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ABSTRACT: We study theoretically a photon-coincidence counting
technique aimed at measuring the entanglement between two optical cavities \

connected by an optical waveguide. Delocalized doubly excited polariton
states can be selectively probed by two-photon absorption of an entangled
photon pair generated by spontaneous parametric down-conversion with a

narrowband pump. Deviations from unity of the second-order correlation E_

product state

AVAWAX

entangled state

)

function g(z)(r) of photons emitted from remote cavities reveal intercavity

correlations. The coincidence counting signal in the frequency domain
reveals the transition frequencies between single-polariton states and between
single polaritons and tripolaritons. High-frequency spectral features arise
from the counter-rotating terms in the cavity—molecule coupling, rendering /
them a direct signature for the ultrastrong coupling regime in cavity quantum
electrodynamics.
KEYWORDS: coupled cavity, photon correlation, entangled photon
ptical cavities provide a versatile platform for manipulat- with subnanometer molecular separations. Site selectivity can be
ing the optical, electronic, and chemical properties of used to single out Liouville space pathways in the nonlinear
embedded materials, as has been demonstrated experimentally response, as has been demonstrated for trapped ion systems.””
and theoretically.1_13 Hybrid light—matter states, known as Here we study photon correlation measurements in cavity
polaritons, emerge in the strong light—matter coupling regime arrays. Photon correlation spectroscopy (PCS) carries matter
when the cavity—molecule coupling even in the vacuum state information via Glauber’s photon correlation functions (spatial
becomes stronger than all other decay rates of the system. coordinates are suppressed) G(t,, ty, ., t,) =
Coupled-cavity arrays have found widespread applications in (ED()..E(,)ED(t,)..E)(t,)) measured by coincidence
many areas of physics and chemistry. In quantum information counting of n detectors.?’ Here E(+)(tn) and E _)(tn) are the
science, they offer a promisinfg platform for quantum state positive and negative frequency components of the electric field
transfer'* and communication. *~"" Coupled-cavity networks operator at detector n, respectively. PCS techniques have long
with the ability to address individual cavities have been proposed been employed to probe cavity polaritons® > and quantum
as a qul%nlgum Siml}lfitor for strongl?f coupled many-body coherences at non-equilibrium steady states.”> The proposed
systems. " In addition, they are Omdely used for electro- technique takes advantage of the single-site addressability of
'magzrlletically in.duced transparency fmd slow-light eng.ine.er— spatially well-separated cavities by photon beams directed at
ing” By creat1121§_§l4elocahzed photonic states and multicavity different cavities. Entangled photon pairs generated by
polariton states, coupled cavities with embedded molecules spontaneous parametric down-conversion (SPDC) are ex-

offer a powerful platform for cavity quantum electrodynamics
and for the remote control of chemical reactions.”® Such states
can be engineered by tuning the cavity frequencies as well as the
light—matter and intercavity couplings. Remote cavities can be
coupled by optical waveguides. Coupled cavities spanning the
entire electromagnetic spectrum from the MHz to X-ray have
been realized by photonic crystals’® and Fabry—Perot-type
resonators.””

Nonlinear spectroscopy can unveil the interacting polariton
states and the correlations between remote cavities. Their single-
site addressability on the micron and larger scale allows the
design of optical signals with different light beams addressing
selected sites. This is not possible within molecular aggregates

ploited to excite the coupled cavity to a selected doubly excited
polariton eigenstate.”*>> By placing a detector outside each
cavity and measuring them in coincidence, we demonstrate that
the second-order photon correlation function provides a
signature of the entanglement of the doubly excited state
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created by entangled two-photon absorption. In the frequency
domain, PCS further contains direct spectral signatures of the
counter-rotating terms in the cavity—molecule coupling. These
terms, which violate the excitation number conservation of the
Jaynes—Cummings model,*® are expected to be important in the
ultrastrong coupling regime where the light—matter couphn§
strength becomes comparable to the photon frequency.”””~*
The counter-rotating terms give rise to effects that cannot be
explained by resonant interactions such as virtual photons in the
joint light—matter ground state™>** and exciting two atoms with
a single photon.*®

In the proposed PCS measurement, sketched in Figure 1, a
narrowband pump pulse interacts with a second-order nonlinear

-

signal

E pump

a—
"’

S

Figure 1. Schematic of the photon correlation signal for a coupled-
cavity system. A narrowband laser impinging on the nonlinear crystal
generates an entangled photon pair by SPDC. The twin beams enter
two well-separated cavities that are connected by an optical waveguide.
The photons emitted from the two cavities are measured in coincidence
by two photodetectors placed outside each cavity.

crystal, to generate an entangled photon pair, known as signal
and idler beams, by a SPDC process. The polariton system
consists of molecules embedded in two cavities connected by an
optical waveguide. Two-photon absorption (TPA) of the
entangled photon pair brings the polariton system from the
ground state to a doubly excited state. The system then
undergoes a dissipative polariton dynamics where the excitation
energy eventually generates an out-of-cavity photon through
cavity leakage. The two photon detectors D; and D, measure
photons coming from cavity 1 and 2, respectively.

1. THEORY AND COMPUTATIONAL PROTOCOL
Our setup is described by the Hamiltonian (% = 1)

H=Hy + Hgy + Hec + Heg + Hg + Hy + Hpy (1)
Here
Hy = Z Z €0,
j=1n=1 (2)

describes N identical two-level systems with transition
frequencies €; embedded in the jth cavity and o;, = le;,)(g;!, |
&) (lej,)) is the ground (excited) state of the nth molecule in the
jth cav1ty with the transition dipole operator y;, = 0';1 + 0j,. The
incoming entangled signal and idler beams generated by SPDC
are described by the Hamiltonian

He= [ doo(e](@)a() + 4 (@)a () m

939

and interact with the embedded molecules via Hyyy = Y, — fy,
E((r;,) — popEi(rs,). The electric field operator of the signal/
idler beam, directed into cavity 1/2, reads E;(r) =i [§° dw& (o)

age, ™" + H.c, where E(w) = \Jhw/2epnA is the single-
photon electric field, A is the quantization area, e, is the 31gnal/
idler beam polarization, and 7 is the refraction index.”® The
coupled-cavity Hamiltonian H¢ describes the two cavities and
the connecting optical waveguide. When the waveguide modes
are off-resonant from the two cavities, they can be eliminated,
leading to an effective cavity Hamiltonian

](“1“2 + ‘11“2) 4)

where ] is the effectlve intercavity hopping strength and w; the
jth cavity frequency.’ J = 1—10 meV has been demonstrated for
photonic crystal cavities.””*® The detectors measure the
extracavity modes bj(@), described by Hy, which are bilinearly
coupled to the cavity modes through Hg, leading to cavity loss;
see section S2.

The intracavity light—matter interaction in the electric dipole
approximation reads

=2, 2 —iglg, +
j n

(%)
where g = S(a)}-)(ejnlﬂm-ejlgl_n) and e¢; is the jth cavity mode

Hee = wlal a, + w2a2a2

a)(a; = a))

polarization. Note that we have not invoked the rotating wave
approximation (RWA) and thus retain the counter-rotating
terms oa + o'a'. Despite their small influence on the energy
levels, they lead to unique spectral features in the PCS, as will be
shown below.

We focus on the parameter regime where the cavity—molecule
coupling is stronger than the photon hopping, which is in turn
larger than the cavity decay rate, i.e., g > J > k. It then makes
sense to use the isolated cavity as the starting point for our
analysis. For brevity, we suppress the cavity index while
discussing the single-cavity polaritons. In the strong coupling
regime, the light—matter interaction creates hybrid light—matter
polariton states, that are linear combinations of molecular and
cavity-excited states. It is instructive to consider the polariton
states under the RWA even though it is not invoked in the
simulations. The bright state is created by the collective exciton
operator X'IG) with X' = 1//N'Y,, 61, where IG) = Ig) ® 10} is
the joint cavity—matter ground state under RWA. The
intracavity polariton operator

PZ = a”XT + ﬂa‘ (6)

J = =+, creates a polaritonic excitation. The polariton operators in
general do not satisfy the boson commutation relations because
the excitons are not bosons. However, in some cases the exciton
operators can be apprommately taken as bosons. Equation 6 can
be inverted to give ;= 2” 7, P The intercavity coupling can

then be recast as J (a,a] + H.c.) = ];wz” 5 Pl(ll) P(Z) + H.c.,, where
T = T7, (Dy#@) Thus, photon hopping can also be viewed as
polarlton hopping.

Employing an entangled photon pair allows the simultaneous
excitation of both cavities. Using a narrowband pump, one can
selectively excite a desired delocalized bipolariton eigenstate via
a TPA process, even though the signal and idler beams are
broadband. Similar spectral resolution can be achieved with
classical continuous wave lasers, but it is then not possible to
control the excitation time of the two cavities. In contrast, with a

https://doi.org/10.1021/acsphotonics.1c01755
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short entanglement time, entangled photons excite both cavities
simultaneously, thus defining the zero time for the coincidence
measurement. The SPDC-generated twin-photon state is given
in section S6.

By sending the signal and idler beams into different cavities,
we can selectively prepare bipolariton states where both cavities
are excited, thus excluding doubly excited states in a single
cavity. The two-photon-excited coupled-cavity state is created
by two dipole interactions in different cavities. Note that the
entangled photons are used as an actinic pulse; the coincidence
measurement reveals interpolariton correlations in the prepared
eigenstate rather than in the photon pair.

The normalized PCS is defined by the coincidence counting
rate of D, and D,

G(Z)(T)
(b3 (2)b,(7))(byb,) @

where (...) = Tr{p...}, with p being the density matrix of the
entire system. Here G (z) = (bib}(7)by(7)b,), where bj(t) o
E}”(t) is the Heisenberg picture extracavity electric field
operator at detector D; measures the joint probability of
detecting photon 1 at time 0 and photon 2 at time 7.

According to the input—output theory,”®*’ the electric field
operators outside and inside the cavity are linked by (see section
S2)

b(z, t) = b'(t — z/c) + JEai(t = 2/¢)

g(@) =

(8)

forj = 1,2, where b](-) is a free field and «; is the jth cavity decay
rate. Here we assume that cavity leak is the main decay channel
because the cavity lifetime is typically shorter than that of the
molecular excitations. Inserting eq 8 into eq 7 yields

(afa;(r)az(r)%)f
(a)(2)ay(z))(a) ay)y ©)

where 7 is the time difference between two detection events and
() = Tr{..pg, where p; = If)(fl is the initial bipolariton state
selectively excited by the entangled photon pair. We had
computed eq 9 by solving the quantum master equation

g?() =

2
p, =Ly = —ilH, pl + Y, xDlalp
j=1

(10)

where p, is the joint cavity + molecule density matrix, Hy = Hy +
Hyc + Hee, and D[alp = apa’ — %{cfa, p} is the Lindblad

superoperator describing the cavity leakage; see section S1 for
computational details.

2. RESULTS AND DISCUSSION

Figure 2 shows the PCS for two nonidentical cavities of four
states created by entangled photons for different intercavity
coupling strength. At J = 0, the four states reduce to product
states IS)_ = IP_P_) = IPW) ® IPP)), 18,y = [P_P,), 19}, =
IP,P_),112);_=IP,P,). The eigenstates are numbered from low
to high energy. At J # 0, these states can be qualitatively different
due to mixing of states close in energy. We assumed a single
molecule N = 1 in each cavity, thus neglecting contributions
from collective dark states.”” The doubly excited intracavity
polariton states for N = 1 and N >> 1 are also different,”" but
these states cannot be effectively excited in our setup.

940
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Figure 2. Second-order photon correlation function g(z)(r) (eq9) for
two coupled cavities with different initially excited states and with
different intercavity couplings ] as indicated. The coupled-cavity
eigenstates are numbered from low to high energies. The correlation
function is computed by eq 10, as detailed in the Supporting
Information. N = 1, €; = 1.02 eV, ¢, = 1.00S eV, ®, = 1.02 ¢V, w, =
1.008 eV, g, = g, = 108.8 meV.

At zero delay, g(z)(O) reveals whether the prepared state is a
product or entangled. For a product state, GY(0) = (ala,){(ala,)
and hence g®(0) = 1. For entangled states, a Schmidt
decomposition can be used

Iy = Y VA b))
a (11)

where 1, are the Schmidt coefficients Y., A, = 1 and I¢h,), ly)
are the Schmidt modes. Substituting eq 11 into eq 9 yields

5y T N N, )
(Ea /1(1((]2,|N1|¢§l))(2ﬂ )'/5<)(/3|N2|)(/,’>> (12)

where N, =aja, and N, = ala,. In general, eq 12 will not equal to

unity.

For vanishing intercavity coupling ] = 0, we have

P =1 (13)

This is because, for a product state If) = IP,P,), the two cavities
are uncoupled upon the two-photon excitation and remain so
during the ensuing dissipative dynamics. The second-order
correlation function can then be factorized, G®(7) = (a}(7)
a,(t))(aja,), resulting in eq 13.

The deviation of g(z) (r) from unity is a direct measure of
intercavity correlations. Due to polariton hopping, the doubly
excited state If) is a linear combination of the single-polariton
product states IP,P,), which may further mix with intracavity
bipolariton states. When state f) is an entangled state of the two
cavities, g¢¥(7) # 1. As shown in Figure 2, states 18) and 19)
exhibit strong oscillations during the time delay between the two
detection events, which increase with ], meaning that these two
states become highly entangled upon turning on the intercavity
coupling. This can be rationalized that since the two product
states IP_P,) and IP,P_) are close in energy and are coupled
through the photon hopping, the eigenstates for | # 0 are
mixtures of these two states. In contrast, states IS) and 112) are
less entangled as their g(z) (t) remains close to 1. This implies
that the product states [IP_P_) and IP,P.) are not sensitive to
photon hopping. This is expected, as their energy is separated
from the other two states by a Rabi energy. Figure 2 shows that
the PCS signal acts as a direct indicator of correlations in the

g2(0) =

https://doi.org/10.1021/acsphotonics.1c01755
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doubly excited state. The correlation between remote cavities is
encoded in the correlation of the emitted photons. This is not
the case if one cannot distinguish between the sources of emitted
photons (cf. Dicke super-radiance™).

For identical cavities, the states IP,P_) and IP_P,) are
degenerate. Even for | = 0, entangled photons can create
entangled polariton states that are an equal mixture of these two
states because the signal and idler beams can be spectrally broad
and cover both the upper and lower polariton states |P, ). The
emitted photons in this case are also correlated, resulting in g(z)
# 1 similar to Figure 2, and their intercavity correlation can then
be detected. This does not occur for classical light because
classical sources cannot create entangled states. Hence, the
emitted photons from classical excitation always have g(z)(r) =1

Apart from revealing the correlation between different
cavities, the PCS signal provides a unique signature for the
counter-rotating terms in the cavity—molecule coupling. There
are also counter-rotating terms in the intercavity coupling, but
their effects on the spectrum are much weaker. A better
understanding of the PCS signal can be achieved by rewriting the
unnormalized G(z)(f) in the form

GP(2) = Tr{a,G(2){aypa/ }a]) (14)
The Liouville space time-evolution operator G(zr) = et
contains the eigenvalues of the Liouvillian superoperator .L
(eq 10). The a,pa] in eq 14 can be understood as the system
density matrix after observing photon 1 at time 0, G(7)
represents a free time evolution for 7, and a,..a} represents
photon 2 being detected.

If bath effects can be simply described by a decay of the
coherence (i.e., pure dephasing),

i) = Qi) (s
where lij)) is the Liouville space representation of li){jl (see
section S4 for the transformation from Hilbert space to Liouville
space) and Q; = —iw; — y; with w; = ; — ®; being the
transition frequency between the system eigenstates li) and lj)
and y; the decay rate of coherence lij) ). The Fourier transform of
the time-domain signal then reveals the transition frequencies of
the entire polariton system. A typical G®(w), shown in Figure 3,
exhibits features in two spectral regions. The strong low-
frequency region (~Rabi frequency () corresponds to the
transition frequencies between single-polariton states. This
feature can be interpreted using the ladder diagram (i) in Figure
4a, which represents one Liouville space pathway contributing
to the correlation function in eq 14. The four yellow interactions
represent the TPA process, whereas the upper four interactions
represent the two-photon detection process. Upon two-photon
excitation, the entire system is in the population state Iff)) where
the bipolariton state |f) is selected by the pump frequency. The
photon detection in D, is represented by two outgoing arrows,
which can bring the system into a coherence lee;)) between
single-polariton states le;). This coherence oscillates in time with
frequency w,,, which is close to the Rabi frequency and thus
creates features in the low-frequency regime.

The relatively weak high-frequency features match the
transition energies between the bipolariton states and the
ground state. It turns out, however, that these peaks come from
the transitions between the single polaritons and the tripolariton
manifold, states with eigenenergies around triple the cavity
frequencies 3w.. These features can be attributed to a non-RWA
process whereby the cavity changes from a bipolariton to a

941
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Figure 3. Fourier transform of the second-order photon correlation
signal GP(w) (eq 14) for initial state IS ). The two insets are zoomed-in
images of the two spectral regions. Here ] = 40 meV, where the other
parameters are the same as Figure 2.

g, a El ® @ (ii)
W) \Ig> (gl/' \Ig> (gl/
e "\|ei> N I
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lg) (4l lg) (4l

Figure 4. Ladder diagrams representing the correlation function in eq
14. (a) Level scheme of the coupled-cavity system. (b) Diagrams i and ii
correspond to the low-frequency and high-frequency regions,
respectively, of the signal in Figure 3. The transition marked in red in
diagram ii represents a non-RWA process whereby the polariton emits a
photon and goes to the higher excited state.

tripolariton state while emitting a photon. This process can be
represented by diagram ii in Figure 4, where the non-RWA
process is marked in red. To verify the physical origin of the
high-frequency features in the signal, we confirmed that the
high-frequency regime disappears if the RWA is invoked for the
cavity—matter coupling; see the lower panel of Figure 3.

3. CONCLUSIONS

We have calculated the photon correlation signal from two
remote cavities with entangled photon excitation. The frequency
anticorrelation of the entangled photon pair allows the
bipolariton eigenstates to be resolved, and the temporal
correlation allows both cavities to be excited simultaneously.
In the time domain, this signal reveals entanglement in the
doubly excited states involving both cavities. Noninteracting
cavities result in a normalized photon correlation function
¢P(z) = 1. In the frequency domain, the signal contains features
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in two spectral regions: the low-frequency region reveals
transition frequencies between single-polariton states, whereas
the high-frequency region reveals the transitions between the
single polariton and tripolariton states. The high-frequency
features arise from the counter-rotating terms in the cavity—
molecule coupling even when the coupling strength does not
reach the ultrastrong coupling regime. The present signal can be
extended to an array of coupled cavities (quantum network'®)
and measure the correlation functions between remote cavities
that are not directly coupled.
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