J. Math. Anal. Appl. 529 (2024) 127572

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

journal homepage: www.elsevier.com/locate/jmaa

Regular Articles

The strongly Leibniz property and the Gromov—Hausdorff )

Check for

propinquity

Konrad Aguilar !, Stephan Ramon Garcia®?, Elena Kim ",
Frédéric Latrémoliere ©

# Department of Mathematics and Statistics, Pomona College, 610 N. College Ave., Claremont,

CA 91711, United States of America

b Department of Mathematics, Massachusetts Institute of Technology, 77 Massachusetts Ave, Cambridge,
MA 02139, United States of America

¢ Department of Mathematics, University of Denver, Denver, CO 80208, United States of America

ARTICLE INFO ABSTRACT
Article history: We construct a new version of the dual Gromov—Hausdorff propinquity that
Received 29 January 2023 is sensitive to the strongly Leibniz property. In particular, this new distance

Available online 10 July 2023

is complete on the class of strongly Leibniz quantum compact metric spaces.
Submitted by M. Mathieu

Then, given an inductive limit of C*-algebras for which each C*-algebra of
the inductive limit is equipped with a strongly Leibniz L-seminorm, we provide

Keywords:

GrngV,Hausdorﬁv propinquity sufficient conditions for placing a strongly Leibniz L-seminorm on an inductive
Quantum metric spaces limit such that the inductive sequence converges to the inductive limit in this new
Effros—Shen algebras Gromov—Hausdorff propinquity. As an application, we place new strongly Leibniz

L-seminorms on AF-algebras using Frobenius—Rieffel norms, for which we have
convergence of the Effros—Shen algebras in the Gromov-Hausdorff propinquity with
respect to their irrational parameter.

© 2023 Elsevier Inc. All rights reserved.

1. Introduction and background

What is the analogue of a Lipschitz seminorm in noncommutative geometry? Interest in this question
stems from the observation that the Lipschitz seminorm defined by the metric of a compact metric space
encodes the underlying metric at the level of its C*-algebra of C-valued continuous functions. Thus, an
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appropriate notion of a noncommutative Lipschitz seminorm is the core ingredient in a noncommutative
metric space. A good definition of a noncommutative Lipschitz seminorm should be flexible enough to
include many interesting examples and strong enough to enable the development of an interesting theory.
For our purposes, an interesting theory is a theory of convergence which extends the Gromov—Hausdorff
distance [9] between compact metric spaces to noncommutative geometry.

The origin of the theory of quantum compact metric spaces is found in Connes’ work on spectral triples,
which provide noncommutative generalizations of Riemannian manifolds [5,6]. Rieffel then addressed the
question of defining noncommutative analogues of metric spaces without reference to a differential structure
[24,25], designed to be flexible while still enabling him to define the quantum Gromov—Hausdorff distance
between such spaces [26]. Quantum compact metric spaces were given by ordered pairs (2, L) of an order
unit space 2 and a seminorm L that induces a metric on the state space .7 () of 2 that metrizes the weak™
topology, called the Monge-Kantorovich metric, denoted mk;. The metric mk_ generalizes the Monge—
Kantorovich distance [11], built from the usual Lipschitz seminorm, and Connes distance [5], built from
spectral triples.

The study of Rieffel’s quantum Gromov-Hausdorff distance leads to two natural questions. One concerns
the coincidence property. If 2 and B are two unital C*-algebras such that (sa(2),Ly) and (sa(B),Ls),
where sa(2l) is the order unit space of self-adjoint elements of 2, are Rieffel’s quantum compact metric
spaces which are at distance zero with respect to Rieffel’s distance, then it is not clear that 2( and 98 are *-
isomorphic. Attempts at strengthening Rieffel’s construction to get this desirable property typically involve
restricting the notion of a quantum compact metric spaces, for example, to a class of operator systems [12]
or to C*-algebras [16]. The other question is whether one can extend Rieffel’s distance to encompass more
structures than the quantum metrics. For example, when working with quantum compact metric spaces of
the form (sa(2l),L) with 2 a unital C*-algebra, we are interested in convergence for modules, group actions,
and other such higher structures over the underlying C*-algebras. The two matters are related: they require
an analogue of the Gromov—Hausdorff distance which is well adapted to C*-algebras. For instance, Rieffel’s
work on convergence of modules [27,28,30,31,33,34] highlighted that a relationship between L-seminorms and
the multiplicative structure of the underlying C*-algebra of a quantum compact metric space was desirable.
Rieffel introduced the notion of a strongly Leibniz L-seminorm and used the strongly Leibniz property to
obtain results in [31] and more recently in [34]. However, the quantum Gromov—Hausdorff distance is not
well adapted to working with such seminorms (see the discussion of the proximity in [30]).

A possible answer to the search for a noncommutative analogue of the Gromov—Hausdorff distance
adapted to C*-algebras and Leibniz seminorms was proposed by the fourth author, with the introduction of
the propinquity [13,14,16,17] on a class of quantum compact metric spaces constructed out of C*-algebras
and L-seminorms satisfying some form of Leibniz inequality. Moreover, the dual Gromov—Hausdorff propin-
quity [14] is complete on the class of Leibniz quantum compact metric spaces. However, the strongly Leibniz
property has not been addressed. Thus, in Section 2, we introduce a form of the dual Gromov-Hausdorff
propinquity on the class of strongly Leibniz quantum compact metric spaces and show that it is complete on
this class. In Section 3, we apply this to construct strongly Leibniz L-seminorms on certain inductive limits
of C*-algebras for which the inductive sequence converges to the inductive limit in the Gromov—Hausdorff
propinquity. To do this, we assume there exist strongly Leibniz L-seminorms on the C*-algebras of the
inductive sequence that satisfy natural assumptions, as done in [1]. Moreover, we find strongly Leibniz
L-seminorms on all unital AF-algebras equipped with a faithful tracial state using Frobenius—Rieffel norms
[2,23] following a suggestion from Rieffel. These new seminorms still preserve the convergence results of [3],
including the convergence of Effros—Shen algebras with respect to their irrational parameters.

We begin with the following notion of quantum compact metric spaces.

Notation 1.1. We denote the norm of a normed vector space E by ||| 5.
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Definition 1.2. For (A, B) € [1,00) X [0,00), an (A, B)-quantum compact metric space (A,L) is a unital
C*-algebra 2 and a seminorm L defined on a dense Jordan-Lie subalgebra dom(L) of sa(2) that satisfies
the following.

(1) {a € dom(L) : L(a) = 0} = Rlq.
(2) The Monge-Kantorovich distance mki defined on the state space .7 () of A by:

Vi, € S () mki(p, ) = sup{lp(a) —¢(a)] : a € dom(L), L(a) < 1}

metrizes the weak* topology of .7 (21).
(3) For all a,b € dom(L),

o {L (7). (2570 | < AW bl + ol L) + BL@LE.

(4) {a € dom(L) : L(a) < 1} is closed in 2.
We call L an (A, B)-L-seminorm or an L-seminorm when context is clear.
To ease our notation, we adopt the following convention.

Convention 1.3. We fix a class of (A, B)-quasi-Leibniz quantum compact metric spaces for some A > 1 and
B > 0. All quantum compact metric spaces belong to this class without further mention.

The class of quantum compact metric spaces can be turned into the objects of a category [18]; for our
purpose, quantum isometries, defined below, will provide us with an adequate notion of morphisms.

Definition 1.4. A quantum isometry 7w : (U, Ly) — (B,Ly) between two quantum compact metric spaces
(A, Ly) and (2B, Ly) is a surjective *-morphism 7 : 2 — B such that 7(dom(Ly)) C dom(Lgy) and

Vb € dom(Ly) Lg(b) =inf{Ly(a): a € dom(Ly),n(a) = b}.

A full quantum isometry 7 : (A, Ly) — (B, Lx) is a quantum isometry such that 7 is a *-isomorphism
and 7! is a quantum isometry as well.

Full quantum isometries provide an adequate notion of isomorphism since the dual map 7* : ¢ € .7 (B) —
pom € () is a surjective isometry with respect to the associated Monge-Kantorovich metrics (see [26,
Theorem 6.2]).

The propinquity is a metric, up to full quantum isometry, between quantum compact metric spaces,
defined as follows.

Definition 1.5. Let (204,L;) and (2, L2) be quantum compact metric spaces. A tunnel 7 = (D, Lo, m1,m2)
from (204, L1) to (A, Lo) is a quantum compact metric space (D, Lp) and quantum isometries 7; : (D,Lp) —
(2,,L,) for j =1,2.

The extent x (7) of the tunnel 7 is defined as

7) = max Hausmi
™ jefray e

(Z (D), 75 (L (A5))),

7

where 7'('; was defined before this definition.
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Notation 1.6. Let (2, Ly) and (B, Ly ) be two quantum compact metric spaces. The class of all tunnels from
(A, Ly) to (B, Ly) is denoted by

Tinnets [(A, Ly) — (B, L))
We emphasize that, by Convention (1.3), if
7= (D, Lo,...) € Tawnt|(A Ly) — (B,Lp)]

then (D,Lp) is an (A, B)-quantum compact metric space where A and B are fixed throughout the con-
struction of the propinquity.

Definition 1.7. The propinquity between two quantum compact metric spaces (2, Ly) and (B, Ly) is:

A (2, Ly, (B, L)) = mf{x(T) 7€ Tomned [, Lat) — (B, L%)}} .

By exploiting the Leibniz property, the Gromov—Hausdorff propinquity provides an analogue of the
Gromov—Hausdorff distance to noncommutative geometry [13,14,16,17], namely, a complete metric over the
class of quantum compact metric spaces which is zero between isometrically isomorphic quantum compact
metric spaces. Moreover, it induces the same topology as the usual Gromov-Hausdorff distance of the class
of compact metric spaces (with the identification between a compact metric space (X, d) and the quantum
compact metric space (C(X),L) with L the usual Lipschitz seminorm).

Definition 1.2 has proven helpful, and was the foundation for new metrics between certain higher struc-
tures over quantum compact metric spaces [18-20], including spectral triples [21].

However, Rieffel’s work on convergence of modules over quantum compact metric spaces required a
strengthening of the Leibniz property by requiring, in addition, that Lip norms be well behaved with
respect to the inverse map [29], as follows.

Definition 1.8 (/31, Definition 2.1]). A quantum compact metric space (U, L) is C-strongly Leibniz, for some
C > 1, if for all a € dom(L) N GL(2A);

(1) a=! € dom(L), and
2) L(a7t) <C Ha‘lﬂi L(a).

We say that L is C-strongly Leibniz when it meets these conditions.

As seen above, even when estimating the propinquity between two strongly Leibniz quantum compact
metric spaces, the tunnels involved in the computation of the propinquity need not themselves use strongly
Leibniz quantum compact metric spaces. However, the propinquity is defined with some flexibility, which
enables one to restrict the class of quantum compact metric spaces involved in its construction. Thus, if one
wishes to only work with strongly Leibniz quantum compact metric spaces, then we may apply the methods
of [16] to obtain such a “strongly Leibniz propinquity,” which provides a natural framework, for example,
for Rieffel’s work on modules.

Notation 1.9. Let C > 1 and let (2, Ly) and (B, Ly ) be two C-strongly Leibniz quantum compact metric
spaces. The class of all tunnels from (2, Ly) to (B, Ls) of the form (D, Ly, 7y, my), where (D,Lp) is also
C-strongly Leibniz, is denoted

Tt | (U, L) 2ES (53, L%)].
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Definition 1.10. The C-strongly Leibniz propinquity Ngy , on the class SLc of all C-strongly Leibniz quantum
compact metric spaces is defined by setting

Nsre (2, L0), (22, L2)) = inf {x () : 7 € Tomned | (21, L1) 255 (22, L5)] |
for any two (%1,L1), (%2,L2) in SLe. If C' =1, we denote Ag; by N5p.
Of course, for any (2, Ly), (B,Lys) in SLq, the following inequality holds:

/\gLC((ma LQL)? (%v L‘B)) > /\*<(Q’[7 LQl)7 (SB? L‘B)) (11)

Thus, it is clear that the strongly Leibniz property is a symmetric function which is zero exactly between
fully quantum isometric quantum compact metric spaces. We prove in this paper that the strongly Leibniz
propinquity is indeed a complete metric up to full quantum isometry.

We then provide an application of the completeness of the strongly Leibniz propinquity to inductive limits
of strongly Leibniz quantum compact metric spaces. As discussed in [1], a natural question in noncommu-
tative metric geometry is to relate the important categorical notion of the limit of inductive sequences of
C*-algebras with the notion of convergence for the propinquity. The first work in this direction, found in
[3], constructed a (2, 0)-Leibniz Lip-norm on unital AF algebras with a faithful tracial state: starting from a
unital AF algebra 2 with some choice of a faithful trace ¢ and some sequence (2l,,)nen of finite-dimensional
C*-subalgebras of 2 such that 2 is the closure of |J,, <y
t-preserving conditional expectation E,, : A4 — 2, for each n € IN to define Lip-norms by

A, we use the existence of a unique surjective

Va € sa(A) L(a) =sup{dim®A, |la —E,(a)|y : n € N},
allowing for the value oco. In [3], the authors prove that

lim A*((2L,,L), (L)) =0,

n—oo
and then establish continuity results for the propinquity of the classes of Effros—Shen algebras and UHF
algebras, naturally parametrized by the Baire space.

However, it is natural to try to construct Lip-norms on inductive limits of quantum compact metric spaces
(not necessarily finite dimensional), under appropriate conditions, without starting with an L-seminorm on
the limit, but rather, by exploiting the completeness of the propinquity. We refer to [1] for examples. In
this paper, we use the completeness of the strongly Leibniz propinquity to construct strongly Leibniz L-
seminorms on certain inductive limits of strongly Leibniz quantum compact metric spaces and apply these
results to AF algebras, thus obtaining new quantum metrics on some AF algebras. These new quantum
metrics inherit their strong Leibniz properties from the work of Rieffel on the strongly Leibniz property of
seminorms built from the standard deviations [32], which we call Frobenius—Rieffel seminorms, and their
careful study in finite dimensions in [2]. We obtain continuity results for the Effros—Shen algebras and the
UHF algebras, as parametrized by the Baire space, in the spirit of [3], but with our new, strongly Leibniz
L-seminorms.

2. The strongly Leibniz Gromov—Hausdorff propinquity

The dual Gromov—Hausdorff propinquity [13,15,17] is defined in a flexible manner and permits one to
restrict the choice of tunnels in the construction in order to work in a specific class of quantum compact
metric spaces. We apply this flexibility to define a specialization of the propinquity to the class of strongly
Leibniz quantum compact metric spaces [30], whose definition we recalled in Definition 1.8. As it dominates
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the propinquity, it has the desired coincidence property, and it is obviously symmetric. We begin by proving
that it satisfies the triangle inequality.

Lemma 2.1. Let (2, Ly), (B,Ly) and (D,Le) be in SLe, and let my : (A, Ly) - (D,Ln) and s : (B, Ly) —

(D,Lo) be quantum isometries. For all € > 0, if we set, for all (a,b) € dom(Lg) ® dom(Lay),

T(e,t) = max {La(a), L 0). L Jraa) — 7 0o}

then T is a C-strongly Leibniz L-seminorm on 2A & ‘B.

Proof. By [17, Theorem 3.1], (2 & B, T) is a quantum compact metric space. It is thus sufficient to prove
that T is C-strongly Leibniz.

Let (a,b) € dom(Lgy)@®dom(Ly) = dom(T) such that (a,b) € GL(ABB). Thus a € dom(Ly ) NGL(2A) and
b € dom(Ly) N GL(B). Since Ly and Ly are C-strongly Leibniz, we conclude that (a,b)™! = (a71,b71) €
dom(T) and

La(a™) < Clla |5 La@) and  La(b™") < C|b~"||a Ln(b).
On the other hand,

[ma(a™) = mu (b7 1) 5 = [|ma(a™) (7 (b) — 7w (a))ms (b7 1)
™| I (@) = 7 (0) o [[67"{| g

la™ lgg 17 £ T (2 2)

NN

N

ell(a* 0™ T(a,b).

2
1)”2(@%

Therefore, T(a™*,b71) < C|[(a™*, b~ T(a,b), as needed. O

1 2
] [P
Thus, as discussed in [13,15,17], we deduce the following lemma. In particular, we can see in [17, Definition
3.6] that the definition of the C-strongly Leibniz propinquity only differs from the propinquity by adding
the strongly Leibniz property to our quantum compact metric spaces. Thus, following [17, Section 3], only
Lemma 2.1 needs to be established to deduce the following.

Lemma 2.2. For all C > 1, the C-strongly Leibniz propinquity Ng;, . is a metric on SLc.

Our purpose is to prove that the C-strongly Leibniz propinquity is complete as well. Since the propin-
quity is complete by Equation (1.1), we already have a description of the limit of any Cauchy sequence in
(SLe, N Lc) from [15]. What remains to be shown is that the limit for the metric A* of a Cauchy sequence
for the metric A5y  is indeed C-strongly Leibniz; moreover, we have to check the tunnels constructed in
[15] are C-strongly Leibniz in the current setting.

In this section, we fix C > 1, and we assume that we are given a sequence (,,Ly)nen of C-
strongly Leibniz quantum compact metric spaces such that for each n € IN, there exists a tunnel
(To)neN = Dy Toy Ty Pr)nen from (A, L,) to (A,41, L) such that x (7,) < 2% and T, is C-strongly
Leibniz.

Following [15, Section 6], we set

S = {(dn)nE]N € H D, :YneN p,(d,) =mpy1(dps1) and 81611% ldnllo, < oo} ,
nelN n



K. Aguilar et al. / J. Math. Anal. Appl. 529 (2024) 127572 7

and

5= 6/{(dn)ne]N €6 : limy—yo0 dyp =0}

Let ¢ : & — § be the canonical surjection, which is a *-epimorphism.
We record the following well-known computation for the quotient norm on 3.

Lemma 2.3. For all a € § and for all (dp)nen € S, if ¢((dp)nen) = a, then
allz = limsup ||dn| 5, -
n—oo

Proof. Note that |la|; < [|d||g whenever ¢(d) = a. Thus, if N € N and d™ = (0,...,0,dy,dny1,...), then
(S

N times

q(d") = a, and thus
all~ < ||[dV]| . = sup ||d .
H Hg A H ||(-5 n}p || n”’)Dn

Therefore, [[a|; < limsup,,_, |dnllg -

Now, let € > 0. By definition of the norm on the quotient C*-algebra §, there exists e = (e,)neny € ©
such that g(e) = a and [lef 5 — < [lal[; < |lellg- Also limy, o0 [len — dnllp, = 0. Thus, there exists N € IN
such that |le, —dn|ly <eforalln > N.

Therefore,

limsup [|dy|l5, < limsup|len|ly +e < leflg +e < lallz+ 2e.
n—oo n— oo
As e > 0 is arbitrary, we conclude:

limsup ||dn||5, <lallz. O

n—oo

For any d = (dp)nen € sa(6), we let

S(d) = sup T, (dy),
nelN

allowing for the value oo. For all a € sa (§), we define
Q(a) = inf{S(d) : ¢(d) = a},

again, allowing oo. By [15, Lemma 6.24], the seminorm Q is a Leibniz L-seminorm on §. The key fact
established in [15] is that (2, L, )nen converges to (F, Q) for the propinquity. We now show that, under
our conditions, Q is also C-strongly Leibniz.

Lemma 2.4. The L-seminorm Q is C-strongly Leibniz.

Proof. Let a € dom(Q) N GL(F) and € > 0. There exists d = (dn)nen € dom(S) such that ¢(d) = a, and
S(d) — e < Q(a) < S(d).

Let ¢ = (en)nen € 5a (&) such that g(e) = a~!. By definition, since g(ed) = g(de) = 13, we conclude
that
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nh—>n<;lo ||dnen - 1"”’)371 = 07

and thus, there exists N € IN such that ||d,e, — 1n||©” < 1 for all n > N. Therefore, d,e, is invertible
in ©,, for all n > N. Consequently, if n > N, then d,(e,(dne,)™t) = 1,. Since d and e are self-adjoint,
llend, — 1”H®n < 1, and thus e,d, € GL(D,,) for n > N; moreover ((e,d,) te,)d, = 1,. Thus, for all
n>N,d, € GL(D,).

Now let h = (hyp)nen € G be defined by setting, for all n € IN:

W 1, ifn <N,
" dn, ifn > N.

By construction, h € GL(&) and ¢(h) = a. Moreover, g(h™1) = a=! and
W= (lo,...,In-1,dy  dyhys-- ) -
Since T,, is C-strongly Leibniz, h,;! € dom(T,,) for all n € N, and
To(hy ') < Clhy 5 Ta(ha).

Moreover, S(h) < S(d) (since T,(1,) = 0), so S(h) < Q(a) + e. By Lemma (2.3), [ja™*
lim sup,, _, Hh; . Thus, there exists N’ € IN such that, if n > N’, then

s
o,

s i, == < ol < sup [l -

Let N” = max{N, N’} and define g € & by g = (gn)nen with

1, ifn < N,

vnelN g, =
dy ifn > N".

Once again, note that ¢(g) = a and S(g) < S(h) < Q(a) + &. Moreover, g € GL(&), with ¢(g~!) =a~%.
Thus,

Q") <S(g™)
< sup To(g, ")
nelN
< sup To(d;!)
n>=N"
12
< C sup d"1||®n sup T,(d,)

n>N" n=N"
2
<C([la![ly +2) S(o)
1 2
<C (Ha HS +5) (Qa) +¢).
Since € > 0 is arbitrary,
Q(a™!) < a3 Qla).

Thus, Q is strongly Leibniz. O
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We now deduce the following theorem.
Theorem 2.5. Let C' > 1. The C-strongly Leibniz propinquity on SLc is complete.

Proof. We maintain the notations introduced above. We have seen that (§,Q) is a C-strongly Leibniz
quantum compact metric space.
For each N € IN, let

GN - (dn)n2N S H Qn 1 Vn 2 N pn(dn) - 7Tn+1(dn+1)7 sup ||dnH@n < o0
n>N nzN

We also let IIn ((dy)n>n) = v (dn) € Ay for all (dy,)n>n € Sn. The C*-algebra § is naturally *-isomorphic
to

Sn /{(dn)n>N € 6y : limy, 00 d, =0}

we let g : G — § be the associated canonical surjection.

We also let Sy @ (dn)nzn + sup,>n Tn(dn) (allowing the value o). By [15], (&n,SN) is a quantum
compact metric space.

In [15], the fourth author proved that

Va € sa(F) Qa) =inf{Sny(d):d € sa(Gy),qn(d) = a}

and Il is a quantum isometry to (An,Ly). In other words, (&x,Sn, N, gn) is a tunnel from (A, Ly)
to (§,Q) with extent at most 3.

It suffices to prove that Sy is C-strongly Leibniz. This is immediate by definition: if d = (d,)n>n €
GL(GN) n dom(SN), then

Ta(dy ") < C[ldy % Tuldn)
for all n > N, and thus

Sn(d™) < Clld 5, Sn(d).
This completes our proof. O
3. Inductive limits of strongly Leibniz quantum compact metric spaces

In [1, Section 2], the first author constructed quantum compact metric spaces on inductive limits such that
the given inductive sequence converged to the inductive limit in propinquity. In this section, we specialize
these results to strongly Leibniz quantum compact metric spaces using the results of the previous section.
As a main application of this section and article, we find strongly Leibniz L-seminorms on AF-algebras that
allow for explicit estimates in the strongly Leibniz propinquity and convergence of the Effros—Shen algebras
now in the class of strongly Leibniz compact quantum metric spaces.

Theorem 3.1. Fiz C > 1. Let A = Une]NQIan be a unital C*-algebra such that (A )nen is a non-decreasing
sequence of unital C*-algebras of A. Assume that (Un,Lp)nen s a C-strongly Leibniz quantum compact

metric space for alln € IN. Let (8(j))jen be a summable sequence in (0, c0).
If for alln € IN
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(1) Lpt1(a) < Ly(a) for alla € A, and
(2) for all a € Api1,Lny1(a) < 1, there exists b € Ay, L, (b) < 1 such that

la = bllar < B(n),

then there exists a C-strongly Leibniz seminorm L on 2L such that (2, L) is a quantum compact metric space
where

oo

/\ELC((mm Ln)7 (QL I—)) < 425(])

j=n
for alln € N, and thus

nh_)ngo /\ELC ((an, Ln)’ (Ql, L)) = 0.
Proof. Since the tunnels of (1) from [1, Theorem 2.15] are C-strongly Leibniz by Lemma 2.1, this result
follows immediately from [1, Theorem 2.15] and Lemma 2.4. O

We turn our attention to the AF setting.

Definition 3.2 (//, Definition 1.5.9 and Tomiyama’s Theorem 1.5.10]). Let 2 be a unital C*-algebra and let
B C 2 be a unital C*-subalgebra. A linear map E : A — B is a conditional expectation if E(b) = b for all
be B, ||E(a)llu < |la]|a for all a € 2, and E(bab’) = bE(a)b’ for all a € 2, b,V € B.

A conditional expectation is faithful if E(a*a) = 0 implies a = 0.

Theorem-Definition 3.3 (/32, Section 5] and [23]). Let A be a unital C*-algebra and let B C A be a unital
C*-subalgebra. If E : A — B is a faithful conditional expectation, then

lalle = VIE(a*a)lla
defines a norm on A called the Frobenius—Rieffel norm associated to E.

A quick application of the C*-identity shows that || - ||z < || - |la. We now place strongly Leibniz
L-seminorms on all unital AF-algebras equipped with a faithful tracial state that allow for explicit ap-
proximations from the finite-dimensional C*-subalgebras. The following construction in Theorem 3.4 is
motivated by the first and last author’s work in [3], where they used seminorms defined by

a €A |la— Ea)ls,

where FE is a conditional expectation onto some unital C*-subalgebra of 2. However, these seminorms are
only known to be quasi-Leibniz with A = 2 and B = 0 (see [3, Lemma 3.2]), and we do not know if they
are strongly Leibniz for any C' > 1. Yet, if we consider the seminorm

a € A= max{lla — E(a)| g, [la" — E(a”)| £},

using the Frobenius—Rieffel norms defined above, then these seminorms are C-strongly Leibniz with A =
1,B=0,C =1 (see [32, Proposition 5.4 and Theorem 5.5]), which appear in the following result. The first
author thanks Marc Rieffel for suggesting to use these seminorms at the Fall 2016 AMS Western section at
University of Denver.
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Theorem 3.4. Let A = Unemﬁln‘l“lm be a unital AF algebra equipped with a faithful tracial state T such that
Ay = Cly. Set U = (Ap)nen and let (B(n))nen be a summable sequence of positive real numbers. For each
n € NN, let

Er-A—2A,
be the unique T-preserving faithful conditional expectation. For n € N \ {0}, let k, > 0 such that
knllalla < [lallz;

for all a € A,11, and set kK = (Kp)nen- For each n € N\ {0}, let

1 (Lo A ) et A G
Un,B me{0,1,...n—1} KmB(m)

for all a € A, and let Lj;" ; = 0.

Then (s, LZZ:,B> is a strongly Leibniz quantum compact metric space (with (A, B,C) = (1,0,1)) for all
n € N, and there exists a seminorm Ly;"y such that (A, L;;",) is a strongly Leibniz quantum compact metric
space (with (A, B,C) = (1,0,1)) where

Nor((n, Li" 5), (2, L75)) 426

for allm € IN, and thus

nh—{%o /\SL((Q['M LZ‘I;{’:,[-}% (91, LZ;:}})) = 0.
Proof. Let n € IN. By construction for a € Ay, Ly;" 5(a) = 0 if and only if a = ply, for some p € C. Hence,
since 2, is finite-dimensional, L;; 6 is an L-seminorm on 2A,,. Furthermore, (2,,, Lu ﬂ) is a strongly Leibniz
compact quantum metric space (Wlth A=1,B=0,C=1) by [32, Proposition 5.4 and Theorem 5.5].
By construction, for all n € IN and a € 2,,, we have that
LT K

n+17ﬂ

(a) = Ly 5(a)

since E,(a) = a for all a € 2,. Thus, (1) of Theorem 3.1 is satisfied.
For (2) of Theorem 3.1, let a € ™Ay, such that Lj;"  5(a) < 1. Consider E(a) € 2A;,. We will show that
L" 5(Ef(a)) <1 and [la — Ef(a)lla < B(n). First, we have that ||a — EJ (a)|| 5, < £,8(n). Thus,

fnlla — En(a)lla < lla = ER(a)|| 5, < KnfB(n),

50 [la = Ep(a)]la < B(n).
Next, if n = 0, then L;;" ;(E7 (a)) = 0 < 1. Finally, consider n > 1. Note that

L s(E7(a))
B max {||E}(a) — B}, (E}(a))|l 7, |1 Ef (a*) — Ef, (Ef(a*)) |l &7, }
= max .
me{0,1,...n—1} KEmB(m)

Let m € {0,1,...,n}. Now ET o ET = ET by the proof of [3, Theorem 3.5], F,, is positive by [4, Theorem
1.5.10 (Tomiyama)], and E,, () C E, (). Thus,
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En([En(a) = EL(Eq(a)]*[Eg(a) — E7,(Ef(a))])
= EL([E7(a%) — EF,(E7(a"))][E7 (a) — EF,(Ef(a))])
= EL(EL(a")E(a) — Ep(a”) B, (BT (a) — Ef, (B (a®)) Ep (a)
+ B (EL(a7) B (B (a)

~—

= En(Ep(a®)Ep(a)) — Ep(ER(a") ER (L (a)) — En (B (B (a))Er ()
+ B (B (B (a”) L (B (a))
= EL (B (a®)Ej(a) — Ep(Ej(a") B (B () — En (Ej(a®) B (B ()
+ B (B (L (a7) B (Eq(a))
(
m(

)
= B, (E;(a”)Ey(a) — Ep (a™)E7, (a) — E7, (a”)EF, (a)
+ EL (B} (ET(a%)EqL (BT (a)))

m

= EL(E(a®)Ej(a)) — 2E7,(a") E7,(a) + B, (B, (Ep (a7) B (B (a)))
En(Ep(a®)Ep(a)) = 2E7,(a”) By, (a) + B, (a”) E7, ().

Similarly,

El ((a— E},(a)*(a— EJ,(a)))
= Ey,(a”a) — 2E5,(a”)Ey, (a) + E7, (a”) E7, (a)

m
= EL(EL(a"a)) = 2E7,(a") E7, () + E7,(a”) E}, (a).
By [4, Proposition 1.5.7], E7(a*a) — E7 (a*)E7 (a) > 0 and hence
EL(En(a”a)) — BN (EL(a")Ef(a)) 2 0

since E7 is a conditional expectation. Thus,

En ([ (a) — EF,(Ef(a)]"[EL (a) — B, (E7(a))])
< En((a = Ep(a)*(a = Ej(a))).

Since B, ([E7(a) — EL,(Ej(a)]"[E7(a) — BT, (E7(a))]) 2 0, we gather
1E7 () = Eq, (Ef(a)|E;, = | B, (B (a) — Ex, (EF(a))*[E] (a) = B7,(E7 (a))]) |

< 1B ((a = Ef(a)"(a = B, () lla
= lla — E7, ()%,

Therefore, repeating this process with a* in place of a, we conclude that

Lty p(En(a)) S L7, gla) < 1.

Unt1,8

The proof is complete by Theorem 3.1. O

In [2], some equivalence constants k,, were obtained explicitly on direct sums of matrix algebras. The
next results ensure that equivalence constants obtained in this way translate to the inductive limit.

Proposition 3.5. Let (U, an)nen be an inductive sequence of C*-algebras (see [22, Section 6.1]) such that:
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(1) Ao =C and A, = @y My, ,.(C) for all n € W\ {0}, where dy, 1, € N\ {0} for each n € N\ {0} and
ke{l,2,...,n,};

(2) an: Ay — i1 is a unital *~monomorphism for all n € IN;

(8) the inductive limit A = hg (U, an)nen s equipped with a faithful tracial state 7.

For each n € IN, let o™ tD (™ : A, — A be the canonical unital *~monomorphisms satisfying

"t o, = o™, (3.1)

[l

Note that % = Upena™ (21,,) and o™ (2A,,) € oD (A, 11) and o9 (Ag) = Cly (see [22, Section 6.1]).

For each n € IN, let
ET % — o™ (2A,)
denote the unique T-preserving faithful conditional expectation onto a(")(an). For each n € IN, let
Tn =70 a™, (3.2)
which is a faithful tracial state on 2A,,, and let

EI gt = an(2)

be the unique T,+1-preserving faithful conditional expectation onto oy, (). Let Kk, > 0 such that

fnllalla, ., < Ha”E;T{}n

foralla eAy,qq.
Then, for alln € IN,

T (n+1) _  (n+1) Tn+1
Eloa =« OEnJrl,n?

and moreover,
knllalla < llalle;
for all a € a1V (A, 44).

Proof. Let n € IN and let B,, denote the set of matrix units for 2,. By [3, Expression (4.1)] for both
conditional expectations E; and E;",, we have for all a € 2,11

T (4l ("D (a)a(e))
En(a( * )(a)) = e;g: (@™ (e")a™(e)) o )(e)

7(a™ D (q)a™ (e*
-y (@' (a)a™( ))a(n+1)(an(e))

S5 TlaM(er)at(e))
_ ooy [y 7@ (@a(e))
<e§n T(a™(e*)al™) (e)) n(e)
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— ontD) ( Z T(oz("ﬂ)(a)a(”H)(om(e*)))an(e)>

L et (an(er)an(e)

— oD Tn+1(aon (€)) o (e
(x o)

Tnt1(an(e*)ay, (e
= a"TN(ETH (a))

and so

T (n+1) _  (n+1) Tn+1
Enoa =« OEn—i—l,n'

Let a € o™t (A, 4 1). Thus, there exists a unique a, 1 € 2,11 such that a = a("+1)(an+1). We have
laliz; = | £z (e (@nsn)* 0D ani))

- o5 (s i),
= [ (B (@ ans)|

= || BT (@ sy )|

I+

A

Ant1

WV

fnllansli, .,

i lall3

Therefore,

knllalla < llafl e
as desired. O

The convergence of the Effros—Shen algebras in [3] relied on a continuous field of L-seminorms on the
finite-dimensional subalgebras of the inductive sequence and, although the L-seminorms of Theorem 3.4
have a similar structure to those of [3, Theorem 3.5], we need two important facts to ensure that the
L-seminorms of Theorem 3.4 also form a continuous field of L-seminorms in an appropriate sense. The
first, Proposition 3.6, takes care of the fact that we switch the C*-norm for Frobenius—Rieffel norms and
the second fact takes care of the continuity of the equivalence constants, which was already proven in |2,
Theorem 5.2] for particular equivalence constants that were calculated explicitly.

Proposition 3.6. Let N € N,ni,ns2,...,nxy € N\ {0}, and A = &) M, (C). Let M € NN\
{0}, m1,ma,...,mp € N\{0}, and B = &M M, (C). Assume that there exists a unital *-monomorphism
a:B — A For each n € NU {oc}, let v* € (0,1)Y and let 7yn be the faithful tracial state defined for all
a=(ai,az,...,an) €A by

N

Tvn(a) = Z U—’?Tr(ak),

n
k=1 'k

where Tr denotes the trace of a matriz. Let E™" : A — «a(B) denote the unique Tyn-preserving faithful
conditional expectation onto a(B).

If (V")nen converges to v coordinate-wise, then (|| - || grvn Jnew converges to || - || grvee uniformly on any
compact set of (] - ||u) and thus converges pointwise on 2.
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Proof. Let B be the set of matrix units for B. Fix a = (a1, az,...,an) € A. By [3, Expression (4.1)], for
each n € N U {co},

E™(a)=Y" Ma(e).

2 7 (a(ale))
The condition that (v™),en converges to v coordinate-wise is equivalent to weak™ convergence of (7yn )nen
to Ty . Thus, by continuity of addition and scalar multiplication, (E™" (a))nen converges to E™> (a) with
respect to || + ||a-

Now, we prove uniform convergence on any compact set of (2, ||-||a). Let C C 2 be compact with respect
to || - |- Let € > 0. By compactness, there exist N € IN and a1, a9, ...,ay € C such that

N
CC U{aEQl: lla — ak|la < e/3}.

k=1

By pointwise convergence, choose N’ € IN such that ||[E™" (ar) — E™> (a)||a < €/3 for all n > N’ and
ke{1,2,...,N}. Let n > N' and let a € C. Then there exists k € {1,2,..., N} such that |la — ax|a < &/3.
Thus,

IE™" (a) = E™ (a)la < [E™" (a) = E™" (an) lla + |1 E™" (ar) — E™ (an) |2
+[|E™> (ar) — E™ ()|«

Ty € Ty 00
<IE™ (a—ap)lla + 3 +[1E™ (a - ar)llx

13
<la —aglo + 3t la — akllx
<e,

where Definition 3.2 is used in the penultimate inequality.
Hence, by the reverse triangle inequality and uniform continuity of the square root function,

(VIIE™" ()|l )nen converges to +/||E™> (+)||a uniformly on any compact set of (2L, ] - ||2). As singletons

are compact, we have pointwise convergence on 2. [0

We now focus on the Effros—Shen algebras and begin with their definition found in [8]. Let § € R be
irrational. There exists a unique sequence of integers (r?),en with 7% > 0 for all n € IN'\ {0} such that

f = lim rng

n—00 1

When 0 € (0, 1), we have that 7§ = 0. The sequence (r?),en, is the continued fraction expansion of 6 [10].
Next, we define the finite-dimensional C*-subalgebras of the Effros—Shen algebras. For each n € IN, define

0 0 0
Po="1y, P =1 and g¢gy=1, q]=r],

and set



16 K. Aguilar et al. / J. Math. Anal. Appl. 529 (2024) 127572

0 _ .0 (7 6
pn+1 - Tn+1pn +pn—1

and

0 _ .0 6 7]
qn+1 - TnJrlqn + qnfl'

The sequence (pfl / qfl) of convergents pf /q¥ converges to 6. In fact, for each n € IN,

neNg

4 1
Pn 6

oty

@ 0 1

We now define the C*-algebras with which we endow Frobenius—Rieffel norms. Let 2y o = C and, for
each n € Ny, let

Ao n = Dﬁqz C)a quil (C).
These form an inductive sequence with the maps
apn:a®be Uy, —diag(a,...,a,b) ®a € Apni1, (3.3)

where there are rfl 41 copies of a on the diagonal in the first summand of 2 ,41. This is a unital *-
monomorphism by construction. For n = 0,

Qg : A E 9(970 — diag()\, ceey )\) PN € 919,1.
The Effros—Shen algebra associated to 0 is the inductive limit (see [22, Section 6.1])
Qo = lim (Ag,n, 29,0 )nen-

There exists a unique faithful tracial state 7y on 2y such that for each n € IN'\ {0}, 79, (see Expression
(3.2)) is defined for each (a,b) € Ay, by

1
0
n

7o.m(a,8) = £(6,7) = Te(a) + (1 — (6, n))

n

Tr(b),
-1

where
t(0,n) = (-1)" ¢4 (0q5_, —p%_) € (0,1)

(see [3, Lemma 5.5]).
For each n € IN\ {0}, define

Oap — P}
Ron = (3.4)
! \/(9q2—2 —Ph_y) Th(rf + 1)
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as in [2, Theorem 5.2] and let kg = (Kg,n)nen,

1 1

n) = — = , 3.5
Pl) = Fn@om) ~ W + (@, 39
U = ag” (o)
as in Expression (3.1). For each a € 049 (ng n)s let
ax {|la — ET |la* — E7¢ (a*)|)
Lgvn( ) _ L[‘I/’{ggliﬁge (a) _ max max {”a ( )HET,? ||a ( )”Eme} (36)

me{0,1,....n—1} K@,mﬂ@( )

as in Theorem 3.4.

Theorem 3.7. Let 6 € (0,1)\Q. Let Ly be the strongly Leibniz L-seminorm Lg on g with A=1,B=0,C =1
given by Theorem 5.4 along with (ke n)nen of Expression (3.4), Bo of Expression (3.5) and (Lon)nen of
Expression (3.6).

For every n € IN, it holds that

s.((Ap,Lo), (Ao, Lo,n)) <4 Z Bo(J)

for allm € N, and thus
nh—)ngc /\Z’L((Qlea Le)v (Q(B,m LG,n)) = 0
Proof. Let n € IN. By [2, Theorem 5.2] and Proposition 3.5,

ronllalla, < llallgge

for all a € aén+1)(9l9)n+1), where ryg ,, is defined in Expression (3.4). The proof is complete by Theorem 3.4

and the fact that Sy is summable by [10]. O
We now prove our main result about the Effros—Shen algebras.
Theorem 3.8. The map
0€(0,1)\Q— (Ay,Ly),

where Ly is given by Theorem 3.7, is continuous with respect to the usual topology on (0,1) \ Q and the
topology induced by N,

Proof. Let (6(n))nen be a sequence in (0,1) \ Q that converges to 6(co) € (0,1) \ Q. Let € > 0. By [10],
(1/%)mew is square summable for all @ € (0,1) \ Q. Moreover, if ® = ¢ — 1, where ¢ is the golden ratio,
then g™ > q2 for all m € N and n € NU {oo}. Choose N1 € IN such that

42—2<

=N qj qj_l)

Wl ™

Then Theorem 3.7 ensures that
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N5 (Koenys Lon)), (Rony,nys Lony,ny)) < 4 Z —2 <

€
=N, q] (Q;'I)—l) 3

for all n € INU {o0}.
By [3, Proposition 5.10], choose N2 € IN such that

O(n 6 (o0 o(n 00
qN(l = - qN(l : and qN(l )1 - qN(l )1

for all n > Ny. Therefore, Ag(n) N, = Ap(sc),n, for all n > Ny. By the proof of [3, Lemma 5.12] along with
Proposition 3.6 and [2, Theorem 5.2], we have for all a € 2g(o),n, that

. N N-
Jim Loy ), vy © @ sm) (a) = Logoo). v, © ) (@).

Thus, by the same proof as [3, Lemma 5.13]
Jim A (o), 315 Logn).v ) (Ro(00). 815 Lo(oc).n)) = 0

Therefore, we may choose N3 > Ny such that

Nsr (o), N> Loy, Ny )y (Ro(so), Ny Looo), Ny ) <

Wl ™

for all n > N3. Hence, if n > N3, then

Nz ((Ao(n)s Lomn))s (Roooys Los)))
<AL (o), Lony)s Ro(n),nys Lony,n,))
+ N5
+ NS

(Ag(n), Ny Loy, Ny ) (Ao(oo), Ny s Logoo), N1 )
(2A6(o0), N1 > Lo(so), w1 ) s (Rlo(oo)s Lo(oo)))

/—\A/—\

Wl m

(Ao(ny, N1 Lony, N )y (Ro(oo), Ny > Logoo), N ) +
£ £

<3+3+§:

by the triangle inequality. O

Thus, we see that the equivalence constants found in [2] were vital in this continuity result. There is
nothing that guarantees that any equivalence constant would provide the same result. However, Proposi-
tion 3.10 shows that we can also obtain continuity of the map in Theorem 3.8 using the sharpest equivalence
constants, which are guaranteed to exist for finite-dimensional spaces. Now, we do not know if the equiv-
alence constants of [2, Theorem 5.2] are sharp, but we chose to present the proof of Theorem 3.8 using
these constants since they provided continuity with explicit L-seminorms rather than L-seminorms that are
built using unknown sharp constants. Thus, the purpose of Proposition 3.10 is to show that if one cannot
calculate explicit equivalence constants that provide continuity, then at least, one can achieve continuity
with the existence of sharp equivalence constants. First, we prove a lemma.

Lemma 3.9. Let (C,d) be a compact metric space. Let (fn)nenw be a sequence of real-valued continuous
functions on X, and let f : X — R be continuous.

If (fn)new converges to [ wuniformly, then (mingec fn(x))new converges to mingec f(x) and
(maxgec fn())nen converges to maxyec f(x).
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Proof. Since C'is compact, inf,cc f(z) = mingee f(z) = min f and inf ecc fr(2) = mingee frn(z) = min f,
for all n € IN. Let € > 0. There exists an N € N such that for n > N, we have |f,(z) — f(x)| < €/2 for all
x € C. Then forn > N,

flx)—e/2 < fo(z) < f(x)+€/2
for all x € C. We take the infimum of this inequality to obtain
min f —e/2 < min f,, < min f 4+ ¢/2,

which implies | min f — min f,| < &/2 < e.
A similar argument establishes the result for min replaced with max. 0O

Proposition 3.10. Let (V, || - ||) be a finite-dimensional normed vector space. Let (|| - ||n)nen be a sequence of
norms on V' converging uniformly on the unit ball of (V,||-|) to a norm || - ||ee on V.
If for each n € NU {oco} we have

Bl - <[ lln < Anll -l
where Ky, > 0, A, > 0 are sharp, then (Kn)neN converges to koo and (An)nen converges to Aoo.

Proof. Let n € INU{oo}. First, note that a € V — ||a||,, is continuous with respect to || || since the norms are
equivalent. Thus, since {a € V' : ||a|| = 1} is compact by finite dimensionality, {||a|l, € R:a €V, |la|]| = 1}
is compact. Hence

inf{|lall, € R:a € V,|a|| =1} =min{|lall, e R:a € V,|a|| =1} >0
as |la|| = 1 implies that a # 0 and thus ||a||, > 0. Since &, is sharp,
kn =min{||al|, € R:a €V, |a|| =1}

Therefore, by Lemma 3.9, (kp)nen converges to koo since the unit sphere of (V| - ||) is compact by finite
dimensionality. The remaining result follows similarly. O

Thus, combining this result with Proposition 3.6, we also have a proof of Theorem 3.8 using the sharp
constants for Y in Expression (3.6) rather than the explicit ones of [2, Theorem 5.2].

For our final result, we present convergence of UHF algebras with respect to convergence of their mul-
tiplicity sequences. Unlike the Effros—Shen case, where the continuity result relied on continuity of the
equivalence constants in some appropriate sense, convergence in UHF algebras occurs regardless of which
equivalence constants are chosen. First, we detail the metric space that we use to describe convergence of
the multiplicity sequences and the standard construction of the class of UHF algebras.

Definition 3.11. The Baire space 4" is the set (N \ {0})N endowed with the metric d defined, for any two
(#(n))new, (y(n))nen in A, by

0 ifx(n)=y(n) for all n € N,

dy ((@(n)ner, (y(n))new) =
g min{neNia(m)#u(m)}  otherwise,
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Next, we define UHF algebras in a way that suits our needs. Given (8(n))nen € A, let

RB(n) = 1 it n=0,
e H;l;(}(ﬂ(j) +1) otherwise.

For each n € IN, define a unital *-monomorphism by
po.n @ € Mg (C) — diag(a, a,. .., a) € Mrgmni1)(C),

where there are 5(n) + 1 copies of a in diag(a,a,...,a). Set uhf((8(n))nen) = lim (M=s(n) (C), 18,0 )nen-
The map

(B(n))new € A" +— uhf((B(n))nen)

is a surjection onto the class of all UHF algebras up to *-isomorphism by [7, Chapter II1.5].
For each n € IN, let

(n) = !
T dim(Mg g (€))

and let

Ps

be the unique faithful tracial state on uhf((8(n))nen), and set

V8 = 1Y (Mpn (C))

as in Expression (3.1).
Next, let pg 41 denote the unique faithful tracial state on Mgg(,41)(C). Fix A2 > 0 such that

Allallarg @) < llallgos.n (3.7)

for all @ € Mg(n41)(C), where EPm + Mrgme1)(C) — pgn(Mrpm)(C)) is the unique faithful pg ,41-
preserving conditional expectation onto jg.,(Mgsn)(C)). Here we note that A2 is neither explicit nor
necessarily the sharp constant and we assume that A2 only depends on M s(n+1)(C), which is allowed since
Psn+1 is the unique faithful tracial state on Mpg(n11)(C). Let A% = (A2),en.

For each a € ugb) (M5(n) (C)), let

A
Litu(@) = 7" (@) (38)

as in Theorem 3.4.

Theorem 3.12. The map

B e N s (uhf((B(n))new), Lg"),

where L‘BA/ is defined in Theorem 3.4 using the L-seminorms defined in Expression (3.8), is continuous with
respect to the Baire space and the topology induced by N%; .
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Proof. The majority of this proof is complete by the proof of [3, Theorem 4.9]. All that remains is continuity

of the equivalence constants, but this follows similarly as the proof of [3, Theorem 4.9]. Indeed, if d_4 (5, 7n) <

=L then for all £ < n, we have N = )\Z since

2n

(1) pBk+1 = Pnk+1s

(2) Mrpk+1)(C) = My k+1)(C),

(3) 1sk(Mpk)(C)) = pink(Meayk)(C)), and
(4) EPsx = EPnk,

which is all the information required to fix /\’,ia and \}. O
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