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ABSTRACT

Thermoelectric (TE) nanostructures with dimensions of �100 nm can show substantially better TE properties compared to the same material
in the bulk form due to charge and heat transport effects specific to the nanometer scale. However, TE physics in nanostructures is still
described using the Kelvin relation (KR) P¼ aT, where P is the Peltier coefficient, a the thermopower, and T the absolute temperature, even
though derivation of the KR uses a local equilibrium assumption (LEA) applicable to macroscopic systems. It is unclear whether
nanostructures with nanostructures with dimensions on the order of an inelastic mean free path satisfy a LEA under any nonzero
temperature gradient. Here, we present an experimental test of the KR on a TE system consisting of doped silicon-based nanostructures with
dimensions comparable to the phonon–phonon and electron–phonon mean-free-paths. Such nanostructures are small enough that true local
thermodynamic equilibrium may not exist when a thermal gradient is applied. The KR is tested by measuring the ratio P/a under various
applied temperature differences and comparing it to the average T. Results show relative deviations from the KR of j(P/a)/T � 1j � 2.2%,
within measurement uncertainty. This suggests that a complete local equilibrium among all degrees of freedom may be unnecessary for the
KR to be valid but could be replaced by a weaker condition of local equilibrium among only charge carriers.
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Integration of thermoelectric (TE) materials with microelectron-
ics is a possible means to make Internet-of-Things devices energy
autonomous or to locally cool hotspots in high-performance integrated
circuits.1 In the effort to scale down the size of TE devices to be com-
patible with microelectronic applications, it was found that nanostruc-
tures with dimensions of order 100 nm could have superior TE
properties compared to the same material in the bulk form. Much
higher TE figures-of-merit ZT2–4 as well as enhanced TE power factors
a2r (Refs. 5–8) have been reported in nanostructured TE materials.
Here, a is the thermopower, r is the electrical conductivity, j is the
sum of lattice and charge thermal conductivities, T is the average tem-
perature of a thermopile, and Z¼ a2r/j. These reports attributed
improvements in TE properties to scattering and interface effects
important to charge and heat transport in nanostructures but not in
the bulk form.

Such findings provide evidence that TE physics may differ signifi-
cantly in nanostructures vs bulk materials, but analysis of TE perfor-
mance in nanostructured thermopiles still assumes applicability of the
Kelvin relation (KR)P¼ aT,9 whereP is the Peltier coefficient. While
the KR is a bedrock of macroscopic TE physics, its validity when

applied to nanostructures is open to question as explained by the fol-
lowing argument. The KR is a specific type of Onsager reciprocal rela-
tion (ORR)10,11 applied to TE phenomena.12 The ORR was developed
to describe irreversible thermodynamic processes in macroscopic sys-
tems, and its derivation relies on a local equilibrium assumption
(LEA).13 The LEA simplifies a macroscopic nonequilibrium system by
regarding it as composed of an ensemble of subsystems each in its own
local equilibrium. Modern theoretical explorations of the ORR14–18

argue that the ORR is valid if the LEA can be considered a good
assumption. However, the LEA is questionable for nanostructures
because, as emphasized by several authors,19–22 the characteristic
length scale of a subsystem should be an inelastic mean-free-path,
because several energy exchanges must occur among all degrees-of-
freedom for a subsystem to thermalize to local equilibrium.
Nanostructures with dimensions of order an inelastic mean-free-path
have too few energy exchanging collisions to equilibrate under a ther-
mal perturbation. In crystalline solids, heat is carried by both charges
and phonons, so a true local equilibrium must involve equilibration
among all charge and lattice degrees-of-freedom. This sets the relevant
length scale as the longest of the various inelastic mean-free-paths.
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In most crystalline semiconductors near 300K, the electron–phonon
and phonon–phonon inelastic mean-free-paths ‘ are �100 nm, so the
LEA may not be a good assumption for most semiconductor
nanostructures.

In this paper, we report an experimental test of the KR in doped
Si0.97Ge0.03 nanostructures having nominal dimensions 80� 350
� 750nm3. The KR was tested following the method described in Ref.
23, where the relation P/a¼T was empirically validated in bulk
Bi2Te3 thermopiles to �0.5% measurement uncertainty.23 For the
Si0.97Ge0.03 nanostructures at the dopant concentrations used, the
inelastic phonon–phonon and electron–phonon mean-free-paths in Si
are estimated to be ‘ �100–300nm near 300K.24,25 While the effect of
3% Ge substitution on ‘ has not been investigated, as long as these
inelastic lengths are not very strongly affected, these nanostructures are
of order ‘ in dimension. Taking ‘¼ 300 nm as the longest of these
mean-free-paths, the nanostructure volume is 0.8‘3, so on average
there would be �1 energy-exchanging collision between charge carrier
and phonon, or phonon and phonon, moving through the nanostruc-
ture volume. As a consequence, under a temperature gradientrT 6¼ 0,
complete local equilibrium may not be achieved between charges and
lattice. Nonetheless, we empirically find that the KR result remains cor-
rect to within 2% measurement uncertainty, i.e., j(P/a)/T� 1j � 0.02.

The TE devices used in this experiment consisted of arrays of
Si0.97Ge0.03 “nanoblades” with the previously stated dimensions fabri-
cated on a Si wafer using an industrial “65-nm technology node”moat
etch process as described in detail previously.26,27 Si0.97Ge0.03 was used
because it has larger ZT and hence gives better signal-to-noise in TE
measurements compared to pure Si. Figure 1 shows (a) an illustration
and (b) a cross-sectional scanning electron microscope image of a ther-
mopile formed by arrays of doped nanoblades. The n-type nanoblades
were doped at n¼ 4.3� 1017 cm�3, and the p-type nanoblades were
doped at p¼ 2.2� 1017 cm�3, as determined by technology computer-
aided design process modeling. Five separate thermopiles of identical
design were measured to monitor reproducibility.

A temperature difference was applied between the top and bot-
tom of a thermopile (along its 350 nm height dimension). A resistive

thermistor integrated in-chip above the thermopile provided a heat
source, and the metal chuck of the probe station holding the test chip
acted as a heat sink [see Fig. 1(a)]. Thermistor temperature, Tsource,
was determined by measuring the thermistor’s resistance
Rtherm¼Vtherm/Itherm, where Vtherm was the voltage bias applied, and
Itherm the measured current through the thermistor. The thermistor’s
temperature coefficient-of-resistance and its equilibrium resistance at
ambient temperature (296K) were calibrated using the procedure
described in Ref. 26. Heat sink temperature, Tsink, was measured using
a commercial calibrated diode thermometer embedded in the chuck.
Tsink could be elevated using a resistive heater in the chuck.

The applied temperature difference DT¼ (Tsource � Tsink) was
thus controlled but was not the actual temperature difference DT0

across the nanoblade thermopile, indicated in Fig. 1(a), due to parasitic
series thermal resistances. Existence of nonzero DT0 across both ends
of the thermopile was confirmed by observation of open circuit voltage
(VOC) and short circuit current (ISC) both linearly dependent on DT,
see Figs. 2(a) and 2(b). While DT0 was not directly measured,
(DT0/DT) can be determined with good accuracy either by construct-
ing a detailed thermal circuit model, as in Ref. 26, or by noting that the
ratio of the measured thermopower, ameas, to true thermopower
value28 from literature, a, is (ameas/a)¼ (DT0/DT).29 Both methods
gave (DT0/DT)¼ 0.206 0.02. Temperatures Tsource and Tsink were set
so that DT could be varied from 20 to 110K, making DT0 � 4 to 22K,
while maintaining a nearly constant TAv¼ 1/2 (Tsource þ Tsink) around
350K.

Measurement protocol was as follows: The chip containing a
thermopile under test was mounted and contacted in a probe station,
and the thermopile held electrically in either open circuit (OC, forced
zero current) or short circuit (SC, forced zero voltage) conditions using
a four-terminal source-measure unit (SMU). Tsink was set using a tem-
perature controller operating the chuck’s thermometer and heater.
Tsource was set by applying an appropriate Vtherm bias to the thermistor
using a four-terminal SMU and measuring Itherm so the resistance
Rtherm corresponding to a desired Tsource was obtained. A slightly
higher thermistor bias was always required in SC compared to OC to

FIG. 1. (a) Schematic illustration (not to scale) of a nanoblade thermopile. n- and p-type nanoblades are grouped into arrays of four nanoblades and surrounded by silicide for
electrical contact. Thermopile voltage is measured as the potential difference between the nþ well silicide and the pþ well silicide. (b) Cross-sectional SEM image of a four
nanoblade group as circled in (a). Nanoblades are contacted from above by tungsten (W) plugs. The n- and p-sides are electrically connected in series by a copper (Cu)
bridge.
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achieve the same Rtherm (hence same Tsource) because of the additional
Peltier heat flow that occurs in SC but not OC. After setting all biases,
Tsource and Tsink were monitored until they stabilized to within fluctua-
tions of 60.1K, indicating the system reached steady state; this typi-
cally took 3min. In steady state, either VOC and QOC¼VthermItherm
(thermopile in OC) or ISC and QSC¼VthermItherm (thermopile in SC)
were measured using 20 readings of each quantity with 1.67 s integra-
tion time. The thermopile was alternated between OC and SC twice at
each Tsource, Tsink setting to rule out possible hysteretic effects associ-
ated with changing electrical termination.

Figure 2 shows data taken on one thermopile for (a) VOC, (b) ISC,
(c) QOC, and (d) QSC vs DT from 20 to 112K. All measurements on
this thermopile were taken with TAv¼ 3566 2K. Symbols are plotted
at the mean value of each dataset for each quantity at each DT. As
determined by the standard deviations of each dataset, measurement
uncertainty from instrumental noise was 66� 10�6 V for VOC, 6
2� 10�7 A for ISC, and 67� 10�8 W for QOC and QSC, so error bars
would be smaller than the symbol sizes used in Fig. 2. Figure 2(a)
shows VOC is a linear function of DT, so ameas corresponding to this
TAv is most accurately determined from the slope of a linear fit:
ameas(TAv)¼ dVOC/d(DT)¼ (2.71956 0.014)� 10�4 VK�1, where the
uncertainty is the standard error of the linear regression slope
coefficient.

From Ref. 30, the Peltier coefficient can be obtained as
Pmeas¼ (QSC � QOC)/ISC, where all quantities are measured at the
same TAv. Since the data plotted in Figs. 2(b)–2(d) are all linear func-
tions of DT and are taken at very nearly the same TAv, to avoid inaccu-
racies introduced by instrumental offsets, Pmeas can be more
accurately determined using the slopes of linear fits to the data in Figs.
2(b)–2(d), that is,

Pmeas ¼
dQSC

d DTð Þ –
dQOC

d DTð Þ
� �

dISC
d DTð Þ

: (1)

From the linear fits, [dQSC/d(DT) � dQOC/d(DT)]¼ (5.680 6 0.068)
� 10�7 WK�1, and dISC/d(DT)¼ (5.8306 0.054)� 10�6 AK�1. Using
Eq. (1) then gives Pmeas(TAv)¼ 0.097 436 0.002 WA�1, where the
uncertainty is determined from propagating standard errors through
the calculation.

Because (DT0/DT)¼ 0.2, parasitic thermal contact resistances
cause ameas(TAv) and Pmeas(TAv) to be much lower than the true val-
ues a(TAv) and P(TAv) of the nanoblades. However, parasitic thermal
resistances reduce ameas(TAv) and Pmeas(TAv) by the same factor,23 so
their ratio [Pmeas(TAv)/ameas(TAv)] gives the true ratio [P(TAv)/
a(TAv)] of the thermopile. From this, we get [Pmeas(TAv)/ameas(TAv)]
¼ [P(TAv)/a(TAv)]¼ 3586 7K, where the uncertainty is determined
by propagating the uncertainties in the numerator and denominator.
The 7K measurement uncertainty is <2% of the 358K most probable
value. For this thermopile, the relative deviation from the expected KR
result of TAv is then [(P /a)/TAv� 1]¼þ0.6%.

These measurements were repeated on four other thermopiles
having identical design and made on the same wafer as the thermopile
whose data are shown in Fig. 2. Table I summarizes the results. All
thermopiles have an absolute deviation from the expected KR result of
j(P/a)/TAv � 1j � 2.2%, with thermopile E having the largest devia-
tion. Four of the five thermopiles show positive deviations, i.e., (P/a)
is measured to be slightly higher than TAv. This may just be a random

FIG. 2. Data plots of (a) open circuit voltage VOC, (b) short circuit current ISC, (c) open circuit heat flow QOC, and (d) short circuit heat flow QSC all plotted against applied tem-
perature difference DT. Solid lines are least-square linear fits to the data, with fitted slope values indicated.

TABLE I. Summary of measured Kelvin relation ratios.

Thermopile
label

Pmeas/ameas

(K)
TAv

(K)
[(Pmeas/ameas)/
TAv � 1] (%)

Aa 3586 7 3566 2 þ0.6
B 3536 7 3476 2 þ1.7
C 3626 7 3576 2 þ1.4
D 3526 7 3566 2 �1.1
E 3596 7 3516 2 þ2.2

aData from this thermopile shown in Fig. 2 and detailed in the text.
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statistical variance among five samples. It could also reflect a small sys-
tematic difference between the applied average temperature TAv and
the actual mean temperature in the thermopile nanoblades resulting
from an imbalance between the thermal resistance connecting heat
source to thermopile and the thermal resistance connecting thermopile
heat sink.

The empirical agreement with the predicted KR result to within
�2% found for these TE nanostructures should be considered reason-
ably strong confirmation that the KR is valid for this system. Most
experimental tests of the KR even on bulk TE systems show agreement
to within experimental uncertainty of �5%31,32 and only rarely to bet-
ter than 1%.23,33

These nanoblades are small enough that a charge or phonon
responding to thermal perturbation will on average experience at most
a few, and plausibly less than one, charge–phonon or phonon–phonon
energy exchanges. While the number of inelastic scattering events nec-
essary to attain local equilibrium has never been quantitatively stated,
it is unlikely that so few scattering events can yield a complete local
thermodynamic equilibrium under an applied DT 6¼ 0. Nonetheless,
our results show no measurable deviation from the KR in these nano-
blades. This suggests the KR, and by extension the ORR, may be robust
beyond the strict LEA used in its derivation. We note that the elec-
tron–electron mean-free-path is estimated to be �10 nm,34 so charge
carriers probably establish local equilibrium among themselves in these
nanoblades even if they do not thermalize with phonons. We speculate
that a weaker condition of establishing local equilibrium among only
charge degrees-of-freedom may be sufficient for the KR to be valid.
This was indirectly suggested by Edwards et al.35 whose calculations
found the KR to be true in the linear response regime of a quantum
dot refrigerator operating at T� 1K where electrons never thermalize
with phonons. It is of future interest to explore how small a nanostruc-
ture volume may be needed before measurable inconsistencies with
the KR become apparent.

In conclusion, we have measured the ratio of the Peltier coeffi-
cient to thermopower in a set of silicon-based TE nanostructures and
found that this ratio is consistent with the KR to within experimental
uncertainty of 2%. This agreement holds even though the derivation of
the KR uses a LEA to describe macroscopic nonequilibrium thermody-
namics while these nanostructures are small enough that it is unlikely
they attain a true local thermodynamic equilibrium under an applied
thermal gradient. This suggests that a weaker form of the LEA requir-
ing only local equilibrium among charge carriers, and not necessarily
among other degrees-of-freedom, may be sufficient for the KR to be
valid. As a practical matter, these results provide empirical evidence
that the KR can continue to be used as an accurate description of the
relationship between a and P in nanostructured thermopiles down to
dimensions of order an inelastic mean-free-path.
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