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A B S T R A C T 

We examine the effect of supermassive black hole (SMBH) mass scaling relation choice on the inferred SMBH mass population 

since redshift z ∼ 3. To make robust predictions for the gravitational wave background (GWB), we must have a solid understanding 

of the underlying SMBH demographics. Using the SDSS and 3D-HST + CANDELS surv e ys for 0 < z < 3, we e v aluate the 
inferred SMBH masses from two SMBH–galaxy scaling relations: M BH –M bulge and M BH –σ . Our SMBH mass functions come 
directly from stellar mass measurements for M BH –M bulge , and indirectly from stellar mass and galaxy radius measurements along 

with the galaxy mass fundamental plane for M BH –σ . We find that there is a substantial difference in predictions especially for 
z > 1, and this difference increases out to z = 3. In particular, we find that using velocity dispersion predicts a greater number 
of SMBHs with masses greater than 10 

9 M �. The GWB that pulsar timing arrays find evidence for is higher in amplitude than 

expected from GWB predictions which rely on high-redshift extrapolations of local SMBH mass–galaxy scaling relations. The 
difference in SMBH demographics resulting from different scaling relations may be the origin for the mismatch between the 
signal amplitude and predictions. Generally, our results suggest that a deeper understanding of the potential redshift evolution 

of these relations is needed if we are to draw significant insight from their predictions at z > 1. 

Key words: black hole physics – gra vitational wa ves. 
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 INTRODUCTION  

upermassive black holes (SMBHs) reside in the nuclei of nearly 
ll massive galaxies (see e.g. Kormendy & Ho 2013 ). Through 
alaxy mergers, these SMBHs can form dual and binary SMBHs 
Begelman, Blandford & Rees 1980 ). In the final stages of their
volution, before coalescence, SMBH binaries lose energy and 
ngular momentum purely through gravitational waves (GW). The 
ombined GW signal from SMBH binaries is expected to be a 
tochastic background known as the gravitational wave background 
GWB; Press & Thorne 1972 ; Sesana et al. 2004 ; Burke-Spolaor et al.
019 ). Though GW detectors such as LIGO, VIRGO, and KAGRA 

ave successfully detected many GW events from stellar mass com- 
act objects (Acernese et al. 2015 ; LIGO Scientific Collaboration 
015 ; Akutsu et al. 2021 ), the frequency range of GWs emitted
y SMBH binaries is far below even the lowest detectable limit
or Earth-based detectors. For such GWs, a much longer baseline 
s needed. To achieve this, pulsar timing arrays (PTA; e.g. Sazhin 
978 ; Detweiler 1979 ; Foster & Backer 1990 ) use high-precision
ime-of-arri v al measurements of millisecond pulsars to measure the 
hange in Earth–pulsar distances for ∼kpc-scale baselines. There 
re several years-long PTA campaigns, including North American 
anohertz Observatory for Gravitational Waves (NANOGrav; Ran- 

om et al. 2019 ), European PTA (Perera et al. 2019 ), Parkes PTA
 E-mail: cayenne@umich.edu 
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Goncharov et al. 2021 ), Chinese PTA (Lee 2016 ), Indian PTA
Nobleson et al. 2022 ), and South Africa PTA (Spiewak et al.
022 ). 
Several PTAs have individually made significant progress towards 

etecting the GWB with evidence for a GWB with the characteristic
uadrupolar signal of GWs (Hellings & Downs 1983 ; Agazie et al.
023b ; Antoniadis et al. 2023 ; Reardon et al. 2023 ; Xu et al. 2023 ).
reviously, the NANOGrav 12.5-yr data (Arzoumanian et al. 2020 ), 
hile not having sufficient signal to noise to see the Hellings &
o wns ( 1983 ) correlation, sho wed a common red noise process that

hared many traits characteristic of the expected GWB. NANOGrav’s 
ignal, ho we ver, is significantly higher in amplitude than many
redictions of the GWB (McWilliams, Ostriker & Pretorius 2014 ; 
hannon et al. 2015 ; Bonetti et al. 2018 ; Zhu, Cui & Thrane 2019 ;
rzoumanian et al. 2020 ; Middleton et al. 2021 ; Agazie et al.
023b ). The newest PTA data increase the significance of the high-
mplitude GWB with support for characteristic strain amplitude of 
 c ∼ 2 × 10 −15 consistent in all of the data sets finding evidence
or Hellings & Downs ( 1983 ) correlations (Antoniadis et al. 2023 ;
eardon et al. 2023 ; Xu et al. 2023 ; Agazie et al. 2023b ). In

act, three of the analyses are inconsistent with h c ≤ 1 × 10 −15 

Antoniadis et al. 2023 ; Reardon et al. 2023 ; Agazie et al. 2023b ).
he discrepancy between high amplitude observed and that expected 

rom SMBH binaries has been explained with exotic theories such 
s cosmic strings (Infante & S ́anchez 2000 ; Ellis & Lewicki 2021 )
nd inflationary universe models (Allen 1988 ; Vagnozzi 2021 ), or
xtreme parametrizations of our current models (Middleton et al. 
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021 ). This opens the possibility that the explanations for the GWB
ignal should be revised (Agazie et al. 2023a ; Simon 2023 ). 

Though there are many SMBH properties that influence the emitted
Ws, the mass distribution of SMBHs is fundamentally linked to

he characteristic strain amplitude of the GWB and may be the
ost significant contributor to the amplitude we observ e. Phinne y

 2001 ) noted that the characteristic strain amplitude from an isotropic
ackground of binary SMBHs depends on four key quantities: (i) the
hirp mass of the binary, M 

5 / 3 ≡ M 1 M 2 ( M 1 + M 2 ) 
−1 / 3 , where M 1 ,

 2 are the masses of the SMBHs in the system with M 1 ≥ M 2 ;
ii) the frequency of the emitted GWs, f , which is twice the orbital
requency; (iii) the present day co-moving number density of merged
emnants, N 0 ; and (iv) the redshift, z as 

 c ∼ M 
5 / 6 f −2 / 3 N 

1 / 2 
0 〈 (1 + z) −1 / 6 〉 . (1) 

ote that the amplitude has the strongest dependence on chirp mass,
nd so the signal is dominated by the most massive black holes.
elow z = 1, the PTA band is dominated by local SMBH binaries,
ut the GWB amplitude is additionally influenced by galaxies that
erged at higher redshifts. SMBH evolution is determined, among

ther things, by mass and so a higher mass population of SMBHs at
 > 1 may reflect a higher redshift evolution, thus the astrophysical
istory of SMBH mass evolution is encoded in the GWB. 
Since direct measurements of SMBH masses are only possible

or nearby sources, we are often left to infer masses from properties
f their host galaxies (Richstone et al. 1998 ). There exists a wealth
f relations between galaxy properties and the mass of their central
lack hole, all with varying degrees of scatter (discussed further in
ormendy & Ho 2013 ). Here, we focus on two relations in particular:

he correlation between SMBH mass with velocity dispersion ( σ )
nd bulge stellar mass ( M bulge ). In the local Universe, despite M BH –σ

aving lower scatter (Ferrarese & Merritt 2000 ; Gebhardt et al. 2000 ,
003a ; G ̈ultekin et al. 2009 ; Kormendy & Ho 2013 ; McConnell &
a 2013 ), both relations were found to be remarkably accurate
hen reproducing known SMBH masses from either stellar mass
r velocity dispersion. These scaling relations are based on direct,
ynamical mass measurements, which have been shown to be robust.
 or e xample, SMBH mass estimates in M87 hav e previously had
iscrepancies up to a factor of 2.5 when using stellar kinematics
Gebhardt et al. 2011 ) versus gas dynamics (Ford et al. 1994 ; Walsh
t al. 2013 ). These are now seen as due to gas filaments (Osorno
t al. 2023 ), which agrees with the mass found by the Event Horizon
elescope collaboration (Event Horizon Telescope Collaboration
019 ). 
While there is general agreement in the local Universe between

MBH masses predicted from stellar mass and velocity dispersion,
t is worth discussing instances where these relations are thought to
reak down. Though we do not investigate it in this paper, SMBH
ass is well predicted from host luminosity. When investigating
MBH masses of large, luminous, brightest cluster galaxies (BCGs),
auer et al. ( 2007a ) found that M BH –σ fails to reproduce the extreme
asses abo v e M BH ∼ 3 × 10 9 M � measured and predicted from
 BH –L . Similarly, McConnell & Ma ( 2013 ) discuss this same trend,
hich they call a ‘saturation’ effect, for which not only M BH –σ ,
ut also M BH –M bulge underpredict the highest mass SMBHs in core
alaxies. Both relations display this saturation at the high end of the
elations that is not seen in the M BH –L . 

We see a strikingly different pattern, however, when considering
ed nugget g alaxies–g alaxies with relatively small radii for their
asses and high velocity dispersions that are more typical of younger
 alaxies. Red nugget g alaxies may be representative of the high-
NRAS 524, 4403–4417 (2023) 
edshift galaxy population, possibly because they ha ve a v oided
ergers for a large portion of their lives (Quilis & Trujillo 2013 ).
ne red nugget is NGC 1277 which hosts an SMBH with a mass of

4.9 ± 1.6) × 10 9 M � (Walsh et al. 2016 ). NGC 1277’s SMBH
s o v ermassiv e compared to the total stellar mass of the galaxy
1.2 × 10 11 M �) and is an outlier in the M BH –M bulge relation which
redicts a mass of around (4.9–6.23) × 10 8 M �. Ho we ver, because of
ts high velocity dispersion, M BH –σ reproduces the measured SMBH

ass more accurately, predicting a mass of (2.9–3.7) × 10 9 M � and
he dynamical mass lies within the intrinsic scatter of the relation
van den Bosch et al. 2012 ; Kormendy & Bender 2013 ; Kormendy &
o 2013 ; Forrest et al. 2022 ). Recently, it has been found that NGC
277 may have lost the majority of its dark matter, suggesting an
lternati ve e volutionary path (Comer ́on et al. 2023 ), but NGC 1277
s not the only galaxy for which σ has been found to be a better
redictor of SMBH mass. MRK 1216 is another one of several well-
tudied examples of this type of object which exhibit similar traits
Ferr ́e-Mateu et al. 2015 , 2017 ; Yıldırım et al. 2015 ). 

Despite the great promise of the M BH –σ relation as an SMBH
ass predictor, it is resource intensive to measure velocity dispersion

t high redshift due to the spectral quality required to resolve
he necessary spectral features. To o v ercome this, the M BH –M bulge 

ethod is commonly used because it relates the relatively easily
easured bulge stellar mass directly to the SMBH mass. This

elationship is well measured within our local Universe, but a more
ccurate mass predictor may be needed for high redshifts ( z > 1),
here a significant fraction of the GWB signal originates. 
To circumvent the spectral limitations on measuring velocity

ispersion, in this paper we use the mass fundamental plane (MFP)
f galaxies, which links total stellar mass and half-light radius to
tellar velocity dispersion. The MFP therefore allows us to infer
elocity dispersion for distant galaxies and thus extend the M BH –σ

elationship to higher redshifts. van der Wel et al. ( 2014 ) investigated
he evolution of the relationship between galaxy total stellar mass
 M ∗) and ef fecti ve radius ( R eff ). They found that galaxy masses do
ot evolve along the z = 0 M ∗–R eff relation, but from redshift 0 to 3,
he ef fecti ve radii decrease substantially. This e volution of the M ∗–
 eff relationship indicates that galaxies start off relatively compact
nd become more diffuse as they age as a result of mergers, feedback
rocesses, and other galaxy interactions. This change in radius is not
ncorporated in any way into the M BH –M bulge relation. Applying the
ocal M BH –M bulge relationship to high-redshift galaxies results in a
elatively unchanging SMBH mass population throughout time. 

Because of the known evolution of the M ∗–R eff relationship, the
ack of evolution in the MFP is not immediately obvious. Velocity
ispersions tend to be higher, ho we ver, for more compact galaxies,
hich would suggest that younger galaxies have higher velocity
ispersions and therefore higher SMBH masses. This does not mean
hat black holes decrease in mass, of course, but suggests that black
oles grow faster (relatively) than their host galaxies at first. This
nference is supported by observations of red nugget galaxies. We
herefore investigate how the assumption of SMBH mass galaxy
caling relation affects the inferred SMBH mass population. 

The structure of this paper is as follows: In Section 2 , we describe
he data we used. Section 3 provides the details of our methods
nd choices of scaling relations. Section 4 is where we present the
esults of our analysis. We discuss the implications of our results
n Section 5 and then summarize our work in Section 6 . Tables of
ur fit posterior values can be found in the appendix. Throughout
his work, we adopted a WMAP9 cosmology (Hinshaw et al. 2013 ),
here H 0 = 69.33, �b = 0.0472, and �c = 0.2408. 



M BH 
–σ versus M BH 

–M bulge 4405 

Figure 1. Mass–radius plots for quiescent (red squares) and star-forming (blue triangles) galaxies. Each ̄z represents the median redshift of the data shown in a 
giv en panel. F or a fix ed M ∗, R eff undergoes a decrease with increasing redshift. To demonstrate this evolution, we include simple fits to the data (black lines), 
where dashed lines represent the lowest redshift fits for comparison in each panel. A more thorough analysis of this evolution was conducted by van der Wel 
et al. ( 2014 ) and they report that the relation evolves as R eff = 5.6( M ∗/5 × 10 9 M �) 0.8 (1 + z) −1.48 for quiescent galaxies and R eff = 8.9( M ∗/5 × 10 9 M �) 0.2 (1 
+ z) −0.75 for star-forming galaxies. Because of this decrease, a non-evolving MFP implies different predictions from both M BH –M bulge and M BH –σ . Note, the 
lowest redshift bin is SDSS, the rest show data from 3D-HST + CANDELS. 
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 DATA  

he data we use in this work come from the Sloan Digital Sky
urv e y (SDSS) (York et al. 2000 ) and the 3D-HST + CANDELS
urv e y (Grogin et al. 2011 ; Koekemoer et al. 2011 ; Brammer et al.
012 ). A summary of the data is presented in the mass–radius plots
n Fig. 1 . 

.1 Local sample from SDSS 

eja et al. ( 2019a ) did not provide mass estimates for galaxies below
 redshift of 0.5 so, to supplement this, we compiled a sample of
ocal galaxies with velocity dispersion measurements from the 7th 
ata release of SDSS (Abazajian et al. 2009 ) at 0.05 < z < 0.07
top-left panel in Fig. 1 ). All galaxies were selected from the SDSS
ain galaxy sample (Strauss et al. 2002 ), which is ∼95 per cent

omplete (Sohn, Zahid & Geller 2017 ). We cross-matched our 
nitial sample with galaxies that had circularized half-light radii 
nd stellar mass estimates from Simard et al. ( 2011 ) and Chang
t al. ( 2015 ), respectively. Quiescent and star-forming galaxies were 
eparated using their u − r and r − z colours, using the criteria
n Chang et al. ( 2015 ). These criteria are nearly identical to those
aid out in Bezanson, Franx & van Dokkum ( 2015 ), and we found
hem to be consistent with other methods of separation based on, 
.g. star formation rates. The data were selected for reliability of
easurements and completeness of the sample from the SDSS DR7 

ata base. We excluded flagged galaxies using the same criteria 
etailed in de Graaff et al. ( 2021 ). For plotting purposes, we include
alaxies below log( M ∗/M �) = 10.5 which de Graaff et al. ( 2021 )
emo v ed from their sample entirely. Our sample contains 10 863
alaxies split into 1241 star-forming and 9622 quiescent galaxies. 

.2 0.5 < z < 3.0 sample from 3D-HST + CANDELS 

or our high-redshift sample (all panels except top-left in Fig. 1 ),
e use data from the 3D-HST + CANDELS surv e y. F or this work,
e infer SMBH mass from stellar mass and velocity dispersion, the

atter of which can be calculated from stellar mass and half-light
adius. Half-light radii used here are those determined by Skelton 
t al. ( 2014 ). Half-light radius estimates can differ when measured
t one wavelength versus another so we normalized these radii to
 rest frame of 5000 Å following equation ( 2 ) in van der Wel et al.
 2014 ). We circularized the radii according to R eff = R hl q 1/2 , where
 hl is the wavelength-corrected half-light radius and q is the axis ratio

eported by van der Wel et al. ( 2014 ). We also made cuts to the data
ccording to van der Wel et al. ( 2014 ) and Leja et al. ( 2019a ) based
n, e.g. completion limits resulting in a sample that is ≥95 per cent
omplete (Skelton et al. 2014 ). 

Masses for each galaxy were determined by Leja et al. ( 2019a )
sing the Prospector galaxy SED-fitting code (Johnson & 

eja 2017 ; Leja et al. 2017 ). In their work, van der Wel et al.
 2014 ) report that the mass–radius relationship evolves as R eff =
.6( M ∗/5 × 10 9 M �) 0.8 (1 + z) −1.48 for quiescent galaxies and R eff =
.9( M ∗/5 × 10 9 M �) 0.2 (1 + z) −0.75 for star-forming galaxies. Because
heir analysis was performed with different mass estimates, we 
rovide our own fits to the data to demonstrate this evolution. Those
nterested in the evolution of this relationship should refer to van
er Wel et al. ( 2014 ) for a more rigorous characterization of this
elationship. Our final sample consists of 13 232 galaxies from the
MNRAS 524, 4403–4417 (2023) 
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Figure 2. Residuals for velocity dispersion inferred from the MFP using 
both the SDSS and LEGA-C surv e ys. Shaded, low-alpha histograms include 
scatter. When including scatter, the standard deviation of the histograms is 
below 0.16 dex for all galaxies. Without intrinsic scatter included, we find 
a standard deviation of at most 0.08 dex for quiescent galaxies and 0.1 dex 
for star-forming. Because our inferred velocity dispersions reproduce the 
measured values so well, the MFP velocity dispersions we infer can be treated 
functionally like measured values. 
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DS, GOODS-South, and COSMOS fields. For all galaxies in this
ample, Leja et al. ( 2019a ) determined star formation rates from
nfrared and ultraviolet luminosity. We followed their galaxy type
election criteria shown in their fig. 5 resulting in a final sample of
1 107 star-forming and 2125 quiescent galaxies. 

 METHODS  

ere, we describe how we use the Fig. 2 to infer velocity dispersions
or all galaxies in our sample, as well as the two methods of predicting
MBH mass that are our main focus of this paper. The resulting
MBH mass predictions are converted to number density functions,

he process for which is detailed at the end of this section. 

.1 Scaling relations 

n this section, we give the relations for the MFP, M BH –σ , and M BH –
 bulge . 

.1.1 High-redshift velocity dispersion 

e infer velocity dispersions for our sample using the galaxy MFP;
 three-dimensional relation between galaxy stellar mass, half-light
adius, and stellar velocity dispersion (Hyde & Bernardi 2009 ). This
elation can be used reliably to predict any of the three properties
f the other two are kno wn. Se veral works in the last decade have
nvestigated both the possibility of an evolution in the MFP and the
ffect galaxy type may have on the parametrization (Gebhardt et al.
003b ; Peralta de Arriba et al. 2015 ; Beifiori et al. 2017 ). Now, with
arge volumes of deep data, a picture is emerging where all galaxies
ie on one plane that does not evolve (at least out to z ∼ 1; Bezanson
t al. 2013 , 2015 ; de Graaff et al. 2020 , 2023 ). In particular, de Graaff
t al. ( 2021 ) recently performed a thorough analysis of the galaxy
ype dependence and redshift evolution and came to this same con-
lusion. Moti v ated by these results, we used the MFP described by 

log σ = ( log R eff − β log � � − γ ) /α (2) 

nd 

 � ≡ M ∗/ (2 πR 
2 
eff ) , (3) 

here α = 1.6287 and β = −0.84 as determined by Hyde &
ernardi ( 2009 ) and the offset is γ = 4.482 (de Graaff et al. 2021 ). 
If the MFP is a valid prescription, we should be able to reproduce
easured velocity dispersions using the stellar mass and ef fecti ve

adii of each galaxy. We compare the measured velocity dispersions
rom galaxies in both the SDSS and the Large Early Galaxy
strophysics Census (LEGA-C) surv e ys to those we predict using

he MFP. We plot the results of these comparisons in Fig. 2 for each
et of galaxies. We find that our predicted values are consistent with
easurements for all galaxy types across both samples (0.1 dex or

elo w), e ven with scatter introduced (0.16 dex or lower). Because
ur predictions are able to reproduce the measured values, we can
reat the MFP velocity dispersions functionally as measured velocity
ispersions. From here on we use σ to indicate the velocity dispersion
redicted from the MFP unless otherwise specified. 

.1.2 Supermassive black hole mass 

o infer SMBH mass from host galaxy properties, we used the
elations presented in Kormendy & Ho ( 2013 ) for the M BH –M bulge 
NRAS 524, 4403–4417 (2023) 

a

nd M BH –σ scaling relationships given by 

M BH 

10 9 M �
= α1 

(
M bulge 

10 11 M �

)β1 

(4) 

nd 

M BH 

10 9 M �
= α2 

( σ

200 km s −1 

)β2 
. (5) 

he two relations are well studied in the local Universe, but there is a
ack of consensus surrounding the evolution (or lack thereof) of either
elation beyond nearby galaxies (Croton 2006 ; Robertson et al. 2006 ;

oo et al. 2006 ; Treu et al. 2007 ; Woo et al. 2008 ; Gaskell 2009 ;
erloni et al. 2010 ; Salviander & Shields 2013 ; Shen et al. 2015 ; Sun

t al. 2015 ; Silverman, Li & Ding 2022 ; Mountrichas 2023 ). For this
ork, we assumed the local parametrization [ α1 , β1 ] = [0.49, 1.16]

nd [ α2 , β2 ] = [0.309, 4.38] to be non-evolving with redshift. We
evisit this assumption in Section 5 . When using mass and radius to
redict velocity dispersion, the M BH –σ relation becomes a function
f both bulge mass and radius, therefore including an additional
alaxy property in the mass estimation in contrast with M BH –M bulge .
ecause of this consideration of galactic radius, M BH –σ implicitly

ncorporates the evolution of the M ∗–R eff relationship with redshift
ithout defining an explicit redshift evolution (see also van den
osch 2016 ). 
Because SMBH mass is derived from host bulge properties, we

ssigned each star-forming galaxy a bulge mass fraction to be 40
er cent of its total stellar mass. Our choice of bulge mass fraction
as an effect on the degree to which the two relationships disagree,
ut the o v erall results do not change when using significantly higher
r lower fractions. We also performed our analysis for each galaxy
ype separately, so results including only quiescent galaxies are not
ffected by this choice. 



M BH 
–σ versus M BH 

–M bulge 4407 

Figure 3. Our SMFs compared with those in Leja et al. ( 2019b ). The solid 
black lines are their 1/ V max estimates and the purple squares are our own. 
Purple shaded regions represent the error in our 1/ V max estimates, it is clear at 
every point that our data are in good agreement with their published values. 
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Table 1. Completion limits for stellar mass, velocity dispersion, and SMBH 

mass. Values greater than those listed in this table are part of the complete 
sample and are considered reliable. 

Median redshift log M ∗ (M �) log σ (km s −1 ) log M BH (M �) 

0.65 9.1 2.2 6.25 
0.95 9.5 2.2 6.5 
1.25 9.7 2.2 6.5 
1.60 9.9 2.4 7.0 
2.00 10.0 2.4 7.0 
2.40 10.2 2.4 7.5 
2.80 10.2 2.3 7.5 

Table 2. Prior ranges for Schechter function fits to the data. We used uniform 

distributions between the values listed. 

Stellar mass parameters Prior bounds 

log φ∗,1 −6, −2 
log φ∗,2 −6, −2 
αs,1 −1, 1 
αs,2 −2, −1 
log M c 10, 12 
log σ scatter −2, −0.5 

Velocity dispersion parameters Prior bounds 
log φ∗ −8, −3 
αs 3, 8 
log σ c 0, 2.5 
log σ scatter −2, −0.5 

Black hole mass parameters Prior bounds 
log φ∗ −6, −2 
αs −4, 4 
log M c 5, 12 
log σ scatter −2, −0.5 
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.2 Number density functions 

he stellar mass function (SMF) of galaxies is a useful tool for
nderstanding galaxy formation and evolution. The SMF informs 
s of the total number of galaxies per unit volume per logarithmic
ass interval as a function of stellar mass. Though stellar mass and

uminosity are the most commonly discussed, this type of number 
ensity function, 
 (X), can be constructed for virtually any galaxy 
roperty. 
There are several ways of estimating 
 (X), but the most straight-

orward is Schmidt’s 1/ V max method (Schmidt 1968 ; Avni & Bahcall
980 ). We calculate the density functions as 

 max ,i = 

�

3 

(
r 
(
z max ,i 

)3 − r 
(
z min ,i 

)3 
)

(6) 

nd 

 (X) = 

∑ 

i 

1 

V max ,i � X 

, (7) 

here X represents the property in question, e.g. stellar mass, 
elocity dispersion, or SMBH mass and V max , i is the co-moving 
olume between redshifts z min , i and z max , i . The solid angle subtended 
y the surv e y is represented by �, and � X is the width of the
ins. This method is functionally similar to a histogram making it
omputationally efficient and it is robust against bias as long as
o clustering is present (Marchesini et al. 2007 ). Given the high
ompleteness of the data sets we use, this is sufficient for our
urposes. Because 
 (X) is a function of redshift, it is common to
plit the data into narrow redshift bins and fit each independently. 
e used the surv e y areas listed in Skelton et al. ( 2014 ) to calculate

ur co-moving volume for each redshift bin. 
The number of galaxies within a given volume is expected 

o undergo an o v erall decline with increasing redshift and with
ncreasing extremity of the property in question (e.g. very high mass
r luminosity). Distributions of 
 (X) of this sort are well described
y Schechter functions. The logarithmic form of a ‘single Schechter’, 
hich we used for all our fitting, is described by 

 (Y) = ln (10) φ∗10 ( Y −Y c ) ( αs + 1) exp 
(−10 Y −Y c 

)
, (8) 
here Y is the base 10 logarithm of the property in question, i.e. Y
 log 10 (X), Y c is the (log) characteristic value of said property, αs 

s the slope of the lower power law, and φ∗ is density normalization.
specially in the local Universe, a ‘double Schechter’ is sometimes 
sed which is simply the sum of two single Schechter functions. 
After obtaining values for our SMFs, we compared our estimates 

o those obtained in Leja et al. ( 2019b ; see their fig. 5). We compiled
he data into one figure and o v erplotted our SMF estimates and found
hat we were in good agreement (Fig. 3 ). 

We repeated the same process to produce number density functions 
or velocity dispersion and SMBH mass predicted from both M BH –
 bulge and M BH –σ . Our parametrization for the Schechter fits was

ound using PYMC (Salvatier , W iecki ̂ a & Fonnesbeck 2016 ), a
odelling software that uses Markov Chain Monte Carlo sampling. 
he priors we used are listed in Table 2 . We used four chains with
5 000 total steps, the first 5000 of which were tuning steps. In
ll cases, the data were not fitted for values below the completion
imits. We determined our completion limits for stellar mass from 

eja et al. ( 2019b ) and converted these into SMBH mass completion
imits using the M BH –M bulge relation. Velocity dispersion completion 
imits are informed by the aforementioned limits on stellar mass and
he completion limits for ef fecti ve radius used by van der Wel et al.
 2014 ). A more complete breakdown can be found in Table 1 . 

Error estimates were obtained by performing 100 fits to the data,
here we introduced random scatter into the data based on the errors
f the values involved in the fits and the known intrinsic scatter
f the relations used for our inferred quantities. Cosmic variance 
MNRAS 524, 4403–4417 (2023) 
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Figure 4. All Schechter fits to the SMFs across all redshifts. We fit a double Schechter for all the functions shown here which can be seen in the double sloped 
nature of the lower mass end of some distributions. Each ̄z represents the median redshift of the data shown in a given panel. The solid lines through each curve 
represents the median value to these fits and the shaded regions are our 68 per cent and 95 per cent confidence limits plus cosmic variance for the darker and 
lighter colours, respectively. We do not find any significant evolution between panels other than the general decrease in number density at all masses as redshift 
increases. The dashed line in the first panel is the result for galaxies at low redshift calculated from the method provided in Leja et al. ( 2019b ). 
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Figure 5. Same as in Fig. 4 but all redshifts are shown. Other than the o v erall 
decrease, we do not notice any substantial trends across time. The colours 
at each redshift are the same here where generally as redshift increases the 
curves appear lower on the plot. 
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stimates were obtained following the methods outlined in Moster
t al. ( 2011 ). Because accurate determinations of cosmic variance for
elocity dispersion and SMBH mass would require a large volume
f in-depth measurements for each of these values, an exact estimate
oes not e xist. F or these values, we approximated the cosmic variance
ased on the values we calculated for stellar mass. 

 RESULTS  

n Figs 4 –7 , we present the number density functions of galaxy stellar
ass, MFP velocity dispersion, and inferred SMBH mass from both

he M BH –M bulge and M BH –σ scaling relations. 

.1 Stellar mass and velocity dispersion functions 

ur stellar mass and velocity dispersion function fits to all galaxies
re shown in Figs 4 –7 . The SMFs (Figs 4 and 5 ) are described
ere by a double Schechter function at all redshifts. At the highest
edshifts, the data are well described by a single Schechter which
s consistent with others’ results (e.g. McLeod et al. 2021 ), but we
hose to fit these with a double Schechter to maintain consistency
ithin our results across all redshifts. There is a general decline in

he total number density between the lowest and highest redshifts,
he number of galaxies with log M ∗ > 11.5 M � is 8.3 times higher at
¯ = 0 . 65 than at z̄ = 2 . 8. The distribution, 
 ( M ∗) drops off steeply
or masses greater than ∼11 M � but the slope for lower masses is
uch flatter with no clear trends across time. 
The velocity dispersion functions (Figs 6 and 7 ) are parametrized

y a single Schechter function across all redshifts. We see an o v erall
ecrease in number density of galaxies as redshift increases. There
NRAS 524, 4403–4417 (2023) 
ppears to be a mild change in the slope of the distribution that is
teepest at z̄ = 0 . 65 and is at its shallowest for 1 . 6 < z̄ < 2 . 0.
his flattening of the curve leads to an apparent broadening of the
hole distribution, though we cannot be sure if the flattening of the
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Figure 6. All Schechter fits to the velocity dispersion functions across all redshifts. The data here are characterized by single Schechter functions. Each z̄ 
represents the median redshift of the data shown in a given panel. The solid lines through each curve represents the median value to these fits and the shaded 
regions are our 68 per cent and 95 per cent confidence limits plus cosmic variance for the darker and lighter colours, respectively. We note the decrease in 
number density with increasing redshift across the entire range of velocity dispersions. We also see a trend of increasing characteristic velocity dispersion with 
increasing redshift. The dashed line in the first panel is the result from Sohn et al. ( 2017 ) for quiescent galaxies in SDSS for 0.03 < z < 0.1. 

Figure 7. Same as in Fig. 6 but all redshifts are shown. The colours at each 
redshift are the same here where generally redshift is increasing as the curves 
mo v e down the plot. The large gap between the results of Sohn et al. ( 2017 ) 
and our functions have several likely origins including the large jump in 
cosmic time ( ∼5.2 Gyr) between their results and our lowest redshift, and 
the variance in the scaling relations we used. This is discussed further in 
the text. 
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alues to the left of the completion limits are reliable. Perhaps the
ost notable results of these fits are the evolution of the characteristic

elocity dispersion which increases from 1.6 to 1.9 o v er the entire
edshift range. An increase of the characteristic velocity dispersion 
uggests that galaxy velocity dispersion is increasing with increasing 
edshift. 

The large difference between the results of Sohn et al. ( 2017 ) and
ur functions (Fig. 7 ) has several possible explanations. First, their
esults consider only quiescent galaxies while ours are for combined 
alaxy type. Number density functions of separate galaxy types often 
ave different shapes to the combined functions as we find in this
aper and what was found by, e.g. Taylor et al. ( 2022 ; see also
ezanson et al. 2011 ). There is also a large gap in cosmic time
etween their ̄z = 0 . 07 results and our lowest redshift sample which
s z̄ = 0.65 that corresponds to an approximately 5.2 Gyr. Because
e see lower characteristic velocity dispersions with lower redshift, 

t is possible that the relation evolves in this time. Additionally,
ezanson et al. ( 2011 ) found an increase in the number of galaxies
ith high velocity dispersions for z > 0.6 which could indicate an

volution in the intrinsic scatter of the relation they used to infer
elocity dispersion. Though they used dynamical mass to infer virial 
elocity dispersions, which is different to what we do here, a similar
catter evolution could be affecting this difference since we include 
he measured intrinsic scatter from de Graaff et al. ( 2020 ), which
as measured for z ∼ 0.8. 

.2 Supermassi v e black hole mass functions 

e show histograms of resulting distributions of SMBH masses in 
ig. 8 . As we look back to earlier times, the shape of the histogram of
MNRAS 524, 4403–4417 (2023) 
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Figure 8. The relative numbers of SMBH masses as predicted by the M BH –M bulge (green) and the M BH –σ (orange) relationships for all galaxy types. Each ̄z 
represents the median redshift of the data shown in a given panel. While the two distributions are very similar in shape, especially at high masses, for nearby 
galaxies, the M BH –σ tail dominates for high-redshift galaxies with predicted SMBH masses abo v e ∼10 9 M �. 
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MBH masses inferred from velocity dispersions flattens out leading
o a lower peak, but a much thicker and longer tail than for SMBH

asses inferred from stellar mass. These same data are shown in
ig. 9 showing only our quiescent galaxy population. We see the
ame trends here despite having far fewer galaxies; the high-mass
ail of the distribution is larger for masses predicted from velocity
ispersion than from stellar mass. It is from these same data that we
onstructed the mass functions for each relationship for star-forming,
uiescent, and combined galaxy types. 
If our results are to be trusted, they should be independent of

urv e y choice. We can compare CANDELS to the LEGA-C surv e y
or quiescent galaxies between 0.5 � z � 1. In this redshift range, the
wo surv e ys hav e comparable co v erage, and ev en though our results
re robust to choice of bulge fraction, we see these same results
ven when restricting to quiescent galaxies only. When repeating
ur analysis on LEGA-C (Fig. 10 ), we get SMBH mass distributions
hat have all of the same properties we have highlighted. Namely,
 BH –σ predicts a larger number of SMBHs with masses greater than
10 9 M � and also extends to higher masses than M BH –M bulge . The

act that we find similar trends between both data sets with quiescent
alaxies suggests that our results are both reproducible and unbiased
y surv e y choice or bulge stellar mass fraction. 
The resulting SMBH mass functions for both galaxy types as well

s quiescent and star-forming galaxies are shown in Figs 11 , 12 and
3 , respectively. Here, median fits and errors are presented in the
ame way as the stellar mass and velocity dispersion fit. We find
hat, independent of galaxy type, there are significant differences
etween the predicted SMBH masses from M BH –σ and M BH –M bulge 

specially for redshifts abo v e 1. F or all redshift bins higher than z
1, M BH –σ predicts a notably higher number density of large ( M BH 

 10 9 M �) SMBHs. While both relationships undergo a decrease in
NRAS 524, 4403–4417 (2023) 

v  
otal number density with increasing redshift, the o v erall predictions
etween high and low masses evolve. The number density of the
ighest mass black holes derived from stellar mass does not change
ignificantly. The slope of the distribution around M BH ∼ 10 8 M � and
igher remains consistent across all snapshots until a slight flattening
n the two highest redshift bins. The characteristic logarithmic SMBH

ass is also highest at these two times while it does not follow
 noticeable trend in either direction for redshifts below z̄ = 2 . 5.
he characteristic logarithmic SMBH mass for those derived from
elocity dispersion undergoes an increase from 9.8 to 10.8 over the
ange of redshifts considered here. This change is related to the
imilar increase we see in characteristic velocity dispersion. The
ighest SMBH masses in this distribution tend towards higher values
ith increasing redshift, which leads to a growing division further
ack in time. 

Especially at z ∼ 3, the distributions of SMBH masses inferred by
ither galaxy stellar mass or velocity dispersion do not agree. This
ension is apparent when considering galaxy types both separately
nd together and is present across at least two different high-redshift
amples (Fig. 10 ). The bulk of the distributions o v erlap (Fig. 8 ) and so
hese relationships are suggesting similar populations of SMBHs for
he majority of galaxies. The amplitude of the GWB is most impacted
y the largest SMBHs, where the distributions differ most signifi-
antly, so an accurate picture of the high-mass population is neces-
ary. Further study and high-redshift tests of the MFP are needed. 

 DISCUSSION  

e derive the distribution of SMBH mass for 0 < z < 3. The masses
e used were inferred from either the host bulge stellar mass or
elocity dispersion, the latter being inferred from host stellar mass
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Figure 9. Same as Fig. 8 , but only quiescent galaxies are shown. The discrepancy in predicted SMBH masses is more pronounced when we consider the 
quiescent population independently. The fact that we predict significantly different distributions of SMBH masses when using velocity dispersion versus stellar 
mass in this quiescent-only sample reinforces that our results are not biased by our choice of bulge mass fraction for star-forming galaxies. 
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hat the number density of the highest mass SMBHs is much greater when using ve
ach plot around the lines represent the 68 per cent (darker) and 95 per cent (lighter
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 bulge (green) and the M BH –σ (orange) for all galaxy types. Each ̄z represents 
 differ at both the low- and high-mass regions of each distribution. It is clear 

locity dispersion to infer their masses as opposed to stellar mass. The area of 
) confidence intervals plus cosmic variance. 
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Figure 10. Comparison between SMBH mass predictions for quiescent 
galaxies in 3D-HST + CANDELS and LEGA-C. The median redshift, 
z is shown for each surv e y in the plot. We see similarities between the 
two distributions reinforcing that the higher numbers of high-mass SMBHs 
inferred from velocity dispersion is not an artefact of sample choice. 
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nd radius using the MFP. When comparing these mass distributions,
e find that using MFP velocity dispersion implies a greater number
ensity of SMBHs at the high-mass end, particularly for M BH >

0 9 M �. 
Throughout the course of this w ork, we check ed our methods

gainst others (Figs 1 , 2 , and 10 ) and we were able to consistently
eproduce their results and/or measured values. We additionally
emonstrated that our results are not limited or biased by our choice in
ample. Because higher numbers of high-mass SMBHs are predicted
y M BH –σ even when only considering quiescent galaxies, we can
lso be confident that our choice in bulge fraction is not the reason
or this difference. Additionally, these results are not sensitive to
hich version of the SMBH mass scaling relationship is used. When

omparing to other forms of these relations such as those determined
y G ̈ultekin et al. ( 2009 ) or McConnell & Ma ( 2013 ), we found
o significant differences in respective SMBH mass distributions.
inally, assuming larger values for the intrinsic scatter in the MFP
nd SMBH mass relations do not impact our predicted values without
ssuming non-physically large scatter. 

Gi ven the kno wn observed e volution of galaxy properties, it is not
ossible for the z = 0 M BH –M bulge and M BH –σ relations to be both cor-
ect and non-evolving at high redshift. There have been observational
tudies to investigate the evolution of black hole scaling relations with
ometimes contradictory results (Croton 2006 ; Robertson et al. 2006 ;
oo et al. 2006 ; Treu et al. 2007 ; Woo et al. 2008 ; Gaskell 2009 ;
erloni et al. 2010 ; Salviander & Shields 2013 ; Shen et al. 2015 ; Sun

t al. 2015 ; Silverman et al. 2022 ; Mountrichas 2023 ). A recent study
y Zhang et al. ( 2023 ) uses results from the Hobby–Eberly Telescope
ark Energy Experiment (HETDEX), and takes into account a num-
er of potential observational biases including the potential selection
ias discussed in Lauer et al. ( 2007b ); they find a 0.52 ± 0.14 dex
ffset between the local M BH –M bulge relation and the relation at z ∼
. This alone, ho we ver, does not entirely bridge the gap we find at
 ∼ 2 though their results primarily consider SMBHs with masses
ower than 10 9 M � so the applicability of their results is limited when
omparing to the population of large SMBHs we discuss here. Very
ittle analysis has been performed for M BH –σ in this manner though
hen et al. ( 2015 ) found no evolution in M BH –σ using observational
ata out to z ∼ 1. Without a high-redshift surv e y of velocity
ispersions for galaxies with known SMBH mass, we have extremely
imited insight into how this relation may or may not evolve. 

If the observed lack of evolution in the MFP out to redshift 1 is a
obust result, we would expect that any evolution in the MFP velocity
ispersions out to this same redshift would reflect a physical reality.
NRAS 524, 4403–4417 (2023) 
ecause we see an increasing difference between the distribution of
MBH masses predicted from bulge mass and velocity dispersion
 ven belo w z = 1, it is likely that this change is because one (or both)
f these scaling relationships evolve with redshift. 
We find an inescapable tension between predictions made with
 BH –M bulge versus M BH –σ that cannot be otherwise explained given

ur modest assumptions. This difference in number density of high-
ass SMBHs has several implications for predictions such as for the

izes of galactic core. Galaxies with more massive central SMBHs
ave larger cores (Merritt 2006 ; Kormendy & Ho 2013 ) and so using
 BH –σ may predict a population of galaxies with larger cores than
hen using M BH –M bulge . 
Our results indicate that analysis similar to Simon ( 2023 ) would

oint to a larger GWB amplitude when using M BH –σ . For masses
bo v e 10 9 M �, we can do an approximate calculation for the
WB amplitude suggested by these number densities. Following

he relation between number density and GWB amplitude given in
quation ( 1 ), we see that the amplitude has a dependence on number
ensity such that h c ∝ N 

1 / 2 
0 . Using this, we can get that the ratio in

mplitudes predicted by M BH –σ versus M BH –M bulge is proportional
o the square root of the number densities of SMBHs predicted from
ach relation, i.e. 

h c ( σ ) 

h c ( M bulge ) 
= 

√ 

N 0 ( σ ) 

N 0 ( M bulge ) 
. (9) 

sing our reported number densities (Table 3 ), we find that using
 BH –σ implies a higher amplitude by a factor of 2.1 on average

cross 0.5 < z < 3.0. 
From the 15 yr results of NANOGrav’s PTA, the offset between

he signal amplitude and the highest value predictions for the
WB amplitude is at least a factor of 2 though potentially more

McWilliams et al. 2014 ; Shannon et al. 2015 ; Bonetti et al. 2018 ;
hu et al. 2019 ; Arzoumanian et al. 2020 ; Middleton et al. 2021 ;
gazie et al. 2023b ; Antoniadis et al. 2023 ; Reardon et al. 2023 ). An

n-depth analysis of how our results affect predictions for the GWB
ill be presented in future work, but the initial estimate we provide
ere suggests an origin for this difference. It is uncertain at this point
hether velocity dispersion or stellar mass is necessarily a better
MBH mass indicator. It is clear, ho we ver, that further investigation

s necessary so that we can further understand why these relations
iffer so greatly. 
Future work investigating our findings is necessary. A good test of

he MFP would involve obtaining velocity dispersion measurements
or a subsample of the galaxies in this surv e y for z > 1, with even a
elatively small sample it would be possible to quantify the accuracy
f the MFP at z > 1. Measured velocity dispersion estimates are the
rst step for e v aluating the potential evolution of the MFP, but to

horoughly analyse how SMBH mass scaling relations may change
ith time, dynamical mass estimates at z > 1 are needed. 30-m class

elescopes, suitable for high-redshift observations, make this feat a
ealistic goal and will expand our understanding of how galaxies
nd their SMBHs evolve (G ̈ultekin et al. 2019 ). Aside from tests of
he results we show here, extending our work to include a robust
nalysis of lower mass ( M BH < 10 8 M �) black holes will inform
ur predictions for the Laser Interferometer Space Antenna (LISA)
ission which will be vital in our characterization of black hole see

ormation. With upcoming missions and the continued refinement in
WB detection efforts, a full picture of the potential evolution of
alaxy SMBH scaling relations can emerge. 
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Figure 12. Same as Fig. 11 , but only quiescent galaxies are shown. We see the same general differences between the masses predicted from each of stellar mass 
and velocity dispersion with the latter producing more SMBHs at the higher mass end. The solid lines through each curve represent the median value to these 
fits and the shaded regions are our 68 per cent and 95 per cent confidence limits plus cosmic variance for the darker and lighter colours, respectively. There is 
significantly more o v erlap within our errors here though the median fits remain separated. 

Figure 13. Same as Fig. 11 , but only star-forming galaxies are shown. As before, the median fits are represented by solid lines and the shaded regions show our 
68 per cent and 95 per cent confidence limits plus cosmic variance for the darker and lighter colours, respectively. The distributions here differ more significantly 
than either of the quiescent-only and all galaxy type plots. This increased disagreement may be impacted by our choice of bulge mass fraction when isolating 
bulge mass for predictions from M BH –M bulge . 
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Table 3. Estimated change in the GWB characteristic strain amplitude when 
SMBH masses are predicted from either M BH –σ or M BH –M bulge . We find that 
SMBH masses inferred from velocity dispersion lead to an estimated increase 
in the amplitude by a factor of 2.1 on average across all redshifts considered 
here. 

Median redshift N 0 ( σ ) N 0 ( M bulge ) h c ( σ )/ h c ( M bulge ) 

0.65 0.006 01 0.002 48 1.56 
0.95 0.004 48 0.001 10 2.02 
1.25 0.003 73 0.000 74 2.24 
1.60 0.004 17 0.000 95 2.09 
2.00 0.002 92 0.000 54 2.32 
2.40 0.001 98 0.000 51 1.97 
2.80 0.001 69 0.000 28 2.45 
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 SUMMARY  

n this paper, we examined the difference between SMBH mass
redictions when assuming M BH –σ versus M BH –M bulge . To do this,
e used the three-parameter relationship between galaxy stellar
ass, ef fecti ve radius, and velocity dispersion to infer velocity

ispersion for galaxies up to z = 3. We created SMBH mass density
unctions for all galaxies in our sample for 0.5 < z < 3 and
ompared how using stellar mass versus MFP velocity dispersion
ffected inferred SMBH demographics. We found that the number
f SMBHs with masses M BH < 10 9 M � was different between these
elations, especially for z > 1. In particular, we find that M BH –σ

redicts a greater number of these high-mass SMBHs. Our results
uggest that the relationship between SMBH mass and stellar mass
nd/or velocity dispersion must evolve at high redshift. Assuming
he local relations to be constant across time leads to substantial
ifferences when extrapolated beyond z = 0.5, and this difference
ust be reconciled. 
Our results do not inform us of the accuracy of either relation. It

emains unclear whether one or both relations are evolving. Recent
ork has found that the stellar mass to SMBH mass relation may have

volved at least since z ∼ 2 (Zhang et al. 2023 ), but no evolution has
een investigated for velocity dispersion. Circumstantial evidence
rom, e.g. red nugget galaxies, points toward M BH –σ being a
ore accurate predictor of SMBH mass at these higher redshifts

Ferr ́e-Mateu et al. 2015 , 2017 ; Yıldırım et al. 2015 ). Prediction
nd interpretation of the GWB from PTAs relies heavily on the
ssumptions made for the SMBH demographics at high redshift.
ere, we have shown that the choice in scaling relation used to

nfer high-redshift SMBH mass can lead to meaningfully different
emographics. If we are to refine our ability to explore the physics
f galaxy and SMBH evolution at z > 1, we must also re-examine
ow the local scaling relations may evolve. 
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Table A1. Posterior results for stellar mass fits. 

Stellar mass posteriors 

Median redshift log φ∗,1 log φ∗,2 αs,1 αs,2 log M c σ scatter 

All galaxies 
0.65 −2.537 ± 0.546 −3.445 ± 0.402 −0.699 ± 0.236 −1.649 ± 0.207 10.986 ± 0.093 −1.400 ± 0.139 
0.95 −4.548 ± 0.532 −2.850 ± 0.040 −0.111 ± 0.164 −1.165 ± 0.030 11.072 ± 0.080 −1.351 ± 0.151 
1.25 −3.200 ± 0.698 −3.051 ± 0.121 −0.185 ± 0.278 −1.177 ± 0.126 10.946 ± 0.128 −1.263 ± 0.143 
1.60 −4.671 ± 0.498 −3.109 ± 0.067 −0.094 ± 0.175 −1.216 ± 0.057 11.170 ± 0.093 −1.284 ± 0.168 
2.00 −4.608 ± 0.568 −3.403 ± 0.080 −0.128 ± 0.186 −1.296 ± 0.096 11.154 ± 0.131 −1.122 ± 0.155 
2.40 −4.814 ± 0.362 −3.610 ± 0.179 −0.067 ± 0.121 −1.449 ± 0.122 11.144 ± 0.162 −1.189 ± 0.141 
2.80 −4.167 ± 0.580 −3.911 ± 0.288 −0.321 ± 0.212 −1.335 ± 0.098 11.039 ± 0.173 −1.124 ± 0.167 

Table A2. Posterior results for velocity dispersion fits. 

Velocity dispersion posteriors 

Median redshift log φ∗ αs log σ c σ scatter 

All galaxies 
0.65 −3.691 ± 0.227 3.646 ± 0.327 1.578 ± 0.035 −0.882 ± 0.176 
0.95 −3.161 ± 0.206 2.508 ± 0.366 1.676 ± 0.045 −0.952 ± 0.153 
1.25 −2.982 ± 0.133 1.812 ± 0.283 1.770 ± 0.045 −0.947 ± 0.145 
1.60 −3.091 ± 0.139 1.595 ± 0.273 1.884 ± 0.050 −0.989 ± 0.166 
2.00 −3.224 ± 0.142 1.431 ± 0.263 1.922 ± 0.055 −0.943 ± 0.162 
2.40 −3.423 ± 0.134 1.319 ± 0.216 1.963 ± 0.065 −0.894 ± 0.168 
2.80 −3.429 ± 0.094 1.207 ± 0.190 1.944 ± 0.061 −0.879 ± 0.161 
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Table A3. Posterior results for SMBH mass fits using M BH –M bulge . 

M BH –M bulge posteriors 

Median redshift log φ∗ αs log M c σ scatter 

All galaxies 
0.65 −3.180 ± 0.090 −1.262 ± 0.028 9.140 ± 0.113 −1.128 ± 0.113 
0.95 −3.312 ± 0.106 −1.250 ± 0.040 9.014 ± 0.121 −1.063 ± 0.102 
1.25 −3.433 ± 0.097 −1.210 ± 0.039 8.983 ± 0.116 −1.117 ± 0.096 
1.60 −3.659 ± 0.123 −1.312 ± 0.047 9.182 ± 0.138 −1.111 ± 0.105 
2.00 −3.889 ± 0.194 −1.309 ± 0.065 9.172 ± 0.248 −1.006 ± 0.094 
2.40 −4.968 ± 0.451 −1.575 ± 0.093 10.038 ± 0.594 −1.016 ± 0.106 
2.80 −4.509 ± 0.457 −1.446 ± 0.176 9.403 ± 0.595 −0.947 ± 0.116 

Quiescent 
0.65 −3.336 ± 0.242 −1.135 ± 0.143 9.256 ± 0.320 −0.980 ± 0.103 
0.95 −3.798 ± 0.348 −1.208 ± 0.194 9.390 ± 0.489 −0.945 ± 0.106 
1.25 −3.573 ± 0.264 −0.843 ± 0.252 9.021 ± 0.451 −0.919 ± 0.111 
1.60 −3.640 ± 0.153 −0.824 ± 0.162 9.085 ± 0.212 −0.926 ± 0.113 
2.00 −4.078 ± 0.263 −0.924 ± 0.219 9.377 ± 0.565 −0.842 ± 0.116 
2.40 −4.077 ± 0.285 −0.823 ± 0.314 9.527 ± 0.649 −0.857 ± 0.121 
2.80 −4.907 ± 0.381 −1.026 ± 0.678 9.573 ± 0.512 −1.094 ± 0.118 

Star-forming 
0.65 −4.235 ± 0.682 −1.764 ± 0.269 9.424 ± 0.600 −1.009 ± 0.13 
0.95 −4.292 ± 0.643 −1.723 ± 0.279 9.338 ± 0.570 −1.039 ± 0.162 
1.25 −4.524 ± 0.591 −1.691 ± 0.227 9.458 ± 0.585 −1.053 ± 0.138 
1.60 −4.667 ± 0.572 −1.743 ± 0.187 9.576 ± 0.565 −1.072 ± 0.144 
2.00 −4.645 ± 0.600 −1.595 ± 0.272 9.552 ± 0.636 −0.983 ± 0.146 
2.40 −5.055 ± 0.469 −1.743 ± 0.165 9.525 ± 0.460 −0.991 ± 0.148 
2.80 −4.678 ± 0.511 −1.518 ± 0.659 9.331 ± 0.648 −0.918 ± 0.173 

Table A4. Posterior results for SMBH mass fits using M BH –σ . 

M BH –σ posteriors 

Median redshift log φ∗ αs log M c σ scatter 

All galaxies 
0.65 −3.502 ± 0.136 −1.209 ± 0.032 9.775 ± 0.250 −1.021 ± 0.082 
0.95 −3.827 ± 0.151 −1.244 ± 0.029 10.031 ± 0.297 −1.015 ± 0.086 
1.25 −3.987 ± 0.146 −1.225 ± 0.029 10.181 ± 0.307 −1.008 ± 0.082 
1.60 −4.156 ± 0.172 −1.267 ± 0.031 10.528 ± 0.343 −1.017 ± 0.077 
2.00 −4.287 ± 0.155 −1.215 ± 0.028 10.571 ± 0.389 −0.983 ± 0.075 
2.40 −4.780 ± 0.185 −1.284 ± 0.039 11.154 ± 0.394 −0.933 ± 0.084 
2.80 −4.573 ± 0.191 −1.170 ± 0.055 10.795 ± 0.471 −0.896 ± 0.073 

Quiescent 
0.65 −3.951 ± 0.283 −1.239 ± 0.099 10.333 ± 0.509 −0.905 ± 0.081 
0.95 −4.131 ± 0.230 −1.156 ± 0.087 10.370 ± 0.489 −0.871 ± 0.081 
1.25 −4.139 ± 0.201 −1.059 ± 0.102 10.414 ± 0.433 −0.834 ± 0.078 
1.60 −4.146 ± 0.158 −1.019 ± 0.082 10.458 ± 0.384 −0.877 ± 0.084 
2.00 −4.331 ± 0.183 −0.962 ± 0.100 10.841 ± 0.455 −0.824 ± 0.090 
2.40 −4.418 ± 0.225 −0.959 ± 0.149 10.735 ± 0.470 −0.843 ± 0.178 
2.80 −5.074 ± 0.314 −0.974 ± 0.339 10.546 ± 0.592 −1.109 ± 0.164 

Star-forming 
0.65 −4.513 ± 0.379 −1.460 ± 0.101 10.607 ± 0.571 −0.944 ± 0.100 
0.95 −4.685 ± 0.378 −1.456 ± 0.091 10.755 ± 0.546 −0.964 ± 0.094 
1.25 −4.652 ± 0.310 −1.393 ± 0.077 10.747 ± 0.508 −0.955 ± 0.095 
1.60 −4.722 ± 0.328 −1.421 ± 0.071 10.734 ± 0.529 −0.979 ± 0.099 
2.00 −4.743 ± 0.291 −1.337 ± 0.072 10.911 ± 0.553 −0.955 ± 0.099 
2.40 −4.981 ± 0.225 −1.361 ± 0.065 11.019 ± 0.414 −0.901 ± 0.094 
2.80 −4.654 ± 0.272 −1.221 ± 0.112 10.750 ± 0.511 −0.873 ± 0.104 
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