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AUTOMORPHISMS OF THE KOSZUL HOMOLOGY OF A LOCAL RING

SRIKANTH B. IYENGAR, HENRIK RUPING AND MARC STEPHAN

This work concerns the Koszul complex K of a commutative noetherian local ring R, with its natural
structure as a differential graded R-algebra. It is proved that under diverse conditions, involving the
multiplicative structure of H(K), any dg R-algebra automorphism of K induces the identity map on
H (K). In such cases, it is possible to define an action of the automorphism group of R on H(K). On the
other hand, numerous rings are described for which K has automorphisms that do not induce the identity
on H(K). For any R, it is shown that the group of automorphisms of H (K induced by automorphisms
of K is abelian.

1. Introduction

This paper concerns automorphisms of the Koszul homology of a local ring induced by automorphisms
of its Koszul complex. To set the stage for the discussion, we begin with a (commutative, noetherian)
local ring R and the Koszul complex K on a minimal generating set for the maximal ideal of R, viewed
as a differential graded R-algebra. The homology of K, denoted H(K), has a structure of a graded-
commutative k-algebra, where k is the residue field of R. It is by now well understood that the structure
of K and of H(K) capture interesting information about the ring R. So it is natural to study dg R-algebra
automorphisms of K, and the automorphisms of H(K) induced by them. But in fact we were led to study
these because of recent work [14] of the second and third authors on transformation groups, answering
a question of Walker and the first author [10]. In [14] the problem arose of lifting automorphisms of
the ring R to those of H(K); it was proved that this is possible when R is the group algebra over [,
of an elementary abelian p-group. As explained in Remark 2.3, the obstructions to lifting are precisely
automorphisms of the dg R-algebra K that are nontrivial on H(K).

The present work started with the discovery that there are other interesting families of local rings R
with this property, but also families of local rings with nontrivial actions on H(K). Here is a summary of
our findings. The integer c is the embedding codepth of R, namely edim R — depth R.

Theorem 1.1. Let R be a noetherian local ring and K the Koszul complex on a minimal generating set
for the maximal ideal of R. Set c = sup{i | H; (K) # 0}. Let ¢ be an automorphism of the dg R-algebra K.
The following statements hold:

(1) Hi(p) and H. (@) are the identity maps.

(2) H(g) is the identity when R is a complete intersection.
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(3) If R is Gorenstein and H; (@) is the identity, so is H._;(¢).
(4) H (@) is the identity when Hj(K) - Hi>1(K) =0.

Part (1) is contained in Lemmas 3.2 and 3.12; part (2) is Corollary 3.4; for (3) see Lemma 4.11; and
for (4) see Corollary 4.3.

It follows from Theorem 1.1(1) that when the embedding codepth of R is at most 2, the map H () is
always the identity. The hypothesis in Theorem 1.1(4) holds when the ring R is Golod, but not only; see
the discussion following Corollary 4.3 and Example 4.5. We provide numerous examples that suggest
that the results above are the best possible. For instance, there are local rings of embedding codepth 3
with nontrivial H (¢); see Example 3.8. Also, it follows from Theorem 1.1(1) and Theorem 1.1(3) above
that H () is always the identity when R is a Gorenstein ring of embedding codepth 3, but this does not
extend to embedding codepth 4; see Example 4.12.

On the other hand, for any R and ¢, the map ¢ induces the identity on the associated graded of H (K);
see Corollary 5.9. These results seem to suggest that it is difficult to characterize rings with the property
that every automorphism of the dg algebra K induces the identity map on H (K).

To quantify the failure of this property, we consider the group, say A, of automorphisms of the k-
algebra H(K) induced by automorphisms of the dg R-algebra K. The automorphisms of K themselves
form a group under composition, and that is typically far from abelian. The result below, contained in
Theorem 6.3, came as something of a surprise to us.

Theorem 1.2. The group A of induced automorphisms on H(K) is abelian. When the residue field of R
is of positive characteristic p, then A is either trivial or has exponent p.

The exponent property is a feature of rings of positive characteristic, for in Example 6.5 we describe a
ring R for which A contains elements of infinite order.

Our goal in this work is to study actions on Koszul homology induced by automorphisms of the ring,
or of the Koszul complex viewed as a dg algebra. The issues that arise will be more transparent when
cast in a broader framework, which is what is done in Section 2. Many of our results are proved in this
generality.

2. A framework

In what follows we use some basic notions and constructions pertaining to dg modules over dg algebras;
[2] is our reference for this material. Throughout we write “(R, m, k) is a local ring” to mean that R is a
noetherian local ring, with maximal ideal m, and residue field k. A local homomorphism o : R — (S, n)
is a map of local rings such that oe(m) C n. It induces a map on residue fields k — S/n.

Definition 2.1. Consider the category, denoted &, with objects the maps f : F — R where (R, m, k) is a
local ring, F is a finite free R-module and f is an R-linear map satisfying the conditions

im(f)=m and ker(f) S mF.

Given that im( f) = m, the second condition is equivalent to the condition that the surjection f : F — m
induces an isomorphism F/mF — m/m?; this is by Nakayama’s lemma. Thus f is a free cover of m. A
morphism in F is a pair '

@, 0):(FL R — (G5 ),
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where o : R — § is a local homomorphism, ¢ is a a-equivariant map (i.e., a map of abelian groups with
P¢(rx) =a(r)¢(x) for all r € R, x € F), and the following diagram commutes:

N

!

<
C/J(TQ

=

o

It will be convenient to speak of ¢ as a lift of «. Since a(m) C n, lifts exist but there are typically many.
We are mainly interested in the automorphisms in &, namely, maps

(¢p,):(F—->R)— (F —> R),

where « is an automorphism of R; this implies that ¢ is an isomorphism. Then we can focus on the case
a=i1d R-

Definition 2.2. Given a map f : F — R as above, we write K (f) for its Koszul complex viewed as a dg

R-algebra in the usual way; K (f) is an exterior algebra on F with differential induced by f; see [4, §1.6].

Thus, K (f) is strictly graded-commutative (in that, the square of an element of odd degree is zero), and

hence so is its homology algebra that we denote H (f). The notation, adopted from [4, Definition 1.6.3],

is potentially confusing, for it is not the homology of f, but the context should dispel any confusion.
Any morphism (¢, o) in F extends to a «-equivariant morphism of dg algebras

K(¢p,a): K(f) — K(g).

This defines a functor K from the category J to the category of graded commutative dg algebras over
local rings and morphisms given by pairs of a local ring homomorphism « and an «-equivariant map of
dgas. The functor K is fully faithful: it is faithful since Ko(¢, @) =, K1(¢p, «) = ¢, and it is full since
K (f) is an exterior algebra on K;(f) = F.

The morphism K (¢, o) induces a map of graded rings

H(¢,): H(f) — H(g).

Observe that H(f) is an algebra over the residue field of R, whereas H (g) is an algebra over the residue
field of S. The map above is equivariant with respect to the map on the residue fields induced by «.

The case ¢ = idg provides the setting in the introduction. Since K is fully faithful, every dga-
endomorphism ¢ of K(f) over R is determined by the lift ¢; : K{(f) — K{(f) of idg; and ¢ is
automatically an automorphism since idg is an isomorphism.

Remark 2.3. Let (R, m, k) be a local ring and f : F — R a free cover of m. By functoriality, the
automorphism group auts(f) acts on the Koszul homology H (f) via graded Z-algebra automorphisms

autg(f) — aut(H(f)), (¢, )~ H(¢,a).

In the next section and beyond we encounter various contexts where H (¢, «) is independent of the lift ¢.
The result below is the main reason for our interest in such independence. In the statement, aut(R) denotes
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the group of automorphisms of the ring R. We wish to define a compatible aut(R) action on the Koszul
homology, H;(f), for a given i. Compatibility means that the following diagram commutes:

auty(f) —— autz(H;(f))

P
-
P
-
-
-
-
-

aut(R)
The surjective map sends an element (¢, o) to «.

Proposition 2.4. Let f : F — R be a free cover of m. If for some integer i each automorphism of the dg
R-algebra K (f) induces the identity map on H;(f), then the auty(f)-action on H;(f) descends to an
aut(R)-action.

Proof. We need to show that every element (¢, @) in the kernel of the surjection autg(f) — aut(R)
induces the identity on H;(f). This holds since the kernel consists of the pairs (¢, idg) and K (¢, idg) is
an automorphism of the dg R-algebra K (f) so that H;(¢, ) is the identity by assumption. Il

If the autg( f)-action on H;(f) descends to an aut(R)-action, then the subgroup of ring automorphisms
that induce the identity on k = R/m acts via automorphisms of k-vector spaces.

Next we recall an identification of cycles in degree one in Koszul complexes; see [4, Section 2.3] for
details. In what follows we typically describe f by specifying a matrix; it is assumed that a basis for F
has been chosen, and this basis is denoted ey, ..., e,.

Remark 2.5. Suppose that 7 : Q — R is a minimal Cohen presentation; thus, (Q, q, k) is a regular local
ring, and 77 is surjective with ker(r) € q°. Such a presentation exists when R is complete with respect to
the topology induced by its maximal ideal. Fix minimal generating sets xi, ..., x,, and ¢q1, .. ., q., for
the ideals q and ker(sr), respectively. The minimality of the Cohen presentation means that there exist
elements {a;;} in q, for 1 <i <cand 1 < j <n, such that

q,-=§ a;jx; foreachi.
j

Let xy, ..., x, be the images in R of the elements xy, ..., x,; they are a minimal generating set for the
ideal m, again by the minimality of 7. Set

pop i, g

Then f is an object in J. Set
Zi 3=Z&,'j€j forl <i <c.
J
It is readily checked that these elements are in ker( f). Hence they are cycles in K (f). In fact they form
a basis for the homology in degree one

Hi(f) = P klzil.



AUTOMORPHISMS OF THE KOSZUL HOMOLOGY OF A LOCAL RING 349

Indeed, it is easy to check that classes {[z;]}7_, are linearly independent. It remains to observe that the
k-vector space has rank c. This fact can be deduced from the isomorphism of graded k-vector spaces

H(f) = Tor(R, k).

In degree one the isomorphism above reads
1
Hi(fH=E T where I = ker().
q

Thus ranky H,(f) is the minimal number of generators of the ideal /, that is to say, c. One thinks of the
vector space I/ql as the space of relations defining R.

Remark 2.6. In the following sections we present numerous examples to illustrate the scope and limitations
of our results. The rings R that appear will typically be quotients of standard graded polynomial rings, by a
homogeneous ideal. This makes it possible to use computer algebra systems (our choice is Macaulay?2 [9])
for calculations; see Remark 4.7. When R is standard graded, the only homogeneous automorphism
of F — R that lifts the identity on R is the identity map on F. Therefore, the lifts we consider will
not be homogeneous. One can get examples of local rings from the graded ones, by localizing at the
homogeneous maximal ideal, or completing at that ideal.

In detail, say k is a field and P := k[xy, ..., x;,] the polynomial ring in indeterminates x := xy, ..., X,
viewed as a standard graded ring, that is to say, with each x; of degree one. Let R = P /I where [ is a
homogeneous ideal in (x)?, and let m be the maximal ideal (x)R of R. When dim R =0, equivalently,
when m is nilpotent, the ring R is local already. Else we can pass to the local ring Ry, or its completion
at m. Our results involve the structure of the Koszul homology ring, and the Koszul complex of R on
the sequence x is quasi-isomorphic to the Koszul complex of Ry, and also to the Koszul complex of its
completion, even as dg algebras.

The Koszul complex K of R on the sequence x acquires an internal grading coming from the grading
on R, so its homology is bigraded. It is helpful to display the ranks of this bigraded object in a table
whose entry in the i-th column and j-th row is the rank of H;(K); ;, the component in degree (i+j) of
the i-th Koszul homology; see Example 6.5. This is the Betti table of R, and it records the ranks of the
free modules (with twists) in the minimal free resolution of R over P; see [6, §1B]. The index of the last
nonzero column in the Betti table is the projective dimension of R over P, whereas the index of the last
nonzero row is its regularity.

3. Extremal degrees
Throughout this section, we fix a morphism
$.a): (FL R)— (G4 5)

in F. The issue that concerns us is the dependence of the map H (¢, ®) on ¢. We will show that
independence always holds in degree one and if « is an isomorphism, in the largest degree i with

H;(f) #0.

Remark 3.1. Let o : R — S be an isomorphism. The map H;(¢, ) is independent of the lift ¢ of « if
and only if any lift of idg induces the identity on H;(f).
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Indeed, suppose H; (¢, «) is independent of ¢. Given any lift i of idg the map ¢ o ¢ is also a lift of «,
so the hypothesis gives the second equality below:

Hi(¢, o) o Hi(Y,idg) = Hi(¢p oY, ) = H; (¢, ).
Since H;(¢, o) is an isomorphism, H; (v, idg) is the identity map, as claimed.
Conversely, say ¢ and ¢’ are lifts of «. If each lift of idg induces the identity on H;(f), then since
¢~ o¢’ is a lift of idg, one has
id=H; (¢~ a Do (¢, ) = Hi(¢, )" 0 Hi (¢, @)
and hence H;(¢, a) = H;(¢', a).

Lemma 3.2. If ¢ and  are lifts of a local homomorphism o, then

Hi(¢, o) = Hi({, o).
Consequently H (¢, o) = H (Y, o) on the subalgebra of H(f) generated by H{(f).

Proof. For any element x € F, the difference

¢(x) =¥ (x)

lies in ker g, i.e., it is a cycle in K{(g).
Since ker f € mF, acycle z € K{(f) is of the form

Z=Zr,-x,- with r; e mand x; € K{(f).
i

Therefore we get that
¢@2)—¥(2) = Za(ri)@(xi) — Y (xi).

We have already observed that the ¢ (x;) — ¥ (x;) are cycles. Since a(r;) is in n and nH (g) = 0 (see
[4, Proposition 1.6.5(b)]) it follows that each a(r;)(¢ (x;) — ¥ (x;)) is a boundary and hence so is their
sum. We conclude that ¢ (z) — ¥ (z) is a boundary in K (g), which is the desired result. Il

Remark 3.3. Fix an object f : F — R in F. Since H(f) is graded-commutative, there is a map of
k-algebras

J\ ZH\(f) — H(f).
k

This map is an isomorphism if, and only if, the ring R is complete intersection; see [4, Theorem 2.3.11].

The preceding remark and Lemma 3.2 have the following consequence. The result seems optimal for
it does not extend to Gorenstein rings or to almost complete intersections; see Examples 3.8 and 4.12.

Corollary 3.4. Let (¢, o) be a morphism in F, with source f : F — R. When R is complete intersection
the map H (¢, o) depends only on «. In particular, any R-algebra automorphism ¢ : K(f) — K(f)
induces the identity on H(f).

Proof. Since R is a complete intersection, H (f) is an exterior algebra in H;(f); see Remark 3.3. Thus
the subalgebra generated by H;(f) is the whole of H(f). Il
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With regards to the preceding result, it should be stressed that although for a fixed & : R — S, the
various maps (¢, o) induce the same map on homology, they need not be homotopic, even when « is the
identity; see Example 3.7.

Example 3.5. Let k be a field and R .= k[[xy, ..., x,,]]/(xfl, R xf.i"), where the d; > 2 are integers. Let
f : F — R be the map from Remark 2.5. Then the cycles
[ ler] . kT e]

are a basis for the k-vector space Hi(f).
Let o : R — R be a morphism of k-algebras, defined by

Ol(xi)ZZFinj fori=1,...,n.
J

For any lift ¢ of f : F — R, the endomorphism H (¢, o) of H(f) is given by
[xl.‘li_lei] — [Za(xi)di_lrijej].
J

By Corollary 3.4, this map is independent of the choice of the lift.
The next example is a special case of the last one, but there is a new feature.

Example 3.6. Let p be a prime number and k = [, the field with p elements. In the polynomial ring
k[x1, ..., x,] consider the ideals

q:=(x1,....x,) and [:=(x],...,xD).

Set R :=k[x1, ..., x,]/1; the group algebra of an elementary abelian p-group of rank n has this form.
The ring R is local with maximal ideal m := q//. Let f : F — R be a free cover of m; in particular,
H,(f)=1/ql, as explained in Remark 2.5.

One can relate H;(f) to the space of generators q/q” of R, as follows: the Frobenius endomorphism
¢ of k[xy, ..., x,] induces a k-linear isomorphism between the space of generators and the space of

relations of R

e, L
@2 = ql

Let now « : R — R be a k-algebra map. This can be lifted to a k-algebra map @ of k[xy, ..., x,] such
that (/) € I. With ¢ any lift of «, one then gets a commutative diagram

y L —— Hi(f)

lHl (¢.c)

y & —= Hi(f)

R{s
o
|

o

S Q=
=

a9
e

R{s
o

This diagram reconciles the description of the action of « on H;(f) with the one given in [14, Proposi-
tion 8.8].
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See the paragraph following Corollary 3.4 for the import of the example below. When k = [;, the
ring R in question is the group algebra, over k, of the elementary abelian 2-group of rank two.

Example 3.7. Let k be a field and set
klx1, x2]

— PN
(-xl ’ -xz)

Let F be the free R-module on basis ej, e; and [ : F L) p a free cover of the maximal ideal (xi, x»)

of R. Consider the morphism of dg R-algebras
p:K(f)— K(f), eir>ei+xe, et>e.

Then H (¢) is the identity, by Corollary 3.4; this can be checked directly. However ¢ is not chain homotopic
to the identity, as morphisms of R-complexes. For example, if it were, so would the induced map

SRR :SQr K(f) — S®r K(f), whereS:=R/xR.

However the k-vector space H{(S ®g K (f)) has a basis [e]], [x2e2], and the map induced by S ®r ¢
sends [e;] to [e1] + [x2e2].

The ring R in the next example complements Corollary 3.4, for it is an almost complete intersection
for which there are automorphisms of the Koszul complex inducing nonidentity maps on the homology.

Example 3.8. Let R be the ring Fo[12, 10, 14, #1157 < F»[[¢]) and consider the free cover of its maximal
ideal f : F — R represented by the matrix (0 10 ¢14 ¢15).

The Koszul complex of f admits an automorphism that does not induce the identity on H»>(f). It fixes
e; for i > 2 and sends e to e; + #'%¢5 + t12¢4. Thus the class

[(tlgez + tl4e3)el + tloeze3]

is sent to itself plus [t'8¢) 4+ t'%e3] - [t'0e3 + 19¢4]. We checked by hand and verified with Macaulay?2
that this product is not zero in H>(f).

Since dim R = 1 the highest nonzero Koszul homology module is H3(f), and on this module any
automorphism induces the identity map; see Lemma 3.12.

Next we examine how different lifts of o can be chosen.

Remark 3.9. It is easy to check that if 6 : F' — ker(g) is a a-equivariant map, then (¢ + §, «) is also a
morphism in F. This defines an action of the abelian group hom,, (F, ker(g)) of «-equivariant maps on
the set of lifts of . This group action is free. It is also transitive, since the difference of two lifts lands in

ker(g).

Lemma 3.10. Letn =rankg F. If o : R — S is a local homomorphism such that a(m) =n, then H, (¢, o)
is independent of the chosen lift ¢.

Proof. Let ey,...,e, be a basis of F. Thus K,(f) is a free R-module of rank one, generated by
ey A -+ Ney. It follows from the construction of the Koszul complex that re; A --- A e, is a cycle, if and
only if r is in Ann(m), the annihilator of the maximal ideal m; this is the socle of R. Since K, +1(f) =0,
we get that H,(f) is Ann(m)(e; A -+ - Aey).

We want to show that H, (¢ + 8, o) = H, (¢, &) for any é in hom,, (F, ker(g)).
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By assumption, o(m) = n and thus e (Ann(m)) € Ann(n). Since the element §(¢;) is in ker(g) C nG,
one has a(r)é(e;) = 0. This gives the third equality below:

Hy(p+38, a)([rey n---Aep]) =[a(r)(@+8)(e) A--- AP +68)(en)]
= [a(r)(@(er) +8(e)) A--- A(p(en) +5(en))]
=[a(r)p(e) A---A(en)]
= Hy (¢, a)([rex A=+ Ney)).

The others are by the definition of the maps involved. 0

Remark 3.11. Let R be a local ring and f : FF — R a free cover of its maximal ideal. We write edim R
for the embedding dimension of R, which is the minimal number of generators of the maximal ideal;
equivalently, the rank of F.

The depth of a finitely generated R-module M, denoted depthy, M, is the length of the maximal
M-regular sequence in R; see [4, Definition 1.2.7]. The depth sensitivity of Koszul complexes [4,
Theorem 1.6.17] yields that

sup{i > 0| H;(K(f) ®r M) # 0} =edim R — depth, M.

Thus Lemma 3.10 is only interesting if depth R = 0 and depth S < edim S — edim R. A better statement
holds in the special case when « is the identity map.

Lemma 3.12. Let @ : R — S be an isomorphism of local rings. For ¢ = edim R — depth R one has
H. (¢, o) is independent of the lift ¢.

Proof. 1t suffices to treat the case o« = idg; see Remark 3.1. It helps to consider a more general statement:
For any finitely generated R-module M, set

Hi(f,M) = H;(K(f)®r M) and H;(p, M) = H;(K(¢,idr) Qr M).

This is a self-map of H;(K(f) ®g M). The desired result is the case M = R of the following claim:
H (¢, M) is independent of the lift ¢, for c = edim R — depthp M.

We verify this claim by induction on depth, M. The base case is depth, M = 0, and then the claim
follows by an argument analogous to the one for Lemma 3.10.

Assume depthp M > 1, let x be an M-regular element, and consider the exact sequence of R-modules

0>M3M-—>M-—DO.

Since the maximal ideal of R annihilates H;(f, M) one gets that x - H;(f, M) = 0. Thus the exact
sequence above induces exact sequences

0 — H;i(f,M) — Hi(f, M) — H;_{(f, M) — 0.

Moreover these are compatible with the maps H; (¢, M) and H; (¢, M). Since H..1(f, M) =0, the exact
sequence above gives an isomorphism

He1(f, M) => H.(f, M).

As depthy M = depthy M — 1, the induction hypothesis implies that the map H, (¢, M) is independent
of the chosen lift ¢, so the same is true of H.(¢, M). O
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4. Products in Koszul homology
Throughout this section, we fix a morphism
¢, 0):(FL R — (G5 5)

in J. In the previous section we found conditions on the source that guarantee that H (¢, ) is independent
of ¢. In this section we will establish independence of H (¢, «) if Hi(g) - H>1(g) = 0. Moreover, we
will show that if R is Gorenstein and « an isomorphism, then the independence of H;(¢, «) is equivalent
to the independence of H._;(¢, o), where ¢ denotes the codepth of R.

Lemma 4.1. For any § in hom, (F, ker(g)) and z in H,,(f), the difference

Hy(¢p+6,0)(z) — Hyu(d, ) (z)
liesin Hi(g) - Hyu_1(g).

Proof. Let ey, ..., e, be a basis of F. We can assume without loss of generality that 5(e;) = 0 for all
j #i,where 1 <i <n is fixed.

Let L € K(f) be the graded subalgebra spanned by the ¢;’s for j # i. Note that L is closed under the
differential of K (f). Since the underlying algebra of K (f) is an exterior algebra, the graded submodules
L C K(f)ande; L C K(f) are complementary:

ei-L®L=K(f).
Fix z € H,,(f). Choose a cycle representing z and write it in the form
ei-r+r,
where r and ' lie in L. Applying the differential to this cycle, we get
O=d(ej - r+r)=d(e) r—e;-dr)+d).

The first and the third summand lie in L, and the second term lies in ¢; - L. Thus we can conclude that
d(r)=0.
Since § fixes each element of L, the maps K (¢ + 38, «) and K (¢, o) agree on r and on r’. It follows that

(K(@+68,0)—K(p, ) (ei-r+r")=8(e) - K(p, a)(r).
Since both factors on the right-hand side are cycles, we get that

H(p+38,0)(z) —H(p, ) (z) =[8(ep)]- H(¢, ) ([r])
is a product in homology as well. O

Remark 4.2. Letey, ..., ¢, be a basis of the free R-module F and fix 1 <i < n. Our proof establishes
the decomposition

Hy (¢ +6, a)(2) — Hu (¢, ) (2) € [§(e)] - Hu-1(8)
if 6 € hom, (F, ker(g)) satisfies 6(e;) =0 for all j #i.
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Observe that in the statement below the hypothesis on H,,_1(g) depends only on S and not on the
chosen free cover g. Contrast this with Corollary 3.4 which identifies conditions on R that lead to a
similar conclusion.

Lemma 4.1 gives us families of local rings, outside complete intersections, for which an automorphism
of their Koszul dg algebras induces the identity on homology.

Corollary 4.3. If H(g)H,,—1(g) = 0 for some integer m > 2, then for any morphism (¢, «) from
f:F— Rtog:G — SinJ the induced map

H, (¢, a): Hy(f) — Hp(g)
is independent of the chosen lift ¢ of «. O

The preceding result leads naturally to a search for local rings whose Koszul homology has trivial
products. Golod rings fit this bill. These are local rings characterized by the property that their Koszul
complex is quasi-isomorphic, as a dg algebra, to the trivial extension algebra k x V, where V is a graded
k-vector space; in particular, the product of any two elements in positive degree is zero; see [8], and also
[1, (2.3) Theorem]. These sources also describe various families of Golod rings; see also [2, §5.2].

Example 4.4. Let O be a regular local ring with maximal ideal g.
For any integer n > 2, the local ring S := Q/q" is Golod. Thus, for example, over any field k the
following local ring is Golod:
klx, y]
(2, xy, y1)
Any quotient ring S of Q that is Cohen—Macaulay with dim S > dim Q — 2, but not Gorenstein, is Golod.
Here is one such ring:
klix, y, z1
(32 —xz, 22 —x?y, x% —yz)’

This ring is isomorphic to k[[#3, t*, 7] € k[[¢], and so a one-dimensional domain. In particular, it is
Cohen—Macaulay. That it is not Gorenstein can be checked by applying [4, Theorem 3.2.10]. In particular,
the ring is Golod.

Rings of the form Q/1J where I and J are ideals in q tend to be Golod. For example, the local ring

kllx, y, u, v]
(2, yH) W, v?)
is Golod. However, not every such quotient need be Golod; see Example 4.5 below.
There are non-Golod local rings whose Koszul homology has trivial product structure; see, for example,
Katthin [11, Theorem 3.1]. The preceding corollary applies also to such rings.

The example below from [5, Example 2.1] illustrates that H; - H>; can be trivial, though there are
nontrivial products in Koszul homology.

Example 4.5. Let &k be a field and set

_ kix,y,z, w]
Ty, w) - (62, y2, 22 w?)
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This is a local ring of Krull dimension 0. It is not Golod because the Koszul algebra H has H; - Hy # 0.
Nevertheless H| - H; = 0 for i > 1, so Corollary 4.3 applies.

Next we present some examples that illustrate that triviality of multiplication by H; is sufficient, but
not necessary, for trivial action on Koszul homology.

Example 4.6. The following examples all concern polynomial rings over [;, in the obvious variables.
We specify only the defining relations of the ring.

defining ideal ‘ multiplication on Koszul homology
(x%, y%, xz, yz, 22 — x) H H, =0, but H H, # 0
(xz, Xy, yz, Xu, yv, Xxv — yu, u?, uv, v?) le =0=H Hy,but HHH; #0
(xz,yz,zz,wz,yz—xw) H H #0but HH; =0fori >2

The quotient rings are all local, and of Krull dimension 0. The second example is [7, Example 6.5]. All
these rings have the property that every dga-automorphism of their Koszul complexes induces the identity
on homology. For the first two, this holds by Lemma 3.2, Lemma 3.10 and Corollary 4.3. The last ring is
Example 5.10.

Remark 4.7. Let R be a quotient of a polynomial ring by a homogeneous ideal and K the Koszul complex
of R with respect to the maximal ideal that is generated by the indeterminates as in Remark 2.6. Given a
liftt ¢ : R* — R" of idg we can check if the induced map induces the identity on homology using the
package DGAlgebras [13] in Macaulay2. The command

K =koszulComplexDGA(R, Variable =>“¢e”)

builds the Koszul complex of R as a dga and denotes the generators of the underlying exterior algebra by
e1,...,e,. The induced map K (¢, idg) is created with the command

Kphi = dgAlgebraMap(K, K, matrix{{¢(e1), ..., d(en)}}),

by replacing ¢ (e;) by the actual linear combination A ;e; +- - -+ A, ;e, where (4; ;) € R"*" is the matrix
representing ¢.
A quick way to create the identity map on K (f) is

Kid = dgAlgebraMap(K, K, getBasis(1, K)),

as the command getBasis(1,K) writes the generators ey, .. ., e, as a matrix.
Finally, the command

HH(toComplexMap Kphi) == HH(toComplexMap Kid)

returns true if the two maps induce the same map on homology, and false otherwise.
When k£ = R/m is finite one only needs to check n - dimy H;(f) lifts of idg to decide whether any lift
induces the identity on homology; see Remark 6.4.

None of our criteria work for the following example. We could only verify it by a computer program
as explained in Remark 4.7.
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Example 4.8. According to Macaulay?2 the ring

Falx, y,z, w]
(x2, y2, 22, w3, yz — xw)

has the property that every automorphism of its Koszul dga induces the identity on homology. This ring is
neither a complete intersection, nor is the multiplication on Koszul homology trivial. In fact, H, - H; =0
fori > 2 but H, - Hy #0.

Adding one relation as follows negates this property.
Example 4.9. Consider the ring

. Falx, y, z, w]
o (-xzv )’2, Zza w39 yi—xw, ywz)

and the free cover f: R* 222"\ R The map

el — e+ zes, and ei—>e¢ fori#1,

2

does not induce the identity on H,(f). It sends the class [w~eje; + yweses] to

[w?eres + yweszes] + [wer] - [ze3].
We used the computer algebra system Macaulay?2 to verify that 0 # [w?e>] - [ze3].

Remark 4.10. Let R be a Gorenstein local ring and K the Koszul complex on a free cover of m. Set
¢ = sup(i | H;(K) #0).

Thus ¢ = edim R —dim R, as discussed in Remark 3.11, keeping in mind that depth R = dim R since R
is Gorenstein. The product on H (K) induces for each integer 1 <i < ¢ — 1 a pairing

H;(K) x He—i(K) — H.(K).

The Gorenstein condition is exactly that H.(K) = k and the pairing above is perfect for each i in the
given range; said otherwise, H (K) is a Poincaré duality algebra. The import of the next result, which
builds on Lemma 3.12, is that this duality is reflected in the action of the automorphisms of R on Koszul
homology.

Lemma 4.11. Let R be a Gorenstein local ring, « : R — S an isomorphism of rings, and set ¢ =
edim R — dim R. If for some integer i the map H;(¢, o) is independent of the lift ¢, then so is the map
He_i(¢, ).

Proof. As before we can assume o = idg; see Remark 3.1. Recall that H(¢, idg) and H (v, idg) agree
on H.(f) by Lemma 3.12. The desired statement follows from a more general statement about a graded
algebra H = @;_,, H; that satisfies Poincaré duality: given automorphisms ¢, ¢ : H — H with ¢; = y;
and ¢, = Y., one has ¢.—; = VY.

Indeed, by definition of a perfect pairing, the Hp-linear map

Hcfi — HomHo(Hi’ Hc)



358 SRIKANTH B. IYENGAR, HENRIK RUPING AND MARC STEPHAN

sending z € H,_; to the map given by left multiplication with z is an isomorphism. Consider the
commutative (check!) diagram

H._; —— Homgy,(H;, H,)

¢Hi lHomHO @ ¢e)

H._; —— Homg,(H;, H,)
and the analogous diagram with ¢ instead of ¢ commutes as well. By assumption the arrows on the right-
hand side of the two diagrams agree, hence so do the arrows on the left-hand side, i.e., ¢.—; = Y—;. U

To round off this discussion we give an example of a Gorenstein ring for which the map on Koszul
homology does depend on the lift, so that the preceding result seems to be the best one can hope for in
general.

Example 4.12. Consider the ring
R:=F[2 110 ¢ 13 177,

This ring is Gorenstein; see [12, Example 3.8]. Take the free cover f : F — R represented by
(22 119 ¢11 13 £17) Consider the automorphism of K () that fixes e; for i # 5, and maps

es— es+ tloeg + l9€3.
It is easy to verify that [te1e3+ (113e; +t!1es)es] is a class in H(f) and that it is sent to itself plus
[l‘1361 + 2‘1163] . [2‘1062 + l‘9€3].

We verified with Macaulay? and by hand that this product is not zero in H(f).

5. Filtrations

As in Section 2, let (R, m, k) be a local ring and f : F — R a free cover of m. We consider an additional
structure on the homology of the Koszul complex associated to f, which sheds further light on the
problem we have been considering.

The associated graded ring of R with respect to its m-adic filtration is

gr.(R) == @m’/m’“.
>0

Thus gr,,(R)o =k, and gr.,(R) is a graded k-algebra. One can extend the m-adic filtration on R to one
on K (f) as follows; see, for example, [3, §3.8].

Definition 5.1. Let J be the kernel of the canonical augmentation K (f) — k. This is a dg ideal in K (f)
with Jo = m. Setting ®' K (f) := J! for each integer > 0 yields a decreasing filtration on K (f), with

'K (f) =m' 7K (f).
Consider the associated graded object of this filtration

g K(f)=J /.
1
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It is easy to check that this is the Koszul complex on the map

gr(f) : gr(F)(=1) — gry(R),

where gr, (F)(—1) denotes the free graded gr,,,(R) module whose component in degree / is m I F/mlF.
We consider also the induced filtration on the homology of K (f), namely the image

O'H(f) =im(H(J") — H(f)).
Thus a class [z] € H;(f) is in ®'H(f) precisely when z is homologous, in K (f), to a cycle w in
m' 7 K;(f). Set
grH(f) =@ H(f)/ P T H(f).

This is a graded k-algebra since the filtration of H (f) is multiplicative. The filtration is also bounded,
thus H(f) and its associated graded gr H(f) are abstractly isomorphic as graded k-vector spaces.

It is well known that the algebras H (f), gr H(f) and the Koszul homology of gr,, R are all different
in general. We provide an example, with details.

Example 5.2. Consider the [,-algebra
_ _ Dalx,yl
BNCER SRS
and the free cover f : R? UV, R. The F>-module H;(f) has basis
z1=[x%e1 +ye] and 25 :=[y’er] = [x’es].

Since R is a complete intersection, H (f') is the exterior algebra on H;(f); see Remark 3.3. On the other
hand

as [F,-algebras, where x, y are the classes of x, y, respectively, in m/mz. Thus its Koszul homology
is three-dimensional in degree one, two-dimensional in degree two, and products of positive degree
elements are zero. In particular this algebra cannot be isomorphic to H (f), nor to gr H(f), for the latter
is isomorphic to H(f) as a graded [F,-vector space.

One can check gr Hy(f) = ®’Hy(f)/0 and gr Hy(f) = ®>H,(f)/ P> H,(f) ® ®*H;(f)/0 which
implies that products of positive degree elements of gr H(f) are zero as well. Thus gr H(f) and H(f)
cannot be isomorphic as [F;-algebras.

The constructions above are functorial in the following sense.
Remark 5.3. Taking the associated graded of a morphism
() f —¢
in J yields a map
(gro, gra): gr(f) — gr(g)
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in F. The induced morphism of dg algebras K (¢, @) : K(f) — K(g) maps O'K(f) to ®'K(g), that is
to say, it is a map of filtered complexes. We thus get a map of the associated graded objects

g K(p,a):grK(f) — grK(g)

and this map agrees with K (gr ¢, gror). This is a gr(a)-equivariant morphism of dg algebras. In the same
vein there is a map

gr(H (¢, a)) :gr H(f) — grH(g)
of graded rings.

Definition 5.4. Observe that the k-algebra gr, (R) is generated by its degree one component; said
otherwise, the natural map ¢ : sym, (m/m?) — gr,. (R) is surjective. The order of R, denoted ord(R), is
the minimal degree of a nonzero element in ker(¢). If ker(e) # 0, then ord(R) > 2, and if ker(e) =0,
equivalently, if R is regular, the order is declared to be infinity.

The following characterization of orders is well known; we give a proof for lack of a suitable reference.
Recall that K (f) is independent, up to an isomorphism of dg R-algebras, of the choice of a free cover
of m; see [4, §1.6, page 52].

Lemma 5.5. With f : F — R a free cover of m, there is an equality
ord(R) = sup{l | ®'Hi(f) = Hi(f)}.

Proof. One can assume R is m-adically complete. Indeed, let ¢ : R — R denote the m-adic completion of R.
Then R is a local ring with maximal ideal mR, and residue field k. The map ¢ induces an isomorphism of
graded k-algebras

gr.(R) = grmﬁ(ﬁ).

In particular, ord(R) = ord(ﬁ). Moreover, f =RQ® r f is a free cover of mR, there is an isomorphism
K(f)= R®g K(f) of dg R-algebras and the map

LRr K(f): K(f) — K(f)

is a lift of ¢. It is a quasi-isomorphism, for m - H(f) = 0. Moreover this map, being a map of algebras,
respects the filtrations on either side, and is a quasi-isomorphism on each level of the filtration. It
follows that H(f) and H ( f ) are isomorphic as filtered objects. It is also clear that gr(t ® g K (f), ¢) is an
isomorphism. Thus replacing R by R, we assume R is m-adically complete.

Then there is a surjection 7 : (Q, q, k) = R where Q is a regular local ring and the ideal I := ker ()
satisfies / € q%; see Remark 2.5. We adopt the notation from Remark 2.5. If =0, then R is regular, and
the desired result is clear, so we suppose [ is nonzero, so that ord(R) is finite. There is a commutative
diagram of k-algebras

sym(a/q%) —— g1,(Q)

o

sym; (m/m?) —— gr, (R)
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We fix a free cover f: F— Q of q; then R®gp f is a free cover of m. We can assume f = R Qg f, SO
that F = F /1 F. Let ¢ : K(f) = K(f) be the induced surjective map of dg algebras. The kernel of this
map is 1K (f).

Let s be the order of R. It is easy to verify that s = sup{;j | I C q/}; in particular, I can be generated
by elements fi, ..., f. with f; € q°. From Remark 2.5 we get that the k-vector space H;(f) is spanned
by cycles

zi:Za,-jej forl1 <i <c,
J

with a;; € qx_l. Thus the z; are in J*, where J is the augmentation ideal of K (f); see Definition 5.1.
We conclude that ®*H,(f) = H,(f).

It remains to show that if &' H, (f) = Hi(f) for some integer [ > 1, then I C ql. Given such an [,
there must be cycles w; in m'~! K;(f) that are homologous to the z;. Since ¢ is surjective, with kernel
IK(f), we can find elements Z;, w; in Kl(f), with w; in ql_lKl(f), and u; in Kz(f) such that for each
i one has

eZ) =z, e@)=w;, and du; =% —w; modulo IK(f).

Moreover we can ensure that d(z;) = f;. Since d(K(f)) C qK(f) we deduce that d(w;) € qlKo(f) = q’.
Thus the relations above yield

fi=dZ)=d@)eqdQ forl<ic<ec.
This is the desired conclusion. O

In the light of Lemma 5.5, in the result below one can take s := ord(S) for the free cover g : G — S,
independent of the homomorphism §.

Lemma 5.6. Fix (¢p,a): f — ginF, let § € homy (F, ker g) and let s > 0 such that [§(x)] € ®*H;(g)
forall x € F. Then H(¢p + 8, @) — H(¢, o) increases filtration degree by s — 1, i.e., restricts to a map
O H(f)— 1 H(g) foralll > 0.

Proof. We choose a basis ey, ..., e, of F. Without loss of generality, we can assume that §(e;) = 0 for
alli > 2.

Let z be a cycle whose homology class is in ® H;(f). It is sufficient to show that the difference
H; (948, a)(z)— H; (¢, @) () lies in @'+~ H;(g). Choose a representative of z in ®' K; (f) =m'~ K, (f)
and write it in the form e; - r +r/, where r, r’ are in the subalgebra L C K (f) generated by all e ; with
Jj # 1. We have shown in the proof of Lemma 4.1 that

Hi(¢+6, 0)(2) — Hi(¢, @) (2) =[5(e1)]- Hi—1(¢, a)([r]D.

From the direct sum decomposition e; - L @ L it follows that r € m~'L;_; = ®~'L;_;. Thus one
has Ki_1(¢, o) (r) € D' 7'K;(g). By assumption on s, we know that [6(e;)] € ®°H;(g) and since the
multiplication is compatible with the filtration, it follows that [§(e1)]- Hi_1(¢, a)([r]) € ®' T~ H;(g) as
desired. O

Corollary 5.7. If additionally ®' H;(f) = H;(f) and ®*~VH;(g) = 0 in some degree i > 0, then
Hi(¢p+6, ) = Hi(¢, o).
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Proof. The difference between H;(¢ + 8, «) and H; (¢, «) is an element of ®'™~! H;(g) and thus zero
by assumption. O

Example 5.8. Consider the [F;-algebra

. Falx, y, z]
T (98, y99, 7100 (50 4 50) 5Ty

and f : R® — R the obvious free cover. Macaulay? says that the Betti table of R is
01 2 3

0] 1
97 | -
98 | -
99 | -

100 | -
148 | - -
149 | - -
195 | - -
196 | - -
197 | - -
244 | - -
245 | - -

It follows that ®°H,(f) = Hy(f) and ®'°H,(f) = 0. Since ®®H,(f) = Hi(f), we apply
Corollary 5.7 with p = 98 to conclude that H,(¢, ) is independent of the chosen lift ¢.

Corollary 5.9. The map gr H (¢, o) is independent of the chosen lift ¢.

p— ]
1
1

—_— DN = = =
1

1
—_ = =

Proof. We can assume R is not regular, and then its order is at least 2, so we can choose s = 2 in
Lemma 5.6. This gives the desired result. U

Example 5.10. Consider the [;-algebra

_ Falx, y, z, w]
(2,2, 22 w2,y —xw)

and f the free cover of the maximal ideal given by the matrix (x y z w). According to Macaulay2, the
graded algebra H (f) has 31 generators:

degree 1: xeq, yes, ze3, wey + zea, wey,
degree 2: xwejey, zwejen, xwejes, Zweses, yweses,
degree 3: zwejezes, yweezes, xwejezes, xzejezes, xyejezes, Zweezeq,
ywejezeq, xweiereq, Xzeje2é4, Xxyeijerée4, Zwejezeq, yweeszeéy,
Xwejezeq, XZe1€3€4, ZWere3ey4, yweseses,

degree 4: Fwejezeszeq, ywejereszeq, xweiere3e4, X7e1e2€e3€4, Xyejenreséy.
The multiplication H - H; is trivial for i > 2, but H; - H; # 0.

Note that Hy(f) = ®*H>(f), and &> H,(f) =0 since m> =0. Thus H>(f) = ®*H,(f)/ P> H>(f) and
it follows that every dg algebra automorphism of K (f) induces the identity on H,(f) by Corollary 5.9.
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6. Induced automorphisms of Koszul homology

We have seen that in many cases the map in Koszul homology induced by some lift of a ring homomorphism
is independent of the chosen lift. However, we also have seen some counterexamples. The images of
one of the algebra generators under two different lifts just differ by a cycle of the Koszul complex. Thus
it seems natural to ask whether the map on homology only depends on the homology classes of those
cycles. This will be shown in Proposition 6.1. This has some surprising consequences for the group of
induced homology automorphisms; see Theorem 6.3.

Another consequence of Proposition 6.1 is that it reduces the cases that are required to check for
finding out if the induced map H (¢, «) is independent of the chosen lift ¢ of «.

Proposition 6.1. Let (¢, o) be a morphism from f : F — Rtog: G — SinF. If 6 € homy (F, B), where
B C ker(g) are the boundaries in the Koszul complex, then K (¢ + 8, o) and K (¢, o) are homotopic as
maps of chain complexes and thus

H(@p+6,a)=H(¢p,a).

Proof. Letey, ..., e, be a basis of F = K(f). We may assume without loss of generality that § sends
all basis vectors but e; to zero.
By assumption on §, there exists a chain s € K»(g) such that

S(e;)) =ds.

Leth: K.(f) — K.t1(g) be the map of degree one sending a basis element ¢;; A--- Ae¢;, of K, (f) to
0ifi; #iforall 1 </ <m and to

(=D'""'plei) A Ale ) AsAdle, ) A Aple,)

if i; =i for some /. We will show that / defines a chain homotopy between K (¢ + 6, «) and K (¢, o).
The difference (K(¢p +6, ) — K(¢, a))(e;, A--- Aej,), Le,

(@+de)N---N(P+b)(ei,) —lei) N N(ei,)

is zero if i; # i for all / by assumption on §, and hence equals (dh + hd)(e;; A --- A e;,) in this case as
desired. If i; =i for some /, then the difference above equals

¢(ei1) AR '/\¢(el'1,1) AdSA¢(ei[+|)/\' : '/\¢(ei,n)

by assumption on § which by a straightforward computation agrees again with (dh + hd)(e;, A--- Ne;,).
Thus K (¢ + 68, o) and K (¢, ) are chain homotopic via h. Il

This result is a first step for checking with a computer program. If ey, ..., e, is a basis of F, then an
arbitrary lift of o sends a basis element ¢; to ¢ (e;) + §; for some §; € ker g. Thus a priori, the program
needs to run through all tuples (8, ..., §,) of elements of ker g to check if the induced map in homology
is independent of the lift ¢. By Proposition 6.1, it suffices to choose a representative of each homology
class in H;(g) and run through n-tuples of such representatives.

We will use the following lemma to further reduce the number of cases that need to be checked and to
establish structural properties of the group of automorphisms in Koszul homology that are induced by
automorphisms of the Koszul dga.
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Lemma 6.2. Let two composable morphisms in F be given

¢ ¢’

F > F’ > F”
1
R ) R/ ) R//

’

o o

Different lifts are given by ¢ + 8 for § € homy (F, ker(f")) and by ¢’ + 8’ for §' € homy (F’, ker(f")).
Then the following maps are homotopic:

@ +8)0(p+8) and ¢ op+¢ 0d+8 o¢.

Proof. We denote the maximal ideals of R, R’ and R” by m, m’ and m”, respectively. The difference of
the two maps in question is 8’ 0 8. As im(8) C ker(f’) and ker(f’) € m'F’, it follows that

im(8’08) € 8'(ker(f)) € &' (M'F') S o' (m)8'(F') € m" ker(f").

Since m” - H(f”) = 0, all elements in m” ker( /") are boundaries. Thus Proposition 6.1 gives the desired
result. D

We are interested in the group aut(K (f)) of automorphisms of the dga K (f) and the induced auto-
morphisms on Koszul homology. There is a bijection

homigq, (F, ker(f)) — aut(K(f)), ¢+ K(idr 44, 1idR).

The source is an abelian group under addition and the target is a group under composition. In general this
map is not a group homomorphism. Nevertheless, we will show that it is compatible up to homotopy and
hence a group homomorphism after passing to homology.

Theorem 6.3. The map
homiq, (F, Hi(f)) — aut(H(f)), [8]1+ H(idr +6,1idg),

is a group homomorphism. Thus any two automorphisms in the image commute. Therefore when the
residue field of R is of positive characteristic p any nontrivial automorphism in the image has order p.

Proof. The map in question is well defined, since adding boundaries to the representative does not
affect the map on the right-hand side by Proposition 6.1. We apply Lemma 6.2 with F = F' = F”
and R=R = R" and ¢ = ¢’ =id and @ = o’ = id. It follows that (id +¢") o (id +-8) is homotopic to
(id 48" + 8). In particular, we get

H(id+48',id) o H(id 48, id) = H(id +8" + 6, id)

which shows that the map is a homomorphism of groups as desired. If the characteristic of k = R/m is
p > 0, then any element in the abelian group homiq, (¥, H;(f)) is trivial or has order p, hence so does
its image. 0

Theorem 6.3 has the following computational consequence.
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Remark 6.4. If the residue field k = R/m is finite and {z;}; are cycles representing a basis for H;(f),
then it suffices to check for a fixed basis ey, ..., e, of the free cover of f if for each fixed i the maps

e — e + 7, ejr—>ej for j#i,
induce the identity on homology to conclude whether every automorphism of K ( f) induces the identity
on homology.

Another implication of Theorem 6.3 is that every automorphism of H(f) that is induced by an
automorphism of the dga K (f) has finite order if the characteristic of the ring R is nonzero. Without
such a constraint on k, there can be automorphisms of infinite order. Here is an example.

Example 6.5. Consider the ring
Qlx, y, z]

R=_— 7%
(x2, xy, y2,22)

Consider the free cover f : R® 225 R of the maximal ideal (x, y, z) of R. The Betti table of R is

\0123
o1 - - -
1] - 42 -
- - 32

Fix A € Q and consider the map ¢ : R? — R> where
e]— e+ Aze3
and e, e3 are fixed. In H(f) consider the classes
z1=Ixe1l, z2=lye2], z3=lyerl, za=lze3s]l, z5=I[yeie2]. z6=I[xejez].

From Macaulay2 we get that

Qlzi, -- -, 26]
2 25"

H(f)=

It is easy to check that

H(¢,1d)(z5) = [yp(e1)er] = z5s + Alzyeser] = z5 + Azazo,

and that z47; is not zero. Thus the map Q) — aut(H (f)) that sends X to the automorphism above defines
an embedding, giving automorphisms of infinite order.
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