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ABSTRACT
Component mode mistuning (CMM) is a well-known, well documented reduced order modeling tech-

nique that effectively models small variations in blade-to-blade stiffness for bladed disks. In practice, bladed
disks always have variations, referred to as mistuning, and are a focus of a large amount of research. One
element that is commonly ignored from small mistuning implementations is the variation within the blade-
to-blade damping values. This work seeks to better understand the effects of damping mistuning by utilizing
both structural and proportional damping formulations. This work builds from previous work that imple-
mented structural damping mistuning reduced order models formulated based on CMM. A similar derivation
was used to create reduced order models with a proportional damping formulation. The damping and stiff-
ness mistuning values investigated in this study were derived using measured blade natural frequencies and
damping ratios from high-speed rotating experiments on freestanding blades. The two separate damping for-
mulations that are presented give very similar results, enabling the user to select their preferred method for
a given application. A key parameter investigated in this work is the significance of blade-to-blade coupling.
The blade-to-blade coupling study investigates how the level of coupling impacts damping mistuning effects
versus applying average damping to the bladed disk model. Also, the interaction of stiffness and damping
mistuning is studied. Monte Carlo simulations were carried out to determine the amplification factors, the
ratio of mistuned blade responses to tuned blade responses, for various mistuning levels and patterns.

INTRODUCTION
Bladed disk systems will always have some blade-to-blade property variations, this is referred to as mistuning.

Mistuned systems are very important to study because the symmetry of the system is broken and can lead to vibration
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localization and high amplitudes, which can lead to high cycle fatigue problems. Currently, there is a significant
amount of work that has been done to capture stiffness mistuning, or variations in the natural frequencies of the
blades, in the turbomachinery industry. Damping mistuning has been less of a focus but is still considered an important
property to study. It is expected that each blade has its own individual damping value, similar to stiffness. Full finite
element (FE) models can be used to study these mistuning characteristics, but for industrial FE models, reduced order
models (ROMs) are vital to save on computation time and costs. A requirement for effective ROMs of industrial
bladed disks is that they are generated from single sector models using cyclic analysis calculations, this is because the
size of the full model is often too large for analysis.

Many ROMS have been developed to capture mistuning and its effects in turbomachinery. Small stiffness mis-
tuning, in this work, is captured using a method called component mode mistuning (CMM) [1, 2]. A similar method
for small frequency mistuning is the fundamental mode of mistuning (FMM) method [3]. FMM is limited to single
isolated blade dominated mode families, while CMM is more flexible and can handle multiple mode families and
all types of modes if the model is large enough. One thing to note is that for small mistuning, CMM assumes that
there is no change in mode shape of the blades, only a small frequency shift. After these models for small stiffness
mistuning were developed, a number of other methods were developed to handle other types of mistuning including
small geometric mistuning [4–6] and large mistuning [7]. Additionally, the challenge of multiple stages with different
number of sectors combined with small mistuning [8,9], large mistuning [10,11], and aeroelastic effects [12] has been
addressed. These ROM methods have also been used to model friction damping when underplatform dampers [13,14]
and ring dampers [15, 16] are installed on the bladed disk. Previously, a ROM was derived that implements structural
damping variability within a single stage blisk [17]. This method is able to capture large variability in damping values
as well as small stiffness mistuning. While this is a valid and useful method, a separate ROM that implements propor-
tional damping was derived in this work. These two methods should align very well in trends and amplitude and give
confidence in the other studies performed with the ROMs.

The primary goal of this study was to determine the impacts that damping mistuning has when coupled with
stiffness mistuning. Changes in damping will directly impact the amplitudes of tip deflections of the blades. One
way to determine if damping mistuning must be considered is running a ROM that uses both damping and stiffness
mistuning to solve for an amplification factor, or a ratio between the mistuned blade and a perfectly tuned blade. The
amplification factors for the ROMs are found using a harmonic analysis, which makes implementing the two types of
damping straightforward. It is easy to reason that as the damping of the system is increased, blade deflections will
decrease. More interesting will be to determine if the damping and stiffness mistuning have a coupled effect on the
dynamics of the system. This work will include a Monte Carlo statistical analysis that lowers the effects of a specific
mistuning pattern and gives a better idea about the general effects of mistuning on the bladed disk. Several cases were
also ran where there is an outlier blade that will show if damping mistuning is only important for these specific cases,
or if it must be considered for all mistuning patterns. Another point of interest was to determine how the coupling
of the disk sectors impacts the damping mistuning effects. This disk coupling analysis is vital for dynamic design
practices because there is an interest, especially in the aerospace industry, in making lightweight less stiff bladed disks
and blisks. It is important to study the relationship between disk coupling and mistuning to determine the types of
mistuning that may become even more important in these new designs.

In the following sections of this work, the ROMs for both structural and proportional damping will be derived and
implemented. This will include a description of the modeling approaches with ANSYS and the creation of the ROM.
Next, results of the damping mistuning studies are presented. Finally, some conclusions will be drawn from the results
of these studies.

ROM DERIVATION
In this section, the derivation of the ROM that implements proportional damping is presented. The final equation

of motion for the previously derived structural damping formulation is also included. These ROMs capture the effects
of both damping and small stiffness mistuning. The derivation method for the proportional damping follows the
same technique shown previously to find the structural damping ROM formulation [17]. After the derivation, the final
equation of motion is compared to the ROM that utilizes structural damping. The full equation of motion for a standard
dynamic system with damping is given in Eqn. (1). This equation includes the mass matrix, M, damping matrix, C,
and the stiffness matrix, K. FApplied(t) is the applied time dependent forcing, which is a harmonic forcing in this
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study.

Mẍ+Cẋ+Kx = FApplied(t) (1)

The equation of motion, when a modal reduction and Laplace transform is performed, can be seen in Eqn. (2).
This modal reduction is important because it reduces the size of the dynamic system and makes solving equations of
motion much faster and computationally less expensive. A selection of tuned normal mode shapes, Φ, can be used to
reduce the forcing vector and the mass, damping, and stiffness matrices. Using a Laplace transform and implementing
s = iω gives the equation seen in Eqn. (2) where ω is the rotational forcing frequency. The vector p contains the
modal coordinates of the system.

−ω2Ip+ iωΦTCΦp+ΦTKΦp = ΦTFApplied(iω) (2)

The forcing is premultiplied by the mode shape matrix and can be denoted as f as seen in Eqn. (3).

f = ΦTFApplied(iω) (3)

The stiffness matrix, using the modal reduction, can be reduced to a diagonal matrix of the tuned truncated
eigenvalues, ΛS , plus the variation in stiffness eigenvalues from the cantilever blade nominal stiffness, λδ

CB,n times
the modal participation factors qn. This reduction to the stiffness matrix can be seen in Eqn. (4).

ΦTKΦ = Ksys = ΛS +
N∑

n=1

qTnλ
δ
CB,nqn (4)

Now one can utilize a linear approximation for the damping in the system. As previously stated, the linear ap-
proximation for proportional damping, β, was chosen to be implemented in this derivation. This proportional damping
is simply a scalar applied to the stiffness matrix of the dynamic system. The approximated damping, including small
variations in blade-to-blade proportional damping, βδ

n, can be seen in Eqn. (5).

ΦTCΦ =
N∑

n=1

βnKsys =
N∑

n=1

(βavg + βδ
n)Ksys (5)

Combining Eqn. (4) and Eqn. (5) and performing a modal reduction using the normal modes, the final damping
matrix that includes both stiffness and proportional damping mistuning can be derived. This damping matrix reduction
can be seen in Eqn. (6). Λδ

n is the diagonal matrix containing the blade to blade variations in eigenvalues.

ΦTCΦ =
N∑

n=1

(βavg + βδ
n)(Λ

S + Λδ
n) (6)

One can now substitute the final reduced damping matrix from Eqn. (6) and the reduced stiffness matrix from
Eqn. (4) back into Eqn. (2).
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[−ω2I+ iω[
N∑

n=1

βavg(Ksys) +
N∑

n=1

βδ
n(Ksys)] +Ksys]p = f (7)

The final equation of motion that includes both proportional damping and stiffness mistuning can be seen in
Eqn. (8). Where Cδ , given in Eqn. (9), is the damping mistuning matrix that includes factors from both damping and
stiffness mistuning. δn is the variation of the stiffness in the nth blade from the average stiffness of all the blades.

[−ω2I+ (1 + iωβavg)Ksys + (iω)Cδ]p = f (8)

Cδ =
N∑

n=1

qTn β
δ
n(1 + δn)Λ

S
CB,nqn (9)

The equation of motion for the proportional damping approximation can now be compared to the previously
derived structural damping formulation. The equation of motion including structural damping can be seen in Eqn. (10)
where the matrix for damping mistuning, Cδ , is given in Eqn. (11). The equation of motion is shown in a slightly
different format than in [17] to make it easy to compare the proportional and structural damping formulations.

[−ω2I+ (1 + iγavg)Ksys + (i)Cδ]p = f (10)

Cδ =
N∑

n=1

qTn γ
δ
n(1 + δn)Λ

S
CB,nqn (11)

MODELING APPROACH
This section outlines the modeling approach used to test the effect of damping and stiffness mistuning on the

bladed disk system. In particular, a harmonic analysis was used to find maximum tip deflection amplitudes of the
bladed disk for a number of tuned and mistuned system realizations and levels of mistuning.

In order to compare the various numerical test cases, an amplification factor metric, or the ratio between the
tuned and mistuned systems was calculated. This amplification factor is the maximum amplitude of the mistuned
system divided by the maximum amplitude of the tuned system. The amplification factor was calculated by running
a harmonic analysis for both the tuned and mistuned cases, finding the maximum tip deflection, and then finding the
ratio between the responses. This metric can be used for the maximum of the overall system or for the maximum
response of individual blades. The amplification factor gives a good understanding of the impact of damping and
stiffness mistuning because it is a direct comparison between the tuned and mistuned cases. One can also find the
amplification factors of any damping and stiffness mistuning scale combination. While amplification factors for the
overall system are always greater than one, individual blades can have amplification factors less than one.

This work studies an industrial bladed disk, with a complex geometry, requiring a large FE model. This bladed
disk has been studied extensively both experimentally [18–21] and computationally [22, 23]. A single sector model
and cyclic analysis needed to be used to generate the ROM due to the computational size of the model. The cyclic
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symmetry boundary conditions were applied to the high and low faces of the disk. Since the focus of this work is on
linear damping models, the freestanding model with no underplatform dampers is the focus of this analysis. The mass
and stiffness matrices can be found by using a static analysis, followed by a prestressed modal analysis to solve for the
normal modes of the blades at a desired speed. Similarly, the cantilever blade modes were found in the same fashion
but with the disk nodes held fixed. During the prestressed modal analysis, the up and down stream disk interface nodes
were fully constrained to simulate where the bladed disk is fixed. The disk stiffness was tuned previously to match
forced rotating test results and have been previously shown to be accurate [18,20]. All tip deflections were measured
at a single node at the tip of the blade for all cases. Figure 1 shows the results of a harmonic analysis for a single
blade and for all the blades of the system, with a random stiffness and damping mistuning pattern applied. Both the
tuned blade and the mistuned blade responses can be observed. From this harmonic analysis, the amplification factor
can be solved by finding the ratio of the maximum blade amplitudes to the tuned response. The variation in maximum
amplitudes for each blade of the mistuned system is clearly seen in Fig. 1(b), which leads to different amplification
factors for each blade (some less and some greater than one). Note that the amplification factor for the overall system
is the ratio of the maximum responding blade of all the mistuned blades divided by the tuned response.
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Normalized Frequency
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Tuned
Mistuned

(a) Single mistuned blade versus tuned blade (b) All mistuned blades versus tuned blade

Fig. 1: Sample results of a harmonic analysis

Since two different damping formulations were used in this work, the applied damping values need to be equiv-
alent if comparisons are going to be made. The original damping and stiffness mistuning patterns were calculated
using tip timing data from rotating experiments, and the damping for each blade was reported as a damping ratio, ζ.
Due to the proprietary nature of this work, the baseline damping ratio cannot be given, so only mistuning values are
presented. In the experiments, air jets were used to force synchronous vibrations while the bladed disk was acceler-
ated through critical speeds. These rotating experiments studied the first bending mode, so it will be the focus of the
ROMs in this work. Tip deflections were measured using optical laser light probes, and damping ratios were extracted
for each blade using the half-power bandwidth method. The tip timing system also measured the stiffness mistuning
pattern by extracting the frequencies at the maximum blade amplitudes. Damping ratios can be converted to a γ value
for structural damping, or a β value for proportional damping. The equations for solving for β and γ are given in
Eqn. (12) and Eqn. (13), respectively, where ωn is the average natural frequency of all of the blades in a test run.
The damping values that are measured in the experiments are assumed to be solely interior material damping with no
friction effects from the blade and disk contacts. This has been shown in previous work to be a valid assumption for a
single rotational speed.
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β =
2ζ

ωn
(12)

γ = 2ζ (13)

In order to simulate different levels of mistuning, a scaling factor can be applied that either increases or decreases
the amount of damping or stiffness mistuning. This scaling factor is applied to the original mistuning pattern and then
damping values can be converted into structural or proportional damping values. Figure 2 shows the mistuning scale
being applied to a mistuning pattern for the original mistuning pattern, a double scale, and a half scale. Care must
be taken when applying the scaling to both the stiffness and damping mistuning. CMM assumes that the levels of
stiffness mistuning are small and will contain a large amount of error if the mistuning values increase over a certain
threshold. The scaling of the damping mistuning must also be carefully adjusted, this is because the amplitudes of the
blade will trend towards infinity if damping gets close to zero. To avoid these complications with the stiffness and
damping mistuning, the scales of the mistuning were chosen to not break these assumptions to keep results realistic.
Initial checks were ran to determine the scaling that can be applied to the system.
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Fig. 2: Examples of scaling applied to mistuning pattern

For some of the analyses, a Monte Carlo statistical analysis was used to lower the impact that a specific mistuning
pattern has on the conclusions about how mistuning impacts the dynamics of the system. The different mistuning
patterns were generated randomly to have similar statistical properties as the experimentally measured mistuning
patterns [18, 20]. As mentioned previously, mistuning patterns were measured during experimental testing of an
actual bladed disk and the standard deviation and average values were used to generate new mistuning patterns with
the same properties (average and standard deviation). These different mistuning patterns were also scaled to different
levels to show the impact in the amount of mistuning. One hundred different mistuning patterns were generated for
both the damping and stiffness mistuning, and then scaled to get different levels of mistuning. It is important to do
this scaling instead of creating new patterns for each level to have consistency between the different mistuning scale
cases. Monte Carlo analysis is used to understand how random mistuning effects the system dynamics and not focus
on the results of a single mistuning realization.
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RESULTS
With the damping mistuning ROMs and modeling methods discussed, analyses determining the effect of damping

and stiffness mistuning are presented. The first analysis shows that the proportional and structural damping ROM
methods are similar as one would expect based on the similarities in the linear damping approximations. Next, the
overall effects of the damping and stiffness mistuning are analyzed to show how damping mistuning can have an
impact on the system. After, the disk stiffness is varied to determine the impact of the coupling between blades on
the relationship of damping and stiffness mistuning. Finally, there is an analysis where the damping values of all the
blades are the same except one that has half the amount of damping. This analysis shows the effect that an outlier
blade has on the neighboring blades and the effect on the overall system. As mentioned, the amplification factor will
be used as a metric for all of the analyses. The responses for all of the studies in this work were computed from a
harmonic analysis where the system was excited by an engine order six excitation. As in the experiments, the first
bending mode family is the focus of these modeling studies.

Comparison of Damping Mistuning ROMs
The first analysis performed in this work is a comparison between the linear structural and proportional damping

ROMs. This comparison is important because it ensures that the two ROMs are in good agreement as one would
expect. Figure 3 compares the overall system amplification factor for 100 different damping and stiffness mistuning
patterns at different mistuning levels for damping and stiffness for both the structural and proportional damping mod-
els. Note that at zero damping and stiffness mistuning, the system is tuned and therefore the amplification factor is
precisely one for both damping formulations, as expected. Also, note that the mistuning level in the physical experi-
mental system corresponds to the case where the damping and stiffness mistuning scaling is equal to one. Values less
than one correspond to mistuning levels that were lower than those measured in the experiments and values greater
than one correspond to mistuning levels greater than those measured in the experiments. Figure 3 clearly shows the
effects of scaling the damping and stiffness mistuning and their interaction. It should be noted that the two mistuning
sources tend to amplify each other such that having both sources of mistuning leads to greater amplification factors
than either one individually. Moreover, it can be observed that the amplification factor tends to continue to increase
with increasing damping mistuning levels whereas the amplification factor tends to plateau for increasing stiffness mis-
tuning only after a scaling of about two. It can also be seen that both the trends and the amplitudes of the amplification
factors from the approximated damping formulations line up well.

(a) Proportional linear damping model (b) Structural linear damping model

Fig. 3: Amplification factor plots for damping and stiffness mistuning comparing two linear damping formulations
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Figure 4 shows a comparison of the two damping formulations at different mistuning levels. For Fig. 4(a), the
three lines represent different damping mistuning levels (0, 1, and 2) while the stiffness mistuning level varies from 0 to
5. Similarly, for Fig. 4(b), the three lines represent different stiffness mistuning levels (0, 2, and 5) while the damping
mistuning level varies from 0 to 2. Figure 4 again shows that the structural and proportional damping mistuning
ROMs are in good agreement. While there are small differences in the amplitudes of the amplification factors, this is
not unexpected, the trends are very similar between the two damping formulations. With the two damping formulations
shown to provide similar results, the remainder of the work will contain results with proportional damping mistuning
only.
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(a) Effect of stiffness mistuning on 3 damping mistuning levels
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Fig. 4: Comparison of three individual mistuning patterns for varying stiffness mistuning levels and damping mistuning
levels

Effects of Damping Mistuning
The next analysis performed was to determine the overall effect that damping mistuning has on the bladed disk.

This analysis is important because it will determine the dynamic effects of the damping and stiffness mistuning, which
will provide insight into the necessity of including damping mistuning in the modeling of bladed disk systems if it is
expected to be present. If there is little to no impact from damping mistuning, then the extra complexity from adding
it can be avoided. The Monte Carlo analysis was utilized for this study. The amplification factor results from this
study can be seen in Fig. 5. In Fig. 5(a), the damping mistuning scale is increased for a single stiffness mistuning
pattern (with 100 damping mistuning patterns at each mistuning level), and in Fig. 5(b) the stiffness mistuning scale is
increased for a single damping mistuning pattern (with 100 stiffness mistuning patterns at each mistuning level). For
each of the mistuning patterns at each level, values are found for the maximum, mean, and minimum amplification
factors for the blades. Then, an average value and standard deviation can be found for the three cases. The marker
indicates the average values, and the error bars denote the standard deviation across the different mistuning patterns.

As seen in both plots in Fig. 5, there is an impact on both the average values and standard deviations of the ampli-
fication factors with the scaling of both the damping and stiffness mistuning. In Fig. 5(a) it can be seen that as damping
mistuning scale increases, the amplification factor average and standard deviation increases for the maximum values
of the blades. For both the mean and the minimum values, however, the amplification factors stay very consistent over
the increasing damping mistuning level. This makes sense because even when the mistuning scale increases, the mean
value of the damping stays the same. This shows that, for this specific bladed disk, the damping mistuning has a sig-
nificant impact on the maximum blade amplitudes and a minimal impact on the mean and minimum deflection values.
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Fig. 5: Interaction between damping and stiffness mistuning

In Fig. 5(b) it can be seen that the maximum values increase and the minimum values decrease with the average values
staying the same for the increase in stiffness mistuning. This shows that stiffness mistuning, for a single damping mis-
tuning pattern, will have a significant impact on the dynamics of this bladed disk system. Stiffness mistuning has been
previously studied and this result is in line with previous literature. When comparing the two plots, it can be seen that
values for the increasing damping mistuning amplification factors are much higher and trending towards being higher
for the maximum case. The amplification factors for the average maximum values of the stiffness mistuning seems to
peak at a little over 1.5 whereas for the damping mistuning it continues to increase to about two as the mistuning scale
is increased. The minimum and average values are not too dissimilar between the two cases, it should be noted that
the maximum value is typically of greatest importance since that is what affects the fatigue life. These results show
the importance of damping mistuning and its interaction with stiffness mistuning and the importance in modeling both
when there are significant levels of mistuning.

Disk Stiffness/Coupling Analysis
The next analysis performed studies the impact of disk stiffness on the amplification factors of a bladed disk with

damping and stiffness mistuning. This change in disk stiffness affects the coupling between the blades through the
disk. For this study, amplification factors were solved for FE models that vary in disk stiffness. As the stiffness of
the disk increases, the blades will be more and more decoupled. This analysis is important because different bladed
disks and blisks will have different stiffness values for the disk portion of the system. This will mean that if there is an
impact from the damping mistuning, some bladed disk manufacturers will be more concerned when designing bladed
disks. For example, the aerospace industry is always trying to reduce the size and weight of bladed disks and blisks,
which can lead to a decreased stiffness in the disk designs. This means that the aerospace manufacturers may need
to be more concerned when it comes to the coupling of damping and stiffness mistuning with their less stiff disks.
The amplification factors results from this study can be seen in Fig. 6. The different cases show where the disks are
a fourth, half, 90 percent, 110 percent, double, and four times the original FE disk stiffness. A case where the disk
sections are fully decoupled is also analyzed. This is when all the nodes in the disk are fixed, which isolates each blade
from all others. This study was performed with increasing stiffness and damping mistuning with a single mistuning
pattern of the other parameter.

Figure 6 shows how the disk stiffness can have a direct impact on amplification factors with increasing mistuning
scales. Figure 6(a) shows that as the disk stiffness decreases, generally the amplification factors increase. Also, as the
damping mistuning scale is increased, the amplification factors increase. This shows that with a less stiff disk, there
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Fig. 6: Interaction between disk stiffness and mistuning

needs to be more care when it comes to modeling the dynamics of the bladed disk and damping mistuning can become
more important. Figure 6(b) also shows that the amplification factors decrease when the disk stiffness is increased.
In both the damping and stiffness mistuning cases, the fully decoupled disk gives a lower bound for the amplification
factors of the system. This can be helpful to find the lower limit to show how a fully decoupled system will react.
Both plots also show that there is not much change when it comes to small variations in disk stiffness. This means that
there is less concern when there is small variation in disk stiffness, however, large changes in disk stiffness can have a
significant impact.

Outlier Analysis
Lastly, a study was performed where a single blade is chosen to be an outlier to understand how disk stiffness and

mistuning level will impact this outlier blade. All blades in the system have the same damping value and the outlier
will have a value half that of the rest of the blades. This provides insight to how the individual blade reacts to changing
amounts of damping and stiffness mistuning. Again, a change in the disk stiffness is applied to determine the effect
of the outlier with a varying amount of disk stiffness. This is important because it tells the relationship of the blade
with the surrounding blades. The scaling of the damping mistuning again does not affect the overall average damping
of the system but will only affect the damping mistuning values of the blades. This means that the non-outlier blades
of the system are slightly affected by the damping mistuning scale increasing, but much less than that of the outlier.
The analysis was performed with a tuned stiffness and a single unscaled stiffness mistuning pattern applied, while the
damping mistuning was varied. The maximum mistuning scale is less than that of previous studies in this work to
prevent the outlier damping from reaching zero. The results for the impact of damping mistuning on the outlier blade
are given in Fig. 7. When the damping mistuning scale is equal to one, the outlier blade’s damping value is equal to
half that of the other blades. As the damping mistuning scale is then increased, the outlier blade becomes even more
separated from the other blades damping values.

The amplification factors for both the tuned and mistuned stiffness are directly impacted by the level of disk
stiffness. This makes sense because as the disk stiffness is increased, the blades will become more and more decoupled.
This will affect how much damping the neighboring blades will have on the outlier blade. It can also be noted that the
amplification factor rises as the damping mistuning scale increases. This makes sense because as the scale increases,
the outlier blade damping decreases. The fully decoupled outlier blade gives an upper bound of the amplification
factors.

In addition to observing the outlier blade in this analysis, the amplification factors of the neighboring blades to
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(b) Single mistuned stiffness pattern

Fig. 7: Effect of damping mistuning and disk stiffness on outlier blade

the outlier were extracted. The two neighboring blades that are the focus of this study are the two blades that are on
each side of the outlier blade. The results for the neighbors for the tuned and mistuned cases can be seen in Fig. 8 and
Fig. 9, respectively.
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Fig. 8: Effect of damping mistuning on neighbors of outlier blade for tuned stiffness case

Again, the disk stiffness has a direct impact on the amplification factors because as the disk gets more decoupled,
there is less of an effect from the outlier on the neighboring blades. The neighbors, however, have a much more
complicated response than the outlier blade, especially when stiffness mistuning is present. The neighbors no longer
see a monotonic rise in amplification factors as disk stiffness is increased. This shows that there are complicated
interactions between the outlier and the neighboring blades and is very hard to predict. It can also be seen that the
two neighboring blades will be affected differently by the outlier blade. This again means that the interaction between
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Fig. 9: Effect of damping mistuning on neighbors of outlier blade with stiffness mistuning applied

the blades is complicated and hard to predict. For the neighbors, the decoupled system no longer is a bound for the
amplification factors and now is dependent on the values for the damping and stiffness of the neighboring blades.

CONCLUSIONS AND DISCUSSON
This work focused on investigating interactions of damping and stiffness mistuning on reduced order models

(ROMs) of an industrial bladed disk with realistic mistuning properties extracted from rotating experiments. These
ROMs are built and reduced utilizing a variation of the component mode mistuning method to implement the mis-
tuning. This work derived the expressions for implementing a proportional damping mistuning model and the results
were compared with a previously developed structural damping mistuning model. The methods were shown to have
similar results so that both formulations would lead to similar conclusions, and proportional damping mistuning was
used for the remainder of the analysis.

One of the primary conclusions from this work is that damping mistuning can have a large effect on the expected
amplification factor of the response. Moreover, when coupled with the stiffness mistuning, results in a higher am-
plification factor than either individual mistuning mechanism on its own. Unlike stiffness mistuning, the effects of
the damping mistuning did not tend to drop off as the mistuning increased and continued to increase as the damping
mistuning increases. This leads to the need to carefully consider damping mistuning in the design, modeling, and
testing of new bladed disk designs.

Another conclusion, which was previously known for stiffness mistuning, is that the coupling between blades
through the disk stiffness greatly impacts the damping mistuning effects. Irrespective of the level of coupling between
blades, when the damping mistuning increases the amplification factor increases. This is in contrast to stiffness
mistuning, which can actually remain flat or even decrease as the mistuning level increases and is dependent on
the blade-to-blade coupling. Also, in agreement between the damping and stiffness mistuning is that the greater the
blade to blade coupling through a less stiff disk the higher the amplification factor tended to be.

Finally, it can be concluded that if there is an outlier blade with much less damping than the other blades it can
have a dramatic effect on the amplification factors. This is true whether the system has a tuned or mistuned stiffness.
In this case the lower the coupling is between blades (higher disk stiffness), the greater the amplification factor results.
Also, it should be noted that small changes in the disk stiffness did not generally have a large impact, but by reducing
it by a factor of four or making it rigid is where the large changes were seen.

Future work in this research is determining a metric for quantifying the amount of coupling between blades.
As previously discussed, the amount of coupling can be very important in determining how big an impact damping
mistuning will have on the dynamics of the system.
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