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Abstract

We prove asymptotic stability of the Poisson homogeneous equilibrium among solu-
tions of the Vlasov—Poisson system in the Euclidean space R3. More precisely, we
show that small, smooth, and localized perturbations of the Poisson equilibrium lead
to global solutions of the Vlasov—Poisson system, which scatter to linear solutions at
a polynomial rate as # — oo. The Euclidean problem we consider here differs signif-
icantly from the classical work on Landau damping in the periodic setting, in several
ways. Most importantly, the linearized problem cannot satisfy a “Penrose condition”.
As aresult, our system contains resonances (small divisors) and the electric field is a
superposition of an electrostatic component and a larger oscillatory component, both
with polynomially decaying rates.

Keywords Landau damping - The Poisson equilibrium - Nonlinear asymptotic
stability - Degenerate Penrose criterion

Contents
I Introduction . . . . . . . . . e 2
1.1 MainResult . . . . . . . . . e e 3
1.2 Prior Works . . . . . . . e e 4
1.2.1 Perturbations of Vacuum . . . . . . . . . ... ... 4

A L was supported in part by NSF grant DMS-2007008; B.P. was partially supported by a Simons
Fellowship, the CY-IAS fellowship program, and NSF grant DMS-1700282; X.W. was supported in part
by NSFC-12141102, and MOST-2020YFA0713003. K.W. gratefully acknowledges support of the SNSF
through grant PCEFP2_203059. This material is based upon work supported by the National Science
Foundation under Grant No. DMS-1929284 while A.IL., B.P. and K.W. were in residence at the Institute for
Computational and Experimental Research in Mathematics in Providence, RI, during the program
“Hamiltonian Methods in Dispersive and Wave Evolution Equations”.

B Alexandru D. Ionescu
aionescu @math.princeton.edu

Extended author information available on the last page of the article

Published online: 13 December 2023 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40818-023-00161-w&domain=pdf

2 Page20f78 A.D. lonescu et al.

1.2.2 Nonlinear Landau Damping . . . . . . . . . ... . .. 5

1.2.3 Comparison with Euler—Poisson Models . . . . . . ... .. ... ... ........ 6

1.3 Mainldeas . . . . . ... ... 6
1.3.1 Linear Analysis and the Penrose Condition . . . . . ... ... ... ......... 7

1.3.2 The Bootstrap Argument and Nonlinear Analysis . . . . . ... ... .. ... .... 7

1.3.3 General Equilibria . . . . . . ... oL 8

1.4 Organization . . . . . . . . . o e e e e e 8

2 Dynamics of the Density and Bootstrap Setup . . . . . . . . . . .. ... .o 9
2.1 Solving the Density Equation . . . . . . . . . . .. . . 10
2.2 The Main Decomposition . . . . . . . . . . . .. oot e 12
Contributions from Initial Data . . . . . . . . . . ... .. ... .. 13
Contributions from Nonlinearity: “Reaction Terms” . . . . . ... ... ... ... ..... 13

Full Decomposition . . . . . . .. ... .. 14

2.3 Norms and the Bootstrap Proposition . . . . . . .. ... ... ... .. L. 15

3 Preliminary Estimates . . . . . . . . . ... e e 16
3.1 Bounds on the Density Function p and Electric FieldE . . . . ... ... ... ....... 16
3.2 Fourier Multipliers . . . . . . . . . L 18
3.3 Linear Dispersive Estimates . . . . . . . . . ... . o 20
3.3.1 The SPL®CIass .« . v v v v it e e e e e 23

3.4 Pointwise Estimates of Characteristics . . . . ... ... ... ... ... .......... 24

4 The Contributions of the Initial Data . . . . . ... ... ... ... ... ... ... . ..... 29
5 Bounds on the Static Terms and the Type-I Reaction Term . . . . . ... ... ... ... .... 34
5.1 Large Velocity Case: j > 19m /20 or m < ST 37
5.2 Small Velocity Case: j < 19m /20 and m > ST 41

6 Bounds on the Type-II Reaction Term . . . . . . .. .. ... . ... .. 55
7 Proofof LemmaS5.1 . . ... ... 65
7.1 Proof of (5.5) . . . . . . e e e 65
7.2 Proof of (5.6) . . . . . . e e 70
7.3 Proofs of (5.7)—(5.10) . . . . . . . . e 72

8 Proof of Theorem 1.1 . . . . . . . . . . 72
References . . . . . . . . 76

1 Introduction

It is believed that the vast majority of ordinary matter in the visible universe takes the
form of a plasma, i.e. of an ionised gas, ranging from sparse intergalactic plasma to
the interior of stars and neon signs. Both from a theoretical and practical (e.g. nuclear
fusion) point of view, the understanding of stability versus instability in plasmas is
a formidable yet crucial challenge. We refer to e.g. [7, 10] for physics references in
book form.

Inthis article we consider a hot, unconfined, electrostatic plasmain three dimensions
of electrons on a uniform, static, background of ions. Here collisions are neglected
and the associated distribution of electrons is modeled by a measure M (x, v, t)dxdv
on the phase space Ri X R?), where M satisfies the Viasov—Poisson equation.

Mme(0; +v-Vo)M +qgE - V,M =0,

div,E(x, 1) = 4meg {noe+q/ Mdv}. (1.1)
R3
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Landau Damping Near the Poisson Equilibrium in R3 Page 3 of 78 2

In (1.1), E denotes the self-generated electrostatic field, g = —e < 0 the charge of an
electron, m, its mass, €g the vacuum resistivity and nge > 0 the uniform background
charge density of the ions.

A particularly simple yet relevant class of solutions to (1.1) are stationary, spa-
tially homogeneous functions My : R3 — [0, 00) satisfying ¢ fR3 Mydv = ng. To
understand the role of such equilibria in the overall dynamics of the Vlasov—Poisson
equations, an important step is the investigation of their stability. Writing

M(x,v, 1) =noe " (Mo(v) + F(x, v, 1))

the equation for the perturbation F becomes

(& +v-VO)F+ 0>V - VyMo + 02V - Vo F =0, Ay = Fav,
R

with electrostatic potential v and electron plasma frequency w, given by a)g =
4neon0e Let

t t
f(xyv’t) = F(i’ v, _)9 ¢(x’t) :wgl/f<ia_>v
We We We We
so we obtain the nondimensionalized Vlasov—Poisson system
O +v-Vo) f+ Vi Vo f ==Vi¢p- VMo,

(1.2)
Arp(x, 1) = plx. 1) = /3 f(x v, 0)dv,
R

which will be the focus of the rest of this article.

1.1 Main Result

In this paper we investigate the asymptotic stability of a particular homogeneous
equilibrium, namely the “Poisson equilibrium”

Mo(v) := Mo(§) = e KL, (1.3)

1
m2(1+[v[H)?

Our main result asserts that smooth perturbations of My lead to global solutions which
scatter to linear solutions, and exhibit two different dynamics in their associated electric
fields:

Theorem 1.1 There exists € > O such that if the initial particle distribution fy satisfies

Z H 45995

| +[B]=1

+ H ()+39%df

<¢g <¢,

L®LY LLL%®

(1.4)
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2 Page4of78 A.D. lonescu et al.

then the Viasov—Poisson system (1.2) with My defined as in (1.3) has a global unique
solution [ € C)l’v’t(R3+3 x Ry) that scatters linearly, i.e. there exists foo € L3,
such that

1 G0, 1) = foolx — tv,0) || Le0, S eot) ™'/, (1.5)

Moreover, the electric field E(x,t) = Vy¢(x,t) decomposes into a “static” and an
“oscillatory” component with different decay rates

E(t) = ES(t) + R(e T E™(1)),

) o (1.6)
(O E" O] oo + | EZ O] oo S e0lt) 2T,

where § = 10™* is a small parameter.

Remark 1.2 (1) Theorem 1.1 appears to be the first nonlinear asymptotic stability result
for the Vlasov—Poisson system in R in a neighborhood of a smooth non-trivial
equilibrium (see [40] for the case of a repulsive point charge). We work with the
Poisson homogeneous equilibrium M mostly for the sake of simplicity, as it leads
to explicit formulas such as (1.13)—(1.14). However, we expect that the linear
scattering conclusion of the theorem and the underlying analysis extend to more
general smooth homogeneous equilibria, at least as long as the resonances of the
system (the set where the kernel 1 + K (£, A) defined as in (1.9) vanishes) are not
too severe. See Sections 1.2 and 1.3 for further discussion.

(2) The statement of the theorem, in particular the crucial decay estimates (1.6), depend
on the fact that we work in dimension d = 3. The decay is stronger in higher
dimensions d > 4 (so the proof becomes easier), and weaker and insufficient
in dimension d = 2. This is due mainly to the dimension-dependent dispersive
estimates Lemma 3.4, and is in sharp contrast with the periodic case x € T¢. See
Section 1.2 for further discussion.

1.2 Prior Works
The literature of broadly related results is too vast to be surveyed here, so we will focus

on a selection of more directly related results. In particular, we restrict our attention
to the setting of three spatial dimensions.

1.2.1 Perturbations of Vacuum

The simplest equilibrium of (1.1) is the vacuum ng = 0 and My = 0. The resulting
equations

@+ Vo) f+2V. Vo f =0,
Ayp(x,t) = / fx,v,t)dv, Are{-1,1}, (1.7)
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are also relevant in astrophysics, where the self-interactions through a gravitational
potential are attractive (A = —1) rather than repulsive (A = +1). In the former case,
(1.7) possesses a large variety of localized equilibria, see e.g. [21, 33, 38, 43].

For sufficiently localized initial data, the system (1.7) has been extensively studied
(see e.g. [15, 43] for book references). Solutions are global in time under reasonably
general regularity assumptions [1, 36,42, 44]. For small perturbations, the electric field
and charge density decay over time [1], but the precise dynamics were only recently
clarified (after a series of preliminary works [9, 24, 26, 41, 45, 46]): the long-range
effects of the electrostatic field lead to asymptotic dynamics that feature a logarithmic
correction of linear scattering, a phenomenon known as modified scattering [11, 31].

1.2.2 Nonlinear Landau Damping

As is well-known, the free transport equation d; f + v - Vi f = 0 exhibits phase
mixing, which can manifest itself as time decay in the spatial density p(z, x). It was
an observation of Landau [32] (see also [34, Chapter 3, Section 30]) that an inter-
esting mechanism of decay exists also in the linearized Vlasov—Poisson equations
near homogeneous equilibria satisfying certain conditions (nowadays called “Penrose
criteria”).

e The periodic setting x € T3, is a natural model for a confined plasma and has
been studied extensively. After some preliminary works [8, 25], nonlinear Landau
damping was proved in the pioneering work [39] (see also [3, 16] for refinements and
simplifications). More precisely, for suitable homogeneous equilibria My that satisfy
the Penrose criterion

inf
keZ3\{0}, 1eC, I(1)<0

o0
1+ / e M sMy(ks)ds| > 0, (1.8)
0

it was shown that small, highly regular (analytic or Gevrey) perturbations lead to a
global solution which scatters linearly, with an electric field that decays exponentially.

The confined nature of the system induces strong nonlinear echoes which, for
smooth enough perturbations, are compensated by the fast decay of the linearized
equation. Rougher perturbations (e.g. Sobolev) can lead to other stationary solutions
[6, 35] or still damp [17]. We note that related mechanisms are at play in 2d fluid
mixing, in particular near monotone shear flows [2, 28, 29, 37] or point vortices [30].

e In the unconfined setting x € R3, Theorem 1.1 is the first nonlinear asymptotic
stability result of non-trivial, smooth homogeneous equilibria in 3D. Previous results
are mainly concerned with the linearized system, see [13, 14], and the screened case,
see [4, 22], in which the low frequency part is screened out.

The key difficulty for the unconfined case is caused by the fact that the Penrose
criterion cannot hold. More precisely, for any normalized homogeneous equilibrium
My we have

1+ KO, =1—1"2 if () <0 thus lim 114+ K (&, 2)] =0,
£—0, h—>£1, I(A) <0
(1.9)

OO . —
where K (&,)) :=/ e M sMy(Es) ds.
0
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In particular, the key lower bound in the Penrose criterion (1.8) cannot hold. This
critical difficulty has already been observed in [5, 13, 14, 23] in the study of the
linearized system.

In the nonlinear setting the failure of the Penrose condition leads to the presence of
small denominators and resonances in the system. As a consequence we have much
slower decay and convergence (depending on the dimension of the ambient space),
and the global dynamics is completely different compared to the periodic case. In fact
our analysis reveals two different types of dynamics for the electric field: an oscillatory
part, which decays at almost the critical rate (r)~2 and oscillates like e’ over time,
and a static part, which decays faster than the critical rate (r) 2. See Section 1.3 below
for more details.

We note that a suitable analogue of the Penrose condition (1.8) still holds in the
screened case investigated in [4, 22]. As a consequence there are no resonances, and
one can prove sufficiently rapid decay of the electric field (of order (f) ~**) for smooth
perturbations. For comparison, the decay of the electric field in the case of vacuum
perturbations is of the order of ()2,

1.2.3 Comparison with Euler-Poisson Models

Finally, we note the analogy with the related case of warm plasmas, when one can
use fluid models instead of kinetic ones: the Euler—Poisson equation for electron
is classically asymptotically stable (for irrotational data) [20], while the stability of
the ion equation was more recently obtained [19]. In this case, the two-fluid models
involving both electrons and ions lead to new and interesting phenomena [12, 18, 27].

1.3 Main Ideas

As in [22] we use a Lagrangian approach. The left-hand side of (1.2) is a transport
equation for f, the (backwards) characteristics of which are the curves

aSX(xal)’Svt):V(x’vvsat)a X(xyv’tat)zxa (1 10)
BSV(X,U,S,I)=Vx¢)(X(x,U,S,t),S), V(-xvvstst)zv' .

Notice that we can integrate (1.2) to obtain an exact formula for f(x, v, f), namely
fx, v, 1) = fo(X(x,v,0,1), V(x,v,0,1))

t (1.11)
— / Vid(X(x,v,5,1),5) - VyMo(V(x,v,s,1))ds.
0

It thus suffices to study the characteristics, which are given through the electric field
V¢, which in turn arises from the density p. Through integration in v in (1.11),
together with (1.10) we recast (1.2) as a closed system for the density p satisfying

t
p(x,t) +/ /3(t —s)px — (@ —s)v, s)Mo(v)dvds = N(x,t), (1.12)
0 JR
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where N' = N1 +M\> is a sum of initial data contribution A/; and a nonlinear expression
N3 in p (see (2.5)—(2.6) below for precise formulas). This formulation is amenable to
a bootstrap approach that we detail further.

1.3.1 Linear Analysis and the Penrose Condition

The (linear) left-hand side of (1.11) is a Volterra equation, which can be integrated
exactly. Using the Laplace-Fourier transform and the explicit formula (1.3), after a
few algebraic manipulations it follows from (1.12) that

(1+KE W) FE N =NE W,

1+ K@E W) =1 +/Oor1\70(rs)e—"“dr _ (E1+i0- = )&l +iG+ D)
0

(&1 4ix)?

(1.13)

Notice that there is no uniform lower bound for |1 + K| as § — O and A — =1, i.e.
a Penrose condition similar to (1.8) cannot be satisfied. However, we can still obtain
an explicit solution of the linear problem,

t
D, 1) :/V(é,t)—/ NE, v)e Dk sint — 1) dr. (1.14)
0

This gives a first “solution formula” (in the same spirit as a Duhamel formula) for p
in terms of the initial data and a nonlinear expression of itself.

We write sin(t — t) = sin(z) cos(t) — cos(?) sin(r) and do integration by parts in
T in (1.14) (similar to a normal form analysis) when the oscillation effect is strong,
i.e. in the case |v||&| <« 1. As a result, we derive a second formula for the localized
density, see (2.12)—(2.14).

The identity (1.14) naturally leads to a decomposition of the density

p = g't(e—itp()SC) + pstat (115)
into an oscillatory mode 9t (e ¥ p?5¢) and a static component p*/“’. The corresponding
decomposition at the level of the electric field follows by setting E* = VA~™!p*,
x € {osc, stat}.

1.3.2 The Bootstrap Argument and Nonlinear Analysis

Our main bootstrap argument is at the level of the density function p. The main idea
is to use the decomposition (1.15) and bound the two components ¢ and p*'%’ in
two different Banach spaces: a stronger space for the static component p*'% and a
weaker space for the oscillatory component p?*¢. The choice of these two spaces is
very important, see (2.21)—(2.22) for the precise definitions.! The point is that even

! The choice of these bootstrap spaces is in fact the most important choice in the paper, in the spirit of the
“Z-norm method” used by the authors in earlier work [18, 27, 31].
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2 Page80f78 A.D.lonescu et al.

though the oscillatory component p?*¢ satisfies weaker bounds, the presence of the
factor e~/ allows integration by parts in time arguments (normal forms), which lead
to improved decay and convergence.

To prove the main bootstrap proposition 2.4 we start from the identity (1.14). The
main nonlinear contribution comes from the reaction term

t
No(x,t) = / / {E(x —(t = 9s)v,s) - VyMo(v)
0 JR3
—E(X(x,v,s,1),5) - VyMy(V(x,v,s, t))} dvuds, (1.16)

where the characteristics (X, V)(x, v, s, t) are defined as in (1.10).

The bootstrap assumptions on p and the definitions (1.10) can be used to derive
bounds on the deviations V (x, v, s, ) —vand X (x, v, s, t) —[x — (t —s)v] of the linear
characteristics. To estimate the reaction term we further localize in |v| &~ 2/ and x-
frequency |£| &~ 2%, We then examine the resulting nonlinear interactions, and analyze
them according to the size of the parameters j and k. In some cases it is beneficial
to integrate by parts in time (normal forms) or in v (improved dispersive estimates),
particularly when the oscillatory components E°“ are involved. The analysis of the
reaction term (1.16) is the most elaborate part of our proof and covers sections 5, 6,
and 7.

Integration by parts in time produces quadratic “main terms” and a large number
of “cubic remainders”. Fortunately, in many cases the cubic remainders are of lower
order and we can deal with them in systematic fashion using Lemma 5.1.

1.3.3 General Equilibria

It is natural to ask if the main conclusions of Theorem 1.1 hold for more general
homogeneous equilibria M (v). Our choice of the Poisson equilibrium simplifies the
analysis, since it leads to explicit formulas such as (1.13)—(1.14), but we expect that
the framework we construct here extends to more general situations.

At the technical level, in the case of more general homogeneous equilibria there
is an additional difficulty identified in [5, 23]: even at the linearized level the oscilla-
tory component of the electric field contains an entire family of frequency dependent
oscillations instead of just the two discrete modes we have here. This requires a more
careful decomposition of the density function and more precise Z-norm analysis. We
hope to return to these issues soon.

1.4 Organization

The rest of the paper is organized as follows: in section 2 we derive our main formulas
for the density function, identify precisely its decomposition (Corollary 2.3), and state
our main bootstrap proposition (Proposition 2.4). In section 3 we use the bootstrap
assumptions to prove bounds on the modified characteristics (Lemmas 3.7 and 3.8),
general dispersive estimates (Lemma 3.4 and 3.5), and bounds on operators defined by
Fourier multipliers (Lemma 3.3). In section 4 we prove improved bootstrap estimates
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on the contributions of the initial data. In sections 5, 6, and 7 we prove improved
bootstrap estimates on the contributions of the reaction term. Finally, in section 8 we
complete the proof of the main Theorem 1.1.

2 Dynamics of the Density and Bootstrap Setup
Recall from (1.2) that the perturbation f we study satisfies the equation

@ +v-VoOf+E-VyMy+E-V,f =0,

4 2.1)
p(x,t)=f f,v,)dv, E:=ViA p,
R3

where

Mo(v) := Mo (&) = e 51, 2.2)

1
m2(1+ |v[H)?

To recast this as a problem for the density p we introduce the “backwards charac-
teristics” of (2.1): these are the functions X, V : R?® x R® x 72 — R3 obtained by
solving the ODE system

0sX(x,v,5,t) =V(x,v,s,1), X(x,v,t,1) =x, (2.3)
WV(x,v,5,1) = E(X(x,v,5,1),5), V(x,v,t,1) =0, '
where I% = {(s,1) €0, TP:s < t}. The main equation (2.1) gives
d
d_f(X(xv v, s, t)a V(xa v, s, t)a S)
s
= [(aé + v - VX + E : vv)f](X(x’ U, S’ t)v V(-x’ U9S7 t)’ S)
=—EX(x,v,s,1),5) - VyMo(V(x,v,5,1)).
Integrating over s € [0, 7] and letting M(’) = Vy My, we have
fx, v, 1) = fo(X(x,v,0,7), V(x,v,0,1))
t
—/ E(X(x,v,5,0,8) - My(Vx, v, 5,00 ds, (24)
0

for any (x,v,1) € R3 x R3 x [0, T]. Adding [; [p3 E(x — (t — s)v, s) - M{(v) on
both sides of (2.4), a further integration in v shows that

t
p(x,t) +/ /3(t —s)px — (@ —s)v, s)Mo(v) dvds = N'(x, 1), 2.5)
0 JR
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2 Page100f78 A.D. lonescu et al.

for any (x,t) € R3 x [0, T'], where

N(x,t) := M, t) +MNa(x, 1),

Ni(x,t) = [ foX(x,v,0,1), V(x,v,0,1))dv,
R (2.6)

t
Nz(x,t)::// {E(x = @t —s)v,5) - My(v)
0 JR3
— E(X(x,v,5,1),8) - My(V(x,v,s,1)} dvds.

Since E = V, A;l p can be recovered directly from the density p, together with the
characteristic equations (2.3), these equations yield a closed system.

2.1 Solving the Density Equation

In view of (2.5), the Fourier transform p of the density satisfies a forced Volterra
equation

t
PE 1) + fo (t —)Mo((t — $)E)PE, )ds = HE, 1), >0, (2.7

where H is a forcing term. Such equations can be solved as follows:

Lemma 2.1 Assume p and H satisfy (2.7) and define the convolution kernel G by
G, 1) = 8o(r) —sin(r)e "E14 (1),

where 14 denotes the characteristic function of the interval [0, 00). Then
t —~
/7(5,1)=/ GE,s)H(E, 1 —s)ds. (2.8)
0
Proof Recall the formulas (2.2). For any & # 0 and A € C with I\ < 0 we have

© inr & r(ElHN 1
K&, :=/ rMo(r&)e” dr:/ re” dr = ——.
: , Motrs 0 (€] + in)>

Then (2.7) shows that
FL(PE D)X + K(E NFBE D)) = F(HE ).

The claim follows by computing that

1 11— 1 —l—l[ 1 _ 1 ]
1+ K@E N (€] +in2+1 2iLg|+ih—1 g +i+ DT
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SO

—1

fk (;)(‘[) = &o(t) — e_flgl sin ‘L’1+(‘L') =: G(S, 7),
1+ K&, 2

as desired. O

Using this we can solve the equations for forcing terms as they appear in (2.5)—(2.6).
This introduces the new, real operator

D(V,v) :=|Vx| —v- Vy,

and reveals a discretely oscillatory dynamic:

Lemma2.2 Foragivenh :R?> x R3 x R — R et
H(x,t) := / h(x —tv, v, t)dv.
R3

Then we have two alternative expressions S I[h] and S™[h] for the solution of the
associated equation (2.7), with

S*[h](x, 1) = R*(x, 1) + e "T*(x, 1)}, xe{l, I},

where
R[(x, 1) = / h(x —tv, v, t)dv,
]R3

t
T!(x,1) = —i/ e’se_(t_s)lvlf h(x —sv, v, s)dvds,
0 R3

and

R (x, 1) = D e
X, 1) = - 1+p2h(x tv, v, t)dv,

T (x,1) = e"lvlf !
’ R3 1 - lD

h(x,v,0)dv
t eis

+f / — e OV Bh) (x — sv, v, s)dvds.
0 R3 1 — ZD

Proof of Lemma 2.2 The expressions for S’[A] follow directly from the solution for-
mula (2.8). For S’/ [h], we have

Flh( —vt,v,8)} = e VERE, v, 1),
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2 Page120f78 A.D. lonescu et al.

and we observe that

D2 cos(t) + Dsin(t) _,p
So (A A — L O
;%) o(A) + T ¢ oA —1)

1 d . B
TR {(cos(k) + Dsin(h))e “’1[0,,](,\)} ,

G(&, 1™ 51 (1) =

which gives the claim. O

2.2 The Main Decomposition

Applying Lemma 2.2 to our equations (2.5)—(2.6), the density p naturally decom-
poses into “static”” and “oscillatory” components. We will control these parts using a
bootstrap argument and different norms.

To implement this, we further decompose the nonlinear terms of (2.6) in frequency,
velocity space, and time. For this we fix an even smooth function ¢ : R — [0, 1]
supported in [—8/5, 8/5] and equal to 1 in [—5/4, 5/4], and define

or(x) == @(|x1/25) — @(x1/257Y), i (x) = 0 (1x1/25), @ar(x) =1 — p(x/25),

forany k € Z and x € RY, d > 1. Let Py, P<k, and P denote the operators on R3
defined by the Fourier multipliers g, ¢ <, and ¢~ respectively.
Let o = ¢<o and ¢; = ¢; if j > 1. For any interval / C R let

Q1) = Y @), )= Y §ix).

keZNI JE€ZLNI

We define the functions L1, Ly ; : R3x R3 x[0,T] - R and Ly j: R3 x R3 x
I% — R by

Ly j(x,v, 1) :==¢;(w)Li(x,v,1),
Li(x,v,t):= fo(X(x +1tv,v,0,1), V(x +tv,v,0,1)),
Lo j(x,v,5,1) 1= E(x,5) - M;(v) = E(X(x + (t = $)v,v,5,1), 5)
MV (x + (t = $)v,v,5,1)),

2.9)

where j € Z, and M}(v) = @;j(vV)VyMy(v). Then for any j € Z4 and k € Z we
define the functions Ly j 5 : R¥ x R? x [0, T] — Rand Ly j ¢ : R x R¥ x 77 — R
by

Lijk(x,v,t):= PeLyj(x,v,t), Lojr(x,v,s8,1):= PLyj(x,v,s,1),
(2.10)
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where the projections Py act in the x variable. It follows from (2.6) that

N = Z Mk Niyjlx, )= /ﬂ@h,;,k(x —tv,v,1)dv,

jeZy kel

No = Z Nojke  Nojjilx, t)—f/ Ly jx(x —(t —s)v,v,s,1)dvds.

J €Z+ kel
Contributions from Initial Data

For the contributions from A7, using the expressions I of Lemma 2.2 we thus we have
the first decomposition

pL () = R (0) + R e T (e 0

1 - 7. . —itv-€
F(Ry ;& 1) = /]1{3 Ly i, v, 0)e dv, 2.11)
t
.7:(T11j DE 1) = / / e UDEl=IsvE (_jyels ULy (8, v, 5) dvds.
- 0 JR3

Alternatively, formulation /7 of Lemma 2.2 yields a decomposition as

Pk = RIL e 0 +0i{e T/ (x. 0}, 2.12)
where
— e D
— . —lutv-
FRG €0 = [ T v ne ™ s v, .13)
) e
Pl n = e [ — l.DLl,,-,k(s,v,owv

(8 L1,k)($ v, s)dvds

// —(1—5) 8] —isv
]R3 1

and we have slightly abused notation to denote by D also its Fourier symbol

(2.14)

D, v) == |§] —iv-§.
Contributions from Nonlinearity: “Reaction Terms”

Similarly, contributions from A/ can be decomposed with formulation / of Lemma 2.2
to obtain
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p2jk(x, 1) =Ry (x,0)+R{e T (x, 0},

t — .
FRY; 0.1 = / / Laja v, m e 0 dudr,
0 JR’

t t e .
F(TS ;)& 1) :=/ // 1:(s — 0)e BN )eS Ly k(5 v, T, 5)e 7OV dudds.
e 0o Jo JR3
(2.15)

Alternatively, formulation 7/ gives the expressions
02,jk(x, 1) = R2 . X, + St{e_”Tﬁ-,k(x, t)}a

where

FR; )& D) —/ / Ly k(v 1, 0)e  7DvE L2 ———— dvdr, (2.16)

1+ D2
Fafloen= [ [ [ 1= netoeine
0 Jo JR3
eis o
X ﬁ(BSLz,j,k)(E, v, 7,s)dvdtds. (2.17)
—i

Full Decomposition

An important issue is whether to use the first representation I or the second representa-
tion II to recover the density p. Ideally, we would like to use the second representation,
for two reasons: (1) the static terms R’/ contain additional favorable factors at low
frequencies, compared to the terms R, and (2) the derivative 9,/ of the “profile" & is
expected to be smaller than the profile itself.

However, the representation II contains the potentially small denominator 1 —
(v, &) — i|&€]|, coming from the normal form. To avoid the associated singularity, our
basic idea is to use the representation I when this denominator is small (essentially
‘1 — (v, &) —il& |} < 1) and then use the representation II when the denominator is
large. More precisely we define the sets

={(,ksm) €Zy X ZxZy :m <8 *orj>19m/200rk + j +8m/3 > 0},

All = {(j,k,m) €Zy XL XLy :m 28_4andj <19m/20 and k + j + 6m/3 50},
(2.18)

where § := 10~ is a small parameter. We have thus established the following full
decomposition of the density p:

Proposition 2.3 Assume that f : R3 x R3 x [0, T] — R is a regular solution of the
system (2.1) and define the function p as before. Then we can decompose

P :pstat SR{ —it ()YC}’ (219)
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where, with the definitions (2.11)—(2.14) and (2.15)—(2.18)

P51 (x 1) = Z Z GmOIRY ; (. + R (x, D],

we(l, 1T} (j k,m)eA*

P )= Y D PO} () + TS (x.D].

xe{l, 11} (j.k,m)eA*

(2.20)

The main point of this decomposition is that we will be able to prove stronger
control of the low frequencies of the stationary component p*'*’ compared to the
time-oscillatory component p®*“. See Proposition 2.4 below.

2.3 Norms and the Bootstrap Proposition

We are now ready to define our main norms and state the main bootstrap proposition.
Let Bt denote the space of continuous functions on R3 x [0, T] defined by the norm

If By == sup [Lf(®)llgo,
te[0,T]

3 (2.21)
If @Ol go := sup U NP f Ol + 1P f @)1}
S
Assume that § = 10~ is a small parameter and define the norms
1-26
= ||t \% t ,
I fllstass == I1{6)" (V) f (D By (222)

1 £ loses := 1> FOlzr + 1) 7 Ve f Ol 5,
We are now ready to state our main bootstrap proposition:

Proposition 2.4 There exist € € (0, 1] and C > 1 such that the following is true:

Assume that f : R3 x R3 x [0, T]1 — R is a regular solution of the system (2.1)
for some T > 0 with initial data f(0) = fo : R® x R?® — R satisfying the smallness
condition

1)*3 @20 fo)(x, )l Loerryre < €0 <& o p NG, lal+ |8l < 1(223)

Assume that the associated density p decomposes as p = p*'% + R{e™" p®5€} as in
Proposition 2.3, where for some 0 < &1 < 8(3)/

||psmt||Stal,s + ||p0‘vc||0sc{s = €. (2.24)
Then the functions p*'*" and p°°¢ satisfy the improved bounds
stat osc 3/2 o)
107 NIstazs + 107 Nloses < €0+ Cey'™. (2.25)
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The proof of Proposition 2.4 will take up sections 4, 5, 6, and 7. We decompose

P = o1+ o1+ o2+ Pl .
p” =Pl + o0+ 03T + P50 '
where for a € {1,2} and * € {I, I1} we define
Py )= Y Gm(OR] 4 (x, 1),
ik, A*
men (2.27)
pU, )= Y Ga(OT (x,1).
(j,k,m)eA*

Finally, in Section 8 we show how Proposition 2.4 implies our main result Theorem
1.1.

3 Preliminary Estimates

In this section we assume that f : R3IXxR3x[0,T] - Risa regular solution of the
system (2.1), and the density function p satisfies the bootstrap assumptions (2.24).

To measure the deviation of the characteristic flow from the free flow we define the
functions ¥, W : R3 x R3 x 77 — R3 by

?(x, v,s,1) ;= X(x +tv,v,s,t) —x — sV,

N 3.1
Wx,v,s,t)  =V(&x+tv,v,s,t) —v.
The definitions (2.3) show that ¥ (x, v, ¢, 1) = 0, W(x, v, 7, ) = 0 and
~ t ~
Wx,v,s,t) = —/ Ex+tv+Y(x,v,1,t), 1)dr,
s (3.2)

t
Y(x,v,5,1t) = / (t—89)E(x+tv+Y(x,v,1,1),1)dT.
N
Moreover, forany s <t € [0, T]and x, v € R3 we have
~ ~ ~ l ~
osY(x,v,s,1) = W(x,v,s,t), Y(x,v,s,t) = —f W(x,v,t,t)dt. (3.3)
N

3.1 Bounds on the Density Function p and Electric Field E

The decomposition p = p*'% + R{e~ p°¢} in Proposition 2.3 induces a natural
decomposition of the electric field
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E(l) — Estat (t) + g{{e—l‘[EOSC(t)}’

stat —1 _stat osc —1 _osc (34)
EVN() = (Ve A o7 ) (@), ET°@) == (VxAy p79)(@).

stat osc
[l

We start with some bounds on the density components p and on the electric

fields EST4f, EoS¢.

0

Lemma3.1 (i) Foranyk € Z andt € [0, T] we have

O NP D) L + (PO S e27* )72, (3.5)

O N Po™) Dl + 1 (Pep™) D)1 S W_%;#m_g (3.6)

(O 1PV 1 07N (O NI oo + [PV 02O N1 S e ()20 (3.7)

(ii) Let R; denote the Riesz transforms R; = 8j|V|’1, j € {1,2,3}. Then, for any
tel0,T]

IES Ol + Y IRGEY™ ()L~ S e (),
je{1,2,3) 3.8)
IV ES 0l S 1)~ In@2 + 1),

and
IE® @l + Y IRE® D= S er(t) >+,
jel1,2,3}
IVLE®D)lpe S et P In@410),  IGE? (@) S e1(r) .
3.9
Proof The bounds (3.5)—(3.7) follow directly from the bootstrap assumptions (2.24)

and the definitions (2.21)—(2.22). To prove (3.8)—(3.9) we use (3.5)—(3.7) and the
simple estimates || Prgllre < 23k||Pkg|| 1. Therefore

IES @)=+ Y IRE™ ()L
jef{1,2,3}

< D 27ROl + Y 2K NP Ol S erfr) T
2k> (1)~ 2k<(r)~1

and

IVAES“ D)l S Y IPp™ DOl + Y 2X(Pep™ ) @)l

2k=(n)~! 2k<(n~!

Se)y P m@+0).

The bounds (3.8) follow. The bounds (3.9) are similar, using (3.6)—(3.7). ]
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3.2 Fourier Multipliers

Some of our main identities involve Fourier multipliers, such as the “derivative” oper-
ators D. To estimate these contributions efficiently we need to localize in the Fourier
space.

For any d > 1 let S = S®°(R?) denote the space of continuous compactly
supported multipliers m : R? — C defined by the norm

lmllsee = IF " mll 1 < oc.
Notice that if m, m’ € §*°(R?) then
lmm’ || s < |lm||soe|lm’|| s
Moreover if m € SOO(]Rd) and f € LP(Rd), p € [1, oo], then
IF m Dl < lmlls< e

We often use integration by parts to estimate oscillatory integrals with non-
degenerate phases, according to the following general lemma:

Lemma 3.2 Assumethat0 <¢e <1/e < K, N > lisaninteger,and f, g € CéV(Rd),
d > 1. Then

[ e ear] sy ke V[ Y iptel]
R

lo|<N
provided that f is real-valued,
Vi fl = 1suppga and ”D)og[f : lsuppg”LOO fSN gl—lal’ 2<|a|<N+1.

We define the resonant projectors I, ¢ p, t € {+1, =1}, k < 4, p € Z, by the
Fourier multipliers ¢ (§)g, (1 + v - §), i.e.

Mok p f G, 0) 1= FH{FE) - oe®gp1+ 1w -6} (x, v). (3.10)

Similarly, we define the projectors I, x,<p, 1, x,>p, kK < 4, p € Z. These projectors
are important in arguments involving normal forms. We define also the functions

o) =1+w-§+iklé|, tef{—1,1}, k e {—1,0, 1}, (3.11)

and the operators w;,} defined by the multipliers (§, v) — o Kl (&, v). We prove the
following:
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Lemma3.3 (i) Ift e {—1,1}, k <4 and p < —4 then

I <pg(x,v) = /3 gx =K ., (v, v)dy,
. <

for some kernels K ,‘C <p that satisfy the bounds

2kAp—1
sup 1K, ()l S 1 sup 1K}, (o)l S 2720,
|v\€[21*1,21+1] - |U\E[2171,21+1] -

(3.12)

foranyl € 7. Moreover, 1[2171,21+1](|v|)K1‘€’§p(y, v)=0ifk+1 < —4.
As a consequence, for any ¢ <r € [1,00] and g € LY(R?)

sup T, g <pg (e, v)llzg, S 2FHP WD)y 0 (3.13)
IU‘€[2171’21+1]

() Ifte{—1,1}, k € {—1,0,1}, k <4, and p € Z then
(Mot = [ et = R0 dy, (3.14)
for some kernels K ;('; that satisfy the bounds
IR vl S 277, (3.15)
for any v € R3. As a consequence, for any q € [1,00], g € LY(R?), and v € R3,
1T por g Cov)lie S 27 Pligl o (3.16)
Proof (i) We have the formula
1 .
— £
Ki<p(,v) = W/R} e ok (E)p<p(l + - &) dé.

Clearly K,i <p(y, v) = 0if 2k|v| < 1/8 and p < —4. On the other hand, if

2k|v| > 1/8 and p < —4 then we may assume v = (v1, 0, 0), v € [2:-1, 2“‘1],
and integrate by parts (using Lemma 3.2) to see that

|Kf <, 0)| S 22700+ 2| 4 28 sl + 277 Iy

The L' bounds in (3.12) follow as well, and the bounds (3.13) follow by interpo-
lation and Hoélder’s inequality.

@ Springer



2 Page200f78 A.D. lonescu et al.

(i) We may assume that v = (v, 0, 0), v; > 0. Notice that

~ 1 ©o(27P (1 + 1))
LK _ iy-&
K000 =555 fR}e o) e 6 G

Notice that, for any a1, @z, @3 € [0,4] and & in the support of the integral in

(3.17),

4o d“3< (g)wo(ﬂuwvlso))’
de™ de? agP \ ) T i + ikl

< @ + 29Tl @78 oy 27y,
Therefore, using integration by parts (Lemma 3.2), for any p € Z we have
Ry 0] S22
- - - - - - —4
x @7+ 27l )L+ 252l + 2 ysl + @7+ 27T Il

In particular ||I?,i";(., V) ||L{, < 277, and the desired bounds (3.15)—(3.16) follow.

3.3 Linear Dispersive Estimates

For A € R and multipliers m : R3 x R? — C we define the operators

Tn(g; M (x) :=

(2m)3 /Ra R e EeTIER(E, v)m(E, v) dEdv.

We have the following lemma:

Lemma3.4 () Ifj € {1,2,3} and A # O then

1
Tigym(: 1) = - (Za, m(g: 1) + T (0, 83 1)). (3.18)

(ii) Let K denote the inverse Fourier transform in & of the multiplier m,

1

K(y,v) = RISE

/ m(&, v)eE de.
R3
Then, if g € [1, o<],

1Zen (8 Mg S N8 llzyzg 1K e
AP 1 Zmgs ML < N8l 1K N2y e
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where, by definition,

lgllx; = Sup/ lg(w, p—w/M)|dw. (3.20)
peR3 JR3

(iii) Fork € Zletmy (&, v) := m(&, v)px (&) and Ky := F~Y(my). Then, ifq € [1, o0],

N T (5 M0 S 27 lgl 1o IV Kl ot + 190l Kl zops
A1 g (83 W lase S 271l IV Kl + Vgl 1Kl 1o -
(3.21)

Proof (i) The identities (3.18) follow from the definition and integration by parts in
v.
(i1) To prove the bounds (3.19) we rewrite

To(g: 2)(x) = / K00~y = 2w, v) dydy

R4 xR

i X—y—w X—y—w
= [A| /l;aded K(y, — )g(w, — ) dydw.

The bounds in (3.19) follow from these identities.
(iii) To prove (3.21) we write

mi (8, v) = & - i (€, v) - (Ea/1EP)Ppr—2.4121(E),

and then combine the identity (3.18) and the first two bounds in (3.19).
O

We will also need dispersive bounds on the resonant projectors IT, ; <, and
~1
IT, «, PO, k-

Lemma3.5 Ift € {1, -1}, k € (—1,0,1}, k <4 p e Z |A| = 1 +27PU+D gnd
x € R3 then

[ Ty a0 vl < 1 gl
v|<|A

(3.22)
/ My )+ 2, dv <2771 gl
[v|<[A]

Proof The two estimates are similar, so we focus on the harder bounds in the second
line. Using (3.14) we have

[T peitoesmwolds [ [ 0 e - voldudy.
lv|<|A® R3 Jpv|<|a®
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To prove the bounds in the second line of (3.22) it suffices to show that
sup / |1?,‘;§,(x + v, )| dv S27P A1 (3.23)
xeR3 Jvl<|n® '

Asin (3.17) we write

LK _
Kk’p(x + Av,v) =

/ ei(xﬂu).g(pk(s)fpo(f”(l—i—tvlél)) de. (3.24)

2m)3 1+ & +ikl&]

Let H ,‘,’K denote the Fourier transform of part of the integrand,

K o —ipp__ %0(B)
H, (&, p) .—A;e P —21’,3+i/<|§|d'3’ (3.25)

therefore, for any 8 € R,

B 1 ipB
2B +iclE| 27 /Re H, &, p)dp.

We substitute this identity into (3.24), with § =277 (1 +wv - &), so

~ 1
K,i";(x + Av,v) = W/ / l(x+)»v)$¢ (é_—)esz P (14+ww- E)HK(%. 0)dpdE
’ T R3

| (3.26)
=5 fRe’pz_pG;p(x + Av+ 27 Pv, p)dp,
where, using also the definition (3.25),
1 .
¢ 0 p) = W / eE Q€ HE 6, p) dt
(3.27)

/f iyt ,—iop PLE)P0(B) dpdt.
(27T)3 R3 2PB +ikl§|

‘We notice that

WOWE) )| o

‘Dﬁ § (21’,3 +ik|&]

if |€] € [2K1, 2511, 1B € [1/2,2],a < N, and |«| < 4. We can therefore integrate
by parts in the formula (3.27) to see that

G}, o)l Sv 27725 A+ 25y + 1o)™Y forany y € RP, p e R.
(3.28)
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We can now prove the bounds (3.23). For any x € R? we use the formula (3.26) to
estimate

/|<|xx ‘E’?f;(x + v, U)‘ dv
vi=

5// |GF ,(x + v + 1027 v, p)|dvdp ST+ 11,
R Jjv|<[r® ’
where

I:= / / |G2’p(x + (. + 127w, p)| dvdp,
lp1=27|11/2 Jv| |8

11 ::/ f |GZ’p(x+(A+Lp2_p)v,p)|dvdp.
lp1=2P121/2 J v <|A[8

It follows from (3.28) that |G} p(., ,o)||L£ < 277(1 + |p|)~2. Moreover |A +

27 P € [|Al/2, 2|A]] if |p| < 2P|A|/2. We can therefore make a suitable change of
variables and integrate in v to see that |7| < 277|A|~3. In addition, it follows from
(3.28) that |G} (., p)llzge Sy 27P(1 + |p))~V. Notice that 2”|x| > |A|%/?, due to

the assumption |A| > 1 + 277049 We can thus take N large enough to see that
(1] <27° ||73 and the desired bounds (3.23) follow. O

3.3.1 The $*°L*° Class

To apply dispersive bounds in certain cases, we need to introduce the space
S®L®(R? x RY) of multipliers m : R x R? — C defined by the norm

Il seoree == | F " mll g1 poo = ‘ sup #[Rdm(é, v)ert dsH "
Lemma3.6 (i) Ifm,m € S®L® then mm' € S®L*> and
lmm' || o0 < [lmlsoc oo lm” | o poo. (3.29)
(i) Ifk € Z, and j € Z4 then
D@k ()3 (v) 5oL < 277K, (3.30)
I(VuD)r () (W) llsor S 25 (3.31)
Moreover, if j + k < —10 then
|1+ D) (B3 ()| oo oo S 1. (3.32)
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Proof The bounds (3.29), (3.30), and (3.31) follow directly from definitions. To prove
(3.32) we decompose (1 + D?) = (D +i)(D — i) and integrate by parts in £ to show
that

1 - - _ )
’[Rs e ni® w®PdE| P2 A+2 )

for any x, v € RR3. The bounds (3.32) follow. O
3.4 Pointwise Estimates of Characteristics

We prove now estimates on the functions Y and W defined in (3.1), which measure
the nonlinear deviation of the characteristic flow.

Lemma3.7 Forany (s,t) € T3 = {(s,1) € [0, T1*: 0 < s <t < T} we have

sup [8,Y(x,v,5,1) — (t —s)E(x +1v,0)| < e1{r — s) (1) "2+ (5) 1 F119,

x,veR3
(3.33)
sup | W(x,v,s,0)+ E(x+1v,0)| < el —s) ()2 (s) 24018 (3.34)
x,veR3

Proof 1t follows from (3.2) and the assumption ?(x, v, t,t) = 0 that
Y (x,v,5,1) = (t —$)E(x + v, 1)

t
+ / (t—s)ViE(x+tv+Y(Xx,v,7,0),7) -0/ Y(x,0,7,1)dT
N
(3.35)

and
~ t ~
oWx,v,s,t) = —E(x +tv,t) — / ViE(x+tv+Y(x,v,1,0),7)
N
3, Y(x,v,1,1)dt.
Fort € [0, T] let

Zo(t) :== sup sup (t—s)71|8,?(x,v,s,t)|.

s€[0,1] x,veR3

Using (3.35) and Lemma 3.1 (ii) we have
t
Zo(t) Ser() 7 + f—l / (r —)(0) 71— 1) Zp(n)d7
—s /s

t
<o) 4g / ()2 Zo(0dt < e1(1)2F + 61 Zo0(0).

s
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Therefore Zo(t) < &1 ()21, Using again (3.35) and Lemma 3.1 (ii) we have

t
10, Y (x, v, 5,1) — (t — $)E(x + tv, )| g/ e (t) T sy — 1) (1) 2 de

Sept —s)(r)y "2 (5) 711,

which gives the desired estimate (3.33). The estimates (3.34) follow in a similar way.

i
Lemma3.8 Forany (s, t) € I3 and x,v € R we have

|17(x, v,s,1)| < e min{(s)” 4250y, ()78,
W (x,v,s,0)] < e min{(s)" 22 (v), (s)~ 7/}, (3.36)
VoY (x, v, 5, 0)] < e min{(s)">T21 (), (s)77/9y,
IV W (x, v, s, )] < e min{(s) 219 (v), (5)713/0), (3.37)
VoY (x, v, s, 1) < ey min{(s) " 218wy, (s)71/6},
Vo W(x,v,s,1)| < g min{(s) 2218 (), (5)77/6) (3.38)

Proof Step 1. To prove the bounds (3.36) we use the decomposition (3.4) of the electric
field, and rewrite the identity in the first line of (3.2) in the form

VT/(x, v,s,t)

= W% (x v, 5, t:1) + WP(x, v, 5,13 1),
Wit (x v, 51, 52; 1)

52 , -
= —/ [Es"” + ER(e*”PZoEU“‘)](x +tv+Y(x, v 1, 0), 1)dT,
s

1
WP(x, v, 51, 52; 1)

5 _ ~
= —/ R "TPOE” )Y x +Ttv+Y(x,v,7,1), T)dT. (3.39)
N

1

In view of (3.6) we have || P~ E®(t) ||z < e1(r)~*2%. Thus, using also (3.8),
ifm>0ands; <s € [2" —1,2"711N]0, 1] then

2

|ﬁ'/stat(x’ v, 51, 52 1)| /S / 8](T>—3+25 dt 5 8]2—2m+28m- (3.40)

51

To bound |W“S‘| we integrate by parts in 7. Notice that 8fY(x v, T,1) =

W(x,v,1,1),see(3.3),and |W(x, v, 7, 1)| < &1(r) "' (dueto (3.2) and (3.8)~(3.9)).
Therefore
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52

|WC(x, v, 51, 52 1) 5/ {13 P<oE”) (D)l + [1(Vx P<oE”)(T) | Lox

S1

x (vl + W (x, v, 7,0} dt
+ Y IP<E™) (D)L

Te{s,s2}
S 272y, (3.41)

using (3.9) again in the last line.
We prove now that if m > 0, |v| > 2¥"/>+10 and s; < 55 € [2" —1,2"F11N[0, 1]
then

W (x, v, 51,52, 1)] < 27 7/6, (3.42)
Indeed, we decompose

W, v, 51,500 = — Y R (,v,s1,50:0),
k<—1
52 . ~
I,fl)(x, v, 81,80, 1) == / e 'N(PRRE”Y(x + v+ Y(x,v,1,1), T)dT.
S1
Using (3.6) we have || Pt E®°(7) ||z~ < & min{(z) 3, 23 }(z) 142022k for any k <
0, thus

Z |Ik(1)(x, v, 1, 82; t)l SJ Z 81225”12]{ 5 812—6m/5+28m’(3.43)
k<—6m/5+60 k<—6m/5+60

forany s; < sp € [2" —1, 2m+11N0, 1], consistent with the desired bounds in (3.42).
On the other hand, if k € [—6m /5 + 60, 0] (in particular m > 50) then we write

eTIT(PE®S) (x + v + f;(x, v, T,1),T)

1 . — iE. 13
— (27[)3 [;@ e ”(pk(%‘)Eosc(é}', r)e E-(x+tv+Y(x,v,1,1)) ds

We insert cutoff functions of the form ¢<,,(1 — & - v) and @<, (1 — & - v), and
decompose

1 _ 4@ (D
[k - ‘Ik,fpo + ‘Ik,>p0’
SERUONCIDES #/2/ (1 =& - p)eTI=EW) (3.44)
k% » Uy 51,92, . (2]’[)3 . R3 * .
X gok(%-)ﬁ(é’ r)eis-(x—&-?(x,v,r,t)) déd‘r,
where pg 1= —2m/5 and % € {< po.> po}. We have |PE%C(1)[~ <

| PLE®C (D)1 < e1272k(z) 1428 using (3.6). Recalling that [v| > 24"/5+10 we
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have
7L Gvst i)
= / /R Np<py (1 =& - )l @[EC(E, 7| dédr S 2720,
N

(3.45)

On the other hand, to bound |Jk(li | we integrate by parts in T and estimate
»>Ppo

1T (v, 51,805 1)

k,>po
‘/ $>po(l =& -v) TITIE) g (£)EOSC (g, 1)l T (o) dé‘
T€{s].52} R ! _é !
. /52 / M —it(1—E- v)(P (g)_{Easc(&- ‘L')e's (x+Y (x,v, rz)) dg’dl'.
51 R3 1 _S v

In view of (3.16), for F € {E?“(t), (0; E°*)(t)} we have

1
“/R% (p>[710(_$ - ) 711'(] —&. v)(pk(%-)F(s)elf (x+Y(x v,7,1)) dé‘ <9~ pO”PkF”LOC

Since || Pk E”“(7) || < 1(z) 7272 and || P (0 E“) (1) || < €1(1) 7>+ (due to
(3.6)—(3.7)) and |0, Y(x v, T, )| = |W(x v, 7,0 Se{t)” 145 , it follows from the
last two estimates that

|J(1) 9—Poy—2m+45m

k >[70(x’ U,Sl752§ t)' 5 81

forany 51 < 55 € [2 — 1,2"F11N]0, 1].

Recalling that pg = —2m /5 and using (3.44)—(3.45) it follows that |Ik(1)(x, v, S,
s2:1)| < £1276m/3+20m The desired bounds (3.42) follow using also (3.43).

‘We combine now the bounds (3.40)—(3.42) and divide the interval [s, #] dyadically to
conclude that |W (x, v, s, )| < e min{(s) 272 (v), (s)~7/6} forany s < ¢ € [0, T].
This gives the bounds in the second line of (3.36). The bounds in the first line then
follow using the identity 9 Y = W and integrating on the interval [s, ¢].

Step 2. To prove the bounds (3.37) we define, for any ¢ € [0, T],

Zi(t) == sup sup [(v)"N{s)2 1 4 (5)7/0]
s€[0,] x,veR3

[IV.Y (x, 0,05, 0] + () Ve W (x, v, 5, D] (3.46)

In view of (3.2) we have
~ t ~ ~
aan(x7 v, s, Z‘):—/ (abe)(x+TU+Y()C, v, T, t)v T)((Sab+axayb(x7 v, T, t)) dTv
N
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so we can decompose, as in (3.39)

dpa W (x,v,5,1) = W (x, v, 5,1, 1)+ WSS (x, v, 5, 1; )+ WS (x, v, 5, 15 1),

N 52 , ~
W (xv,s1,52:1) :=—/ [0 EX" 4+ R (e T P E®)|(x+Tv+Y (x, 0,7, 1), T)
S1
X (Bap + 0xaYp(x, v, 7. 1)) dT,

S

~ 2 . ~
W;fé”(x, v, S1, 82, 1) 1= —/ R 'TPod b E”)Vx+tv+Y(x,0,17,1), 7)

S1
X 0yaYp(x, v, T,t)dT,
52

W;’“(x, v, 81,82 1) = —/ R(e " Pogda E”)(x +1v + Y (x,v,1,1), 7)dr.

51

Assume thatm > Oands; < 55 € [2"—1,2"F1]N[0, ¢]. Since |V, ¥ (x, v, T, 1)| <
Z1 () (1)~ /0 it follows from (3.5)—(3.6) that

(W (v, 1,25 O] 4 WSS (x, v, 51,501 1)) S 1273 F200m gy 7, (1273,
(3.47)

Moreover, as in (3.41), we integrate by parts in 7 to show that
(W (x, v, 51, 52, 1)] < £273mF2:18m (4 (3.48)
Finally, one can estimate as in the proof of (3.42) to show that if |v| > 24m/5+10 then
|WE(x, v, 51, 525 1)] < 1271376, (3.49)

We combine (3.47)—(3.49) and sum over integers m satisfying 2" 2> (s) to conclude
that

Ve W (x, v, 5, 0] S e min{(s) 219 (w), () 7136} ¢ 2y (1) (s) .
Using (3.3) it follows that

(VLW (x, v, 8, 0] + |V Y (x, 0,5, 1)
< ermin{(s) 221 w), ()70 + 1 Z1 (1) (s) 2

In particular, using the definition (3.46), Z;(¢) < &1, and the desired bounds (3.37)
follow.
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Step 3. The proof of the bounds (3.38) is similar. For ¢ € [0, T'] we define

Zy(t) := sup sup [(v) ") 4 (5)1/0]

s€[0,] x,veR3

[IVoY (x, v, 5. 0] + () Vy W (x, v, 5, 0)]]. (3.50)
Using the formulas (3.2) and the decomposition (3.4) we write
dpaW(x,v,s,t) = VT/lfffl(x, v,s,t 1)+ W,ffzm(x, v, s, t 1)+ VT’gsc(x, v, 8,1 1),

where

~ 52 . ~
ngf’(x,u,sl,S2;z)::_/ [, ES¥ T +0(e ™ T 0,5 P> 0 E®) | (x+Tv+Y (x, v, T, 1), T)

81
X (T8ap + pa Yy (x, v, T, 1)) dT,

S

~ 2 . ~
W‘v”é”(x, v, 51,80, 1) = —/ N TP b EZVx+T0+Y(x,0,7,1),7)

51
X Oya ?b(x, v, T,1)dr,

~ 52 . ~
WIS (x, v, 51,805 1) := —/ TN TP a EZ)(x + v+ Y(x,v,7,1), T)dT.

51
As in (3.47), it follows from (3.5)—(3.6) that

(W (v, 51,523 D]+ WS (v, 523 0] S 1272 F210m gy 7o (0272,

provided that m > O and s < 52 € [2" — 1, 24111 [0, t]. Moreover, as in (3.48)—
(3.49), we can integrate by parts in 7 to show that
W3 (x, v, 51,52, D] S e min{2 72210 () p=7m/6y,

As before we combine these bounds, sum over integers m satisfying 2™ 2> (s}, and
use (3.3) to conclude that

() VoW (x, v, 5,0 + Vo Y (x, v, 5, 1)
< epmin{(s) T 0y, (5) T8 g1 Za(e)(s) T

In particular Z,(¢) < 1, using the definition (3.50), and the desired bounds (3.38)
follow. -
4 The Contributions of the Initial Data

In this section we bound the contributions of the initial data fy. These contributions

are the terms RT’j’k and Tl*’j’k, x € {I, 11}, in the decomposition (2.19)—(2.20),
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originating from the term L; defined in (2.9). Our main result in this section is the
following:

Proposition 4.1 With the notation in (2.26)—(2.27), we have

stat

||Pi,1

stat osc osc

||Stat(s + ||/01,11||Stat5 + ||/01,[ ”0505 + ”P]J/”Osc{s S, &0-

We would like to use the defining formulas (2.11) and (2.13)—(2.14) and Lemma 3.4
(with d = 3). For this we need several bounds on the functions Ly ; k.

Lemma4.2 With Ly j = L1,jx(x, v, s) defined as in (2.9)~2.10), we have

sup {09081 1) popy + )P @uLr 0O | g } S 20274,

s€[0,T]

S[ng] {l agaleyj,k(s)HLgOLgo +(s)!7 ” (85L1~j’k)(s)||L3°L;°} < €027,
s€(0, !

sup {logal L1k y + ) N@OsLr 0@ | } Se02™, @D
se[l,T

forany (j, k) € Z4 x Z and multi-indices o,  with |o| + |B] < 1.

Proof We use the initial-data assumptions (2.23). Let

Fo(x, v) := | folx, v)| + [V fo(x, V)| + [Vy folx, v)],
F§(x) := sup |Fo(x, v)|(v)*.

veR3

Notice that, for any (x, v, s) € R3 x R3 x [0, T] we have
Ly ji(x,v,8) =g;(v) /% Li(x—y,v,5)K(y)dy,
R,

where Ky := F~(¢r). Thus

1099 L1 jk(x, v, 9) 4+ () 70195 L1 jx (x, v, 9)]

< G2 ) 3 / TLy v v 91K ) dy.
Te{ld,V,,Vy,(s)1 =308} R
“4.2)

We examine the formula in the first line of (2.9) and use the bounds (3.33), (3.34),
(3.37), and (3.38). It follows that

ITLi(z,v,9)] S Folz+ Y (2, 0,0,5), v+ W(z,v,0,0) < Ffz + Y (z,v,0,) ()™,
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forany 7 € {Id, Vy, V,, (s)1795,). Using also (4.2) we have

1099 Ly j i (x, v, 9) 4+ () 01951 j i (x, v, 9)]

S Blj-2.j+2 W) (W)™ fw Fix—y+Y(x —y,0,0, ) K (y)|dy.

The assumptions (2.23) show that || /| L + ”F(T”Li < &9. The L LY bounds
in the second line of (4.1) then follow. The Lgoé)lc bounds in the first line also follow,
once we notice that the mapping x — x —y + Y (x — y, v, 0, s) is a global change of
coordinates on R? with Jacobian ~ 1 for any y,v € R3, due to the bounds (3.37).

Finally, the bounds on the X norms in the third line of (4.1) also follow using the
definition (3.20) and the observation that the mapping x > x — y+Y(x — y, p —
x/s,0, s)is a global change of coordinates on R* with Jacobian ~ 1 forany y, p € R,
s > 1, due to the bounds (3.37)—(3.38). This completes the proof of the lemma. O

Proof of Proposition 4.1 In view of the definitions, it suffices to prove that for % €
{I,11},(j,k,m)e A*,t € [2’"‘1, 2m+1] (ort € [0, 2] if m = 0) we have

— + _ 82
2B IRY O+ 2 IRY (O] S £027°,

(4.3)
@+ 2T (Ol + 22T kO] S 0277,
(4.4)
— —8j
2" @, 4+ VDT Ol + 2" 10 + VDT p Ol ] S 0270
(4.5)

We prove these bounds in several steps.
Proof of (4.3) Assume first that * = I, so we start from the formula (2.11). We use also

Lemma 3.4 with d = 3 and m(§, v) = @ k41 E)G1j—aj+41 ), Imllsro < 1.
Thus

kT pl —j
NRL @l S UL a®llzipy + 1YLy jx Ol S 0277,

Kty pl —j
20ROl SIL1jk@lzee + 1Vx Lt jax Ol iz S €027,

using the bounds (3.19) and Lemma 4.2. These bounds suffice if 2" < 1.
On the other hand, if m > §°, after using (3.19), (3.21), and Lemma 4.2, we have

A+ 22 R] Dl SN jx@Olizs + VoLt jxOllzy S g027 7,
(4222 R] Ol S NL1jaxOlx, + IVoL1jx@®lx, S 02747,

The desired bounds (4.3) follow for * = I, since 247/3(1 4 2k+m) > 28%j ok pm(1-25)
for any (j, k, m) € Al withm > §75.
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Assume now that x = I, so we start from the formula (2.13). We use also
Lemma 3.4 with d = 3 and

D, v)*

m’(E, V) = Plk—4,k+4] (§)$[174,j+41(v)1+p—(gv)2’

which satisfies ||m'||seop + || Vom! || seopoo < 227426 if j 4 k < —20 due to Lemma
3.6. Thus, if (j, k, m) € A!! (in particular j + k < 0), we have

(252" R Ol S 2Ly kOl + VoLl ]
5] x x v x*v
< go2~H/3k+

(42522 R Ol S 2L @ lx, + VoL jx(®llx, ]
< 802_4j/32k+j.

Since 20/327K(1 + 2k+my > 28%iok* om(1=28) for any (j, k,m) € A!l, the desired
bounds (4.3) follow if x = II.

Proof of (4.4) when x = I Using (3.19) and Lemma 4.2 we have

1 , -
£ (=) E] —isvE ]

(271,)3 A; /]R?* eXse $)I§1 o8V Ll,j,k(E,v,s)dgdv

SIL ke + Vel @iy S €027/

okt

Ly

and

1 i ; —_—
(271)3 /Rg /1%3 elx-se_(t—s)@le—lsv.éLl‘j’k(s, U,S) dédv‘

SIL1jazipee + IVeLijx($) iz S €027

k"

LOO

X

for any s € [0, #]. The bounds (4.4) follow if * = I and 2" < 1, using the identities
(2.11).

On the other hand, if m > 89,1 € [2’”‘2, 2’"+2] and s > /2 then we use (3.19),
(3.21), and Lemma 4.2 to estimate

1
@2m)3

(14250 "

/2 /zeix'sef(’fs)lélefi”'ém(é, v, s)dEdv
R5 JR?

S A4 28 = sDTO[ILj kO s + 1V Lt a1 ]
< eo(l 42K — s)~6274/3
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and

R> JR

S +28 -5 6[||L1,j,k(s)||x5 + ||VUL1,j,k<s)||xs]
< (1 4281 — s)~0274/3,

Moreover, if s € [0, t/2] then we use (3.19) and Lemma 4.2 to estimate

—(t— S)|§| lSUEL ”
H (2”)3 /R% /1;3 1,j.k(&, v, 8)dEdv
< +2Kr—sph™ 6||L1’jvk(s)”L}(L})

5 co(1 + 2k+m)76274j/3.

Since || Pigllz~ < IPiglp < 2 Pigllee < 2¥IPgll,1 for any I € Z, it follows
that

3m —(t— Y)lgl lSvEL d d H
H (2n)3 A;ga /R% 1,jk(E v, 5)dEdv
< go(1 4 2kHmy=32=4/3,

Therefore, using the identities (2.11) and the last four inequalities, we have

t
A+ 2T c Ol + 21T Ol ] S /0 so(1+ 21 — sy 72274  ds

< g92~ 43 min{2™, 27K},

Moreover, 27473 min{2™, 27} < 28 if (j,k,m) € AT and m > 87°, and the
desired bounds (4.4) follow if %« = 1.

Proof of (4.4) when s« = I Assume that (j,k,m) € A/, som > 6™* and ¢ €
[27=2, 2m+2) If 5 € [0, t] we use (3.19), Lemma 3.6, and Lemma 4.2 to estimate

1
X

D’ —
—(t=5)[E] ,—isvE aLy ; déd
H (2m)3 A{% A; 1+D2( sL1.jk)(§, v, 5)dEdv L
<1+ 2k|t — 5|)_6||3AYL1,j,k(S)”LiL,'J
S eo(1 42808 — 570277 ()71,

(4.6)
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where D' € {1, D}. If s > /2 then we use (3.19), Lemma 3.6, and Lemma 4.2 to
estimate

1 . . D’ —
23mH ix-& ,—(t—9)|E| ,—isv-E .. v.s)déd ”
Q) Jos Jos &€ ¢ 1+D2(8s 1L1)&, v, 5) dEdv L

S (4281 — DO Ly jk(9)x,
< eo(1 4 2Kt — s|)~02 I —m+im,

As before, since ||Pigllpe < 2| Pg |1 for any [ € Z we can use (4.6) to estimate

1 . o . D’ —
23’"H V5K /11%3 /1; X E (=9l “”sl+D2(8SL1,‘/,k)($,v,s)dédv

< eo(1 42K —sp327 7 (s)71H

LOO

x

for s € [0, 7/2]. We use these last three inequalities and the formulas (2.14), and
integrate from O to ¢. The contribution of the term in the first line of (2.14) is easier to
estimate, similar to (4.6) with s = 0. Therefore

T el + 22" 1T @0l S 8027727+ min(2”, 274},
This suffices to prove the desired bounds (4.4).
Proof of (4.5) The formulas (2.11) show that
@ + VDT (1) = (=i)e' - R{ ;1 (0),
so the bounds (4.5) follow from the bounds (4.3) if * = I. Moreover, using (2.14),

elt

1—-iD

F{@ + VDT o) = /R e @ L1j0)(E v.1)dv.

Using (3.19), Lemma 3.6, and (4.1), if (j, k, m) € A'!, we have

1@ +1VDTYE Ol gy + 27" 1@ + VDT o0l

SN@ Ly OOl + 1Ly OO, S g2~/ 27"+,

This gives the desired bounds (4.5) if %« = I, which completes the proof of Proposi-
tion 4.1. O

5 Bounds on the Static Terms and the Type-l Reaction Term

In this section we estimate the Br-norms of the static terms, which consist of the
type-I components Ré ik defined in (2.15) and the type-II components Ré ! ik defined
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in (2.16). Moreover, the estimate of the type-I oscillatory terms Tz{ ik will be obtained
as a byproduct.

It turns out that many error terms arising not only in this section but also in the next
one fit into a general framework of trilinear operators. We define these next and then
record some of the relevant estimates. We note that these bounds improve over crude
estimates through the use of the density decomposition (2.3) into static and oscillatory
components.

Assume that 01, 6, € [0, 1] and s € [0, T], and define the trilinear operators

Qik(f,8:O)x,y,1,5) = /R% /}R3 Kix(x—=y,v,1,9)C(x,y,v,¥,1,5)

X f(y - (S - T)'U + Pl(yvvv r,s),f)g(y - (S - )’)U+ Pz(yv v, Y, T,S), V)dydv,
(5.1)

where y, T € [0, s], (j, k) € Z4+ x Z. We assume that kernel ICj,k and the functions
Py, P, satisty the uniform estimates

Kjx(.v.t.9)| S22+ 25D 2778 4 1y (),
|y PL(y, v, T, 8)] + (s l\avPl(y,v T.9)| S el (5.2)
0y Pa(y, v, v, 1.9+ () P2 (v, v, v, 7o)+ [y Pa(y. v, v, 9] S &1

Notice that we suppress the dependence on the kernels K; x and the exact func-
tions Pj, P> in the notation for the operators Q; . In most of our applications
Pi(y,v,t,8) = 91Y(y —sv,v,7,8)and P, = Y (y — sv, v, y, ), 01,602 € [0, 1],
and the bounds (5.2) follow from Lemma 3.8.

We assume that the coefficient C is differentiable in y, and define

AC)(y, T, 8) = [ICx, y, v, 7, T, ) g, , + 1{¥)9, C(x, y, v, ¥, T, 8) [l

x,yv°

(5.3)

Assume that my > 0, 13,14 € [2"2 — 1, 2m2+11 N [0, 5], and define the trilinear
operators

14
Bulf g O ts) = [ Qs Oy sy dy. (5.4)
3

For these we have the following bounds:

Lemma 5.1 (Trilinear estimates) Let s € [0,T], T € [0, s], 2m-1 < With the
assumptions of the bootstrap Proposition 2.4, and the notation and assumptions above,
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we have

IBj x(R'VE, R*E; C)(., 7, )l o S e minf2™"1"2 (1) M A*(O)(z,9), (5.5)
1B x(R'E, R*VE; C)(,, g S g2 min{27 "2 ()" A*(C) (2, 5), (5.6)
IBjx(R'E, RPE; O)(., 7, )l po S ef min{2~"1"2 (1) O JA*(O)(z,5),  (5.7)
1B x(R'VE, R*VE; C)(.. 7, 5)|l go < &F min{27 21" (z) > }A*(O)(z, ),

(5.8)
1B x(R'V2 Py E, R*E; C)(., 1, )l go

S ef(m) ' min27 "2 (7) T HYAR(O) (1, 8), 69
1B x(R'V* Py E, R*VE; C)(., 7, 5)| o

< (o) minf2 212 (1) 2 AR(C)(x, 5), (5.10)

for any k| € Z, where A*(C)(t, s) := SUP,, epry,14] AV, T, 8) and RY, R? are opera-
tors defined by Hormander-Michlin multipliers satisfying the inequalities

sup sup |&[*|DERI@&)| <1, le(l,2). (5.11)
loe| <8 3

Moreover, for any ki, ky € Z and y, t € [0, 5],
1Qjk(PyR 0, PuR?p; O (s v, T )11 + (5)°

1Qj k(P4 R'p, PuR?p; C)(., ¥, T, )l L

et min{2fnin ()= (y)~1)3
< ! o Clouuy 9L, (.12
N )80k 4 (1)8 (y)1=250k2 4 () e VT 9)lleg, - (512)

Proof For the sake of presentation we postpone the proof to section 7. O

In the rest of this section we fix + € [0, T] and an integer m > 0 such that
t e 2™ —1,2mt1]. We also fix an integer K such that

1 <e2K <. (5.13)

This is needed in some cases of very high frequencies, to ensure that the overall
contribution is nonlinearly small. The formulas (2.9), (2.10), and (3.1) show that

Ly jk(x,v,s,1)

= P{E(x, )M} (v) — E(x + Yy(x, v, 5.1), )M (v + Wy(x, v,5.1))}.
)7#()6, v,s,t)

= ?(x — sV, 0,8,1), VT/#(x, v,s,1) = W(x — sV, v,8,1). (5.14)

@ Springer



Landau Damping Near the Poisson Equilibrium in R3 Page 37 of 78 2

5.1 Large Velocity Case:j > 19m/20orm < 64

The goal of this section is to prove that the contribution of large velocities is acceptable.

Proposition 5.2 Assume that the bounds (2.24) hold, k € Z, and 27 > 219"/20_ Then

O (VO RL Ol go < 77270, s
=S 1=by 1l < 3298 (5.15)
O TS 5 k@ llgo + 10 Vs T Ol go < ] .

Proof The first inequality follows from Lemma 5.3 and Lemma 5.4 below. To prove
the second estimate in (5.15), it thus suffices to show that

— — 3/2~-82
2T g + 1 VT | o < 672277 (5.16)

From (2.15) we have

t
T i) = —i/ e TIVIR] L (x, 5)ds. (5.17)
0

Notice that,
forany p € [1,00]land 2 > 0,  [[[VIe ™V fllpr <AV fller.  (5.18)
Using Lemma 5.3, Lemma 5.4, and (5.18), we find that
. o 3/2 2_ _ 2
e IVIR | )llgo S 820" 127,
e e TIVIVLRY o)l gy S 6722 (1428 — )17 ()7 127

This gives (5.16), upon integration. O

It remains to prove Lemmas 5.3 and 5.4. We use the formula (2.15), thus

Rij’k(x, t) = [t/ Ly jr(x — (@ —s)v,v,s,t)dvds.
0 JR3
We start with the contribution of high frequencies.
Lemma 5.3 Assume that 27 > 219/20 Then
O VeRE ; (Oll5, S e7/?27%
Proof We examine the formula (5.14) and decompose, for p € {1, 2, 3},

dcrLyjk == PlErrjl+ Y PilLjx ], (5.19)
k1€Z
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where, with Ey, := Py, E, we have

L (x,v,8,1) :=[0er Eg, (x,5) — dcr Ex, (x + Ya(x,v,s,1), 5)] - M}(v),
Errj(x,v,s,1) = 0 E(x + Ye(x,v,5,1),5) - [M}(v) - M}(v + Wa(x, v, s, )]
— 0 Y] (X, 0.5, D0 E(x + Yy(x, v.5,1),5) - Mj(v+ Wy(x, v, 5.1))
— E(x + Yy(x,v,5,0),8) - [0 Wi (x, v, 5, )00 M (0 + Wy(x, v, 5.1)].

We first estimate the contribution of the error term Err;. We expand as in (3.2)

t
Wa(x,v,8,1) = —/ Ex—(G—y)v+Yx—sv,v,y,1),y)dy,
§ (5.20)

t
Ya(x,v,s5,1) = / y=—5)Ex—(G—p)v+Yx—sv,v,y,1),y)dy.

Then we observe that, with the notation of (5.1), we can write the contribution of Err;
as a sum of terms of the form

t
/ / P[Errjl(x — (t —s)v, v, s, t)dvds
0 JRr3
1 t t
=///Qj,k(VE,E,Cl)(x,y,s,t)dydsde
0 JO Js

t t
+/ f [Qjx(VE,VE,C?) + Qj x(E,VE, C)](x, y,s, )dyds, (5.21)
0 Js

for suitable kernels IC’] i and

Cl(x,y,v,y,5,1) = 23vaM}(v +OW(y —tv, v, s, 1)),
Cz(x, Y, 0, ¥,8,1) = 23j(y — s)(c‘Sf; + 0yp W(y —tv,v,y,1))
X M;-(v + Wy —tv,v,s,1)),
C3(x, Y, 0, ¥,8,1) = 23j(8f, + 0yp ?K(y —tv,v,y,1))
x Vy M (v + W(y —tv,v,s,1)).
Notice that A(C)(y, s, 1) + A(C)(y,s,1) S 272 and A(CH)(y,s.1) S 272 (y).
This leads to acceptable contributions using Lemma 5.1 and the bound 2/ > 2197/20,

Now, we move on to the estimate of the main contribution. We split into two cases

based on the size of k; as follows (recall K defined in (5.13)).
Casel: k| > —m /24K /2. We first consider the L}C -estimate. Using Lemma 3.1(i),

‘ B
(I)H/ / Ljpx— (=5, v,s,t)dvds” §<z)2—21/ IV Ex, ()| 1ds
0 Jr3 L} 0

t
S 81([)272].71{] / <s>257]ds S 81272j7k| <t>1+25.
0
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Thus the contrjbution for all k1 with ky > —m/2 + K /2 is acceptable, due to the
assumption 22 pe 219m/10 Now, we consider the L -estimate. If 1/2 < s < t, we
use that

IVE, ()l S e1(s)P 427k

and integrate over v, so

(t)4H /,/tz A;{} Ljjgx—0—950v,0,s, z‘)dvdsHL;o

t .
N (”4/2/11@ IV E, ()l [M(v)|dvds < e (1) T127H—2/
t/

which also gives an acceptable contribution. It remains to consider the case 0 < s <
t/2.If t < 1 then the same bounds as above hold. On the other hand, if + > 10 then
we can use the characteristics bounds in Lemma 3.8 to verify that the Jacobian of the
map

Wy ::x—(t—s)w+?(x—tw,w,s,t)
is of size (t)3. Using a simple change of variable, we deduce that, for fixed x,

f@ |00 Ex, (x — (t = )0, )M ()|dv S 27 (0) | Py p(9) 1 1,
]R.

f@ |00 Egy (x — (t =)o+ Y (x — tv, v, 5, 1), )M (W) |dv < 277 (6) | Py p(s) 1
R.

Therefore

t/2 .
0] / /3 Lin =@ =s)v,v,s,0dvds| S e127™ 75 ()P,
0 R

which again gives an acceptable contribution.
Case 2: k; < —m/2 + K /2. For this case, the derivative in E is not problematic.
Note that, after taking the difference between the two electric fields, we have

1
[9xr Ex, (x, 5) — 0xp Eg (x + Ya(x, v, s, t),s)]M}(v) = —/ Lf.,,q (x,v,s,1)d6,
0
(5.22)
where

L?skl(x’ v, S, t) = i};;{(.x, v, S, t)axpaqukl (-x + 937#()67 v, s, t)’ S) : M;(v)'
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We expand the function 17# as in (5.20). Therefore, for any fixed 6 € [0, 1], in terms
of the trilinear operators defined in (5.1), we have

t
/3 PLS 4 (x = (1 = $)v, v, 5, Ddv =f Q; (VEk, E; CH(x, 7,5, dr,
R° s

with C*(x, y, v,y 5, 1) 1= 21 (y = )2 M} (), A(CH)(y. 5.1) $ 2727241 (y). This
leads to an acceptable contribution using Lemma 5.1 and recalling the assumption
22j Z, 21.9m' O

The following lemma deals with the contributions of low frequencies, when (V) ~
1.

Lemma5.4 If27 > 219m/20 gnd k < O then
RS ll B S e} (1)"927%, (5.23)
Proof We decompose
Lo ji(x,v,s,8) =L5 ;4 + L}z”k’j,

where

Ly jp(x,v,8,0) 1= P{E(x,s) — E(x + Ya(x, v, 5,1), 5} M (v),
L5 oG5, 0) = P{EGx + Ya(x, v, s, 1), 8) - [M(0) — M) (v + Wy(x, v, 5.0)]}.

We can rewrite
E(x,s) — E(x + Ya(x, v,5,1),5)
= — /01 ?#(x, v,s,t) - VyE(x + 9?#()6, v,s,t),s)do,
M (v) — M (v + Wi (x, v, 5,1))

1
= —/ Wa(x, v, s, 1) - VUM}-(U +O0Wa(x, v, s, 1))db,
0
We use the formulas (5.20), so for any * € {a, b} we have

1 t
Ly (x.v,s5.0) =/0 / L5 (e vy, 5, 1) dydd,
s
L5005, 0) = P = (o =)EP(x = (s = p)v + Y (x = 50,0, 7,0, ¥)
X 0 E(x + 0)7#()6, v,s,t),s)- M;-(v)],
Cg:?k(x, v, Y,8,1) = Pk[Ep(x —(—yv+ Y(x —sv, v, v, 0, v)
X E(x + Yg(x,v,5.0),5) - dur M (0 + 0 Wy (x, v,5.1))].
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Therefore, for any 6 € [0, 1], in terms of the trilinear operator defined in (5.1), we
can write

/ Eg Ga =@ = vy, s, 0dv=Qjk(VE, E; C)(x, y,s.1),

/ L0 (x =t =) v,y s, 0dv = Qjx(E, VE: CV)(x, y.5.1),

where

CUx.y.v.y.5.1) = (y — )2 M/ (v),
CP(x,y, v, 7,5, 0) = 2V, M} (v + OWy(y, v, s, 1)).

Clearly A(CH)(y,s,t) + A(CP)(y, s, 1) <272/ (y). Therefore, using Lemma 5.1,

H// E;Jk(x (t —s)v,v,y,s,

for x € {a, b}. We integrate in s € [0, ¢] and 6 € [0, 1] to prove the desired bounds
(5.23). O

2/\—0.1~n=2j
o Seils) 12,
1

5.2 Small Velocity Case:j < 19m/20and m > 64

In this subsection we estimate the terms Réy ik and Tz{ ik in the case where j <
19m /20, m > 8§74, and Jj + k = —6m/3, and the terms Ré’lj’k when j < 19m/20,
m >384 and j +k < —8m/3.

Since in the expression for Ré ! ok we gain a factor of D? over R2 ; k» We can treat
both these terms in the same way. For any % € {I, I I}, we localize the size of 1 — s
and decompose

* _ *
Rje= D Rjunm
0<n<m+2

t
Ri"’j,k’n(x, t) = /0 /]1%3 On(t — s)L’z‘,j’k(x — (t —=s)v, v, s, t)dsdv,

where

Ly (v, 0) = Lo j(x,v,5,1),

Ly (xv,s 1) = /R3 Kt (v, v)La j(x — y, v, 5, 0)dy, (5.24)
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and the kernels IC;fk(y, v) are defined when j < 19m/20, m > §*, and j + k <
—d&m/3 by

/" R BV ive DE )’
K%y, v) i= —(2ﬂ)3¢u—24+21(v>fm3e T D@, o2 &) s (5.25)

G v) £ 222D 4 26y 710,

Therefore, we can think that the functions L2 gk and L2 ik differ essentially by a

factor of 2242/, L1, | ~22F2/ L]
2.j.k
Our main result in th1s section is the followmg

Proposition 5.5 Assume that the bootstrap bounds (2.24) hold, and m > 574, j e
[0, 19m/20], k € Z, n € [0, m + 2]. Then

if J+k=—0m/3 then |[{t)(V)RS (Do S &7/ 27 Uk )oom/2

oo 11 3/258m/2 (5.26)
if j+k<—=m/3, then ()RS, (Dllgo S 7" 2"/,
In particular, for any k,m € Z, m > 54,
_ 3/2
> Y 2 (VORS ; Ollgo S 877,
j€l0,19m/201, j=—k—8m/3
_ 3/2
Z e (VRS (Ol o S 872, (527)
j€l0,19m /20 k—8m/3
— — 3/2
Z 2T Ollgo + 1) Ve, T )l o S 637,
j€l0,19m/20], j>—k—56m/3

Proof The basic bounds (5.26) follow from Lemma 5.6, Lemma 5.7, and Lemma 5.8
below. Here we show that they imply the bounds (5.27).

The first two bounds in (5.27) follow by summation with respect to j and n (notice
that k < 0 in the bounds concerning Ri’ i, ). For the last bound, using (5.17), we have

is —({t—s)|V| pl 1
le e CIVIRS L () llgo S RS ;1 (9l g0,

(t =)l |VIe™ VRS L ()llgo SRS 49 go,
for s € [0, ¢]. Therefore, using (5.17),

“ T2I,j,k(t) ”Bto 5 8;’/2238m/52—(j+k7)’

t—1
ds
IVITS ;g0 S /0 IRS k)l g +2¢ / IR ; ()l gods
t—1 ’

< 8?/22—(1-0-/( )pdm/2 (t)—l+5m/10-
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Finally, we notice that (3, + |V|) T21,j,k(t) = _ieilRé,j,k(t)’ and the bounds in the
last line of (5.27) follow by summation over j. O

We bound first the contributions of the small indices n € [0, 10].

Lemma 5.6 With the hypothesis of Proposition 5.5, if n € [0, 10] then

o ' 3/2

if J+kz=—m/3 then YIViR] 4, Ol S 6%

if j+k<—6m/3 then 2(t)ViRS, (g0 S g7/ 22+,
Proof To prove the bounds on Ré, jkn Weuse again the decomposition (5.19). The
error terms can be written as in (5.21). The integrals over s and y are over intervals
of length < 1, so these contributions are easily acceptable using the bounds (5.12).

To bound the main term, we consider again two cases. For k; > m /4 + K /2, with

K defined in (5.13), for 6 € {0, 1} we find that

H / 8er Ey, (x — (t — 5)v + 0F (x — tv, v, 5,1), 5) - M}(v)de

R? BY
< 812_k1_2j <S>2(S—1

and each term in £ , gives an acceptable contribution separately.

If k1 < m/4 4+ K /2, we work with the difference of the two electric fields as in
(5.22). Ast > s >t — 2! from rough bilinear estimates, we have

| [ L= = swovesndo] L, £ 2715006 01 192 B 0y
R3 ’ By y
< 8122_2-/25k1_(t>_11/10.
The desired bounds follow by summation over k| < m /4 4+ K /2 and integration over

s.
The bounds on Rélk jon are similar, using the identities (5.24)—(5.25) (recall the

geuristical equivalence Lé{j’k ~ 22k+2jLé’j’k) and the assumption j +k < —8m /3 <
. [}

From now on we assume that n > 10. We first isolate the main contribution.

Lemma 5.7 Forany x € {I, I1}, we have

t
/ Ot — ) /z Li,yk(x —(t —s)v,v, s, )dsdv = I;’j’k(x, 1)+ Rem;’/,k(x, 1)
0 R> ’ ’
where Rem; ik denote acceptable terms,

if j+k=>=—8m/3 then ||(t)Rem,ll,j’k||Bto < g~ (krD+Im/10,

(5.28)
if j+k<—8m/3 then ||(t)Rem,’; Ilpo < e72°"/1°.
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The main terms I* * € {I, 11}, can be written as a linear superposition of terms

n,j.k’
of the form

’;‘j = E 2dj—k=n // ot — s)f ’J;klkz[Pklp, Py, pldvdsdr,
. P {0<s<t=<t} R3
1.ka€Z

jllcklkz[fa g](-xv v, 71,59, t) = jkk[kz[fs g](-xv v, 71,9, t)’

~ ~ 5.29
3L gl v, T s, 1) = /R =y 0kl o810 v s iy, O

Tikiko LS5 81(x, v, 7,8, 1) = wp, (T, )wi, (T, 8) - b(v, 5, @[ -2, j4+21(V)

X Pi2iiaR (RN = (¢ = 9)v,9) - RO = (1 = 1w, 0]
where R® denote normalized Calderon-Zygmund operators (as defined in (5.11)) and

Wi (T, 5) € {T — 5,251},

i, (T, 8) € {T — 5,277}, ||l

V8,1

+2"85bllz, S 1.

Proof Recall (5.24). Notice that the only difference between Lé F (X, v, 5, 1) and
Lé!’j’k(x, v, s, t) lies in the kernels, which play a minor role, so it would be sufficient

to consider Lé j (v, 1) in detail here. We observe that for any function F,

/ P F(x —(t —s)v,v,s,t)dv
R3
1
= m/ﬂ@ [(t —5)0x + 0y ] PLF(x — (t —s)v,v,s,1)dv

1
T 2K —) fRa P @ur F)(x = (t = s)v, v, 5, 1) dv,

where P] = —2k Jyr | V| ~2 P; has the same properties as Px. Using (2.9) we calculate

dur Lo j(x,v,5,1) ={E(x,s) — E(x + Y(x —sv,v,5,1), $)}- 3 M (v)
+ E(x + ?(x — sV, 0,8,1),5) - [BvrM}(v) — 8UrM}(v + W(x —sv, v, S, t))]
vl (v, s D0 E(x + Y (x — sv,v.5.1),5) - M0+ W(x —sv,v,5.1))
+ pc?(x, v,s,HE(x + ?(x —sv,0,8,1),S5) - 8qu}(v + W(x —sv,0,8,1)),

where

v:‘](xs v, s, t) = [(Sax’ - 8Ur))7q](x —Ssv,0,S, t)v

pl (e, v,s,0) 1= [ (59 — 8yr) WI(x — sv, 0,5, 1).

@ Springer



Landau Damping Near the Poisson Equilibrium in R3 Page 45 of 78 2

As a result of direct computations using (3.2), we have

t
vl(x,v,s,1) = —/ (t — )0 El(x — (s —D)v+ Y(x —sv, v, 7,1), T)dT
N

t
+/ (T —8)(50yr — 0y )Y? (x —sv,v,7,1)

N
X3 EN(x — (s —T)v + Y(x —sv,v, 7, 1), 1)dT,

t
,u?(x, v,s,t) = / (T =80 Elf(x —(s—T)v+Y(x —sv,v,7,1), 1)dT
s

t
- / (50r — 0y )Y? (x —sv, 0, T,1)
N

Xy E9(x — (s — v + Y (x — 50,0, 7, 1), T)dT.

After localizing the frequencies of the two electric fields, we have

t
Lo ji(x,v,5,00= Y | Pi[Myr] @& v s 0dr,
ki koez’®

where

13
Mo = MRy + Y Mo 1, (5.30)

i=1
and, with E; := P/ E,

MR 4o (v, 7.5, 1) 1= —(T — 8)dya By (x, SEL (x = (s = 1), 7) - 0 M (v)
+ Ey (x, 9)EL (x — (s = T)v, ) - yr Bpr My (v)
— (1 = )00 g, (x, 8)dw Ef (x = (s = D)v. 7) - M (v)
+ (T = $)Ex (x, $)xr Ef (x — (s — 1)v, T) - 8pa M} (v),
/\/l,ll’kz(x, v, T,5,1) = —(T —5)
fol [ax‘l Ep (x + 0Y (x — sv, v, 5,1),5) — dya Ey, (x, s)]
X EL(x = (s —Dv + Y(x — 50,0, 7.1), 7) - 3y M) (v) dF),
MR, 1y (0, T05.0) 2= = (T = )30 gy (x,5)
X [EZ2 x—(G—TWw+Yx—sv,v,1,0),7) — E,‘(I2 x— (s =D, 0] By My (v),
Mil,kQ(x7 v, T,8,1) = /01 EX] By M (v + OW (x — sv,v,5,1)) — Bvraqu}(v)]

cEp (x + 7()6 —sv,0,8,1),5) EZz(x —(s—1tv+ 17(x —sv,v,T,1),7)d6,
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1

/\/l;:l’kz(x, v, T,8,1) = /0 Oya 8vrM}(v) . [Ekl(x + )7(x —sv,v,5,1),5) — E (x, s)]

X E,i’z x—(G—1)v+ ?(x —sv,v,T,1),7)d0,

1

M3, gy (6,0, T,5,1) = / dva yr M (v) - Ep, (x, 5)
0

X [EZ2 x—(G—1)v+ ?(x — SV, v, T,1),T) — EZZ x—(s—1)v, r)] do,
Mglyb(x, v, 7,8, 1) =—(1T — s)zM;-(v + VT/(x — sV, 0,8,1))-

Oxa E, (x + I?(x —sv,v,8,1),5)

X [0y E,i’z (x—(—TW+TY(x —5v,0,1,1), T) — dyr E,i’z (x— (s — v, 1),
le’kz(x, v, T,5,1) =—(1 — s)zM}(v + W(x — sV, 0,8,1))

[0 Exy (x + Y (x = 50, 0,5, 1), 5) = dga Ex, (x,9) ] EL (x — (s — D)v, 7).
M v, s, 1) = — (0 — )P [Mj (v + W(x — sv,v,5,0) — M} (v)]

- 030 Egy (x, )3 EL, (x = (s = T)v, 7),
leykz(x, v, 7,5,t) = (1 — s)[avq M}(v + W(x —sv,v,8,1)) — ?)quJ’- (v)]

cEp (x + 7(x —sv,v,s,1), s)BXrEZZ(x —(s—1t)v+ ?(x —sv,v,T,1),T),
./\/l,l(?y,q(x, v, T,8,1) = (T — §)0ya M}(v)-

[Ek1 (x + ?(x —5v,0,5,1),5) — Ep, (x, s)]

X aer,fz x—(G—1)v+ ?(x —sv,v,T,1),T),
./\/l,l(ll’kz(x, v, 7,5, 1) 1= (T — 5)[ Oy M}(v) - Eg, (x,5)

x [0 Ef (x — s = Do+ Y (x — 50,0, 7,0, 7) — 0 EfL (x — (s — D)0, 1),
Mllqz,kZ(X, v, T,8, 1) = (T —8)(s0r — 8Ur)17"/(x —sv,v,T,1)

- Oxa By (x + ?(x — sV, v,S8,1),5)

0 EZz(x —(—1)Vv+ I?(x — sV, 0, T,1), r)M;-(v + W(x — sV, V,8,1),
./\/l,](ikz(x, v, T,8,1) = —(50r — Bvr)f;"/(x — sV, v, T,1)

Ep (x + )7(x — sV, 0,8,1),5)

. qu/ EZZ(x —(—1tv+ ?(x — sV, v, T,1), t)aqu}(v + W(x —sv,v,s,t)).

Direct inspection shows that all terms in Mg ko lead to terms of the form (5.29) as

claimed, whereas for the error terms Mfﬂ ky* ie{l,...,13},wecanapply Lemma5.9
to conclude. O

We focus now on the terms in (5.29) and prove the following lemma.
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Lemma 5.8 With the hypothesis of Lemma 5.7 and the notations inside its proof, if
m=> 8% jel0,19m/20], k € Z, n € [10, m + 2] then

if j+k>—8m/3 then |(t)I} , ellgo < efa-rnsom2,
if J+k<—8m/3 then (1] llgo < e727"2.

Proof We focus on the estimate of I ! ke With minor modifications, the estimate of
I, n ;. can be obtained as a byproduct.

Wlthout loss of generality, we assume that k; < kp and apply the decomposition
(2.19) for the first input (in the case k < kj we apply the decomposition in (2.19) for
the second input, use the same strategy with the only difference that we do integration
by parts in t instead of s for the oscillatory part, which gives us better estimates since
T >9).

Note that k < k> 4+ 10. Moreover, we use the following partition to localize the size
of 7,

Loa(m =Y @a@®lo®).

0<m=<m+2

For simplicity of notation, let p; :== P;p, p;'*" := Pi(p*'%"), py*¢ := P(p®*°).
Step 1: the static component. We will show that

Z 24 n/ / @n(t — $)Pi (T)

k1,ko€Z, ko>k— 10m€[0 m+2]
tat
[“\Jkklkz[ps ,pkz](ﬁ S,f) ||L)](L{,

4 23m HJkk]kz[tha s P I(T, s, t)”Li"’LL]deS < 8%2—m+8m/2.

(5.31)

A simple estimate using (3.5)—(3.6) and the fact that ko > k — 10 shows that

4j nf / (pn(l s)(pm(r)H\jkklkz[pStat sz](ty Svt)”L)l(Udtds

27 / / on(t — )y (1)22 M)
5.32
x min{[| og " ()| oo [l oy (O Nl 1 1031 Nl 1 Nl owy (D) M| 0} dTdls (5-32)
< 27]'*/(2*"\/‘ / 8%@}1([ _ s)ana(_[)ZZmax{fkl,ﬁz}23min{k1,7171}(S>2571(r)2871d1,ds
0 Js

< 8%2—j—k2 zmin{kl ,—1?1]24851 2n—2m ,

~

where the last inequality follows by considering the two possible cases (n < m —
10andm > m — 10) and n > m — 10. One can sum over ki, k», m and recall the
assumption j +k > —d&m/3 to see that this gives an acceptable contribution to (5.31).
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To bound L*° norms we use the general estimate

/R G =M v)llglr = A0) (27 v) dv 533

Smin {23 £l liglizoe, I I F g lglizoe, a2l =21 flleeeliglipi)s

for any functions f, g € (L' N L®)(R3), andany x € R, A1, 4, € R, j € Z,.
Using this estimate we bound first the contribution of large times s,

t t
2“""”/ / On(t = )P (02" |k [031 L o1 (T8, )| o 1d TS
l/4 s x v

t t
< gt / / Gn(t = DR + 2o (5) | o | ot (1) 2w dvdls
t/4 Js

5 8%27j7k22min(k1,7m)2n72m+43m‘ (534)

Similarly, letting 5 := max{s, min{2~%1,¢/2}}, we use again (5.33) and (3.5)—(3.6) to
estimate

. t/4 pt
24 /0 ﬁ on(t — )i (02" [ Tkkaka 051", P11 (T, 5, ) 101 dTdls
S

) t/4 pt ,
Soir /O [ P (@7 + 1) min@%, 273 || 0! ()| 1 | ok (T) | Lo d Tds
s

5 8%27_1'7/(2 2min(k1 ,—n1) 27m+46r71 (535)

and

) t/4 ps
24 / f on(t = )P (2" [ Tktaka [041" Pr1(T, 5, D) o1 dTds
0 s

4742, /4 5 k 2
< ot f / B (D@ 4 029 (5)]| 1002 iy (1) | 1 s
0 s

S 8%27j7k22mi1’1(k1,71’71)2*"14’431’71' (536)

The desired bounds (5.31) follow from (5.32) and (5.34), (5.35), (5.36).

Step 2: the oscillatory component. We now consider the contribution of the oscil-
latory field. We estimate first as in (5.32), (5.34), (5.35), (5.36), with additional factors
of min(2=%1, (1)) coming from (3.5)—(3.6). The result is

t t
2_4]_n A /; Pn (t— S)arh (T)[Hﬁkklkz [e—ltSpiC,l’ pkg](fv s, 1) ”L)chl,

+ 2 | Skkka le ™ 0 pay (T8, 1) HL;OL{,] drds

< g2 —kagmintky, i)y —m-+48ii ymin{it, k1)
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osc,+ osc osc,—

where 1 € {—1,1}, g = 0/ 0 = p/°¢. This suffices to bound the con-
tributions corresponding to either |k; + n~1| 2 48m, or ky > k + 46m, or m < m/40.
After these reductions it remains to prove that for g € {1, co} we have

t t
274jfn23m(171/q)H/ // Ot — 8)@s (T)
s JR3

X Jkky ko L€ L”,O,?f“,pkz](x,v,t,s,t)dvdfds L0

X

< 27m+28m/5’ (537)

provided that m > 8=, j € [0, 19m/20], n € [10,m + 2], j +k > —8m/3, and

me [m/40,m + 2], ki € [-m —4ém, —m + 45m], ko € [k — 10, k + 46m].
(5.38)

By taking complex conjugates, in proving (5.37) we may assume that ¢ = +1. Let

osc osc

. osc . osc . —1 osc
pr<p =Ho11,<pp™" o<, =Ho1y5p07", Dispi=T15p0 ) op
(5.39)

for! € Z and p < —4, where the operators I1+1; <p, [T+17,5p, a’;i,o are defined in
(3.10)—(3.11).

To bound the contribution of p’*_ = we would like to integrate by parts in s (the
method of normal forms). We start from the identity

()SL

T
/ fgsvn(t — 8)Jkkiko L€ ”p,?fipo,pkz](x, v, 7,5, 1)dvds
0 R

1 T
~ @) ./RS /Rs /Ra /0 Pn(t = )k, (T, )k, (T, 5)

b(v, s, )2, j+21(V) Ax(x — y)
x ¢ UV ORLYEE ).y (1 — v - )60
(R3pi,)(y — (¢ — ©)v, 1) dsdEdvdy,

(5.40)

where the kernel Ay is defined by Z;(n) = (p[k,z,kJrz](n)Rl(n). Then we use the
identity

T . —
/0 On(t — )k, (T, )k, (T, )b(v, 5, e W ITVOR2pAE $)p. py (1 — v - &) ds

B /f e_is(l_”'$)§0>po(l —v-£)
—Jo il—v-§)
+ @3sB)(v, T, 5, t)R2p;gff(s $)]

[B(v, 7, 5,1)(ds R2 o™ PR )E, )
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@>pp(l —v-§) 57 ovc
=0 2P B(u, 1,0, 1)R20%5¢(E, 0
0—v.g S@BOOREO)
eI (1. ) o
2
- i(l—v-&) B(v,t,7,H)R ,Ol(gfc(f, 7), 5.41)
where

B, t,5,1) = Bp iy o (v, T, 8, 1) := @p(t — $)wg, (T, )k, (T, $)b(v, 5,1). (5.42)

We combine the formulas (5.40)—(5.41) and examine the &-integral. Notice that

TR & 5) dE

1 / eisv-§¢>p0(1 —v- é")
e Ju T id—v-E)
= —i(IT_1 k> po@ | o F) (v = (t = $)v, v, 5),

according to the definitions (3.10)—(3.11), where F € {R?p?*¢, 3, R*p?*¢}. Thus

T
/ /3 On(t — ) Jnkika[€7 ORI s PRI, 0, T, 5, 1) dvds
0 R
T
:/ / (=)e " Ar(x — Y)@j—2,j421(v)-
0 R3 JR3
(7'\’,3pk2)(y — (=), )Xk ko (¥, 0, T, 5, 1) dvdyds, (5.43)

where the functions I'y, - p, are defined as in (5.39), and

Xng o (Y, 0, T,8,1) i = By j 1o (v, T, 8, t)(RZBSFk17>pO)(y —(t—s)v,v,s)
+ B,/lykl’kz(v, T,s, t)(Rsz1,>p0)(y —(t —95)v, v, ),
B,;,kl’kz(v, 7,8,1) 1 = (OsBni, k) (V, T, 5, 1)
+ Bk ki (0, T, 8, 1)[S0(s) — So(s — T)]. (5.44)

Case 1: the L' bounds. We prove first the bounds (5.37) when ¢ = 1. Let pg :=
—1008m. We use Lemma 3.3 (i) (so p,‘(’fipo = O unless j + k| > —4) and estimate
as in (5.32), B

t t
2_41_"/ / @n(t = )0 (0) | Ikt le ™ 0P s PR 111 dTds
0 s - X v
t t
S22 f / Put — )i (DR + 0o Iz | oxy (Dl 1 dds
0 Js :

t ot 5
Sefoimnh / / Ou(t — $)@ (1) (2721 4223k Pop =k () 571 (1) D71 g g
0 Js

< 8%2*1'*"*’”, (5.45)
using also the assumptions (5.38).
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To bound the contribution of p,ff < o Ve use the formulas (5.43)—(5.44). In view of

(3.6)—(3.7) and Lemma 3.3 (ii) we estimate
IR Tk o ) ey + ) IR0 Tky 5 pg ()| oy S €1277045)%

Therefore, using also the assumptions (5.38) we estimate

T
/O 1812, j421(0) - (R? pa) (v = (t = D). D) Xt o (3, 0, T, 5, Oy, ds
S 1ot (N2 1 Xk o (7 v, T8, Dl e 12
S 8%23]‘271{2 (T>74+25 . 2717() (T>2+]28.

Therefore, using the formula (5.43) and the definition (5.42) we estimate

2—4j—n

Ll

x

t ot .
/0 / /W On(t — )i (D Ikkika e PET oo PRI, v, Ty, 1) dudTds
e
. t
< 2_4’_”/0 O (D) p<nia(t — )

T
x f 181242 R i) (v = (¢ = D0, D Xy ko (9. 0. 5. 1)y dsd
0 y.v

5 8%27j7k27” 2=Po 2727;l+205n71 mln{zﬁl , 2}1}.

The desired bounds (5.37) follow in the case ¢ = 1, using also (5.45).
Case 2: the L°>° bounds. We prove now the bounds (5.37) when g = oco. As before
we let pg = —1008m, and recall the definition (5.39).
We first bound the contribution of the function p,‘(’f‘i 0’ which is nontrivial only
if j +k; > —4.Fors € [0, 1] let s’ := max{s, t/4}. Using Lemma 3.5 (i) and the
assumptions (5.38) (in particular the integrals below are nontrivial only if m > m — 10
and |k; + m| < 46m),

t t
p-4i—ngin / / on(t = )90 | Sutarale ™ 98 1o ooy dTdls
0 S/ - X v
t t
i _ 2
27 "23'"/ / on(t — )i (27 + ] 10y Ol Lzerx |l ory (T) [ Lo d Tds
0 Js’ -

) t pt
g2k / f on(t — ) (0)[275 4 7230t rop ki ()21 ) 251 g g
0 Js'

< g2p—i—k-m=108,
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This suffices to prove the desired bounds if n < m — 4. In the remaining cases we
may assume thatn > m — 4 and s < /4, and we can estimate the remaining integral
using (5.33),

. t/4 pt/4 .
24 mndm / / On(t = )0 (0| Jkkakale ™ pE o PR o1 dTdls
0 s X v
4j 3 Al k 2 3
SomHmmin / / P ([275 + ] 108 o () L2122 ok, ()| d s
0 K

) t/4 t/4
<o Ymmh f f on(@[274 P2k ()21 )21 gr g
0 s

5 8]22—_j—k—m—108rh )

Finally, we consider the contribution from the oscillatory part o’ po- As in the

L!-estimate, we integrate by parts in s once. In view of the formula (5.43), for (5.37)
it suffices to prove that

2*41'*"23’"“ fotfot /ﬂ; @ (T)

Pin—2.n+21( — S)|§3[j—2,j+2](v)(733,0k2)(y — (=1, 1) (5.46)

X Xnki o (¥, 0, T, 8, t)| dva’sdrHLC>O < o—m+28m/5.
y

We consider two cases. If n < m — 6 then we may assume that m > m — 6 and
t/2 <s <t <t.We examine the identities (5.42) and (5.44), and use Lemma 3.5 (ii)
to estimate

X0 k1 k0 (s v, T8, D) l2ge, S 275 42722770
(185 075 ()l + 27" 1077 () 1 Loe + 1075 () [l 80(s — D)].

Thus, using (3.5)—(3.7) and (5.38), the left-hand side of (5.46) is bounded by

t t
Cefp=J—np3m / / P<nia(t — $)27K2 (r) =42 =p0
0 Js
@7k 4 2m)3 ()22 4 80(s — 1))dTds

5 8%27j7n7k271.9m7

which clearly gives the desired bounds (5.46) in this case.
On the other hand, if n > m — 6 then we may assume that t — s > 2m=6 We use
first the dispersive estimates (3.22), so

/R3 9<j+4W[($)|(R*0sTy 5 p) (v — (1 — )V, v, 5)|

+ [(R*Thy = po) (v = (t = 5)v, v, )| ] dv < &127P0273" (s)2.
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Therefore, using the identities (5.42) and (5.44), if s < t < 274,
”Xn,kl,kz (y’ v, T,s, t)”LC"OLi
S QM 226127702 ()P 4 So(s) + (1) P80 (s — D))

Thus, using (3.5)—(3.6) and (5.38), the left-hand side of (5.46) is bounded by

t T
Ce2ytimpn /0 /0 o (0272 ()42

x (27K 42207 P0p I [() 271 4 §o(s) + (1) 80(s — 1)] dsdr
S Ba-tiky -2,

which clearly gives the desired bounds (5.46) in this case. O
For the error type terms Mil k appearing in (5.30) we have:

Lemma 5.9 With the hypothesis of Lemma 5.7 and the notations inside its proof, if
m>84 kel j€1[0,19m/20], n € [10,m + 2], g € {1, 00}, andl € {1, ..., 13}
then

t ot
9 j=n93m(1-1/q) Z ”f / on(t —5)
0 Js

kl,kzeZ

X /3 Pkng,kz(x —(t —s)v,v,1,s,1)dvdrds < 8%27”’%’"/10.
R

L
(5.47)

Proof Notice that the bounds (5.47) suffice to prove both estimates in (5.28): the
estimates in the first line follow in the case k 4 j + 6m /3 > 0, while the estimates in
the second line follow in the case k + j + dm /3 > 0, using also the bounds (5.25).

Recall the definitions of the functions Mi ko following (5.30). Notice that factors
Ey, and Ey, appear with either 0 or 1 x-derivatives, so the contributions decay suffi-
ciently fast when one of the indices k; or k> is either too small, or too large. It suffices
to estimate the core contributions, coming from &y, ko € [—10m, 10m].

Most of the terms can be estimated using Lemma 5.1. Indeed, with the notation
(5.1)=(5.2),

/ PMG, 1, (= (t = $)v, v, T, 5. ) dv ~ Q k(VEg,, VEk: CO)(x, T,5.1),
R3 '
Cz(x, Y, 0, T,8,1) = 23j(t — s)?(y —tv, v, T, t)VvM}(v),
f PMS, (= (1 = $)v, v, 7,5, 1) dv ~ Q) 4 (VEg,, VEy: CH)(x, 7, 5.1),
R? ' '

Cox,y. v, 1.5.1) =25 (r — ) [ M} (v + W(y — tv,v.5.1)) — M}(v)],
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[ PMI = @ = vt dv ~ QY By, VEr: €O s, 1),
R3 ’
Clo(x, Y, U, T,8,1) = 23j(17 — s)?(y —tv,v,s, t)VUM}(v),
/ PMP 1 (xr — (1 — $)v,v, 7.5, 1) dv ~ Q) 4 (VEg,. VEgy: C')(x. 7.5.1),
R3 ’

Clz(x, Y, U, T,8, 1) = 23j(r —5)(sV, — VU)?(y —tv,v,T,1)
M+ W(y —1v,v,5,1),

where the notation ~ means that the function in the left-hand side can be written as
a linear combination of functions in the right-hand side (various partial derivatives,
various components, and in some cases, integrals from O to 1). Using (3.36)—(3.38),
we have A(CY)(t, s, 1) < 277 (1)2(s) 723 for [ € {2,8, 10, 12}. Therefore, using
(5.8),

t
23'"<1—1/q>”/f PML (= (= $)v, v, 1,5, O dvdz| | S eds)y 227
s JR3 ’

Ll
(5.48)

forany s € [0, t],q € {1, o0}, and! € {2, 8, 10, 12}. The desired bounds (5.47) follow
by integration in s and summation over ki, kp € [—10m, 10m].
Similarly,
/R»‘ PkMé.,kz(x — (=5, 1,5, 1)dv~ Q; ( (VEy, Ek,; CH(x, 1,5, 1),
CHex,y. v, 15,0 =2V (y — v, v, 5. VM (),
/R3 PMG, 4, (x = (t = $)v, v, 7,5, 1) dv ~ Q) k (Ex,, VER,: C)(x, T, 5,1),
C(x,y,v, 7,8, 1):=25Y (> —tv,v, 7, t)VgM;-(v),
/R‘ PkMz.,kz(x — (=5, 1,5, )dv~ Qi (Ey, VEL; CH(x, 1,5, 1),
COx,y. v, 1.5.1) = 2% (1 = )[VyM;(v + W(y — tv, v, 5, 1)) — Vu M} (v)],
/R3 PM 1 (x = (t = $)v, v, 7,5, 1) dv ~ Q) ik (Ex,. VER,: CP)(x, 1,5, 1),
Cl3(x, Y, 0, T,8,1) = 23j(sVy — VU)?(y —tv,v,T,1)

VM}(U + Wy —tv,v,s,1)).

Using (3.36)—~(3.38) we have A(C!)(t,s,1) <27/ (t)(s) 2T for ] € {4,5,9, 13}.
Thus

23m<1—1/q>‘ < eds)22,

t
/ /% PeMi, 1, (x = (t = $)v, v, 7,5, 1) dvdt
s JR

Ly
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using (5.5)—(5.6), for any s € [0,¢], ¢ € {1,00}, and [ € {4,5,9, 13}. The desired
bounds (5.47) follow by integration in s and summation over k1, ko € [—10m, 10m],
as before.
Similarly,
/3 Pkle,kz(x —(t —$)v,0,7,5,0)dv ~ Qj k(Ek,, Enp; CH)(x, 7,5, 1),
R
C3(x,y,v,1T,8,1) = 23j[V5M}(v +OW(y —tv,v,5,1)) — vﬁM}(v)],
/ Plelq (& = {—s)v,v, 7,5, 1)dv ~ Qj,k(szkl» En; CH(x,1,5,1),
R3 ’
Clx,y, v, 18,0 = 2% (1 —9)Y (y — tv, v, 5, HVM',(v),
/ PAM], 1, (x = (t = $)v, 0, 7,5, 8)dv ~ Qj k (VZEpy, VE,; CT)(x, 7,5, 1),
R3 '

C7(x, Y, 0, T,8,1) = 23j(T — s)2)~’(y —tv, v, s, t)M}(v + Ix/(y —tv,v,s,1)).

Clearly, A(C?)(z,s,1) < 277(s)72", A(CY)(r,5,1) < 277 (z)(s)""*%, and
AC(z,s,1) < 27/ (T)2(s) 113, using (3.36). Bounds similar to (5.48) follow
forl € {3,1,7}.
In the remaining cases/ = 6 and / = 11 we need to reverse the roles of the variables
7 and s. Indeed,
/ PMG 4 (x = (1 = $)v, v, 7,5, 1) dv ~ Q) x(VExy, VEr; CO)(x, 5,7, 1),
R3 '
C6(x, V,0,8,T,1) = 23j(r — s)zf;(y —tv, v, T, l)M}(v + W(y —tv,v,s,t)),
/ PM! (= (1= s)v, v, T,s. ) dv ~ Qjk(V2Egy, Epy: C') (x5, 7, 1),
R3 '
C“(x, Y, 0,8, T,1) = 23j(1: — s)l?(y —tv,v, T, t)VvM;-(v).

Using (3.36) we have A(C®) (s, 7,¢) <27/ ()12 and A(C) (s, 7, 1) <277 (0)%.
Thus

Sef(ry™227/,

T
23m(1—1/q)H / / Pk/\/lf(1 kz(x —({t—=s)v,v, 1,5, t)dvds‘ .
0 JR3 ’

X

using (5.9)-(5.10), forany 7 € [0, 7], q € {1, oo}, and ! € {6, 11}. The desired bounds
(5.47) follow by integration in T and summation over k1, k> € [—10m, 10m]. O

6 Bounds on the Type-Il Reaction Term

In this section we prove the following:
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Proposition 6.1 With the notation in (2.27), under the assumptions (2.24) of Proposi-
tion 2.4 we have

2
||,0§,5161||0sc5 S, &1 (6.1)

Proof In view of the definitions, for (6.1) it suffices to prove that, for any k, m € Z,
m > 8*4,

H 3 RGLAN o Set 6.2)
F€10,19m/201N0, —k—8m /3] ses

We recall (2.17), and start from the definition (2.9) to calculate (3; L2 ;) (x, v, s, t).
For this we notice that by definition (3.1) we have

X(x+ (@ —s)v,v,8,t) = ?(x —sv,v,8,1)+x,
Vix+(t—s)v,v,s,t) = W(x —sv,v,58,1) + .

Therefore

(0 L2, j)(x,v,5,1) =¢j(v)

X [~ EN(x 4+ Y(x — sv,v,5,1), )@Y (x — sv,0,5,1)
X oy Mo(v + VT/(x —sv,0,8,1))
— El(x + ?(x — sV, 0,8,1), s)(alWi)(x — sV, 0,8,1)

x 8; 0 Mo(v + W (x — sv, v, s, 0]

Using the formulas (3.2) we have
(8,17)(x —sv, 0,8, )= —8s)E(x 4+ (t —s)v,t) + Errl(x + (t —s)v,v,s,1),
Errl-1 (x,v,s,1) ::/t(r —S)(VE)(x —tv+1tv+ ?(x —tv,v,T,1),T)- (6.3)
éy,}N’(x —tv, v, T, t)dr,
and
(B,W)(x —sv,0,8,t)=—EMXx+({—s)v,t) — Errz(x + (t —s)v,v,s,1),
Err}(x,v,s,1) :=/I(VEi)(x — 4T+ Y(x —1v,0,1,10),7)- (6.4)
g,?(x —tv, v, 1, t)dr.
Therefore we can decompose

(0 L2, j)(x,v,5,0) = [Ni(x + (t = 5)v, v, 5, 1) + No(x + (t — s)v, v, 5, )] (v),
(6.5)
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where
Ni(y,v,8,0) = —@QEN(y =t —s)v+ Y(y —tv,v, 5, 1), 5)
(t —$)EN(y, D Mo(v + W(y — tv, v, 5, 1)) 66)
+E(y—(t—s)w+Y(—tv,v,s1),5) E(y,1) '
3 Mo(v + W(y — tv,v,5,1)),
and

No(y,v,s,1) = Nzl(y, v,s,t)+ sz(y, v, s, 1),

NZ] (v, v,8,1) := —(BiEl)(y —({t—s5)v+ )7()/ —tv,v,s8,1),S8) - Erri1 (y,v,s,1)
x 9 Mo(v + W(y —tv,v,s,t)),

sz(y, v,s,t) = El(y —({t—s5)v+ )~’(y —tv,v,s8,1),S5) - Errf(y, v,s,t)
x 01 Mo(v + W(y — tv, v, 5, 1)). 6.7)

We can use the formulas (6.5)—(6.7) and (2.17) to decompose
1 2

,k(é 1) —/ / / 1 (s — 7)e DIl 68)

‘Pk(‘é)%(v)N &, v, 1,5)dvdtds

1 -

for a € {1, 2}, where as before D = |£| — iv - &. For future reference we denote the
spatial kernel of this expression by

Lz 05,0 = §(0) s )3./1 e S”f'l S ds. (69)

Notice that for (j, k, m) € Al we have k + Jj < —10, so we can integrate by parts
several times in £ in the definition above to see that

1L k(2 0,8, 0] S Gj—a jr21 )+ |t — 51267823k (1 42512710 (6.10)

Lemmas 6.2-6.4 below, together with the further decompositions (6.18) and (6.20),
yield the desired bounds (6.2). O

We estimate first the remainder terms 0]2. e

Lemma 6.2 Under the assumptions of Proposition 6.1, for any (j,k,m) € Al we
have

~ 2 2~—8j
”‘Pm(t)oj’k”Oscg §812 I,
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Proof We decompose

2 _ 2l 2,2
Oj =05 + 07

t t
sz':llc(x’ 1) ::/o /0 /R3 /R3 (s — )L x(x — y,v,5,1)N5(y, v, 7, 5) dydvdrds.

Step 1. We consider first the case / = 1, and examine the formula for N2l in (6.7)
and the formula for the functions Err! in (6.3). We have

t N N
szjli(x7 t) ::/ / / [ ‘Cj,k(x -y, v, 1)(—31E1)(y - (S - T)U
0 Jo Jr JR3 JR3
+Y(y—sv,v,1,5), 1)

X (¥ =D @ENY = (s —y)v+ ¥y —sv,0,7,9),7)
X (as?“)(y —sv, v, ¥, 8)Mo(v + W(y — 50,0, T,5))
dydvdydrtds.

6.11)

Notice that, with the notation in (5.1), for a suitable kernel X’; ; satisfying (5.2) we
have

t N N .
0. 1) =/ / f Qjx(E', d,E"; CL))(x, v, T, 53 1) dydrds,
’ 0o Jo Je

cL, vy vy 0 =@ -0+t —s29780,Y) () —sv, 0,7, 5)
x 2379 Mo (v + W (y — 50, v, T, )@ 4, j+4) (V).

Clearly, using (3.33)—(3.34) and Lemma 3.1 (ii) we have
(Y = 50,0, 7, )] + )@y 0 Yy — sv, v, 7, 9)] S erfs) .
Since [|3; Mo (v)@[j—a, j+41(V) |l < 2757, with the notation in (5.3) we have
ACIH(, T, 9) S () + |t — 12878 (s) 710272 (6.12)

We decompose 0]2,1 = 0?’,1’1 + 0]2»’,1’2 where
)11 t/2 ps ps .
Oiw 0 :2/0 /0 / Qj k(i E', 0, E'; Chp(x, y, T, 5: 1) dydrds,
T

t N s
O?:;’Z(x,t) = //2/(; / Qj,k(a,'El,8aE’;Call)(x,y,r,s;t)dydtds.
t T
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Using now (5.8) and recalling that £ < 0 it follows that

t/2 ps ‘
103 ot 5 [ [ @i =2 e 2 dvds
’ 0 0

Ser2 2’42578

(6.13)

Therefore, using Sobolev embedding,
1070 G0l S ef2 2% ()30 (4 25 ) 7. (6.14)
Moreover, using again (5.8), we can also estimate
10742 Dl + (021072 Dl
t N
< / f (14 |t — 51267 8(s) 1062 () 11272 drds
t/2 J0O
< e2272 ()" min{27*, (1)), (6.15)
These three bounds show that
1Zn () 20Tl go + 18w (D) PV 0Tl g0 S 1272 (6.16)
We show now that
1Gn (0)()' 2@ + 1V DOT Nl go S 7272 (6.17)

Indeed, the identities (6.11) show that
2,1 L i 1
G+ 1ot = [ [ Qu@E o, Clyey.rrin dydr.
0 Jr
It follows from (5.8) and (6.12) that

t
1 + 1V DOT 4 (Dl go S /0 ef(n)” 27 (@) dr Sefin) T2

The desired bounds (6.17) follow, which completes the analysis of the term 0]2 ,1

Step 2. We consider now the case [ = 2, and examine the formula for N22 in (6.7)
and the formula for the functions Err? in (6.4). As before, with the notation in (5.1)
and using (6.10), for a suitable kernel KC; ; satisfying (5.2) we have

t N S
Oi'lf(xv 1) :/ _/ / Qi k(E', 8, E"; C2)(x, v, T, 5: 1) dydtds,
’ o Jo Jr

C2ix, v, 0,7, 1,53 1) i= (1 + |t — 5125780, Y) (v — sv, v, 1, 5)
x 237 (8;01Mo) (v + W (y — sv, v, T, $)) j—4. j+4] (V).
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Similarly to (6.12) we have
ACHN(r,T,8) S (4 |t = ]2 78(s) 10272,
Then we estimate, using (5.6) and Sobolev embedding
10220l + (21022 Dl S €327 ()~ min2 ™, (1))

as in (6.13), (6.14), and (6.15). Then we notice that
29 t t X
@ + VDO (x, 1) = /0 / Qjk(E', 0,E", Co)(x, v, T, 1; 1) dydx,
T

S0 we can estimate using (5.6)

t
13 + 1V DOTZC, D)l go 5/ €20y~ 18221 (1)1 g < 62 (1)~ 1+
0

These bounds show that

1B (D) OF 2l go + 18 ((0) TV 07 Fl go + 18w (D () 0,071 o S 67272

The lemma follows using also (6.16)—(6.17). O

We estimate now the main terms O jl ¢ defined in (6.8). Using the identities (6.6),
we rewrite
Ny = N} + N} + N},
d ~ )
Nll (y,v,1,5) 1= ﬁ{El(y —(—1t)v+Y({y —sv,v,1,5),7)E (y,5)
v
x oMo+ W(y = sv. v, 7, ).
le(y, v, T,5) = —(BaEl)(y —(—-1tv+ ?(y — sV, 0,T,S), r)l?l-/’a(y, v, T,5)
X Ei(y, s)oyMo(v + VT/(y — sV, 0, T,S)),

N13(y, v, T,5) = —El(y —(—1tv+ ?(y — SV, 0, T,S), r)Ei(y, s)

X Wj/,a(y’ v, T, S)(aaa[M())(U + W(y — SV, U, T, S)),
(6.18)

where

Y (3,0, 7,8) = [0, — s9) Y1y — s, v, 7, 9), (6.19)
W (.0, 7,8) := [0, — s3,)W(y —sv, v, 7,9). .
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From the above decomposition, with the notation (6.9), we have

O] (.= 07 (x.0),

1=1,2,3
Lt 6.20
0]1-:,l<(x,t) :=/ [ / f Li(s—1)Ljr(x —y,v,5,1) (6.20)
0 Jo Jr3JR3
Ni(y,v, t,s)dydvdrds.
We estimate first the main term:

Lemma 6.3 For any fixedk,m € Z, m > 8_4, we have

~ 11
G0} HO Sef. (6.21)
7€10,19m/2010[0,—k—5m /3] 5es

Proof Recall (6.20) and (6.18). After integrating by parts in v, we have

t s
O}’,l(x,t)Z—////(avi/:j,k)(x_yyv,S,f)El(y’s)
’ 0 Jo JR3JR3

xEl(y —(—-—1tv+ ?(y — SV, 0,T,5),T)
oyMy(v + W(y —sv,v,T,5))dydvdrds. (6.22)

Let Jo := min{19m /20, —k — §m/3} and consider the sum over j of these terms.
We write

D 0Likvsn= Y Lz,

Jj€l0,Jo] Jj€l0,Jo+2]

i ~ d [¢<y(v) iz ' e's
L = =00t iz§ (t—s)§]
]’k(Z,U,S,t) . (pj(v) lvi{ (2 )3 33 e 1 ngok(g)ds}

(6.23)

We integrate by parts a few times in £ using Lemma 3.2 (notice that Jo + k < —10,
so the denominator 1 — iD in the integral is not singular) to see that

|2, (20, 5. 0] S Bjez jam @) (A + [t — 51257823 (1 4 212 ~10
QF 270115522, 1421 (1)) (6.24)

We decompose Zje[O,Jo] O (1) 011,1 via (6.23). Let

N
Xjk(x,s:1) I=/ / L',’j’k(x—y,v,s,t)E’(y,s)
0 JR3JR3

X El(y —(—1v+ )N’(y — sV, 0,T,5),T)
oMy(v + VT’(y —sv,v,71,s))dydvdr,

(6.25)
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and notice that, due to (6.22),

> OJk(xt)_ > / Xjx(x,s;0)ds,

j€l0,Jo] €l0, Jo+2]
Z Vi O/k(x f)— Z / Vi Xjk(x,s:1)ds, (6.26)
J€l10,Jo] €[0,Jo+2]
Y @+ |vx|>0};k(x,t> = Y Xt
J€l0,Jo] J€l0,Jo+2]

We prove now that for r € {1, co}

(s X k53 Dl
S A+t = 5126738 427015 5 21027,
(Y Ve Xk Cosi Ol
S A+t =s12973QF 270115 5 goaa (N2 ()7 (6.27)

for any k, j, s, t. Indeed, we use (6.24) to express the functions X ; ; this in terms of
trilinear operators as defined in (5.1), so that
)
X,-,k(x,s;o:/ Qjk(E. E; CY)(x,1,5,5: 1) drds,
0
cl( 1) = (1 — 5|28y =8k 2N '
X, ¥, U, 'L',S,S,t) —( +|t S| ) ( + l[]072,]0+2](]))
X279 Mo(v + W (y — sv, v, T, $)@[j-2,j121 (V). (6.28)

Moreover, if we distribute one V, derivative in (6.25) we can write

VXXj,k_ jk+X_]k’
Xj o (xs:0) :=/0 [Qjk(E,VE; CY)(x,1,5,5:1)
+ Qjk(VE, E; C*)(x, 1,5, 5:1)]dx,

N
X?,k(x,s;t) :=/0 Qjk(E, E; C¥)(x, 1,5, 5: 1) dT,

where

C2(x, y, 0,7, 8,53 1) i= (1 + |t — 5257825 + 27011520 1421(7))
X [88 + 0,0 Y2 (y — sv, v, 7, 9)12Y 9 Mo + W (y — sv, v, T, )@ j—2.j+2] (V).
C3x,y,v,ths,s:0) 1= (14|t — 5126785 + 270115, 2 10121())

x 2379, WP (y — sv, v, 7, )30 Mo(v + W (y — 50, v, T, ) j—2.j+21 (V).
(6.29)
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The formulas (6.28) and (6.29) and the bounds (3.37) show that

ACH(, 5,8 + ACH(T,5,5) S (141t = 5129758 + 2700152 4121 (1127,
ACH) (T, 5,8) S (41t = 512978 @  + 2700102 10121127 (2) 72

The bounds in the first line of (6.27) follow from (5.7). The bounds in the second
line follow from (5.5)—(5.6) for the term X/-* and from (5.12) (by summation over

ki, ky € Z) for X%,k‘
We can now prove the bounds (6.21). Notice that

Z (2k + 27‘/01[]0_2!]04_2] (]))27j 5 2k + 272./() S 2k+8m/3 4 273m/2.
J€l0,Jo+2]
We can thus use the formulas (6.26) and the bounds (6.27) to estimate

t
Om (1) E 0}:2 (t)HL] S e%/ (14 |t — s|2k)y=8@k+om/3 4 2=3m/2) gg < g209m/3
. X 0
J€l0, Jol

t
%N)X:W@ﬂwy54A0+“_Wﬂﬂfmm+rmﬁm””m
Jj€l0,Jo] *

5 8%27m+46m/3’

Also, using the Sobolev embedding when s < 7/2, we estimate

t
(t)SH(;m(z) > 0 ”Lm < 812/ (1 + | — s|25)~82k+om/3 4 p=3m/2) 4
j€10,Jo] . 12

t/2
" 812[ (323 (1 + |1 — 28 TB@EFIMA 2 7ImI2) g5 < g2,

0
03| Y VxO}Ii“)HL;o

Jj€l0,Jo]

1
5 8%/ (1 + |I _s|2k)—8(2k+3m/3 +2—3m/2)(s)—1+5 ds
t/2

t/2
+ 8%[ <t>323k(1 + |t _ Slzk)_8(2k+6m/3 +2—3m/2)<s>—1+8 dS
0

< 8%2—m+45m/3.
Finally, using the identity in the last line of (6.26) and the bounds (6.27),

(t>373/r

~ 1,1 2~8m/3
) 3 G vDOpo] , S et
J€10,Jo]

for r € {1, oo}. The desired estimates (6.21) follow from these last five bounds. O
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Finally we estimate the remainders arising in the decomposition (6.18).

Lemma 6.4 With O ' defined as in (6.20), for any (j. k,m) € A and 1 € (2, 3} we
have

13 (@0 ll0se; S €727, (6.30)
Proof Recalling the definitions (6.19) and the formulas (3.2), we compute
VT/i/,u(y, v, T,8) = —/ [(y — S)ayi E(y—(s—y)v+ ?(y — SV, 0,¥,5),Y)
— (@, —59,)Y (y — 50,0, ¥, )P E(y — (s —y)v + Y (y — s, v, ¥, 5). ¥) ] dy

and

Y (y.vTs) = / [y =)y =) E*(y = (s = )+ Y (y = 50, v, 7. 5), ¥)

+ (= D)@y — 59,0 Y (y — 50, v, 7, )IpE(y — (s — )v
+ ?(y — sV, 0,Y,S), y)] dy.

Therefore, using (6.10), in terms of the trilinear operators defined in (5.1) we can
write

t s N
Ojl.:]%(x, 1) = / f / Q; k(pE?, aaEl; Cbll)(x, y,T,s;t)dydtds,
o Jo Je

Cplx,y, v,y tsi0) =+t =529 =D E (v, 9)
X [()/ — s)Sf’ + (0, — sayi)}h;b(y — SV, 0, Y, s)]23j81M0(v + W(y —sV,0,T1,5)),

and

t N N
0};,3(x,;)=/0 fo / Qj x(E®, E'; C2)(x, y, T, 5; 1) dydzds,
T

Cgb,(x, V.U, Y, 7,85 t) =1+ |t — A9|2k)_8Ei(y, s)
x [(r =982 + @, — 50,0 (y — sv,v,y.9)]2% 8,8, Mo(v + W(y — sv, v, 7, 5)).

The bounds in Lemma 3.1 (ii) show that

ACD, T,8) S (L4 [t — 52678277 (5) 7140y,
ACE ) (v, T,8) S (14 |t — 5|2 78277 (5) 7119,

Therefore, using (5.5) and (5.8), for [ € {2, 3},

1 N
[En®0; @], S et f / (1 + [t = s[25 7827 ()" "¥0(x) ! deds
’ * 0o Jo

< e72772% min{1, 275y, (6.31)
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Moreover, using Sobolev embedding when s < 7/2 as before,

t/2 ps .
(0| @m0} 0] e S / f ()32 (1 + 1t — 51287827 (5) T () "M dds
’ x 0 0

t s
+812/ / (1 + |t — 512678277 ()" (1)~ drds < 22792 min{1, 275},
t/2J0

(6.32)
Finally, we notice that

12 t t

@+ 1900 F e = [ [ Qu@E a8 Clyt.y. i dyar,
0 Jr
t 1

@ + VDO (x, 1) = fo / Qjk(pE, E'; Cy)(x, v, 7. 1; 1) dydr.
T
and one can use (5.5) and (5.8) again to see that

< g327io%m (6.33)

ro~
LX

@ () B + VDO )]

for r € {1, co}. The desired bounds (6.30) follow from (6.31)—(6.32) and (6.33). 0O

7 Proof of Lemma 5.1

In this section we prove Lemma 5.1. The main idea is to decompose the electric field
corresponding to the variable y into its static and oscillatory parts, and then integrate
by parts in y in certain cases. Since t, s are fixed in the proof we may assume that
A*(t,s) =1, thus

IC(x, y, v, 7. T, )|+ [{(¥)3,Cx, y,v,y,7,5)| <1 foranyx,y,v,y,1,s.
(7.1)

7.1 Proof of (5.5)

We may assume that C and ICj k are real-valued, decompose E(y) = E*'“(y) +
N{e™V E“(y)} as in (3.4), and then decompose dyadically in frequency, so

Bix(R'VE, RPE;C)= > Y 9Bjx(P,R (VE), cu(y) P, R*E*; O)},

ki,ko €7 x€{stat,osc}

where ¢gqr = 1 and cp5c = eV In the following, we set kyin := min{ky, k2}.
Step 1. We bound first the contributions of the static part. Clearly

[ 0o =6 = v+ Po.o]dy < (12)
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if h e L"(R3), v € R3, and P satisfies [VyP(y,v)| S e1. Moreover
[ 106 = 6 = v PG o do < 6 bl 13

provided that h € L'(R%), y € R}, u < s € [0, T] satisfy s — u > (s)/8, and
[VuP(y,v)| S eifs).

As before, let oy := Pjp, p;'"" := Pip
(i) and the bounds (7.1) to see that

stat stat “and pp*¢ := P;p®*°. We use Lemma 3.1

19 k(R pry, RZ 0t O o v, o)y S Kk G T ) g1
s min{ || og, ()| 1 105 )| oo ok, (T[22 ||pk;“’<y)||u}
2
€]

S (T)1-250k1 } (1) '2_l€;r(7/)_l+2‘3 -min{2¥%min (7)73 ()7, (7.4)

where the operators Q; i are defined as in (5.1). Similarly, using (7.2) and (7.3) if
s—y > (s)/8ors—rt > (s)/8, together with the observation that || (., ., T, S)||Li T
||IC(9 o T, S)”LJ{_LgO < 1,

~

1Q; k(R ok, R?*p
() lok @l Lot L. ()7 1ok UL lof ()L}

Oy, Tos) e S min | og (0 Lo lops™ (D) L,

and using Lemma 3.1 (i), we see that

(1 1Q) 4 (R pry. R2p{: Oy T, )
< fi 274 () P mingaion, @), ()
~ (T>17262k| + <.L-)76 ’ ’ .

Therefore, using (5.4), (7.4) and (7.5), we have
> {IBik (P RIVE), P R2E: C) (7 9)ly
ki,kr€Z
+ ()18 (P RUVE), PeRAE™; O, 7,911 |
< 82235'"2( )2 min{272"2, (1) 72}.

Step 2. We bound now the contributions of the oscillatory parts, and we will show
that

Y 27RIBR pry e TR0 O (T 9) gy S e min{27 2, (1)
k],szZ

(7.6)
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Indeed, we estimate first as in (7.4)—(7.5) to see that for any k1, k» € Z andr € {1, oo}

() 71Q) k(R pry, e VR P OV (-, v, 1. 9) Iy
< i : min{2tm, (1)1, ()71}
~ <T>l—252k1 + (‘E)_‘S (y)1—262k2 + ()/)_5 ’ ’ ’

where we use (3.6) instead of (3.5). The bounds (7.6) follow if m, € [0, 400] or if
(1) > 29m2/8 On the other hand, if mo > 400 and (1) < 29m2/8 then we have

—k 1 —iy 122 osc.
> 27 Bj k(R pryr e VRS O, T, 8) o
{k1, ko €Z: |ka+ma|=m2 /8 or kj <—9m3 /8}

< 8% min{2~ 1172 ()~ 11y,

Itremains to bound the contributions coming fromindices ky € [—9m> /8, —Tm> /8]
and k1 > —9m,/8 when my > 400 and (1) < 29m2/8 For this we integrate by parts
in y. We start by writing

eV REpB(y — (s = Y)V + P2y, 0. ¥, T.5),8). ¥)

- (z‘ylf)‘s / e iy ORAOPE, y)elt 0oy gg D
R3

Therefore, using the definitions

4 1 fa
B;x(R' pi ,e”VR2p”“;C)(x,r,s)=7/ / / / Kjkx—y,v,1,5)
! : k2 Q)3 Jes Jrs Jrs Jiy

x C(x, 3,0, 7, TR e )y = (s = Dv + Pi(y, v, 7, 8), T)
X PO, )eV CIHEN g ()R (§)e!S ORI gy dyduds.
(7.9)

We insert cutoff functions of the form ¢-. ,(1 — & - v) and ¢<,(1 — & - v) and use the
integration by parts formula

2 — .
/ TTIENC(x, 3, v, y, T 9)pPE, V)P p(1 = £ - ) ORI T gy
3
14 !
=/ (0,005 v, 0, v, T L& v, 0, v, ) dy
13 (7.10)

1
+/ Cx, y, 0,7, T, )12, E y, v, 7,9 dy

13

+ > =Dy v T I E v ),
jeB.4)
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where

iy (—1+&-
Y ey 1 = -0y OS VRO ),

Ilp(gv y’ U, 7/75) :

i(—1+£&-v)

—elv(=1+&v) , _ —
Iip(é, Y, 0, ¥,8) = m(p>p(1 —£. v)eté-(y SU+P2(-V’U’V’T’S)){(Byposc)(é, )

+ PO (E, Y)iE - 3y Pa(y, v, 7, T, 5) ). (7.11)

For p < —4and ¢ € {1, 2} let

HL (v, y.s) = /R LpE Y vy )0 ORYE) dE, (7.12)

(2m)3
e

G<piy(y,v,7,8) == W

<p(1 =& - 0)po g,
/R3so,p( §-v)p”(E, ¥)Pr, (§) 7.13)
x R2(é&)eié-(y*(S*V)v+Pz(y,v,%T,S)) dk.

In view of these identities, for any py < —4 we can thus decompose
1 —iy 2 osc. 1 2
Bk (R iy e VR 95 C) = X <ok + (Y s + Y2yt k) (7:14)

where, with C’ := (3, C) - 13,151 (¥) + C - (So(y — 13) — So(y — 11)),

14
XEpo’kl‘kz(x,T,S) :2/ / / Kj,k(x_yv v, T7S)C(x’ Yy, v, Y, T,S)
13 R3 JR3

x (R'pi )y — (s = 1)v + P1(y, v, T, 8), T)G<py 1o (¥, ¥, ¥, 8) dydvdy,
(7.13)

Y;po,kl,kz(x’ T,8) 1= /]R/]I;@ /}R3 Kixlx—=y,v,1, $)C'(x, y, v, ¥, T,5)

X (Rlpkl)(y - (s - T)U + Pl()’, v, T, S)’ T)Hipo’kz(yv v, Y, S) dydvd%
(7.16)

14
Y2 (x,f,S):=/ / / Kix(x—=y,v,17,5Ckx,y,vY,1,5)
Po.ki.ka n Jrs I J
x (R'pi))(y = (s = v + Pi(y, v, T,5), DHZ , 4, (v, v, v, ) dydvdy.
(7.17)

Step 3. We will now prove bounds on the functions A’ ok A0 G <py i, - We claim
that

HL oty G v 7o)y + P IHL 4y v v, Ol S e12770(p)°, a18)
IH2 iy G0 v Oy + P IHZ g Covs v 9l S er2770 ()74
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and

1G <po.to (v, 7, 9)llzge S €127 (w) ™ (y) ~1H202%, 019)
1G <pota (s 0 7. )y + P IG <ot (v v Dl Ser(r)’s

for any v € RR3. Indeed, we examine the definitions (7.11)—(7.12) and rewrite

—i

YH! 60— (5 = v+ Pa(y. v, . T.9)),

2 90>[70(1 —$ : v)/o? i€z
/RS%(E)R (S)—i(—1+s~v) pe(§, y)e> = dE.

Hipo,kz(y’ v, Y,8) = —e

1
1 .
H>po,kz(Z» v, y) = W

It follows from Lemma 3.3 (ii) that

AL o o Govs s S 2770007 P)llea, g €11, 00],

and the desired bounds in the first line of (7.18) follow using (3.6) and (7.2). The
bounds on Hz , in the second line of (7.18) follow by a similar argument.

To prove the bounds (7.19) we examine the formula (7.13) and notice that if pg, k» <
4 then the functions G < x, are nontrivial only if |v| > 1. Using the bounds (3.13)

1G < poka (75 0, 7, $)| < 222270 (o) | Py p% (L ) [ S 1270 (u) () T 1200k

for any y,v € R3, as claimed. The remaining bounds in (7.19) follow from the
corresponding bounds on p(., ) and Lemma 3.3 (i).

Step 4. We return now to the proof of the main bounds (7.6). In view of the discussion
in Step 2, it suffices to show that if mo > 400 and () < 2°"2/8 then

> 279 Bj k(R pryr e VRS O (. T, 8) o
{k1,ko€Z: |ko+my|<my/8 and k1 >—9m; /8}
< efmin{271m2 ()7l (7.20)

Recall that ||K(., ., T, s)||L; Lt e, ., t, S)”L)l(Lgo < 1 (see (5.2)). We use the
decomposition (7.14) with pg = —m3/2. The function X < , k, defined in (7.15)
is nontrivial only if kp + j > —20. Using (7.1) and (7.19), we have

14
X <po.ki ko o Tl 1 5/ ok (O 1G <poier o ¥ ) llLge, dy
13 ’
226 | (7.21)
L 2p0p=igk,
~ <T>1—282k1 + (T)_‘S
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Using the trivial estimate if s — t < (s)/8 and (7.3) if s — © > (s)/8, together with
(7.19),

14
1X < podr ey (o T2 )20 S / 1G <posks v v )Ml ge, - () ok, (D g0 dy
s ) (7.22)
< g2928manpo—jtka | yoy=3 .
~ “1 <S> (T>l_282kl+<r)_8

Therefore, recalling that —j < 20 + k; and () < 29m2/8 we have

—k 24 —5my /4
> 27N X <pok ke (5 T 9) 1 o S 7270
{k1,ka€Z: |ka+ma|<m3/8 and k1 >—9m> /8}
(7.23)
Now, we proceed to estimate the contributions of the function Y. ; Dokt ko (x,1,5)

defined in (7.16). As before, we use (7.1) and (7.18) to estimate, for pg = —m /2,

1YL o kb G T2t S 10k L THL 4 G v ),
2 7.24
< €1 2—P0n28man—3my ( )
~ <.C>1—282k1 + <.[)—6

Moreover, using also (7.3) if s — v > (s)/8 and a direct L*° bound if s — t < (s)/8,
we have

1YL o ko o T lzee SUHL 0 1 Cons v 9z, - ()7 Mlogy () po
2 -3
€1 (S) 2—p028m22—3m2' (725)
~ <T>1—252k1 + (.[>—<3

Therefore, after combining the obtained estimates (7.24) and (7.25), we have

—k; 1 2~—5my /4
> 2L T ) g S ef27
{k1,ko€Z: |ko+ma|<m>/8 and k1 >—9m7 /8}

The contributions of the functions Y. 3 i
P0.K1

there is an additional factor of 22 (since C’ is replaced with C) but also a factor of
272 in (7.18). The bounds (7.20) follow using also (7.23) and recalling that (z)~! >
279m2/8 This completes the proof of the main bounds (5.5).

k, Can be estimated in a similar way, as

7.2 Proof of (5.6)

Step 1. As in Subsection 7.1 we decompose

Bix(E,.VE:C)= Y > Bji(PyE, ca(y) P, (VE®); C),

k1,ko€Z x€{stat,osc}
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where cg0r = 1 and c5 = 77 as before. As in (7.4)—(7.5), for r € {1, co} we have

(V7B k(P B P (VET); €)o7 )
g3k
(PR ()

7.26
2K 22512 i gt (g1 g )

and, as in (7.7),

()33 N1Bj k(P E. eV Py (VE™); O) (., T, 8) I
gf2h 2m2
~ <T>1—282k1 + (.L.>—8 2(1—25)m22k2 + 2—8m2
min(1, 2m2k2 2m2 (g) =1 pmathiy
(1 4 2katm2)(1 4 (7)2k1)

min{2min (7)1 27"2)3

< e2(7)22%m2 minf(r) !, 27

(7.27)

These bounds are sufficient to estimate the contributions of the static component
ESt9" and of the oscillatory component E®¢ when 2°72/8 < (z). They also suffice to
estimate the contributions corresponding to frequencies {k1,ky € Z : |ko + m3| >
my/8ork; < —9my/8 or ki < ko — m/8} in the oscillatory component E?*¢.

Step 2. As before, it remains to prove that if mo > 400 and 2°72/8 > (1) then

> 27MBj k(R prys e TR P O, T, 8) o
|ko+ma|<m2/8, ki >—m2/8+max(ky,—m2) (7.28)

5 8]2 min{z—l.lmz’ <f)_1'1},

where R!, R? are operators defined by multipliers satisfying the differential inequal-
ities (5.11).

We use the identities (7.8)—(7.9), integrate by parts as in (7.10)—(7.11), and decom-
pose Bj,k(Rlpkl,e—iVRZpg;C; C) as in (7.12)~(7.17) with pg = —m,/2. Then we
use the bounds (7.21)—(7.22) and recall that the functions X< r, k, are nontrivial
only if —j <20+ k3, so

—k
> 275 X <ok ko o T 91 0
|ko+ma|<m3/8, ky=—m2/8+max(ky,—m2)
2~28m
gy2-omz
< 2—k1 1 2p022k2
~ Z (T>17262k| + (‘C)*‘S
|ky4+ma|<m3 /8, ki >—m3/8+max(ky,—m3)
< 723 (r) P 7ma/e, (7.29)
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Similarly, using (7.24)—(7.25), for [ € {1, 2} we estimate

—k 1
> 2L e T ) o

|ko+ma|<m2 /8, ki =—m3/8+max(ky,—m2)
2~—pon—m2(3—26)
. Z —ky £727P02
~ (t)1_252k1 + (‘L’)_’S

|ko+m2|<m2 /8, k1 >—m2/8+max(ky,—m2)

< 8%238m2<7:)382—5m2/4.

(7.30)

The desired bounds (7.28) follow since 2°72/8 > (7).

7.3 Proofs of (5.7)-(5.10)

These estimates can be proved in the same way. We first decompose the electric field
in the second position into its static and oscillatory components, and decompose dyad-
ically in frequency. Then we estimate the contributions of the static components using
bounds similar to (7.26) (with different factors of 27%1 or 27%2) and the contributions
of most of the oscillatory components using bounds similar to (7.27).

After these reductions we are left with the contributions of the oscillatory com-
ponents when m, > 400 and 29m2/8 - (t), coming from frequencies {ki, k> € Z :
lka +ma| < m>/8 and k| > —m> /8 + max{—my, k2}}. Here we integrate by parts in
y, as before, and use the bounds (7.21)—(7.22) and (7.24)—(7.25) to control the corre-
sponding contributions. To get bounds similar to (7.29)—(7.30) we need to use different
cutoff values of pg: we set pg = —3m/8 for the bounds (5.7) and py = —m /2 for
the bounds (5.8)—(5.10) (the frequency k is fixed in the last two bounds, in order to
avoid the divergent sum corresponding to k; > 0, and the sum in the second step is
simply taken over frequencies ko € [—9m2 /8, —Tm>/8]).

8 Proof of Theorem 1.1

In this section we show that Proposition 2.4 implies the main result, Theorem 1.1.

Proof of global existence and uniqueness Let € > 0 and § > 0 as in Proposition 2.4
be given, and let fj satisfying the assumptions (1.4) (resp. (2.23)) be given. Then
by standard local existence theory we can find 7 > 0 and a unique solution f €
CHR3 x R? x [0, T]) to (1.2), (1.3). Moreover, by Corollary 2.3 we can decompose
the associated density p(x, t) as in (2.19), and by continuity (note that p?*¢(x, 0) = 0)
we can assume that 7 > 0 is chosen such that the smallness assumption (2.24) of
Proposition 2.4 is met.

Noting that f can be recovered exactly by integrating along the characteristics, i.e.
that by (2.4) we have

fx,v 1) = fo(X(x,v,0,1), V(x,v,0,0) + [Mo(V(x,v,0,1)) = Mo(v)],
8.1)
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and the characteristics in turn are determined by p and its derivative through the system
of ODEs (2.3), we can apply the conclusion (2.25) of Proposition 2.4 to extend the
solution f to a larger time interval [0, 7] with T’ > T, on which the splitting of the
density according to Corollary 2.3 and the corresponding smallness condition (2.24)
still hold. Hence we obtain a unique global solution f € C'(R? x R?® x R ) with
associated density p = p*'% + R{e! p°5¢} satisfying for all # > O that

”'OStat ||Stat(; + ||pOSC “ Oscs 5 €0- (82)

The corresponding splitting (1.6) of the electric field follows directly by (3.4).

We prove next the scattering statement (1.5) of Theorem 1.1:

Proposition 8.1 Assume f is a global solution as constructed above, so that in par-
ticular the associated density satisfies (8.2). Then there exists foo € L%, such that

1f(x,v,0) = foolx —tv, V)L, S €1(2)72.

Remark 8.2 Using formula (8.1) and with additional simple work on the characteris-
tics, one could obtain the formula

Joolx,v) = (fo 0 ®)(x, v) + [ Mo(@2x, ) = Mo(v)]

where ® = (&', ®?) is a C! symplectic diffeomorphism.
Proposition 8.1 essentially follows from the following lemma:

Lemma 8.3 Under the assumptions of Proposition 8.1, there exist ()N’oo, VT/OO) (R3 x
R3 x Ry — R? such that for each fixed s, we have that

1

(02 ) 1V 0, 0,80 = Yoo b, 09| 4+ W, 0,05, 1) = Woolx, 03 9)]] S £48:3)
uniformly in0 <s <t < oo.

We first show how Proposition 8.1 follows from Lemma 8.3.
Proof ofPropos:tlonS 1 assuming Lemma 8.3 Write for simplicity 1700 (x,v) =

oo(x v; 0) and Woo(x V) = Woo(x v; 0) and let

G(y.u) == fo(y + Yooy, 1), tt + Woo (v, ) + [Mo(u + Wos (y, u)) — Mo(u)]
be the (putative) scattering data from Lemma 8.3. By (8.1) we can rewrite

fx,v,t) —G(x —tv,v) = fo(x —tv+ I7(x —tv,v,0,1), v+ W(x —tv,v,0,1))
— folx — 10 + Yoo (x — 10, v), v + Wao(x — 10, 1))
+ Mo(v + W(x —tv,v,0,1) — Mo(v + Weo(x — 1, v))
=Y (x,v,t) - Ax(x,v, 1)+ SW(x,v, 1) - Apy(x, v, 1)
+6W(x,v,t)- B(x,v,t),
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where

8Y = ?(x —tv,v,0,1) — 1700()6 —tv, v),

Yy = }N’(x—tv, v,0,1), Yoo := ~oo(-x_tvvv)
SW = W(x —1v,v,0,1) — Wao(x — tv, v),
Wo := W(x — tv, v, 0, 1), Woo i= Wao(x — 1, v)

and
1
Ay = / Vifox —tv+0Yo+ (1 —0) Yo, v+ 0Wp + (1 — 0)Wso)db,
6=0

1
Ay :=/ Vo folx — tv + 0¥y + (1 — 0)Yeo, v +0Wo + (1 — 6) Wao)db,
6=0

1
B = / VoMo(v +0Wy + (1 — 0)Wso)do.
60=0

By our choice of background My in (1.3) and the assumptions on the initial data
(2.23), together with the estimate (3.36) in Lemma 3.8, which ensures that (v) ~
(v + W), we directly see that

[{v)AxliLg, + () AvllLe, S €0, I(0)Bllrg, S 1.

Letting f := G, together with the bound (8.3) for Y and § W the claim follows.

It remains to prove Lemma 8.3.

ProofofLemma 8.3 Given 0 < s <t < t’, we can write
Agrp(x,v) = Y(x,v,5,t)—Y(x,v,5,1)

t/
:/ (t—Ex+tv+Y(x, v, 1,t), 1)dt
=t

t
+ (t—39)

T=s§
[E(x+Tv+ Y, v,7,¢), 1) —E(x +tv+Y(x,0,1,1), )] dt
= es,t,t/(xs v) + ts,t,t’(xﬁ v).
A crude estimate gives
t
o0 S [ TNV E@li 1A vlde

T=s

and observing that

g(0) =TIV E@ |1 S er(r)? 2
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belongs to Ll and using Gronwall’s Lemma, we see that it suffices tobound e, ; , (x, v)
by e1(v) (t)_% to prove the claim for Y — ?m. To obtain this, we can decompose

o (. ) = €190, (0, v) + REE, (x, V),

t/
e (x, v)—/ (T —$)E*(x + v+ Y (x,v, 1,1, 1)dT.
T

vtt’
=t

On the one hand, we see that

!

t t
e, (x, v)| S / T ES (1) || LedT < &4 / (0)?2dt S e (n)®).
T

=t =t

We now consider
€05, (x, v) —/ (t —$)e TE®(x +tv+ Y (x,v,7,7), 1)dT

and do a direct normal form transformation to get

I

"“t (x,v) = [l(t—s)e_”E"“(x—i—rv+Y(x v, 7, 1), 1:)]
t/ . ~
—i/ e TEX (x+tv+Y(x,v, 1, 1), T)dT
T
—i/ e (T — ) E®(x + v+ Y(x,v,1,1), 1)dT
T

t/
_ i/ e T (T —5) ((uf 0,7 (x, v, T, t/))axj)
=t

E®(x + v+ Y(x,v,1,1), 1)dT.
Another crude integration gives that
1% 1 (x| S e (o) (1)
To sum up, we have proved that

| A0, v)] S er )y
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We can control the W variation using a similar decomposition and the above

obtained estimate of Ay ; ;/(x, v):

t,
|W(x7 v, s, t/)_W(xy U,S,t)| E /

T=

|E(x +rv+ Y, v, 1, 1), t)’dr
t

t
+/ Ex+tv+Y(x,v,1,1), 1)
T=S

—Ex+rtv+ Y(x, v, T,1), r)‘dr

/

t t
< / )2y 4 / IVeE@ i - 1Aryp(x. v)ldT
=t

T=s§

t
Ser(n)? 1 4 ed ) (1)1 f (0)?3dr S ep(uyn® .

T=§

Hence finishing the proof of Lemma 8.3.
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