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Abstract. We classify surface Houghton groups, as well as their pure subgroups, up to
isomorphism, commensurability, and quasi-isometry.

1. Introduction

Surface Houghton groups, introduced in [3], are certain countable subgroups of mapping
class groups of infinite-type surfaces with finitely many ends, all of them non-planar.

A first piece of motivation for studying surface Houghton groups comes from the fact that
they contain, up to conjugation, all end periodic homeomorphisms [10, Section 2.3]. Such
homeomorphisms admit a Nielsen-Thurston type classification [7] and their properties are
tightly connected to the theory of foliations, pseudo-Anosov flows, and hyperbolic geome-
try of 3-manifolds; see e.g. [8, 10, 9, 15]. In addition, surface Houghton groups are similar
in spirit to the classical Houghton groups [14] and their braided counterparts [11]; in fact,
in [3] it was proved that surface Houghton groups enjoy the same finiteness properties as
(braided) Houghton groups [13]. Finally, surface Houghton groups are strongly related to
the asymptotically rigid mapping class groups of Cantor manifolds [2, 12, 13], and associated
Higman-Thompson groups.

The definition of surface Houghton groups is somewhat involved, so we postpone details to
Section 2 and give an abridged overview here. Let Σr be the connected, orientable surface with
empty boundary and exactly r ends, all of which are non-planar. We view Σr as constructed
from a compact surface of genus g with r boundary components by inductively gluing copies of
a surface of genus h with two boundary components, and then taking the union of the surfaces
obtained at each step. The surface Houghton group B(g, h, r) defined by the above data is
the subgroup of the mapping class group Map(Σr) whose elements are eventually rigid, in the
sense of Section 2. We remark that the family of surface Houghton groups constructed here is
more general than that of [3], which corresponds to the case g = 0 and h = 1.

In this note, we describe precisely the commensurability and isomorphism classification of
surface Houghton groups and their pure subgroups. More concretely, we will show:

Theorem 1.1. For g, g′ ≥ 0, h, h′ ≥ 1, and r, r′ ≥ 2, the groups B(g, h, r) and B(g′, h′, r′):

(1) are commensurable if and only if r = r′.
(2) have isomorphic pure subgroups if and only if r = r′ and h = h′.
(3) are isomorphic if and only if r = r′, h = h′, and there exists n ∈ Z such that g′ ≡ g+nh

mod r.

We note that, for all g and h, the group B(g, h, 1) is isomorphic to the group of compactly
supported mapping classes of Σ1, so Theorem 1.1 is only interesting for r, r′ ≥ 2.

Remark 1. Point (3) of the above theorem may seem slightly unintuitive as we are only
changing a “compact” part of the surface. We offer the following example to keep in mind in
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order to elucidate the proofs below. See Figure 1 for an accompanying picture. Consider the
groups B(0, 2, 2) and B(1, 2, 2). In B(0, 2, 2) there is an involution, ρ, that swaps the two ends
of the surface and has exactly two fixed points. This map is “eventually rigid” exactly outside
of an annulus denoted W , which is also exactly the core, C, for B(0, 2, 2). We say that W is a
suited surface for ρ. Note that W has even (zero) genus. Now, suppose to the contrary, that
we had an isomorphism B(0, 2, 2) ∼= B(1, 2, 2). The first step in our proof is to modify a proof
from [5] in order to see that this isomorphism must realized by conjugation in Map(Σ2). Then
the image of ρ under this isomorphism, ρ′ ∈ B(1, 2, 2), must also have exactly two fixed points
and be “eventually rigid” for the structure determined by the triple (1, 2, 2). However, note
that this implies that ρ′ has a suited surface, W ′, that must have odd genus. Indeed, W ′ is
made up of a core C ′ of genus one together with a finite number of pieces, each of which have
genus two. However, then ρ′ must have at least four fixed points, a contradiction.

C = W

ρ

W ′

ρ′

B(0, 2, 2)

B(1, 2, 2)

C ′

Figure 1. An example demonstrating that B(0, 2, 2) cannot be isomorphic to
B(1, 2, 2). On the top surface, C is the core (denoted in blue) for B(0, 2, 2).
This coincides with a suited subsurface, W , for the involution ρ ∈ B(0, 2, 2). On
the bottom surface, ρ′ is a potential image of ρ under an alleged isomorphism,
C ′ (in blue) is the core, and W ′ (in green) is a suited subsurface for ρ′. Fixed
points of the two maps are denoted in orange. Note that ρ has exactly two fixed
points and ρ′ must have at least four.

A consequence of part (1) of Theorem 1.1 and the main result of [3] is the following:

Corollary 1.2. For all g ≥ 0, h ≥ 1, and r ≥ 2, the group B(g, h, r) is of type Fr−1 but not
of type FPr.

Next, a result of Alonso [1] asserts that properties Fn and FPn are invariant under quasi-
isometries. Therefore, we deduce:

Corollary 1.3. For g, g′ ≥ 0, h, h′ ≥ 1, and r, r′ ≥ 2, the groups B(g, h, r) and B(g′, h′, r′)
are quasi-isometric if and only if r = r′.

It was mentioned above that surface Houghton groups are analogs of the asymptotically rigid
mapping class groups of Cantor surfaces [2, 12, 13], which can in turn be regarded as surface
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versions of Higman-Thompson groups [2, Section 5]. Higman-Thompson groups are known to
satisfy an algebraic rigidity theorem akin to Theorem 1.1 [16]; thus, in light of Theorem 1.1
and the analogous result for Higman-Thompson groups, a natural question is:

Question 1. Classify asymptotically rigid mapping class groups of Cantor surfaces up to
commensurability/quasi-isometry/isomorphism.

In regards to the question above, we remark that asymptotically rigid mapping class groups
of infinite-genus Cantor surfaces have no finite-index subgroups; moreover, their pure subgroups
always coincide with the compactly supported mapping class group [2, Proposition 4.3].

Surface Houghton groups can also be thought of as a two dimensional analog of classical
Houghton groups. The Houghton groups, Hr, can be thought of as the “asymptotically rigid”
homeomorphisms of the space consisting of r > 0 disjoint convergent sequences of isolated
points. The finiteness properties of these groups were computed in [6] and one can deduce that
they are never isomorphic for different values of r. Similar to the surface Houghton groups,
one could define Houghton groups H(g, h, r) for g ≥ 0 and h, r > 0 and ask if results similar to
Theorem 1.1 hold. The general approach taken in this note should work for these Houghton
groups. The key piece that is missing and requires proof is a version of Proposition 4.1. That
is, one would need to know that verify that an isomorphism of Houghton groups is always
induced by conjugation in the larger homeomorphism group.

Acknowledgements. J.A. is grateful to Rice University, and particularly to C.J.L, for their
hospitality. The authors are grateful to Anthony Genevois for pointing out Corollary 1.3.

2. Preliminaries

Throughout, we let Σr be the connected, orientable surface with empty boundary and exactly
r ends, all of which are accumulated by genus. For each h > 0, let Y h be a surface of genus
h with two boundary components, denoted ∂+Y

h and ∂−Y
h. We fix, once and for all, a

homeomorphism λ : ∂−Y
h → ∂+Y

h which we call the swapping homeomorphism.
A (g, h)–rigid structure on Σr is a decomposition of Σr into subsurfaces,

Σr = C ∪
⋃
j∈J

Yj

where C is a connected subsurface of genus g with r boundary components called the core, J
is some countable set, and each Yj is a subsurface of genus h with two boundary components,

called a piece, which comes equipped with a fixed marking homeomorphism ϕj : Yj → Y h

(which we also use to label the boundary components ∂±Yj = ϕ−1
j (∂±Y

h)). We further require
this data to satisfy the following conditions.

• All subsurfaces in the decomposition have disjoint interiors;
• For all j ∈ J , Yj ∩ C = ∅ or Yj ∩ C = ∂−Yj is a component of ∂C;
• For all i ̸= j ∈ J , Yi ∩ Yj = ∅, or Yi ∩ Yj = ∂−Yi = ∂+Yj and

ϕj |−1
∂+Yj

◦ λ ◦ ϕi|∂−Yi
= id∂−Yi

,

after possibly swapping the roles of i and j.

A suited subsurface Z ⊂ Σr is a connected union of the core and a finite set of pieces.
Fixing a (g, h)–rigid structure Rg,h,r on Σr, we define the surface Houghton group of Rg,h,r to

be the subgroup of Map(Σr) consisting of (isotopy classes of) orientation preserving homeomor-
phisms f : Σr → Σr such that for some suited subsurface Z, f(Z) is another suited subsurface
and for any piece Yj ⊂ Σ− Z there is a piece Yi so that f(Yj) = Yi and f |Yj = ϕ−1

i ϕj . Any
two (g, h)–rigid structures on Σr clearly define conjugate surface Houghton groups, and we let
B(g, h, r) denote any such subgroup.
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The pure subgroup PMap(Σr) is the index r! subgroup of Map(Σr) consisting of elements
that fix each end of Σr. Let Φ : PMap(Σr) → Zr−1 be the surjective homomorphism defined in
[4] which effectively “counts” the shifting of genus. We write Mapc(Σr) to denote the subgroup
of PMap(Σr) consisting of compactly supported mapping classes.

We define the pure subgroup PB(g, h, r) = P Map(Σr) ∩ B(g, h, r). The restriction of Φ
to PB(g, h, r) maps to (hZ)r−1 and the kernel is precisely Mapc(Σr). Note that Mapc(Σr) is
contained in PB(g, h, r) for all choices of g and h. The following is proved in [3] for B(0, 1, r),
but the same argument applies. Here, Sym(r) is the symmetric group on r elements.

Proposition 2.1. For every (g, h, r), there is a surjective homomorphism φ : B(g, h, r) →
Zr−1⋊Sym(r). Furthermore, every finite quotient factors through φ, and ker(φ) = Mapc(Σr).

□

Composing the homomorphism φ with the further quotient to Sym(r) describes the action
of B(g, h, r) on the ends, and so has kernel precisely PB(g, h, r). In addition, the restriction
of φ to PB(g, h, r) maps to Zr−1, and this is precisely the homomorphism 1

hΦ.

3. Engulfing

Suppose we have a (0, 1)–rigid structure R0,1,r on Σr. For any g ≥ 0 and h ≥ 1, we can
define a (g, h)–rigid structure from R0,1,r as follows.

First, let C ′ be the connected union of C (the core of R0,1,r) together with g pieces of R0,1,r.
The pieces of Rg,h,r are then determined by this choice of C ′ so that they are connected unions

of the pieces of R0,1,r. See Figure 2. The homeomorphisms from a piece of R(g, h, r) to Y h

are constructed from the chosen homeomorphisms of pieces of R(0, 1, r) to Y 1, by viewing Y h

as decomposed into the union of h subsurfaces homeomorphic to Y 1. We note that some care
must be taken in defining the preferred homeomorphism to Y h to ensure compatibility with
the swapping homeomorphism, as required in the last condition of the definition of a rigid
structure. If Rg,h,r is constructed in this way, we say that Rg,h,r is engulfed by R0,1,r.

C C ′

R0,1,3 R2,2,3

Figure 2. An example of a rigid structure R2,2,3 (right) that is engulfed by
the rigid structure R0,1,3 (left). The two cores are shaded orange and the curves
that are drawn are the boundaries of the pieces.
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The terminology “engulfing” is chosen to reflect the following behavior of the associated
groups.

Lemma 3.1. If Rg,h,r is engulfed by R0,1,r, then B(g, h, r) is a finite index subgroup of
B(0, 1, r).

Remark 2. As a consequence of the lemma, it also follows that for arbitrary (g, h)–rigid and
(0, 1)-rigid structures, the associated group B(g, h, r) is conjugate into the associated group
B(0, 1, r) (in the lemma, there is no conjugation).

Proof. We first observe that any suited subsurface for Rg,h,r is also a suited subsurface for

R0,1,r. Since the chosen homeomorphisms from pieces of Rg,h,r to Y h are constructed from the
homeomorphisms from pieces of R0,1,r to Y 1, it follows that B(g, h, r) < B(0, 1, r). To see that
it has finite index, it suffices to show that PB(g, h, r) < PB(0, 1, r) has finite index. For this,
we can label each piece of R0,1,r inside a piece Y ′

k of Rg,h,r with the numbers 1, . . . , h “in order
from ∂−Y

′
k to ∂+Y

′
k”. That is, we label the piece of R0,1,r in Y ′

k containing ∂−Y
′
k with 1, and

recursively label the piece of R0,1,r in Y ′
k by i if it nontrivially intersects the piece labeled i−1.

See Figure 3 for an example of this labeling in the neighborhood of an end.

Y ′
k Y ′

k+1 Y ′
k+2Y ′

k−1

3 31 2 31 2 1

Figure 3. An example of the labeling in Lemma 3.1 for R0,1,r engulfing Rg,3,r.
Note that the shift map to the right will induce the cyclic permutation 1 7→
2 7→ 3 7→ 1.

The sequence of consecutive pieces of R0,1,r exiting any end have labels 1, . . . , h, which repeat
periodically. In some neighborhood of each end any element of PB(0, 1, r) acts as a shift and
therefore cyclically permutes the labels modulo h in this neighborhood. This defines an action
of PB(0, 1, r) on the the disjoint union of r sets of h elements. This action fixes each set of
h elements setwise and the kernel of this action is precisely PB(g, h, r), which is thus a finite
index subgroup of PB(0, 1, r), as required. □

Lemma 3.2. For any integers g, n,m ≥ 0, h ≥ 1, and r ≥ 2, there are rigid structures Rg,h,r,
Rg+n,h,r, and Rg+nr+mh,h,r all engulfed by R0,1,r so that PB(g, h, r) = PB(g + n, h, r) and
B(g, h, r) = B(g + nr +mh, h, r).

Proof. First construct any engulfing of Rg,h,r as described above, so that B(g, h, r) < B(0, 1, r).
We construct the core of Rg+n,h,r from that of Rg,h,r by adding any n pieces of R0,1,r to obtain a
connected surface, and then the rest of the rigid structure is determined. Note that the labeling
of pieces of R0,1,r by 1, . . . , h in each piece of Rg+n,h,r, as in the proof of Lemma 3.1, differs
from the labeling in Rg,h,r by a shift, modulo h, in each end. In particular, the kernel of the
action of PB(0, 1, r) on {1, . . . , h} for each end is the same for each of the two labelings. Since
the kernel of this action is PB(g, h, r) and PB(g + n, h, r) for the original and new labeling,
respectively, we see that PB(g, h, r) = PB(g + n, h, r).

For the full group B(g, h, r), we note that the labeling of the pieces of R0,1,r is invariant on
any piece where an element of B(g, h, r) is rigid. We may therefore construct Rg+nr,h,r as in
the previous paragraph, except now taking care to add the same number of pieces of R0,1,r,
modulo h, towards each of the r ends. More precisely, we may add a single piece of R0,1,r to
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each boundary component of the core of Rg,h,r which shifts the labels by exactly 1, modulo h,
and produces a (g + r, h)–rigid structure. Repeating this n times results in Rg+nr,h,r.

Next we can also add h pieces to the core of Rg+nr,h,r by adding all of them to a boundary
component of the core. In this way the labels on pieces towards each end will not change at
all. Repeating this m times results in the required Rg+nr+mh,h,r. Note that, as in the pure
case, B(0, 1, r) acts each of these labels, defining two actions on the disjoint union of r sets of h
elements. Unlike for the action PB(0, 1, r), this action may permute the disjoint sets of labels.
However, we again have that the kernel of the two actions is the same, and these groups are
precisely B(g, h, r) and B(g+ nr+mh, h, r) for the old and new labeling, respectively, and so
we see that B(g, h, r) = B(g + nr +mh, h, r). □

4. Proof of Theorem 1.1

In this section, we prove Theorem 1.1. The proof is divided into subsections, one for each
part of the theorem.

4.1. Commensurability. We start with the following.

Proof of Theorem 1.1(1). According to Lemma 3.1, it suffices to prove that B(0, 1, r) is com-
mensurable to B(0, 1, r′) if and only if r = r′. If r = r′, then these groups are equal. We
therefore assume r ̸= r′, and prove that B(0, 1, r) and B(0, 1, r′) are not commensurable.

According to Proposition 2.1 any finite quotient of B(0, 1, r) factors through Zr−1⋊Sym(r)

and any finite quotient of B(0, 1, r′) factors through Zr′−1⋊Sym(r′). In particular, the suprema
of ranks for abelianizations of finite index subgroups of B(0, 1, r) and B(0, 1, r′) are r−1 and r′−
1, respectively. Since r ̸= r′, the groups B(0, 1, r) and B(0, 1, r′) are not commensurable. □

4.2. Pure subgroups. We first check that any isomorphism between surface Houghton groups
comes from conjugation.

Proposition 4.1. If B(g, h, r) ∼= B(g′, h′, r′), then r = r′ and they are conjugate inside
Map(Σr). The same also holds if PB(g, h, r) ∼= PB(g′, h′, r′).

This will follow from a minor modification to the proof of the analogous statement for full
mapping class groups of infinite-type surfaces (and their pure subgroups) by Bavard-Dowdall-
Rafi [5][Theorem 1.1]. Their theorem states, more precisely, that an isomorphism of finite index
subgroups of mapping class groups (or pure mapping class groups) of infinite type surfaces is
given by conjugation by a homeomorphism of the underlying surfaces.

Proof of Proposition 4.1. First we apply Theorem 1.1(1) to see that r = r′ so that both
B(g, h, r) and B(g′, h′, r) can be realized as subgroups of Map(Σr).

The proof is exactly the same as that of [5][Theorem 1.1], with the following modifications.
First, a key ingredient is [5][Proposition 4.2], which gives an algebraic characterization of the
elements of finite support (equivalently, compact support for Σr). In our case, this algebraic
characterization is supplied by Proposition 2.1, which implies that the intersection of all finite
index subgroups is precisely the set of compactly supported elements. From here, we recall
that [5][Definition 4.7] lists some algebraic conditions that by [5][Corollary 4.8] characterize so
called “generating twists” (we note that, when the finite index subgroup is the entire mapping
class group or pure subgroup, these are simply the positive and negative Dehn twists about
simple closed curves). We replace their condition (1) in [5][Definition 4.7] characterizing f
of finite support with the condition that f is in the intersection of all finite index subgroups
of B(g, h, r). Conditions (2) and (4) of their definition remain the same, while we add to
their condition (3) the requirement that we only consider elements of the centralizer that have
compact support (determined algebraically by our modified condition (1)). With these changes,
Bavard-Dowdall-Rafi’s proof of [5][Theorem 1.1] now goes through without any changes to
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prove that an isomorphism B(g, h, r) ∼= B(g′, h′, r′) is induced by conjugation in Map(Σr),
where r = r′, and similarly if PB(g, h, r) ∼= PB(g′, h′, r′). □

Proof of Theorem 1.1(2). Here we consider PB(g, h, r) and PB(g′, h′, r′), and observe that by
Theorem 1.1(1), we may assume r = r′. Thus we will check that PB(g, h, r) and PB(g′, h′, r)
are isomorphic if and only if h = h′.

We first suppose that h ̸= h′. Let Φ : PMap(Σr) → Zr−1 be the surjective homomorphism
defined in [4], which “counts” the shifting of genus. Therefore, we see that Φ(PB(g, h, r)) =
(hZ)r−1 and Φ(PB(g′, h′, r)) = (h′Z)r−1. Thus, since h ̸= h′ we see that each of these groups
has a different image under Φ. In particular, they cannot be conjugate in Map(Σr) and
therefore cannot be isomorphic, by Proposition 4.1.

Now suppose that h = h′. By Lemma 3.2, we can choose rigid structures engulfed by a fixed
structure R0,1,r so that PB(g, h, r) = PB(g′, h, r) inside the group PB(0, 1, r). □

4.3. Isomorphisms. In this section, we prove the last part of Theorem 1.1. The proof uses
the structure of certain torsion elements, which requires an auxiliary construction we now
describe.

Let k > 0 be an even integer, r ≥ 2 any integer, and consider any g ≥ 0 of the form

g = 1 + k
2 (r − 1) + nr.

for some integer n ≥ −1. We construct an order r homeomorphism of the compact surface
Sg,r of genus g with r boundary components having one orbit of boundary components and
exactly k fixed points. For the construction, first consider the orbifold that is a disk with k
orbifold points of order r. We denote this by O(k, r), and note its orbifold Euler characteristic
is given by χ(O(k, r)) = 1 − k(1 − 1

r ) = 1 − k + k
r . There is a homomorphism of the orbifold

fundamental group

πorb
1 (O(k, r)) ∼= Z/rZ ∗ · · · ∗ Z/rZ︸ ︷︷ ︸

k

→ Z/rZ

sending loops around half the orbifold points to 1 and the other half to −1. The degree r,
regular orbifold-cover corresponding to the kernel is a surface Sg0,r with Euler characteristic
χ(Sg0,r) = r + k − rk. This surface has r boundary components, since the loop around the
boundary of the disk is in the kernel of the homomorphism, and thus the genus g0 of Sg0,r is

g0 = 1 + k
2 (r − 1)− r.

The generator, ρ0 : Sg0,r → Sg0,r, of the covering group is a homeomorphism with the re-
quired properties for the case n = −1. For all n ≥ 0, we can glue on a genus n+1 surface with
two boundary components to each of the r boundary components to obtain the surface Sg,r,

where g = 1 + k
2 (r − 1) + nk, and extend ρ0 to the required homeomorphism ρ of Sg,r in the

obvious way. This proves half of the following:

Lemma 4.2. Let k > 0 be even, r ≥ 2, and g ≥ 0 be integers. Then there exists an order r,
orientation preserving homeomorphism of Sg,r with one orbit of boundary components, exactly k

fixed points, and no other periodic points (of period less than r) if and only if g = 1+ k
2 (r−1)+nr

for some integer n ≥ −1.

Proof. We have already constructed the required homeomorphism under the given conditions
on g.

To prove the converse, suppose ρ : Sg,r → Sg,r is a self-homeomorphism with the specified
properties, then the quotient O = Sg,r/⟨ρ⟩ is an orbifold with orbifold Euler characteristic
χ(O) = 1

r (2− 2g − r). This orbifold has 1 boundary component and k orbifold points of order
r. Denoting its genus by g0 we then have

1
r (2− 2g − r) = 1− 2g0 − k(1− 1

r ),
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and thus

g = 1 + k
2 (1− r) + r(g0 − 1).

Since g0 ≥ 0, this completes the proof. □

Proof of Theorem 1.1(3). First, suppose (g, h, r) and (g′, h, r) satisfy condition (3) from the
statement of the theorem, and let n,m be integers so that g′ = g + nh +mr. It follows from
Lemma 3.2 that we may choose rigid structures engulfed by a fixed structure R0,1,r so that
B(g′, h, r) = B(g, h, r) inside B(0, 1, r), proving one implication of part (3).

If B(g, h, r) ∼= B(g′, h′, r′), then in particular they are commensurable so r = r′. By
Lemma 3.2, we may view them both as subgroups of B(0, 1, r) by choosing rigid structures en-
gulfed by some R0,1,r. By Proposition 2.1, PB(g, h, r) ∼= PB(g′, h, r), since the pure subgroup
of each is the unique normal subgroup with quotient Sym(r). Therefore, h = h′ by part (2).
Furthermore, by Proposition 4.1, we can assume that the isomorphism B(g, h, r) ∼= B(g′, h, r)
is induced by conjugation inside Map(Σr).

Now let W0 ⊂ Σr be a suited subsurface for Rg,h,r of genus g0 with

g0 = 1 + k
2 (r − 1) + nr

for some even integer k ≥ 0 and integer n ≥ −1. To do this, first note that the genera of suited
subsurfaces are precisely the integers g + mh, as m ranges over all positive integers. Next,
choose even k ≥ 0 with g ≡ 1− k

2 mod r. Thus there is an integer n0 so that

g = 1− k
2 + (n0 +

k
2 )r = 1 + k

2 (r − 1) + n0r.

Then choose a large enough positive integer m0 so that n = n0 +m0h ≥ −1, and thus

g0 = g +m0hr = 1 + k
2 (r − 1) + (n0 +m0h)r

is the genus of a suited subsurface. Let m = m0h here.
Now consider the element ρ of order r from Lemma 4.2 applied to W0. Since ρ is simply a

cyclic permutation on the boundary components, we can extend ρ to a finite order element ρ̂
on all of Σr with ρ̂ ∈ B(g, h, r). This homeomorphism has precisely the same fixed/periodic
point data as ρ. The image of ρ̂ in B(g′, h, r) by the conjugation isomorphism is an element
ρ̂′ of order r with the same fixed point/period data as well. Since ρ̂′ is rigid for Rg′,h,r, there
is a Rg′,h,r–suited subsurface W1 ⊂ Σr so that ρ̂′ is rigid outside W1. Adding pieces to W1 if
necessary, we can assume W1 is invariant by ρ̂. This suited subsurface has genus g1 = g′+m′h
for some integer m′ ≥ 0 (since it is the union of the core and some number of pieces of Rg′,h,r).
All fixed points of ρ̂ are in W1, and so it has exactly k fixed points and no periodic points of
order less than r. Thus by Lemma 4.2, we have

g1 = 1 + k
2 (r − 1) + n′r

for some n′ ≥ −1. Thus

g′ +m′h = 1 + k
2 (r − 1) + n′r = g0 − nr + n′r = g +mh+ (n′ − n)r.

Therefore g′ ≡ g + (m−m′)h mod r, as required. □
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