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ABSTRACT: We report the development and benchmark of
multireference algebraic diagrammatic construction theory (MR-
ADC) for the simulations of core-excited states and X-ray absorption
spectra (XAS). Our work features an implementation that
incorporates core-valence separation into the strict and extended
second-order MR-ADC approximations (MR-ADC(2) and MR-
ADC(2)-X), providing efficient access to high-energy excited states
without including inner-shell orbitals in the active space. Benchmark
results on a set of small molecules indicate that at equilibrium
geometries, the accuracy of MR-ADC is similar to that of single-
reference ADC theory when static correlation effects are not
important. In this case, MR-ADC(2)-X performs similarly to single-
and multireference coupled cluster methods in reproducing the
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experimental XAS peak spacings. We demonstrate the potential of MR-ADC for chemical systems with multiconfigurational
electronic structure by calculating the K-edge XAS spectrum of the ozone molecule with a multireference character in its ground
electronic state and the dissociation curve of core-excited molecular nitrogen. For ozone, the MR-ADC results agree well with the
data from experimental and previous multireference studies of ozone XAS, in contrast to the results of single-reference methods,
which underestimate relative peak energies and intensities. The MR-ADC methods also predict the correct shape of the core-excited
nitrogen potential energy curve, and are in good agreement with accurate calculations using driven similarity renormalization group
approaches. These findings suggest that MR-ADC(2) and MR-ADC(2)-X are promising methods for the XAS simulations of
multireference systems and pave the way for their efficient computer implementation and applications.

1. INTRODUCTION

X-ray absorption spectroscopy (XAS) is a powerful element- and
electronic-shell-specific experimental technique sensitive to the
local chemical and electronic structure of the absorbing
element.' ™ In XAS, X-ray light is used to excite the innermost
core electrons into low-lying vacant orbitals, producing a
spectrum that characterizes the system’s local density of
unoccupied states. Recent advances in X-ray radiation sources
have enabled XAS experiments of a wide range of chemical
systems with exceptional spatial and temporal resolution.* "'

Ab initio electronic structure methods'*~'* play a crucial role
in the analysis of experimental X-ray spectra that are often
complex and can be difficult to interpret. Among the widely used
theoretical methods for simulating XAS are time-dependent
density functional theory (TD-DFT),'°™*’ equation-of-motion
coupled cluster theory,”* ™ configuration interaction,””~*°
algebraic dia§rz§mmatic construction (ADC),” ™" and related
approaches.” >” A common approximation in all of these
methods is that the ground-state electronic structure is well
described using a single Slater determinant wavefunction (i.e.,
single-reference).

While this assumption is valid for many closed-shell molecules
at (or near) equilibrium geometries, XAS is increasingly being
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used to probe core-level excited states of chemical systems with
more challenging electronic structures, such as radicals,”® %’
transition-metal complexes,m_85 and along the dissociative
reaction pathwaysg(’_95 where multireference effects can be
significant. However, in contrast to single-reference theories, the
range of available multireference methods is much narrower,
including implementations of multiconfigurational self-consis-
tent field,”*"'%* multireference perturbation theories,' ™'
configuration interaction,' ">~ '1¢ coupled cluster,"">""77"'? and
driven similarity renormalization group approaches.

In this work, we present a new approach for simulating XAS of
molecules with multiconfigurational electronic structure based
on multireference algebraic diagrammatic construction theory
(MR-ADC)."**~"*” The MR-ADC methods developed herein
enable straightforward and computationally efficient simulations
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of core-excited states and XAS spectra by incorporating all single
and double excitations from core molecular orbitals starting with
a ground-state complete active-space wavefunction. We describe
the theory behind our implementation of MR-ADC in Section 2,
followed by an overview of computational details (Section 3). In
Section 4, we benchmark the MR-ADC methods for simulating
core excitation energies and spectra in small weakly correlated
molecules, the ozone molecule (O;) with singlet diradical
character in its ground state, and the dissociation curve of core-
excited molecular nitrogen (N,). We outline our conclusions
and goals for future developments in Section S.

2. THEORY

2.1. Multireference Algebraic Diagrammatic Con-
struction Theory for Electronic Excitations. In multi-
reference al§ebraic diagrammatic construction theory (MR-
ADC),"”™"*" electronically excited states are simulated by
approximating the polarization propagator that describes how
the electronic density of a chemical system is gerturbed by an
external electric field with frequency .'”">'*® In its spectral

form,"*” the polarization propagator (II(@)) can be written as
(Pla)a, %) (¥la a¥)
Hpqrs(w) — Z q"p Tk/\ Tk
(20 ® — (E, — E)
v (Wlaa %) (Bla)a,|¥)
k0 w + (Ek - E) (1)

where it is expressed in terms of the fermionic creation (a;) and
annihilation ( ap) operators, the exact ground-state wavefunction
I¥) with energy E, and the exact excited-state wavefunctions
|¥,) with energies E; (k > 0). As shown in eq 1, II(w) contains
the information about exact excitation energies (E, — E) and
transition probabilities ((‘Plu;'apl‘P,) (¥lala/P)). The two
terms on the r.h.s. of eq 1, known as the forward (IT,(@)) and
backward (II_(@)) components of the propagator, are related
to each other as II'(—w) = II_(w). For this reason, it is
sufficient to focus on the forward component, which can be
written in the tensor form as

M(w) = I, (w) = X(w-Q)'X' (2)
where Qisa diagonal matrix of excitation energies (@, = E, — E)
and X is a tensor of spectroscopic amplitudes 5(qu = (‘Pla;upl‘I‘Q.

Equation 2 is valid only when written in the complete basis of
electronic Hamiltonian eigenstates [¥;). Since the exact
eigenstates are usually unknown, it is convenient to rewrite eq
2 in a nonei}genstate (but complete) basis of excited
configurations'™

M(w) = T(wS — M)"'T' (3)

where Q is replaced by the nondiagonal effective Hamiltonian
matrix M, while X is substituted by the effective transition
moments matrix T. For generality, the noneigenstate basis is
assumed to be nonorthogonal with an overlap matrix S.
MR-ADC uses multireference perturbation theory to
construct approximations for II(w) in eq 3 and simulate
properties of excited electronic states.'*>'*° First, molecular
orbitals of the system are separated into occupied, active, and
virtual subspaces (Figure 1). Next, the ground-state wave-
function V) is approximated by a multiconfigurational reference
wavefunction |¥,) obtained from a complete active-space self-
consistent field (CASSCF) calculation.”'~"** Following this,
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Figure 1. Orbital spaces and their indices defined in this work.

the electronic Hamiltonian H is separated into the zeroth-order
(H®) and perturbation (V=H — H) contributions. Choosing
H© as the Dyall Hamiltonian,"**'* each matrix in eq 3 is
approximated up to the nth order in multireference perturbation
theory

M~ MO+ MY 4y M® 4)
T~TO + 1O 4 o 4 T (5)
§~ 80 4+ 8 4 g (6)

Defining the nth-order MR-ADC approximation (MR-ADC-
(n)). Working equations for the matrix elements of M, T, and S
at each order in perturbation are derived using the multi-
reference formulation of the effective Liouvillean
theory.123’136’137

Solving the generalized eigenvalue problem

MY = SYQ (7)

allows us to compute the MR-ADC(#) excitation energies ()
and complementary eigenvectors (Y), which can be used to
calculate approximate spectroscopic amplitudes

X =TS %y (8)

Combining X with the matrix elements of dipole moment
operator (D) enables calculating oscillator strength

2

2
fo = gwk Z Dy X pgk
pq (9)

for each electronic transition with excitation energy ;.
Furthermore, € and X in eqs 7 and 8 can be used to define
the MR-ADC(n) polarization propagator

M(w) = X(w - Q)X (10)

which allows us to simulate absorption spectra by computing the
spectral function

A(®) = =Tt (DT (w)D)]
T (11)

Figure 2 shows the perturbative structure of M matrix for the
strict and extended second-order MR-ADC approximations:
MR-ADC(2) and MR-ADC(2)-X, respectively.'*® Each matrix
element of M is evaluated with respect to a pair of excited
configurations (‘Pfj‘>| and I¥"), where k and I indicate the
perturbation order. Only the zeroth-order (|‘I’£O)>) and first-
order (IP{V)) excitations, schematically shown in Figure 3,
appear in MR-ADC(2) and MR-ADC(2)-X. The zeroth-order

https://doi.org/10.1021/acs.jctc.3c00477
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Figure 2. Perturbative structure of the effective Hamiltonian matrix M in (a) MR-ADC(2) and (b) MR-ADC(2)-X. Numbers denote the perturbation
order to which the effective Hamiltonian is expanded for each sector. Shaded areas indicate nonzero blocks. The excited electronic configurations ¥}
(1=0, 1) are depicted in Figure 3.
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Figure 3. Schematic illustration of the excited electronic configurations used to represent the elements of effective Hamiltonian matrix M in MR-
ADC(2) and MR-ADC(2)-X (Figure 2). A circle connected with an arrow denotes an excitation of one electron. Black, green, and red lines represent
occupied, active, and virtual orbitals, respectively (Figure 1).
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Figure 4. Schematic illustration of the excited electronic configurations used to represent the elements of effective Hamiltonian matrix M in CVS-MR-
ADC(2) and CVS-MR-ADC(2)-X (Figure 2). A circle connected with an arrow denotes an excitation of one electron. Orange, black, green, and red
lines represent core, occupied, active, and virtual orbitals, respectively (Figure 1).

states I‘P/SO)) describe all possible excitations in the active space which improves the description of excited-state orbital
(I¥})) and single excitations between occupied, active, and relaxation effects and electronic states with double excitation
virtual orbitals (I¥7), |¥7), and I¥%)). The first-order character outside active space.
configurations I‘I’f})) include all double excitations involving at 2.2. Core-Valence Separated MR-ADC for Simulating
least one nonactive orbital and can be separated into eight X-ray Absorption. In contrast to conventional multireference
excitation classes shown in Figure 3. In each sector of M defined perturbation theories, *>'**~'* MR-ADC(2) and MR-
by (‘I’,(lk) | and I¥?), the MR-ADC(2) effective Hamiltonian is ADC(2)-X incorporate the full spectrum of single and double
evaluated up to the order m =2 — k — . MR-ADC(2)-X provides excitations involving nonactive molecular orbitals (Figure 3),
a higher-order treatment in the (‘P,(,I)I — WD) sector of M, such as the excited states of core electrons that are studied
4993 https://doi.org/10.1021/acs.jctc.3c00477
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experimentally by X-ray absorption spectroscopy. However, the
core-level excited states in MR-ADC calculations are deeply
embedded in the eigenspectrum of effective Hamiltonian and
are difficult to access without using special numerical
techniques. Here, we employ the core-valence separation
(CVS) approximation,"**'"” which allows us to efficiently
compute core-excited states by neglecting their interaction with
excitations from the remaining occupied orbitals. CVS has been
widely used for simulating core-level excited states and X-ray
absorption spectra in combination with a variety of electronic
structure theories 2313235,36,47,57,127,148—158

In our implementation of MR-ADC with CVS (CVS-MR-
ADC), we define a new subspace of “core” molecular orbitals
that includes the lowest-energy electrons, which are expected to
participate in electronic transitions dominating the spectral
region of interest (Figure 1). Next, we introduce the CVS
approximation by discarding the excitations without core indices
from the MR-ADC configuration space (Figure 3). The
remaining configurations (Figure 4) are used to define the
CVS-MR-ADC matrices (M, T, and S), solve the generalized
eigenvalue groblem in eq 7 using the multiroot Davidson
algorithm,*”'®" and compute excited-state properties and
spectra (eqs 8—11). We note that the CVS approach used
herein is different from the one employed in the CVS
implementation of single-reference ADC by Wenzel and co-
workers” ™" in two aspects: (i) it incorporates excitations with
two core indices (Figure 4), while the implementation in refs
47—49 does not; (ii) it does not employ frozen-core
approximation, while the implementation in refs 47—49 does.

We verified our CVS-MR-ADC implementation against the
results of MR-ADC calculations where CVS was introduced
using the projector technique developed by Coriani and Koch.”
Reducing the configuration space in CVS-MR-ADC significantly
lowers the com}l)utational cost relative to the full MR-ADC
implementation. 26 1n particular, major computational savings
are achieved by neglecting the all-active excitations (Figure 3)
represented by the CASCI wavefunctions I¥;) (Section 2.1).
The resulting CVS-MR-ADC equations can be fully expressed
and implemented in terms of only one type of reduced density
matrices computed with respect to the reference CASSCF
wavefunction.

3. COMPUTATIONAL DETAILS

The CVS-MR-ADC(2) and CVS-MR-ADC(2)-X methods were
implemented in the development (spin—orbital) version of
PrisM, a Python-based implementation of MR-ADC meth-
ods."®" The Prism program is interfaced with PySCE'®* to obtain
integrals and ground-state CASSCF wavefunctions. The MR-
ADC calculations require specifying parameters to remove
linearly dependent excited electronic configurations (Figure 4)
and amplitudes of the effective Hamiltonian."**'** As in our
previous work,'>® we used 7y = 107 for doubly external
configurations and 7, = 107 for single and semi-internal
excitations.

In Section 4.1, we benchmark the performance of CVS-MR-
ADC for simulating K-edge core excitation energies in seven
closed-shell molecules (C,H,, C,H,, CH,, CO, H,CO, H,0,
and N,). These calculations were performed at equilibrium
geometries reported by Dutta et al,,''” with the exception of
C,H, where geometry was modified to restore the D,; point
group symmetry (reported in the Supporting Information). The
CVS-MR-ADC core excitation energies were compared to
experimental data,'** "% as well as the results from intermediate
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Hamiltonian Fock space multireference coupled cluster method
(IH-ESMRCC)"" and frozen-core CVS implementation of
equation-of-motion coupled cluster theory with single and
double excitations (fc-CVS-EOM-CCSD).””*"** In addition,
we performed calculations of core excitation energies using the
CVS implementation of single-reference ADC (CVS-SR-ADC),
which employed the same CVS scheme as the one used in CVS-
MR-ADC (see Section 2.2 for details). The fc-CVS-EOM-
CCSD calculations were performed using Q-Crem,'*® while the
CVS-SR-ADC core excitation energies were computed using a
development version of PySCF.'®* For all calculations in Section
4.1, we used the aug-cc-pCVTZ basis set,'”*~'"* with the
exception of C,H, and C,H, where the f-function with the
smallest exponent was removed for each carbon atom to allow
for a direct comparison with the IH-FSMRCC results reported
in ref 119 where the same functions were omitted. The details of
active spaces used to perform the CVS-MR-ADC calculations
are provided in the Supporting Information.

In Section 4.2, we apply CVS-MR-ADC along with CVS-SR-
ADC and fc-CVS-EOM-CCSD to simulate the X-ray absorption
spectrum of ozone (O;). Calculations were performed at the O,
equilibrium geometry from ref 127 (reported in the Sugforting
Information) and the aug-cc-pCVTZ-DK basis set.'””'”* In
addition, the exact two-component (X2C)"”*"”” approach was
used to account for scalar relativistic effects. The MR-ADC
calculations were performed using the ground-state CASSCF
reference wavefunction with 6 electrons in 8 active orbitals (6e,
80) (Figure 6). The ozone spectrum was simulated by
computing and plotting a modified spectral function (eq 11)
of the form:

T(w) = —%Im[z

k

i

W — w+in

(12)

where f, and @, are the oscillator strength (eq 9) and energy of
the kth transition, respectively, and # is a user-defined
broadening parameter.

Finally, in Section 4.3, we use the CVS-MR-ADC and CVS-
SR-ADC methods to compute the potential energy curve of K-
edge excited state along the bond dissociation coordinate in
nitrogen molecule (N,), which was recently studied by Huang
and Evangelista using multireference-driven similarity renorm-
alization group approach (DSRG)."*” To compare the results of
CVS-MR-ADC and DSRG methods directly, our study employs
the cc-pCVQZ-DK basis set'’”'”*'7* and X2C scalar relativistic
Hamiltonian that were used in ref 120. The CVS-MR-ADC
calculations employed the (10e, 80) full valence complete active
space, which is equivalent to the GAS2 space used in the DSRG
study. The CVS-SR-ADC and CVS-MR-ADC total energies
were computed by adding the CVS-SR-ADC and CVS-MR-
ADC core excitation energies with the ground-state energies
computed using second-order Moller—Plesset (MP2)'”® and
partially contracted N-electron valence (pc-NEVPT2)'*>'**
perturbation theories, respectively. The MP2 and pc-NEVPT2
ground-state energies are reported in the Supporting Informa-
tion.

For brevity, we will remove the “CVS” prefix in the
abbreviations of CVS-MR-ADC, CVS-SR-ADC, and fc-CVS-
EOM-CCSD henceforth.

4. RESULTS
4.1. Core Excitation Energies of Small Molecules. We
begin by benchmarking the performance of MR-ADC(2) and

https://doi.org/10.1021/acs.jctc.3c00477
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Table 1. Core Excitation Energies (Q, €V) and Oscillator Strengths (f) for the K-edge Transitions of Carbon, Oxygen, and

Nitrogen Atoms in Seven Small Molecules Computed Using Six Methods, along with Experimental Results®,'®*~"°
excitation SR-ADC(2) SR-ADC(2)-X MR-ADC(2) MR-ADC(2)-X f-EOM-CCSD IH-FSMRCC experiment
Q(f) Q(f) Q(f) Q(f) Q(f) Q Q
System: C,H,
1s - #* 288.7 285.1 287.9 284.7 285.7 287.1 285.7
(0.087) (0.072) (0.082) (0.063) (0.092)
Is — 3s 290.1 2872 2903 287.1 288.0 289.5 287.9
(0.002) (0.002) (0.007) (0.002) (0.006)
1s = 3p 290.5 287.6 290.9 287.4 289.3 289.8 288.9
(0.003) (0.003) (0.002) (0.003) (0.010)
System: C,H,
Is = m,, 287.9 284.3 287.0 283.5 284.9 285.8 284.7
(0.097) (0.077) (0.079) (0.063) (0.099)
Is — 3s 289.8 286.7 289.7 286.4 287.5 288.8 2872
(0.007) (0.006) (0.008) (0.006) (0.009)
1s = 3p 290.5 2874 290.6 287.2 288.2 289.3 287.9
(0.016) (0.019) (0.013) (0.001) (0.029)
System: CH,
1s — 3p(t,) 290.3 287.6 290.7 287.6 288.0 289.4 288.0
(0.009) (0.011) (0.022) (0.018) (0.016)
1s — 4p(t,) 291.8 288.7 292.1 288.7 289.2 291.1 289.5
(0.001) (0.004) (0.006) (0.003) (0.005)
System: CO
s — 7* 290.1 287.0 288.6 286.4 286.9 288.0 2873
(0.083) (0.066) (0.057) (0.046) (0.081)
1s = 3s 296.0 292.7 295.7 292.1 292.9 294.2 292.5
(0.004) (0.003) (0.004) (0.003) (0.005)
1s — 3p, 296.9 293.8 296.5 293.2 293.9 295.3 2934
(0.006) (0.008) (0.015) (0.017) (0.007)
1s — 4s 297.1 294.1 296.7 293.5 294.1 295.3 294.8
(0.001) (0.001) (0.003) (0.002) (0.001)
System: CO
1s — 7* 535.3 532.5 534.9 5316 534.5 535.9 533.6
(0.033) (0.032) (0.033) (0.028) (0.041)
1s — 3s 538.5 537.2 541.0 537.3 539.4 540.8 538.9
(0.001) (0.001) (0.001) (0.001) (0.001)
1s = 3p, 539.4 538.3 541.9 538.5 540.7 542.0 539.9
(<0.001) (<0.001) (<0.001) (0.001) (0.001)
Is = 4s 539.4 538.5 S42.1 538.7 541.0 543.6 540.8
(<0.001) (<0.001) (<0.001) (<0.001) (<0.001)
System: H,CO
1s = o* 289.1 285.6 289.2 284.5 285.8 286.9 285.6
(0.067) (0.051) (0.053) (0.042) (0.065)
Is = 3s 293.5 290.2 293.5 289.7 290.5 291.8 290.2
(0.008) (0.007) (0.007) (0.006) (0.009)
1s - 3p 294.3 291.2 294.4 290.7 291.5 293.0 291.3
(0.020) (0.019) (0.019) (0.018) (0.026)
System: H,CO
Is — 7* 532.7 529.7 S31.5 528.6 S31.3 533.1 530.8
(0.039) (0.038) (0.040) (0.033) (0.048)
Is = 3s 538.3 S34.1 537.9 534.2 536.6 537.9 535.4
(0.001) (0.001) (0.001) (0.001) (0.001)
1s = 3p 536.2 535.0 539.4 535.2 537.6 538.9 536.3
(<0.001) (0.001) (<0.001) (<0.001) (<0.001)
System: H,O
s — 3s(4a;) 534.7 532.8 536.4 532.0 534.4 535.9 534.0
(0.006) (0.009) (0.003) (0.004) (0.013)
1s — 3p (2b,) 536.2 534.7 538.2 533.9 536.2 537.7 535.9
(0.009) (0.018) (0.008) (0.014) (0.026)
Is — 3p (2b)) 538.2 536.5 539.9 535.5 538.1 539.4 537.0
(0.010) (0.012) (0.009) (0.009) (0.015)
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Table 1. continued
excitation SR-ADC(2) SRADC(2)X  MRADC(2)  MRADC(2)-X  fcEOM-CCSD  IH-FESMRCC experiment
Q(f) Q(f) Q(f) Q(f) Q(f) Q Q
System: N,
N, - Lr(r*) 403.6 399.9 402.8 400.6 400.8 4019 400.9
(0.113) (0.096) (0.114) (0.096) (0.121)
N, — 40,(3s) 4083 405.6 4101 406.4 406.8 407.6 406.2
(0.004) (0.004) (0.008) (0.005) (0.007)

“The element being probed is underscored. See Section 3 for the computational details. The IH-FSMRCC results are from ref 119.

Table 2. Mean Absolute Errors (Ayag, €V), Standard Deviations (Agrp, V), and Maximum Absolute Errors (A, €V) in Core

Excitation Energies (CEE) and Peak Spacings (PS) Computed Using Six Methods Relative to Experimental Results

a 163—168
)

SR—ADC(Z) SR—ADC(Z)—X MR—ADC(Z) MR—ADC(Z)—X fc—EOM—CCSD IH-FSMRCC
CEE
Ayvag 2.04 0.81 2.42 1.11 0.45 1.68
Agrp 142 0.64 075 0.64 0.46 0.58
Apax 3.56 2.30 3.97 2.27 1.29 2.85
PS
Apar 1.06 0.40 0.79 0.50 0.42 0.44
Astp 111 0.53 0.89 0.46 0.49 0.47
Apax 3.14 1.27 2.32 1.09 0.90 1.23
“The TH-FSMRCC results are from ref 119. See Table 1 for data on individual molecules.
3.50 T 250 T
3.00 + 2.00
S S <
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o o
[ E ~ 1.50 +
b 2.00 T Iy
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g 1.50 - J- g 1.00 - -
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(b)

Figure 5. Mean absolute errors (Ay,p, €V) and standard deviations from the mean signed error (Agpp, €V) in core excitation energies (a) and peak

spacings (b) computed using six methods relative to experimental results.

2Agrp. See Tables 1 and 2 for details.

163—168

Each bar indicates Ayg,p, and the black vertical bracket denotes

MR-ADC(2)-X for simulating vertical K-edge core excitation
energies in seven closed-shell weakly correlated molecules at
near-equilibrium geometries (C,H,, C,H,, CH,, CO, H,CO,
H,0, and N,). Table 1 reports transition energies and oscillator
strengths computed using MR-ADC, SR-ADC, fc-EOM-CCSD,
and TH-FSMRCC,"'"” alongside with experimental re-
sults." 7' We assess each method’s accuracy by calculating
mean absolute errors (Ay,g), standard deviations (Agrp), and
maximum absolute errors (Ay,x) in core excitation energies
(CEE) and peak spacing (PS) relative to experiment. These
performance metrics are reported in Table 2 and are illustrated
in Figure 5. We note that in our benchmark, we focus on
analyzing the performance of methods relative to each other
rather than assessing the ability of each method in reproducing
the experimental results. Since our simulations do not
incorporate vibronic effects and calculate vertical excitation
energies as opposed to the experimentally measured transition
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energies that are affected by molecular vibrations, direct
comparison with the experimental results is not strictly valid.
When considering CEE (Figure Sa), the best agreement with
experimental results is demonstrated by fc-EOM-CCSD that
shows Ay = 0.45 eV and Agrp = 0.46 €V. Since the molecules
in our benchmark set do not exhibit static electron correlation
effects, the MR-ADC and SR-ADC methods show similar Ay,
at the same level of approximation. The MR-ADC(2) method
exhibits a somewhat larger Ay,p (2.42 €V) compared to that of
SR-ADC(2) (2.04 eV) but has a much smaller Agrp (0.75 V)
that is by almost a factor of 2 smaller than Agpp, of its single-
reference counterpart (1.42 eV). Both methods show similar
Apax ranging between 3.56 and 3.97 eV. We note that the
computed errors in CEE originate from the difference of errors
in the ground- and core-excited state energies. For most of the
electronic transitions in Table 1, f-EOM-CCSD, SR-ADC(2),
and MR-ADC(2) provide a better description of orbital
relaxation and electron correlation effects in the ground

https://doi.org/10.1021/acs.jctc.3c00477
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Figure 6. Natural active orbitals and their occupation numbers for the ozone molecule computed using CASSCF with the (6e, 80) active space and

aug-cc-pCVTZ-DK basis set.

electronic state than in the excited states, overestimating CEE
relative to the experimental results.

Increasing the level of theory from ADC(2) to ADC(2)-X
reduces Ay, in CEE for both MR- and SR-ADC by more than a
factor of 2. As a result, SR-ADC(2)-X and MR-ADC(2)-X show
the best agreement with experiment among all ADC methods
with Ayap = 0.81 and 1.11 eV, respectively, and Agrp = 0.64 €V.
SR-ADC(2)-X and MR-ADC(2)-X also exhibit similar Ay, of
~ 2.3 eV. The reduction in CEE errors from ADC(2) to
ADC(2)-X, which was also observed by Wenzel and co-workers
in their benchmark of SR-ADC,*”™* can be attributed to an
improved description of orbital relaxation effects provided by
the extended ADC approximations that lowers the energies of
core-excited states relative to the ground electronic state. As a
result, SR-ADC(2)-X and MR-ADC(2)-X tend to under-
estimate the experimental CEE for most electronic states in
Table 1. The IH-ESMRCC method developed by Dutta et al.""’
shows intermediate performance between that of ADC(2) and
ADC(2)-X methods with Ay = 1.68 eV, Agrp = 0.58 eV, and
Apax = 2.85 eV in CEE.

The average errors of methods in predicting PS is illustrated in
Figure Sb. MR-ADC(2)-X along with three other approaches
(SR-ADC(2)-X, fc-EOM-CCSD, and IH-FSMRCC) show
similar performance with Ay, ranging from 0.4 to 0.5 eV and
Agrp ~ 0.5 eV. Larger differences are observed in Ay, which
increase in the following order: fc-EOM-CCSD (0.90 eV) < MR-
ADC(2)-X (1.09 eV) < IH-ESMRCC (1.23 €V) < SR-ADC(2)-
X (1.27 eV). Increased errors in PS are shown by MR-ADC(2)
and SR-ADC(2), which yield A5 and Agrp, ranging from 0.79
to 1.06 eV and Ap.x exceeding 2.3 eV. Notably, all methods
exhibit increased errors in PS for CO and H,CO, suggesting that
the description of electron correlation and orbital relaxation
effects in the core-excited states of these two molecules is a
challenge for linear-response and equation-of-motion theories
employed in this work. These two molecules also show the
largest differences in ADC(2) and ADC(2)-X results, indicating
that the extended treatment of orbital relaxation in their core-
excited states is important.

Overall, the performance of MR-ADC(2) and MR-ADC(2)-
X for simulating CEE and PS in X-ray absorption spectra is
consistent with the relative accuracy of SR-ADC for weakly
correlated systems known from prior benchmarks.*’~*
However, the MR-ADC methods are expected to be more
reliable than the SR-ADC approximations when simulating core
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excitations in molecules with significant multireference charac-
ter. We demonstrate this in Section 4.2 where we use MR-ADC
to simulate the X-ray absorption spectrum of molecular ozone
with multiconfigurational ground-state electronic structure and
in Section 4.3 where we compute the potential energy curves for
the K-edge excited state of a nitrogen molecule.

4.2. X-ray Absorption Spectrum of Ozone. Ozone (O;)
is a closed-shell molecule that has been the subject of many
theoretical studies due to a significant multireference character
in its ground electronic state."*'~'®” The multiconfigurational
nature of O; ground-state electronic structure can be observed
by analyzing the CASSCF results reported in Figure 6 where the
occupations of frontier 1a, and 2b, natural orbitals deviate from
two and zero by ~0.3 e”. Several experimental **'#>"#¥71%3 gnqg
theoretical®'?>!*1199180 sty dies of O core-excited states and
X-ray absorption spectra (XAS) have been reported. Here, we
investigate the oxygen K-edge XAS spectrum of ozone using
MR-ADC.

Figure 7 compares the XAS spectra of O; simulated using MR-
ADC, SR-ADC, and fc-EOM-CCSD to the experimental
spectrum reported by Stranges et al.'"*” Two intense bands
dominate the experimental K-edge spectrum: (i) a narrow
feature at 529.3 eV and (ii) a broad peak centered at 534.9 eV.
The first band is attributed to the excitation from the terminal
oxygen (Og) s orbitals to the z* (2b,) frontier molecular
orbital (transition A). The second spectral feature is composed
of overlapping peaks corresponding to two distinct electronic
excitations: (1) from the central oxygen (O¢) 1s to the z*
molecular orbital (transition B) and (2) from the terminal
oxygen ls to the o* (6a;) molecular orbital (transition C).
Relative to A, the experimental excitation energies of B and C are
Aga = 5.55 €V and Ac, = 6.50 eV, respectively.'®

All simulated XAS spectra in Figure 7 correctly reproduce the
ordering of A, B, and C transitions observed in the experiment,
but differ in the first core excitation energy (A), peak spacings
(Aps and Ac,), and relative intensities reported in Table 3.
Since our calculations do not incorporate vibronic effects, we
focus on relative peak positions and intensities, which are
expected to be less sensitive to changes in molecular geometry.
The best agreement with the experimental spectrum is shown by
MR-ADC(2)-X that underestimates Ay, and A, by 0.1 and 0.3
eV, respectively. The SR-ADC and fc-EOM-CCSD methods
also underestimate peak spacings but exhibit significantly larger
errors ranging from 0.6 to 1.3 eV for Ag, and from 0.3 to 1.0 eV

https://doi.org/10.1021/acs.jctc.3c00477
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Figure 7. Oxygen K-edge spectra of ozone molecule simulated using
five methods in comparison to the experimental spectrum digitized"”
from ref 180. All theoretical spectra were plotted with 0.6 eV
broadening and were shifted to align the position of the first peak
with that in the experimental spectrum. The shift value is indicated on
each plot. Green, red, and blue lines correspond to the A—C transitions
in Table 3, respectively. A small shoulder in the experimental spectrum
is due to the presence of molecular oxygen.'®

for Ay MR-ADC(2) is the only method that overestimates the
experimental Ay, and Ac, showing errors of 1.3 and 0.5 eV,
respectively. The large differences in MR-ADC(2) and MR-
ADC(2)-X results highlight the importance of differential orbital
relaxation effects on the relative energies of O3 core-excited
states.

Table 3 compares the MR-ADC results with the data from
three recent multireference studies of O; XAS: the calculation
using multiconfigurational random phase approximation (MC-
RPA) by Helmich—Paris,'*” the work by Tenorio et al."*® using
multistate restricted active space second-order perturbation
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theory (MS-RASPT2), and the study by Huang and
Evangelista'*" utilizing driven similarity renormalization group
methods (DSRG). We note that these three studies used
different (sometimes non-core-polarized) basis sets and
neglected scalar relativistic effects. The MR-ADC(2) results
compare well with the data from MS-RASPT2, which over-
estimates the experimental peak spacings by more than 1 eV.
The Ag, and A, computed using MR-ADC(2)-X are within
~0.3 eV from the peak spacings calculated using the second- and
third-order DSRG multireference perturbation theories
(DSRG-MRPT2 and DSRG-MRPT3), which incorporate
orbital relaxation effects in a state-specific fashion. These results
suggest that the MR-ADC methods are capable of achieving high
accuracy in predicting XAS spectra of multireference systems
without performing state-specific optimizations of excited-state
wavefunctions. Interestingly, the MC-RPA method, which is the
lowest multireference level of theory listed in Table 3 bearing a
close relationship with MR-ADC(1),"'** shows errors in peak
separations similar to MR-ADC(2)-X, which may be attributed
to using a significantly larger active space and one-electron basis
set.

An attractive feature of MR-ADC methods is a straightfor-
ward access to oscillator strengths, which can be difficult to
calculate using state-specific methods.'”' Table 3 compares the
oscillator strengths (f) from MR-ADC and other theoretical
approaches. The fc-EOM-CCSD method predicts the largest
oscillator strengths for all transitions, possibly due to the frozen-
core approximation that neglects the dynamic correlation effects
in the polarization of core electron density upon excitation. The
SR-ADC(2)-X and MR-ADC(2)-X oscillator strengths are very
similar for A and C, but show an ~27% decrease for B when
multireference effects are included. For all single-reference
methods, the ratio of A and B oscillator strengths (f(A)/f(B)) is
less than 2, while f(A)/f(B) > 2 is found in all multireference
calculations. These differences in relative intensities of O1(1s)
— 7* and O¢(1s) — 7* transitions may be associated with the
lack of static correlation description in the single-reference
treatment of O and O 1s core-hole screening that has been
recently discussed in ref 127.

4.3. Dissociation of Core-Excited Nitrogen Molecule.
Finally, to test the performance of MR-ADC away from
equilibrium geometries, we compute the potential energy
curve (PEC) of K-edge core-excited state in the N, molecule
that was recently studied by Huang and Evangelista using the
DSRG-MRPT?2 and MR-LDSRG(2) methods."”’ We employ
the same active space, basis set, and treatment of scalar
relativistic effects as in ref 120, which allows for a direct
comparison of MR-ADC total energies with the PEC computed
using the MR-LDSRG(2) method that incorporates dynamical
correlation effects beyond second-order perturbation theory in a
state-specific fashion.

Figure 8a compares the N, K-edge PEC computed using MR-
ADC(2) and MR-ADC(2)-X with the potential energy curves
simulated using SR-ADC(2), SR-ADC(2)-X, DSRG-MRPT?2,
and MR-LDSRG(2). In addition, in Figure 8b, we plot the error
in total energy of the first five methods relative to MR-
LDSRG(2). Out of all ADC approximations, the best agreement
with MR-LDSRG(2) is shown by MR-ADC(2)-X that over-
estimates the binding energy in the equilibrium region (for
r(N—N) < 1.3 A) but predicts energies close to DSRG-MRPT2
and MR-LDSRG(2) near dissociation (r(N—N) > 1.3 A). The
MR-ADC(2) method underestimates the total energy of core-
excited state across the entire PEC and exhibits a larger
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Table 3. Core Excitation Energies (eV) and Oscillator Strengths (in Parentheses) for the Three Most Prominent Transitions (A—
C) in the Oxygen K-edge X-ray Absorption Spectrum of Ozone Computed Using Several Theoretical Methods”

A B C
Or(1s) - #* O¢(1s) = * Or(1s) — o*
method (2a,/1b, — 2b,) (1a, — 2b,) (2a,/1b, — 6a,) Aga Acy

SR-ADC(2)"” 532.7 537.7 5382 5.0 5.5
(0.069) (0.047) (0.072)

SR-ADC(2)-X” 528.9 533.9 535.1 5.0 62
(0.065) (0.041) (0.082)

fe-EOM-CCSD” 530.7 535.0 536.6 43 5.9
(0.088) (0.051) (0.105)

MC-RPA® 538.0 543.6 544.8 5.7 6.8

MS-RASPT2 529.0 535.8 536.4 6.8 7.5
(0.074) (0.031) (0.067)

DSRG-MRPT?2¢ 530.7 535.9 537.1 52 6.4
(0.082) (0.032) g

DSRG-MRPT3¢ 528.4 533.5 535.0 5.1 6.6
(0.077) (0.033) 8

MR-LDSRG(2)* 529.1 534.4 535.8 5.3 6.7
g g &

MR-ADC(2)" 531.6 538.5 538.6 6.9 7.0
(0.079) (0.036) (0.095)

MR-ADC(2)-X" 527.6 533.1 533.8 5.5 62
(0.069) (0.030) (0.081)

experimentf 529.25 534.80 535.75 5.55 6.50

“Also shown are A—B and A—C peak spacings (Ag, and Ac,, eV). bThis work: (6e, 80) active space for MR-ADC, aug-cc-pCVTZ-DK basis set.
“From ref 102: (12e, 120) active space, aug-cc-pCVQZ basis set. 9From ref 156: (13¢, 90) in RAS2 and (Se, 30) in RAS1, cc-pVTZ basis set.
“From ref 121: (19¢, 120) in GAS2 and (Se, 30) in GAS1, cc-pVQZ basis set. FFrom ref 180. #0scillator strengths were not reported.
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Figure 8. (a) Potential energy curves of molecular nitrogen (N,) in the K-edge excited state computed using six different levels of theory with the cc-
pCVQZ-DK beasis set and X2C treatment of scalar relativistic effects. (b) Error in the total energy of N, K-edge excited state calculated using five
methods relative to the LDSRG(2) potential energy curve. The DSRG results are from ref 120.

nonparallelity error compared to MR-ADC(2)-X, but predicts
the correct shape of PEC in the dissociation region. In contrast,
the SR-ADC(2) and SR-ADC(2)-X methods produce un-
physical PECs that diverge away from the MR-LDSRG(2) curve
near the dissociation limit with a barrier at r(N—N) ~ 1.7 A.
These results suggest that the MR-ADC approximations are
more reliable than the SR-ADC methods in the region of PEC
where static correlation is important.

5. CONCLUSIONS

In this work, we presented a new approach for simulating X-ray
absorption spectra (XAS) of molecules using multireference
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algebraic diagrammatic construction theory (MR-ADC). Our
work features an implementation of strict and extended second-
order MR-ADC approximations (MR-ADC(2) and MR-
ADC(2)-X) with core-valence separation (CVS) that enable
direct calculations of core-excited states and spectra without
including core orbitals in the active space.

To assess the accuracy of new MR-ADC methods, we first
performed simulations of K-edge excitations in seven small
molecules (C,H,, C,H,, CH,, CO, H,CO, H,0, and N,) at their
equilibrium geometries. Compared to experimental results, MR-
ADC(2)-X shows a significant improvement over MR-ADC(2)
for core excitation energies and peak spacings due to a higher-
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level description of orbital relaxation effects. Our benchmark
results indicate that for peak separations in XAS spectra, MR-
ADC(2)-X is competitive in accuracy with the frozen-core CVS
implementation of equation-of-motion coupled cluster theory
(fc-EOM-CCSD) and a variant of Fock space multireference
CC."" Both MR-ADC(2) and MR-ADC(2)-X exhibit similar
performance relative to their single-reference counterparts (SR-
ADC(2) and SR-ADC(2)-X), which can be attributed to the
lack of static correlation in the electronic structure of molecules
in our benchmark set.

Following our benchmark, we applied MR-ADC methods to
simulate the oxygen K-edge XAS of the ozone molecule, which
exhibits a multireference character in its ground electronic state.
For this challenging system, the MR-ADC results are in good
agreement with the data from recent studies using multi-
configurational random phase a})proximation,102 restricted
active space perturbation theory,'*® and multireference-driven
similarity renormalization group (DSRG)."”" In contrast, single-
reference methods (SR-ADC and fc-EOM-CCSD) under-
estimate the spacing and relative intensities of 1s — #*
excitations originating from terminal and central oxygen atoms,
likely missing contributions from static correlation in the
description of core-hole screening effects.'”” The MR-ADC(2)-
X results show the best agreement with experiment predicting
the peak spacings in XAS spectra with errors of 0.3 eV or less.

To further test how MR-ADC performs in multireference
situations, we simulated the potential energy curve (PEC) of
molecular nitrogen in the K-edge excited state using MR-
ADC(2) and MR-ADC(2)-X and compared their results with
accurate reference PEC computed using DSRG."* Both MR-
ADC(2) and MR-ADC(2)-X produce bound, qualitatively
correct PEC with well-defined equilibrium and dissociation
regions. The MR-ADC(2)-X method shows a good agreement
with perturbative and nonperturbative variants of DSRG theory,
while MR-ADC(2) is less quantitatively accurate. The SR-ADC
methods are unable to correctly describe the K-edge PEC,
showing an unphysical barrier near the dissociation region where
static correlation effects are important.

The development of MR-ADC methods reported in this work
opens up new opportunities for the simulations of X-ray
absorption spectra in molecules with complicated electronic
structure, such as transition-metal complexes, open-shell
molecules, and conjugated organic chromophores. To make
these calculations possible, an efficient computer implementa-
tion of MR-ADC(2) and MR-ADC(2)-X needs to be developed,
as opposed to a pilot (spin—orbital) code used in this work.
Making this implementation applicable to a wide range of
chemical systems would require extending MR-ADC to systems
with open-shell ground states and incorporating spin—orbit
coupling effects that are particularly important in XAS. Work on
these directions is currently ongoing in our group and will be
reported in a separate publication.
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