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ABSTRACT: The modeling of spin—orbit coupling (SOC) remains a .
. . . . . Relativistic . .
challenge in computational chemistry due to the high computational cost. Effects [ Dirac-Coulomb-Breit
With the rising popularity of spin-driven processes and f-block metals in N L X2C (Variational SOC)
chemistry and materials science, it is incumbent on the community to develop

accurate multiconfigurational SOC methods that scale to large systems and . - SR - srxecH Perter?anve soc
understand the limits of different treatments of SOC. Herein, we introduce an /. /T Scalar Relativistic
implementation of perturbative SOC in scalar-relativistic two-component ; ) — Non-Relativiste
CASSCF (srX2C-CASSCF-SO). Perspectives on the limitations and accuracy ' Hartree-Fock Basis Set
of srX2C-CASSCEFE-SO are presented via benchmark calculations.
CASSCF
CASPT2
Electron
Correlation =~ Full Cl
1. INTRODUCTION SOC.>! 733073961777 g capture SOC variationally, the X2C

method still requires orbitals to be described by expensive

f the bi t chall i ling th t f
Some of the biggest challenges in modeling the spectroscopy o complex-valued four-component non-collinear spinor wave

late transition and f-block metals are their multireference fancti It should alse b ted that nat
nature and the presence of spin—orbit coupling (SOC). These netions. should aiso be note at an approximate

same challenges also make them viable candidates to fill many variation.al 788 oC n}ethod was developed by N.eese. and
5 Ganyushin.”” In this method, one-component spin-aligned

roles in chemistry and materials science such as catalysis,' ™
t S orbitals are optimized in the presence of SOC during MCSCF.

uantum information technology,’ and solar cell technol-
d 7-9 OO8Y) . CI coeflicients are allowed to be complex; however, orbital
ogy. The complete active space self-consistent field ) .

coefficients are strictly real-valued.

(CASSCF) method is usually thelocomputational framework The perturbative SOC approach has been developed within
for treating multireference effects.” For capturing SOC, two th p_ t spi prl' d state- de ASSCE
approaches are available: perturbative or variational. forem;ijnclosf%,’ﬁ)n%is SiFs’ lr\l/\n?dleglnerefeiraeg :Ze:gé ASSCE-SO
Per;allrtsoa tion theory is the most popular approach to address Buildin .a suitable SOC HZmiltonian requires couplin :
SOC."" ™" This method starts by variationally obtaining a set b § Jiff L q d ping
of zeroth-order states in the absence of SOC and subse tl etween different spin eigenstates (eg, § = 0, 1) and their
quently microstates (e.g, Mg = —1, 0, and 1 in S = 1). Obtaining a full

introducing SOC via first-order perturbation theory. This is set of spin microstates requires including spin-flipped

also knlown. as a state 1nteract19n. Flrst-.or.der perturbation configurations in the CASSCF calculation. Typically, one-
theory is valid for small perturbations, but it is unclear at what I . .
component spin-aligned CASSCF does not include spin-

point does SOC become too large and variational methods i . )
. ipped configurations and consequently does not organically
become necessary, for example, see the open question of the

chemical bonding in the early actinide dimer U, yield the complete set of spin microstates needed to fully form

. ) - the SOC Hamiltonian. To obtain the missing microstate
Variational methods provide the most complete description

of SOC. These methods employ the Dirac Hamiltonian and
self-consistently optimize orbitals with SOC in considera- Received: ~ December 7, 2023
tion.”* "% The full Dirac Hamiltonian requires computationally Revised:  February 21, 2024
expensive complex-valued four-component non-collinear spi- Accepted:  February 28, 2024
nor wave function. Approximations to the Dirac Hamiltonian Published: March 15, 2024
such as the exact two-component (X2C) Hamiltonian have
shown success in capturing scalar relativity and
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information, one must invoke the Wigner—Eckart theorem.
Furthermore, the Wigner—Eckart theorem requires spin
eigenstates, which can be obtained using a configuration
state function (CSF) basis.'>*”*" In a CSF basis, different spin
eigenstates are obtained through independent CASSCF
calculations, making the workflow of the calculation unwieldy,
especially if a large number of spin manifolds are required to
accurately span the SOC Hamiltonian. Additionally, independ-
ent CASSCEF calculations cause the orbitals between different
spin states to be nonorthogonal. Before constructing the SOC
Hamiltonian, the nonorthogonality must be reconciled through
a biorthogonalization procedure.">**

In this work, we introduce an implementation of
perturbative SOC and move toward determining its limits.
The zeroth-order states in this implementation arise from one-
component scalar relativistic spin-aligned CASSCF. Relativistic
effects are included using the exact two-component (X2C)
Hamiltonian, which leads us to refer to this implementation as
srX2C-CASSCEF-SO. This implementation offers the advantage
of forgoing the need for CSFs, the Wigner—Eckart theorem,
and biorthogonalization by including spin-flipped configura-
tions in a streamlined manner. The need for multiple
independent CASSCF calculations is reduced to one CASSCF
calculation with a subsequent real-valued two-component
CASCI calculation to generate the interaction space. This
implementation is benchmarked against the widely used CSF-
based implementation of CASSCF-SO available in the
quantum chemistry software package OpenMolCAS,'”*** a
variational SOC method,”>”” and experimental results for
various atoms along with a diatomic test case.

2. METHODS

2.1. Variational Spin—Orbit Coupling in CASSCF. We
approach variational SOC through the exact two-component
(X2C)* 1350985961776 transformation of the Dirac equation.
We refer readers to ref 77 for detailed implementation of X2C-
CASSCEF. In this section, we only present a brief theory
background to lay the foundation for the perturbative
treatment of SOC in the two-component framework. The
matrix representation of the modified one-electron Dirac
equation under restricted kinetic balance is shown in eq 1

vV T

+ -
1 CL CL
—_— —_ + —
T 4c2w T|ct c;
S 0 _

2 C'It CL €+ 02

= 1
0, —=T|llct cz)lo, e
2 502 G G0 (1)

where ¢ is the speed of light and V, T, and S are the two-
component nonrelativistic potential energy, kinetic energy, and
overlap matrices, respectively. €% are the positive/negative
eigenvalues corresponding to molecular orbitals represented by
the coefficients C;* and Cg¢*.

The relativistic potential matrix W is

W = (6-p)V(e-p)
=pV'p +icpV X p
=W, + Wy (2)

where 6 is the vector of Pauli spin matrices and p is the linear
momentum operator. This relativistic potential term can be
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spin-separated using the Dirac identity into a scalar relativistic
term (sr) and spin-dependent (sd) term. %

The X2C technique allows us to reduce the dimension of the
problem by block-diagonalizing the Hamiltonian via a unitary
transformation that “folds” the small-component wave function
into a pseudo-large component so that the four-component
Dirac equation becomes an effective two-component eigenval-
ue problem.

vV T

Ut st ) Ut uts
ULS,T Uss,r T FW_T Ut uss
C
+
_ Hy,c 0
0 Hy,c (3)

For most chemical systems, formulating the electronic
structure theory using the Hamiltonian Hy, that corresponds
to the positive energy solutions is sufficient. For the sake of
brevity, we refer to Hy,c as H. In this implementation, only
one-electron operators are included in the X2C transformation.
The two-electron Coulomb operator is included without
picture change after the transformation.

The two-electron spin—orbit operator is approximated using
the row-dependent Dirac—Coulomb—Breit-parametrized
screened-nuclear spin—orbit (SNSO) factor.*”*® Compared
to the original SNSO approximation, which is based on an
empirical observation,®” the row-dependent Dirac—Coulomb—
Breit-parametrized SNSO has been extensively evaluated and
demonstrates a remarkably low average error of only 0.4% in
orbital splittings across the entire periodic table.”® This is in
contrast to the atomic-mean-field method,""”'>* which,
although it employs the exact atomic two-electron spin—orbit
interaction, sacrifices the variational optimization of the full
atomic density. In the Dirac—Coulomb—DBreit-parametrized
SNSO, one-electron spin—orbit interaction is designed to
support variational calculations within the X2C relativistic
framework. For the purpose of making a clear and consistent
comparison with the variational X2C relativistic method, we
chose to adopt the same spin—orbit coupling approximation.

2.2, CASSCF State Interaction with Perturbative SOC.
Based on the spin-separation scheme in eq 2, the X2C
Hamiltonian can be written as

H=H, + H, (4)

v T
H, = (U U7 ! | S

. . [0
H, = (ULL,IUSL,I)(O 1 (ULLUSL)

Fio’-pV X p]
The first term is a product of spatial operators, which carries
the symmetry of a rank O tensor, contracted with scalar
densities. As a result, the first term can be -effectively
formulated in a real-value spin-aligned one-component
approach. The second term couples the spin and spatial
operators, giving rise to the spin- and orbit-dependent
interactions, including the spin—orbit term. However, the
spin-dependent term requires a computational framework in
complex-valued non-collinear two- or four-component basis.
When spin—orbit coupling is relatively weak compared to
the orbital energy gap, it can be effectively treated with a

https://doi.org/10.1021/acs.jpca.3c08031
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Table 1. Mean and Maximum Absolute Error of Atomic Excitation Energies (in eV) for CASSCF-SO, srX2C-CASSCF-SO, and

X2C-CASSCF*

mean AE
4d (Y, Zr, Nb, Ry, Rh)
CASSCF-SO" 0.008
srX2C-CASSCE-SO“ 0.012
X2C-CASSCE* 0.011
5d (Hf, Ta, W, Os, Ir)
CASSCE-SO 0.144 (0.042)
srX2C-CASSCE-SO 0.149 (0.053)
X2C-CASSCF 0.141 (0.066)
5p (In, Sn, Te, 1)
CASSCE-SO 0.047
srX2C-CASSCF-SO 0.048
X2C-CASSCFE 0.034
6p (T, Pb, Po)
CASSCE-SO 0.195
srX2C-CASSCF-SO 0.212
X2C-CASSCF 0.187
4f (Pr, Nd, Pm, Sm, Dy, Ho, Tm)
CASSCE-SO 0.034
srX2C-CASSCF-SO 0.043
X2C-CASSCF 0.014
Sf (U3+, NP3+’ Pu3+)
CASSCE-SO 0.219
srX2C-CASSCF-SO 0.246
X2C-CASSCF? 0.208

max AE average exp splitting
0.083

0.034
0.041
0.030

0.223
0.778 (0.114)
0.790 (0.095)
0.711 (0.094)

0.372
0.080
0.083
0.053

0.875
0.309
0.346
0.340

0.233
0.110
0.126
0.076

0.215
0.666
0.644
0.614

“The table is divided into blocks of the periodic table (4d, Sd, Sp, etc.). Errors for the Sd block with Os and Ir omitted are placed in parentheses.
The average experimental splitting is defined as the average energy difference between adjacent J-states. All calculations were performed using the
ANO-RCC basis set.”>”* Absolute error (AE) is defined as the unsigned dlfference between the computed value and the experimental value.
Excitation energies for individual atoms are recorded in the Supporting Information. Atomlc -mean-field two-electron integrals are used. “Dirac—
Coulomb—Breit-parametrized row-dependent screened-nuclear spin—orbit scaling is used. IState- averaged over the first J-manifold.

perturbative approach by way of first-order perturbation
theory, also known as state interaction.'”** In this approach,
the scalar-relativistic Hamiltonian H, can be used as the
zeroth-order Hamiltonian. The spin-dependent Hamiltonian
H, is introduced as a perturbation expanded in the basis of
zeroth-order wave functions, called the interaction space,
resulting in SOC-perturbed Hamiltonian H'. The eigenvalues
of H' are the SOC-perturbed state energies, and the resulting
eigenstates are spin—orbit adiabatic states expressed as a linear
combination of the zeroth-order states.

The spin—orbit matrix elements between zeroth-order states
II) and ) are

[H,], = Z )

()

where pq is the one-particle scalar transition density matrix
between states II) and IJ) or one-particle reduced density
matrix for II) = IJ). p and q are spatial orbital indices.

In this work, we seek to obtain all spin states and their
microstates in a fully orthogonal space to aid in the automatic
construction of the state interaction Hamiltonian H,. This is
done through constructing a two-component spin-aligned
spinor basis from scalar-relativistic one-component CASSCF
orbitals, followed by a scalar-relativistic X2C-CASCI (srX2C-
CASCI) calculation to yield a full set of spin eigenstates and
spin microstates used to construct H,. The construction of the
two-component spin-aligned spinor basis is shown in eq 6. For
every one-component spin-aligned spatial orbital, a Kramers

2500

pair of two-component spin-aligned spinors was constructed by
using the spatial orbital.

¢ (0
X
[0] [‘ﬁf) 6)

In the absence of an external magnetic field that can split
spin microstates, the state interaction Hamiltonian obtained
from CASSCF-SO using biorthogonal CSF and Wigner—
Eckart theory is identical to those from the srX2C-CASSCEF-
SO. The advantage of using a one-component to two-
component construction is to automate the CASSCF-SO
procedure and to allow for scenarios where Kramers’ symmetry
is broken, e.g,, in an external magnetic field.

3. RESULTS AND DISCUSSION

Both variational X2C-CASSCF and perturbative srX2C-
CASSCE-SO methods are implemented in a development
version of the Gaussian quantum chemistry software pack-
age.”” The workflow of the perturbative srX2C-CASSCE-SO
calculation is as follows:

1. Perform Hartree—Fock calculation.

2. Perform scalar-relativistic one-component CASSCF
using Hartree—Fock canonical orbitals as a reference.

3. Construct two-component spin-aligned spinor basis
from one-component spin-aligned CASSCF orbitals
and perform an srX2C-CASCL

https://doi.org/10.1021/acs.jpca.3c08031
J. Phys. Chem. A 2024, 128, 2498—2506


https://pubs.acs.org/doi/suppl/10.1021/acs.jpca.3c08031/suppl_file/jp3c08031_si_001.pdf
pubs.acs.org/JPCA?ref=pdf
https://doi.org/10.1021/acs.jpca.3c08031?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

The Journal of Physical Chemistry A

pubs.acs.org/JPCA

4. Form H,, and the SOC-perturbed H' within the
interaction space and diagonalize H' to obtain spin—
orbit adiabatic states.

CSF-based CASSCF-SO calculations were also carried out
using OpenMolCAS™ to assess the accuracy of different
perturbative SOC implementations.

In the variational X2C-CASSCF and perturbative srX2C-
CASSCE-SO methods, the two-electron spin—orbit effect is
approximated using the row-dependent Dirac—Coulomb—
Breit-parametrized screened-nuclear spin—orbit factor.””** In
the CSF-based CASSCF-SO calculations, the second-order
Douglas—Kroll-Hess (DKH) Hamiltonian was used to
describe scalar relativistic effects while one-electron spin—
orbit effects were included perturbatively via the DKH
Hamiltonian spin—orbit operator.">”" Additionally, the two-
electron spin—orbit effect is approximated via the atomic-
mean-field (AMFI) approach with the Dirac—Coulomb
operator.1 1589

3.1. Atomic Fine-Structure Splitting. In this section, the
accuracy of CASSCF-SO, srX2C-CASSCF-SO, and X2C-
CASSCF was compared for atomic cases. We compared the
excitation energies of all J-manifolds arising from the lowest
term due to fine-structure splitting. All systems used in the
benchmark had a partially filled valence subshell configuration.
For each atom, the active space comprised all valence orbitals.
For example, Pr is in the 4f-block and has a partially filled
valence subshell configuration of 4f’. The active space for Pr
comprises 14 orbitals (7 alpha and 7 beta orbitals for spin-
aligned calculations) and 3 electrons, where all 14 orbitals were
4f orbitals. All CASSCF states arising from the active space
were included in the interaction space. The details of
individual calculations are found in the Supporting Informa-
tion. Experimental results were obtained from the NIST
Atomic Spectra Database and other work found in the
literature.”

Table 1 shows the mean and maximum absolute errors of
each method with respect to blocks of the periodic table. The
error for each method increases as atomic number increases. In
these benchmark calculations, the difference in accuracy
between the two perturbative methods, CASSCF-SO and
stX2C-CASSCEF-SO, is small, in the range of 1—27 meV, with
CASSCEF-SO being the more accurate approach. Calculations
without the consideration of two-electron spin—orbit coupling
show that the difference is mainly due to the different two-
electron spin—orbit approximations employed. For atomic
fine-structure splitting, it appears that the atomic-mean-field
approach is slightly more accurate than the screened-nuclear
spin—orbit approximation. These results are listed in the
Supporting Information.

Although X2C-CASSCF outperformed the perturbative
methods in mean absolute error in all blocks except for the
4d-block, the errors between X2C-CASSCF and srX2C-
CASSCF-SO only differing on the order of 1—38 meV. Errors
are significantly higher for the 5d, 6p, and Sf-blocks. These
errors have been previously observed in both perturbative and
variational methods and can be improved with more dynamic
correlation.'®***%%%?% Omitting the highly correlated cases in
the Sd block (Os and Ir) significantly reduced the mean and
max absolute errors which suggests that highly correlated
methods are required for atoms with Z > 75.

Figure 1 shows the mean absolute error of srX2C-CASSCEF-
SO and X2C-CASSCF ground state fine-structure splitting,

2501
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Figure 1. Mean absolute error (eV) of the ground-state fine-structure
splitting for the 4f-block using srX2C-CASSCF-SO and X2C-
CASSCEF was plotted as a function of basis set .

approaching the basis set limit for the 4f-block. Basis set
convergence behavior has been studied in previous work for
perturbative spin—orbit coupling” but has not been compared
to variational spin—orbit approaches. Improvement was seen in
both srX2C-CASSCFE-SO and X2C-CASSCF when the basis
was improved from the minimal basis (MB) to double-{
(VDZP). Improving the basis had a negligible effect past
VDZP on srX2C-CASSCEF-SO, whereas X2C-CASSCF showed
systematic improvement. In the variational approach, the
spin—orbit operator is applied at the SCF level and is
represented on the entire orbital basis. In the perturbative
approach, the spin—orbit operator is represented in the
interaction space, which is limited by the active space. The
initial improvement seen in both approaches was due to the
improved description of the 4f orbitals. However, increasing
the basis set size past VDZP does not significantly improve the
description of the 4f orbitals. Because the perturbative spin—
orbit operator is represented within the active space of only 4f
orbitals, without improvement of the 4f orbitals, increasing the
basis size minimally affected perturbative results. On the other
hand, variational results continued to improve since the
variational spin—orbit operator is not restricted by the active
space. Further investigation into the behavior of perturbative
and variational SOC methods with respect to active space is
needed to thoroughly understand the basis set convergence
behavior.

3.2. Dependence of Fine-Structure Splitting of NdO*
on Interaction Space. At the full CI limit, when the
interaction space encompasses all zeroth-order states, the
perturbative and variational results should be identical. Within
the CASSCEF level of theory, the best representation of the
spin—orbit Hamiltonian for a given active space is constructed
from an interaction space that encompasses all zeroth-order
CASSCEF states. The results of the atomic benchmark were
somewhat misleading in the sense that we only show the ideal
cases where we can afford to utilize the maximum interaction
space. In this section, we explore the behavior of perturbative
SOC as a function of interaction space.

At the CASSCF level of theory, low-lying excited states of
NdO" exist in a dense manifold of 52 states. A spin-free
treatment of these states yield a set of multiplets spanning
~0.17 eV. With SOC in consideration, these multiplets split
into degenerate Kramers pairs spanning ~1.00 eV. The bond
length of NdO™" was set to 1.742 A, which was optimized at the

https://doi.org/10.1021/acs.jpca.3c08031
J. Phys. Chem. A 2024, 128, 2498—2506
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Table 2. Excitation Energies (in eV) for Low-Lying Excited States of NdO* for Various Interaction Spaces of Size N*

T. Q srX2C-CASSCE-SO X2C-CASSCF Exp
N=22 N=36 N=52 N =68 N =86 N = 364

45 45 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
45 35 0.174 0.144 0.118 0.161 0.115 0.115 0.115 0.159
4.5 2.5 0.281 0.219 0.156 0.199 0.152 0.151 0.151 0.191
45 LS 0.368 0243 0.159 0201 0.154 0.154 0.154 0.201
4.5 0.5 0.453 0.341 0.161 0.203 0.156 0.156 0.155 0.213
5.5 5.5 0.530 0367 0224 0250 0252 0252 0251 0228
55 45 0.608 0378 0.322 0365 0348 0.349 0.348 0.366
5.5 35 0.690 0.517 0.359 0401 0.385 0385 0384 0.401
5.5 2.5 0.701 0.563 0373 0416 0.399 0.400 0.399
S.S 1.5 0.749 0.596 0.376 0.419 0.402 0.403 0.403
5.5 0.5 0.793 0.609 0.377 0419 0.403 0.403 0.403
mean AE 0235 0.110 0.016 0.025 0.000 0.000
max AE 0.390 0.206 0.027 0.048 0.001 0.001

“Absolute error (AE) in this table is defined as the unsigned difference between the perturbative srX2C-CASSCF-SO result and X2C-CASSCF.

The ground state error was omitted from the mean AE.

CASSCEF level of theory in a previous work.”® The active space
was chosen to be 3 electrons and 14 spin orbitals for stX2C-
CASSCF-SO and X2C-CASSCEF. Orbitals with majority 4f
character were chosen to be in the active space. Calculations
were state averaged over the lowest 52 states, which were all
included in the interaction space. The ANO-RCC-VQZP basis
set”>”* was used in these calculations.

Table 2 shows excitation energies for low-lying states of
NdO" calculated using srX2C-CASSCF-SO and X2C-CASSCF
as well as their experimental excitation energies. State
notations were adapted from ref 96, where J, designate the
total electronic angular momentum of the atomic ion and
labels the unsigned projection of J, on the internuclear axis. We
define the absolute error (AE) to be the unsigned difference
between the srX2C-CASSCF-SO and X2C-CASSCEF results for
each computed state. Mean and maximum AEs are also
recorded in Table 2. The lowest few experimentally observed
states”® were included as a reference. Results with interaction
spaces of sizes 86 < N < 364 are recorded in the Supporting
Information.

We begin with the minimum interaction space required to
recover the first two J, manifolds, N = 22. We increase then the
interaction space by adding states in energetic order. The
maximum interaction space size is N = 364 states. Recovering
excitation energies that rival the accuracy of X2C-CASSCEF, the
interaction space must encompass at least the lowest 86 spin-
free states. In cases in which we are interested in a large
number of states with strong spin—orbit coupling, such as
simulating X-ray absorption spectra, it may be more
convenient and cost-effective to use variational methods.

In Table 2, only interaction spaces that preserved the
Kramers degeneracy of the (J, €) manifolds were shown.
Table 3 shows perturbative SOC energies resulting from
inadequate interaction spaces. Interaction spaces where
degenerate manifolds are partially included yield solutions
with nonphysical degeneracy breaking.

The low-lying J, manifolds of NdO* are ], = 4.5, 5.5, 6.5, and
7.5, where each J, manifold has 10, 12, 14, and 16 microstates,
respectively. An interaction space of N = 34 omits two states
from the J, = 6.5 manifold as well as two states from an 8-fold
spin-free degeneracy. This caused degeneracy breaking
between Kramers pairs in the J, = 4.5 manifold on the order
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Table 3. Excitation Energies (in eV) for Low-Lying Excited
States of NdO* for Various Inadequate Interaction Spaces
That Lead to Unphysical Degeneracy Breaking”

I, Q N =24 N =34 N =51
45 45 0.000 0.000 0.000
0.000 0.000 0.000
45 35 0.179 0.141 0.118
0.179 0.141 0.119
45 2.5 0.291 0.214 0.156
0.291 0.224 0.156
45 LS 0.382 0.224 0.159
0.382 0.307 0.160
45 0.5 0.470 0.326 0.161
0.470 0.326 0.196
5.5 5.5 0.559 0.346 0.224
0.561 0.346 0.224
5.5 45 0.564 0.361 0.322
0.567 0.364 0.322
5.5 35 0.654 0475 0.359
0.654 0475 0.363
5.5 2.5 0.740 0.531 0.373
0.740 0.559 0.373
5.5 LS 0.762 0.559 0.376
0.762 0.568 0.376
5.5 0.5 0.804 0.568 0.377
0.804 0.633 0.475

“Kramers pairs with degeneracy breaking greater than 1 meV are in

bold.

of 10 meV. Kramers degeneracy breaking was observed on the
order of 1 meV in the J, = 6.5 manifold when an interaction
space of N = 24, which includes only two states from the ], =
6.5 manifold without the partial inclusion of spin-free
degeneracies. Kramers degeneracy breaking was not observed
for the N = 22 interaction space, where no states were excluded
from J, manifolds, and two states were excluded from an 8-fold
spin-free degeneracy. Furthermore, excluding a single comple-
ment to a Kramers pair also yields degeneracy breaking up to
98 meV, as demonstrated by interaction space N = S1.

Our analysis shows that an appropriate interaction space is
imperative for sound results. Not only does an incomplete

https://doi.org/10.1021/acs.jpca.3c08031
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interaction space yield erroneous energies, but it can also
misrepresent the physics of the systems. One must be cautious
when employing perturbative SOC and ensure that the
interaction space has reached convergence, or at the very
least, cover the symmetry of the system.

4. CONCLUSIONS

In this work, a perturbative SOC method was developed within
the scalar-relativistic exact two-component CASSCF (srX2C-
CASSCEF-SO) framework via first-order perturbation theory. In
the srX2C-CASSCF-SO implementation, one-component spin-
aligned scalar-relativistic CASSCF orbitals were used to
construct a two-component spin-aligned spinor basis. This
spinor basis was used in a stX2C-CASCI calculation to yield a
full set of spin eigenstates and spin microstates to construct the
spin—orbit Hamiltonian.

In our atomic benchmarks, the perturbative srX2C-
CASSCE-SO methods were also compared to those of X2C-
CASSCF, a variational SOC method. X2C-CASSCF out-
performed or at the very least matched the performance of the
perturbative methods. The difference in variational and
perturbative SOC results only differed in the range of 1-27
meV. The difference in the perturbative results was mainly due
to the differences in the treatment of two-electron spin—orbit
coupling.

Preliminary results on the difference in the basis set
convergence behavior between srX2C-CASSCF-SO and
X2C-CASSCF were presented. The increase in basis size
systematically improved X2C-CASSCF results, while srX2C-
CASSCEF-SO results remain largely unaffected past double-{
quality. This study explores the behavior of the fine-structure
splitting of low-lying excited states only for atomic lanthanide
cases. More work is needed to draw definitive conclusions on
the basis set convergence behavior of perturbative and
variational methods.

Using the computed results for low-lying states of NdO*, we
have shown that the interaction space limit can be reached
using a subspace of the maximum interaction space. When
choosing a truncated interaction space, one must include
enough states while preserving the symmetries of the system to
recover degeneracies.

The aim of this research is to develop a scalable
multireference method capable of accurately reproducing and
predicting spectral properties in systems with significant spin—
orbit coupling (SOC). We also aim to shed light on the
limitations associated with variational and perturbative treat-
ments of SOC. Our approach, termed srX2C-CASSCE-SO,
utilizes a two-component spinor framework, which is
automated to eliminate the necessity for configuration state
functions (CSFs), the Wigner—Eckart theorem, and bio-
rthogonalization procedures through a streamlined inclusion of
spin-flipped configurations. Furthermore, the method can be
readily extended to account for additional couplings
introduced by the Breit operator, thereby including vector
forms of spin—spin and orbit—orbit interactions.”*”"%%

In contrast to the CSF-based CASSCF-SO method, which
requires N distinct CASSCF calculations for N spin states in
the interaction space, followed by a biorthogonalization
process, our proposed method involves only a single one-
component CASSCF calculation and a real-valued two-
component CASCI to construct the interaction space.
Furthermore, the srX2C-CASSCF-SO approach is entirely
formulated on real-valued arithmetic, resulting in a 6-fold
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reduction in the computational cost for the CI segment
compared to the complex-valued variational X2C-CASSCF
method.
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