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Abstract

We show that extended graph 4-manifolds with positive Euler characteristic cannot
support a complex structure. This result stems from a new proof of the fact that there is
no compact complex surface which is homotopy equivalent to a closed real-hyperbolic
4-manifold. Finally, we construct infinitely many extended graph 4-manifolds with
positive Euler characteristic which support almost complex structures.
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1 Introduction

There are many problems in geometry and topology for which dimension four is an
extremely difficult case. One exception to this phenomenon is determining the exis-
tence (or non-existence) of a complex structure. Aside from the necessary condition
of admitting an almost complex structure, our knowledge of compact complex sur-
faces via the Kodaira—Enriques classification is a powerful tool in many cases. An
example is the following classical non-existence theorem for complex structures on
4-manifolds with constant negative sectional curvature.

Theorem 1.1 (Kotschick) There is no compact complex surface homotopy equivalent
to a closed real-hyperbolic 4-manifold.
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A weaker version of this result, namely that a closed real-hyperbolic 4-manifold
cannot admit a complex structure, first appeared in a paper of Wall [22, Theorem 10.2].
It was later clarified and strengthened by Kotschick to give the above statement [13,
Proposition 2]. The proof first uses the Kodaira—Enriques classification to reduce to
the case of general type surfaces. This last possibility is then ruled out by combining
results from the theory of harmonic maps due to Eells and Sampson [10] and Sampson
[20]. The former implies that any map from a compact Kihler manifold to a closed
real-hyperbolic manifold is homotopic to a harmonic map, while the latter shows that
any such harmonic map cannot be a homotopy equivalence in real dimension greater
than two. Again using harmonic map techniques, Carlson and Toledo [7, Corollary
1.2] were later able to show that the fundamental group of a closed real-hyperbolic
n-manifold, with n > 3, cannot be the fundamental group of any compact complex
surface.

After collecting some generalities about aspherical complex surfaces in Sect. 2, we
give an alternative proof of the above theorem in Sect. 3. This new approach replaces
the harmonic map techniques with the Aubin-Yau result on the existence of Kéhler—
Einstein metrics and a rigidity result of Besson—Gallot—Courtois for Einstein metrics
in dimension four. As mentioned above, the existence of an almost complex structure
is a necessary condition for the existence of a complex structure, so one may suspect
that these manifolds do not admit almost complex structures either. This is not the
case; there are many examples of closed real-hyperbolic 4-manifolds which admit
almost complex structures, see Remark 3.1.

One may wonder what are the advantages of providing a new proof of Theorem
1.1 based on the theory of Einstein metrics in dimension four. In general, a new point
of view on a classical result can only shed more light on closely related problems. In
this case, the new proof nicely generalizes to prove a non-existence result for complex
structures on a much more general class of 4-manifolds (see Sect.4). This is the main
result of this paper:

Theorem A 1 A closed, oriented, extended graph 4-manifold M* with at least one pure
real-hyperbolic piece cannot admit a complex structure.

The existence of at least one pure real-hyperbolic piece is equivalent to the topolog-
ical condition y (M) > 0; this assumption is necessary, see Remark 4.4. Theorem A
is currently out of reach for the harmonic map techniques that featured in Kotschick’s
original proof of Theorem 1.1. With that said, we refer to [12] for an extension of
the ideas of Carlson and Toledo to certain graph-like manifolds in dimension three.
Just as in the real-hyperbolic case, many of the manifolds in Theorem A admit almost
complex structures, see Remark 4.5.

2 Aspherical 4-Manifolds and Complex Structures

In this section, we collect some generalities concerning aspherical 4-manifolds with
a complex structure. Throughout, we rely on the Kodaira—Enriques classification, see
[3, Table 10] for instance.
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Lemma 2.1 If a closed aspherical 4-manifold admits a complex structure, then it has
to be minimal. Moreover, if it is Kdhler, it does not contain any rational curves.

Proof Let 7 : X — X be the universal cover of an aspherical complex surface X.
Suppose : (CIE”1 — X istheinclusion of arational curve in X. Note that  lifts to a map
CP! — X which is nullhomotopic as X is contractible; it follows that i.[CP'] = 0.
Every compact submanifold of a compact Kéhler manifold is non-trivial in homology,
as is the exceptional divisor of a blowup, so the result follows. O

Lemma 2.2 If a closed, oriented, aspherical 4-manifold with
X > §|T|

admits a complex structure, then it has to be minimal of general type with ample
canonical line bundle.

Proof Suppose such a manifold X admits a complex structure. Note that X must be
minimal by Lemma 2.1. Furthermore, since c%(X ) = 2x(X) + 3t(X), the stated
inequality implies c%(X) > 0.

Note that X cannot be a surface of type VII since c1(X )2 < 0 for such surfaces.
Since surfaces of non-Kihler type of Kodaira dimension «(X) = 0, 1 are elliptic,
they satisfy ¢ (X )2 = 0; likewise for surfaces of Kihler type with k(X) = 1. As a
surface of Kihler type with « (X) = 0 is finitely covered by a torus or a K3 surface,
they all satisfy c%(X ) = 0 (alternatively, they are deformation equivalent to an elliptic
surface). While the Kihler type surfaces with « (X) = —oo satisfy c%(X ) > 0, they
are all rational or ruled which are not aspherical. That only leaves general type.

To see that the canonical bundle of X must be ample, we use the Nakai-Moishezon
criterion. First note that K)Z( =Kx-Kx =i (KX)2 = (X)2 > (0. Now suppose, by
way of contradiction, there is an irreducible complex curve C in X with Ky - C < 0.
Since Kx is nef, it follows that Kx - C = 0. Since K )2( > 0, it follows from the Hodge
index theorem [3, Corollary IV.2.16] that C> = C - C < 0. Note that equality occurs
if and only if C is numerically trivial, which is not the case since it has non-zero
intersection with an ample divisor, so C? < 0. The arithmetic genus of C is given by

Kx - C+C? C?
O=1+——-—-=1+—.
Pa(C) + ) + >
Since C? < 0 and p,(C) is a non-negative integer, we conclude that C? = —2

and p,(C) = 0. Let C be the normalization of C. Recall that in dimension one, the
normalization coincides with resolution of singularities, so C is smooth. Now

g(C) = pa(C) =) _ 8y,

where g(C) is the topological genus, and where 8y, is the local genus drop at the
singular points x; of C. Since g(C) is non-negative and p,(C) = 0, we see that
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dy; = 0. Therefore, C is a smooth rational curve with C? = —2. The existence of such
a curve is prohibited by Lemma 2.1, so we must have Ky - C > 0 for all curves C in
X, so Ky is ample. O

3 Hyperbolic 4-Manifolds and Complex Structures Revisited

In this section, we present an alternative proof of the following result of Kotschick
[13, Proposition 2]:

Theorem 1 (Kotschick) There is no compact complex surface homotopy equivalent to
a closed real-hyperbolic 4-manifold.

After using the Kodaira—Enriques classification to reduce to the case of general
type surfaces, the original proof uses results from the theory of harmonic maps to rule
out this case. The proof below only differs in the argument used to deal with general
type surfaces. Instead, we combine the observations from Sect. 2 with results regarding
Einstein metrics due to Aubin and Yau, and Besson—Courtois—Gallot.

Proof (Alternative proof) By contradiction, suppose X is a compact complex surface
which is homotopy equivalent to a closed real-hyperbolic 4-manifold M. Since the
real-hyperbolic metric on M is Einstein and has vanishing Weyl curvature, the Chern—
Gauss—Bonnet and Thom—Hirzebruch formulas imply that

t(M)=0, x(M)=>0.

Note that X is aspherical since M is. Moreover, X satisfies the assumptions of Lemma
2.2 since T(X) = t(M) = 0 and x(X) = x(M) > 0. We conclude that X has to be
a surface of general type with ample canonical line bundle. Due to the well-known
existence result for Kéhler—Einstein metrics of Aubin [2] and Yau [23], X supports
a Kihler-Einstein metric with negative cosmological constant. On the other hand, a
celebrated rigidity result of Besson—Courtois—Gallot [4] (also see [5]), implies that if
X admits an Einstein metric g, then X is diffeomorphic to M and g is isometric to
a real-hyperbolic metric. In particular, g must be locally symmetric. Now, a locally
symmetric, Kéhler—Einstein metric with negative sectional curvature must be complex
hyperbolic and as such it cannot have constant sectional curvature. O

Remark 3.1 While no closed real-hyperbolic 4-manifold can admit a complex struc-
ture, there are many which admit almost complex structures. In an unpublished proof,
Kotschick has shown, in response to a question from Toledo that a closed orientable
real-hyperbolic manifold admits an almost complex structure if and only if the Euler
characteristic is divisible by four.! Such manifolds exist, e.g., we can take the mani-
folds constructed in [8] and [16] which have Euler characteristic 16. These appear to
be the orientable, closed, real-hyperbolic 4-manifolds with the smallest Euler char-
acteristic currently available in the literature. By taking covers, we obtain infinitely
many examples.

! This was initially communicated to us privately by Kotschick and has since appeared in print, see [14].
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On the other hand, it has been conjectured by LeBrun that no closed hyperbolic
4-manifold can admit a symplectic form [15]. We refer to the recent work of Agol and
Lin [1] for some progress on this conjecture and the first examples of real-hyperbolic
4-manifolds with vanishing Seiberg-Witten invariants.

4 Extended Graph 4-Manifolds and Complex Structures

In this section, we prove that extended graph 4-manifolds with positive Euler charac-
teristic cannot support a complex structure. Extended graph n-manifolds were defined
by Frigerio—Lafont—Sisto in [11, Definition 0.2]. These manifolds are decomposed
into finitely many pieces referred to as the vertices. Each vertex is a manifold with
boundary tori, and these tori give the edges of the graph. More precisely, the various
boundaries’ pieces are pieced together via affine diffeomorphisms in order to obtain
a closed 4-manifold. The interior of each vertex is diffeomorphic to a finite volume
real-hyperbolic 4-manifold 1"\Hﬁ1R with toral cusps, or to the products

A\H x ST, A\HE x T?

of a lower-dimensional finite volume real-hyperbolic manifold with toral cusps with
a standard torus of the appropriate dimension (the product pieces). Moreover, if the
Euler characteristic is positive, at least one of the vertices must be pure real-hyperbolic.
Indeed, an application of the Chern—Gauss—Bonnet theorem (cf. [6]) and the Thom—
Hirzebruch formula give the following.

Lemma 4.1 [9, Lemma 8] Let M* be a closed, oriented, extended graph 4-manifold
with k > 1 pure real-hyperbolic pieces, say {(Fi\HﬁR, gq)}i-‘zl. We then have

k
3
tM) =0, x(M) = — Z Volg ,(Ti\Hg) > 0.
i=l1

We can now prove the main non-existence result.

Theorem 4.2 A closed, oriented, extended graph 4-manifold M* with at least one pure
real-hyperbolic piece cannot admit a complex structure.

Proof By contradiction, let us assume M admits a complex structure. By Lemma 4.1,
we know that

t(M)=0, x(M)=>=O0.

Thus, M satisfies the assumptions of Lemmas 2.1 and 2.2. We conclude that M has
to be a surface of general type with ample canonical line bundle. Because of the
celebrated existence result for Kdhler-Einstein metrics of Aubin [2] and Yau [23], M
supports an Einstein metric with negative cosmological constant. On the other hand,
because of [9, Theorem 1] we know that closed, extended graph 4-manifolds cannot
support any Einstein metric. This contradiction implies that M cannot be complex. O
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We close with three remarks concerning the sharpness of Theorem 4.2.

Remark 4.3 The proof of Theorem 4.2 is very similar in spirit to the proof given in
Sect. 3. With that said, there is a crucial difference, namely here one cannot extend
to the case of closed manifolds homotopy equivalent to extended graph 4-manifolds
(with at least one pure-hyperbolic piece) without further work. This is due to the
fact that the non-existence result for Einstein metrics [9, Theorem 1] holds true for
4-manifolds diffeomorphic to extended graph 4-manifolds.

Remark 4.4 Note that Theorem 4.2 is no longer true if there are no pure real-hyperbolic
pieces. In this case, the Euler characteristic is zero, and it is easy to construct extended
graph 4-manifolds with x = 0 supporting a complex structure. For example, any
product of a higher genus closed surface with the two-dimensional torus can be thought
of as an extended graph 4-manifold and it clearly supports a product complex structure.

Remark 4.5 Just as in Remark 3.1, we can construct many extended graph 4-manifolds
with positive Euler characteristic which support almost complex structures. The
construction goes as follows.

First recall that a closed oriented 4-manifold X admits an almost complex structure
J, consistent with the orientation, if and only if there is a class c € H 2(X ; Z) such
that ¢ = w(X) mod 2 and (02, [X]) = 2x(X) + 37(X). Suppose now that X is
spin (i.e., wa(X) = 0), with b2(X) > 0, and 7(X) = 0. Since X is spin, ¢ satisfies
¢ = wy(X) mod 2 if and only if ¢ = 2y for some y € H*(X;Z). So (c?, [X]) =
((29)2,[X]) = 4(y2,[X]) € 8Z as the intersection form of X is even. Therefore,
if (2, [X]) = 2x(X) + 37(X) = 2x(X), we must have 4 | x(X). Conversely, the
intersection form of X (the bilinear form on H?(X; Z)/torsion which is induced by
cup product), is isomorphic to

[0 1

10
01
10

01
10|

by [18, Theorem I.5.3]. So for any even integer m, there is y € H?(X;Z) with
(2, [X]) = m. Taking m = §x(X), we see that (c?, [X]) = 2 (X). That s, if X is
spin, b2(X) > 0, and 7(X) = 0, then X admits an almost complex structure if and
only 4 | x(X).

Now select a finite volume real-hyperbolic manifold M with Euler characteristic
four — such examples are constructed in the paper of Ratcliffe and Tschantz [19]. By
Sullivan’s result [21] (see also [17, Theorem 4.1]), there exists a finite regular cover
M’ which is spin and with 4 | x(M’). Let X be the spin double of M’ obtained by
chopping the cusps of M’ and gluing with another copy equipped with the reverse
orientation. Then X is spin with 4 | x(X). By Lemma 4.1, we also have x(X) # 0
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and 7(X) = 0. As in Remark 3.1, we see that X admits almost complex structures,
but it cannot support a complex structure by Theorem 4.2.

We believe that the proof of Kotschick mentioned in Remark 3.1 extends to the graph
manifold case to give the analogous statement.” That said, we do not feel comfortable
trying to reproduce or interpret his private communication to us, and we decide to leave
our original (possibly weaker) result unchanged. Indeed, the main point of this remark
is simply to show that almost complex extended graph 4-manifolds with positive Euler
characteristic exist in profusion.
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