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RANDOM NEURAL NETWORKS IN THE INFINITE WIDTH LIMIT AS
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This article gives a new proof that fully connected neural networks with
random weights and biases converge to Gaussian processes in the regime
where the input dimension, output dimension, and depth are kept fixed, while
the hidden layer widths tend to infinity. Unlike prior work, convergence is
shown assuming only moment conditions for the distribution of weights and
for quite general nonlinearities.

1. Introduction. In the last decade or so neural networks, originally introduced in the
1940’s and 50’s [29, 44], have become indispensable tools for machine learning tasks ranging
from computer vision [32] to natural language processing [9] and reinforcement learning
[46]. Their empirical success has raised many new mathematical questions in approximation
theory [13, 54, 55], probability (see §1.2.2 for some references), optimization/learning theory
[7, 8, 31, 57] and so on. The present article concerns a fundamental probabilistic question
about arguably the simplest networks, the so-called fully connected neural networks, defined
as follows:

DEFRINITION 1.1 (Fully connected network). Fix a positive integer L as well as L + 2

positive integers ng, ..., nr+1 and a function o : R — R. A fully connected depth L neural
network with input dimension ng, output dimension ny 1, hidden layer widths ny,...,ng,
and nonlinearity o is any function x, € R"0 z((xLH) € R"2+1 of the following form

g =

WO (Y 4O e=2,... L+1,

where W(® e R™*"-1 are matrices, b® € R are vectors, and o applied to a vector is
shorthand for o applied to each component.

The parameters L, ng,...,np4 are called the network architecture, and zg) e R is
called the vector of pre-activations at layer £ corresponding to input x,. A fully connected
network with a fixed architecture and given nonlinearity o is therefore a finite (but typically
high) dimensional family of functions, parameterized by the network weights (entries of the
weight matrices W ©) and biases (components of bias vectors b©).

This article considers the mapping xy +— z((),LH) when the network’s weights and biases are
chosen independently at random and the hidden layer widths ny, ..., ny are sent to infinity
while the input dimension ng, output dimension ny 4, and network depth L are fixed. In this
infinite width limit, akin to the large matrix limit in random matrix theory (see §1.2), neural
networks with random weights and biases converge to Gaussian processes (see §1.4 for a
review of prior work). Unlike prior work Theorem 1.2, our main result, is that this holds for
general nonlinearities o and distributions of network weights (cf §1.3).
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Moreover, in addition to establishing convergence of wide neural networks to a Gaussian
process under weak hypotheses, the present article gives a mathematical take aimed at prob-
abilists of some of the ideas developed in the recent monograph [43]. This book, written in
the language and style of theoretical physics by Roberts and Yaida, is based on research done
jointly with the author. It represents a far-reaching development of the breakthrough work of
Yaida [49], which was the first to systematically explain how to compute finite width correc-
tions to infinite width Gaussian process limit of random neural networks for arbitrary depth,
width, and nonlinearity. Previously, such finite width (and large depth) corrections were only
possible for some special observables in linear and ReLU networks [21, 23-25, 39, 56]. The
present article deals only with the asymptotic analysis of random neural networks as the
width tends to infinity, leaving to future work a probabilistic elaboration of some aspects of
the approach to finite width corrections from [43].

1.1. Roadmap. The rest of this article is organized as follows. First, in §1.2 we briefly
motivate the study of neural networks with random weights. Then, in §1.3 we formulate our
main result, Theorem 1.2. Before giving its proof in §2, we first indicate in §1.4 the general
idea of the proof and its relation to prior work.

1.2. Motivation for studying random neural networks.

1.2.1. Practical motivations. It may seem at first glance that studying neural networks
with random weights and biases is of no practical interest. After all, a neural network is only
useful after it has been “trained,” that is, one has found a setting of its parameters so that
the resulting network function (at least approximately) interpolates a given training dataset
of input-output pairs (x, f(x)) for an otherwise unknown function f : R"0 — R"L+1,

However, the vast majority of neural network training algorithms used in practice are vari-
ants of gradient descent starting from a random initialization of the weight matrices W© and
bias vectors b'¥). Studying networks with random weights and biases therefore provides an
understanding of the initial conditions for neural network optimization.

Beyond illuminating the properties of networks at the start of training, the analysis of ran-
dom neural networks can reveal a great deal about networks after training as well. Indeed, on
a heuristic level, just as the behavior of the level spacings of the eigenvalues of large random
matrices is a surprisingly good match for emission spectra of heavy atoms [48], it is not un-
reasonable to believe that certain coarse properties of the incredibly complex networks used
in practice will be similar to those of networks with random weights and biases. More rigor-
ously, neural networks used in practice often have many more tunable parameters (weights
and biases) than the number of datapoints from the training dataset. Thus, at least in certain
regimes, neural network training provably proceeds by an approximate linearization around
initialization, since no one parameter needs to move much to fit the data. This so-called NTK
analysis [14, 16, 30, 31, 35] shows, with several important caveats related to network size
and initialization scheme, that in some cases the statistical properties of neural networks at
the start of training are the key determinants of their behavior throughout training.

1.2.2. Motivation from random matrix theory. In addition to being of practical impor-
tance, random neural networks are also fascinating mathematical objects, giving rise to new
problems in approximation theory [12, 13, 22, 54, 55], random geometry [26, 27], and ran-
dom matrix theory (RMT). Perhaps the most direct, though by no means only, connection to
RMT questions is to set the network biases b'©) to zero and consider the very special case
when o (t) =t is the identity (in the machine learning literature these are called deep linear
networks). The network function

(1.1 2D — WDy
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is then a linear statistic for a product of L 4+ 1 independent random matrices. Such matrix
models have been extensively studied, primarily in two regimes. The first is the multiplica-
tive ergodic theorem regime [10, 17, 18, 45], in which all the layer widths ng, ..., np41 are
typically set to a fixed value n and the network depth L tends to infinity. The second regime,
where L is fixed and the layer widths n, (i.e., matrix dimensions) tend to infinity, is the
purview of free-probability [38, 47].

In the presence of a nonlinearity o, random neural networks provide nonlinear general-
izations of the usual RMT questions. For instance, the questions taken up in this article are
analogs of the joint normality of linear statistics of random matrix products in the free proba-
bility regime. Further, random neural networks give additional motivation for studying matrix
products appearing in (1.1) when the matrix dimensions ny and the number of terms L are
simultaneously large. This double scaling limit reveals new phenomena [3-6, 20, 24, 25] but
is so far poorly understood relative to the ergodic or free regimes.

Finally, beyond studying linear networks, random matrix theory questions naturally ap-
pear in neural network theory via nonlinear analogs of the Marchenko—Pastur distribution for
empirical covariance matrices of z( D whena € A ranges over a random dataset of inputs
[1, 28, 41, 42] as well as through the spectrum of the input-output Jacobian [24, 42] and the
NTK [2, 16].

1.3. Main result. Our main result shows that under rather general conditions, when the
weights W and biases b of a fully connected network are chosen at random, the result-
ing field x, z& +) converges to a centered Gaussian field with iid components when the
input dimension ng and output dimension ny 4 are held fixed but the hidden layer widths
ni,...,ny tend to infinity. To give the precise statement in Theorem 1.2 below, fix a fully
connected neural network with depth L > 1, input dimension ng, output dimension ny 4,
hidden layer widths n1,...,nr > 1, and nonlinearity o : R — R. We assume that o is ab-
solutely continuous and that its almost-everywhere defined derivative (and hence o itself) is
polynomially bounded:

o' (x)
— < oo
1+ |x*

(1.2) Ik > 0s.t. Vx € R ’
L®(R)

All nonlinearities used in practice satisfy these rather mild criteria. Further, let us write Wi(je)

for the entries of the weight matrices W© and bi(g) for the components of the bias vectors

b® . For £ > 2 the Definition 1.1 of fully connected networks means that the formula for the

() -1

components of the pre-activations z,~ at layer ¢ in terms of those for z, reads

(1.3) zi i=b" + ZW“) D). =1 n,

where we’ve denoted by Z,(e; the ith component of the ny-dimensional vector of pre-

activations z( ) in layer £ corresponding to a network input x, € R"0. We make the following
assumption on the network weights:

C I/ZA e
(1.4) wi = <—W> W W~ id,
ng—|

where p is a fixed probability distribution on R such that

(1.5) wu has mean 0, variance 1, and finite higher moments.
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We further assume the network biases are iid Gaussian! and independent of the weights:
(1.6) b ~ N, Cp) iid.

In (1.4) and (1.6), Cw > 0 and Cj > 0O are fixed constants. These constants do not play an
important role for the analysis in this article but will be crucial for followup work. With the
network weights and biases chosen at random the vectors z( ) are also random. Our main
result is that, in the infinite width limit, they have independent Gaussian components.

THEOREM 1.2. Fix ng, np+1 and a compact set T C R". As the hidden layer widths
ni,...,ng tend to infinity, the sequence of stochastic processes

Xy €ER™ 1 gD R+

converges weakly in CO(T, R"L+1) to a centered Gaussian process taking values in R"L+1
with iid coordinates. The coordinate-wise covariance function
K(L+1)

(L+1) (L+1)
af _n1 ..... ny— 00 COV( )

' 2i:p

for this limiting process satisfies the layerwise recursion

¢ 4
Br / 67 'f‘é

for £ > 2, with initial condition
(1.8) K = Ch+ CwE[o(zi1)o (211 )],
1 @M

where the distribution of (zy.,. z;. ﬂ) is determined via (1.3) by the distribution of weights and
biases in the first layer and is not universal.

We prove Theorem 1.2 in §2. First, we explain the main idea and review prior work.

1.4. Theorem 1.2: Discussion, main idea, and relation to prior work. At a high level,
the proof of Theorem 1.2 (specifically the convergence of finite-dimensional distributions)
proceeds as follows:

1. Conditional on the mapping xy +— z((xL), the components of the neural network output

Xo > z& D are independent sums of n;, independent random fields (see (1.3)), and hence,
when n is large, are each approximately Gaussian by the CLT.

2. The conditional covariance in the CLT from step 1 is random at finite widths (it

depends on za )) However, it has the special form of an average over j =1,...,nr of the

same function applied to each component 2\5) of the vector ny of pre-activations at the last

hidden layer. We call such objects collectzvé observables (see §2.1.2 and (1.10)).

3. While z;%{ are not independent at finite width when £ > 2, they are sufficiently
weakly correlated that a LLN still applies to any collective observable in the infinite width
limit (see §2.1.2).

4. The LLN from step 3 allows us to replace the random conditional covariance matrix
from steps 1 and 2 by its expectation, asymptotically as ny, ..., ny tend to infinity.

IAs explained in §1.4 the universality results in this article are simply not true if the biases are drawn iid from
a fixed non-Gaussian distribution.
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We turn to giving a few more details on steps 1-4 and reviewing along the way the relation
of the present article to prior work. The study of the infinite width limit for random neural
networks dates back at least to Neal [37], who considered networks with one hidden layer:

(2) @) @5 (D (1) ()] wd
tcx_bi +ZW (],a)’ b +Z kxkou
j=1
where i =1, ..., nj. In the shallow L =1 setting of Neal if in addition ny = 1, then neglect-
ing the bias b( ) for the moment, the scalar field z -, 1s a sum of iid random fields with finite
moments, and hence the asymptotic normality of 1ts finite-dimensional dlstrlbutlons follows

immediately from the multidimensional CLT. Modulo tightness, this explains why zl.a ought
to converge to a Gaussian field. Even this simple case, however, holds several useful lessons:

e If the distribution of the bias b(z) is fixed independent of 77 is and non-Gaussian, then the
distribution of z Wlll not be Gaussian, even in the limit when n| — o0.

o If the first layer blases b; ) are drawn iid from a fixed distribution up and o is nonlinear,
then higher moments of u; will contribute to the variance of each neuron post-activation

O’(Z( ) o)» causing the covariance of the Gaussian field at infinite width to be nonuniversal.
o Unhke in deeper layers, as long as ny is fixed, the distribution of each neuron pre-activation
(13){ in the first layer will not be Gaussian, unless the weights and biases in layer 1 are
themselves Gaussian. This explains why, in the initial condition (1.8) the distribution is

non-Gaussian in the first layer.

In light of the first two points, what should one assume about the bias distribution? There are,
it seems, two options. The first is to assume that the variance of the biases tends to zero as
nip — oo, putting them on par with the weights. The second, which we adopt in this article,
is to declare all biases to be Gaussian.

The first trick in proving Theorem 1.2 for general depth and width appears already when
L =1 but the output dimension 7, is at least two.” In this case, even for a single network
input x,, at finite values of the network width n; different components of the random ns-

d1mens1onal vector z( ) are not independent, due to their shared dependence on the vector
Za ). The key observation, which to the author’s knowledge was first presented in [34], is
to note that the components of zfxz) are independent conditional on the first layer (i.e., on

<1)) and are approximately Gaussian when n is large by the CLT. The conditional variance,

which captures the main dependence on z((x ), has the following form:

Cw <

(1.9) Sha = Va0l 1= Co+ —= 3o (f)”.
Lj=1

This is an example of what we will call a collective observable, an average over all neurons in
a layer of the same function applied to the pre-activations at each neuron (see §2.1.2 for the
precise definition). In the shallow L = 1 setting, X, @ is a sum of n1 iid random variables with
finite moments. Hence, by the LLN, it converges almost surely to its mean as n; — oo. This

causes the components of zy @ 1o become independent in the infinite width limit, since the

source of their shared randomness, Eaa, can be replaced asymptotically by its expectation.
The proof for general L follows a similar pattern. Exactly as before, for any 0 < ¢ < L,
the components of the pre-activations at layer £ + 1 are still conditionally independent, given

() ()

ZNeal [37] states erroneously on page 38 of his thesis that z; and z; will be independent because the weights

going into them are independent. This is not true at finite w1dth but becomes true in the infinite width limit.
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the pre-activations at layer £. When the width n is large the conditional distribution of each
component over any finite collection of inputs is therefore approximately Gaussian by the
CLT. Moreover, the conditional covariance across network inputs has the form:

ng

c

{+1 {+1 {+1 L w {4 l
(1.10) zig V= Cov(zlia V. 2l 10 o) = CHEZ:Io(z;;L)o(z};g).
j:

The summands on the right hand side are no longer independent at finite width if £ > 2.
However, ZSZH) are still collective observables, and the crucial point is to check that their
dependence is sufficiently weak that we may still apply the LLN. Verifying this is the heart
of the proof of Theorem 1.2 and is carried out in §2.1.2.

Let us mention that, in addition to the approach outlined above, other methods for showing
that wide neural networks are asymptotically Gaussian processes are possible. In the prior ar-
ticle [36], for instance, the idea is to use that the entries of z( ) are exchangeable and argue
using an exchangeable CLT. This leads to some technical complications which, at least in the
way the argument is carried out in [36], result in unnatural restrictions on the class of nonlin-
earities and weight distributions considered there. Let us also mention that in the article [34],
the nonindependence at finite width of the components of z((f) for large £ was circumvented
by considering only the sequential limit in which n, — oo in order of increasing £. The effect
is that for every £ the conditional covariance Egﬂ) has already converged to its mean before
ne41 is taken large. However, this way of taking the infinite width limit seems to the author
somewhat unnatural and is in any case not conducive to studying finite width corrections as
in [43, 49], which we plan to take up in future work.

We conclude this section by pointing the reader to several other related strands of work.
The first are articles such as [11], which quantify the magnitude of the difference

Ly~ 0.0 i (0 (1)
e - 1Zi;azi§ﬂ _,,1’“.1},{?_)00 X}z, oZisp
1= i=

between the empirical overlaps n, (Z((f), z/(se) ) of pre-activations and the corresponding infi-
nite width limit uniformly over network inputs x,, xg in a compact subset of R"°. In a similar
vein are articles such as [15], which give quantitative estimates at finite width for the distance
from xy > Zo ®toa nearby Gaussian process.

The second is the series of articles starting with the work of Yang [50-53], which devel-
ops the study not only of initialization but also certain aspects of inference with infinitely
wide networks using what Yang terms tensor programs. As part of that series, the article
[51] establishes that in the infinite width limit many different architectures become Gaussian
processes. However, the arguments in those articles are significantly more technical than the
ones presented here since they are focused on building the foundation for the tensor pro-
gram framework. At any rate, to the best of the author’s knowledge, no prior article addresses
universality of the Gaussian process limit with respect to the weight distribution in deep net-
works (for shallow networks with L = 1 this was considered by Neal in [37]). Finally, that
random neural networks converge to Gaussian processes in the infinite width limit under
various restrictions but for architectures other than fully connected is taken up in [19, 40, 51].

2. Proof of Theorem 1.2. Let us recall the notation. Namely, we fix a network depth
L > 1, an input dimension ng > 1, an output dimension ny4; > 1, hidden layer widths
ni,...,np > 1, and a nonlinearity o satisfying (2.5). We further assume that the networks
weights and biases are independent and random as in (1.4) and (1.6). To prove Theorem 1.2
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we must show that the random fields x4 +— z((xL“L]) converge weakly in distribution to a Gaus-
sian process in the limit where ny, ..., ny tend to infinity. We start with the convergence of

finite-dimensional distributions. Let us therefore fix a collection

xg = {xq, @ € A}

of |A| distinct network inputs in R"”0 and introduce for each £ =0,...,L 4+ 1, every i =
1,...,np,and all @ € A the vectorized notation
Z,(EL = (252,0! € A) e RMAL V= (zl(gl‘z =1,...,np) e R"MAl

The following result states that the distribution of the random variable szH) with values in

R2+1%I41 converges to that of the claimed Gaussian field.

PROPOSITION 2.1 (Convergence of finite-dimensional distributions). Fix L > 1 and ny,
np+1. The distribution of szH) converges weakly as ny, ...,np — o0 to that of a centered
Gaussian in R"+1 1Al ith iid rows for which the covariance

L+1 - L+1) _(L+1
Kéﬂ ) = hm_)ooCov(zi(;a ),Z,(;ﬁ ), a.BeA

between the entries in each row satisfies the recursion (1.7) with initial condition (1.8).

Once we have proved Proposition 2.1 in §2.1, it remains to show tightness. For this, we fix
a compact subset 7' C R"0. The tightness of x, > z((xLH) in C O(T, R"™*L+1) follows immedi-

ately from the Arzeld—Ascoli theorem and the following result, which we prove in §2.2.

PROPOSITION 2.2 (High probability equicontinuity and equiboundedness of z((xLH)).

For every L > 1, € > 0 there exists C =C(e,0,T, L, Cp, Cw,np+1) > 0 so that

L+1 L+1
[ [

2.1 sup

<C and sup |4V <cC
Xa XgET [l xa _xﬂ”Z xq€T

o
with probability at least 1 — €.

2.1. Finite-dimensional distributions: Proof of Proposition 2.1. 'We will prove Proposi-
tion 2.1 in two steps. First, we prove a special case in which we keep the weights in layer 1
completely general as in (1.4) but take weights in layers £ > 2 to be independent Gaussians:

W ~N(0. Cwn)).  iid.
We continue to assume (as in the statement of Theorem 1.2) that all biases are Gaussian:
© s
b;” ~N(0,Cp), iid.

The argument in this case is the technical heart of this paper and is presented in §2.1.1—
§2.1.2. Ultimately, it relies on the analysis of collective observables, which we isolate in
§2.1.2. A simple Lindeberg swapping argument and induction on layer detailed in §2.1.3
allows us to extend Proposition 2.1 to general weights in layers £ > 2 from the Gaussian
case.
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2.1.1. Proof of Proposition 2.1 with Gaussian weights in layers £ > 2. Fix
E=Gi=1. . np) e R g =g i=1,. npi,aeA) eRA

and consider the characteristic function

x4(8) = Elexp[—ilz{ ", &)]| =E [exp[—zzzz“*”a ﬂ

aeA i=1

of the random variable szH) € R"+1x14l By Levy’s continuity theorem, it is sufficient to
show that
lnL +1 (L+1)
(22) L lim xa(E )—exp[—i 2K sl,s»]
l
where

(L+1) (L+1)
K (chﬂ )a,ﬁeA

is the matrix defined by the recursion (1.7) with initial condition (1.8). Writing
(2.3) Fi := filtration defined by {W ), 6 ¢ =1,..., ¢},

we may use the tower property to write

2.4) xa(8) = E[E[exp[—ilz'{ T, €)1 7L ]].

Note that conditional on 7, the random vectors Z(L+1) RI41 in layer L + 1 for each i =

1,...,nr4+1 are iid Gaussians, since we have assumed for now that weights in layers £ > 2
are Gaus51an. Specifically,

(ED L (TG G~ N O, T did T <i <npg,

where for any o, § € A the conditional covariance is
n

L+1 L+1) _(L+1 Cw & L
@25  (Z{)=Covizit™ 21 FL) = Cb-i-EZ:lG(ZE D)o (5.
J:

Using (2.4) and the explicit form of the characteristic function of a Gaussian reveals

1 np+1
(2.6) Xa(E) = E[exp[—5 Y= s, a-)ﬂ.

i=1

The crucial observation is that each entry of the conditional covariance matrix E(L+1) is an
average over j = 1,..., ny of the same fixed function applied to the vector ZF 4~ While ZSL)
are not independent at ﬁnlte values of ny,...,np_1 for L > 1, they are sufﬁ01ently weakly

correlated that a weak law of large numbers st111 holds:

LEMMA 2.3. Fixng, npy1. There exists a |A| x |A| PSD matrix

(L+1) (L+1)
K (Kaﬁ )a,ﬁeA

such that forall a, B € A

lim B[Sy ™))l =Kep™ and  lim Var[(2{T)),4]=0.

Ny, —>00 “/3] af NY,..., i —> 00
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PROOF. Lemma 2.3 is a special case of Lemma 2.4 (see §2.1.2). U

Lemma 2.3 implies that EI(LXLH) converges in distribution to KIE‘LH). In view of (2.6)

and the definition of weak convergence this immediately implies (2.2). It therefore remains
to check that K, L+
ni,...,nL weﬁnd
(L+1) (L+1) (L+1) (L) (L)
Cov(z;i, .25 ) =E[(Z4 ) gl = Cb + CwE[o(z),)0 (23]
When L =1, we therefore see that

) @ 1 1
Cov(zjas 2p) = Co + CwE[o (zj0)o (<44)]:

satisfies the desired recursion. For this, note that at any values of

where the law of (zfl‘i, z(l)) is determined by the distribution pw of weights in layer 1 and

does not depend on nj. ThlS confirms the initial condition (1.8). Otherwise, if L > 1, the
convergence of finite-dimensional distributions that we’ve already established yields

L+1 . L+1 L+1 . 04 0
K= im CoeS ) = dim (Gt CwElo()o (&))).

Since o is continuous we may invoke the continuous mapping theorem to conclude that

L+1
K(Elﬂ—’_ ) Cb + CWE(ZQ,Z"!;)’\'G(O,K(L))[O—(Za)o—(zﬁ)]’

which confirms the recursion (1.7). This completes the proof that the finite-dimensional dis-

tributions of z( +) converge to those of the desired Gaussian process, modulo two issues.
First, we must prove Lemma 2.3. This is done in §2.1.2 by proving a more general result,
Lemma 2.4. Second, we must remove the assumption that the weights in layers £ > 2 are
Gaussian. This is done in §2.1.3. O

2.1.2. Collective observables with Gaussian weights: Generalizing Lemma 2.3. This sec-
tion contains the key technical argument in our proof of Proposition 2.1. To state the main
result, define a collective observable at layer £ to be any random variable of the form

(£) (13)
Ong f; A Z f

where f : R4l — R is measurable and polynomially bounded:
3C >0,k > 1st.Vze R4 £ <1+ 21

We continue to assume, as §2.1.1, that the weights (and biases) in layers £ > 2 are Gaussian
and will remove this assumption in §2.1.3. Several key properties of collective observables
are summarized in the following Lemma:

LEMMA 2.4 (Key properties of collective observables). Let C’),(f;) FiA be a collective ob-

. Lo —(
servable at layer L. There exists a deterministic scalar ng‘) 4 such that

; ) a1,
2.7) _— LIZIP]*)OOE[O’” 7 A] Of A
Moreover,

: ©)
(2.8) nlhrgl_) Var[On[ 7 A]l=0.

Hence, we have the following convergence in probability

lim oY, L [



RANDOM NEURAL NETS AS GPS AT INFINITE WIDTH 4807

()

PROOF.  This proof is by induction on ¢, starting with £ = 1. In this case, z;. 4 are inde-

pendent for different i. Moreover, for each i, o we have

Dy 4 < (1) W, (Cw\'2 & =0
b ZWU Xj;a:bl- +<n—0) ZWU Xja-
j=1 j=1

Hence, z},lo)l have finite moments since bl-( D are iid Gaussian and W\i(-l ) are mean 0 with finite
higher moments. In particular, since f is polynomially bounded, we find for every n that

E[Or(lll)f-A] = E[f(zﬁa)]

which is finite and independent of n, confirming (2.7). Further, o' 1) A is the average of n
iid random variables with all moments finite. Hence, (2.8) follows by the weak law of large
numbers, completing the proof of the base case.

Let us now assume that we have shown (2.7) and (2.8) forall £ =1, ..., L. We begin by
checking that (2.7) holds at layer L + 1. We have

(L+1) (L+1)
(2.9) E[OnL+| Ve A] _E[f( 21,4 )]
Since the weights and biases in layer L + 1 are Gaussian and independent of F7, we find
(2.10) 2 L (s 2,

Z( *1 is the conditional covariance defined in (2.5) and G is an |A|-dimensional

E(L-i-l)

where

standard Gaussian. The key point is that is a collective observable at layer L. Hence,

< (L+1)

by the inductive hypothesis, there exists a PSD matrix X 4 such that ZQLH) converges in

probability to E( ) as ny,...,np — 0o. To establish (2.7) it therefore suffices in view of

(2.9) to check that
@11 lim E[f((=47") 26 =E[£(Z4 ) 6],

where the right hand side is finite since f is polynomially bounded and all polynomial mo-
ments of G are finite. To establish (2.11), let us invoke the Skorohod representation theorem

Z(L+l)

to find a common probability space on which there are versions of which by an

abuse of notation we will still denote by E(L+1) —that converge to E( 1 almost surely.

Next, note that since f is polynomially bounded we may repeatedly apply ab < %(a2 + b?)
to find

y1/2 1 2
2.12) £ 20 = p(2E)) +4(6),
where p is a polynomial in the entries of ( E(LH))]/ 2, ¢ a polynomial in the entries of G, and
the polynomials p, g don’t depend on ny, ..., nz. The continuous mapping theorem shows
that

tim_ E[p((=5") )] =Elp(Z)")

Thus, since all moments of Gaussian are finite, (2.11) follows from the generalized dominated
convergence theorem. It remains to argue that (2.8) holds at layer L + 1. To do this, we write

L+1
Var[o,QLj1 >f n

(2.13) 1 |

np+41

Var[f(szZ]))] * (1 B )Cov(f( D) ).

np+1
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Observe that
L+1 L+1 & L+1
VG <L =] LS | <o
i=1

since we already showed that (2.7) holds at layer L 4 1. Next, recall that, conditional on Fp,
neurons in layer L 4 1 are independent. The law of total variance and Cauchy—Schwartz yield

[Cov(f (=a ) flezia )| = [Cov(BLF (44 )IFLL ELf (5 ) IFL])]

(2.14) (L+1)
< Var[E[ f (z;; ‘A )IFL]]-

Using (2.10) and the polynomial estimates (2.12) on f, we conclude that the conditional
expectation on the previous line is some polynomially bounded function of the components

of (EIE‘LH))I/ 2. Hence, we may apply dominated convergence as above to find

. (L+1) 1/2
nlwlylnr{l_moVar[E[f(zl ONFL] = Var[E[ f(24/7)G]] =0, G ~N(,14)
since E[ f (f;/ 2)G] is a constant. This proves (2.8) for observables at layer L + 1 and com-
pletes the proof of Lemma 2.4. [

2.1.3. Proof of Proposition 2.1 for general weights. In this section, we complete the
proof of Proposition 2.1 by removing the assumption from §2.1.1 that weights in layers £ > 2
are Gaussian. To do this, let us introduce some notation. Let us write

Xo > z((f)

for the pre-activations at layers £ =0, ..., L + 1 of a random fully connected network in
which, as in the general case of Theorem 1.2, all weights and biases are independent, biases
are Gaussian as in (1.6) and weights in all layers are drawn from a general centered distri-
bution with the correct variance and finite higher moments as in (1.4) and (1.5). Next, let us
write

Xo = Z((f),

for the vector of pre-activations obtained by replacing, in each layer £ =2,..., L + 1, all

weights w by iid centered Gaussians with variance Cy /ny_1. We already saw that the

ij
~(L+1)

distribution of 7, converges weakly to that of the desired Gaussian in the infinite width

limit. Our goal is thus to show that, as ny, ..., ny tend to infinity, z , (E+D and Z;LH) converge
weakly to the same distribution. We will proceed by induction on L When L =0 the claim is
trivial since by construction, the weight and bias distributions in layer 1 are identical in both

(1) and Zy & (recall that when we proved Proposition 2.1 in §2.1.1 we had Gaussian weights
only starting from layer 2 and general weights in layer 1).

Suppose therefore that we have shown the claim for ¢ =0, ..., L. By the Portmanteau
theorem and the density of smooth compactly supported functions in the space of continuous
compactly supported functions equipped with the supremum norm, it suffices to show that
for any smooth function g : R"2+1 %4l — R with compact support we have

(2.15) lim  (E[¢zEt)] —E[¢ )] =o0.

To check (2.15), let us define an intermediate object:

Z((IL_H)’. — b(L+l) + W(L—H),oo_ (Z((YL)),
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where the entries Wl-(l-LH)" of WLHD-¢ are iid Gaussian with mean 0 and variance Cy /n .

That is, we take the vector 0(1&“) of post-activations from layer L obtained by using general
weights in layers 1, ..., L and use Gaussian weights only in layer L + 1. Our first step in

checking (2.15) is to show that this relation holds when z( T replaced by Z(LH) *

LEMMA 2.5. Let x4 = {xq,a € A} be a finite subset of R" consists of |A| distinct ele-
ments. Fix in addition ny 11 > 1 and a smooth compactly supported function g : R"L+1* 1Al

R. There exists C > 0 and a collective observable (’),(i) fia Gt layer L so that

L+1 L+1).e —1,2 L
|E[8(254 * ))] — E[8(15; D )l < C”%H” ’E [O;(u?f;A]'

PROOF. This is a standard Lindeberg swapping argument. Namely, for each « € A and
k=0,...,ny define

(L+1)k _b(L+1) + W(L+1) k ( (L))
0{ ’

where the first k entries of each row of W(&HDk are jid Gaussian with mean 0 and variance
Cw/nr, while the remaining entries are (Cy/n L)_]/ 2 times iid draws Wl.(jLH) from the
general distribution & of network weights, as in (1.4) and (1.5). With this notation, we have

LI+ — ;D0 FUADe _ (L,

Thus,
Ble ()] — Bl )] = Yo B ~ Ble )

For any Z € R™+1*I4] and
Z=(8ziqi=1,...,np41,a € A) € RM+1xI4l

consider the third order Taylor expansion of g around Z.

g8(Z+682)=¢(Z)+ Z 8i:a0Zia + Z 8in,izsa,@20%i1;01 0%

. a€A ay,a0€A
i=1,...,np 4 i1,ip=1,..,np41

+ 0( § : |5Zi1;a18Ziz;az‘SZi3;a3|)'
Oll,ag,o{3€A

i1,i2,i3=1,....,n1 11

Let us write

LD (DK, —1/2 12 (L+1) TH(L+1) (L)
l o l o +nL Yi,k;oc’ SZlka _C ( Wik ) (Zk a)
where Wl-(kL DN (0, 1). Then, Taylor expanding g to third order around Z; = z(L+1) k and,

using that the first two moments of (Cwn )1/ ZW(L) match those of N (0, Cwn, L ) we find
that

Eg(zy ]~ ELg @ V)] = 0P ni L Elp(lo (z) | @ € A)D.

where p is a degree 3 polynomial in the |A|-dimensional vector of absolute values
|a(z(£) )|, @ € A. Summing this over k completes the proof. [J

To make use of Lemma 2.5 let us consider any collective observable (9( ) LA At layer L.
Recall that by (2.9) and (2.13) both the mean and variance of O;LZ FiA depend only on the
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distributions of finitely many components of the vector z (@) . By the inductive hypothesis we
therefore find

(2.16) lim B[O, ]= lm E[O" ]

N1,eens L —> 00

where the right hand side means that we consider the same collective observable but for Z(L)

(L)

instead of z,, ", which exists by Lemma 2.4. Similarly, again using Lemma 2.4, we have

: (L) _

(2.17) nl,...l,lrzl}‘lﬁoovar[Onva;A] =0.
Therefore, we conclude that
(2.18) oL =0 50, asni....np > oo,
Note that by (2.16) the mean of any collective observable E[(’)( L) f: 4] 1s bounded independent
of ny,...,ny since we saw in Lemma 2.4 that the limit exists and is bounded when using
Gaus51an weights. Since ny is fixed and finite, the error term nLl/ nLHIE[O(LL)’ ;A] in
Lemma 2.5 is therefore tends to zero as ny,...,ny — 00, and (2.15) is reduced to showing
that

. (L+1),0\7 ~AL+1)\Ty
(2.19) oo dim (Blg(zy )] - Elg(Zy )] =0.

This follows from (2.17) and the inductive hypothesis. Indeed, by construction, conditional
on the filtration F7 defined by weights and biases in layers up to L (see (2.3)), the |A|-

dimensional vectors zl( A+ D.e are iid Gaussians:

o d B
Zz(LAH) (Z(LH))I/ZG is Gi ~N(,14) iid,

E(L-f—l)

where is the conditional covariance matrix from (2.5). The key point, as in the proof

with all Gaussian weights, is that each entry of the matrix EE‘LH) is a collective observable

at layer L. Moreover, since the weights and biases in the final layer are Gaussian for zi‘LH)"

the conditional distribution of g(szH)") given Fr is completely determined by EgLJrl). In
particular, since g is bounded and continuous, we find that
(L+1),0 ~(L+1) (L+1) L+
Elg(zy " )] —Elg@a™ )] =E[a(Zy )] - E[R(Z,7)],

where A : R"2+1 %14l 5 R is a bounded continuous function and E(LH) is the conditional co-

variance matrix at layer L + 1 for Z(L+ ) . Combining this with the convergence in distribution
from (2.18) shows that (2.19) holds and completes the proof of Proposition 2.1 for general
weight distributions. 0

2.2. Tightness: Proof of Proposition 2.2. In this section, we provide a proof of Proposi-
tion 2.2. In the course of showing tightness, we will need several elementary lemmas, which
we record in §2.2.1. We then use them in §2.2.2 to complete the proof of Proposition 2.2.

2.2.1. Preparatory lemmas. For the first lemma, let us agree to write C(A) for the cone
over a subset A in a euclidean space and B (R") for the unit ball in R”.

LEMMA 2.6. Fix integers no,n; > 1 and a real number A > 1. Suppose that T is a
compact of R" and f : R"0 — R"™ is A-Lipschitz with respect to the £3-norm on both R
and R"!. Define the Minkowski sums

T = f(T)+C(f(T) — f(T)) N B(R™).

There exists a constant C > 0 a compact subset YZ of R¥0+1 and a Ca-Lipschitz map g
R0+ s R™ (all depending only T, 1.), so that T = g(T").
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PROOF. By definition,

(2.20) T=g(TxTxT x[0,1]), g, v, 2,1 = fx)+r(f(y) — ).
In particular, for some constant C depending on 7p, A, we have
lgCe, v, z.m) =gy, 2 r),
<1r@ = f&) L+ 10 = O+ 1@ = £@)];

+r=rllf ) = £,
<a(|Jx =y + |y =¥, + |z = Z'||, + Diam(To) | — rol)

=< C)\‘H(x —x/,y _y,7Z_Z/ar _r,)”Z'

Hence, T is the image under a Lipschitz map with a Lipschitz constant depending only on
Ty, A of a compact set in R>0+1 ]

The second lemma we need is an elementary inequality.

LEMMA 2.7. Leta,b, c > 0 be real numbers and k > 1 be an integer. We have

1
(a+b+c)f <2211 4a%) + e+ bY* 4 (1 4 ¢)*].

PROOF. For any a, b > 0 we have

b (K e
(a+b) =Z<J.) Tpt

Jj=0

k
@21) => () avas = arara+pr
j=0
1

<51+ a)* + (1+b)*).
Further, breaking into cases depending on whether 0 <a <1 or 1 < a we find that
(2.22) (a+b)F <2211 +a%) + %(1 + b)*k.
Combining (2.21) with (2.22) we see as desired that any a, b, c > 0

1
The next lemma is also an elementary estimate.

LEMMA 2.8. Fix an integer k > 1, and suppose X1, ..., Xy are nonnegative random
variables. There exists a positive integer ¢ = q (k) such that

[ (o)
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PROOF. The proof is by induction on k. For the base cases when k = 1, we may take
q =1 and when k = 2 we may take g = 2 by Cauchy—Schwartz. Now suppose we have

proved the claim for all k =1,2,..., K for some K > 3. Note that | <v[(K +1)/2] <K.
So we may use Cauchy—Schwartz and the inductive hypothesis to obtain

K+1 -5 K
]E[ I1 Xl} =F Xi ] Xi:|
i=1 j :
- 1/2 K 1/2
<E X?] E[ I1 X?]

()™

i=l

where ¢ = max{g([7(K +D1),¢(K = [3(K + D] = D}. O

The next Lemma is an elementary result about the moments of marginals of iid random
vectors.

LEMMA 2.9. Fix an even integer p > 2 a positive integer, and suppose [ is a probability
measure on R with mean 0 and finite higher moments. Assume also that w = (wy, ..., Wy)
is a vector with iid components, each with distribution . Then, there exists a constant C
depending only on p and first p moments of u such that for all n > 1

sup E[|w-ul?] <C.
lull=1

PROOF. We will use the following result of Latata [33], Thm. 2, Cor. 2, Rmk. 2. Suppose
X; are independent random variables and p is a positive even integer. Then

n p n Xi p
X; ~inf{t > 0] logEH1+—‘ ]SP},
S| |zmfrox; /

where ~ means bounded above and below up to universal multiplicative constants. Let us fix
a unit vector u = (u1,...,u,) € 7= and apply this to X; = u;w;. Since w; have mean 0
and p is even we find

ZlogEH —l——‘ ] Zlog<1+z< )M)

i=1

(2.23) E|:

Note that for each k =2, ..., p we have
E[|wi ] < E[(1 + |w1])”]and|u; |* < u?.
Hence, using that log(1 + x) < x we find

élogEHl + % P] =< élog(l + u?E[(1 4 |wi])"] Xp: (i) tik>

k
_ anlogo +u?E[(1 + |w1|)”][<1 + %)p —1- ?D

i=1

<E[(1+ |w1|)"][<1 + ;)p —1- ?]
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Note that for 2 < ¢, there is a constant C > 0 depending only on p so that
1\” Cp?
(1o1) 125

Thus, there exists a constant C’ > 0 so that

n

Xi

r> C/\/pIE‘,[(l +lwil)’D = Zlog]EHl +—
i=1

p
<

The final lemma we need is an integrability statement for the supremum of certain non-
Gaussian fields over low-dimensional sets.

Combining this with (2.23) completes the proof. [

LEMMA 2.10. Fix a positive integer ng, an even integer k > 1, a compact set Ty C R0,
a constant A > 0, and a probability measure p on R with mean 0, variance 1, and finite
higher moments. For every € € (0, 1) there exists a constant C = C(Ty, €, A, ng, k, ) with
the following property. Fix any integer n1 > 1 and a A-Lipschitz map f : R"0 — R"1. Define

T\ := f(Tp), and let w = (w1, ..., wy,) be a vector with iid components w;, each drawn
from . Then, for any fixed yg € Ty
(2.24) E[ sup (w - (y — y0)] = C.

yeT

PROOF. The proof is a standard chaining argument. For each y € T} write I1;(y) for the
closest point to y in a 27 net in 77 and assume without loss of generality that the diameter
of T is bounded above by 1 and that [To(y) = yo for all y € 7. We have using the usual
chaining trick that

00 k
225 E[(sipw-vr—y0)]= Y E[]‘[ sup!w-(nqi(y,-)—nq,._1<yi>)|}.

yeT G1renqe=0 Li=1Yi€T1

By Lemma 2.8, there exists ¢ depending only on & so that for any ¢, ..., gx we have

k
E[H sup |w - (Mg, (i) — Hq,«—l(yi))q

i=1Yi€h

(2.26)

k
< TT(E[sup lw - (Mg, )~ g 100)[]) 7

i=1 yeT

We seek to bound each expectation on the right hand side in (2.26). To do this, write
o
E[sup |w - (Mg, (y) — l'[ql._l(y))|q] =/ ]P’(sup lw - (Mg, (y) — g,—1(M)|? > t) dt.
yeT 0 yeT
Note that the supremum is only over a finite set of cardinality at most
Mg [T, | < 2°70%

for some ¢ > 0 depending only T, A. This is because, by assumption 77 is the image of Ty
under a A-Lipschtiz map and Lipschitz maps preserve covering numbers. Thus, by a union
bound,

IP)(SHP w - (Mg, () — Mg,—1(M)|7 > t) < 270% sup P(|lw - (Mg, (v) — Mg,—1(0)|? > 7).
yeTy yeT
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But for any y € 77 and any s > 0, p > 1 we have
P(jw - (Tly(y) = Mg—1()|? > s5) < HShlplE[lw ‘u
ull=

=27 Plig=rld ||S1H1p1E[|w ~ul?].
ull=

|,,]<||1'I/<(y) - Hk—l(y)llp)

sPla

Putting this all together we find for any p > 2max{qg + 2, cng} that

E[ sup|w - (Mg, () = Mg 1(0))|] <2779 sup E[w - u|”].
ver =1

Thus, substituting this into (2.26) yields

k o0
E[(sup w-(y— yo)) ] < sup E[|w . u|p] Z 2—¢cno Zleqi
yeli e} =1 q1s.-,qx=0

<2 sup E[|lw - ul”].
llul=1

Appealing to Lemma 2.9 completes the proof of Lemma 2.10. [

2.2.2. Proof of Proposition 2.2 using lemmas from §2.2.1. Let us first establish the equi-
Lipschitz condition, which we recall states that for each € € (0, 1) and each compact set
T < R"0 there exist C > 0 so that with probability at least 1 — € we have

1 1
(L+1) Z’(3L+ )||2

| Za
2.27) sup <C.

Xg,XgET [l xe _xﬁ”2

For (2.27) to hold, we need a result about the Lipschitz constant of each layer. To ease the
notation define a normalized single layer with random weights W and random biases b via
the map ¢ : R™" — R"™2:

(2.28) Y(x; W, b)= %U(Wx +b),

where b ~ N(0, Cpl,,) and W = (w; ) € R with w;; drawn iid from a distribution with
mean 0, variance 1, and finite higher moments. We choose the variance of w;; to be 1 instead

1/2

of Cy/n since we will later think of x as the normalized vector (Cw /n¢)/“o (zéf’) of post-

activations in a given layer.

LEMMA 2.11. Fix an integer ng > 1, a compact set Ty C R, and a constant A > 0. For
every € € (0, 1) there exists a constant C = C (€, ng, Ty, 0, A) with the following property. Fix
any integers ni,ny > 1, and define ¥ : R"' — R"2 as in (2.28). Suppose that Ty C R"! is the
image of Ty under a ,-Lipschitz map from R"0 to R"'. Then,

]P’( 1Y (xa) — ¥ (xp)ll2
Xo,Xg €T ”th _xﬁHZ

§C)21—e.

PROOF. Fix x4 # xg € T1 and define
Xo — Xp

fgp=—2 P
P xa — 25112
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Write W; for the ith row of W and b; for the ith component of b. Since ab < %(a2 +b?) and
o is absolutely continuous, we have

na

1
¥ (a) = W @p) 5= — (0 (Wi - xq +bi) — 6 (Wi - xq + b))’

;3
1 2 lxa—xpllz 2
:n_22<WlSa/3/(; o (Wi‘(xﬂ+t§aﬁ)+bi)dt)
i=1

(2.29)

1 &
= I = xpll3-- 3 sup(o” (Wi -y + bi))? sup(W; - £)>
i=1yeT EeT

na

1 4
< % = xgl3— > [sup(e’ (Wi - y + b)) + sup(W; - £)*],
221 yel geT

where we’ve set
T =C(Th—-T))N sl and T:= Ti+C(T =T N B](Rn]),

and have denoted by C(A) the cone over a set A and by B (R"!) the unit ball in R"!. The
estimate (2.29) yields

_ 2
]P’( 1Y (xe) — ¥ (xp) I3 - C)

sup 5
Xo,xg€T [l X _xﬁHQ

< ]P’(i Z[sup(a’(Wi Sy + b,-))4 + sup(W; - 5)4] > C).
2i=1 yeT el

Since o’ is polynomially bounded by assumption (1.2), we find by Markov’s inequality that
there exists an even integer k > 2 so that for any C > 1

_ 2
IP’( sup 1V (xa) lﬁ()CZ,S)H - C)
(2 30) Xa,xgeT ”xa — X ”
_ L+ Elsup, 7 IW1 -y + bil* + supe 7 [ Wi - §1]
- Cc-1 )

Our goal is now to show that the numerator in (2.30) Ais bounded above by a constant that
depends only on Ty, ng, A. For this, let us fix any yp € T and apply Lemma 2.7 as follows:

Wiy +biF = Wi - (v — yo) + Wi - yo+ b1 [©

_ 1
<21 (W (=30 ) + g [@+ W1 30l™) + (L4181 ) ],
Substituting this and the analogous estimate for |W - & |* into (2.30), we see that since all mo-
ments of the entries of the weights and biases exist, there exists a constant C’ > 0 depending
on A, Ty, k so that

_ 2
I (xe) — Y (xp)l >C>

xa,x5€7 ||xO( xﬁ“

_ C+Elsupyer Wi - (v — o) + supe 7 Wi - (6 — §0)[*]
- C—-1

’
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where & € T is any fixed point. Note that by Lemma 2.6, the sets T, T are both contained in
the image of a compact subset 7’ € R¥0+! under a Lipschitz map, with Lipschitz constant
depending only on A, T'. Thus, an application of Lemma 2.6 shows that there exists a constant
C” depending only A, T, k so that

E[sup| W1 - (v — yo) || + E[sup| w1 - (¢ — g0)[*] < C".
yeT teT

Substituting this into (2.31) and taking C sufficiently large completes the proof of Lemma 2.6.
O

Lemma 2.11 directly yields the equi-Lipschitz estimate (2.27). Indeed, let us fix € € (0, 1)
and a compact set T C R"0. Let us define

C
hdl (=0,
no
0 . C
h =1 Yo (®) e=1,...,L,

For¢=1,...,L + 1 wehave

Cw .~
| Lo (WORED 4 pOy  g=1,... L,
po — IV ne
o

(WD pEEDY g,

IL+1

where the rescaled weight matrices W(Z), defined in (1.4), has iid mean O variance 1 entries
with finite higher moments. To each of the transformations hg) — h((fﬂ) we may now apply
Lemma 2.11. Specifically, applying Lemma 2.11 in the first layer shows that there exists
C > 0 so that the rescaled first layer map

M _ M

sup
X, xpeT ”xot —XB ”

with probability at least 1 — €/(L + 1). Thus, the image
TW .= (1)

of T under the normalized first layer map is the image under a C(V-Lipschitz map of the
compact set 7 C R0, This allows us to apply Lemma 2.11 again, but this time to the second
layer, to conclude that, again, there exist C® > 0 so that with probability at least 1 —2¢/(L +
1) the normalized second layer map satisfies

2 2 2 2 1 1

1he” —hg| Ihe — Rl Ihe” =hg’ 4 o)

sup —— < sup — O @, Sup — <V CY.
Xg, XgET ||xot_x,3|| xa,xp€T || hg, _hﬁ | xo,xpeT ”xtx_x,B”

Proceeding in this way, with probability at least 1 — € we that

L+1 L+1
(+)_Zl(3+)”

L+1 L+1
[E25 [y o
<

1/2
sup = nL/+1 sup
Xq.xg€T ”xa _X,B” Xo,xg€EK ||xtx _x,B”

12 ~() | oL
<n/7,cW...c+D,
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Since ny 1 is fixed and finite, this confirms (2.27). It remains to check the uniform bounded-
ness condition in (2.1). For this note that for any fixed xg € K by Lemma 2.4, we have

1
sup B[ —— [V < o0,
ny,..onp>1 LIL+1

Thus, by Markov’s inequality, ”ZéLJrl) | is bounded above with high probability. Combined
with the equi-Lipschitz condition (2.27), which we just saw holds with high probability on
K, we conclude that for each € > 0 there exists C > 0 so that

P(sup 25 <C) = 1—¢,

xa €K

as desired.
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