AUTOMATIC CONTINUITY FOR HOMEOMORPHISM GROUPS
AND BIG MAPPING CLASS GROUPS

KATHRYN MANN

ABSTRACT. We show that, for any manifold M, compact or homeomorphic to the
interior of a compact manifold, the homeomorphism group of M has automatic
continuity. The same is true for the relative homeomorphism group Homeo(M, X)
where X is homeomorphic to the union of a Cantor set and a (possibly empty)
finite set, and the big mapping class group Homeo(M, X))/ Homeoo (M, X). In other
words, the algebraic structure of these groups is extremely rigid, and determines their
topology in a very strong way.

1. INTRODUCTION

In [6] it was shown that the group of homeomorphisms of a compact manifold
M (equipped with the compact-open topology) satisfies automatic continuity: every
homomorphism from this group to any separable, topological group is necessarily
continuous. The proof also applies to compact manifolds with boundary and to the
subgroup Homeo(M, X) of homeomorphisms of any such manifold M preserving a
submanifold X C M of dimension at least one.

Here we treat the remaining cases where M is homeomorphic to the interior of a
compact manifold, where X is a submanifold of dimension 0, and also where X is a
Cantor set. We also discuss automatic continuity for mapping class groups of infinite
type surfaces, answering a question posed by N. Vlamis. Our motivation for the study
of the invariant Cantor set case comes from the frequent appearance of groups of Cantor
set-preserving homeomorphisms in dynamics. For instance, Calegari [2] studies infinite
groups acting on R? with bounded orbits by collapsing each bounded component of the
complement of an orbit closure to a point to produce an action of the group on a plane
with an invariant finite or Cantor set, hence a homomorphism to Homeo(R?, X) where
X is finite or Cantor; this is exactly the kind of setting we have in mind.

Our proofs use a condition formulated by Rosendal and Solecki in [10].

Definition 1.1. A topological group G is Steinhaus if there is some n € N such that,
whenever W C G is a symmetric set such that countably many left-translates of W
cover (G, there exists a neighborhood of the identity of G contained in W™.

As shown in [10, Prop. 2], the Steinhaus property implies automatic continuity (via
a straightforward Baire category argument). We show the following.

Theorem 1.2. Let M be a manifold, either compact or homeomorphic to the interior

of a compact manifold with boundary. Let X C M be a set consisting of finitely

many isolated points, or a Cantor set, or both. Then the group Homeo(M, X) of

homeomorphisms preserving X (setwise) is Steinhaus, hence has automatic continuity.
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By contrast, when M is noncompact (but is homeomorphic to the interior of a
compact manifold M), the group Homeo.(M) of compactly supported diffeomorphisms
(equipped with the compact-open topology) does not have automatic continuity, as the
obvious inclusion of Homeo.(M) into Homeo(M) is not continuous.

Before embarking on the proof of Theorem 1.2, we give an application to automatic
continuity for some mapping class groups of infinite type surfaces, answering Vlamis’
question and raising several new problems.

2. MAPPING CLASS GROUPS

The mapping class group of a surface ¥ is the group of homeomorphisms up to isotopy,
equivalently the group mo(Homeo(X)). When X is finite type (compact or homeomorphic
to the interior of a compact surface), these are discrete groups, and have been known
since the work of Dehn to be finitely generated. By contrast, mapping class groups of
infinite type surfaces provide interesting examples of totally disconnected topological
groups.

We are interested more generally in understanding the algebraic and topological
properties of my of homeomorphism groups, and of relative homeomorphism groups, of
noncompact manifolds. Such “generalized mapping class groups” are Polish groups:
indeed, for any manifold M, and closed set X C M, the group Homeo(M, X) is a closed
subgroup of the Polish group Homeo(M) (endowed with the compact-open topology),
hence is Polish, and since Homeog (M, X) is a closed, normal subgroup of Homeo(M, X),
the quotient Homeo(M, X')/ Homeog (M, X) is also Polish. The context that originally
prompted this note is the case where M is a closed surface and X C M homeomorphic
to a closed subset of a Cantor set. In this case, Homeo(M, X) = Homeo(M — X) and
M — X is a finite genus topological surface (of infinite type, provided that X, its space
of ends, is infinite). |I|

An easy argument (see [10, Cor. 3]) shows that, provided that G is a Polish, Steinhaus
group, any Polish quotient group H of G is also Steinhaus. Thus, we have the following
consequence of Theorem 1.2.

Corollary 2.1. Let M be either compact or homeomorphic to the interior of a compact
manifold with boundary, and X C M the union of a Cantor set and finite set. Then
the mapping class group Homeo(M, X)/Homeog(M, X) is Steinhaus, hence has the
automatic continuity property.

However, there are many examples of pairs where Homeo(M, X) fails to have auto-
matic continuity, even in the case where M = S? and X is a compact set. To see this,
we recall first an example from [9].

Example 2.2 (Example 1.4 of [9]). Suppose F is a finite group. Let U be a nonprincipal
ultrafilter on N. Then H := {(f,) € F" : Uy,(f,) = 1} is a finite index (of index equal to
|F'|) subgroup of the infinite product F' N that is not open. Thus, the permutation action
of FN on cosets of H gives a discontinuous homomorphism from FN to the symmetric
group Sym(FN/H).

LFor this case where M is a surface, that the mapping class group Homeo(M, X)/Homeoo(M, X) is
Polish was observed earlier in [I] using the property that these groups are the automorphism groups of
a countable structure, namely the curve complex of the surface.
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Example 2.3. Let X be a compact subset of S?, homeomorphic to the disjoint union
of a Cantor set C' and a countable set (), with the properties that

e The space of accumulation points of () in C' is homeomorphic to the one point
compactification of N.

e For each n € N, Q N C has exactly k points of rank n (in the sense of Cantor-
Bendixon rank).

e For each n € N, the homeomorphism group of X acts transitively on the k
points of rank n in Q N C.

Such a set is easily constructed, for instance one may take for each n € N the union
of a Cantor set and the set w™k + 1 with the order topology, glued along the k points
of w™k + 1 of maximal rank; declare the nth such set to have diameter 27", and have
them converge (in the Hausdorff sense) to a single point.

Then Homeo(S?, X) acts on X by homeomorphisms, and the map Homeo(S5?, X) —
Homeo(X) is surjective (see e.g. [7] for a general proof that the homeomorphism group
of a surface surjects to the space of homeomorphisms of its ends). Considering only the
invariant set @ N C' gives a natural surjective homeomorphism Homeo(X) — (Sym;)N.
The map Homeo(S?, X) — (Symy,)N is open, so the composition with the homomorphism
furnished by Example 2.2 gives a discontinuous homomorphism from this group to a
finite symmetric group.

Question 2.4. For which infinite type surfaces ¥ does Map(X) have automatic conti-
nuity?

One might wish to treat separately the case where ¥ is finite genus and infinite genus,
or the special case of finitely many ends but infinite genus.

The argument for the non-examples above passes through the action of the homeo-
morphism group on the space of ends of the surface, suggesting two additional parallel
questions.

Question 2.5. Let X be a closed subset of a Cantor set. What topological conditions on
X ensure that Homeo(X ) has automatic continuity? Is some degree of local homogeneity
required?

Question 2.6. Let ¥ be an infinite type surface. Under what conditions on the topology
of 3 does the subgroup of homeomorphisms fixing each end of 3, and/or its identity
component the pure mapping class group have automatic continuity?

After a preprint of this work was circulated, Domat and Dickmann constructed
examples of discontinuous homomorphisms from the mapping class group of the one-
ended surface of infinite genus [3]. More generally, they show that many pure mapping
class groups admit discontinuous homomorphisms to the rationals, coming from their
first homology. This suggests that Question 2.4 may depend quite subtley on the
topology of ¥ and the algebraic structure of its mapping class group.

3. GENERAL TOOLS

This section contains some standard and some preliminary results to be used in
the proof of Theorem 1.2. We assume that manifolds are metrizable, but otherwise
arbitrary. For a topological manifold M we take the standard compact-open topology
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on Homeo(M), which is separable and completely metrizable, i.e. Polish. As recalled
above in the introduction, if X C M is a closed set, then Homeo(M, X) is a closed
subgroup of Homeo(M), so also Polish, and in particular a Baire space. The following
lemma is widely used in automatic continuity arguments.

Lemma 3.1. Let M be a manifold, X C M a closed set, and W C Homeo(M, X) a
symmetric set such that Homeo(M, X) is a countable union of left translates of .
Then there exists a neighborhood U of the identity in Homeo(M, X) such that W? is
dense in U.

Proof. Since Homeo(M, X) is a Baire space, and each left translate of W is homeo-
morphic to W, it follows that the set W is not meagre, so dense in some open set of
Homeo(M, X). Since W is symmetric, it follows that W? is dense in a neighborhood of
the identity.

O

The following technical lemma generalizes [0, Lemma 3.8], which is modeled after
arguments of Rosendal from [§]. Recall that the support of a homeomorphism f is the
closure of the set {z | f(x) # x}, and a group G is said to have commutator length p if
each element of G can be written as a product of p commutators in G.

Lemma 3.2. Let M be a manifold, and W C Homeo(M) a symmetric set such that
Homeo(M) is a countable union of left translates of W. Let A be a family of open
subsets of M satisfying:

(1) There exists an infinite family of pairwise disjoint, closed sets U; C M such that
each set U; contains an infinite family of pairwise disjoint sets belonging to A.

(2) There exists p € N such that, for each A € A, the group of homeomorphisms
with support on A has commutator length bounded by p.

Then there exists A € A such that each homeomorphism supported on A is contained
in W8P,

Proof. Let G = Homeo(M), and for any set U C M, let G(U) denote the homeomor-
phisms with support contained in U. Suppose that G = (J;c 9:W, for some symmetric
set W, and let Uy, Us, ... be the closed, disjoint sets from the statement of the lemma.

Step 1. We first claim that there is some U; such that, for each f € G(Uj;), there exists
wy € g;W, with support in the closure of | J;cy Ui, and such that the restriction of wy
to U; agrees with f. For if this statement does not hold, then there is a sequence of
counterexamples f; € G(U;) such that each f; does not agree with the restriction to U;
of any element of g;W supported on (J;cy U;. Define a homeomorphism F'(z) by

Fz) = { file) ifxe UZ for some %

x otherwise
By assumption, for some i we have F' € g;W, but F restricts to f; on U;. This gives
the desired contradiction.

Now, given f € G(U;), consider the homeomorphisms w;q and ws obtained above.
Then the restriction of (w;q) 'w; to U; agrees with f on U;, and (wi) ‘wy €
Wy, Lg;W = W2, Thus, we conclude that for any f € G(U;), there exists some
element in W2 agreeing with f on U;.
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Step 2. Let U = U; be the open set obtained from step 1, and let A, Ao, ... be a
countable disjoint family of open sets in U, with each A; € A. We may apply the
argument from Step 1 above to the family consisting of the closures of the A; in place
of Uy, Us, ... to conclude that there exists i such that for every f € G(A4;), there exists
an element in W?2, with support contained in the closure of the union of the A4;, and
agreeing with f on U. Forgetting subscripts, let A = A; denote this set.
Let f € G(A). Using the bounded commutator length assumption, we can write
f =la1,b1]...[ap, by], where each a; and b; also have support in A. Since A C U, each
aj has support in U so by Step 1 there exists w,; € W2 such that the restriction of
wq; to U agrees with a;. In particular, w,; agrees with the identity map in U — A. By
step 2, there also exists an element wy, € W? with support contained in the closure
of the union of the A; in U, such that the restriction of w;;, to A agrees with b;.
Thus, supp(wq; ) Nsupp(wy,) C A, and hence the commutator [wq,,wy;| agrees with the
identity map outside of A. Since w,; and wy; agree with a; and b; respectively on A,
we have [aj,bj] = [wa;, ws,], and hence f = [wq,, ws,]...[wa,, wy,] € WP
O

The other general tool that we will use in the proof is the following.

Proposition 3.3. Let M be a manifold, and suppose that Homeo(M) C (J;cy giW
for some symmetric set W. Then there exists n, depending only on the dimension of
M, and a neighborhood U of the identity in Homeo(M ) so that the following holds: If
K C M is any compact set, then any homeomorphism in U with support contained in
K is an element of W™.

This follows directly from the proof of the main theorem of automatic continuity for
compact manifolds in [6].

4. FIRST CASE: X FINITE OR EMPTY.

We begin with the case X = (); given the results of [6], this reduces to the case where
M is homeomorphic to the interior of a compact manifold with boundary. A major
technical ingredient for the proof is adapted from Rosendal-Solecki’s proof of automatic
continuity for the group of order-preserving automorphisms of Q in [I0]. The argument
here also covers the case where X is finite, by the following remark.

Remark 4.1 (X = () case implies X finite case). Suppose M is the interior of a compact
manifold M, and X C M is a finite set. Since R”—{0} is homeomorphic to (0,1) x S"~1,
the manifold M — X is homeomorphic to the interior of a compact manifold N with
ON the union of OM and a disjoint union of spheres, one for each point of X. Though
homeomorphisms of N do not necessarily extend to homeomorphisms of N, they do
extend to the space obtained by one-point-compactifying each spherical end, and this
gives a topological isomorphism Homeo(N) — Homeo(M, X).

Proof of automatic continuity for M noncompact, X = (). Let M be homeomorphic to
the interior of a compact manifold M. In this case, the identity component Homeog (M)
is open in Homeo(M ), so we may work with the identity component Homeog(M ), and
show that this is Steinhaus.

Let W C Homeog(M) be a symmetric set such that Homeog(M) = (J;cy g:W.
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Identify a neighborhood of the ends of M with ([0,00) x M) C M. Let U be a
neighborhood of the identity in Homeog (M) small enough so that, if f € U, then f can
be written as f = koh where k has support on the compact set K = M —((3, 00) x 9IM),
and h has support on [2,00) x M. Proposition 3.3 shows that, provided U is chosen
small enough, there exists n depending only on the dimension of M such that k € W™.
We wish to prove the same is true for h.

Any homeomorphism h of [0,00) x M can be factored as hihy where each h; has
support on a set of the form X; x OM, and X; C [0,00) is an infinite disjoint union of
open intervals homeomorphic in [0, 00) to ;- ;(2n,2n + 1). (See e.g. [B, Prop. 5.1].)
Thus, it suffices to find n such that W™ contains any homeomorphism with support on a
set of the form X x OM C [0,00) x M where X is homeomorphic to (J,,cn(2n, 2n + 1).

Let X be such a set. Reparameterizing R, we may assume that in fact

X ={]J@n2n+1)x0M.
neN

We begin by applying Lemma 3.2 with the class A consisting of sets of the form
Ap = YA x OM, where Y\ = [J,c2(2n,2n + 1) for some infinite set A C N. Note that
A satisfies the hypotheses of the lemma, since

(1) We may write N as a countable disjoint union of infinite sets A;, and define U;
to be the closure of Yy, x M. Each such set contains a countable union of
disjoint elements of A.

(2) Any element supported on such a set Ay may be written as a single commutator.

The proof of item ii) is a standard argument, we briefly recall this for completeness:
given f supported on such a set Yy x OM, let I,, C (2n,2n + 1) be closed intervals such
that supp(f) C U,ep In X OM. Let T : R — R be a homeomorphism with support in
Y such that T'(I,) N I,, = (); abusing notation, identify 7' with the homeomorphism
T x id of [0,00) x OM. Let a = [Ti>0 T9 fT~7, which has support in (J,,c5 In. Then
aoTa 1T~ = f.

Thus we conclude (using the notation from Lemma 3.2) that for some such set
Ap € A, we have G(Ap) C W8, Now we apply a trick used in [10]. For a € R, let A,
be infinite subsets of A, such that A, N Ag is finite for all a # 3. Such a collection
may be obtained, for example, by putting A in bijective correspondence with Q, and
choosing A, to be a sequence of distinct rational numbers converging to «.

For each «, let f, € Homeo[0, 00) satisfy f,(2n) =2n+ 1, and f,(2n+ 1) € 2A,, for
all n € A,, so that f, maps each interval of Y, to the interior of a connected component
of R — Yy, . Again abusing notation, identify these with the homeomorphisms f, x id
of [0,00) x OM. Since R is uncountable, there is some « and some 3 such that f, and
f5 are in the same left-translate g;W. Thus, f,!fs and fﬁ_lfa are both in W?2. We will
now use these two elements to conjugate (a suitable decomposition of) homeomorphisms
supported on X x OM into Ay, this will complete the proof.

If n e N—Ag, then f(2n,2n +1) C (2m,2m + 1) for some m € A,. If m ¢ Ag, then
fglfa(2n, 2n + 1) is contained in an interval of the form (2k,2k + 1) where k € Ag.
Since A, N Ag is finite, we conclude that, with the exception of finitely many values of n,
the map fg 1, takes intervals of the form (2n,2n + 1) where n ¢ A, into some interval
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in Yo, C YA. Reversing the role of o and 3, the same argument shows that, with only
finitely many exceptions, f,!fs takes every interval of the form (2n,2n +1),n ¢ Ag,
into some interval of Y. Let F denote the union of these two exceptional sets of
integers. Thus we can decompose X as the union of Xi = ,,¢(x ur) (27,20 +1) x M,

with Xy := Ung(AﬁuF)(Qn, 2n + 1) x M and X3 := J,cp(2n,2n 4+ 1) x M, hence
G(X) = G(X1)G(X2)G(X3).

As we have shown above,

fglfaG(Xl)(fglfa)_l C G(Y)) € W8, and similarly

[N G (X2) (f 51 € G(Ya) Cc WP,

Thus G(X1) C W2 for i = 1,2. Since X3 is compact, we also have that G(X3) C W"
by Proposition 3.3. It follows that G(X) C W24 which proves the theorem.
O

5. GENERAL CASE

Let M be a topological manifold, either compact or homeomorphic to the interior of
a compact manifold with boundary, and let X C M be the union of a Cantor set and a
(possibly empty) finite set. Remark 4.1 reduces the proof to the case where X is a Cantor
set, since if X' is the set of isolated points of X, then M — X’ is homeomorphic to interior
of a compact manifold with boundary, and Homeo(M, X) = Homeo(M — X', X — X').
Thus, we assume going forward that X is a Cantor set. Unlike in the previous case,
here the identity component of Homeo(M, X)) is not open so we need to work with the
full group.

Proof for X C M a Cantor set. Let W C Homeo(M, X ) be a symmetric set such that
Homeo(M, X) = (J;cn 9:W. For convenience, fix a metric on M. Then a neighborhood
basis of the identity on M is given by sets of the form

Uks:={f|d(f(x),z) <dforall z € K}

as K ranges over compact sets of M, and § > 0.

Call a closed ball in M a separating ball if its boundary is disjoint from X and
separates X into two components. By Lemma 3.1, W? is dense in a neighborhood of
the identity of Homeo(M, X). Thus, we may choose € > 0 such that the following holds:

Lemma 5.1. Let x1, 29, ...z, be any collection of points in X, with d(z;, ;) > 2¢ for
all 1 # j. If D; and FE; are both separating balls contained in the e-ball about x;, then
for any § > 0, there exists f € W? such that, for all i = 1,2,...,n the ball f(D;) is
Hausdorfl distance at most ¢ from F;.

The proof is immediate, and the statement also holds if we replace the condition that
D; and E; are separating balls with the condition that D; N X =0 and E; N X = ()
holds for all 4.

Now take two 2e-separated sets, say {1, 2, ..., & } and {2}, x5, ..., 2] ,}, as in Lemma
5.1, and let D; C Be(z;) and D} C Bc(x}) be separating balls such that

(1) The union of the D; and the D] cover X, and
(2) Each point of X is contained in at most one element of {Dx, ..., Dy, D, ..., D! ,}.
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We now apply Lemma 3.2 to sets consisting of separating balls. Let A be the
collection of sets satisfying the following condition: A € A iff A consists of a union of
disjoint separating balls, with exactly one ball in each metric ball Be(z;). Let A’ be the
analogous set for the metric balls Be(z}). It is easily checked that A and A’ satisfy the
conditions of Lemma 3.2, so we conclude that there exists Ap € A and Aj € A’ so that
G(Ag) C W8 and G(A}) c WS.

Let Z be a connected, simply connected neighborhood of X such that the interior of
M — Z together with the union of the discs D; and D/ covers M. By the fragmentation
lemma (following Edwards—Kirby [4]), there exists a neighborhood U of the identity in
M such that any f € U can be written as gogi1g2 with go supported on Z, g1 supported
on |J; D; and g2 supported on J, D..

Since each point of X is contained in at most one such supporting set, we additionally
have that if f(X) = X, then each g; must preserve X as well. Repeating the proof
(verbatim) from the first case where X = () shows that gy € W™, where n is a constant
that depends only on the dimension of M. The set Ag consists of a union of separating
balls, one in each e-ball about x; (for i = 1,...,m). Construct a new set A; by replacing
each ball By of Ay with a smaller separating ball By whose closure is contained in By.
Fix 4 small enough so that the closed §-neighborhood of A; is contained in Ag. Now
Lemma 5.1 states that we can find h; € W2 such that hi1(D;) lies in the §-neighborhood
of Ay, hence inside of Ay. Similarly, we may find ho such that |J; D] C ha(Af). Thus,
for i = 1,2 we have that higihl-_l is supported in Ag or Afj, hence an element of W8. We
conclude that g; € W12, This shows that f € W?24t" which is what we needed to show.

O

Acknowledgements. The author is partially supported by NSF grant DMS-1844516
and a Sloan fellowship. Thanks to N. Vlamis and C. Rosendal and the referee for
comments, and to the participants of the 2019 AIM workshop on mapping class groups
of infinite type surfaces for the encouragement to publish this note.

REFERENCES

[1] Javier Aramayona, Priyam Patel, and Nicholas Vlamis. The first integral cohomology of pure
mapping class groups. Preprint, arXiv:1711.03132 [math.GT], 2018.

[2] Danny Calegari. Circular groups, planar groups, and the Euler class. In Proceedings of the Casson
Fest, volume 7 of Geom. Topol. Monogr., pages 431-491. Geom. Topol. Publ., Coventry, 2004.

[3] George Domat. Big pure mapping class groups are never perfect. Preprint, arXiv:2007.14929
[math.GT], 2021. With an appendix with Ryan Dickmann.

[4] Robert D. Edwards and Robion C. Kirby. Deformations of spaces of imbeddings. Ann. Math. (2),
93:63-88, 1971.

[5] Frédéric Le Roux and Kathryn Mann. Strong distortion in transformation groups. Bull. Lond.
Math. Soc., 50(1):46-62, 2018.

[6] Kathryn Mann. Automatic continuity for homeomorphism groups and applications. Geom. Topol.,
20(5):3033-3056, 2016. With an appendix by Frédéric Le Roux and Mann.

[7] Ian Richards. On the classification of noncompact surfaces. Trans. Amer. Math. Soc., 106:259-269,
1963.

[8] Christian Rosendal. Automatic continuity in homeomorphism groups of compact 2-manifolds. Israel
J. Math., 166:349-367, 2008.

[9] Christian Rosendal. Automatic continuity of group homomorphisms. Bull. Symbolic Logic, 15(2):184—
214, 2009.



AUTOMATIC CONTINUITY FOR HOMEOMORPHISM GROUPS 9

[10] Christian Rosendal and Slawomir Solecki. Automatic continuity of homomorphisms and fixed
points on metric compacta. Israel J. Math., 162:349-371, 2007.



