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CONVECTIVE-WAVE SOLUTIONS OF THE RICHARD-GAVRILYUK

MODEL FOR INCLINED SHALLOW WATER FLOW

L. MIGUEL RODRIGUES, ZHAO YANG, AND KEVIN ZUMBRUN

Abstract. We study for the Richard-Gavrilyuk model of inclined shallow water flow, an
extension of the classical Saint Venant equations incorporating vorticity, the new feature
of convective-wave solutions analogous to contact discontinuitis in inviscid conservation
laws. These are traveling waves for which fluid velocity is constant and equal to the speed
of propagation of the wave, but fluid height and/or enstrophy (thus vorticity) varies.
Together with hydraulic shocks, they play an important role in the structure of Riemann
solutions.
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1. Introduction

In this note we study new traveling-wave solutions, that we call convective waves, of the
recently-introduced Richard-Gavrilyuk model (RG) of inclined (incompressible) shallow-
water flow [Ric13, RG12, RG13], of a type not present in the classical Saint-Venant equations
(SV) from which (RG) descends.

The Saint-Venant equations are the industry standard in hydroengineering applications
such as dam or spillway design [BM04, JNR+19], having been used — apparently success-
fully — unchanged for nearly a century [Jef25]. However, the phenomena they model are
sufficiently complicated that the limits of their applicability are difficult to determine. See,
for example, the discussion of roll wave stability for (2.1) in [JNR+19], showing the delicacy
of that question. And, in the case of roll waves at least, it has been known since the experi-
mental work of Brock [Bro69, Bro70] that the (explicit) roll wave solutions of (2.1) deviate
in shape from experimentally observed profiles, exhibiting an “overshoot” phenomenon near
shock discontinuities. This inconsistency has recently been resolved by Richard and Gavri-
lyuk [Ric13, RG12, RG13] by incorporating small-scale vorticity in the modeling, converting
the Saint-Venant equations (SV) to the extended Richard-Gavrilyuk model (RG)- the first
such advance in nearly 100 years. See Fig. 1 showing experimental inaccuracy of Saint-
Venant waves near breaking, pointed out in [Bro69, Bro70] as compared to near-exact fit of
(RG) roll waves.

The introduction of the (RG) model raises a number of interesting new questions: how
does the existence theory for traveling waves differ between (SV) and (RG); can the rigorous
stability theories developed in [JNR+19, YZ20] for (SV) be adapted to the more complicated
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Figure 1. Numerics vs. experiment. Left panel: Saint-Venant. Right
panel: Richard-Gavrilyuk.

(RV)? and, most important, does (RV) predict new physical phenomena not captured by
(SV)? These questions are addressed for hydraulic shocks and roll waves in [RYZssa] and
[RYZssb]. Here, we point out a new type of traveling wave occurring in (RG) but not (SV),
of convective-wave solutions propagating with constant speed equal to the (everywhere
constant) fluid velocity, but with fluid height and small-scale vorticity varying.

These may be understood as relaxation profiles for contact discontinuities of an associated
equilibrium system, in the same way that hydraulic shock solutions are relaxation profiles
for equilibrium shocks [Bre00, Whi74, Liu87, YZ20, RYZssa, SYZ20]. Different from usual
contact profiles, these are seen to be of degenerate type appearing in an infinite-dimensional
family of possible nearby shapes. Evidently, this corresponds at linearized level to an infinite
family of zero-eigenvalue modes, implying neutral stability at best, or orbital stability within
this encompassing infinite-dimensional family. However, remarkably, we are able to factor
out this degeneracy at the spectral level. Furthermore, for the subclass of such waves that
are both asymptotically constant at infinity and piecewise smooth with a finite number1 of
discontinuitites, we establish by a generalized Sturm-Liouville argument (similar to [SYZ20,
SZ20]) that their spectral stability is completely determined by the spectral stability of their
limiting endstates, hence reduced to an explicit stability condition.

Numerical time-evolution experiments confirm this conclusion, showing that Riemann
data is resolved into an asymptotic pattern consisting of a hydraulic shock plus a convective
contact wave, as predicted by the associated equilibrium system. They also show that small
initial perturbations of a given convective wave leads in large-time to another significantly
different convective wave, in agreement with the above-mentioned infinite-dimensional deg-
neracy. Proving this observed nonlinear stability remains an interesting open question; see
discussion in Section 8.

The content of the present contribution is organized as follows. In Section 3 we intro-
duce the (RG) model. Besides its main basic properties, we provide there some educated
guesses about expected nonlinear dynamics, based on intuitive analogies with more stan-
dard relaxation systems. Section 3 mixes elementary observations with formal and heuristic
arguments. For comparison, it is preceded in Section 2 by a similar discussion for the (SV)
model. Rigorous mathematical analysis is contained in Sections 4, 5 and 6, where we in-
vestigate the structure of convective waves and their spectral stability. They contain our
main theorems, Theorem 5.5 that elucidates spectral stability of convective waves with

1Possibly zero.
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smooth profiles, Theorem 5.7 that studies convective stabilization by spatial weights, and
Theorem 6.1 that extends the analysis to discontinuous profiles. In Section 7 we provide
various numerical experiments, validating some of the proved facts, confirming some of our
intuitions but also trailblazing in the wild. We conclude with a few perspectives in Section 8.

Acknowledgment: The authors would like to warmly thank Sergey Gavrilyuk and Pascal
Noble for enlightening discussions about the (RG) model. L.M.R. and Y.Z. also express
their gratitude to Indiana University for its hospitality during part of the preparation of
the present contribution. L.M.R. would like to thank the Isaac Newton Institute for Mathe-
matical Sciences, Cambridge, for support and hospitality during the programme Dispersive
hydrodynamics.

2. The Saint Venant equations

The Saint-Venant equations take the form of a 2× 2 hyperbolic relaxation system

(2.1)
ht + (hU)x = 0,

(hU)t + (hU2 + p(h))x = ĝh− Cf |U |U,
where h and u denote fluid height and (vertically averaged) velocity at distance x along an
inclined ramp,

(2.2) p(h) = g′
h2

2
,

and g′ = g cos θ, ĝ = g sin θ, where g is the gravitational constant, θ is the angle from hori-
zontal of the ramp, and Cf is a coefficient of turbulent bottom friction, modeled according
to Chézy’s law as proportional to velocity squared. See, e.g., [Jef25, Dre49, BM04, Ric13,
RG12, RG13].

The lefthand (first-order) side of (2.1)–(2.2) may be recognized as the equations of isen-
tropic compressible gas dynamics with γ-law pressure, where h plays the role of density and
γ = 2, from which we may deduce hyperbolicity [Daf12, Bre00], with characteristics

α1 = U − a, α2 = U + a,(2.3)

where a is sound speed, given by

(2.4) a =
√
ph =

√

g′H0.

The formal equilibrium system obtained by setting the righthand (zero-order) side to
zero is the scalar, Burgers-type equation

ht + q(h)x = 0, where q(h) :=

√

ĝh3

Cf
,(2.5)

with characteristic speed

(2.6) α∗ = q′(h) =
3

2

√

ĝh

Cf
,
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where u(h) =
√

ĝh
Cf

is determined by the equilibrium condition. In situations of hydrody-

namic stability, or stability of constant-height equilibrium flow (h, u) ≡ (H0, U0), ĝH0 =
CfU

2
0 , (2.5) is expected to approximately govern near-equilibrium behavior, in particular

exhibiting “hydraulic shock”, or “bore” type solutions [Jef25, Whi74, Liu87, YZ20, SYZ20].
In situations of hydrodynamic instability, one observes, rather, pattern-formation and ap-
pearance of periodic “roll wave” solutions; see, e.g., [Cod61, Dre49, Bro69, Bro70, BM04,
JNR+19].

As derived by Jeffreys [Jef25, Whi74], the condition for hydrodynamic stability is

(2.7) F :=
U0

a
< 2,

where F is the Froude number, a dimensionless constant relating fluid velocity to sound
speed. Condition (2.7) corresponds to the subcharacteristic (or “interlacing”) condition

(2.8) α1 < α∗ < α2

of Whitham [Whi74, Liu87], a standard necessary condition for hydrodynamic stability of

relaxation systems. For, writing q(H0) as q = H0u(H0), where u(h) =
√

ĝH0

Cf
, we have

α∗ =
dq

dH0
= U0 + a∗, where a∗ = H0u

′(H0) =
1

2
U0.(2.9)

Comparing to (2.3), we find that (2.8) is equivalent to a∗ < a, yielding (2.7), independent
of the choice of pressure function p in (2.1). For the choice (2.2) arising in the Saint Venant
model (SV), F is independent of height H0 (or, equivalently, of U0 = u(H0)), reducing to

(2.10) F =
U0√
g′H0

=

√

tan θ

Cf
.

3. The Richard-Gavrilyuk equations

The Richard-Gavrilyuk equations are a 4× 4 relaxation system [Ric13, pp 383–384]

(3.1)

ht + (hU)x = 0,

(hU)t + (hU2 + p)x = ĝh− C|U |U,
(

hE)t +
(

hUE + Up)x = (ĝh− CfU |U |)U,
(hϕ)t + (hϕU)x = 0,

with

p =
1

2
g′h2 + (Φ + ϕ)h3, E =

1

2
U2 + e, e =

1

2
(g′h+ (Φ + ϕ)h2),(3.2)

where h and U are fluid height and velocity; Φ and ϕ are large- and small-scale enstrophies
associated with vorticity; g′, ĝ, Ct, Cf are physical parameters; and

(3.3) C = Cf
ϕ

Φ+ ϕ
+ Ct

Φ

Φ+ ϕ
.
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For reference, we recall here the physical meaning of variables Φ and ϕ, as given in
[RG12, RG13]. These are so-called enstrophies, consisting of squared vorticity. They com-
prise a splitting of total enstrophy/vorticity, with ϕ corresponding to small-scale vorticity
near the bottom, and Φ to large-scale vorticity near shocks. For both roll waves and hy-
draulic shocks, ϕ is necessarily constant along profiles. For smooth hydraulic shock profiles,
Φ is constant as well, in agreement with the physical derivation of Φ [RYZssa]; for roll
waves2 and discontinuous hydraulic shock profiles, Φ builds up near the component sub-
shock discontinuity [RYZssa, RYZssb] again in agreement with the derivation.

Let us point out that there are actually two slightly different Richard-Gavrilyuk models.
We choose to work with the original one, from [RG12]. The second version, from [RG13],
is obtained from (3.1) by interchanging the roles of C and Cf and is presented in [RG13]
as leading to qualitatively and quantitatively similar numerical results, with a structure
seemingly closer to the one of (SV).

3.1. Reduced 3 × 3 equations. When setting ϕ ≡ constant in (3.1), we may eliminate
the fourth equation, obtaining the reduced 3× 3 Richard-Gavrilyuk (RG3) model

(3.4)

ht + (hU)x = 0,

(hU)t + (hU2 + p)x = ĝh− C|U |U,
(

hE)t +
(

hUE + Up)x = (ĝh− CfU |U |)U,
with ϕ ≡ constant considered as an additional model parameter.

This gives a large subclass of interesting solutions, including in particular all traveling
waves (h,U,Φ, ϕ)(t, x) = (h̄, Ū , Φ̄, ϕ̄)(x − ct) with3 Ū 6= c — notably, roll waves, and
hydraulic shocks [Ric13, RG12, RG13, RYZssa, RYZssb]. For, combining (3.1)(i) and (iv),
we obtain for smooth solutions the convection equation

(3.5) ϕt + uϕx = 0

in place of (3.1)(iv). Thus, for smooth portions of a traveling-wave solution, (Ū − c)ϕ̄x = 0,
giving ϕ̄ ≡ constant so long as Ū 6= c. Similarly, the first and fourth Rankine-Hugoniot
conditions for (3.1) at a discontinuity of speed c are c[h] = [hU ] and c[hϕ] = [hUϕ], where
[·] denotes jump across the discontinuity. Combining these and using h > 0 yields [ϕ] = 0
so long as U is not equal to c on both sides of the discontinuity. It follows that ϕ remains
constant also across discontinuities with speed c not equal to fluid velocity U .

Relation to gas dynamics. Just as the lefthand (first-order derivative) part of the Saint-
Venant equations (SV) correspond to isentropic gas dynamics with pressure function of a
polytropic gas law with γ = 2, the lefthand (first-order derivative) part of the reduced
(RG3) model (3.4) corresponds to full gas dynamics with pressure law

(3.6) p(h, e) = 2he− 1

2
g′h2,

2We choose to restrain the term roll waves to periodic waves similar to the ones of (SV), in particular
discontinuous, despite the fact that there are periodic traveling waves of convective type, including but not
restricted to discontinuous ones.

3Or more generally with Ū taking the value c on a discrete subset of the domain of smoothness of wave
profiles.
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obtained by using (3.2)(iii) to eliminate total enstrophy Φ + ϕ in (3.2)(i): similar to but
not exactly the nonisentropic polytropic gas law with γ = 2 ppoly(h, e) = 2he.

By this observation, we may read off the characteristics of the first-order (homogeneous)
part of (3.4) using standard gas-dynamical formulae [Daf12, Bre00, BFZ15] as

α̃1 = U − ã, α̃2 = U, α̃3 = U + ã,(3.7)

where a is sound speed, given by

(3.8) ã =

√

ph +
ppe
h2

=
√

6e− 2g′h =
√

g′h+ 3(Φ + ϕ)h2.

We note in passing that total enstrophy S(h, e) := Φ + ϕ = 2e−g′h
h2 serves as a specific

entropy for the first-order, gas-dynamical part of the equations [Ric13, RG12, RG13], sat-

isfying for temperature T = 1
Se

= h2

2 the thermodynamic law de = −p dτ + T dS, τ = 1/h,
or

de =
p

h2
dh+ T dS, that is Sh = − p

h2
Se, or eh =

p

h2
.(3.9)

This gives as a consequence, again by standard gas-dynamical facts [Daf12, BFZ15] that
the first-order part of the equation for S = (Φ + ϕ) is the simple convection equation

(3.10) St + USx = 0

Remark 3.1. Written in terms of convectional derivatives ġ := (∂t + U∂x)g, the gas-
dynamics equations become

ḣ = −hUx, U̇ = −px/h, ė = −(p/h)Ux,(3.11)

whence Ṡ = Shḣ + Seė ≡ 0 if and only if Shh + Sep/h = 0, or (3.9). Thus, any convected
function S(h, e) that is monotone in e may serve as a specific entropy for gas dynamics; we
may easily verify the role of (Φ+ϕ) a posteriori by direct computation (∂t+U∂x)(Φ+ϕ) = 0.

Remark 3.2. Alternatively, as in [Ric13, RG12, RG13], expressing p = p̂(h, S) = g′h2

2 +Sh3

using (3.2)(i) and rewriting (3.11) in standard fashion as ḣ = −hUx, U̇ = −p̂x/h, Ṡ = 0,
we obtain a decoupled S-equation and isentropic gas dynamics with pressure p̂(·, S), yielding
convective characteristics 0,±ã, with ã =

√
p̂h, hence (by (3.9)(iii)) more directly recovering

(3.8). Note that the sound speed ã =
√
p̂h for (RG) agrees with the sound speed a =

√
ph for

(SV) only in the zero-entropic, or zero-vorticity case S ≡ 0 in which (SV) was originally
derived.

Equilibrium system. The formal equilibrium system obtained by setting zero order deriva-
tive terms to zero is the same Burgers type equation (2.5) as for (SV), with

(3.12) (u(h),Φ(h)) =
(

√

ĝh

Cf
, 0
)

,

and the same characteristic speed α∗ = q′(H0) = 3
2

√

ĝH0

Cf
given in (2.9). As noted in

[Ric13, RG12, RG13], (strong) hydrodynamic stability, or (strong) spectral stability of
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constant equilibrium flows for (3.4) holds provided

(3.13) F̃ :=
U0

ã0
< 2,

a generalization to (RG) of condition (2.7) of Jeffreys [Jef25], and

(3.14) Cf ≥ Ct.

See Appendix A for detailed computations.
Here, condition (3.13) corresponds, by the same argument that was used for (SV), to the

subcharacteristic condition α̃1 < α∗ < α̃3 of Whitham [Whi74], while (3.14) corresponds
to dissipativity of the zero-order derivative forcing terms on the righthand side of (3.4) in
the convective, entropy mode S. Specifically, writing the complete reduced, inhomogeneous
equations (3.4) in convective derivative form, we obtain

(3.15) ḣ+ hUx = 0, U̇ + px/h =
ĝ − C|U |U

h
, Ṡ =

(

1− ϕ

S

) (Ct − Cf )|U |3
h3

,

and thus, where Φ 6= 0 and U 6= 0, Ṡ ≤ 0 if and only if Ct ≤ Cf , with strict inequality
unless Ct = Cf .

3.2. Full 4×4 system. Augmenting (3.4) with the simplified ϕ equation (3.5), we find for
smooth solutions that the full (RG) equations, written in convective derivative form, are
the reduced equations (3.15) together with ϕ̇ = 0, hence hyperbolic with characteristics

α̃ := U − ã, 0, 0, U + ã,

where sound speed ã is again as in (3.8). Moreover, the decoupled convective ϕ mode is
always neutrally stable, hence hydrodynamic stability is again equivalent to the conditions
(3.13)–(3.14) for the reduced system (3.4), but is now at best nonstrict in the sense that the
dispersion relations for the linearization about a constant equilibrium state (h0, U0,Φ0, ϕ0)
include the neutral, ϕ mode λ4(k) = −iU0k, k ∈ R.

Equilibrium system. Likewise, setting the righthand side (zero-order derivative part) of (3.1)
to zero gives the same equilibrium relations (3.12) as for the reduced model (3.4). However,
with the addition of (3.1)(iv), the formal equilibrium model becomes now a 2× 2 system

(3.16)
ht + q(h)x0,

(hϕ)t + (hu(h)ϕ)x = 0,

or, for smooth solutions, ht+ q(h)x = 0, ϕt+ u(h)ϕx = 0, with characteristics α∗,1 =
3
2u(h)

and α2,∗ = u(h) in characteristic modes h and ϕ. And, since α∗,2 = u(h) is linearly
degenerate (independent of the associated mode ϕ), system (3.16), besides Burgers shock
and rarefaction waves in mode h, admits the new feature of contact discontinuities [Bre00,
Daf12] in the mode ϕ, traveling with characteristic speed c = α∗,2 = U0 equal to fluid
velocity.

Indeed, one readily finds that solutions of a Riemann problem for (3.16), joining arbitrary
left and right states (hL, ϕL) and (hR, ϕR) consist of a contact discontinuity given by a jump

in ϕ from ϕL to ϕR with h = hL held fixed, and propagating at speed c = u(hL) = h
1/2
L ,

followed by a scalar shock or rarefaction wave in h with ϕ = ϕR held fixed, and propagating
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with speed≥ α∗(hL) > u(hL) in the rarefaction case hL < hR and c = (q(hR)−q(hL))/(hR−
hL) > (q(hL)− q(0))/hL = u(hL) in the shock case hL ≥ hR.

Thus, following the formalism of [Whi74, Liu87], in situations of hydrodynamic stability,
one might expect, at least for near-equilibrium (small data) flow, that long-time asymptotic
behavior of (RG) should be governed by a regularized version of that of (3.16), that is, a
superposition of relaxation profiles for a Burgers-type shock (or rarefaction) in the genuinely
nonlinear h-mode and a contact discontinuity in the linearly degenerate ϕ mode, arranged
in order of increasing speed so as to form a noninteracting pattern of waves connecting
equilibrium states. See for example, the corresponding analyses for the 2n × 2n Jin-Xin
model in [HPW08, Zhe15] under the assumption of strict hydrodynamic stability. We
note that, unlike shock profiles, the contact profiles as constructed in [HPW08, Zhe15] are
not traveling waves, but approximately self-similar solutions with diffusive, error-function
scaling.

In the present, degenerate case of neutral hydrodynamic stability, the conclusion is less
clear. It is straightforward to see that the Riemann problem [Bre00, Daf12] for (3.16) has
a unique solution consisting of a contact discontinuity in ϕ, with h held fixed, followed
by a shock or rarefaction in h, with ϕ held fixed. And, for the shock case relevant to
hydrodynamic engineering, that height h is decreasing from left to right, there is a unique
relaxation profile, as shown in [RYZssa], connecting equilibrium states with a common value
of ϕ.

However, as we show below, there is a large class of traveling convective-wave solutions
with U ≡ c that are candidates for relaxation profiles of a contact discontinuity. Moreover,
as the ϕ equation is decoupled from the rest of the system, it lacks the “effective diffusion”
present in [HPW08, Zhe15], so that one cannot expect the type of diffusive contact profiles
studied there. There is also the interesting question what occurs in the case of hydrodynamic
instability F∗ > 2 in terms of the linearly degenerate ϕ field. We investigate these questions
in the remainder of the paper.

4. Convective traveling waves

The above discussion in Section 3.2 motivates the study of constant-speed solutions of
(3.1) with U ≡ c = constant, in particular those connecting equilibrium states at x = ±∞.

Let us start by considering general solutions with U ≡ c, without regard to asymptotic
states at infinity. Under this assumption, system (3.1) reduces for smooth solutions to
(h, ϕ)t + c(h, ϕ)x = 0, together with

∂x

(

g′
h2

2
+ (Φ + ϕ)h3

)

= ĝh− C|c|c ,

1

2
h3 (∂tΦ+ c ∂xΦ) + c ∂x

(

g′
h2

2
+ (Φ + ϕ)h3

)

= (ĝh− Cf |c|c) c ,

which imply
1

2
h3 (∂tΦ+ c ∂xΦ) = c (Ct −Cf )

Φ

Φ + ϕ
.

From the latter one readily deduces the following lemma.
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Lemma 4.1. If Ct 6= Cf and c > 0, solutions with U constant that are global and bounded
(forward in time) satisfy

lim
t→∞

‖Φ(t, ·)‖L∞ = 0 .

Furthermore if Ct > Cf such solutions satisfy Φ ≡ 0 and are unstable.

This motivates to restrict further to (U,Φ) ≡ (c, 0). This amounts to

(h,U,Φ, ϕ) = (h̄, Ū , Φ̄, ϕ̄)(x− ct) , with (Ū , Φ̄) ≡ (c, 0) ,(4.1)

and

(4.2)

(

g′
h̄2

2
+ ϕ̄h̄3

)′

= ĝh̄−Cf |c|c.

That is, (i) any such smooth solution is a traveling wave, and (ii) every solution of (4.2)
yields a corresponding smooth traveling-wave solution of (3.1), convected with fluid velocity.
We denote these as convective-wave solutions.

4.1. Piecewise smooth solutions. We now generalize the discussion to (piecewise smooth)
discontinuous solutions with (U,Φ) ≡ (c, 0). The foregoing arguments extend directly to
smooth parts of the solutions. In turn at a discontinuity traveling with speed s, we find
that the associated Rankine-Hugoniot conditions reduce to

(s− c)[h] = 0 , (s− c)[hϕ] = 0 ,(4.3)

together with

(4.4) [p] =

[

g′
h2

2
+ ϕh3

]

= 0.

That is, we find that s = c, i.e., discontinuities are likewise convected with fluid velocity, so
that solutions are again traveling waves, and that (4.2) again holds, now in distributional
sense. Thus, convective-wave solutions, whether smooth or piecewise smooth, are completely
described by (4.2).

4.2. Asymptotically constant solutions. We now specialize the discussion to convective-
waves with asymptotic limits (h±, ϕ±) at ±∞. Note that from (4.2) stems

h± = h0 :=
Cfc

2

ĝ
.

Setting δ := h̄− h0, we obtain finally

(4.5)

(

g′
(h0 + δ)2

2
+ ϕ̄(h0 + δ)3

)′

= ĝδ.

For δ integrable but otherwise arbitrary4 (smooth or not), this has nontrivial asymptotically-
constant solutions, given by

(4.6)

(

g′
(h0 + δ)2

2
+ ϕ̄(h0 + δ)3

)

(x) = κ+ ĝ

∫ x

−∞
δ(y) dy,

4We deliberately omit to specify positivity constraints.
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κ an arbitrary constant. The convective-wave solutions so constructed have limiting asymp-
totic states (h0, c, 0, ϕ−) and (h0, c, 0, ϕ+), with (ϕ−, ϕ+) arbitrarily tunable by adjusting κ

and
∫ +∞
−∞ δ(x) dx.

Remark 4.2. For the Saint-Venant equations (2.1), solutions with U ≡ c = constant must
likewise be traveling waves moving with speed c, but now satisfying (p(h))′ = ĝh−Cf c

2 with

p(h) = g′h2/2, or h′ =
( g′

ĝ − Cf c
2

g′h

)

, an ODE with no nontrivial bounded solutions other than

the single unstable equlibrium h0 =
Cf c

2

ĝ . Thus, no such asymptotically constant U ≡ c

waves exist (except for the constant equilibrium). Likewise, for the reduced model (3.4),
with ϕ constant, we obtain (U,Φ) ≡ (c, 0) and (p(h))′ = ĝh − Cf c

2, p(h) = g′h2/2 + ϕh3,

leading to h′ =
( ĝh−Cfc

2

g′h+3ϕh2

)

: again an ODE with a single unstable equilibrium, hence no

nontrivial asymptotically constant waves.

Remark 4.3. Traveling waves with Ū not constant, have ϕ̄ constant. Therefore the role
of convective waves in a possible large-time traveling-wave resolution is precisely to convey
ϕ-variations. Consistently the present analysis shows that one may indeed find an infinite-
dimensional family of convective-wave fronts connecting any equilibria differing only by their
ϕ-component.

Remark 4.4. When motivating the restriction to solutions with Φ ≡ 0, we have excluded
the case Ct = Cf as somehow exceptional. Indeed, it is straightforward to check that in this
special case, the freedom in convective-wave profiles is even larger. For instance, one may
pick h0, δ and κ as above, but also pick Φ̄ arbitrarily and obtain a convective-wave profile
by solving in ϕ̄

(

g′
(h0 + δ)2

2
+ (ϕ̄+ Φ̄)(h0 + δ)3

)

(x) = κ+ ĝ

∫ x

−∞
δ(y) dy .

4.3. Periodic solutions and beyond. Evidently, in the same way, we may construct
spatially periodic solutions analogous to roll waves by integrating (4.5) with δ periodic, and
zero mean.

Note that this includes cases when such periodic waves are smooth. In contrast, the
arguments in Remark 4.2 show that there are no such convective periodic traveling waves
for (2.1) or (3.4).

One may generalize the present construction so as to unify it with the asymptotically-
constant case by noticing that we only need δ and an anti-derivative of δ to be bounded so
as to obtain a bounded convective-wave.

Remark 4.5. The freedom in the construction includes the possibility to prescribe any
discrete set as the set of discontinuous points for h̄, discontinuities in ϕ̄ being included in
those. See the related discussion in [JNR+19, DRar]. However we stress that in principle it
could well be that among this tremendously huge number of convective-wave solutions only
a few types are stable. To exemplify this possibility, we point out that it follows from the
analysis in [DR20, DRar] that such a dramatic reduction does occur for scalar balance laws.
A consequence of our spectral analysis is that for (RG) such a reduction does not occur, at
least for asymptotically constant waves with a finite number of discontinuities.
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5. Spectral stability of smooth solutions

We now investigate spectral stability of convective waves, starting with smooth asymp-
totically constant solutions.

Remark 5.1. Note that unlike what happens in more standard traveling-wave analyses
smoothness and localization of wave profiles is not determined by profile equations but could
be tuned arbitrarily by the prescription of δ = h − h0. Since we believe that the only
important disctinction from the point of view of applications is whether δ is continuous or
not, in the present section, devoted to the smooth case, we assume that δ ∈ C∞ and, in
the asymptotically constant case, that δ and all its derivatives are exponentially localized.
The reader interested in relaxing this assumption may adapt arguments in [PW92] to the
situation at hand.

5.1. Eigenvalue equations. To begin with we investigate the eigenvalue problem.
Linearizing about a convective-wave solution

(h,U, ϕ,Φ)(t, x) = (h̄, Ū , ϕ̄, Φ̄)(x− ct), (Ū , Φ̄) ≡ (c, 0),

we obtain a linear evolution whose eigenvalue equations are

(5.1) λA0W + (AW )′ = EW,

where W = (h,U,Φ, ϕ),

(5.2)

A0 =











1 0 0 0

c h̄ 0 0

c2

2 + 3ϕ̄h̄2

2 + g′h̄ ch̄ h̄3

2
h̄3

2

ϕ̄ 0 0 h̄











A1 =













c h̄ 0 0

c2 + 3ϕ̄h̄2 + g′h̄ 2ch̄ h̄3 h̄3

c(c2+9ϕ̄h̄2+4g′h̄)
2

h̄(3c2+3ϕ̄h̄2+2g′h̄)
2

3ch̄3

2
3ch̄3

2

cϕ̄ h̄ϕ̄ 0 ch̄













E =











0 0 0 0

ĝ −2Cfc − c2(CT−Cf)
ϕ̄ 0

cĝ ĝh̄− 3Cf c
2 0 0

0 0 0 0











A = A1 − cA0 =













0 h̄ 0 0

h̄
(

g′ + 3h̄ϕ̄
)

ch̄ h̄3 h̄3

ch̄
(

g′ + 3h̄ϕ̄
)

h̄
(

c2

2 + 3ϕ̄h̄2

2 + g′h̄
)

ch3 ch̄3

0 h̄ϕ̄ 0 0













and A has a kernel of dimension 2. Taking the inner product with the left kernel of A thus
gives two algebraic relations between the variables, by which we may reduce the eigenvalue
problem to a 2× 2 ODE.
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Specifically, subtracting ϕ̄ times the first equation from the fourth equation in (5.1) yields

λϕ+ ϕ̄xU = 0,

which gives one of the algebraic relations. From this we may solve for ϕ in terms of U :

(5.3) ϕ = −λ−1ϕ̄xU.

This corresponds to left zero-eigenvector ℓ1 = (−ϕ̄, 0, 0, 1) of A. Likewise, for ℓ2 equal to
the other left zero-eigenvector of A, we obtain a relation

ℓ2(λA
0 +A′ − E)w = 0.

Taking ℓ2 =
(

c2 − 3ϕ̄h̄2 − 2g′h̄,−2c, 2, 0
)

and using (5.3), this equation yields

(5.4) Φ = −2ϕ̄
(

Cf c
2 − ĝh̄+ h̄3ϕ̄x + 3h̄2h̄xϕ̄+ g′h̄h̄x

)

2(Cf − CT )c3 + h̄3λϕ̄
U

or

(5.5) Φ = −
2ϕ̄

(

Cfc
2 − ĝh̄+

(

h̄3ϕ̄+ 1
2g

′h̄2
)′
)

2(Cf − CT )c3 + h̄3λϕ̄
U

By (4.2), (5.5) implies

(5.6) Φ ≡ 0.

The full eigenvalue equations (5.1) thus reduce to the 2× 2 ODE

(5.7)

([

0 h̄
h̄
(

g′ + 3h̄ϕ̄
)

ch̄− 1
λ h̄

3ϕ̄x

] [

h
U

])′

=

(

−λ 0
ĝ − cλ −2Cf c− h̄λ

)[

h
U

]

,

or
(5.8)

[

0 h̄
h̄
(

g′ + 3h̄ϕ̄
)

ch̄− 1
λ h̄

3ϕ̄x

] [

h
U

]′

=

[

−λ −h̄x
ĝ − g′h̄x − 6ϕ̄h̄h̄x − 3h̄2ϕ̄x − cλ −2Cf c− ch̄x +

3
λ h̄

2h̄xϕ̄x +
1
λ h̄

3ϕ̄xx − h̄λ

] [

h
U

]

.

Finally, to adapt Sturm-Liouville type arguments from [SYZ20], we observe that equation
(5.8) may for any λ 6= 0 be reduced to second-order scalar form

h =
(h̄U)′

−λ
,(5.9)

U ′′ + f1U
′ + (f2λ

2 + f3λ+ f4)U = 0,(5.10)

where

(5.11)

f1 =
4 ϕ̄x h̄

2 + 12 h̄x ϕ̄ h̄− ĝ + 3 g′ h̄x
h̄(g′ + 3 h̄ ϕ̄)

, f2 = − 1

h̄(g′ + 3 h̄ ϕ̄)
< 0,

f3 = − 2Cf c

h̄2
(

g′ + 3 h̄ ϕ̄
) < 0, f4 =

(ϕ̄h̄3)′′ + g′ h̄xx h̄+ g′ h̄2x − ĝ h̄x

h̄2
(

g′ + 3 h̄ ϕ̄
) = 0

where f4 = 0 is obtained from differentiating (4.6) twice.
System (5.10) with (5.3), (5.6) and (5.9) is, evidently, equivalent to (5.1) for all λ 6= 0.
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5.2. Removal of degenerate modes. We now show how the computations of the former
subsection may be put in an a more functional-analytic framework so as to yield corre-
sponding reductions at the spectral level, that is, for resolvent problems, as required by
abstract semigroup theory.

The linearized dynamics obeys

(5.12) A0∂tW + ∂x(AW ) = EW

with A0, A and E as above. By applying the invertible








1 0 0 0
−c h̄−1 h̄−1 0 0

h̄−3ℓ2 − h̄−1ℓ1
h̄−1ℓ1









one shows that (5.12) is equivalently written as

∂t









h
U
Φ
ϕ









= L









h
U
Φ
ϕ









where

L









h
U
Φ
ϕ









=













−Ared∂x

(

h
U

)

+ Ered

(

h
U

)

+

(

0

−h̄−1 ∂x
(

h̄3 (Φ + ϕ)
)

− c2(CT−Cf)
ϕ̄h̄

Φ

)

−2(Cf−CT )c3

h̄3ϕ̄
Φ

−ϕ̄x U













with

Ared =

(

0 h̄
g′ + 3h̄ϕ̄ 0

)

, Ered =

(

0 −h̄x
h̄−1

(

ĝ − ∂x
(

h̄
(

g′ + 3h̄ϕ̄
)))

−2Cf c h̄
−1

)

.

The formal operator L may be turned into a densely-defined closed operator on a Banach
space X, with domain D, for various pairs (X,D) of the form X = X0 ×X1, D = X1×X1,
including those arising from X0 = (W k,p(R))2 and X1 = (W k+1,p(R))2 for any (k, p) ∈
N×[1,∞), or fromX0 = (BUCk(R))2 andX1 = (BUCk+1(R))2 for any k ∈ N (whereBUCℓ

denotes functions whose derivatives up to order ℓ are bounded and uniformly continuous).
By definition, λ does not belong to the spectrum of L if and only if for any F ∈ X there

exists a unique W ∈ D such that (λ− L)W = F , and the corresponding solution operator
(λ− L)−1 is bounded on X.

Definition 5.2. An asymptotically-constant smooth convective-wave will be called spectrally
stable (on the functional space X) provided that the spectrum of the corresponding L is
included in {λ ; ℜ(λ) ≤ 0 }. It is called strongly spectrally stable provided that the foregoing
spectrum is included in {λ ; ℜ(λ) < 0 } ∪ {0}.

The definition of strong spectral stability is motivated by the fact that in any case 0
belongs to the spectrum.
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For the above-mentioned functional framework, one checks readily that λ does not belong
to the spectrum of L, if and only if λ 6= 0,

(5.13) λ /∈ −2(Cf − CT )c3

h̄3ϕ̄
(R)

and for any G ∈ X0, there exists a unique V ∈ X1 such that Lred(λ)V = G with a solution
operator (Lred(λ))

−1 bounded on X0, where

Lred(λ)

(

τ
U

)

:= Ared∂x

(

τ
U

)

+

(

1 0
0 λ

)

(λ−Ered)

(

λ−1 0
0 1

)(

τ
U

)

+

(

0
−h̄−1 ∂x

(

h̄3 ϕ̄x U
)

)

=

(

1 ∂x(h̄·)
∂x

((

g′ + 3h̄ϕ̄
)

·
)

− h̄−1
(

ĝ − h̄x
(

g′ + 3h̄ϕ̄
))

λ2 + λ 2Cf c h̄
−1 − h̄−1 ∂x

(

h̄3 ϕ̄x ·
)

)(

τ
U

)

.

This achieves the reduction from the original spectrum problem to the invertibility of
a reduced operator Lred(λ), whose kernel equation is precisely (5.8) for (τ, U) = (λh,U).
Note that, as the original λ − L, Lred(λ) is a closed densely defined operator depending
analytically on λ.

A few remarks are in order to highlight what is the nature of the gain when going from
λ− L to Lred(λ).

Remark 5.3. The original operator L combines purely algebraic parts, that is, parts given
as multiplication operators, with differential parts. The key point is that multiplication
operators are Fredholm of index 0 only when they are invertible so that the spectrum of a
multiplication operator is reduced to its essential spectrum. Moreover the latter is determined
by all the values of the function by which we multiply5, instead of being read on asymptotic
limits at ±∞. This is this kind of degeneracy that is responsible for the fact that there is
an uncountable family of zero eigenmodes of (5.1), obtained through (U,Φ) ≡ (0, 0) and

(h̄(g′ + 3h̄ϕ̄)h+ h̄3ϕ)′ = ĝh,

the linear equivalent of the nonlinear solutions determined by (Ū , Φ̄) ≡ (c, 0) and (4.6). By
factoring out the algebraic part, we effectively remove this kind of degeneracy. However, it
must be remembered that the full system does possess these degenerate modes, a fact with
implications for nonlinear stability and asymptotic behavior ; see Section 8 for further dis-
cussion. The reduced operators Lred(λ) are one-dimensional6 non-characteristic differential
operators with asymptotic limits at ±∞ (reached sufficiently fast) so that, as we detail below,
in a large region of the spectral plane — purely determined by asymptotic limits —, these
operators are Fredholm of index 0, thus their invertibility is equivalent to their one-to-one
character, hence to (5.10) possessing no non trivial solution. Incidentally we point out that
the failure of the non-characteristic requirement would bring other kinds of degeneracies;
see the detailed discussion in [DRar].

Remark 5.4. The crucial part of the reduction is the elimination of the algebraic parts. But
we also had to perform a suitable scaling, including h 7→ λh =: τ , so as to preserve regularity
near λ = 0. This scaling shares similarities with classical “flux-type” transformations,

5See for instance (5.13).
6This is crucial since first-order operators possess elliptic properties only in dimension 1.
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considered for instance in [PZ04], and that may be thought as spectral counterparts to the
widely-used anti-derivative trick — dating back at least to [MN85, Goo89] — introduced to
remove the (non-degenerate) eigenvalue 0. For more advanced, multi-dimensional, versions
of the “flux-type” transformations we refer the reader to [HLZ17, BHLZ18]. More generally,
the need for such types of scaling also arise when connecting at spectral level Eulerian and
mass-Lagrangian formulations or quantum systems and their hydrodynamic formulations ;
see [BGMR16, Section 5.2] on the former and [AR22, Section 3.2] on the latter.

5.3. Standard spectral stability. We now investigate invertibility properties of Lred(λ).
The goal is in a relevant region of the spectral plane to reduce it to invertibility properties
of its spatial asymptotic limits

L±
red(λ)

(

τ
U

)

:=

(

1 h0∂x
(g′ + 3h0ϕ±) ∂x − h−1

0 ĝ λ2 + λ 2Cf c h
−1
0

)(

τ
U

)

.

Our strategy uses classical arguments to show that this reduction holds when (5.10)
possesses no non trivial solution, and then adapts arguments from [SYZ20] to show that
the latter does hold in the spectral region of interest. On the former classical arguments
we give little detail and rather refer the reader to the already classical [ZH98, Zum01,
MZ02, San02, KP13] for detailed comprehensive exposition and to the recent [BR22] for a
self-contained worked-out case that could hopefully be used as a gentle entering gate.

As a preliminary we point out that the invertibility of L±
red(λ) for any λ such that ℜ(λ) > 0

(respectively for any λ 6= 0 such that ℜ(λ) ≥ 0) is equivalent to

F± :=

√

ĝ

Cf (g′ + 3h0ϕ±)
≤ 2 , (resp. F± < 2) .

The foregoing claim follows from the computations involved in the stability analysis for
constant states, already worked out in [Ric13, RG12, RG13], and provided in Appendix A.

Theorem 5.5. Consider an asymptotically-constant smooth profile with limiting values
(h0, c, 0, ϕ−) and (h0, c, 0, ϕ+), c > 0, reached exponentially fast. This wave is spectrally
stable if and only if

Cf ≥ Ct , F+ ≤ 2 , F− ≤ 2 .

and it is strongly spectrally stable if and only if

Cf ≥ Ct , F+ < 2 , F− < 2 .(5.14)

Proof. The role of the condition on (Cf , Ct) has been elucidated in the foregoing subsection.
The necessity of the conditions on F+ and F− stems directly from the classical fact that
invertibility of both L±

red(λ) is necessary to invertibility of Lred(λ). The foregoing claim is
relatively easy to prove by building quasi-modes ; see Lemma 2 in the Appendix to [Hen81,
Chapter 5], or Proposition 2.1 in [DRar, Section 2.1]. Knowing that L±

red(λ) are invertible
when ℜ(λ) ≥ 0, λ 6= 0, it is classical to deduce that for such λ, Lred(λ) is invertible if and
only if it is one-to-one. However the proof of the latter is longer and more involved and we
simply refer to the already quoted literature. Let us only mention that the classical proof
builds an inverse from Green functions, and that those are obtained by gluing together
solutions to the differential equation encoding the kernel equation for Lred(λ), considered
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on half-lines. Hence the strong connection between the structure of the kernel equation and
invertibility.

We also observe that the sufficiency of the condition for spectral stability may be derived
from the sufficiency of the condition for strong spectral stability through a limiting argument
that we omit.

Thus, the remaining, and only non classical, task is to prove that when Cf ≥ Ct, F+ < 2,
and F− < 2, and ℜ(λ) ≥ 0, λ 6= 0, the kernel of Lred(λ) is reduced to the null function,
or, in other words, that (5.10) possesses no non trivial solution (in the relevant functional
space). To prove this, we modify the strategy from [SYZ20].

The argument is closed by homotopy. For ǫ ∈ [0, 1], consider the convective-wave
(h̄ǫ, Ūǫ, Φ̄ǫ, ϕ̄ǫ) built from (4.6) with the same (c, h0, κ) but δ replaced with ǫ δ. At ǫ = 0,
the wave is constant with h̄ ≡ h0, ϕ̄ǫ ≡ ϕ−. The situation is favorable at ǫ = 0 thanks to
F− < 2, and Froude conditions are seen to hold for any ǫ ∈ [0, 1] by monotonicity in ϕ+ of
the criterion. Our task is to show that there is no transition from stability to instability as
we vary ǫ. It follows from general theory that transitions may occur only in two ways:

(1) At some ǫ0 there is a λ ∈ iR, λ 6= 0, such that the ǫ0-version of (5.10) possesses a
non trivial solution (in the relevant functional space).

(2) For some ǫ0, for any ǫ > ǫ0 sufficiently close to ǫ0, there exists λǫ converging to 0
when ǫ goes to ǫ0 such that ℜ(λǫ) > 0 and the corresponding ǫ-version of (5.10)
possesses a non trivial solution (in the relevant functional space).

We begin by excluding the first kind of transition. For the sake of readability, we omit
to mark the ǫ0 dependence. The first observation is that under the present assumptions,
exponential dichotomy holds: when ℜ(λ) ≥ 0, λ 6= 0, solutions to the differential equation
(5.10) that do not blow exponentially decay exponentially, with rates matching decaying
rates near ±∞ of asymptotic equations

U ′′ − ĝ

h̄(g′ + 3h0 ϕ±)
U ′ − λ

(

1

h0(g′ + 3h0 ϕ±)
λ+

2Cf c

h20 (g′ + 3h0 ϕ±)

)

U = 0 .

This implies that any such solution provides via the Liouville-type transformation

(5.15) w(x) = e
1
2

∫ x

0
f1(y) dyU(x),

an element w of the kernel of the operator L(λ) acting on L2 with domain H2 through

(5.16) L(λ)(w) := w′′ + (f2λ
2 + f3λ+ f4 −

1

4
f2
1 − 1

2
f ′
1)w .

To conclude this part, as in [SYZ20, Lemma 3.1], we derive from f3 < 0 that when λ ∈ iR,
λ 6= 0, the kernel of L(λ) is trivial. Namely, taking the L2 inner product of i w against
equation L(λ)(w) = 0 for λ = iα, α ∈ R

∗, we obtain 0 = 〈w, f3w〉, hence w = 0.
It only remains to exclude the second kind of transition. Here we depart from [SYZ20].

Our first observation is that similarly classical arguments, building on limits of spatial decay
rates, show that this transition may only occur if at ǫ0, the ǫ-version of (5.10) possesses at
λ = 0 a non zero solution U , bounded near +∞ and decaying exponentially near −∞. We
now exclude this possibility, and again omit to mark any dependence on ǫ0 when doing so.
Since f1(+∞) > 0, the only bounded solutions to (5.10) with λ = 0, that is, to

(5.17) U ′′ + f1U
′ = 0 ,
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are solutions with U ′ ≡ 0, and those do not decay to 0 at −∞ if they are not constantly
zero. Hence the conclusion of this part and of the proof. �

Remark 5.6. For comparison, we mention that in [SYZ20] the argument blocking the emer-
gence of eigenvalues through λ = 0 builds on the fact that there is a non trivial element in the
kernel but that its sign combined with Sturm-Liouville theory ensures that the multiplicity
of λ = 0 is fixed (equal to 1), hence no crossing is possible.

5.4. Convective spectral stability. Let us observe that in the foregoing subsection we
have not specified which of the functional spaces introduced in (5.2) we were picking. The
reason is that this choice is immaterial to conclusions of Theorem 5.5. The conclusion would
be dramatically different if we were allowing to introduce spatial weights among possible
Sobolev norms.

With this in mind, we revisit briefly and at a deeper level the hydrodynamic stability
conditions F+ ≤ 2, F− ≤ 2, and its role in spectral stability. Though this condition is
clearly necessary in standard Sobolev norms, it is also well-known that stability properties
may sometimes be changed by working in exponentially weighted norms, taking account of
the fact that instabilities may be convected into a traveling wave and stabilized by near-field
dynamics. The upshot is that a wave may be stable with respect to sufficiently exponentially
localized perturbations even when it is unstable with respect to perturbations in standard
norms, a phenomenon known as convective stability or convective stabilization. On this
topic, we refer to [Sat76] for pioneering work, to [KP13, Chapter 3] for a comprehensive
discussion at spectral level and to [GRss, FRYZss, Bloss] for convective analogs to [DR20,
DRar, YZ20, SYZ20, BR22].

In order to state a convective analog to Theorem 5.5, we extend Definition 5.2, to con-
vective spectral stability when spectral stability is obtained in a weighted topology with a
smooth weight lower-bounded away from zero, and to extended convective spectral stability
when it is met for some smooth positive weight.

The weight e
1
2

∫ x

0 f1(y) dy, already used in (5.15), ensures invertibility properties for L±
red(λ)

for any λ 6= 0 such that ℜ(λ) ≥ 0 independently of the position of F± with respect to 2.
Once this is done the rest of the proof of Theorem 5.5 applies almost without change. Note
that the above weight goes to zero as x → ∞ and an inspection of spatial decay at +∞
shows that this cannot be fixed by any other lower-bounded weight ; see Appendix A for

some details. However e
1
2

∫ x

0
χ(y) f1(y) dy with χ smooth, equal to 1 in a neighborhood of

−∞ and to 0 in a neighborhood of +∞, provides a lower-bounded weight that restores
invertibility of L−

red(λ) in the zone of interest.
The foregoing discussion leads to the following theorem.

Theorem 5.7. Consider an asymptotically-constant smooth profile with limiting values
(h0, c, 0, ϕ−) and (h0, c, 0, ϕ+), c > 0, reached exponentially fast.

(1) Its extended convective spectral stability requires Cf ≥ Ct, and this is sufficient to
obtain strong extended convective spectral stability.

(2) Its convective spectral stability is equivalent to Cf ≥ Ct and F+ ≤ 2, and its strong
convective spectral stability is equivalent to Cf ≥ Ct and F+ < 2.

Remark 5.8. The outcome of the analysis is consistent with the classical rule of thumb
that only instabilities traveling towards the wave may be stabilized with a classical weight.
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To carry out this consistent check, we first recall [MZ02] that transition to hydrodynamic
instability is closely related to the Chapman-Enskogg expansion (3.16), with instabilities
occurring in neutral modes corresponding to the characteristic modes of (3.16). As the
ϕ mode decouples to all orders, it remains always neutral, hence strict, or exponential,
instability should it arise occurs in the h-mode, convected with characteristic speed α2

∗ strictly
greater than the speed α1

∗ = U of the ϕ mode. Thus, for a hydrodynamically unstable
state to the left of an asymptotically-constant convective wave solution, instabilities are
convected inward toward the wave, at speed greater than the speed c = U of the wave. Such
instabilities are thus subject to convective stabilization, recovering stability with respect to
sufficiently localized perturbations. For a hydrodynamically unstable state to the right of
an asymptotically-constant convective wave solution, on the other hand, instabilities are
convected outward from the wave, and cannot be so stabilized (in a classical way).

There is some hope to directly use convective stability at the nonlinear level, since involved
topologies behaves nicely with respect to nonlinear estimates. Nonlinear results mentioned
above fit in this frame.

In turn, our motivation to also investigate extended convective stabilization and our ex-
pectations concerning its role in the nonlinear dynamics is somewhat subtle. Generally
speaking, we expect that a wave that could be stabilized in an extended convective sense
could enter as a block in a stable multi-wave pattern. For the present case, we are partic-
ularly interested in 2-wave patterns, with the second (rightmost) wave (corresponding to
the h mode of (3.16)) being a Lax shock. In particular, then, characteristics are propagated
into the shock from either side. This observation will be important in Section 7 below, in
interpreting the results of our numerical time-evolution experiments.

Let us stress however that all our present discussion about nonlinear dynamics is some-
what speculative. Indeed, due to the presence of an infinitely degenerate neutrally stable
mode, even in the smooth stable case, the present problem does not fit under the application
of any result that we know of converting spectral stability into nonlinear stability.

5.5. Stability of periodic solutions. Among the wide variety of smooth convective
waves, besides the asymptotically-constant ones, those with a periodic profile also fit in a rea-
sonably developed spectral stability framework. The latter is much more recent though. See
for instance [Gar93, OZ03, JNRZ14, Rod18] for a few significant contributions to periodic-
wave nonlinear and spectral analyses, and [Rod13, Rod15] for some detailed accounts. We
restrain from tackling such a stability analysis, but we would like to point out why the
asymptotically-constant analysis is not readily adaptable to the periodic problem.

A significant part of the asymptotically-constant study is deduced from an energy es-
timate carried out for the self-adjoint operator in (5.16) obtained through the Liouville

transformation w = e
1
2

∫ x

0 f1(y) dyU of (5.15). Yet, in the periodic case, such a transforma-

tion is not available, unless f1 is mean-free over a period, since otherwise e
1
2

∫ x

0
f1(y) dy is not

periodic and grows without bound near one infinity, decays to zero near the other infinity.
We point out that, for discontinuous periodic waves, the stability framework of [JNR+19,

DRar] could also be adapted to the present context. Yet we shall not carry out this analysis
either.
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Thus, in the periodic case, we do not obtain analytic results either for smooth or discon-
tinuous profiles.

6. Stability of discontinuous solutions

We now consider briefly the case of piecewise-smooth convective waves, with a finite
number of discontinuities, that are asymptotically constant. We prove that these waves are
also spectrally stable when the limiting endstates are so. Our proof proceeds by a limiting
argument from the stability of asymptotically-constant smooth waves. By taking a limit we
lose the strong stability part of Theorem 5.5.

The choice of such an argument also reflects that we have not been able to extend directly
the arguments of the smooth analysis to the discontinuous case. To provide some insights
on how these fail, let us give some details on what we are able to obtain in this way. The
reduction to a nice eigenvalue problem and the proof of the impossibility that transitions to
instability occur through the emergence of eigenvalues from λ = 0 may indeed be adapted
with little changes. The important part that we are not able to extend is the exclusion of
transitions to instability through nonzero purely imaginary eigenvalues. In the smooth case,
this eventually relies on an energy7 estimate and discontinuities introduce, in the estimate,
jump contributions that we have not been able to manage. Thus, by using real symmetry,
the extension of the smooth-case proof only yields that transition to instability may only
occur through the passage of pairs of nonzero complex conjugates eigenvalues. We are also
able to extend the argument used to show the impossibility of a passage through 0 so as
to compute explicitly an instability index, counting modulo 2 the number of eigenvalues
on (0,∞); see [GZ98, PW92, BJRZ11, BGMR16, JNR+19] for similar computations. The
upshot of the latter — consistent with the rest of the present arguments — is that this
number is always even8.

The rest of the section is devoted to the proof of the claimed spectral stability formalized
in the following theorem.

Theorem 6.1. Consider an asymptotically-constant piecewise-smooth profile with limiting
values at infinities (h0, c, 0, ϕ−) and (h0, c, 0, ϕ+), c > 0, reached exponentially fast, and
exhibiting a finite number of discontinuities. This wave is spectrally stable if and only if

Cf ≥ Ct , F+ ≤ 2 , F− ≤ 2 .

Some details on the notion of spectral stability used in the foregoing statement are given
in the following subsection.

6.1. The discontinuous eigenvalue problem. For the sake of simplicity, we prove The-
orem 6.1 only for profiles with a single discontinuity, which without loss of generality we fix
at 0. We stress however that the adaptation to the general case is mostly notational.

Following [JNR+19, DRar], we linearize in (h,U, ϕ,Φ, ψ) the system obtained from in-
serting the solution ansatz

(t, x) 7−→ (h̄, Ū , ϕ̄, Φ̄)(x− ct− ψ(t)) + (h,U, ϕ,Φ)(t, x − ct− ψ(t))

7There is some freedom in the energy estimate used but we have failed to adapt any of those.
8We recall that we show by different arguments that this number is always 0.
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in (3.1), with (h̄, Ū , ϕ̄, Φ̄) and (h,U, ϕ,Φ) smooth on R
∗. This yields interior equations, on

R
∗,

A0∂tW + ∂x(AW ) = EW,

for W = (h,U,Φ, ϕ) − ψ (h̄x, Ūx, ϕ̄x, Φ̄x), where A0, A and E are as in (5.1), supplemented
with linearized Rankine-Hugoniot conditions. Concerning the latter we first observe that
the linearized jump conditions associated with the first and fourth equations of (3.1) reduce
to

[U ] = 0 , ψ′ = U(·, 0) ,

provided that ϕ̄ does jump, which we will assume from now on. Once those are enforced
the two remaining jump conditions reduce to a single equation

[(g′h̄+ 3ϕ̄h̄2)h+ h̄3 (Φ + ϕ)] = 0 .

Incidentally, we point out that the foregoing reductions of Rankine-Hugoniot conditions
also occur at the nonlinear level.

We have left aside the case when ϕ̄ is actually continuous. This may indeed indeed
happen but the required changes in the argument are relatively straightforward. Indeed,
the comparison to smooth problems turns out to be even slightly simpler in this case since
the discontinuity of ϕ̄ is the main obstacle to directly extend to weak solutions on R the
algebraic manipulations carried out in the smooth case.

Now, performing algebraic manipulations as in Subsection 5.2 on the corresponding spec-
tral problems, including the introduction of

τ := λ (h− ψ h̄x)

(as a function on R
∗) and the elimination of ψ, reduces the question of the spectral stability

of the wave under consideration to Cf ≥ Ct and for any λ with ℜ(λ) > 0, the problem

Lred(λ)

(

τ
U

)

= G on R
∗ ,

(

[U ]
[(g′h̄+ 3ϕ̄h̄2) τ + (ĝh̄− h̄3ϕ̄x)U ]

)

= G0 ,

is boundedly invertible.
Classical arguments, that may be thought as variations on the one used in Section 5, show

that spectral stability (respectively strong spectral stability) is then equivalent to Cf ≥ Ct,
F± ≤ 2 and the non existence, for λ such that ℜ(λ) > 0 of a nonzero U (in the relevant
functional space) solving

U ′′ + f1U
′ + (f2λ

2 + f3λ+ f4)U = 0 on R
∗ ,

[−h̄(g′h̄+ 3ϕ̄h̄2)U ′] = 0 , [U ] = 0 .

In the foregoing, f1, f2, f3 and f4 are as in (5.10), in particular f4 ≡ 0.
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6.2. Limit of continuous waves. Let δ := h̄ − h0. Consider a mollified sequence δε,
arising from convolution with a rescaling of a smooth compactly supported kernel, and the
corresponding profiles (h̄ε, c, ϕ̄ε, 0) with the same limiting height h0. In particular, h̄ε is
bounded uniformly in ε and h̄ε − h0 converges to h̄− h0 in Lp(R) for any 1 ≤ p < ∞, and
in L∞(R \ [−x0, x0]) for any x0 > 0. It follows from (4.6) that similar conclusions also hold
for ϕ̄ε. Moreover the foregoing convergences also hold in exponentially weighted topologies
(with weights adapted to the convergence rate of δ).

At this stage, we would like to reformulate eigenvalue problems for both smooth (h̄ε, c, ϕ̄ε, 0)
and discontinuous (h̄, c, ϕ̄, 0) so as to reach a form for which continuity with respect to ε
stem from the above convergences and standard arguments. Once this is done, it follows
that if for some λ0 with ℜ(λ0) > 0 the discontinuous λ0-eigenvector system possesses a
non trivial solution, this is also true when ε > 0 is sufficiently small for the smooth λε-
eigenvector system associated with some λε converging to λ0 when ε goes to zero. Hence
the conclusion.

Such a convenient formulation is obtained by setting (for instance)

w1 = U , w2 = h̄ε(g
′h̄ε + 3ϕ̄εh̄

2
ε)U

′ − Cf |c| cU .

Indeed, the λ-eigenvalue problem then takes the form

w′
1 =

Cf |c| c
h̄ε(g′h̄ε + 3ϕ̄εh̄2ε)

w1 +
1

h̄ε(g′h̄ε + 3ϕ̄εh̄2ε)
w2 on R

∗ ,

w′
2 = (λ2h̄ε + λ 2Cf c)w1 on R

∗ ,

[w1] = 0 , [w2] = 0 .

7. Numerical time-evolution experiments

We conclude our study with a series of numerical time-evolution experiments carried out
with the use of the numerical package CLAWPACK [MAB+16, Cla17].

Many of the numerical experiments are chosen according to the principle that convective
waves are mostly forced by ϕ-variations, with h-variations being slaved to those through
(4.6), while (U,Φ) are held constant, Φ being identically zero. The main reason supporting
the discrepancy in our perception of respective roles of h and ϕ is that among the traveling
waves we have identified only convective waves may carry out variations in ϕ.

Let us also point out that for other kinds of waves we expect, from both modeling consid-
erations and analysis in [RYZssa, RYZssb], Φ to remain very small everywhere except near
discontinuities. Consistently, in many of our simulations Φ remains very small throughout
the whole time evolution. When this is the case, we omit the panels for variable Φ.

7.1. Experiments.

Figures 2 and 3. We begin with a time evolution starting from a Riemann type data, joining
two stable equilibria, with initial variations purely in the ϕ-variable.

Explicitly, in Figure 2, we show the result of the simulation of (3.1)-(3.3) for g′ =
10 cos( π

10 ), ĝ = 10 sin( π
10 ), Ct = 0.9, and Cf = 1 and with initial data h ≡ h0 = 1,

U ≡ c =
√

h0ĝ/Cf , Φ ≡ 0 and ϕ = ϕL1x≤50 + ϕR150<x where ϕL = 0.2 and ϕR = 0.5.
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From left to right, we show the solutions at t = 0, 1, 10, and 95, respectively, with panels
for variable Φ omitted.

Figure 2. Contact discontinuity (stable constant state). The simulation
shows emergence of a traveling convective wave.

Up to numerical smoothing effects, Figure 2 exhibits the emergence of a convective wave
profile traveling at speed c, with ϕ keeping its initial step-like shape, and h constant equal to
h0 at the right of the discontinuity. The variable U undergoes significant variations before
spreading out back to constant c.

To confirm the observation, in Figure 3, we compare the solution at time t = 95 with
the only convective wave profile such that ϕ̄ = ϕL1x≤217 + ϕR1217<x and h̄(x) = h0 when
x > 217. We compute a numerical approximation of the latter by first solving the reduced
Rankine-Hugoniot condition (4.4) so as to determine hL, the left-value at the jump of
the height component, and then solving backwards from the jump the ODE (4.6). More
explicitly, hL is obtained by solving the cubic equation ϕLh

3
L + g′h2L/2 = ϕRh

3
R + g′h2R/2,

with hR = h0, giving hL = 1.0292 . . ., whereas the non-constant part of h is then deduced
by solving

(7.1) h′ =
ĝ(h− h0)

g′h+ 3ϕLh2
on (−∞, 217], h(217) = hL .

Up to numerical smoothing near the discontinuity, the matching is very convincing.

Figure 4. In Figure 4, we also provide a time evolution starting from a Riemann type data,
joining two equilibria, with initial variations purely in the ϕ-variable, but this time the
endstates are unstable.
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Figure 3. Left: Blow up of 2 at t = 95. Right: comparison of analytically
computed convective profile (black curve) and simulated convective profile
(dotted curve).

Explicitly, in Figure 4, we simulate with g′ = 10 cos(π6 ), ĝ = 10 sin(π6 ), Ct = 0.04, and

Cf = 0.05 and with initial data h ≡ h0 = 1, U ≡ c =
√

h0ĝ/Cf , Φ ≡ 0 and ϕ =
ϕL1x≤50 + ϕR150<x where ϕL = 0.3 and ϕR = 0.1.

In simulations associated with Figures 2 and 3, the limiting constant states have been
chosen to satisfy the hydrodynamical stability condition (A.1). When the condition is
not satisfied, shocks can form in front of the convective wave. That is, consistent with
the discussion of Section 3.2, in the absence of hydrodynamic stability, the simple time-
asymptotic structure predicted by the formal equilibrium system breaks down, and more
complicated patterns are expected to emerge. This is what we observe on Figure 4.

Note that, as expected, variations of Φ are located near discontinuities that are not
conveyed by convective waves.

Figures 5 and 6. In Figures 5 and 6, we directly test nonlinear stability of smooth convective
waves. Our goal is two-fold. On one hand we want to provide an example on which a
relatively small perturbation is resolved in large time into another convective wave with
very significantly different shape compared to the initial unperturbed profile. On the other
hand, we want to exemplify that perturbations in ϕ have a much stronger impact than
those in h.

In both figures, parameters are chosen as g′ = 10 cos( π
10), ĝ = 10 sin( π

10 ), Ct = 0.8, and
Cf = 1, and the reference convective wave is obtained by solving (4.6) in ϕ̄ with h0 = 1,

Ū ≡ c =
√

h0ĝ/Cf , Φ̄ ≡ 0, h̄ = h0 + δ where

δ = 0.02 × 1|x−3|<1e
− 1

1−(x−3)2 ,

and ϕ̄(−∞) = 4, κ = g′h20/2 + 4h30.
In figure 5, we display the result of a simulation of (3.1)-(3.3) with the same parameters

but initial data (h̄+ hperturbation, Ū , Φ̄, ϕ̄) where

hperturbation = −0.01 × 1|x−6|<1e
− 1

1−(x−6)2 .
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Figure 4. Contact discontinuity (unstable constant states). The simulation
shows emergence of a traveling convective wave together with shocks in front.

From left to right, we show the solution at t = 0, 0.2, 1, and 6, respectively, panels for
variable Φ being omitted. The simulation shows convergence to a traveling convective wave
profile having mild difference in all variables when compared with a suitable translate of
the unperturbed initial profile (h̄, Ū , Φ̄, ϕ̄).

In figure 6, the computation is completely similar but with initial data (h̄, Ū , Φ̄, ϕ̄ +
ϕperturbation) where

ϕperturbation = 0.1× 1|x−5|<1e
− 1

1−(x−5)2 .

The numerical outcome shows convergence to another convective wave, whose profile seems
to have ϕ-component equal to ϕ̄+ ϕperturbation.

Figures 7 and 8. Next, we provide experiments of more direct practical interest, where
we investigate interactions of hydraulic jumps arising from a dam break with downward
bottom enstrophy. The dam-break experiment is a common test-case for (SV) codes. The
(h,U) part of the initial data is chosen to mimic the instantaneous removal of a dam wall
separating two fluids at equilibrium with higher height upward. In our numerical tests we
add some bottom vorticity ahead of the dam-break location.
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Figure 5. Convective wave with perturbation on h. The simulation shows
convergence to the unperturbed traveling convective wave.

Figure 6. Convective wave with perturbation on ϕ. The simulation shows
convergence to another convective wave profile whose ϕ component shows
mild differences with the perturbed initial ϕ.
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We run these numerical experiments with unstable equilibria, but, moreover, we tune pa-
rameters to observe first a convectively stable hydraulic jump and then one that is unstable
even in the convective sense. When doing so, we use analytic insights from [RYZssa], where
we completely determine conditions for convective stability.

Numerical simulations in Figure 7 have been carried out with g′ = 5
√
3, ĝ = 5, Ct = 0.04,

and Cf = 0.05 and initial data given by Φ ≡ 0,

h = hL1x≤5 + hR1x>5 , U = UL1x≤5 + UR1x>5 ,

ϕ = 0.31x≤10 + 0.1110<x≤20 + 0.5120<x≤30 + 0.2130<x≤40 + 0.6140<x ,

where hL = 1, hR = 0.2, UL =
√

ĝhL/Cf = 10 and UR =
√

ĝhR/Cf = 2
√
5. From left to

right, we show the solution at t = 0, 5, 10, and 15, respectively.
Figure 7 exhibits at the end the superposition of a convective wave which carries variations

in ϕ and travels at speed UL = 10 and a (newly discovered) non-monotone hydraulic shock

travels at speed (25−
√
5)/2 (hence moving faster than the convective wave). Both the non-

monotone hydraulic shock and the convective wave look very stable. The convective wave
profile has the same structure (up to numerical smoothing) than the initial ϕ component
but a different shape, variations occurring over a shorter spatial interval. Incidentally
we point out that this is the experiment reported in Figure 7 that has motivated our
investigation of convective stability in the present paper and in its companion [RYZssa], and
the corresponding revisitation in [FRYZss] of the Saint-Venant analysis of [YZ20, SYZ20].

Figure 8 report simulation of (3.1)-(3.3) with the same choice of parameters and initial

data except that hR = 0.5 and, accordingly, UR =
√

ĝhR/Cf = 5
√
2. The final outcome

is however significantly different. As is apparent at t = 10, on intermediate times we
do observe similar phenomena, but afterwards the hydraulic shock starts to be subject to
instability and gradually develops a second shock as visible at t = 25.

Figures 9 and 10. We conclude our numerical investigations with spatially periodic data, a
case for which we have very few a priori analytic knowledge. Though we are mostly inter-
ested in localized (hence non-periodic) perturbations of periodic backgrounds, for numerical
reasons we provide numerical simulations with periodic boundary conditions. Our goal is to
observe whether a pure ϕ periodic perturbation on top of a constant equilibria is resolved
into a stable periodic convective wave.

This is exactly what is happening in the experiment reported in Figure 9. The latter has
been carried out for g′ = 10 cos( π

10 ), ĝ = 10 sin( π
10 ), Ct = 0.9, and Cf = 1, with initial data

h ≡ h0 = 1, ϕ = 2 + sin(πx), U ≡ c =
√

h0ĝ/Cf , Φ ≡ 0, and periodic boundary conditions
over [0, 10]. From left to right, we show the solutions at t = 0, 0.5, 2, and 5, respectively, Φ
panels being omitted.

Figure 10 shows the result of the simulation of (3.1)-(3.3) for g′ = 10 cos(π6 ), ĝ = 10 sin(π6 ),

Ct = 0.04, and Cf = 0.05, with initial data h ≡ h0 = 1, ϕ = 2+sin(πx), U ≡ c =
√

h0ĝ/Cf ,
Φ ≡ 0, and periodic boundary conditions on [0, 10]. From left to right, we show the solutions
at t = 0, 5, 10, and 40, respectively.
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Figure 7. Dam-break data in (h,U) with multiple jumps in ϕ. The sim-
ulation shows asymptotically a non-monotone hydraulic shock to the right
with a convection wave trailing behind.

The corresponding final outcome seems well described as a time-quasiperiodic solution
resulting from the superposition of two waves traveling at different speeds9, namely one
smooth periodic convective wave and one roll wave. In the end, variations of U and Φ
are conveyed by the roll-wave part whereas ϕ variations are supported by the convective
part. On the h part one does see the quasiperiodic superposition, with the position of the
roll-wave part being noticeable on discontinuities.

7.2. Numerical conclusions. As noted in Section 3.2, it is readily seen that equilibrium
system (3.16) admits a unique solution of the Riemann problem between two equilibrium
states, consisting of a shock followed by a contact discontinuity. The result of our exper-
iments suggest that in the hydrodynamically stable case that (A.1) is satisfied both for
the initial equilibrium states and the states predicted by the equilibrium Riemann solu-
tion, Riemann data for the full system (3.1) yields time-asymptotic behavior conforming to
this prediction, but with relaxation profiles substituted for (equilibrium) shock and contact

9The question of whether the quasiperiodic object is actually a periodic one depends on whether or not
the two speeds are rationally related, a question undecidable from numerical observations.
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Figure 8. Dam-break data in h/U with multiple jumps in ϕ. The sim-
ulation shows first show emergence of a non-monotone hydraulic shock to
the right with a convection wave trailing behind. The hydraulic shock is
convectively unstable and a second shock emerges after t = 15.00. See the
plot at t = 25.

discontinuities. However, in the hydrodynamically unstable case that (A.1) fails, either at
endstates or intermediate states in the Riemann solution for the equilibrium system, more
complicated but still coherent time-asymptotic patterns can emerge, involving nonmono-
tone shock profiles and various kinds of composite waves involving combinations of shock
and roll waves.

Though we did not investigate it systematically, our brief study of the periodic case
suggests that still more complicated possibilities may occur, with approximate superposition
of periodic waves moving with different speeds. We conjecture that this may indeed result
in both time-periodic and quasiperiodic solutions that are not traveling waves. The rigorous
study of their existence would be an extremely interesting direction for further study.
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Figure 9. Periodic initial data in ϕ. The simulation shows convergence to
a periodic traveling convective wave.

8. Discussion and open problems

We have shown the appearance in the Richard-Gavrilyuk model (RG) of a new type of
convective waves not present in the standard Saint-Venant model (SV), and characterized
them as linearly degenerate waves analogous to those occurring in the entropy field for gas
dynamics. Indeed, they correspond to one of the two enstrophy fields introduced in (RG),
namely bottom vorticity ϕ.

Together with hydraulic shocks, these waves play an important role in time-asymptotic
behavior from asymptotically constant initial data, corresponding to relaxation profiles of
contact discontinuities in the associated equlibrium system (3.16) in the same way that
hydraulic shocks both in (SV) and in (RG) correspond to relaxation profiles of Lax-type
equilibrium shocks [YZ20, RYZssa]. However, different from contact relaxation profiles
studied in [HPW08, Zhe15] under Kawashima-type dissipativity conditions, these do not
spread diffusively into a universal Gaussian-like profile, but appear to persist unchanged for
all time; accordingly, there appear to be an infinitude of different ultimate time-asymptotic
profiles.

Our numerical time evolution experiments indicate that both components — hydraulic
shocks and asymptotically constant convective waves — are stable when their endstates are,
with arbitrary data resolving eventually into a noninteracting convective wave/hydraulic
shock pattern. Under the hydrodynamic stability conditions (5.14) on endstates, we have
shown analytically, by Sturm-Liouville considerations, that asymptotically-constant convec-
tive waves are spectrally stable. The related problem of existence and spectral stability of
hydraulic shocks is studied in [RYZssa].
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Figure 10. Periodic initial data in ϕ. The simulation shows superposition
of a traveling convective wave and a discontinuous roll wave.

Interestingly, stability appear also to hold sometimes even for contact-shock components
arising from asymptotically-constant data with endstates violating the hydrodynamic sta-
bility conditions (5.14). This can be understood as an example of convective stability,
whereupon instabilities arising at the end state are convected into the wave and unltimately
stabilized. Indeed, one may verify that instabilities arising through violation of (5.14) at
the left endstate correspond to the genuinely nonlinear h-field, which travels transverse
to contact waves, and ultimately into the leading Lax shock, thus stabilizing. This phe-
nomenon may be captured by working in a weighted norm, amounting to precisely the
Sturm-Liouville transformation studied earlier. Thus, convective spectral stability of con-
vective (in different sense) wave solutions follows for asymptotically-constant profiles by the
same Sturm-Liouville argument as in the hydrodynamically stable case.

For both hydraulic shocks and convective-wave solutions, nonlinear stability remains a
very interesting open question. For, independent of Froude number F̃ and strict hydro-
dynamic stability in the h equilibrium mode, the fact that the convective ϕ mode is a
characteristic mode of both relaxation system (RG) and equilibrium system (3.16) means
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that Kawashima’s genuine coupling condition is violated for this model, leading, indepen-
dent of F̃ , to neutral instability in the ϕ equilibrium mode, corresponding with the infinite-
dimensional kernel of the linearized operator about the wave, as seen in Section 5. Thus,
nonlinear asymptotic stability, if valid, is in the weak sense of stability of the infinite-
dimensional family of convective waves in its entirety and not of individual waves, or of
some of their finite-dimensional orbits under the action of symmetry group. It may also
be that waves are merely metastable, with slowly growing instabilities occurring through
resonance with this nondecaying infinite-dimensional kernel.

The resolution of this issue of nonlinear stability is an extremely interesting direction for
future study. Every example we know of among the relatively few analytical results analyz-
ing the large-time dynamics near an infinite-dimensional family of (relative) equilibria —
including amazingly impressive analyses near homogeneous distributions of Vlasov-Poisson
systems [MV11, BMM16] and shear flows of incompressible Euler systems [BM15] — re-
quires an extremely fine understanding of the nonlinear structure of the system at hand.
Indeed, it appears to be a challenging problem even for the simplest case of stability of
constant, equilibrium solutions, similar to the study [LZ99] of compressible Navier-Stokes
equations with zero heat conductivity, or, even closer, to the analysis of a class of degenerate
hyperbolic systems with relaxation in [MN10]. For comparison with the latter, we point
out that considering convective stabilization by spatial weights of discontinuous waves could
also help preventing the formation of new singularities (hence relaxing the linear degeneracy
assumption of [MN10] for the marginally stable mode), as exemplified in [BWss].

For periodic convective waves, even spectral stability appears to be more complicated.
Another very interesting direction for further investigation is the numerical study of the
latter. In particular, considering the example of (acoustic, or genuinely nonlinear) periodic
roll waves for (SV), which arise if and only if the Froude number F is > 2, violating
hydrodynamic stability, one may ask what is the role of the Froude number in stability of
periodic convective waves. Though it does not affect existence of periodic convective waves
as in the case of periodic acoustic waves, it might yet potentially affect stability. Whether
or not this is the case is a natural question that would be interesting to resolve. The related
problem of existence and spectral stability of roll waves is studied in [RYZssb].

Even more generally, our numerical experiments of spatially periodic solutions suggest
that the (RG) model also supports time-quasiperiodic solutions, seemingly obtained by
superposing convective waves and roll waves, whose study is widely open from any point of
view.

Appendix A. Hydrodynamic stability and extended consistent splitting

We detail here a few computations related to the near-constant stability analysis.

A.1. Hydrodynamic stability. We first recover (3.13)–(3.14) as criteria for the stability
of a constant equilibrium. The reduction process of Subsection 5.2 applies equally well to
the constant-coefficient analysis so that we may focus on the invertibility of Lϕ0

red(λ) defined
by

Lϕ0

red(λ)

(

τ
U

)

:=

(

1 h0∂x
(g′ + 3h0ϕ0) ∂x − h−1

0 ĝ λ2 + λ 2Cf c h
−1
0

)(

τ
U

)

.
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By either Fourier or Green-function arguments, one readily checks that Lϕ0

red(λ) is invert-
ible (on a reasonable weightless Sobolev space) if and only if there is no non-zero trigono-
metric monomial (τ, U) such that Lϕ0

red(λ)(τ, U)T = 0. This is equivalent to the fact that
the matrix

Mϕ0(λ) :=

(

0 h0
(g′ + 3h0ϕ0) 0

)−1 ( −1 0
h−1
0 ĝ −λ2 − λ 2Cf c h

−1
0

)

=
1

h0 (g′ + 3h0ϕ0)

(

ĝ −h0λ
2 − λ 2Cf c

− (g′ + 3h0ϕ0) 0

)

has no purely-imaginary eigenvalue. These eigenvalues are readily computed to be

γϕ0
1 (λ) =

ĝ +
√

ĝ2 + 4 (g′ + 3h0 ϕ0) (2Cf c λ+ h0 λ2)

2h0 (g′ + 3h0 ϕ0)
,

γϕ0
2 (λ) =

ĝ −
√

ĝ2 + 4 (g′ + 3h0 ϕ0) (2Cf c λ+ h0 λ2)

2h0 (g′ + 3h0 ϕ0)
.

Note that we have implicitly excluded cases when ĝ2 + 4 (g′ + 3h0 ϕ0)
(

2Cf c λ+ h0 λ
2
)

∈
(−∞, 0) so as to pick a determination of

√·, but this is irrelevant for the stability analysis,
since a direct computation shows that 2Cf c λ+ h0 λ

2 ∈ (−∞, 0) implies ℜ(λ) < 0.
By taking it account the sign of the real parts of these spatial eigenvalues when ℜ(λ) ≫ 1,

one deduces that Lϕ0

red(λ) is invertible for any λ 6= 0 such that ℜ(λ) ≥ 0 if and only if for
any such λ,

ℜ(γϕ0
1 (λ)) > 0 > ℜ(γϕ0

2 (λ)) .

More directly this is equivalent to for any ξ ∈ R, if iξ is an eigenvalue of Mϕ0(λ), then
ℜ(λ) < 0 or λ = 0.

In turn, the condition that iξ is an eigenvalue of Mϕ0(λ) is equivalent to

ξ2 h0
(

g′ + 3h0 ϕ0

)

+ i ξ ĝ +
2Cf c

h0
λ+ λ2 = 0

which is solved as

λ = −Cf c

h0
±

√

C2
f c

2 h−2
0 − i ξ ĝ − ξ2 h0 (g′ + 3h0 ϕ0) .

Note that one of the solutions is zero if and only if ξ = 0 and in this case the other one is
real negative. Setting m(ξ) := C2

f c
2 h−2

0 − i ξ ĝ − ξ2 h0 (g′ + 3h0 ϕ0), one derives that for

ξ 6= 0, both solutions have negative real parts if and only if ℜ(√m) < Cf c h
−1
0 , that is, if

and only if
√

1

2
(|m|+ ℜ(m)) < Cf c h

−1
0 , i.e.

√

ℜ(m)2 + ℑ(m)2 < 2C2
f c

2 h−2
0 −ℜ(m) ,

hence, if and only if

ℑ(m)2 < 4C2
f c

2 h−2
0

(

C2
f c

2 h−2
0 −ℜ(m)

)

, i.e. ĝ2 < 4C2
f c

2 h−2
0 h0

(

g′ + 3h0 ϕ0

)

.

Since c2 = ĝ h0/Cf , the latter condition is indeed, as announced,

(A.1)
c2

h0 (g′ + 3h0 ϕ0)
< 4.



CONVECTIVE-WAVE SOLUTIONS OF THE RICHARD-GAVRILYUK MODEL 33

A.2. Extended consistent splitting. We now discuss consequences of the foregoing com-
putations for the stability of smooth convective waves connecting (h0, c, 0, ϕ−) at −∞ to
(h0, c, 0, ϕ+) at +∞. In unweighted topologies, computations are directly applicable.

We would like to stress the consequence of using a weight that behaves as eθ− x near −∞
and as eθ+ x near +∞. In the corresponding weighted topology, one needs that for any
λ 6= 0 such that ℜ(λ) ≥ 0, L

ϕ−

red(λ) is invertible in spaces weighted with eθ− x, and L
ϕ+

red(λ)

is invertible in spaces weighted with eθ+ x. This is equivalent to for any such λ

ℜ(γϕ+

1 (λ)) > −θ+ > ℜ(γϕ+

2 (λ)) , ℜ(γϕ−

1 (λ)) > −θ− > ℜ(γϕ−

2 (λ)) .

Taking the limit λ → 0 shows that necessarily θ+ ≤ 0 and θ− ≤ 0. Moreover choices

θ± = − ĝ

2h0 (g′ + 3h0 ϕ±)
=

1

2
f1(±∞)

fit the requirement independently of any constraint on Froude numbers. This justifies the
claims in Subsection 5.4.
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