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1. Introduction

For a ring R of positive characteristic p, the module-theoretic properties of the Frobenius pushforwards
F7R capture a great deal of information about R. For example, when R is local and F-finite, the following

hold:

e F/R is locally free if and only if R is regular.

e FIR has a free R-summand if and only if R is F-split.

e The limit as e — oo of the number of free summands of F{R, divided by the rank pedimR, is the
F-signature of R, a subtle invariant of the singularities of R.

Each of these properties is a statement about the decomposition of F{R into indecomposable summands.
It is then natural to ask which summands of the F{R occur as e varies over all of IN. If only finitely many
summands occur, we say that R has finite F -representation type, often abbreviated as FFRT.

The notion of FFRT was introduced in [SVdB97], in the study of the simplicity of rings of differential
operators, and has since found a range of applications in commutative algebra.

edimR

Example 11. Regular local rings have FFRT since for a regular local ring R, we have F'R = R®"""". Quadric
hypersurface rings have FFRT since if R is such a ring, then F{R is a Cohen-Macaulay module, and R has
only finitely many isomorphism classes of indecomposable Cohen-Macaulay modules (see [BEH87]).

FFRT is a strong condition on a ring R. For example, a ring R with FFRT will have only finitely many
associated primes of the local cohomology modules H}(R), for any ideal I C R (see [TT08, HNB17, DO20]).
If R is the homogeneous coordinate ring of a smooth curve of genus g in some embedding in projective
space, R will have FFRT if and only g = 0. (In contrast, [Shill] showed that the 1-dimensional local rings will
have FFRT over an algebraically closed or finite field.)

The study of the decompositions of F;R is also closely related to questions arising in algebraic geometry
in positive characteristic. When R is the homogeneous coordinate ring of a projective variety X embedded
by a very ample line bundle £, F'R decomposes into the direct sum of the pushforwards F¢L' for 0 <i < p©.
The FFRT property of a variety X, and even just the study of the decomposition of F{Oy, is of great interest.
For example, the following hold:
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e When X is an abelian variety, the decomposition of F;Ox reflects the p-rank of X (e.g., whether X is
ordinary or supersingular); see [ST16].

e If X is a projective variety, F,L decomposes as the direct sum of line bundles for any invertible sheaf
L if and only if X is a smooth toric variety; see [Tho00, Achl5].

e When X is a del Pezzo surface of degree 5, the summands of F{Oyx provide interesting new examples
of indecomposable vector bundles; see [Harl)].

e The fact that a Grassmannian of 2-dimensional quotients has FFRT, established in [RSVdB22], reflects
subtle representation-theoretic information about SL, over a field of positive characteristic.

Whether a projective variety has a coordinate ring with FFRT is then interesting from the point of view
of not just commutative algebra, but also algebraic geometry and representation theory.

Although the expectation is that FFRT should be somewhat rare, evidence and examples in higher
dimension are rare, even when just considering homogeneous coordinate rings of smooth projective varieties.
For example, for Fano surfaces, the following is known.

Example 1.2. Let X; be a del Pezzo surface of degree d. If d > 6, X; is toric, and thus its homogeneous coor-
dinate rings are direct summands of polynomial rings, and hence have FFRT by [SVdB97, Proposition 3.1.6].
In [Mal22], we show that the homogeneous coordinate rings of degree 5 del Pezzo surfaces also have FFRT.
If d < 4, then FFRT is not known for the homogeneous coordinate rings of X; in particular, it is unknown
whether the hypersurface ring k[x, v,z w]/(x> + v + 2> + w?) has FFRT.

This example concerns Fano varieties; for such varieties, the homogeneous coordinate rings will have
“mild” (i.e., strongly F-regular) singularities. However, it is known that simply having mild singularities does
not guarantee FFRT: As pointed out in [TT08, Remark 3.4], the example of [SS04], combined with the results
of [TTO8], yields a strongly F-regular hypersurface UFD which does not have FFRT.

If one leaves the strongly F-regular setting, one might expect the FFRT property to be even rarer. The
following are among the few previously known examples.

Example 1.3. In [ST16, Theorem 1.2], Sannai and Tanaka show that if A is an abelian variety of p-rank p,,
then the indecomposable summands of FSO, have rank p®@=#4)_If u, < d, then there are infinitely many
indecomposable summands of F{O, as e varies. They show, moreover, that when p4 = d, there are infinitely
many distinct line bundles appearing in F;Oy4. In either case, then, this implies immediately that A does not
even have FFRT for Oy, which implies that the homogeneous coordinate ring does not have FFRT.

Example 1.4. In [HO20, Theorem 7.2], Hara and Ohkawa show that 2-dimensional graded surfaces obtained
as section rings of Q-divisors on P! will fail to have FFRT if they are not log-terminal (and thus not
F-regular), except potentially when the characteristic p divides the coefficients of the Q-divisor.

In this paper, we further confirm this expectation, by ruling out FFRT for the coordinate rings of several
classes of varieties.
Theorem 1.5. Let X be one of the following varieties over a perfect field k of positive characteristic:
o a non-uniruled Calabi-Yau variety with H (X,0x) =0 fori=1,...,dimX -1,
e a non-unirational K3 surface,
o a general-type complete intersection in PN of dimension > 3.

Let L be a very ample line bundle on X such that L2 = wy for some r € Z. Then the homogeneous coordinate ring

R(X,L):= EB HO(X, £&™)
does not have FFRT.

We also give a new proof of the fact that the homogeneous coordinate ring of a smooth curve of genus g
has FFRT if and only if g = 0.
As just one concrete example of this theorem, we have the following.
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Example 1.6. As we discuss in Section 6, if p =1 mod 4, the above says that

k[x,v,z,w]

xt 4yt +zt 4wt

does not have FFRT. (The p =3 mod 4 case is still unknown to us.)
Similarly, for any characteristic p > 0 and any d > 5, we show in Section 7 that the ring

k[x,v,z,w,t]

x4+ yd + 240 4 wd 4 ¢d

does not have FFRT.

We finish the introduction with a brief sketch of the proof, as well as an outline of the paper. In Section 3,
we use results of [TT08] to connect the FFRT property of R to the behavior of certain modules under the
ring of differential operators on R. To study the ring of differential operators on a homogeneous coordinate
ring R(X, £) of a variety X, in Section 4, we prove the following, which is the main technical result of this

paper.

Theorem 1.7. Let k be a perfect field, and let R be a Gorenstein IN-graded k-algebra domain of finite type over
Ro =k. Let X = ProjR, with very ample line bundle L = Ox(1). If R has differential operators of negative
degree, then HO((Sym™ Qx)V @ L71) = 0 for m > 0.

This result, which may be of independent interest, provides a new tool for studying differential operators
in positive characteristic; for example, this allows one to show that homogeneous coordinate rings of curves
of genus ¢ > 1 are not D-simple.

Combining this with [TT08], we obtain the following.

Theorem 1.8. Retain the assumptions of Theorem 1.7. If HO((Sym™ Qx)V ® L71) = 0 for all m, then R does
not have FFRT.

Using this theorem, we then reduce the study of FFRT for section rings R(X, £) to the “nonpositivity”
properties of (Sym” Qx)Y. For Calabi-Yau varieties, we use the results of [Lanl5] to understand their
cotangent bundles in Section 6. In Section 7, we use [Nom97, Nom0l] to understand what happens for
complete intersections of general type. We finish by describing some open questions in Section 8.
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2. Preliminaries

Throughout, we will work over a perfect field k of characteristic p > 0. We will try to specify throughout,
but the graded rings we will consider will be finitely generated IN-graded k-algebras R with Ry = k; we do
not require R to be generated in degree 1.

2.1. Finite F-representation type

Definition 2.1. Let R be a ring of characteristic p > 0, and assume that R is F-finite (i.e., the Frobenius
morphism is finite). For e > 0, we denote by F¢ the e'? iterated Frobenius and write F¢R for the R-module
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obtained by restriction of scalars along F°: R — R. We say that R has finite F-representation type (or FFRT)
if there are finitely many finitely generated R-modules M, ..., My such that for any e, we can write

@113 1 EBa,_, N

F.R=M, " @---®M)y

(as R-modules) for some nonnegative a,;. That is, R has FFRT if there are only finitely many modules
occurring in irreducible R-module decompositions of each F{R.

We say that a graded ring R has graded FFRT if there are finitely many finitely generated Q-graded
R-modules M;,..., My such that for any e, we can write

FER~@ D M (o)

i=1 j=1,.,n,,;

for some B, ; € Q and nonnegative a,; ;, where M(B) denotes the shift of the Q-graded module M by f.
That is, only finitely many graded modules occur, up to shifting the grading, in an irreducible decomposition
of the F¢R.

Some authors use simply “FFRT” for a graded ring to refer to graded FFRT. The following lemma, likely
known to experts, ensures that no confusion results, and we will henceforth simply say “FFRT.”

Lemma 2.2. Let k be a perfect field. If an IN -graded domain R finitely generated over Ry = k has FFRT, it has
graded FFRT.

Proof. Let m be the homogeneous maximal ideal. If R has FFRT, so does the localization R,. Let

GBae 1

Ae,ne

FR = M, " & &M,

be the decomposition into irreducibles. Since R, has FFRT, only finitely many indecomposable modules
Ni,..., N, occur up to isomorphism in the decompositions of F/Ry,. Thus, we must have that each M;; is
isomorphic after localizing at m to one of the finitely many N,. If there were infinitely many isomorphism

classes (up to shifts) of the M;;, then non-isomorphic M;;, M; ; would become isomorphic after localizing.

1])
Noting that the M;; are finitely generated and R-torsion-free, the following two lemmas then conclude the

proof.

Lemma 2.3. Let R be an IN-graded ring with homogeneous maximal ideal m (i.e., Ry is a field). Let M,N be
graded R-modules, with M and N finitely generated and N torsion-free. If there is a morphism ¢: My, — Ny, of
Ry, -modules, there is a morphism ¢: M — N of R-modules with ¢ Qg Ry, = ¢, up to a unit in Ry,.

Proof. Say M is generated by m; for i = 1,...,e, and N by n;, and that ¢(m;) = }_(a;;/b;;)n; with a;; € R,
bj; € R—m. Multiplication by the unit [[b;; of Ry, is an isomorphism, so we may as well assume that we
can write (i)(ﬂ’ZI) = Z[Zi]'n]' with ajj € R.
Let
RF SR M —0

be a homogeneous presentation of the graded R-module M, with e; the basis element of R® mapping onto
m;. The assignment e; — ) _a;jn; defines a map ®: R — N. Since R° is a finite R-module and N is
finitely generated and homogeneous, Hom(R® N) is the sum of its graded components, so we may write
D =Py +---+ Dy, for some d, with each @; homogeneous of degree i.

We claim that each ®@;: R® — N descends to a map M — N. This occurs if and only if each @; o ¢ is the

zero map. Since ¢: My, — Ny, is defined, we know that @ o 1) is the zero morphism Rfm — Ny,. Thus, for
any r homogeneous in R/, we have

0= o(r) =Dg(P(r)) + -+ + Paye(p(r))
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(using that the left side is zero in Ny, and thus in N, by the torsion-freeness of N). Each term on the right
side occurs in a different degree, and thus each graded piece on the right side is 0. Thus, all \P; o ¢ are 0,
and all @; descend to morphisms ¢;: M — N. Finally, taking ¢: ¢4+ ---+ ¢4.¢, we obtain the desired
map. g

Lemma 2.4. Let R be an IN-graded ring with homogeneous maximal ideal m. Let ¢p: M — N be an R-linear
morphism (not necessarily graded) of finitely generated torsion-free graded R-modules, which is an isomorphism
My — Ny If ¢ = Pg+ -+ Pyie is the decomposition of ¢ into graded pieces, then ¢py: M — N is an
isomorphism.

Proof. The surjectivity is clear: since it is graded, ¢p;: M — N is surjective if and only if M/mM — N/mN
is surjective, but ¢ and ¢; induce the same map M/mM — N/mN (since the ¢;,; all have image inside
mN). For the injectivity, we can apply the same argument as we did for the map ¢p: M — N to the inverse
P :=¢~': N — M. We then have that the first graded piece 1, gives a graded surjection N — M. We
then have that 1 o ¢;: M — M is surjective; Nakaya’s lemma then implies that 1, o ¢, is also injective,
and thus ¢ is injective. 0

With the lemma established, we see that any M; ; becoming isomorphic after localizing at m already were,
and so only finitely many isomorphism classes of the M; ; occur. U

2.2. Differential operators
We briefly recall the notion of differential operators.

Definition 2.5. Let k be a field, and let R be a k-algebra. We define Dy, C Endg(R), the k-linear differential

operators of order m, inductively as follows:
. Dlg /. = Hompg(R, R) = R, thought of as multiplication by R.
e 0 € Endi(R) is in Dy, if [0,7] € Dgﬁ(l for any r € Dlg/k'
We write Dg/x = (J Dy, Then Dry is a noncommutative ring, and R is a left Dg/x-module.

In characteristic p, the behavior of differential operators can be quite different from in characteristic 0.
For example, if R = IF,[t], Dg/k is not noetherian or finitely generated over R. In spite of this, in some
ways the ring of differential operators is better understood in positive characteristic, through its links to the
Frobenius morphism. In particular, there is the following description.

Proposition 2.6 (cf. [Yek92, Theorem 1.4.9]). Let k be a perfect field of characteristic p > 0, and let R be an
F-finite k-algebra. Then

Dpx = UHomee(R, R).
e

Note that when k C k" are both perfect fields and R is both a k- and k’-algebra, this implies that
Dg/x = Dg/r. When k is clear, we will often write just Dg for Dg.

2.3. Extended cotangent bundles

Let X C lPkN be a subvariety, with homogeneous coordinate ring R. There are two sheaves on X (or
equivalently, graded modules on R) associated to X C IPN: there is the usual cotangent sheaf Q) x, which is
intrinsic to X, and there is the extended cotangent sheaf Qy, an extension of Qx by Oy, which depends on
the embedding. In this section, we recall the definition and relation between these two sheaves, following for
the most part the exposition in [BDO08, Section 1.2].

Definition 2.7. Let g/ be the module of Kéhler differentials of the graded k-algebra R. If 0 - — S —
S/I =R — 0 is a presentation of R as a quotient of a polynomial ring S (e.g., the one corresponding to
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X c IPN), then Qg is the cokernel of I/I?> — Qg ®g R, f +> df. The corresponding sheaf on X = ProjR is
denoted by (O and called the extended cotangent sheaf of X.

Remark 2.8. 1t is immediate to see that ﬁX is not the same sheaf as Qx: if dim X = n, then QQx has generic
rank 7, while Qx has generic rank 7+ 1 (as it corresponds to the module of Kéhler differentials of a ring of
dimension # + 1).

Now, we recall the connection between (Qx and Q x in more detail. We have presentations of (Qy and
Q X, respectively:
IX/I)Z( — Qpn|lxy — Qx —0
and
IX/I}% — (9)]\(”1(—1) —Qy —0.
There is also a natural short exact sequence 0 — Qpu|y — Og“(—l) — Ox — 0 coming from the

restriction of the Euler sequence on IP”. These exact sequences induce morphisms (depicted with dashed
lines) fitting into the diagram

IX/I)Z( _ IX/I}Z(

~ v

0 —— Qpnly — 0¥ (1) s Oy > 0

0 —— Qy —————--3 YO — > Ox — 0
0 0

with exact rows and columns. In particular, we highlight the short exact sequence
(2. 0—>QX—>Q¥X—>0XHO.

Remark 2.9. One can ask precisely how Qy depends on the choice of embedding X ¢ PN. From the
discussion above, we know that Q x is an extension of Qx by Oy, each of which are independent of the
embedding. The set of nontrivial extensions is parametrized by lines in Ext!(Ox,Qx) = H'(X,Qx). So
we have, for example, that for curves, the sheaf Q x is in fact independent of the embedding X C PV since
H'(X,Qy) = C for any smooth projective curve X.

2.4. Global sections of duals of trivial extensions
The following lemma will be of use to us in Section 4 in relating Qx and Qy.

Lemma 2.10. Let X be any variety, L an ample line bundle, and M a locally free sheaf given as an extension
00— N — M— Ox — 0 with H((Sym™ N)V @ L) = 0 for all m. Then H*((Sym™ M)V ® L7!) = 0 for
all m.

Proof. First, recall (e.g, from [Har77, Exercise I1.5.16]) that Sym™ M has a filtration by locally free sheaves
0=M,,;; C---CM; CMy=Sym" M
with quotients
M;/M; 1 =Sym'(N)®Sym™ ' (Ox) = Sym’ NV.
Consider the first step
0— M; — Sym”" M — Ox — 0.
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Dualizing and twisting by £71, we get
0— L1 — (Sym™ Mm)¥ QLT — ./\/l}/ L —0,
with associated long exact sequence
0— Ho(ﬁ_l) —>H0((SymmM)V®£_1) — HO(M}/®£_1) — .,

Clearly, H(£™!) = 0, and so we get the desired vanishing if HO(Mi/ ®L71) =0 as well.
The next short exact sequence coming from the filtration is

0— My —M; —Sym! N =N —0.

Again, dualizing and twisting by £~!, we reduce the vanishing of HO(MY ® L71) to that of HO(M\Z/ L.
Continuing in this fashion, we reduce the vanishing to that of H'(M), ® £L7!); however, M), is itself
Sym™ N, so the vanishing is clear, and thus the lemma follows. ]

Remark 2.11. The same is true if we replace Ox with O;‘?N for any N, i.c., whenever M is an extension of N/
by the trivial sheaf. We need only the case N =1, which simplifies the notation slightly in the above.

3. Differential operators on R[1/x]

Let k be a perfect field, and let R be an IN-graded domain of finite type over Ry = k. In this section,
we consider a necessary condition for R[1/x] to be a simple Dg-module, and in fact for R[1/x] to be a
finitely generated Di-module; this then provides a necessary condition for R to have FFRT by results of
[TT08, Corollary 2.10]. Recall that if R is graded, then so is Dy, where an element o € Dy has degree e if
o0(R,,;) CR,,,. for all m.

We begin by recalling the following theorem of [TT08], which connects the FFRT property for graded
rings to properties of the Dg-module R[1/x].

Theorem 3.1 (¢f [TT08, Corollary 2.10]). Let k be a perfect field, and let R be an IN-graded domain of finite
type over Ry = k. If R has finite F -representation type, then for any nonzerodivisor x € R, R[1/x] is generated by
1/x as a Dy -module.

The following statement follows essentially from the fact that the Dg-module structure on R[1/x] is
compatible with the grading on Dg; we assume this is standard for experts but include a proof for
completeness.

Proposition 3.2. Let x € R be an element of positive degree. If R[1/x] is finitely generated over Dy, then Dy has
elements of negative degree.

Proof. The ring R[1/x] has a strictly increasing filtration by R-modules:
Rc R(1/x) Cc R(1/x*)C---.

If D - R(1/x™) C R(1/x") for all n, then clearly this is also a strictly increasing filtration by Dg-modules.
In this case, R[1/x] is clearly not finitely generated over Dy since a generating set would need to include
elements with arbitrarily negative degree. So, we must have that Dy - (r/x") = 1/x" for some r,n,n’ with
x"}r and n’ > n. We claim that this implies that Dy has elements of negative degree.

To see this, we recall the Dg-module structure on R[1/x] from [TT08, Example 2.6]: First, recall that
Dr = U, Hompgy (R, R) (with identical grading). For 6 € Hompy¢ (R, R) C Dy and r/x € R[1/x], we have that

6(L):6(rxpe_n): 6(rxpe‘”)‘

X" xP° xP°
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The right side clearly has degree
deg (rxpe_”) +degd—deg (xpc) =deg(r)+deg (xpe_”) +degd—deg (xpe) = deg(r) — ndeg(x) + deg(d),
while deg(r/x") = degr — ndegx. For 5(r/x") to be equal to 1/x", which has degree
-n’degx < —ndegx,
we must have that degd < 0. U

Remark 3.3. Proposition 3.2 is of course true in characteristic 0, with a slightly different proof: One can write
R =_S§/I for S a polynomial ring, and thus view differential operators on R as the quotient of the differential
operators on S preserving I. Since S is regular, the latter are compositions of derivations, and it is easy
to check the relation between the degree of differential operators and their action on R[1/x] directly for
derivations by the quotient rule.

Combining Theorem 3.1 with Proposition 3.2, we immediately have the following.

Corollary 3.4. Let k be a perfect field and R an IN-graded k-algebra of finite type over Ry = k; assume moreover
that R # Ry. If Dg has no elements of negative degree, then R does not have FFRT.

When R is strongly F-regular, this corollary was known and follows from [SVdB97, Theorem 4.2.1], which
says that if R is strongly F-regular and has FFRT, then Dy is a simple ring. Then R must be a simple
Dg-module and thus have differential operators of negative degree. Thus, it is the non-strongly-F-regular
case that is new, and that is the case we will use in this paper.

4. Differential operators on cones over varieties

The following result is known for smooth projective varieties over the complex numbers.

Theorem 4.1 (¢f [Hsilb]). Let R be a graded C-algebra of finite type over Ry = C, with isolated singularity at the
homogeneous maximal ideal. Let X = ProjR. If R has differential operators of negative degree and L is any ample
line bundle, then HO((Sym™ Tx)® L71) # 0 for m > 0.

We note that the property that HO((Sym™ Tx)® £7!) # 0 is equivalent to bigness of the vector bundle Tx
(and is thus independent of the particular choice of ample line bundle £).

In this section, we prove a related result, which lets us remove the characteristic 0 assumption and allows
for singularities on X, but at the cost of an arithmetic Gorenstein condition.

Theorem 4.2. Let k be a perfect field, and let R be a Gorenstein graded domain of finite type over Ry = k. Let
X = ProjR, with very ample line bundle L = Ox(1). If R has differential operators of negative degree, then
HO(Sym™Qx)V @ L) =0 for m > 0.

Proof. First, we show that the vanishing of HO((Symmﬁx)v ® £7!) implies that R has no differential
operators of negative degree. Recall from Section 2.3 that (Qx is just the sheaf corresponding to the
R-module Qp/x. We begin by recalling the equality of graded R-modules

Dy = HY(R®; R)(a),

where d = dimR, a is the a-invariant of R, and A is the kernel of the multiplication map R® R — R. This is
[Jef21, Theorem A] (note that the formula there does not make explicit the shift in grading); this is where the
requirement that R be Gorenstein is needed.

We can rewrite the right-hand side as

R®kR
AL

H!(R@y R)(a) = li_n}Extd(

e Ry R)(a).
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By graded local duality for the Gorenstein ring R ® R, we can write
R&®¢ R R® R\
Extd( A ,R®kR)(a) = Hgﬂ( Af ) (-a)

for each € (note that since a is the a-invariant of R, 24 is the a-invariant of R® R), and m is the homogeneous

maximal ideal of R®; R. To show that Dg/ has no differential operators of negative degree, it then suffices
to show that HI’III(R?;R) (—a) is zero in degree less than 0 for all £.
We proceed on induction on €. For € =1, there is no need to dualize: using that (R ®; R)/A = R, we have

Ext?((R® R)/A, R®y R)(a) = Ext?((R® R)/A, wprg,r)(~a) = wg(-a) =R,

which clearly has no elements of negative degree. (This perhaps obscures what is going on: this just reflects

the fact that Dlg = R)

The modules (R®; R)/A’ fit into short exact sequences
0 — AY/AT — (Rey R)/A — (R@ R)/AL — 0,
which on local cohomology give
HA™ ((R@y R)/AY) — HE (AY/A™!) — H ((R@ R)/AT!) — H ((R® R)/AY) — 0.

(All modules involved in the short exact sequence have support contained in A and thus have dimension at
most d, so there are no terms in degree greater than d.) Set

K :=ker (Hg (A/A™) — Hif (Rey RYATY)),
so that we have a short exact sequence
0 — K — Hf ((R® R)/A™) — Hi (Rey R)/A') — 0
and a surjection
HE (AY/AY) — K — 0.

Applying graded Matlis duality to the short exact sequence, we get

0 — HE (R®y R)/A')" — HE ((Rey R/A ) — KF — 0.
Ry R

Al
show the vanishing of K7 (—a) in degree less than 0 for all £. But Matlis duality applied to the surjection

Thus, by induction, to show the vanishing of H]‘%( )* (—a) in degree less than O for all ¢, it suffices to

above gives an injection
K} > HL(AYA)",
. L1 d (AL Al+1\* .
so it suffices to show the vanishing of Hf (A /A ) (—a) in degree less than 0.

Every AC/ATH s naturally an (R®; R)/A-module, but this just means each is an R-module. The maximal
ideal m of R®; R modulo A is just the homogeneous maximal ideal my of R, so it suffices to show the
vanishing of H]%R(Ag/A“l)*(—a) in degree less than 0.

Now, consider the natural surjection of R-modules

Sym‘(Qg) = Sym‘(A/A?) — AY/AHT 0.
Applying H%R(—), we get a surjection
HE (Sym’(Qg)) — HE (AY/A%) — 0

(where surjectivity follows since we are considering the top-degree local cohomology). Applying Matlis
duality yet again, we obtain an injection

HE (A6 — HE (Sym? Q)"
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so our desired vanishing would come from showing HI‘fIR(SymZ(Q R))*(—a) is zero in degree less than 0.
Finally, by using the correspondence between local cohomology with respect to the homogeneous maximal
ideal and sheaf cohomology on X = ProjR, as well as Serre duality, one sees immediately that this is
equivalent to the vanishing of H(Sym?(Q)Y ® £L¢) for every e > 0, £ > 0.

This is equivalent to H(Sym¢(Qg)¥ ® £7') = 0 for all ¢ since if for some e,¢, we had the inequality
H O(Symg(Q r)Y ® L7¢) = 0, then multiplication of global sections

H® (Sym‘ (Qp)" ® L)@ H®(£) — H° (Sym" (Qp)" © L")

yields a nonvanishing global section of HO(SymZ(QR)V Lh).
Finally, we claim that if

H° ((sym'“’ﬁx)V ®£—1) £0
for some m’ > 0, then
HO((Sym™Qx)" ® L) =0

for some m > 0. Assume that H((Sym™Qx)¥ ® £L7') = 0 for all m. But then Lemma 2.10 implies
immediately that HO((Sym™ Qx)Y ® £7!) = 0 for all m’. Thus, we must have the claimed nonvanishing,
and the theorem follows. O

Remark 4.3. In characteristic 0, we have an isomorphism
(Sym” Q)" = Sym™(QY) = Sym™(T).

Thus, the conclusion of our theorem is exactly the same as Hsiao’s (i.e, that Ty is big). However, in
characteristic p, (Sym™ Q)Y is not the symmetric power Sym” Ty but rather I'" Ty, the m™ divided
power of Tx. In many examples we have calculated, when p | m, H?(Sym™(Tx)) may be zero while
HO((Sym™Qx)V) is nonzero. Heuristically, it is the nonvanishing of the latter that leads to “more”
differential operators in characteristic p than in characteristic 0: for example, cones over Fano varieties
in characteristic p will always have differential operators of negative degree (because they have F-regular
coordinate rings), while this is likely rarer in characteristic 0 (see [Mal2l, Mal22] for examples of this
phenomenon).

To our knowledge, the behavior of the positivity of divided powers I"(E) := (Sym™ E")" of a vector
bundle E has not been well studied, in contrast to the case of symmetric powers Sym” E. For example, the
tautological line bundle Opg)(1) “encodes” all symmetric powers Sym™E, in the sense that 70,Opg)(m) =
Sym™ E; we do not know of an analogue for divided powers. As we will see in the following, for a given X,
a better understanding of the divided powers of Tx (and in particular, their “nonpositivity”) would lead to
the failure of FFRT for the homogeneous coordinate ring of X.

Remark 4.4. If R is a strongly F-regular domain, then [Smi95, Theorem 2.2] implies that R is D-simple, i.e.,
that R is a simple module under the action of the ring of differential operators Dy. If R is moreover graded,
this implies immediately that Dy has elements of negative degree. To our knowledge, the ring of differential
operators is less well understood outside the F-regular/F-pure setting. In what follows, as a corollary of our
proof of non-FFRT for the rings we consider, we obtain that these rings are not D-simple either. Many of
these rings are not F-pure and thus previously inaccessible to existing methods of study. Thus, our results
have implications for the study of differential operators in characteristic p, beyond just the FFRT property.

5. FFRT for cones

With the work of the preceding sections done, the following theorem is now immediate.
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Theorem 5.1. Let X be a variety over a perfect field k of characteristic p > 0 and L an ample line bundle
on X such that L% = wx for some r € Z and H(X,L™) =0 fori =1,...,dimX -1 and m € Z. If
HO((Sym™ X)V ® L71) = 0 for all m, then the homogeneous coordinate ring @ HO(X, L™) does not have FFRT.

Remark 5.2. Note that the condition that H(X,£") =0 for i = 1,...,dim X — 1 and m € Z ensures that
the section ring ) H%(X, £™) is Cohen-Macaulay. It holds automatically if, for example, X is a complete
intersection in projective space.

In addition, this assumption can be weakened to asking only that H(X,0x) = 0 for (locally) Cohen-
Macaulay (e.g., smooth) varieties with wy = Ox: To see this, note that we may replace £ with an arbitrarily
positive multiple £8% and preserve the condition that £ = wy = Ox for some r € Z. The Veronese subring

P
Pro(x.con)

and if the latter has FFRT, then the former does as well by [SVdB97, Proposition 3.1.6]. By Serre vanishing,
there is then some positive d such that for all positive 7 and all i > 0, we have the vanishing H'(X, £4™) = 0.

is a graded direct summand of

For m negative, H (X, £"%) is Serre dual to H4™X~/(X, £="4) and since we only consider the range
1 <i<dimX, this also vanishes for any 7 and some fixed d large enough. Thus, after replacing £ by £¢,
we see that the vanishings Hi(X,L™) automatically hold for m = 0, and thus only the vanishings Hi(X,0x)

are necessary.

Proof of Theorem 5.1. Note that X is arithmetically quasi-Gorenstein, by the condition that £L®" ~ wy for
some 7 € Z; our assumption on H'(X,£™) guarantees that X is arithmetically Cohen-Macaulay as well,
and thus X is arithmetically Gorenstein. By Theorem 4.2, the vanishing H%((Sym™ X)¥ ® £~!) = 0 ensures
that R has no differential operators of negative degree. Then Corollary 3.4 ensures that R does not have
FFRT. U

Remark 5.3. If L& % wy for any r € Z, or if X is not arithmetically Cohen-Macaulay, it is not clear how
differential operators on R(X,L’) are related to the (non)vanishing of H%((Sym™ X)¥ ® £~!) = 0 since
Theorem 4.2 required that R be Gorenstein. It would be very useful to have a similar statement for general
polarizations £’. Put another way, it would be useful to understand how both the differential operators on
R(X, £) and the FFRT property for R(X, £) vary with the choice of line bundle L.

Remark 5.4. A natural question then is when the vanishing H%((Sym” X)¥ ® £7!) = 0 holds. In the next
few sections, we show this holds for X a Calabi-Yau variety or complete intersection of general type (this is
harder). Similarly, it holds automatically for abelian varieties (although when dim X > 1, these will never
satisfy the vanishing Hi(X, Ox) =0 for 1 <i <dimX, so fall outside the scope of our theorem). It is likely
that this vanishing holds in broader generality: for example, one can ask if it holds for all varieties of
general type. If Q)4 is “positive” (in some sense), then one might expect (Sym™ Q) 4)" to be negative, and
thus to have no global sections (without even having to twist by ﬁ_l). If one can make this precise, one can
immediately obtain the failure of FFRT for homogeneous coordinate rings of a much broader class of variety.
Note however that this requires strong positivity conditions on () 4: it is not enough, for example, to be
effective or even big since a nontrivial vector bundle and its dual may both have nonzero sections or be
big, unlike the case for line bundles. In Section 7, we make use of the strong semistability properties for
complete intersections of general type, but we cannot expect that this holds for all general-type varieties
(for example, even regular semistability will fail for the product of two general-type varieties with cotangent
bundles of different slopes).

Theorem 5.1 immediately recovers the following theorem.
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Theorem 5.5. Let X be a smooth curve of genus g > 1. Then the homogeneous coordinate ring of X under any
embedding does not have FFRT.

Proof. In this case, the vanishing (Sym™ Q)Y ® £L7! = 0 is easily seen to hold: if X is a smooth curve of
genus ¢ > 1, then (Sym™ Q)" is a line bundle of degree m(2 —2¢) and thus has no global sections, even
before twisting by the negative-degree £7!. U

Remark 5.6. This theorem has been known for some time: it follows from [Tan72] in the g =1 case and
[LPO8] for g > 2. In either case, it follows from a study of the behavior of vector bundles on such curves
under the Frobenius morphism. Here, we have obtained it instead as a consequence of the positivity of line
bundles, with no reference to the Frobenius morphism, thus providing a more streamlined (though perhaps
less illustrative) proof.

6. K3 surfaces and Calabi-Yau varieties

In this section, we treat FFRT of homogeneous coordinate rings of varieties X with wyx trivial; we show
that unless such a variety is “close to rational,” its homogeneous coordinate ring cannot have FFRT. The
crucial ingredient in the results of this section is [Lanl5], which analyzes the stability of (co)tangent bundles
of Calabi-Yau varieties and K3 surfaces in positive characteristic.

Fix a perfect field k of characteristic p > 0. We begin by recalling a few relevant definitions.

Definition 6.1. Let X be a variety of dimension n over k. We say that X is unirational if it admits a
dominant rational map IP" --> X, and uniruled if it admits a dominant rational map Y x IP! --> X for some
Y of dimension n—1.

Note that unirationality implies uniruledness.

Definition 6.2. Let X be a smooth variety of dimension #—1, and let H be an ample divisor. For a coherent
sheaf E on X, we set ,
__cl(E)-H™
#u(E) = rankE
When H is fixed, we often write just p.
We say that a torsion-free sheaf E is p-semistable if for all subsheaves F C E, we have u(F) < u(E).
Equivalently, E is y-semistable if for all torsion-free quotients E — F, we have p(E) < pu(F).

We say that E is strongly u-semistable if for all e, the Frobenius pullback F;E is semistable.

We often say just “semistable” and “strongly semistable” when y is fixed.
We will use the following easy observation.

Lemma 6.3. The dual of a strongly semistable locally free sheaf is strongly semistable.

Proof. Taking duals commutes with pullbacks for locally free sheaves of finite rank, so that (F;(E))" = Fi(EV).
Since duals of semistable sheaves are semistable and F is finite by our assumptions on perfectness of the
ground field, the lemma follows. O

The following lemma is nontrivial, and is crucial in what follows.
Lemma 6.4. Symmetric powers of strongly semistable sheaves are strongly semistable.

Without the “strong” hypothesis, this is true in characteristic 0 but false in positive characteristic. This is
due originally to [RR84, Theorem 3.23]. For a nice exposition, see also [Lan09, Section 4.2].
Finally, we will need the following lemma.

Lemma 6.5. Let E be a p-semistable vector bundle with u(E) > 0 and L an ample line bundle. Then
HYEV®L ) =0.
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Proof. Assume the conclusion does not hold; we then have a global section Ox — EV ® £~!. Twisting by £
and dualizing, we get a nonzero map E — £~!. Let F be the image of E — £~!. Then F C L7}, so we
must have that u(F) < p(£L7!) < 0. But since there is a surjection E — F, the y-semistability of E ensures
that p(E) < p(F). We thus have that 0 < u(E) < u(F) < p(L™!) < 0, giving a contradiction. O

Theorem 6.6. Let X be a Calabi-Yau variety of dimension n with H'(X,0x) = 0 for 1 <dim X < n over a
perfect field k of characteristicp > (n—1)(n—2). If X is not uniruled, then for any ample line bundle L, the
homogeneous coordinate ring R(X, L) does not have FFRT.

Again, we note that the condition on H'(X,Ox) is automatic for Calabi-Yau varieties arising as complete
intersections in projective space.

Proof. Fix an ample polarization H of X. By [Lanl5, Theorem 0.1], since wy is numerically trivial and
X is not uniruled, and p > (n—1)(n — 2), the tangent bundle of X is strongly y-semistable. Thus, by
Lemma 6.3, so is (Qx. Moreover, it is clear that p(Qx) = 0 since ¢;(Qx) = c1(wx) = ¢1(Ox) = 0. By
Lemma 6.4, Sym™ Qy is (strongly) semistable, as is (Sym™ Q )", and clearly u((Sym™ Qx)") =0 as well.
Then Lemma 6.5 implies that

HO((SymeX)V ®£_1) =0,
so that R(X, £) cannot have FFRT. O

For K3 surfaces, we can weaken the condition “not uniruled” to “not unirational,” and we automatically
have the vanishing of H!(X,Ox) by definition.

Theorem 6.7. Let X be a K3 surface over a perfect field k of characteristic p > 0 (i.e., X is a smooth surface with

wyx = Ox). If X is not unirational, then for any ample line bundle L, the homogeneous coordinate ring R(X, L)
does not have FFRT.

Proof. The proof proceeds exactly as the previous one, except that [Lanlb, Proposition 4.1] ensures that if the
tangent bundle of a K3 surface X is not strongly semistable with respect to an ample polarization H of X,
then X is a Zariski surface,!) and thus unirational, not just uniruled. (We also do not need to use Lemma 6.3
since for a K3 surface, Qx = Tx.) g

Example 6.8. By [Shi74, Section 1, Corollary], the Fermat quartic V(x* + p* + z* + w?) is unirational in
characteristic p =3 mod 4 but not in p =1 mod 4. Therefore, if k is a perfect field of characteristic p = 1
mod 4, the theorem implies the ring

k[x,v,z,w]

x4yttt
does not have FFRT.

7. Complete intersections of general type

We now turn to the case of complete intersections of general type, where we have the following.

Theorem 7.1. Let X C P"*€ be an n-dimensional smooth complete intersection of multidegree (dy,...,d.) over a
perfect field k. If Y d; >n+c (i.e, if X is not Fano) and Pic(X) =Z-Ox(1), then the homogeneous coordinate
ring of X (in any embedding) does not have FFRT.

(A Zariski surface is a surface admitting a purely inseparable dominant rational map of degree p from P?; in particular, such a
surface is unirational.
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Proof. Let R be the homogeneous coordinate ring of the complete intersection X. If R had FFRT, the same
holds for R ®; k, so we may harmlessly assume that k = k. We may then apply the results of [Nom97,
Proposition 4.2] and [NomOl, Theorem 1.1], which together say that for smooth complete intersections X
over an algebraically closed field k of characteristics p > 0 such that Pic(X) = Z-Ox(1), the tangent and
cotangent bundles of X are strongly semistable. We then apply the exact same argument as in the proof
of Theorem 6.6: the symmetric powers Sym”™ Qy and their duals (Sym™ Qx)" are semistable as well.
Moreover, we have that y(Qx) > 0 (with equality exactly when } d; = n+ ¢ + 1). Thus, we have immediately
by Lemma 6.5 that H((Sym™ Qx)Y)® £~!) = 0 for any ample line bundle L. O

Example 7.2. Note that this also applies to Calabi-Yau complete intersections. In the previous section, we
showed that non-uniruled Calabi-Yau varieties will not have FFRT. As most Calabi-Yau varieties have no
reason to be complete intersections, the results in the preceding section are more general. However, the
results in this section do not need non-uniruledness, which is quite helpful in giving explicit examples: For
example, Theorem 7.1 immediately implies that the Fermat quintic threefold

kx,v,z,w,t]

X+ +22+wd + 13
does not have FFRT for any perfect field k of positive characteristic. (Recall that for the corresponding
Fermat quartic surface considered in Example 6.8, we only had the conclusion in characteristics p = 1
mod 3.) The same reasoning applies for any general hypersurface of degree at least n+ 1 in IP", for n > 4,
without having to consider the subtler question of uniruledness at all.

Remark 7.3. The condition that Pic(X) = Z-Ox(1) is automatic when dim X > 3, by the Grothendieck-
Lefschetz theorem. Moreover, when dim X =2 and ) d; > n+c, [DK73, Exposé XIX, Théoréme 1.2] showed
that over an algebraically closed field, Pic(X) = Z - Ox(1) for very general complete intersections X of type
(dy,...,d.) (in fact, this is true whenever (d;) = (2),(3), (2, 2), though we do not need these cases). However,
over a finite field k, this is much more subtle, and in fact it is possible for Pic(X) # Z - Ox(1) for every
degree d hypersurface X defined over a finite field k. For a more thorough discussion of these results, see
[Ji21, Section 1].

Remark 7.4. In fact, Theorem 7.1 is true for smooth weighted complete intersections in weighted projective
space as well, by the exact same proof we give, since the results of [Nom97, Nom01] apply for smooth
weighted complete intersections of Picard number 1.

8. Questions

In general, it is not clear how precisely the FFRT property is related to classes of F-singularities. As
mentioned above, strongly F-regular rings need not have FFRT (by [SS04, TTO08]). Conversely, rings with
FFRT need not be strongly F-regular, or even F-pure. In [HO20], Hara and Ohkawa give examples of rings
with FFRT that are not even F-pure: for example, if k is a field of characteristic p € {2, 3,7}, then

k[x,v,2]/(x* +v° +27)
has FFRT but is not F-pure. However, if chark & {2, 3,7}, then this ring does not have FFRT (and is not

F-pure). Put another way, if R = Z[x,y,z]/(x?> + > +z), then for almost all reductions R, :=R/p, R, will
fail to have FFRT (and fail to be F-pure as well). One is thus led to the following question.

Question 8.1. Let R be a normal ring that is not of strongly F-pure type. Can “most” reductions R, have
FFRT? (Where “most” can mean either a dense set of primes p or an open dense set.) If “normal” is omitted,
Jack Jeffries has pointed out that the answer is positive: k[t?, 3] will be FFRT for any field k with chark > 3,
but C[t?,3] is not of strongly F-pure type.
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Remark 8.2. As pointed out by Anurag Singh, Stanley-Reisner rings are of F-pure type and have FFRT, so if
we weaken “not F-pure type” to “not strongly F-regular type,” the above has a positive answer. We are not

aware of a similar example where R is a domain, however.

Our results above give many examples of rings that do not have differential operators of negative degree
and thus cannot be D-simple. These rings have F-pure or worse singularities; in contrast, strongly F-regular
rings will be D-simple by [Smi95]. However, it is possible for non-F-pure rings to be D-simple, as the
following examples show.

Example 8.3. For any field of characteristic > 3, R = k[t2,t3] is D-simple but not F-pure. Note that this ring
is not normal, but it can be defined uniformly across all characteristic p > 3.

Remark 8.4. The following example, related to us by Jack Jeffries, furnishes an example of a normal ring that
is not F-pure but is D-simple. Let chark = p > 0, and assume that k contains a root of T? — T —1. Consider
the hypersurface ring

k[xl,X2,M1,M2, h]

R =
1 2 1 p1
M M, (PP ))Pflh)

(hP (!
of [Duf09, Example 3.1] (whose notation we follow). The ring R is not F-pure since & is in the Frobenius
closure of (x1,x,, M1, M;) but not in the ideal itself (as can be seen from the defining equation). It can be
immediately verified that this is regular in codimension 1 and thus normal.

However, this ring is D-simple: The discussion in [Duf09, Example 3.1] shows that there is a radicial
morphism from k[t,...,t4] to R; in the terminology of [Jef21, Section 5, p. 4932], R has radicial rank 4.
Since this is the same as the dimension of R, [Jef21, Propositions 5.2 and 3.2] imply that R is D-simple.

Note that this example concerns a particular prime p, and there is not a single ring defined in characteris-
tic 0 whose reductions give this example for multiple primes p. The following question is then natural, and
has been considered by many others throughout the years, though we do not know if it appears explicitly in
the literature.

Question 8.5. Are there examples of normal rings defined over C, for which “most” reductions modulo p
(either an open dense set or just a dense set) are D-simple but not F-pure?

Question 8.6. In Section 6, our results needed the assumption that the Calabi-Yau variety in question was
not uniruled. Can uniruled Calabi-Yau varieties have homogeneous coordinate rings with FFRT?

Note that both rationality properties of X and the behavior of F{Oy reflect sensitive arithmetic properties:
For example, a conjecture of Artin [Art74] (in conjunction with the now-proven Tate conjecture) implies that
supersingular K3 surfaces are unirational, and a conjecture of Shioda [Shi77] says that simply connected
surfaces are unirational if and only if they are supersingular, while [ST16] shows that the decomposition of
F;O, for an abelian variety A depends on the p-rank of A, e.g., on whether A is supersingular. So, it would
not be completely surprising if FFRT depended on delicate questions of unirationality. As a first example, it
would be interesting to know the following: Does

IF5[x, v,z w]

xt+yt 4zt 4wt
have FFRT? Note that this is the simplest example of [Shi74] of a unirational K3 surface and that if IF; were
replaced by IF, for p =1 mod 4, then the answer would be negative.

Finally, we note that our results all proceed by proof by contradiction: the lack of global sections of
(Sym™ Q)Y ® L7 means that R[1/x] is not generated over Dy by 1/x, and thus the section ring R(X, £)
cannot have FFRT. In many cases, however, we are interested not just in how many classes of indecomposable
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summands occur in F{R as e varies, but also in what these indecomposable summands actually are. We can
thus ask for a more detailed understanding of the failure of FFRT.

Question 8.7. Is there a way of explicitly constructing infinitely many classes of indecomposable summands

of the F{R from the failure of R[1/x] to be generated over Dy by 1/x, for particular choices of x?
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