow reef flat on the south shore
of Ofu, American Samoa. The model we present looks very
much like that which Reniers et al. (2004) used to describe
mean Eulerian flows on the beach at Sandy Duck, with one
important difference between the two: For the beach flow, the
depth integrated Lagrangian mean flow (Longuet-Higgins,
1969) is zero, whereas there is net transport, both onshore
and offshore, on the reef flat. Detailed descriptions of the
waves and flows on the reef can be found in Maticka et al.
(2022), so only a brief description will be given in section
3. As we will show, using an eddy viscosity proportional to
local wave velocities to model turbulent stresses, Svendsen’s
theory provides a good prediction of the vertical structure
of the mean Eulerian flows on the Ofu reef flat, including
showing the existence of an undertow at times when the flow
is relatively deep, and purely onshore flows near low tide.

2. Theory
The fundamental basis for the analysis that follows is the

widely used wave-averaged, depth-integrated momentum
equation with advective accelerations assumed to be small.
(Mei et al., 1989; Ruessink et al., 2001; Apotsos et al.,
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Figure 1: Definition sketch for model. Note that in this sketch the reef flat is shown as becoming deeper in the shoreward direction
as is observed on Ofu.

2008; Becker et al., 2014), here written for the cross-shore
direction 𝑥 pointing towards land (Fig. 1):

𝑔ℎ𝑖
𝑑𝜂
𝑑𝑥

= −1
𝜌
𝑑𝑆𝑥𝑥
𝑑𝑥

− 1
𝜌
𝑑𝑅
𝑑𝑥

−
𝜏𝑏
𝜌

(1)

In this equation 𝜂 is the wave-averaged deviation of the free
surface from equilibrium (positive up), 𝑆𝑥𝑥, is the radiation
stress, 𝑅 is the stress exerted by the surface roller, and
𝜏𝑏 is the mean bottom stress (Apotsos et al., 2008). The
wave-averaged depth ℎ𝑖 = ℎ + 𝜂 is defined as the sum of
the spatially varying water depth when the water surface is
flat, ℎ(𝑥), and the variation 𝜂(𝑥, 𝑡) due to waves and tides
(Maticka et al., 2022). We can write any variable in the form
𝑓 = 𝑓 + 𝑓 , where 𝑓 is the wave-averaged value of 𝑓 and 𝑓
is the deviation of 𝑓 from that average. We assume that the
averaging period is long enough to filter out both sea swell
and infragravity waves.

In shallow water,
𝑆𝑥𝑥 = (3∕2)𝜌𝑔𝜂̃2 (2)

where 𝜂̃ is the instantaneous value of the deviation of the free
surface from its mean position due to the waves. The surface
roller stress is parameterized as Svendsen (1984a)

𝑅 = 𝜌
𝐴𝑟𝐶
𝑇

(3)

where 𝐴𝑟 is the area of the roller and, 𝐶 is the phase speed
and 𝑇 is the wave period. 𝐴𝑟 is usually computed using an
evolution equation for which the rate of dissipation due to
breaking is a source term and for which there is a roller
dissipation term that acts as a sink (Reniers et al., 2004).
Svendsen (1984b) assumed that in terms of wave height
𝐻 , 𝐴𝑟 = 0.9𝐻2 ≈ 3.6𝜂̃2, whereas surf zone LIDAR
measurements reported by Martins et al. (2018) were well
described by 𝐴𝑟 = 1.1𝜂̃2. Using this latter relation for 𝐴𝑟,
𝑅 was estimated to be ca. 2 % of 𝑆𝑥𝑥 for the Ofu reef flat,
and so was neglected in the analysis of our Ofu observations.
Nonetheless,𝑅 is retained in the equations below for the sake
of completeness.

The local momentum equation valid below the wave
trough (Svendsen’s eq. 4.1) reads

𝜕
𝜕𝑧

(

𝜈𝑡
𝜕𝑈𝑥
𝜕𝑧

)

=
𝜕𝑈̃2

𝑥
𝜕𝑥

+ 𝑔
𝜕𝜂
𝜕𝑥

(4)

In eq.4, 𝑧 is the vertical coordinate measured upwards from
the (local) reef surface (𝑧 = 0), 𝑈𝑥 is the mean Eulerian
cross-reef velocity, and 𝑈̃𝑥 is the cross reef wave velocity.
Thus, using eq. 1, eq.4 becomes

𝜕
𝜕𝑧

(

𝜈𝑡
𝜕𝑈𝑥
𝜕𝑧

)

=
𝜕𝑈̃2

𝑥
𝜕𝑥

− 1
𝜌ℎ𝑖

𝜕𝑆𝑥𝑥
𝜕𝑥

− 1
𝜌ℎ𝑖

𝜕𝑅
𝜕𝑥

−
𝜏𝑏
𝜌ℎ𝑖

(5)

To the extent that an eddy viscosity model of turbulent
stresses in the presence of waves is appropriate and in the
limit where the waves are long, eq. 4 is exact. However, it
only applies to that part of the water column that is below
the wave troughs for the entire averaging period, ℎ𝑠. For the
Ofu reef flat, on average, ℎ𝑠 was greater than 0.9ℎ𝑖, and
was less than 0.8ℎ𝑖 for less than 5% of the measurement
period. Linearization might be required to compute 𝑈̃𝑥 and
𝑆𝑥𝑥, although, as noted by Monismith et al. (2013), in the
long wave limit these can be computed from data without
assuming that the waves are sinusoidal. However, it should
be recognized that values of 𝑆𝑥𝑥 (in particular) based on
linear theory may be underestimates of the actual radiation
stress (Stive and Wind, 1982; Buckley et al., 2015) and that
in contrast to eq. 6 below, 𝑈̃𝑥 may vary with depth (Stive and
Wind, 1982; Govender et al., 2011).

The shallow water limit of 𝑆𝑥𝑥 is given by 2 and

𝑈̃2
𝑥 =

𝑔𝜂̃2

ℎ𝑖
(6)

so that

𝜕
𝜕𝑧

(

𝜈𝑡
𝜕𝑈𝑥
𝜕𝑧

)

= −
𝑔
2ℎ𝑖

𝜕𝜂̃2

𝜕𝑥
−

𝜕ℎ𝑖
𝜕𝑥

𝑔𝜂̃2

ℎ2𝑖
− 1

𝜌ℎ𝑖
𝜕𝑅
𝜕𝑥

−
𝜏𝑏
𝜌ℎ𝑖

= 𝑎 (𝑥) −
𝜏𝑏
𝜌ℎ𝑖
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(7)
Here 𝑎(𝑥) represents the first three terms on the right hand
side of eq. 7, or equivalently, the first two terms on the right
hand side of eq. 5. If 𝜕ℎ𝑖

𝜕𝑥 ≈ 0, eq. 2 and eq. 7 imply that in
shallow water, 2/3 of the wave forcing other than the roller
stress appears to act above the troughs of the waves.

Including the bottom boundary condition on the stress,
integration twice with respect to 𝑧 gives:

𝑈𝑥 =

𝑧

∫
𝑧𝑏

𝑎 (𝑥) 𝜉 +
(

𝜏𝑏
/

𝜌
) (

1 − 𝜉∕ℎ𝑖
)

𝜈𝑡 (𝜉)
𝑑𝜉 + 𝑐 (𝑥) (8)

where 𝑧𝑏 is the height near the bottom where the turbulent
stress is equal to 𝜏𝑏. The bottom kinematic boundary condi-
tion gives:

𝑈𝑥(𝑧𝑏) = 𝑈0 ⇒ 𝑐 (𝑥) = 𝑈0 (9)
with 𝑈0 equal to the velocity near the bottom. This will be
specified later.

A common model for eddy viscosity in shallow flows is
the parabolic distribution (Reniers et al., 2004):

𝜈𝑡 = 𝜅𝑢∗𝑧
(

1 − 𝑧
/

ℎ𝑖
) (10)

where 𝑢∗ is the bottom friction velocity, although in the
present case, this may not be the correct velocity scale. As
an alternative, we re-write this as

𝜈𝑡 = 𝜈0
(

𝑧
/

ℎ𝑖
) (

1 − 𝑧
/

ℎ𝑖
) (11)

where 𝜈0 is expected to be a function of the strength of turbu-
lence produced by wave breaking and by bottom boundary
layer turbulence also associated with the waves. Thus, eq. 8
becomes

𝑈𝑥(𝑧) = −
ℎ2𝑖 𝑎
𝜈0

𝜎

∫
𝑧𝑏
ℎ𝑖

1
(1 − 𝜁 )

𝑑𝜁

+
(

𝜏𝑏ℎ𝑖
𝜌𝜈0

)

𝜎

∫
𝑧𝑏
ℎ𝑖

𝑑𝜁
𝜁

+ 𝑈0

= 𝐴 log
(

ℎ𝑖 − 𝑧
ℎ𝑖 − 𝑧𝑏

)

+ 𝐵 log
(

𝑧
𝑧𝑏

)

+ 𝑈0

(12)

where 𝜎 = 𝑧∕ℎ𝑖. Note that 𝑧𝑏 could be chosen to be
roughness length 𝑧0, as is customary for turbulent channel
flows. The two constants are

𝐴 =
ℎ𝑖𝑎
𝜈0

𝐵 =
𝜏𝑏ℎ𝑖
𝜌𝜈0

(13)

Not surprisingly, eq. 12 appears to be identical to eq. B13
in Reniers et al. (2004), a likely consequence of the parabolic
eddy viscosity and depth-invariant forcing used in both their
and our models. One feature that emerges from eqs. 12 and

13 is that while the shore-ward decrease in wave height
always produces onshore flows (the first term on the rhs of
eq. 12 is always positive), the term involving the bottom
stress, which can have either sign, can lead to flows either
towards or away from shore. Thus, for an undertow to exist,
the bottom stress must be negative, i.e., directed offshore, a
condition that requires the velocity to be offshore (negative)
near the bottom. The total shore-normal flow is:

𝑞𝑇 = 𝑞𝐸 + 𝑞𝑊 + 𝑞𝑅 =

ℎ𝑖

∫
0

𝑈𝑥𝑑𝑧 + 𝑈̃𝑥𝜂̃ + 𝐴𝑟∕𝑇 (14)

where 𝑞𝐸 is the mean Eulerian transport, 𝑞𝑊 is the wave
transport and 𝑞𝑅 is the roller transport. Given that the second
two terms on the rhs of 14, are onshore, 𝑞𝐸 must be directed
offshore on beaches, so that 𝑞𝑇 = 0. For reef flats, this
isn’t necessarily the case, since the total flow can be either
onshore or offshore, depending on tides and wave forcing,
and possibly location on the reef (Maticka et al., 2022).

The problem as posed requires two boundary condi-
tions. One of these, the bottom stress condition was used in
the integration that gives eq.12. For the second condition,
rather than impose a stress at the surface (a possible second
condition), we choose to specify 𝑈0. Hence, there are two
parameters, 𝜈0 and 𝑈0 to be determined by matching theory
to observations. In the absence of some form of turbulence
closure that explicitly accounts for wave breaking and wave
turbulence interactions, a simpler approach is to assume that
𝜈0 is the product of suitable velocity and length scales, as did
Reniers et al. (2004),

𝜈0 = 𝛼 𝑈𝑟𝑚𝑠ℎ𝑖 (15)

where 𝑈𝑟𝑚𝑠 =
√

𝑈̃2
𝑥 is the rms wave-induced velocity

Reniers et al. (2004). For 𝑈0, there are several possibilities.
Svendsen (1984) suggests that 𝑈0 could be estimated from
bottom boundary layer streaming (as in Longuet-Higgins
(2005)), an approach followed by Reniers et al. (2004) that
may be appropriate on beaches. Alternatively, as in turbulent
channel flows, 𝑈0 could be set equal to 0 with 𝑧𝑏 chosen to
be the roughness height 𝑧0 (Pope, 2000). A third possibility
is that 𝑈0 can be determined by requiring that the mean
Eulerian transport calculated by the model is the same as that
observed. Given the limitations of our data, we chose this
last approach to evaluate 𝑈0. This choice will be discussed
further below.

Lastly, the eddy viscosity could be assumed to be con-
stant rather than varying with height (Svendsen, 1984b). In
this case, eq. 12 becomes:

𝑈𝑥 = −
ℎ𝑖
2𝜈0

𝜕𝐹
𝜕𝑥

{

(

𝑧
ℎ𝑖

)2
−
(

𝑧𝑏
ℎ𝑖

)2
}

+
𝜏𝑏ℎ𝑖
𝜌𝜈0

{

(

𝑧
ℎ𝑖

)

−
(

𝑧𝑏
ℎ𝑖

)

− 1
2

(

𝑧
ℎ𝑖

)2
+ 1

2

(

𝑧𝑏
ℎ𝑖

)2
}

+ 𝑈0

(16)
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As we will briefly discuss below, the model with variable 𝜈𝑡(eq.12) showed only slightly better predictive skill than did
the model with constant 𝜈𝑡.

3. Observations
All of the velocity measurements to which we will apply

the model developed above were made on the reef flat of pool
400, located on the south shore of Ofu, American Samoa
between March 14th and March 19th, although a larger suite
of instruments was deployed at the site (including on the
fore-reef), from March 10 to March 28, 2017 (Rogers et al.,
2018; Maticka, 2019; Maticka et al., 2022). This barrier reef
system has a steep forereef (ca. 15% slope), a shallow (0.5
to 1.5 m deep) reef flat that is about 100 m wide and next to
the shore, a ca. 2m deep lagoon (Oliver and Palumbi, 2009).
The reef flat is a low-relief hard surface with mostly sparse
small branching coral colonies (Maticka, 2019). There are
several narrow channels cut through the reef flat, connecting
the lagoon to the offshore ocean.

As discussed in Rogers et al. (2018) mean flows through
the Ofu reef system, primarily onshore over the reef flat,
alongshore in the lagoon and back offshore through the
channels (Monismith, 2014), are driven by wave breaking
on the forereef (e.g. Symonds et al. (1995)). After breaking,
the waves propagate as turbulent bores across the reef flat
(Maticka et al., 2022). Both the mean flow and the waves
vary with the 1 m tidal variation in depth on the reef flat.

The measurements we will compare to field observa-
tions include velocity profiles measured at station D-4 in
the middle of the reef flat using an RDI vADCP (Hefner
et al., 2019; Maticka et al., 2022). The vADCP recorded
data at 3 sec intervals in 3 cm bins starting 0.11 mab and
extending through approximately 90% of the local depth. To
compute wave-averaged velocities, raw vADCP velocities
were averaged over non-overlapping 1 hour segments. This
averaging removes both sea swell and infragravity wave
bands variance. RBR solo pressure loggers sampling at 2
Hz were deployed at a variety of stations on the fore-reef,
reef flat, and in the lagoon (Maticka, 2019). These data were
processed to compute mean free surface elevation gradients
and free surface height variances and thus radiation stresses
and estimated wave velocities (Maticka et al., 2022). The
locations of the pressure sensors used to derive 𝑆𝑥𝑥 etc,
along with that of the vADCP are shown in Fig. 2.

Because the pressure sensor at D-4 did not record data,
wave properties at D-4 were estimated by linear interpolation
of wave properties at D-5 and D-3. Likewise, gradients of
𝑆𝑥𝑥 and 𝑈̃2

𝑥 (c.f. eq.5) at D-4 were computed as the differ-
ence between properties at D-3 and D-5, e.g., 𝜕𝑆𝑥𝑥∕𝜕𝑥 =
Δ𝑆𝑥𝑥∕Δ𝑥. The bottom shear stress, 𝜏𝑏 was computed from
the overall momentum balance (eq. 1) as the difference
between 1

ℎ𝑖
𝜕𝑆𝑥𝑥
𝜕𝑥 and 𝜌𝑔 𝜕𝜂

𝜕𝑥 (see also Sous et al. (2022)). Given
that the dissipation rate due to breaking was much smaller
than that due to bottom friction, the roller force (eq. 3) was
assumed to be negligible. Quantification of the fidelity of
the various aspects of models used to describe flows on

the Ofu reef use the coefficient of determination (𝑟2) and
the Willmott skill score, hereinafter referred to as "skill"
(Willmott, 1981) .

Conditions existing during the 5 days for which the
vADCP at D-4 recorded velocities are shown in Fig.3. While
the significant wave height at FR05 varied between 0.5 m and
1.2 m for the period shown in Fig.3, the wave height at D-4
primarily varied with water depth, reflecting depth-limited
breaking at the ocean-ward edge of the reef flat (Maticka
et al., 2022). At the beginning of this period, the tidally
varying flow over the reef flat was directed onshore whereas
the last two days included periods in which the flow at D-4
was directed offshore. Onshore flows in the first part of this
period are what is expected for wave-driven circulation on
the Ofu reef flat whereas, net offshore flows seen later on
are symptomatic of rip-current like behavior observed on the
Ofu reef, i.e., locally isolated currents directed opposite to
the incoming waves. As discussed by Lindhart et al. (2021),
this behavior is symptomatic of "closed" reefs, i.e., reefs that
behave like beaches.

For most of the 5 days shown in Fig.3, the primary force
balance is between the onshore directed forcing of the radi-
ation stress gradient and offshore directed pressure gradient,
i.e., −𝑑𝑆𝑥𝑥∕𝑑𝑥 ≈ 𝜌𝑔ℎ𝑖𝜂∕𝑑𝑥. The difference between these
two terms is made up by the bottom stress, which acts in the
onshore direction at times and in the offshore direction at
other times. Assuming that 𝜈𝑡 > 0, when 𝜏𝑏 > 0, 𝜕𝑈𝑥∕𝜕𝑧 >
0, and so near-bed flows are onshore, whereas when 𝜏𝑏 < 0,
𝜕𝑈𝑥∕𝜕𝑧 < 0, and so 𝑈𝑥 < 0 near the bed. As seen in Fig.3,
times when 𝑈𝑥 < 0 are also times when 𝜏𝑏 < 0; indeed, 𝑟2
for the relation 𝑈𝑥 (𝑧 = 0.1 mab) = 0.12 𝜏𝑏 is 0.98. Thus
when 𝜏𝑏 < 0 there is an undertow, at least near the bed.
However, in general, the range of depths for which 𝑈𝑥 < 0
depends on the relative sizes of the two forcing terms, 𝐴 and
𝐵, in eq. 13.

4. Application of the Vertical Structure Model
In this section we will apply the model presented in

section 2 to the Ofu reef flat observations. To do so requires
specifying the constant 𝛼 appearing in eq. 15, the reference
height 𝑧𝑏 and finding 𝑈0. By trial and error we found that
𝛼 ≃ 0.07 produced velocity profiles that best matched
observed vertical shears and produced the highest median
value of skill (0.66) for the entire set of 127 profiles. 𝑈0was chosen for each profile such that model depth-averaged
velocity equaled the measured depth-average velocity. This
was the least satisfactory aspect of the model application and
will be discussed further below.

A comparison of theory and observations for one day
early in the period for which the vADCP was working are
shown in Fig. 4. During this period, the strongest onshore
flows were observed and 𝑟2 values were generally quite
high. Nonetheless, there are several examples of undertow
profiles, notably near high water, in this set of velocity
profiles. One systematic difference is that the observed ve-
locities are generally higher near the water surface, i.e., for
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Figure 2: Locations of the instruments deployed on the Ofu reef in March 2017. Stations marked with a P denote locations where
pressure sensors were deployed. An estimate of the bathymetry at mean water level is also shown.

𝑧 > ℎ𝑖 − 𝐻𝑠∕2, where 𝐻𝑠 is the significant wave height,
than the model predicts. This may reflects a shore-ward
(positive) biasing of the near-surface observations because
above the wave troughs, the vADCP should preferentially
measure shore-ward wave velocities. The strongly sheared
near-surface region may also be due to the depth-variable
effects of the surface roller, which can act like an shear
stress imposed at the free surface Svendsen (1984b); Reniers
et al. (2004). Svendsen (1984b) suggested that 𝜈𝑡 should
decay exponentially from the surface under broken waves.
However, this would produce velocity profiles that are less
sheared near the surface than are profiles predicted with
the parabolic distribution of 𝜈𝑡. Thus, while intuitively ap-
pealing, the exponential model for 𝜈𝑡 is not likely to be an
accurate model of turbulent mixing on the reef flat.

A similar comparison for a day at the end of the period
of vADCP operation shows profiles for times when there is
significant undertow (e.g. Fig. 5 b, c, h, and i), mostly at high
tide, as well as nearly uni-directional onshore flows (e.g. Fig.
5 a, f, and m), mostly at low tide. Notably the model fidelity
is lower for the profiles with strong undertow (e.g., Fig. 5 j)
than for profiles with strong onshore flows (e.g., Fig. 5 a).
As with the first set of profiles, near-surface velocities are
systematically higher than theory predicts.

The Wilmott skill score and 𝑟2 were calculated separately
for each velocity profile. The performance of the model (skill
and 𝑟2) is best for onshore flows and near high water, both
calculated only for 𝑧 < ℎ𝑖 −𝐻𝑠∕2, i.e., below wave troughs
(Fig. 6a,b). Overall the median values for the skill and 𝑟2
are respectively 0.66 ± 0.02 and 0.75 ± 0.03. In general,
the lowest (and most variable) values of both parameters
are found when the depth-averaged mean Eulerian velocity,
< 𝑈𝑥 >≈ 0. However, the particularly low values of 𝑟2 also
result from there being little velocity variability in the water

column, as seen in Fig. 5j where much of the variability is
due to instrument noise.

Following Reniers et al. (2004), both the Wilmott skill
score and 𝑟2 were also calculated for the time series at
each depth where there were at least 10 measured velocities
(Fig. 6c). Because of both waves and tides, the fraction of
time for which the vADCP measurement volume was in the
water and hence could measure velocities decreased with
height above the bed, such that above 𝑧 = 0.74 mab, good
mean velocities were obtained less than 10% of the time.
As seen in Fig. 6c, both model performance metrics were
better higher in the water column than near the bottom. It
is possible that this reflects the effects of local reef topog-
raphy since individual roughness elements (sparse corals)
on the reef were O(10) cm high. It may also indicate that
the effects of the wave boundary layer on the mean flow
(c.f. Longuet-Higgins (2005)), notably the wave stresses, net
momentum fluxes due to the horizontal and vertical wave
velocities being out of quadrature (Nielsen, 1992) are not
properly represented by the eddy viscosity model. Finally,
a scatter plot of predicted and observed velocities less their
depth-averaged means (Fig. 6d) makes clear that the model
described above provides reasonably accurate predictions of
vertically variable velocities on the reef flat. I.e., individual
observed velocities are 1.015 × their respective predicted
velocities with 𝑟2 = 0.93, and the overall model skill
(computed pointwise) was 0.87.

The skill values found for modelling the Ofu reef flat
flows are comparable to the values reported by Reniers
et al. (2004). The considerable range in model skill seen
in Reniers et al. (2004) depended on whether the model
coefficients were chosen for each profile so as to best fit the
data or were calibrated so as to use one set of parameters
for the entire data, as we have done here. However, one
difference between the two models is that the eddy viscosity
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Figure 3: Forcing and flows on the Ofu reef flat: (a) tidal depth and rms wave height variations at D-4 and rms wave height
variations at FR5; (b) Depth-averaged (<>) and near bottom (𝑧 = 0.1 mab) values of 𝑈 𝑥 at D-4; (c) Forces acting on the water
column at D-4. Periods of time when 𝜏𝑏 < 0 are noted on this figure.

model of Reniers et al. (2004) combines the effects of the
waves, albeit parameterized in terms of the computed roller
dissipation and 𝐻𝑟𝑚𝑠, and the mean longshore flow, whereas
our model is based solely on the local wave velocity. The
constant 𝛼 = 0.07 in eq. 15, is approximately 40% of what
would be computed assuming that the relevant turbulent
velocity scale is based on the bottom friction associated with
the waves, 𝑢∗𝑤 =

√

𝑓𝑤𝑈𝑟𝑚𝑠, and that 𝜈0 = 𝜅𝑢∗𝑤ℎ𝑖, where
𝜅 = 0.4 is the von Kármán constant. One difference between
the skill profile shown in Fig. 6c and values reported by
Reniers et al. (2004) is that our values of skill are best above
the bottom whereas those of Reniers et al. (2004) are best
near the bottom and are significantly lower near the water
surface.

One further test of the model is to compare the bottom
stress inferred from the overall momentum balance to the
bottom stress that would be computed using the modeled

eddy viscosity and the observed near bottom shear, com-
puted by differencing the velocities at 𝑧 = 0.1 mab and 0.16
mab (Fig. 7). In this case, it appears that the bottom stress
would be best predicted with 𝛼 = 0.05 rather than 𝛼 = 0.07.
This again suggests that that the eddy viscosity model for
the bottom stress may need correction in some fashion to
properly account for the effects of the wave effects near the
bottom.

Nearly identical values of skill and 𝑟2 were obtained
using the constant eddy viscosity model as were seen with
the parabolic viscosity model, albeit with 𝛼 = 0.012, rather
than 𝛼 = 0.018, the value that would represent the average
of the parabolic viscosity distribution that produced the
best match to observations. Choosing this latter value of 𝛼
gave skill scores and values of 𝑟2 that were only slightly
smaller than were obtained with the variable 𝜈𝑡. This may
reflect the fact that in many cases, much of the variability
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Figure 4: Comparison of predicted and observed flows on the Ofu reef flat for a period when the mean Eulerian flow is generally
onshore. Times and the associated value of 𝑟2 for the fit of the model to observations are shown for each profile. The symbols
are as follows: Observations (◦); Water surface at 𝑧 = ℎ𝑖 (—); Wave trough at 𝑧 = ℎ𝑖 −𝐻𝑠∕2 (−−); 𝑧 = 𝑧𝑏 (−−); Model(—); 𝑈0
(⊳). The median model skill for this set of profiles is 0.85.

in 𝑈𝑥 takes place near the reef surface and free surface,
places where 𝜈𝑡 is expected to be somewhat smaller than
its average value. Thus, in the absence of measurements
of turbulent stresses, or of detailed velocity measurements
near the bottom boundary, where the effects of variations in
𝜈𝑡 might be most pronounced, both models for 𝜈𝑡 might be
viewed as equally appropriate.

Lastly, the Achilles heel of the model presented here
is the need to specify 𝑈0. The mean flow model presented
here properly predicts the variation of velocity in the water
column and how that variation depends on the forcing. But
what the model doesn’t provide is a prediction for 𝑈0. One
surprising result is that it appears that 𝑈0 is not a function
of < 𝑈𝑥 > (Fig. 8a): a linear regression of 𝑈0 as a function
of < 𝑈𝑥 > has 𝑟2 ≈ 0. Likewise, 𝑈0 also does not depend
explicitly on ℎ𝑖 (not shown).

Remarkably, 𝑈0 is almost entirely negative (offshore)
and varies with wave height. The analysis of Longuet-
Higgins (1953) predicts an onshore streaming velocity im-
mediately above the wave boundary layer that in the long-
wave limit is given by the expression

𝑈𝑆 = 5
4
𝜂̃2

ℎ2𝑖

√

𝑔ℎ𝑖 (17)

While the direction of the flow predicted by Longuet-
Higgins is opposite to what is required, the dependence of
𝑈0 on 𝜂̃2 and ℎ𝑖 predicted by eq. 17 is similar to what is
observed (Fig. 8b), although the constant of proportionality
is smaller and there is a small offset. Arguably, offshore
streaming is an effect of the asymmetry of the waves: As seen
in computations of waves and wave-driven flows on sloping
bathymetry reported by Fuhrman et al. (2009), asymmetrical
waves, like the broken waves observed on the Ofu reef flat
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Figure 5: Comparison of predicted and observed flows on the Ofu reef flat for a period when the mean Eulerian flow often shows
offshore flows (undertow) in the lower part of the water column. Times and the associated value of 𝑟2 for the fit of the model to
observations are shown for each profile. The symbols are as in 4. The median model skill for this set of profiles is 0.66.

(Maticka et al., 2022), can produce streaming flows that are
directed offshore.

Although 𝑈0 appears to be a function of 𝜂̃2, as are the
forcing terms in eq. 7, it does not seem likely that 𝑈0 arises
from errors in computing either 𝑈̃2

𝑥 or 𝑆𝑥𝑥 since these terms
create vertical variations in the computed flow. Nonetheless,
it is possible that values of 𝑈0 we derived may have been
associated with systematic errors in the values of 𝜏𝑏 inferred
by Maticka et al. (2022) using the depth-averaged momen-
tum balance, although this too would affect the vertical
structure of predicted flows. Clearly, it would be better in
the future to directly measure the bottom stress, although
this would require using some form of wave-turbulence
separation technique (see e.g., Davis et al. (2021)).

5. Summary and Conclusions
In this paper we have presented a model of the vertical

structure of flows on reef flats inshore of where waves

arriving from offshore have broken. As seen on the reef flat
at Ofu, American Samoa (Maticka et al., 2022), this region
appears to be similar to the surf zone on beaches in that it
is a place where the broken waves tend to be bore-like and
the flows tend to be highly turbulent. The nature of these
flows depends on the extent to which the overall reef system
appears "open", i.e., resistance to flow through the system
is sufficiently small for there to be shore-ward mean flows
on the reef flat (Lindhart et al., 2021). In contrast, if flow
resistance is high, the system appears "closed", i.e., the net
flow over the reef flat is close to zero, and the reef appears to
behave like a beach where, outside of rip currents, net shore-
ward flows are zero (Lindhart et al., 2021; Maticka et al.,
2022).

The model we derive is based on the analysis of Svend-
sen (1984b), although it is practically identical to that used
by Reniers et al. (2004) in that it considers the wave-averaged
dynamics of the mean Eulerian flow present below the wave
troughs. This formulation shows that there is a net force
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Figure 6: Variation of (a) model skill and (b) 𝑟2 for velocity profiles computed using the parabolic viscosity model. The color of
symbols indicates the mean depth. Panel c shows skill and 𝑟2 computed for velocity time series at each depth, as well as the
fraction of time each depth was in the water. Panel d shows all observed velocities as a function of computed velocities, both less
their depth-averaged means. In panel d, color is used to indicate position within the water column, and the solid line indicates
perfect correlation between observed and computed velocities.

present below the wave troughs even when according to the
depth-averaged momentum balance, the pressure gradient
balances the radiation stress gradient. As first shown by
Svendsen (1984b), this net force must be balanced by a
shear stress gradient, leading to the creation of "undertow",
offshore flow near the bed (and possibly higher). As de-
scribed by Reniers et al. (2004), the turbulent shear stress can
be modeled with an eddy viscosity parameterized in terms
of the local wave properties. In the present case, with the
wave properties and bottom stress both known a priori, this
analysis requires two parameters, one for scaling the eddy
viscosity, 𝛼, the other the near-bed velocity, 𝑈0.

Fitting the vertical structure model to the observations of
reef flat flows made on Ofu, American Samoa and reported
by Maticka et al. (2022) shows that choosing 𝛼 = 0.07
and specifying 𝑈0 so that computed and observed depth-
averaged flows leads to reasonably accurate model predic-
tions. The quality of the model is seen in both Wilmott skill
scores and values of 𝑟2 for time series predictions at different
depths that are greater than 0.9 for much of the water column.
Examining the model on a profile by profile basis (rather
than by time series at different depths), the model is seen to
do best at high water and when flows are strongly onshore,
although it does predict offshore flows, notably even at times
when the overall flow is onshore. However, the near-bottom
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Figure 7: Modeled bottom stress and bottom stress derived from the 1D cross-reef momentum balance (Maticka et al., 2022):
Modeled stress with 𝛼 = 0.07 (∙); 1:1 fit of model to observations (—-); 𝛼 = 0.05 chosen to best fit model to observations (− − −)

velocity 𝑈0 cannot be specified a priori and is comparable
to the overall depth-averaged mean Eulerian flow. Thus, at
present what the model does best is predict the shear in
the water column.The source of this indeterminacy remains
to be determined, although the observed dependence of 𝑈0on 𝑈𝑆 suggests that 𝑈0 is associated with boundary layer
streaming.

It also would be useful to measure turbulent stresses and
so improve the formulation of the eddy viscosity model,
i.e., the dependence of 𝜈𝑡 on wave properties and on reef
roughness, behavior that we did not explore. In a like fashion
it would clearly be of great value to measure the velocity and
turbulence near the free surface, notably to enable estimation
of 𝑅 or equivalently values of 𝑆𝑥𝑥 that are based on the
total wave momentum flux, rather than only the momentum
flux associated with a depth-uniform, long-wave velocity
integrated over the wave-averaged depth.

Finally, the flows we considered in this paper are com-
mon ones on coral reefs (Péquignet et al., 2011; Storlazzi
et al., 2018). Such flows can play an important role in reef
bioegeochemistry and ecology, for example, by controlling
mass transfer between the reef and overlying waters (Falter
et al., 2013), by determining net transport or retention of
larvae (Davis et al., 2021), or by dissipating low-frequency
storm waves that can lead to destructive reef overtopping on
atolls (Storlazzi et al., 2018). Thus, continuing to improve
models of reef flat flows like that shown here seems war-
ranted from a practical as well as a scientific perspective.
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