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The densities of lead oxide and bismuth oxide modified glasses determined over a wide range of compositions
were collected from the literature. Using these data as well as Shannon atomic radii and atomic masses, the glass
systems’ total packing fractions and oxygen packing fractions were computed. For borates, these fractions were
correlated against the trend of the fraction of tetrahedral borate (N4) units. This analysis was compared to that of
lithium borate and silicate glasses and zinc borate glasses. The peak of the N4 distribution versus R (= molar
fraction of modifier/molar fraction B2O3) corresponds well to the peak in oxygen packing in lithium and lead

borate glasses but does not closely coincide with the peak in oxygen packing for zinc and bismuth glasses. In
contrast to the borates, silicon in glassy silicate systems does not change coordination and the resulting packing
trends change less than in the borates. Furthermore, the packing in the silicate systems is correlated to the change

in Qy units.

1. Introduction

Borate and silicate glasses contain well-defined short-range order
atomic structures which alter their densities as a function of composi-
tion. In comparison to molar volumes, which vary strongly with a
change in metal modifier, the packing fractions for the same glass for-
mers follow trends that are, in many cases, nearly independent of the
modifying species. This suggests that packing is a more universal and
reliable concept, hence it provides the perspective of a unitless density
[1-4].

Packing can be generalized into two types: ionic and covalent, based
on the comparison of the volume of the modifier to network-forming
oxygen [4,5]. Glasses that have a modifier with a radius equal to or
smaller than oxygen exhibit covalent packing. This type of packing is
characterized by a lower efficiency in terms of how the atoms fit
together, primarily because of the strong network-building capability of
covalent oxygen. The packing fractions of these glasses clearly portray
the underlying atomic structure where borate packing increases with the
change from 3 to 4 coordination and silicates show a consistent evolu-
tion of the Q, units, where Qy, is a silicon tetrahedron with n bridging
oxygens. On the other hand, ionic packing pertains to glasses in which
the modifier has a significantly larger radius than that of oxygen. This
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arrangement tends to have greater packing efficiency. The ionic packing
trends appear to be dominated by random packing of hard metallic ionic
spheres, supportive of the idea that these ions control the filling of space,
especially at large molar fractions of modifying oxide [4,5].

In this paper, the packing fraction of lithium, zinc, bismuth and lead
borate as well as lithium, bismuth and lead silicate glass systems have
been calculated and the resulting trends are discussed. In all cases in this
paper, covalent packing was observed.

2. Choice of radius [6]

The radii chosen for the calculations of the packing fraction are the
Shannon crystal radii [7]. The choice of Shannon radii has been made for
volume calculations as they represent the most accurately known ionic
and crystal radii and have been corrected for the first shell coordination
number. Crystal radius was chosen over ionic radius for the calculations
due to the following three arguments:

2.1. Geometric argument for borate glasses

An unmodified borate glass has a trigonal planar structure where we
can assume that the oxygens touch each other to form an equilateral
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triangle due to the negligible volume of boron (refer to Table 1). The
center-to-corner distance is equal to the boron-to-oxygen (B-O) bond
length of 1-36 A in both the glass and the crystal [7,8]. Using the
properties of cosines, we can solve for the radius of oxygen using a right
triangle where the hypotenuse is the B-O bond length and the adjacent
side is the radius of oxygen with a 30° angle in between. This radius
needs to be 118 A to fit this triangle. This is closest to the Shannon
crystal radius of oxygen of 1-21 A [7]. However, the ionic radius of 1-35
A [7] for O from Shannon produces an edge length of 2.70 A which is
extremely inaccurate in comparison to the edge length of 2-40 A [8]
determined from neutron diffraction, proving the comparative accuracy
of the crystal radius. To use a consistent set of radii, analyses of the
silicate systems were done with the same choice of crystal radii.

2.2. The boron oxide packing argument-

Packing fractions using both crystal and ionic radii of pure boron
oxide glass are found to be quite different [6]. The ratio of the packing
fraction of crystalline and glassy BoO3 should be equal to the corre-
sponding ratio of the densities(1.81/ 2.46 = 0.736) since this represents
an efficiency of packing of the same number and kinds of atoms. For
glassy B,Os to achieve its known density of 1-81 g/cc® [18], we expect a
packing fraction of the glass to be 0-362 based on a crystallographic
value of the packing fraction in B303 of 0.492 [6] (0.736x0.492=
0.362). The packing fraction calculated using crystal radii, 0-349, is
significantly closer to the expected packing fraction of 0-362 than that
calculated using ionic radii, 0-484 [7].

2.3. The consistency argument-

Crystal radii show a clear and consistent relationship between ionic
size and packing in both borate and silicate-based glasses, with larger
modifiers having higher packing fractions (ionic packing) and smaller
modifiers having lower packing fractions (covalent packing). Ionic radii,
on the other hand, do not exhibit this predictable trend and introduce
inconsistencies [6].

3. Calculation of packing fraction

Packing fraction (PF) is the ratio of the volume of the constituent
atoms in a mole to the total molar volume of the glass-forming system. It
is calculated using:

PF= (2 (4/3mrim) < Ny [ Vi e))

Where Vy, is the molar volume calculated using the formula:
Vi =M(x)/p(x) @

M(x) is the molar mass, p(x) is the density, r; is the radius of the
constituent atom, n; is the number of that corresponding atom present in
the structural formula and Ny is Avagadro’s number. Table 1 lists the
needed radii and consequent volumes.

This paper uses R for the compositional notation instead of x, the
molar fraction of the modifier to represent packing fractions as it ensures
a comparatively linearized structural trend. For example, if the lithium
borate glass system is represented using the x notation as xLizO.(1-x)
B,03, using the R notation, it shall be represented by RLi3O. B2Os.

Thus,R = x/(1 —x) 3
4. Packing in borate glass systems
4.1. Packing in the lithium borate glass system [4-6,9-39]

Glasses of the borate systems show both 3 and 4 coordination for
boron [9-39]. While boron in vitreous B,Og is trigonal planar, as the
content of the alkali increases (for approximately 0 < R < 0.7)
four-coordinated tetrahedral borons replace the planar units. On further
increase in alkali content, the tetrahedral units get converted back to
planar units with an increasing number of non-bridging oxygens. This
continues until the end of the glass forming range near R = 3 at which
point each boron is bonded to three non-bridging oxygens [40].

This structural evolution is consistent with the packing trend for the
lithium borate glass systems as evident in Figs. 1 & 2. For this (and all
other) systems, the oxygen packing fraction is calculated along with the
packing fraction for the entire system; oxygen packing is found by
setting the radii of all atoms to zero except for that of oxygen. The
increasing trend of the total packing fraction is consistent with that of
tetrahedral boron fraction, both peaking at around R = 0.7. After the
peak, the packing fraction and N4 decreases and the extra oxygens from
the lithium oxide are accommodated by an increasing number of non-
bridging oxygens in the borate system.

As is apparent from the graphical representations, the trend of the
tetrahedral boron fraction more closely aligns with the oxygen packing
fraction than with the overall system packing fraction. This is due to the
dominance of oxygen over boron in the system due to the large differ-
ence in the volumes and the lack of contribution of lithium to the atomic
structure of the network (represented in Table 1).

4.2. Packing in the zinc borate glass system [6,41-44]

In the zinc borate glass system (plotted in Figs. 3 & 4), the packing
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Fig. 1. Trend of packing fraction, oxygen packing fraction and fraction of 4-co-
ordinated boron in lithium borate glass systems.

Table 1

The radii and volume of ions and atoms used in the packing fraction calculations [7].
Name Boron Silicon Lithium Oxygen Zinc Bismuth Lead
Radius 0.15A 0.40A 0.73A 1.21A 0.74A 1.14A* 1.12A
Volume 0.014A3 0.27A3 1.6A° 7.41A% 1.7A3 6.2A° 5.9A%

“ The value 1.14 A was chosen as the average of the 5 and 6 coordinated bismuth which is from the crystal structure of room temperature Bi,Os which are 1.1 and

1.17 respectively [7].
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Fig. 2. Detailed trend of oxygen packing fraction and fraction of 4-coordinated
boron in lithium borate glass systems.
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Fig. 3. Trend of packing fraction, oxygen packing fraction and N, of zinc borate
glasses. Also plots Ny of lithium borate glasses.

trend exhibits a pronounced rise and has a maximum at approximately
R = 0.5, followed by a gradual descent. Notably, the N4 metric more
closely mirrors the oxygen packing rather than the actual packing
fraction due to the domination of the oxygen volume in this system as
well.

Upon closer examination of the graphical representation, it becomes
evident that there is a correlation between the fraction of four-
coordinated borates with the packing fraction in the range spanning
from R = 1 to 2.25. However, establishing a definitive trend is a chal-
lenging task due to the absence of any prior research concerning both
lower and higher values of zinc borate N4 due to phase separation and
crystallization. Additional research with rapid cooling is imperative to
fill this knowledge gap. Consequently, the peak cannot be unequivocally
established, and the relationship remains unsubstantiated since the
slope can be influenced by the chosen scale.

It is important to establish that the fraction of tetrahedral borons in
the zinc-modified and lithium-modified borate glass systems are not
synonymous, despite their nearly identical atomic volumes (refer to
Table 1 and Fig. 3).
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Fig. 4. Detailed trend of oxygen packing fraction and fraction of 4-coordinated
boron in the zinc borate glass system.

4.3. Packing in the lead borate glass system [32,43,45-57]

In the lead borate glass system (Fig. 5) packing peaks at around R =
0.45. As the radius of lead is comparable to that of oxygen, the fraction
of the four-coordinated boron (N4) corresponds more closely with the
total packing fraction than the oxygen packing as seen for earlier sys-
tems. The plots display a spread of N4 for the same values of R due to the
errors from the formation and measurement of the glasses and the
measurement of N4 by different means and groups.

Recent Raman and NMR studies [49] reveal a transition in lead’s
chemical bonding behavior from predominantly ionic to covalent when
R exceeds 1.5. While this transition will not alter the maxima of the
plotted packing curve, it could affect the high R part of the plot in
proportion to the ratio of the lead atoms exhibiting this transition which
is still under study. Fig. 5 is plotted under the assumption that all the
lead atoms are ionic and the Shannon crystal radius is used.

4.4. Packing in the bismuth borate glass system [58-62]

In bismuth borate glasses, the packing data peaks at around R = 0.26
and the fraction of four coordinated borons peaks at around R = 0.8
(Fig. 6). However, it’s important to note that the paucity of data for N4
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Fig. 6. Trend of packing fraction, oxygen packing fraction and N4 of bismuth
borate glasses.

units in this system for higher R values hinders the accuracy of the
trendline which makes the determination of trends difficult.

5. Packing in silicate glass systems

Similar to the borate glasses, the silicates show two groups of systems
based on the radii of the modifiers. The packing trends initially increase
monotonically as a function of modifier content. Silicates only exist as
tetrahedra in the glass systems studied here. The covalent packing of
small modifiers in silicate glasses is demonstrative of the evolution of the
Qp units.

5.1. Packing in the lithium silicate glass system [63-66]

The lithium oxide-modified silicate glass system in Fig. 7 exhibits a
continuous increase in its packing, albeit with a reduced rate of change
beyond R = 0.5. Here R is the molar ratio of the modifier to silica. In
contrast, we observe a distinct decrease in the oxygen packing. This
phenomenon arises due to the rising number of non-bridging oxygens
(NBO) resulting from an increased modifier content. The increase in the
NBOs results in an accumulation of negative charge, see Fig. 7, and
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Fig. 7. Trend of packing fraction and oxygen packing fraction of lithium sili-
cate glasses along with the number of non-bridging oxygens per silicon [65].
The dashed vertical lines represent the transition points of the Q, units.

disrupts the interconnected tetrahedra of the original silicate glass.
While the overall packing still increases due to the modifier, it does so at
a slower rate due to the formation of the NBOs. It appears that the Q,
units cause changes in the slope of the packing curve near the transition
points of the Q,, groups, see Table 2 and Fig. 7.

When comparing the packing of lithium silicates to lithium borates in
Fig. 8, we can observe a monotonic trend in the packing of silicates due
to a lack of coordination changes. The slope appears to change at each
transition point for the formation of Q.1 from Q, thatisat R = 0.5, 1,
1.5, and 2 (see Table 2 and Fig. 7). Moreover, at higher R values, the
packing of the silicate system begins to approach that of the borate
system. This alignment serves as a self-consistency test. At lower R
values, the packing differs due to the configuration of borates (forming
tetrahedral units from trigonal borates) and silicates (forming non-
bridging oxygens on silicate tetrahedra), but at higher R values, the
system predominantly consists of LizO, rather than silicate or borate
units, as the composition gradually tends toward being nearly Li5O.

5.2. Packing in the lead silicate glass system [66-68]

The packing behavior in lead silicates is different than the trend
observed in the lithium-silicate system. The decrease in the lead silicate
packing fraction and oxygen packing fraction can be attributed to the
increase in the number of non-bridging oxygens per silicon as evident in
Fig. 9.

Fig. 10 compares the packing in lead silicate and borate glasses. We
observe a strong peak in the packing fraction in the lead borate glass
system due to the presence of the tetrahedral borons. The lead silicates
show less change in the packing trend compared to borates due to the
lack of coordination change of the silicon. Silicon undergoes Q, unit
changes as NBOs are added to the silica tetrahedra. As in the lithium
silicates, the lead silicates follow a similar change in the volume of the
Qn units (see Table 2). The volumes of the Q, units increase as R
increases.

As R increases past about 1.5 lead changes from ionic to covalent
character. However, we continue to use Shannon’s crystal radii since no
evident change in trend was seen.

It appears that at high R, the packing of the lead borate and silicate
systems becomes comparable; this is another example of the consistency
test.

5.3. Packing in the bismuth silicate glass system [66]

The bismuth silicate glass system (as represented in Figs. 11 & 12)
portrays anomalous packing behavior. The increase in NBO formation
has not been experimentally deduced, however, it may be inferred by
assuming that the oxygen from bismuth oxide creates non-bridging ox-
ygens on the silicon tetrahedra (see Fig. 11). Unlike the typical silicate
glass system behavior that demonstrates a relatively uniform packing
fraction trend, this system portrays a dip in the packing at around R =
0.67. The composition of the glass is written by RBi;O3. SiOs. For this
system, let us assume that the initial addition (R<=0.67) of bismuth
oxide modifies the SiO; glass network by forming non-bridging oxygens;
in the borates initial addition of bismuth oxide causes the borate
network to be modified with the formation of tetrahedral boron. Then,
for the silicate case, the Q, units will occur at R values one third that of
lithium or lead silicates (see Table 2) since 3 oxygens come in for each
formula unit of BizOs. These compositions are shown in Table 3.

The packing trend appears to exhibit effects due to the compositional
trend of the Q,, units. No single-phase glasses are produced for R< 0.33.

Table 2

Compositions for the Q, units in lithium and lead silicate glasses.
Q;, units Q4 Q3 Q2 Q Qo
R 0 0.50 1.00 1.50 2.00
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Fig. 10. Trend of lead silicate and lead borate packing fraction.
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Fig. 9. Trend of packing fraction and oxygen packing fraction of lead silicate
glasses along with the number of non-bridging oxygens per silicon [67]. The
error in the oxygen packing is smaller than the symbol size. The dashed vertical
lines represent the transition points of the Q, units.

Thus, the conversion from Q4 to Q3 and from Q3 to Q5 is not seen in the
packing trend (see Fig. 11). Near R = 0.33 single-phase glass formation
commences, and the packing is consistent with a glass mostly composed
of Q2 units. Near R = 0.5 the packing trend reaches a local maximum
indicative of the completed conversion of Qy to Q;. For R>0.5 and
R<0.67, Q1 converts to Qq. This is seen as a local minimum in the
packing trend. Above R = 0.67, the silicate network no longer changes
and the overall packing trends towards that of crystalline Bi;O3. The
density of crystalline BizOs is 8.9 g/cc [69,70]. Using the atomic masses
of Bi and O and the relevant Shannon radii (see Table 1), the packing of
crystalline BioO3 was found to be 0.40. The packing trend of the bismuth
silicate glasses was found to asymptotically approach that of crystalline
BiyOs3 (see Fig. 11).

Fig. 12 compares the packing of bismuth silicate and borate glasses.
The packing of the borate system is considerably higher than that of the
silicate system. This is indicative of the formation of boron tetrahedra.
The N4 has a maximum around R = 0.8, whereas the packing has a
maximum near R = 0.26 (see Fig. 6). If bismuth oxide modifies boron
oxide, a unit change in R produces 3 added oxygens to the borate
network. Thus, the composition for the maximum in N4 should be
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inferred by assuming oxygens form non-bridging oxygens on the silicon tetra-
hedra. The dashed vertical lines represent the transition points of the Q, units.

downshifted compared to the lithium and lead borate systems which add
1 oxygen per unit change in R. The peak in N4 for the lithium borate
system occurs near R = 0.7 and for the lead system, it occurs near R = 1.
As a result, it appears that not all added oxygen is used to form N4 in the
bismuth borate glasses. The packing data at high R trends downward
towards that of crystalline Bi,O3 but has sufficient scatter to not allow
further speculation.

6. Conclusion

Packing fractions for lithium, zinc, lead and bismuth borate glasses
as well as lithium, lead and bismuth silicate glasses were calculated,
plotted, and analyzed. Packing was seen to be strongly influenced by the
underlying atomic structure in these glass systems. In the borates
packing is most affected by N4 and in the silicates by the transition of the
Qp units.

In particular, the oxygen packing in the lithium borate system most
closely resembles N4 as a function of composition. In zinc, lead, and
bismuth borates, the correlation to Ny is present but weaker. This is due,
in part, to the scatter present in the data.
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Table 3

Compositions for the Q, units in bismuth silicate glasses.
Qn units Q4 Q3 Q2 Q1 Qo
R 0 0.17 0.33 0.50 0.67

In the silicates, the trend of the packing changes its slope near the
transition points of Q; to Qp; followed by Q.1 to Qp.2. The transition
compositions for bismuth silicates occurs at R values one-third that of
lithium and lead silicates. This is because BixO3 brings in 3 times as
much oxygen as LioO or PBO per unit modifier. In bismuth silicates, this
is clearly seen in the packing trends. Eqs. (1)-(3)
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