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Abstract

There is a vast theory of Chebyshev and residual polynomials and their asymptotic
behavior. The former ones maximize the leading coefficient and the latter ones max-
imize the point evaluation with respect to an L°° norm. We study Chebyshev and
residual extremal problems for rational functions with real poles with respect to sub-
sets of R. We prove root asymptotics under fairly general assumptions on the sequence
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Constructive Approximation

1 Introduction

Chebyshev polynomials are extremal polynomials with respect to the supremum norm
on a compact set E. First discovered with explicit formulas for the set E = [—1, 1],
see [3, 4], a general theory has developed for more general sets E, with important
classical and modern developments [5, 7, 11, 27, 31]. Aspects of this theory have been
extended to the setting of residual polynomials [7] (which are extremizers with respect
to a point evaluation rather than leading coefficient) and to the setting of Chebyshev
rational functions with poles in R=RU {oo} [17].

To state the problems precisely, we make the following definitions. For ¢ € R we
denote

1
r(Z,C):{CZ’ C#OO’

Z, ¢ = OQ.

We fix a compact proper subset E C R containing infinitely many points. Connected
components of R \ E are called gaps of E. We fix a sequence of poles C = (¢x)p2,

with ¢; € R\E. The sequence C can have repetitions, which are used to designate
multiplicity: we consider the spaces of rational functions £, defined as

| P@ |
['"_{Rn(z) : PePn}, (1.1)

where P, denotes the set of polynomials of degree at most n and

R = [] @—en. (1.2)
1<k<n

€ F£00

Of course, the spaces £, could also be defined iteratively, by
L, = span lr(Z’ cn)d"} DLy, Lo={1},

where d,, denotes the multiplicity of the pole ¢, up to that point,

d, = Z 1.

1<k<n
Ck=Cn

Let || - ||g denote the supremum norm on E. We consider the two related extremal
problems:

Problem 1.1 (Chebyshev Extremal Problem)

my(c,) = sup{Re A, : IF, € L, such that || F,,||[g < 1 and F,, — A,r(, cn)d" €Ly 1}.
(1.3)
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Constructive Approximation

Problem 1.2 (Residual Extremal Problem) For x,, € R\(EU {¢x : 1 <k < n}),
my (xy) :=sup{Re Fj,(xy) : F, € Ly, |Fulle <1} (1.4)

If ¢y = oo for all k, Problem 1.1 is the standard extremal problem for Chebyshev
polynomials on E. For this reason we refer to A, still as the leading coefficient. Whereas
the Chebyshev extremal problem maximizes the leading coefficient at the pole x,. = ¢,
the residual extremal problem maximizes the value at a point x, which is not a pole.
We will use the notation x, for both problems when convenient.

For both problems, an extremal function exists (i.e., the supremum is a maximum)
and is unique (see Sect.2). The goal of this paper is to study the extremal functions
F,, and their asymptotics as n — oo.

Problems 1.1 and 1.2 have a conformal invariance with respect to the group
PSL(2, R) of R-preserving, orientation-preserving Mobius transformations. This con-
formal invariance is obfuscated by the use of polynomials in the definitions (1.1) and
(1.2), but can be made explicit in the language of divisors. Divisors on the Riemann
sphere C = C U {oo} are elements of the free Abelian group over C. They can be
implemented as formal sums or as functions D : C — Z which take nonzero values
only at finitely many points; we will find the second interpretation notationally conve-
nient. The degree of D is the integer deg D = ) . D(z), and the divisor D is integral
if D(z) > 0 for all z. We also write D1 < D», if D, — D; is integral and denote by
suppD = {z € C : D(z) # 0} the support of D. In particular, for a meromorphic
nonconstant function f : C — C, we denote its polar divisor by (f)so; the polar
divisor assigns to each pole the multiplicity of that pole, and takes zero values else-
where. Similarly, for w € C, we define (), = (1/(f — w))so. The value deg(f),, is
independent of w and corresponds to the degree of f. We also follow the convention
to set (f),, = 0, if f is a constant. For any n, we define the divisor D:° by

DX(c) =#{k: cg=¢, 1 <k <n}. (1.5)

In other words, in the functional interpretation, D3° = Y /_| X(c,}- Note that by
definition deg D;° = n. Any integral divisor D with degree n generates a n + 1
dimensional vector space

L(D) ={f :C — C| f is meromorphic and (f)eo < D}, (1.6)
and the definition (1.1) is equivalent to
Ly, = L(DY). (1.7

Now Problems 1.1, 1.2 can be unified as follows:

Problem 1.3 For a real integral divisor D,,° with deg D;° = n containing only points
in R\ E, and a point x,, € R\ E, denote d, = D>°(x,) and £, = L(DZ°) and find

F,
mp(xy) = sup{Re lim RLICN
x> 7 (x, Xy )

D Fy € Ly, || Fylle < 1} (1.8)
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The Chebyshev problem corresponds to d, > 0 (up to a permutation of ¢, ..., ¢,)
and the residual problem corresponds to d,, = 0. Throughout this paper, we work in
the general setting of Problem 1.3.

In order to state our results in a conformally invariant form, we use the following
language:

Definition 1.4 For a sequence (¢ j)Tzo in R with m > 2, we say that the sequence is
cyclically ordered if it has no repetitions and there exists f € PSL(2, R) such that
f(to) = oo and f(t1) < f() < --- < f(t,). We will also use cyclic interval
notation: for distinct a, b € R, we denote

(a,b) ={c | (a, c, b) is cyclically ordered}, a, b] = {a, b} U (a, b).

This gives a well-defined cyclic order, since PSL(2, R) transformations preserve
orientation on R.

Chebyshev polynomials for subsets of R have many universal properties; the
Chebysheyv alternation theorem compresses all these properties in a way that uniquely
characterizes the extremizer. Namely, a polynomial P, of degree n so that || P,||g < 1
has a maximal set of alternation points if there are n 4+ 1 points x; < --+ < Xp+1,
x; € E, so that

Pu(xj) = (=)=, (1.9)

Then P, is the Chebyshev polynomial for the set E, if and only if it has a maximal
set of alternation points. One way of viewing the alternation theorem is the following.
The Chebyshev polynomial, 7;,, for E has n real and simple zeros and between each
of them there should be an alternation point, which gives n — 1 of them and then there
should be one at each gap edge of the extremal gap (in this case the one containing
o0) which sums up to n + 1 points of alternation. In particular x; and x,,4+1 will always
be counted, because of the natural order of R. Similarly, residual polynomials have an
alternation theorem, which relies on a notion of an x, alternation set [7]. Furthermore,
by [7], in the polynomial case, such a set characterizes the residual polynomial: P,
is the residual polynomial for the set E if and only if ||P,|lg < | and P, has an x,
alternation set.

In the setting of rational functions the counting is essentially more delicate, and the
relative ordering of the poles and alternation points play an important role. The reason
for this is that if between two zeros there is a gap with a pole ¢}, then the sign at the
next gap edge depends on the parity of the pole. This makes it necessary to define the
following sign function:

Si) = Y Awen@ = Y D@ X0 (X).

1<k<n R
s ceR\{xy}

Recall that a function F is called real if for all z € C, F(2) = F(2).
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Definition 1.5 For a real function F € L, with ||F|gl, a set of distinct points
X1, ...,X%n € E such that the sequence (x4, X1, ..., X;) is cyclically ordered and
satisfies the following alternation property

F(xj) = (=1)ym—J=5nxp) (1.10)

forall j = 1, ..., miscalled an alternation set. We say that F" has a maximal alternation
setifm=n+1.

It should be noted that the notion of alternation set depends on the function F', the
class L, the set E, and the reference point x,.. We note that in what follows, whenever
we refer to extremal functions, we mean this in the sense of Problem 1.3.

Theorem 1.6 (Alternation theorem) A real function F € L, with |[F|lg < 1 is an
extremal function if and only if it has a maximal alternation set.

These results generalize standard results from the polynomial case: in the Cheby-
shev polynomial case, S,(x) = 0, and in the residual polynomial case, S, has one
jump which may or may not affect the alternation criterion, depending on degree.
The case of Chebyshev rational functions was also previously formulated in [17]. In
all the real extremal problems, previously considered in the literature, the extremizer
is seen to be nonconstant. However, in the setting of residual rational functions, the
extremizer can be a constant function, and the alternation theorem lets us characterize
when this happens:

Theorem 1.7 The extremal function Fy is constant if and only if the divisor D° is of
the form (1.5) for points ¢y, . . ., ¢, such that the points x4, €1,¢2, ..., ¢, areinn+ 1
distinct gaps of E.

In particular, for the Chebyshev problem, x, = ¢, so Fj, is always nonconstant.

These results will be proved in Sect. 2, along with additional properties of F; and
its zeros. Let us assume that F,, is not constant and recall that (F},)sc < D;°; we call
a point x a “generalized zero” of F, if either (F;)o(x) > 0 or if

Dy (x) = (Fu)oo(x) > 0.

Thus, this notion includes both actual zeros of F;, and places where there is a reduction
in the order of the pole compared to the maximal allowed order. These generalized
zeros are precisely counted by the divisor

DY := (Fy)o + D — (Fy)oo.

Since an alternation set is on E, note that changing x, through a single gap only
changes the alternation conditions up to an overall j-independent £1 factor. Therefore,
up to =+ sign, the extremizer F,, for Problem 1.3 is unchanged as x, varies through a
single gap of E. Thus, F}, should be regarded as an extremal function of a gap, rather
than of a single point. In particular, the Chebyshev extremizer for Problem 1.1 is the
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same (up to &£ sign) as the residual extremizer for Problem 1.2 for any x, in the
gap containing ¢,. Moreover, F, might even be extremal for more than one gap. This
phenomenon is already known for the so-called Widom maximizer defined below, and
is the content of the following corollary.

Corollary 1.8 Let F, be an extremal function for x, € (a,b). If (a;, b;) is a gap such
that |Fy(a;)| = |F,(bj)| = 1 and D,? =0on (aj,bj), then up to a 1 factor, Fy is

an extremal function for any x € (a i bj).

From deg(F;)o = deg(F;) it follows that
deg D? = deg D> = n (1.11)

so we can define the normalized pole counting measure
1
o= Z D5®(e)e (1.12)
and normalized generalized zero counting measure
. 1 0
vy = ;;Dn(c)ac. (1.13)

In Sect. 3, we consider the asymptotics of the extremal rational functionsasn — oo,
extending results about root asymptotics from the polynomial setting. For a sequence
of divisors D;° as in Problem 1.3 we define

Kc = U suppDge.

n>1
We will use the following hypothesis repeatedly in the results that follow:
Hypothesis 1.9 K¢ N E = 0 and in the topology dual to C(@), w-limy, 5 00 Un = K.

A similar combination of assumptions, but with poles away from the convex hull
of E, is used in [28, Chapter 6] to study rational interpolation. Some of our current
work mirrors our work for orthogonal rational functions [10], but that work required
a periodic sequence of poles. In this sense, in addition to studying a different extremal
problem, our current setting is more general. To the best of our knowledge all previous
works also assumed that the sequence of divisors D, is monotonic. Let further (x;;)7°
be a sequence in R \ E which does not accumulate on E.

The behavior of log| F;,| is governed by the zero and pole distributions. This cor-
responds to two Riesz representations, with log|F,,| superharmonic (respectively,
subharmonic) away from the set of zeros (respectively, poles). The limiting pole distri-
bution u directly determines the root asymptotics of the functions F;, and the limiting
zero distribution.
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We assume that E is not a polar set, i.e., the domain £ = @\E is Greenian, and
we denote by G(z, w) = Gg(z, w) the Green function and by wg(dz, x) harmonic
measure for this domain.

Theorem 1.10 (Root asymptotics) Assume that E is not a polar set, Hypothesis 1.9
holds, and (x;;)7°, be a sequence in R\E not accumulating on E. Then uniformly on
compact subsets of C \ R,

1
lim L log|F, (2)] = / Ge(z, X)du(x).
n—-oon
Moreover,

w-lim v, = /wg(dz,x)du(x).

n—o0

Our proof of root asymptotics relies on an explicit representation of F;, in terms of
the so-called n-extension E,, = Fn_1 ([—1, 1]). Representations of this type appear for
instance in [7, 27]. In particular, using E C E, and monotonicity of the Green function,
we obtain a Bernstein-Walsh type upper bound for F;, in terms of the Green functions
GEe(z, ¢). This is the major difference between the L? and the L® setting. In the L?
setting [10] an asymptotic upper bound is equivalent to Stahl-Totik regularity of the
measure, whereas in the L setting this bound holds for any #.

As in [25, Corollary 1.2], this can be used to describe the behavior of the leading
coefficient.

Theorem 1.10 generalizes known polynomial results, which correspond to the
degenerate pole distribution 4 = §~. Another notable case, related to [10], is of
a p-periodically repeating sequence of poles u = % le Sc;-

In Sect.4, we prove so-called Szeg6-Widom asymptotics for F},. To the best of
our knowledge, all previous results are only for polynomial extremal problems. Let
£ be a domain in C which contains oo and E = 9£2 be an analytic Jordan curve,
T, the associated Chebyshev polynomial and Bg denote the Riemann map that maps
£2 — D and Bg(co) = 0, normalized so that zl—l>nc}o zBg(z) > 0. Faber [13] showed

that uniformly on compact subsets of £2
lim T,Bf = 1. (1.14)
n—o0

In his landmark paper [31], Widom generalized this notion to multiply connected
domains. In the following let £2 be a domain in C which contains oo so that E = 92
is not polar. We will describe the type of results for multiply connected domains, but
refer the reader for the precise definitions and statements to Sect. 4. The correct analog
for the Riemann map for multiply connected domains is the so-called complex Green
function

Be(z. 00) = ¢ Oe(z:0)-iGe(z:o0) (1.15)

@ Springer



Constructive Approximation

—_~—

where Gg(z, 00) denotes the harmonic conjugate of Gg(z, 00). To be more precise,
since Gg(z, 00) is harmonic, Bg(z, 00) is first defined locally and then using the
monodromy theorem [26, Theorem 11.2.1] extended to a global multivalued analytic
function in £2. Due to the multivaluedness of Bg, one cannot expect that B,’E’ T, con-
verges to a single analytic function as in (1.14). For this reason, Widom considered
a related character automorphic extremal problem. Let zo € £2 and let 7 (2, z0)
denote the fundamental group of £2 with basepoint fixed at zg, and 771 (£2)* the group
of unitary characters of (82, zo); that is, group homomorphisms from 71 (£2, zo)
into T := R/Z. If F is an analytic function on 2, then we call F (7{(£2)*-)
character-automorphic with character «, if

Foyp=e*DFE vy enm(82,z4).

Let HZ () denote the space of analytic character-automorphic functions, F, in £2
which are uniformly bounded, i.e.,

|Flle :=sup |F(2)] < oo. (1.16)

z€82

In his ‘69 paper [31], Widom considered the extremal problem
sup{Re F(xy) : F € HX (), |Flle < 1} 1.17)

under the assumption that E is a finite union of C? Jordan curves and arcs and showed
existence and uniqueness of the extremizer; let us call this the Widom maximizer. Let
Xn denote the character of Bf and W,, the Widom maximizer with character y;, for the
extremal point x, = oo. If E is the finite union of C 2 Jordan curves, Widom showed
that uniformly on compact subsets of £2

BIT, — W, — 0. (1.18)

If such type of convergence holds, we say T,, has Szeg6-Widom asymptotics. The cases
of arcs turned out to be essentially harder and for non-real problems only very simple
cases such as one arc of the unit circle [8] are known. IfE C R the situation is essentially
better, since in this case there are many symmetry properties, which manifests in the
fact that the extremal function is real and allows for the explicit representation of the
type we will derive in (2.11). If E is a finite union of intervals Christiansen, Simon
and Zinchenko [7] showed that 7, has Szeg6-Widom asymptotics. In 1971 Widom
[32] also showed that (1.17) has a non-trivial solution as long as £2 is of Parreau—
Widom type. We will define this notion in Sect. 4, but mention at this place that it also
includes infinitely connected domains. Recently Christiansen, Simon, Yuditskii and
Zinchenko [5] proved Szeg6-Widom asymptotics for 7,, if E C R such that §2 is a
regular Parreau—Widom domain with Direct Cauchy theorem and this was later also
proved under the same assumptions for residual polynomials [7].
We point out that

(Tn)oo = n(BE(:, 00))o,
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which makes Bf T, analytic and in fact a normal family. Since by definition

(Fn)oo < DY

n >’

in our setting Bf should be substituted by the product of complex Green functions
associated to the divisor D:°, i.e.

B (2) = ' [ | D (¢)Be(z. o). (1.19)
C
where
Be(z. ¢) = ¢~ Ge0-iGeGo (1.20)

and the phase will be specified in Sect. 4. With this modification we prove:

Theorem 1.11 Let 2 = C \ E be a regular Parreau—Widom domain so that the Direct
Cauchy theorem holds in 2. Assume further that Hypothesis 1.9 holds, and (x;)72
be a sequence in R\ E without accumulation points in E. Then F,, admits Szegdé-Widom
asymptotics.

In Sect. 4, we will provide necessary definitions to state the above theorem more
precisely as Theorem 4.5, and provide a proof. For Chebyshev problems on Jordan arcs,
it is known that it may be necessary to add an additional factor to (1.18); cf. [29, 30].
In particular, for extremal problems which are symmetric with respect to the real line,
this factor is typically % The same phenomena can be seen in our asymptotic statement
(4.14). Since we chose to consider normalized extremal functions, the additional factor
appears in the asymptotics of the extremal function rather than in the assymptotics of
the extremal value as in [5, Theorem 1.3].

We want to highlight that this generalizes the known results in several ways. First of
all, polynomials correspond to the case that D;° = n x{o0} and so the class of functions
that we allow is more general. Secondly, we allow for a sequence of extremal points x;,
which in particular means that depending on n, F,, might be a residual or a Chebyshev
maximizer.

2 Properties of the Extremal Rational Functions

In this section we study the extremal functions for fixed n. Let us begin by acknowl-
edging that their existence follows by usual arguments. Namely, the leading coefficient
A, and the value F;, (x,) are continuous functions of polynomial coefficients of F, R,,.
Since L, is finite-dimensional, the norm ||-||g is mutually equivalent with a norm
made from the polynomial coefficients, so Problem 1.3 is an extremal problem for
continuous maps on the compact unit ball ||-|[g < 1.

Next, we describe the behavior of extremal functions under PSL(2, R) transforma-
tions. This will require the following claim from [27], for which we provide a short
proof.
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Lemma2.1 For every zo € C\R and x € R, there exists t € R such that

(z=1)(x—20)

o= | = 1 and z = x is the unique maximum.

Max. g

Proof Let f be a Mdbius transformation mapping R to D) with f(zo) = 0. Since
Mobius transformations preserve cross-ratios,

@ —20G@=0| _|fOURD=fO))|_|fR@=fO
(x —1)(z — z0) (f&x) = fO) f(2) f) = fo]
By choosing ¢ so that f(¢) = — f(x), we have
(—20)C=D| _|f@Q-fO|_fQ+[@I _,
(x —1)(z—z0) fx)— f(@) 2 a
with equality if and only if f(z) = f(x),i.e.,z = x. m]

In the next lemma, we consider the effect of a conformal transformation on the
extremal problems, so we will emphasize dependencies on the poles, the point x, and
the set E where appropriate. We denote by Fj,(z, E, D3°; x,) a maximizer for (1.8),
and by L£(D;°) the space defined in (1.6). For a divisor D and a a conformal map
f € PSL(2, R) we define the pushforward f,D = D o f~!. Lemma 2.2 is an analog
of [10, Lemma 2.1] adapted to the L*° extremal problem (1.8).

We would like to claim that the extremizers move by a conformal map f €
PSL(2, R) by

Fu(f(2), f(B), £ D% f(x4)) = Fu(z, E, D;°; x5).

However, this statement would be ambiguous until we prove uniqueness of extremiz-
ers, so we have to formulate the claim more carefully:

Lemma2.2 Letr f € PSL(2,R) and let F,(z, f(E), f«D5°, f(xx)) be a maximizer of
(1.8) for fD:°, f(E) and f(xy). Then F,,(f(z), f(E), f« D3°, f(x4)) is a maximizer
for (1.8) for D°, E and x.

Proof Mobius transformations preserve zeros and their multiplicity, i.e., for any
rational function F and any w € C,

LY (Fyw = (Fo fu.

Therefore, since pushforwards of integral divisors are integral, it follows from (1.6)
that

F € L(f,DX°) = Fo f e L(D®). 2.1)

In particular, F,(f(2), f(E), fuDy°, f(xx)) € L(D;°). Since Fy(z, f(E), fiD,°,
f(x4)) solves the extremal problem on f(E), we have

IFn(f O fB), £ D7, f ) lle = I1FaC f(B), D7, f el p@) < 1.
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It remains then to show F(z) := F,(f(2), f(E), fiD5°, f(x4)) is an extremizer
for n, E, DJ° and x,. This will follow from showing that for d, > 0

r(f@). f)™ = cr(@z x)™ € LD —x,),  (2.2)
1
r(f7N @ 2" = —r fa)" € LD = f(x),  (23)
n
for constants ¢, > 0.Indeed, given (2.2), (2.}), we suppose for the sake of contradiction

there is a F' € £(D°) with Relim,_, ,, — ) > Relim,_, ,, —

- r(x,xy)% r(x,xy)%
Fo f=' € L(fDX) by (2.1) and

. Then, since

IF o f e <1,

we contradict extremality of F(z).

To show (2.2) and (2.3), we note that for the inversions z +— —% and the affine
transformations z — az + b, b € Rand a > 0, (2.2) and (2.3) follow by elementary
computations. Since these generate the group PSL(2, R), by writing f in this group
as f = f1 o fao f3, with f1, f3 affine, f, an inversion, and applying the argument
immediately above three times, we have Lemma 2.2. O

Before we state one of the main theorems of the section, we recall that the set
supp( f)a is called the set of a-points of the function f.Polynomials or entire functions
with real £1-points play an important role for uniform approximation problems and
in the spectral theory of self adjoint operators; cf. [12, 18]. They are also intimately
related with the notion of a set of alternation.

We will write

E=R\|{Ja@i, by,

where (a;, b;) are the gaps of E, indexed by i from a countable indexing set.

Theorem 2.3 Let F,, be a maximizer for Problem 1.3. Let (a, b) be the gap containing
X

(i) F, has only real generalized zeros.
(ii) F, is real.
(iii) For any distinct points x1, x> € R such that D,?(x,-) > 1, there is a point
y € EN(x1, x2) with |F,(y)| = L.
(iv) Fy has only simple generalized zeros, i.e., DY < 1.
(v) Fy, has at most one generalized zero in each gap.
(vi) Fy has no generalized zeros in the gap (a, b) containing x.
(vii) There is a unique extremizer F,.
(viii) If F, is not constant, {z € C : F,(z) € [—], 1]} C R. In particular, all
+1-points of F, lie on R.
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(ix) If F, is not constant, let m = deg F, and let the connected components of
F,fl((—l, 1)) be called open bands of E,, := Fn’][—l, 1]. Then, there are m
open bands on E,,, Fy, is strictly monotonic on each of them and their endpoints
account for all £1 points.

(x) Fp(a) = (=) Zecaw PO ang F,(b) = (—1)2ectem D)

(xi) For any gap (a;, b;) containing a pole ¢;, either |F,(b;)| = 1 or |F,(a;)| = 1.
If DY(c;) = 1, then | F,(by)| = |Fy(a;)] = 1.

Remark Note that (iii) is stronger than saying between two zeros of F,, we find an
extremal point on the set; this statement provides extremal points between a zero and
apole ¢; at which F}, has a reduction in order.

Many of the statements in Theorem 2.3 will be proved by Markov correction argu-
ments. We will call a rational function M a Markoy correction term if M F,, € L, and
M (x,) = 0. We will define the rational function F,, = (1 — e M) F},, and note that

Fo(x F,(x
My, (xx) = Re lim L = Re lim L) = m, (xy).
x> xa 7 (X, Xy ) X 7 (2, Xy )9

If there exists € so that || F, lle < 1, then considering the rescaled function F, /1l F, lle €
Ly, we see that m,, (x4) /|| Fulle > mp(x4), contradicting the extremality of F),.

Proof of Theorem 2.3 All the conclusions are invariant under PSL(2, R) maps, so by
Lemma 2.2, it suffices to consider the case x,, = oo. In this case, E is a compact subset
of R.

(1): Suppose for the sake of contradiction that there is a generalized zero zg € C\R.
Define

~ z—t
Fo(z) = ( ) Fn(2)
2—120

z—t
=20

maximum at oo is unique and E is compact, we have || F, lle < 1, and by the discussion
above, this would be a contradiction.

(i1): Since all poles and zeros of F;, are real, we may write F;, = Aﬁn, where A € C
with |A| = 1 and F,, is real. It remains to show that A € R. Note that +F), are also
admissible functions for the extremal problem. Since F,, is extremal and F,, is real,
we have

where t is selected so that max_ g = 1, using Lemma 2.1 for x = o0. Since the

AF, F, F, F,
Re lim 7"()6) = Re lim 7’1@) > +Re lim 7"()6) =x 1l 7"()6) .
X=X (X, Xg) % X=X (X, X4 ) X=Xx p(x, Xy ) X=X p(x, Xy )n
Since Relimy_, ,, - (5 ”)fx))dn # 0, we conclude that |Re(A)| > 1 and therefore A €

{1, —1}.
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(ii1): We have SUPEN(x, .xp) | Fnl = SUPEA[x, xy [ Fnl = MaXen(x;.xy) [ Fal- Since F),
is continuous on E we only have to explain the first equality. We only argue for x
since xp follows analogously. We distinguish two cases. If F,,(x1) = 0, then clearly
the sup is not changed by adding x;. If instead D2°(x;) > O, then x; ¢ E and
(x1,x) NE=[x1,x)NE.

Now, we assume for the sake of contradiction that maxgnx,,x,] | Fz| < 1. Recalling
that x, = 00 so that Dg(oo) = 0, define the Markov correction term

1
— 5 X1 <X2
M(z; x1, xp) = { @xfemx)

G—nm—o M1 = X2

By distinguishing again the cases F;,(x;) = 0 and D °(x;) > 0, we see that in either
case M F, is continuous on EN[x1, x2]. Thus, by our assumption we find ¢ > 0 so that
maX(x,,x,]NE |ﬁn| < 1. Since on the rest of E, the norm is lowered, we may conclude
by contradiction.

(iv): Clearly, Dg(x*) = 0. With our convention x,, = oo and by (i), all generalized
zeros are in R. Suppose x € R with Dg(x) > 2. First, we take x ¢ E. We define

the Markov correction term M(z, x) = femrs Ifx ¢ E, z > M(z, x) is continuous

on E and so we may find an € > 0 such that | Fulle < 1.If instead, x € E, then we
conclude as in (iii) by continuity of M F,, that we may find a small enough € > 0 so
that || F, |l < 1.

(v): It follows from (iii) that between any two generalized zeros there must be a
point in E.

(vi): Assume there is a zero in R \ [b, a]. We use the Markov correction term

1

M(z;x) =1 4%
——, x>a
X—z

x<b

which is continuous and strictly positive on E. By continuity and compactness, for all
small enough e > 0, ||l —eM|g < 1, so F, = (1 — eM)F, once again contradicts
extremality.

(vii): Assume that there are two extremizers F,|, F2. By convexity, T,, = %(Fn1 +
Fn2) is then also an extremizer. Let y; € E be the points given by (iii) with | T,, (y;)| = 1.
We note that by (iv) there are n such points. Then since IFn1 il, |Fn2(yl~)| < 1 and
IT,(0) = 1, F\(w) = F2(w) = Tu(y) so that F}(y;) — F2(y;) = 0. Define
H, = F! — F2 and let D? denote its divisor of generalized zeros. Then D9 (x,) > 1
and D,?(yj) > 1 and we conclude that deg D,? > n + 1. Since H, € L,, this implies
H,=0and F! = F2.

(viii): We write F;, in reduced form as F,, = 5, with deg(P) = m and note that
deg QO < m so that deg(F,) = m. If F,, is nonconstant, we use a counting argument.

Take two consecutive zeros of F;,, x1 and x». If there is no pole between them, there
must be a critical value y and by (iii), it must obey | F,,(y)| > 1. Separating cases by
whether | F;,(y)| = 1, we either obtain an (at least) double zero of F ,12 — 1l aty, or zeros
on intervals (x1, y) and (y, x3). Similarly, if there is a pole y € (x1, x2), by continuity
there are £1-points on intervals (x1, y) and (y, x2).
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Thus, counted with multiplicity, there are at least two +=1-points on this interval.
The m simple zeros of P partition R into m such intervals, so we have at least 2m
total =1-points. Since deg(F;) = m, this construction gives all the +1-points of F;,.
In particular, this now also holds for the set of +a-points for any a € [—1, 1].

(ix): Let I,f be the connected components of the open set Fn_l((—l, 1)). The
previous argument shows that for a € (—1, 1), the £a-points are simple. Thus, if
F,(x) = =a, then F,(x) # 0, so by continuity, the derivative has the same sign
on each open band I,f. In particular, F,,(I,’{) = (—1,1) for each k and there are m
connected components, Fn_l((—l, 1) = U;{"zllrlf. That the endpoints of I,’f account
for all =1 points follows from the counting above.

(x): First we show the modulus is 1 at each point. If F,, = 1, this is clear. If
deg(F,) > 1, we will make use of the zeros of F;,. Suppose for the sake of contradiction
that | F;,(b)| < 1. Then, define x := min{y : F,(y) = 0}, with x > b by (vi). We have
SUP,¢[b,x] | F,,(z)| < 1 by (ix). Define the Markov correction term M (z, x) = x]Tz and
note that M < 0 on [b, x]. By the same arguments as (iii) we derive a contradiction.
The same argument at a shows | Fj,(a)| = 1.

By (vi), the sign changes on (a, co) can only occur at the poles contained in this
interval, which we orderasc¢,, < --- < ¢,,,. By (vi), F;,, has noreduction of order at the
poles at the ¢, so forat € (c,,, 00), sgn(F,(a)) = (—I)Z%(ﬂm) D@ sgn(F,(1)).
By our definition of r(z, ¢), F,, > 0 on (c,,, 00). Since |F,(a)| = 1 by our work
above, this proves the claim at a. Similar analysis at b, with the modification that the
parity of d,, contributes to the sign, completes the proof.

(xi): If F,, is constant, F;, = 1 and the claim is clear. Thus, we take F; noncon-
stant. By (x), it suffices to consider gaps (a;, b;) # (a, b). If |F,(a;)] = 1 there is
nothing to prove. If |F,,(a;)] < 1, it follows from monotonicity on the bands and
limy_, o F,(x) > 1 that there is a X; < a; with F,,(xX;) = 0. Similar considerations
hold for b;. If max{|F,(a;)|, |F,(b;)|} < 1,let x; := max{y : y < ¢, Dg(y) =1}
and x> := min{y : y > ¢, Dg(y) = 1}. By (iii) there must be y € (x1, x2) N E, with
|F,(y)| = 1. As in the proof of (x), we conclude from monotonicity on the bands
that either y = a; or y = b;. If D,(l)(ci) = 1, we conclude in the same way that there
is y1 € (x1,¢1) and y € (eq, xp) with [F,(y;)| = 1 and finally that y; = a; and
V2 = b;. O

Theorem 2.4 Let F € L, be real and Dg its generalized zero divisor. Then, any set of
alternation points has at mostn + 1 — D,(l)(x*) points.

Proof Setm = DY(x,) > 0 and let y; € R\{x,} be the k points with DY(y;) > 0,
where regardless of its multiplicity each point appears only once. Since deg DS =n,
we see that k < n — m. Adding x, to this list, we cyclically order the points as
(X4, Y1, - -+, Yk). We note that these points cannot be part of an alternating set, as
they either are zeros of F, or coincide with some ¢; ¢ E or x, ¢ E. We also write
Yo = Yk+1 = Xx.

Fix1 < j < k+1.Ontheinterval (y;_1, y;), F hasno generalized zeros, so the sign
changes of F only occur at poles, according to the divisor D°: if (x1, x2) C (y =1, Yj)s
and x1, xp are not poles, then

F(x)) = (_I)Zce(xl,x2>D3°(c)F(xl) — (_I)Sn(-xz)_Sn(xl)F(x])' (2.4)
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Thus, x1, x2 cannot be two consecutive points of the same alternation set, because by
the definition of alternation set, this would imply F(x) = (—1)!+Sn@2)=S:&0 p ()
and lead to contradiction. Thus, any alternation set has at most one point in each interval
(yj—1,yj) for1 < j < k + 1, so any alternation set has atmostk +1 <n —m + 1
alternation points. O

The above theorem justifies the following definition.

Definition 2.5 We say that F,, has a maximal set of alternation points if it has a set of
alternation points of size n + 1.

Theorem 2.6 If F,, is the maximizer for (1.8), then it has a maximal set of alternation
points.

Proof Due to Theorem 2.3(vi), D,? (y) = Oforall y € (a, b) and therefore, using (1.11)
and Theorem 2.3(ii),(iv), there is a cyclically ordered sequence (b, yi, ..., ¥, a), SO
that Dg(yi) = 1. By Theorem 2.3(iii), for 2 < j < n, there is a point x; € (y;—1, y;)
and x; € E, so that |F},(x;)| = 1. We claim that together with x,1; =aandx; =b
these points form a maximal set of alternation points.

We start with x,,+1 and x1. Let (a, b) be the gap containing x,.. We have

Si@ = > D).

ce(a,xy)

Thus, it follows directly from Theorem 2.3(x) that x, 11 = a is an alternation point.
Similarly, we see that

Sab)= > D)

ce(b,xy)

and therefore since deg Dg =) .DxX(c) =nand D°(b) =0,

ntl—1-8®m =YD - Y D= Yy D@

ce(b,xy) celxy,b)

Thus, again by Theorem 2.3(x), also x; = b is an alternation point in the above sense.

Now for j > 1 take x;, x; 11 and y; € (x;, x;4+1) and assume that x; is an alterna-
tion point. Note that all sign changes of F), correspond either to a pole of F), or to y;.
Thus,

1+ ce(x;,x; Dzo()
Fulxj) = (=) et PO, 23)

This is easily seen if D;°(y;) = 0. If D;°(y;) > 0, then (F,)o0(yj) = D;°(y;) — 1
and (2.5) still holds. On the other hand

Su(xj) = Sp(xjpn) = Y. DX(0).

ce(xj,Xjy1)
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Therefore, x;,1 is also an alternating point. Thus, by induction we conclude that
{x; }?:11 form a maximal set of alternation points for F,. m|

We also have a form of converse to Theorem 2.6, which we prove as the following
theorem.

Theorem 2.7 If F € L, is real and has a maximal alternation set, then F is the unique
maximizer for Problem 1.3.

Proof Let F € L, be real and suppose that it has a maximal set of alternation points
{x1, ..., xn41}. By relabeling, we assume the cyclic ordering (x4, x1, ..., Xp+1). By
Theorem 2.4, if F has an alternation set with n + 1 points, then (F)so(xx) = dj.
Therefore, we can define limy_, ,, F(x)/r(x, x*)d" =: oy € R\ {0}. It is convenient
to rephrase our extremal problem: F), solves (1.3) if and only if F, = AL”FH solves
the dual problem

. ~ . Fo(x) ~
inf{|| Fy ||g : xlin)} r(_an)dn =1, F,eLl,} (2.6)
* s Ak

By this duality and Theorem 2.3(vii), it will suffice to show F := %F is also

an extremizer for (2.6); |Flle = | Fulle. Suppose that IFlle > |IFlle. We define
H, = F — F, and denote its generalized zero divisor by DS. Our normalization
implies that D,?(x*) > 1. Since sgn(H, (x;)) = sgn(F(x;)), we have sgn(H,(x;)) =
(—=1)H1=i=5)) for 1 < j < n+ 1. By the computation (2.4), we conclude that there
must be y; € (xj,xj41) with Dg(yj) > 1for 1 < j < n. Thus, deg(DS) >n+1,
which contradicts H,, € L,,. m]

In particular, the proof of Theorem 1.6 is now complete and we may prove
Corollary 1.8.

Proof of Corollary 1.8 We let {x1, ..., x,41} be an alternation set for F,, and the point
X, With cyclic ordering (x4, X1, ..., X,+1), Wwhere werecall thatx; = aand x, 1 = b.
By definition of §,, we see that for 1| < ¢ < n we have

Fu(xe) _1)1+Zc€wx(+1) D)

nlxe) 2.
Fn(xl-i-l) =0
However,
F, 0o
- E::; — (_I)Zce(a,b) Dn (c), (28)

which is easier to see by using the expressions in Theorem 2.3(x). The difference
between (2.7) and (2.8) is manifested in the fact that S, is anchored at x, € (a, b).
Moreover, by Theorem 1.6, if there exists a set {xy, ..., x,+1} which can be cyclically
ordered so that F), satisfies (2.7) and (2.8), then for any x, € (a, b) up to a factor +1,
F,, is the maximizer of (1.8).
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(x).

There is 1 < k < n so that xi € (X, Xk+1). Let us order the y; with D c(i) =1
cyclically as (a, b, y1, ..., y4). The assumption DS =0on(a;,b;) 1mpl1es aj,b; e

(¥i,» yi+1) forsome 1 <i <n —1.By (ix), a; and b; are the only points in (y;, yi+1)
with | F,,| = 1, and since there is exactly one of the x; in each of the (y;, yi+1), one
and only one of a; and b; is in the alternation set {xp, ..., x,41}. Without a loss of
generality we take x; = a;. We now claim the set {x1, ..., xx, bj, Xg41, ... x5} will

Denote by x7 apointinthe gap (a;, b;). Let S (x) = ZceR\{ Dy ©)X,J

xc)

form our alternation set. Since S,{ is now anchored at x;f € (aj, b;), we need to check
(2.8) for the gap (a;, b;). From the assumption that DS = Oon(aj, b;) it follows that

Fn(aj) — (_I)Zce(aj,bj)DZo(c).

Fo(bj)
By the assumption that {xi, ..., x,4+1} form an alternation set (for S,), (2.7) (for
;) is clearly satisfied for {xi,...,xx} and for {x;,1,...,x,}. Using again that
{x1, ..., X441} form an alternation set and that a; = x;, we have

Faaegn) = (1) T 2eetenin PROE, () = (1) et P71
DOO
(—1y>eabp i (“)F (bj)
1
— (_1) +Z:ce(b Xk+1) F (b/)

Thus, (2.7) is also satisfied for x¢41 and b;. Similarly we can check (2.7) for x,, and

x1 and conclude that up to a factor of =1 F}, is also extremal for x;‘. O

Remark 1In the above argument, one could have removed x| and kept x4 to form an
alternation set for x7.

Next, we describe when the extremizer is constant:

Proof of Theorem 1.7 Suppose E takes the above form. Without a loss of generality
we assume that (x4, ¢, ..., ¢;) are cyclically ordered. Then, (bg, ag, x1, ..., Xn,—1),
where x; € EN(¢y, ¢o+1) for 1 < € < n — 1 forms a set of alternation for F,, = 1. By
Theorem 2.7, F), is the maximizer for (1.8).

Suppose now the set is not of the above form. If there is a ¢; with D;°(¢c;) > 2,
by (iv), the extremizer F,, is nonconstant. If there are two distinct poles ¢; and ¢; in a
single gap, then F,, cannot be constant by (v). In either case, F; is nonconstant. O

We record a final corollary of Theorem 2.6.

Corollary 2.8 If the extremal function F, is not constant, then deg F,, > (%1

Proof By Theorem 2.6, F, has at least f%} points with |F;,| = 1 with the same
sign Thus, if F, is nonconstant, it has degree at least (%], and we can have at most
L J cancellations. O
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The setE, = F,” 1 ([—1, 1]) is called the n extension of E. Note that by definition
itis an extension, i.e., E C E,. Theorem 2.3, particularly the locating of £1 points in
(viii) allows us to characterize this set with more specificity in the following theorem.

We recall our ternary order, and let u;, v; € E\fi withv; € [a;, b;]and u; € [a;, v;].
Then

Theorem 2.9 For F, nonconstant, the n extension of E is of the form

E,=EU U[Mi, v;]

i>1

with [u;, v;] € [a;, b;].
The following cases are possible:

(1) The gap remains unchanged, corresponding to u; = v; = a;.

(2) Eis extended on one edge, corresponding to a; = u; and v; # u;, v; # b;, or on
the other side, vi = b; and u; # a;, u; # v;.

(3) Aninternal interval is added, corresponding to [u;, v;] C (a;, b;), u; # v;.

(4) The gap (a;, b;) may close, corresponding to a; = u; and b; = vj.

Moreover, in the following cases there is not extension into a gap:

(i) If x4« € (a;, b;), then this gap remains unchanged, i.e., u; = v; = a,.
(ii) If there is a pole ¢; € (a;, b;) and Dg (¢;) = 1, then this gap remains unchanged,
ie., u; = v; = Q.

Remark (i) Aswe will see in the proof, for gaps (a;, b;) containing poles of F},, which
is guaranteed for D °(c;) > 2 by (iv), only the first three behaviors are possible.

(i) If there is an interval added to E, as in (3) above, then this is always related
to a zero x; of F;, and moreover |F,(a;)| = |F,(b;)| = 1. Clearly, if this zero
approaches a pole, the interval around it becomes smaller. In this sense (ii) of the
above theorem can be viewed as a limit of such situations, where the additional
interval degenerates to a point.

Proof Applying conformal invariance of the setting, we assume again that x, = oo
and E is a compact subset of R. Since we will prove (i) independently, we can assume
that all extensions occur in bounded gaps. We first note that any internal interval cannot
degenerate to a point, i.e. when u; = v; in (3), since due to 2.3(ix) there are m open
bands and their endpoints account for all &1 points. Thus, if the extension of the gap
is not of the above form, then there would either be more then one internal interval, an
extension on both sides or an extension combined with an internal interval. All cases
imply that there are open bands Iy = (y, , y,:r), k = 1,2, so that yfr, y, ¢ E. Let
x denote the simple zero of F; on these open bands. Using that |F,,| < 1 on I; and
y{", y, ¢ E, we see that max(y, x,)ne |F,| < 1, contradicting Theorem 2.3(iii).

Let us now prove (i): Due to (x) and (ix) of Theorem 2.3, an extension would contain
an open band that lies entirely in (a;, b;). Therefore in particular, this would lead to a
zero of F, on the extremal gap contradicting (vi) of Theorem 2.3.

It remains to prove (ii): In this case again due to (xi) and (ix) of Theorem 2.3,
this would lead to an open band that lies entirely in (a;, b;) forcing F,, to have an
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additional zero in this gap. But since already D, (¢;) = 1, this would contradict (v) of
Theorem 2.3. O

In the following let us assume that F;, is nonconstant so that @\ E,, is Greenian. Note
that due to Theorem 2.9(3), E,, is a finite union of proper intervals and in particular is
regular for the Dirichlet problem. We define

Bu(2) = € [ [ (F)oo(€) Be, (2, ©), 2.9)

and normalize the phase of B, by the condition

lim B, (x)r(x, xx)% > 0. (2.10)
X—> Xy

Recall that in general Bg, (z, ¢) define multivalued _functions. However, we will show
that their product B, (z) is in fact single valued in C \ E,,.

Theorem 2.10 B, is a single-valued analytic function on C\E, and

1 1
Fa(@) =3 <Bn(z) + = (Z)). 2.11)

Proof Recall that E,, = {z € C: F, (z) € [—1, 1]}. Therefore, since the Joukowsky
map J(¢) = % ({ + %) maps D conformally onto @\ [—1, 1], the function

W, (2) = J T (Fa(2)),
is well defined and single-valued in @\En. Moreover, for x € E,, lim,_,; ¥, ()| =1

and ¥, (z) has a zero of multiplicity (F;)xo(c) at each ¢. Thus, we conclude by the
maximum principle that

—log |, (2)| = Z(Fn)oo(c)GE,l (z,¢) = —log[Bn(2)|.

Thus, by adding the complex conjugate, B, is defined up to a unimodular constant c.
Finally,

0 < lim —— =3
X—> Xy r(x, x*) n 2 xXx— Xy

1

2 x—>xx ¢B, (X)r(x, x4 )%

Fu(x) 1 i ( cBy,(x) 1 )

r(x, x*)d" By (x)r(x, x*)d"

Using the normalization (2.10), we conclude ¢ = 1 and obtain (2.11). m]

This has the following consequence:
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Lemma 2.11 Let F, be represented as in (2.11) and let I, be an open band of E,,. Then

1= (Fa)oo(©)wE, (I, ©). (2.12)

Cc

Proof Recall that
Fu(z) = J(Bn(2)) (2.13)

and that F;, is strictly monotonic on I,,. That is, either F;, increases from —1 to 1 or
decreases from 1 to —1 strictly monotonically. Let I, = (a, b). Since J : dDNCy —
(—1, 1) bijectively, it follows from the definition of 7, and (2.13) that

|arg B, (b) — arg By(a)| = .

By using the Cauchy-Riemann equations, we get

b
0G
arg By, (b) — arg B, (a) = / 8n =) dx.
" n
On the other hand
190G ,
e, (dx, ¢) = ~ 0GBE0 )
on
Thus, we get

arg B, (b) — arg By(a) = Y _(Fy)oo(©)wg, (I, ©)

C
and the claim follows. O
We finish this section with a Bernstein-Walsh lemma for rational functions.

Lemma 2.12 Let K C C be a compact, nonpolar set such that C\ K is connected.
Let h be a meromorphic function on C Then,

|h(z)] < XM ©Gx.0) (2.14)
Il

If we assume in addition that K C R and that h is real, then

lh@ _ 1 (ezc(h)oo(c)GK(z,c) +e—zc(h)oo(c)GK(z,c)). 2.15)
Inlx — 2
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Proof For (2.14) we follow the standard proof of the Bernstein-Walsh lemma. Set
H = h/||h| k and consider F(z) = log|H (z)| — Y .(h)oo(¢)Gk (z, ¢). Then, F is
subharmonic in 2 = C \ K and for q.e. ¢ € 92 we have lim sup,_,, F(z) = 0.
Moreover, if V. are vicinities of the points with (h)s(c) > 0 and V = U.V,, then
log |H (z)| is subharmonic on C\V and thus bounded above by [19, Theorem 2.1.2].
Since the logarithmic pole on )V, is canceled, F is also bounded above on V and we
conclude from the maximum principle [14, Theorem 8.1] that F(z) < 0 in £2.

Assume that H is real and that K is real. Define Ky = {z € C : H(z) € [-1, 1]},
but note that K is not necessarily a subset of R. However, using that H is real, we
have that K C K. Now, as in the proof of Theorem 2.10 we see that

1 L~ L~
H@) =3 <eGH(Z)+lGH(Z) + e(GH<z>+zGH(z)>> . Gu() = Z(h)oo(C)GKH (z,¢).
c

Let us also put G(z) = Zc(h)oo(c)G k (z, ¢¢). Then it follows from the monotonicity
of Green functions with respect to the domain that for z € C \ K, we have

|H(z)| = ‘Cosh (GH(z) + l(%)} < cosh Gy (z) < coshG(2).

Note that for z € Ky \K, G(z) > 0 and thus (2.15) also holds for such z. This finishes
the proof. O

We point out that (2.14) is an analog of the standard Bernstein-Walsh lemma,
whereas (2.15) is a fairly recent improvement of Schiefermayr for real polynomial
problems [23]. Note that this also implies that (2.15) holds for x, € R\ K, without the
extra assumption on £, to be real. This follows from Theorem 2.3, where we showed
that the residual extremizer is always real.

3 Root Asymptotics

We now turn to the study of the limiting behavior of F;,, as n — o0. In this section,
we will often assume Hypothesis 1.9 holds, and that (x}) is a sequence in R\E
without accumulation points in E. We note that the first part of Hypothesis 1.9 implies
suppu N E = @. Let further v, be the normalized counting measure of generalized
zeros of Fy, i.e,

1

v = Z DY(x)8,.
X
We define the family of functions
1
hn(z) = ;log | Fr(2)] (3.1
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and note that &, is subharmonic in @\suppD,‘fo; in particular, all functions A, are
subharmonic in

¢ Z@\Kc.

We start with an upper estimate:

Lemma 3.1 Assume Hypothesis 1.9 holds. Then, for any z € C \ R we have

lim sup A, (z) < /GE(z,x)dy,(x). (3.2)

Proof Due to Lemma 2.12 and the definition of w,, we have

n(2) < / Gez X)din (x).

On the other hand, since 1, — © and by continuity of Gg(z, y) on K¢ we have

Tim [ Ge(z X)dpn(x) = f Ge(z )dp(x).

We continue with some facts about potentials.

Lemma3.2 LetE C R be closed and not polar so that 2 = C \ E is Greenian and p
be a probability measure supported on R with suppu NE = @. Then [ Ge(z, x)dp(x)
defines a positive superharmonic function in §2 and a harmonic function in §2 \ suppu.
Moreover, as a harmonic function, it has a unique subharmonic extension to C\ SuppuL,
which vanishes q.e. on E.

Proof 1f suppu C R, it follows from [21, Theorem I1.5.1] and the minimum principle
for superharmonic functions that f GEe(z, x)du(x) defines a positive superharmonic
function in £2 and a harmonic function in §2 \ suppu that vanishes q.e. on E. In
particular, locally in vicinities of E it is subharmonic and vanishes away from a polar
set. Thus, by [1, Theorem 5.2.1.], for { € E

/GE(C»x)dM(x) =limSHP/GE(Z,X)dM(X)

z—>¢
defines the unique subharmonic extension to 2 \ suppu; since all claims are

conformally invariant, the general case follows. O

Lemma 3.3 Assume Hypothesis 1.9. Then, the set Kc intersects only finitely many
open gaps.

Proof Kc is a closed subset of R, soitis compact. It is contained in R\ E, so its cover
by the open sets (aj, b;) has a finite subcover; in other words, K¢ only intersects
finitely many gaps. O
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We obtain immediately the following corollary:
Corollary 3.4 Assume Hypothesis 1.9. Then, for n sufficiently large, F, is non-constant.

Proof Because DS < 1 for any gap and there is at most one generalized zero per gap
due to Theorem 2.3(iv),(v), the claim follows by Lemma 3.3 and deg D3° = n. O

Since we are interested in asymptotics of F; as n — oo, we assume from now on that
F,, is non-constant.

Lemma 3.5 Fix an open set O C R\ E so that 1(O) > 0. Then

lim_ Z D2 (c) = 4o00. (3.3)

ce0

Proof By definition,

1 o0
n(0) =~ 3 D¥(©).

ce0

By the Portmanteau theorem, lim inf,,_, oo 1, (0) = u(0) > 0, so

a1 00
IL“;{)%f;ZDn (¢)>0

ce0
which implies (3.3). O

The following analog of Koosis’s formula for the Martin or Phragmén Lindelof
function [16, Theorem on page 407] will be very useful. It was already used in [,
Proposition 4.3].

Lemma3.6 LetE; C E; C R so that Ey is not polar and let ¢ € R \ Ez. Then,

Gg,(z,¢) — Ggy(z, ©) =/E\E G, (z, x)wE, (dx, ¢). (3.4
2\E1

Proof Since (3.4) is conformally invariant, by applying a conformal map we can
assume that oo € Eq, i.e., 2] = C\ E; c C. Define also £2, = @\ E,. Since the
logarithmic pole at ¢ is canceled, Gg, (z, ¢) — G, (z, ¢) defines a superharmonic func-
tion on §21 which is bounded. Moreover, its Riesz measure is given by wE, (dx, ¢)|$2;.
Since E; C E; it follows by the maximum principle that Gg, (z, ¢) — Gg,(z,¢) > 0.
Thus, in particular it has a nonnegative subharmonic minorant in £2; and it follows by
the Riesz decomposition theorem that

Gg (z,0) = G, (2, © =/ GE, (2, Y)wg, (dx, ©) + u(z),

2
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where u is the greatest harmonic minorant of Gg, (z, ¢) — G, (z, ¢). We have already
seen that # > 0. On the other hand, since E; is the boundary for £2 and £2; it follows
that for g.e. x € E; we have

lim sup u(z) < lim sup(Gk, (z, ¢) — Gg,(z,¢)) = 0.

=X =X

Thus, u is a bounded harmonic function in §£2; which vanishes g.e. on E;. It follows
by the maximum principle [14, Corollary 8.3] that # = 0 and we obtain (3.4). O

Compared to the standard Chebyshev problem, we encounter a technical difference
for residual extremal functions. Let (a;, b;) be a gap so that (3.3) is satisfied for
O = (a;, b;). We want to estimate G, (z, ¢) for ¢ € (a;, b;). But since (a;, b;) is
not necessarily the extremal gap, there can be an extension (u;, v;) in this gap, which
intuitively makes G, (z, ¢) smaller if [u;, v;] is close to ¢. However, we have already
encountered in Theorem 2.9(ii), that a cancellation of a pole can be regarded as a
degenerated internal interval. Thus, we are led to expect that an additional interval
can have no more “effect” than reducing the number of Green functions in the sum by
one. This is the content of the following lemma:

Lemma 3.7 Let E,, and u;, v; be_deﬁned as in Theorem 2.9. Fix a gap (a;, b;) and
defineE;, = E, \ (a;, b;). Let z € C\E, and (F)o0(z) = 0. Then thereisat € [a;, b;]
such that Gg(t, z) = maxXye[a; ,b;] Ge(x, 2) and we have

D (F)oo(©)GE, (2,0) = D (F)oo(€)Gpi (2, €) — Ge(z, 1). (3.5)

In particular, if 7 ¢ (a;, b;), then

1im Y (F)oo(@©)Gey (2, 0) =00 = lim Y " (Fu)oo(©)Ge, (z.€) = 00. (3.6)

Proof 1If z € (a;, b;), then t = z and (3.5) is trivial. Thus, let z ¢ (a;, b;). '
Since E, is a finite union of intervals it is clearly not polar and putting E, \ E}, =
[u;, v;], we obtain from Lemma 3.6 that

vi
GE; (z,¢) — Gg,(z,¢) = [ GE; (z, x)wg, (dx, ©). 3.7

By [19, Theorem 2.1.2] a subharmonic function attains its maximum on compacts and
thus ¢ is well defined. Define

pn(dx) =Y (Fp)oo(©)wE, (dx, ),

and note that it follows from Theorem 2.9 and Lemma 2.11 that p, ([u;, v;]) < 1.
Moreover, by the maximum principle

Gei (z,x) = Ge(z, x).
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Thus,
Vi
3 (Fu)oo© / Ge (2, e, (dx, ©
uj
‘ v v;
=/ Gei (z, x) pp(dx) Ef Ge(z, x)pn(dx) < Ge(z, 1).
ui u;
Combining this with (3.7) yields (3.5). ]

By the representation (2.11), we have

1 1 1
ha(z) = —;log |B,(2)| — Z1og2+ ;log 11+ By (2)?|. (3.8)

The next lemma shows that the the asymptotics of k,, for n — oo are determined by
the term —% log | B, (z)]. In fact, we even prove a stronger statement, which will be
needed in Sect. 4.

Lemma 3.8 Suppose Hypothesis 1.9 holds. Then, uniformly on compact subsets of
C\ R we have

lim log (1 ¥ Bn(z)z‘ —0. (3.9)
n—>oo

If we pass to a subsequence such that limg_, o X\ , = x}, and (a, b) denotes the gap
containing x’,, then also for z € (a, b)

lim log |1+ B, (2)% = 0. (3.10)
{— 00

Proof Consider B, as an analytic single-valued function on C or C_ and note that
0 < |By(2)| < 1. Thus, log|1 + B,(2)?| = Relog(l + B,(z)?) defines a family of
harmonic functions which is uniformly bounded from above. Thus, by the Harnack
principle, the family is precompact in the space of harmonic functions together with
the function which is identically —oo. Therefore, it suffices to show that pointwise
for fixed z every subsequence has a subsequence so that (3.9) holds. Let us pass to a
subsequence so that limy—. o0 X;;, = x5, and let (a, b) denote the gap containing x5,.
If necessary, we pass to a further subsequence so that x,,, € (a, b) forall £ > 0. Since
for |z] < 1

1
[log(|1 + z|)| = |Re(log(1 + 2))| < |log(1+2)| = ‘fo Z ‘ ||

dr| < )
14zt 1 — |z
it suffices to show that

lim |B,,(z)| =0.
£— 00
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By (2.9) and (1.20) this is equivalent to

Jim. Xc:(Fnl)oo(c)GEw (z,€) = +o0. (3.11)

Since EN K¢ = ¥, we find a gap (a;, b;) and ¢ > O so that u((a; +¢,b; —¢)) > 0.
Thus, by Lemma 3.5 we have

lim > DE(e) = +oo. (3.12)

£— 00
ce(a;j+¢e,bj—¢)
Note that it could be that (a;, b;) = (a, b), which causes no problems in the following.

SetE' = R\((a, b)U(a;, b;)) andE},| = E,, \ (a;, b;). By Theorem 2.9(), E},, C E/,
so the maximum principle yields

Ge(z,0) = Gg (z,0. (3.13)
Fix z € C4+ UC_ U (a, b) and note that lower semicontinuity implies

0<é= min Gei(z, ©).
cela;+e,b;—¢]

Then, by Theorem 2.3(v)

> (FM)OO(c)GE,-(z,c)z&(—ur > D,‘,"Z(c)).

ce(a;+e,b;—¢) ce(a;+e,b;—¢)

Thus, by (3.12) we obtain

im Y (Fu)eo(©Gei (2, €) = o0, (3.14)

{— 00
ce(aj+e,bj—e¢)

Since by positivity of the Green function

Y Fa)eo@©Gri(z.0) = > (Fu)oo(©Gei(z. 0

ce(a;+e,bj—¢)

we obtain together with (3.13) that

Jim ch(Fw)oo(c)GE;[ (2.0) = 0.

By an application of Lemma 3.7 we obtain (3.11) which concludes the proof. O
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Lemma 3.9 Assume Hypothesis 1.9Then, for z € C \ R, we have
o1
liminf — log |F,(z)| = 0. (3.15)
n—-oo n

Proof Fix z € C\ R and recall (3.8). Noting that | B, (z)| < 1, the claim follows from
Lemma 3.8. O

In contrast to the classical polynomial setting, our limits will be described by
the difference of two potentials, one corresponding to the zeros of Fj,, leading to a
subharmonic part and one corresponding to the poles leading to a superharmonic part.
Since in the following considerations we will work with the Riesz measures for both
of them, there is no natural choice of a “coordinate system” and it will be convenient
to apply conformal maps to logarithmic potentials. For a probability measure v with
suppv C R and z, € R\ suppv, let us introduce the notation

By (2, 22) =/K(x,z;z*>dv<x>,

where
lo ‘1 — =) 7 0,
K(x,z;24) = & T s
log |z — x|, Zye = OO.

It is straightforward to see that if z1, z2 € K\ suppv, then there is 8 € R so that
Dy(z,21) = B+ Pu(z, 22).

Lemma 3.10 Let v be a probability measure on R, suppv C E and f € PSL(2, R). If
f(00) = 00, then

Dy(z,24) = ®f*v(f(z)’ f(Z*))

Otherwise,

Py(z,24) = P (f(2), f(24)) = P (f(2), f(24))-

Proof Let us first assume that f(o0) = 0o, i.e., f(z) = az + b with a # 0. Then we
have

S OO A CO Bl €53

1 =1-——
X = Zx J ) = flz+)

Thus, the claim follows by the transformation rule for pushforward measures.
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Let now f(00) # oo. Since f preserves cross-ratios, we get

22 X—z ()= f@) f&)— f(o0)
X—ze x—2¢  f)— f(z) f@)— f(00)
_ <1 @ fG) )‘1 (1 f@- f(z*)>_
f(o0) — f(z4) fx) — f(z4)

1

Noting that fidoc = 0 f(c0)» again the claim follows by applying the transformation
rule for pushforward measures. O

Lemma3.11 The measures v, are a precompact family with respect to weak conver-
gence on C(R). Any accumulation point v = limy_, o vy, is a probability measure
and suppv C E.

Proof Since deg D,(l) = n, precompactness follows by the Banach-Alaoglu theorem
and any accumulation point is a probability measure on R. Let (a, b) be a connected
component of R \ E. Let us prove that v((a, b)) = 0. By Mébius invariance, it suffices
to assume that (a, b) is a bounded subset of R. Due to Theorem 2.3 (vi), there is at
most one generalized zero in (a, b), thus v,,((a, b)) < n]—z and by the Portmanteau
theorem v((a, b)) = 0 and suppv C E. O

In the following we will need statements also for a subsequence (%, )72 . Therefore,
for a fixed subsequence let us define

K = U suppD%®°, and g =C\ K/, (3.16)

ng’
>1
so that &, is subharmonic on 2g for all £. Since lim, o t, = w1, we have for
any subsequence (and therefore any K'), that suppu C K’ C K¢ and therefore

2c C 2k C C\suppy.
If Dg(zi) = D° (zi) = 0, then by factoring F;, we see that there is 8, € R so that

hn(2) = B + Dy, (2, 2)) — D, (2, 22). (3.17)
Theorem 3.12 Assume Hypothesis 1.9 and pass to a subsequence so thatlimg v,, = v,
limg x,’f{ = Xoo and limy B,, = B € R U {—o00, +00}. Then, in fact B € R and for

2« ¢ K¢ we have uniformly on compact subsets of C \ R

le:go Iy (2) = B+ @y (2, Xoo) — Ppu(z, 24) =: h(2). (3.18)

In particular, h extends to a positive superharmonic function on C \ E and to a
subharmonic function on C \ suppu. Moreover, for q.e. every z € Q2

limsuphy, (z) = B+ Pu(z, x%) — Pul(z, z4).

£— 00
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Proof Let (a, b) denote the gap containing x, and let us assume that £ is big enough
so that all x,’fl are in (a, b). Due to Theorem 2.3(vi), v,,((a, b)) = 0. Thus, we can
write

Ty (2) = By + Pu,, (22 x%) — By, (220 (3.19)

Since K (-, z, Xo0) is continuous on suppv,, C E\(a, b) and K (-, z, z4) is continuous
on R\K’, we get
= &, (z, x5

hrn cbun (z,x%) = Dy(z, x% o)

hm QD,W (z, x%
Since, for z9 € C4, @,(z0, x%,), ©,.(z0, z+) € R the upper and lower estimates (3.2)
and (3.15) imply that 8 € R. In fact, convergence is uniform on compact subsets of
C\ R: since supp(vy,), supp(itn,) C R for all £ and all measures are normalized, the
estimate

log
x —

slog<1+ '.“_Zz_')s imal L eC\R
dist(z2, R) dist(z2, R)

dvy,,(x) and

implies uniform equicontinuity of the potentials | log ‘1 - = x*

[ log ‘ 1 — x_—z* ‘ d iy, (x) on compact subsets of C\ R, and the Arzela—Ascoli theorem

implies uniform convergence on compacts.

By applying a conformal map f € PSL(2, R) and Lemma 2.2 we assume that
o0 € (a, b) so that E and K’ are compact subsets of R.

We note that @, for p = 1, v, are subharmonic in C and harmonic in C \ suppp.
Thus, we only need to argue why # is harmonic at co. Since suppu and E are bounded
and u, v are probability measures, we have

D,(z) =loglz| + O(1) (3.20)

as z — oo and therefore, #(z) = O(1) there and % has a harmonic extension to 0.
Finally, for z € 2g/\{00}, K (-, z, zx) is continuous on K’ and thus

lim ®Mn[ (Zv Z*) = ¢M(Z, Z*)~ (321)
£— 00

By the upper envelope theorem for g.e. z € C

lim sup CDU” (z,x5) = @y (2, x5). (3.22)

£— 00

Combining (3.21) and (3.22), for q.e. z € 2k’ we have

lim sup hy,, (z) = 11m /SW +hm supq)vnz (z, x* o) — hm @an(z zs) = h(2).

{— 00

]
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Lemma 3.13 Assume Hypothesis 1.9. Then, for z € C\ R, we have
|
liminf —log |F,(z)| > [ Ge(z, x)du(x).
n—oo n

Proof By applying a conformal map f, we assume co € E so that 2 C C. Fix
z € C\ R and let ny be such that

lim hp,(z) = liminf A, (z)
{—00 n— 00
and
lim hy,(2) = h(z) = B+ Pu(z, X0) — Ppu(z, 24)
£L— o0

in the sense of Theorem 3.12. Thus, & defines a positive superharmonic function on
£2 and

—Ah = A® (2, z4) = 2 .

By the Riesz decomposition theorem [1, Theorem 4.4.1], we have

h(Z)=/GE(Z,x)dM(x)+M(Z),

where u(z) is the greatest harmonic minorant of 4. Since # is positive, it follows that
u > 0. Thus,

h) = / Ge(z, )du(x)

and the claim follows. O

We can now prove the root asymptotics of F;, and convergence of generalized zero
counting measures:

Proof of Theorem 1.10 Root asymptotics follow by combining Lemma 3.1 and
Lemma 3.13.

By conformal invariance, we assume that co € supppu so that £2, := C\suppu C C
and E is compact in R. Due to Lemma 3.11 the family {v,} is precompact and we can
consider a weakly convergent subsequence v = limj_, oo vn;. Moreover, by Lemma
3.2, f Ge(z, x)dpu(x) defines a subharmonic function in £2,,. Let us compute its Riesz
measure. Take ¢ € C2°(£2,,) and compute

f / Ge(z, 1)dpu(x) Ad ()dA(2) = / / Ge(z ) Ad () A (x)

- / / e (dz, )P0 (dAR),
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where Fubini’s theorem is justified since supp(¢) C C\supp(), SUPsupp () xsupp(1)
|Ge(z, x)| < oo. That is,

1
EA (f Gdz,x)du(x)) = /wE(dz,x)du(x) =:p.

Root asymptotics and Theorem 3.12 imply that on C \ R

/ Ge(z, x)dpu(x) = B+ Pu(z, Xo0) — P (2, 25).

Applying the weak identity principle for subharmonic functions [19, Theorem 2.7.5],
this equality also holds on £2,,. Thus, computing the distributional Laplacian on both
sides yields v = p and w-lim v, = p. m]

Lemma 3.14 Assume Hypothesis 1.9. Then, fix a gap (a, b) and let [u,, v,] = E, N
[a, b]. Passing to a subsequence such that there are limits uo, Voo € [a, D], i.e.,

lim v,, = Vo, LM u,, = s
£—00 £— 00

we have
Uso = Usg-

Proof By conformal invariance we can assume that oo ¢ (a, b) and consider again {/,,}
as a family of subharmonic functions in £2c. We have E, NsuppD;° = 0, since either
F, has apole at ¢ or if F}, has a generalized zero at ¢ then by (ii) of Theorem 2.9 there
is no extension in this gap. Due to Theorem 1.10, lim,—cc h, = f Ge(-, x)du(x).
Assume that v — Use = 8 > 0. For any 0 < ¢ < §/2, there exists £ such that for
all £ > £g, we have

A= (U + &, V0 — €] C [Upn,, vy, 1. (3.23)

Therefore, defining K’ as in (3.16), we have A N K’ = (). Note that first we only have
empty intersection without taking the closure, but since ¢ above can be made smaller,
we also conclude that it holds for K.

By Theorem 3.12 we have for q.e. z € 2/

lim sup hy, (2) =/GE(Z,X)dM(X)~

{—00

Since suppu C K', it follows from Lemma 3.2 that f Ge(z, x)dpu(x) > 0 for every
Z € 2k and therefore in particular for z € A. On the other hand, by definition of
E, and (3.23), we have h,,(z) < O there. Since A has positive capacity, this gives a
contradiction. O
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4 Szeg6-Widom Asysmptotics
4.1 Asymptotics of log |F,|

In the following in addition to the assumptions made in Sect.3, we assume that E is
a regular Parreau—Widom set. Let us recall its definition. First we assume that E is
regular for the Dirichlet problem. Let zo € R \ E and denote the gap containing zo by
(a, b). Due to regularity and concavity of the Green function, Gg(z, zo) has exactly
one critical point in each gap (a;, b;) except in the gap (a, b). Let us denote these
critical points of Ge(z, zo) by &;. Then we call E a regular Parreau—Widom set, if

PWe(z0) = Y _ Ge(&j, 20) < o©. (4.1)
J

It is well known that this does not depend on the choice of zp; see e.g. [15, Chapter
V].

Denote the topological circle T; = [a;, bj] /a_/.wb ;e Since a;, b; are Dirichlet
regular points,

lim Gg(z,x) = lim Gg(z,x) =0
x1b;

x¢aj
so with the usual convention
Ge(z,a5) = Ge(z,bj) =0, 4.2)

the Green function Ge(z, t;) depends continuously on ¢; € T;. We also consider the
compact space

DE) =]]T;. (4.3)
j=0

equipped with the product topology. As for divisors, a functional interpretation will be
convenient. Thus, for an element D € D(E), D = (¢; ?O:O’ we also use the functional
interpretation

D(x) =Y xu;)(x).
j=0

We want to associate to the divisor Dg an element D,, € D(E). In principle we want
to define D,, as the restriction of DS to R \ E. Recall that due to Theorem 2.3(v) and
(vi), there is at most one generalized zero in each gap and no generalized zero in the
gap containing x*. Since deg D?, = n, almost all gaps do not contain a generalized
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zero. To overcome this, we define
D, = ()%, d.4)

where #; = t, if there is # € [a;, b;] such that D)(#) = 1 and otherwise we define #;
to be the coset of a; ~ b; in T;. Due to (4.2), these choices formally complete the
definition of D,, € D(E) without affecting certain sums below.

In the previous section we have described root asymptotics, i.e., asymptotics of
% log | F,,(z)|. The following theorem describes asymptotics of log | F;,(z)| and is the
key to prove Szegé-Widom asymptotics in Theorem 4.5.

Theorem 4.1 Assume Hypothesis 1.9 and let ny be such that limg%oox,fe =x} €
(a, b) and lim¢_, o Dy, = D. Then for z € C\ (R\ (a, b)), we have

Jim <log |Fog (2)] = Z D (©)Ge(z, c)) = —log2 — Z D(N)Ge(z.1). (45)

Moreover, D(a) = 1.

Proof Define

Hy (@) = Y ((Fa)oe(©G,, (2, ©) — DE(©Ge(z,©)).

c

Due to (3.8) and Lemma 3.8 it remains to show that

Jim Hy, (2) = - Xt: D(t)Ge(z, 1). (4.6)

Let us assume without loss of generality that all x;, lie in (a, b). Recall that by
Theorem 2.9(1)) D,,(a) = 1, showing that D(a) = 1. Moreover, Theorem 2.9(i)
implies E,, N (a, b) = ¥ and since Ge(z, ¢) — Gg,(z,¢) > 0 and (F,)00c = DS° on
(a, b), we conclude that (—H,,), defines a family of positive harmonic functions in
C\ (R\ (a, b)) and is thus by the Harnack principle precompact in the space of positive
harmonic functions together with the function which is identically +oco equipped with
uniform convergence on compact subsets.

Let us now turn to the other gaps. Let [u}, v;;] denote the extension in the jth gap
of the set E,; as in Theorem 2.9 and consider

Gg,, (z,¢) — Ge(z, ©)

ny

as a subharmonic function in §2 = @\ E, which vanishes on E. Thus, by Lemma 3.6
ol
71(
Ge,, (z.©) — Ge(z,0) = — ) / . Ge(z. 0, ([, ©),
J e
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Let us define

on (dx) =Y (F)oo(€)wE,, (dx, ©),
C
and recall that this is just a finite sum. We conclude that
Hy, (2) = Z(Fnz)oo@) (Ge,, @) — Ge(z. )

—Z (D2 (€) = (Fny)oo(€)GE(z, ©))

=—Z GE(z X)wp, (dx) = ((D2(€) = (Fu))oo(€)GE(z, ©)) .

“W P

4.7

Due to Lemma 3.3 there are finitely many gaps containing poles. So by partitioning
into finitely many subsequences, we can assume that for each j, for all £ > 0 either

(tn ,) > 0or DY (t” ,) = 0,i.e., in the first case tn , corresponds to a pole reduction
of Fn .- We will show that both cases lead to the same limit.

Let us first consider a gap (a;, b;) so that D;° (t,{@) = 0 and let us assume that

ng
tmz — too € (aj, bj). Due to Lemma 3.14,

lim u), = lim v, =1l (4.8)

In particular for £ big enough we have [uf;e, v,g ] C (aj, b;) and it follows then from
Lemma 2.11 that

a)w ([M}JLZ7 UI!L[]) = 1
Hence,
Jooo
wng|[un5, Un@] i 8&

and therefore
v, .
f Gz, X)wp, (dx) — Gz, 1)
uj,
If téo = aj, using that Gg(z, -) vanishes at a; we conclude as above that

J
Uiy .
/I, Ge(z, X)wy, (dx) = 0 = Ge(z, 1o).
u

np

@ Springer



Constructive Approximation

It remains to discuss the gaps where D,f‘; (t,{[) = 1. Due to Theorem 2.9(ii), uﬁ'z =

vp, = a;, but in this case

DX (t,) — (Fa)oo(ti,) = 1.

Thus, these are exactly the terms that contribute in the second sum in (4.7). Since G
is continuous we conclude that Gg(z, 5{@) — Ge(z, td). Hence, if we are allowed
to interchange the limit and summation in (4.7), we have proved (4.6). As in [15,
Chapter V], by a Harnack-type argument, the Parreau—Widom condition implies
Z,’ SUDye(a; b)) Geg(z, x) < oo and since moreover wy,((a;, b;)) < 1 interchanging
the limits is justified and we are done. O

4.2 Blaschke Products, Character-automorphic Hardy Spaces and a Related H*
Extremal Problem

We will now pass from asymptotics of the superharmonic function log | F},| to asymp-
totics of the rational function F,. Thus, essentially in (4.5) we need to add harmonic
conjugates and apply exp. Thus, the left-hand side in (4.5) will lead to complex Green
functions

Be(z, ¢) = e~ (GO +HGEG)

as defined in (1.20). We have already mentioned that in general Bg(z, ¢) is a multi-
valued function in 2. Let us fix a normalization gap (a, b) and zp € (a, b) and define
E/ =[z0,2a ;INE. Let y; be the generator of the fundamental group 71 (2, zo), which
starts at zo and passes through the gap (a;, b;), encircling the set E/ once. If we extend
Be(z, ¢) analytically along y;, we get

Be(yj(2),¢) = i ® .0 (7 ¢). (4.9)

When working with multi-valued functions, it is convenient to consider them as
single-valued functions on the universal cover of £2 = C \ E. By means of the Koebe—
Poincaré uniformization theorem, £2 is uniformized by the disk DD; that is, there exists
a Fuchsian group I and a meromorphic function z : D — £ with the following
properties:

1. Vze2 3ceD:z(l) =z,
2. z(&) =2() < Ay el ¢ =7(H).

We fix it by the normalization z(0) = zg, z'(0) > 0. For Denjoy domains the cover-
ing map can be explicitly constructed [20, Section 4]. Moreover, there exists a Ford
fundamental domain F, so that z : F — §2 is bijective. We denote by I"* the group
of unitary characters of I'; that is, group homomorphisms from I" into T := R/Z.
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By the covering space formalism, I" is group isomorphic to the fundamental group
m1(82, zo). For a fixed ¢; € D we denote by

Y1) y@1)—¢
b(¢, = — 4.10
cor=11 e —ya 10

yell
the standard Blaschke product. Since Capg > 0, I” is of convergent type and thus the

product is indeed convergent. The functions b(¢, ¢1) are character-automorphic, i.e.,
there exists x;, € I"* such that

b(y (), &) = XX Wp(g, ¢1), Yy el.

If z1 = z(Z&1), then these Blaschke product are related to the Green function of 2, by

—log |b(¢, ¢)| = Ge(z(0), z1).

Thus, we can regard the multi-valued functions Bg(z, z1) as single-valued character-
automorphic function on the universal cover.

Definition 4.2 Let f be analytic in D. We call f (I"*-) character-automorphic with
character « € I'* if

foy=eTMyf vyerl.

Similarly, if F is an analytic function on £2, then we call F (;r1(£2)*-) character-
automorphic with character o € 71 (£2)*, if

Foy =™ *DFE  Vy e n(£2).

Via the covering map z, I"*- and 71 (§2)*-character-automorphic functions are in one-
to-one correspondence. The advantage is that I"*- character-automorphic functions on
the universal cover ID are single-valued. Therefore, we will formulate all convergence
results for the corresponding single-valued lifts on .

Recall that HZ () denotes the space of bounded analytic character-automorphic
functions, F, in £2; see (1.16). It is a fundamental result of Widom [32] that if E
is a Parreau-Widom set, then HZ (o) # {0} for every a € m(£2)*. The Widom
maximizer for x, and character « is the unique function W (z; «, x) in the unit ball
of HZ () such that

W (xs; o, x,) = max{Re F(xy) : F € HY (@), || Flla < 1}. “4.11)

We are now ready to state a definition of Direct Cauchy theorem. It is usually stated
as a point evaluation property for certain H' functions in §2 [15], and hence the name,
but it can be equivalently defined by the following:
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Definition 4.3 We say that the Direct Cauchy Theorem (DCT) holds in £2, if for one
and hence for all x, € £2, the map o — W (x4; @, x,) is continuous on 7 (§2)*
equipped with the topology dual to the discrete topology on I.

Let us for notational convenience also define Bg(z, zg9) = 1, if z9 € E. Note that
generally the harmonic conjugate is fixed up to an additive constant. So an additional
normalization is required in (1.20). Since we will have varying normalizations, we
will not fix it for a single function, but assume instead that for products of complex
Green functions all of them are normalized to be positive at the same point. In this
way, we can associate to any divisor D € D(E) a product of complex Green functions,
in other words a Blaschke product, by

Be(z, D) = Be(z, D, ¢) = ¢ [ [ D)) Be(z, ). (4.12)
t

Note that

—log|Be(z, D)l = ) D()Ge(z, 1),
t

that is, these are exactly expression of the type appearing in (4.5). Moreover, the
Widom condition guarantees that Bg(z, D) converges to a non-trivial function for any
D € D(E). Let us define the restriction

Di(E) = {D € D(E) : D(ay) = 1}.

For D € Dy (E) it is natural to normalize Be(z, D, ¢) such that Be(z, D, ¢) > 0 on
(ag, br) which we fixes ¢. To be more precise, since complex Green functions are
defined locally and then extended analytically, this normalization holds only for one
branch. Let us always assume that this branch corresponds to the values of the lift to
D in the fundamental domain F.

The Abel map is an important object in the spectral theory of self adjoint difference
and differential operators. It is a map 7 from Divisors Dy (E) to the characters 71 (£2)*.
However, there is a subtle difference between this Abel map and the Abel map which
we will implicitly use for Problem 1.3. It can be seen from the definition of D(E). In
spectral theory one would usually take a two-fold cover of the interval [a;, b;] and
identify the endpoints of the two copies of the interval, whereas in our case we only
took one copy and identified a; ~ b;. This map 7 is also the reason why the DCT
property is needed, because this assumption makes 7 a bijection which is used in the
proof of the following theorem. The proof relies on the fundamental construction of
the generalized Abel map from Sodin and Yuditskii [22].

Theorem 4.4 ([5, Theorem 5.1], [11, Proposition 2.3]) Let §2 be a regular Parreau—
Widom domain such that DCT holds. Let D € Dy (E) and let o be the character of
Be(z, D) defined by (4.12). Then, for x, € (ai, by) we have

W(z; o, x4) = Be(z, D).
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We see again that as for F;,, the extremal function only depends on the chosen gap
(ag, br) and not the particular extremal point in the gap. Since the above theorem
holds for any gap and arbitrary Blaschke products associated to divisors in D (E), we
conclude that if D € D;(E) for j # k, then up to a unimodular constant Bg(z, D) is
also the Widom maximizer for the gap (a;, b;). This is in line with the Corollary 1.8
for F,,.

Let D3°, x;; and d,, be as in Problem 1.3 and define

B (z) = &' l_[ D>°(¢)Be(z, ),

c

where ¢/® is chosen such that

lim B (x)r(x, x})% > 0. (4.13)
X=Xk

Let yx, denote the character of Bé"). Let further
Wi (2) = W(Z; Xn, %),

denote the Widom maximizer for the point x, and character .

For the following we follow the spirit of [5] and state convergence results on the
universal cover D without introducing the corresponding lift of multi-valued functions
on 2. To give an example: if Q,, are 71 (£2)*-character-automorphic function on £2,
we will write Q,, — Q uniformly on compact subsets of D, meaning that there are
lifts g, of the Q, which are I"*-character-automorphic functions such that g, — ¢
uniformly on compact subsets of I and Q is the projection of g.

Theorem 4.5 Let E be a regular Parreau—Widom set, such that DCT holds in §2 and
F,, be the extremizer of (1.3). Then, assuming Hypothesis 1.9, uniformly on compact
subsets of D, we have

Jim (Bé”)(zm @) — %Wn (z)) =0. (4.14)

We will use the following simple criterion based on normality; note that it is simpler
than the corresponding criterion used in the polynomial case [5, Proposition 4.2], since
our approach avoids working on multivalued functions on varying domains:

Proposition 4.6 Let {q,}.° | be a normal family on . Let g, be analytic on D so that
for some ¢y € D and some neighborhood, V, of ¢y we have that

ngngolqn(c)l = |goo(§)| forallg € V; (4.15)
qn(%0) > 0, qeo(go) > 0. (4.16)

Then q, — oo uniformly on compact subsets of D.
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Proof By normality, it suffices to prove that any subsequence (g, )72 ; which converges
uniformly on compacts has the limit g,. Denote by f the limit of such a sequence.
By (4.15), | f(¢)| = |900(¢)| for all ¢ € V. By (4.16), by possibly decreasing V, we
can assume goo(¢) # 0 for ¢ € V, so by the maximum principle applied to f/goo,
we conclude f = e'A‘i’qOO for some unimodular constant ¢‘?. By (4.16), f(¢0) > O and
Goo(20) > 0,50 ¢'? = 1 and f = goo. i

Defining

0,(2) = F,(0) B (2),

the strategy is now clear: First we need to check that O, (z) defines a normal family.
Realizing that log |Q,(z)| is exactly the left hand-side in (4.5), Theorem 4.1 and
Proposition 4.6 imply that all accumulation points are Blaschke products. Combining
this with Theorem 4.4 finishes the proof of Theorem 4.5.

Lemma 4.7 The sequence {Q,};° | forms a normal family in ID.

Proof Since on 2
(Fi)oo < D = (B,

Q,, are analytic 771 (§2)*-character automorphic functions in §2. They have therefore
I'*-character automorphic lifts to ID. By Montel’s theorem [26, Chapter 6], it suffices to
show that | F}, Bé") | < 1in £2. The functions log | Q,, | are subharmonic in 2. Moreover,
since E is regular and |F,,| < 1 on E, forevery { € E

limsuplog|Q,(z)| = limsuplog |F,(z)| — lim Z DX (1) lim Ge(¢,t) <0,
—¢ P z—>¢

—¢ z—¢

where we used Dirichlet regularity and the fact that the sum is only finite. The claim
follows by the maximum principle for subharmonic functions [19, Theorem 2.3.1].
O

Lemma 4.8 Suppose Hypothesis 1.9 holds and let ny be a subsequence such that
limy_, o Dy, = D andlimy_, x;lk[ = x%, € (aj, b;) forsome j > 0. Then, uniformly
on compact subsets of D we have

) 1
lim Q,,(z) = =Be(z, D),
{— 00 2

where D € D;(E) and Be(x},, D) > 0.

Proof Let us assume without loss of generality that all x;:l liein (a;, b;). By (4.13),
we have

On, (x,,) > 0.
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Moreover, Q,, arereal,i.e., Q,,(z) = Oy, (z). Since Dg(t) = Oforeveryt € (aj, b)),
itfollows that Q,, (t) > 0. Thus, in particular at x% . Thus we can apply Proposition 4.6
in a vicinity of x7, and then the claim follows from Theorem 4.1. O

Proof of Theorem 4.5 Since Q,,, W, form normal families, by precompactness it suf-
fices to prove that every subsequence has a subsubsequence so thatlim, Q,,,—W,, = 0.
Let us pass to a subsequence such that lim¢_, oo D, = D and limy—, o x,’fz =x} €
(aj, bj) as in Lemma 4.8. Then by Lemma 4.8

. 1
lim Q,,(z) = = Be(z, D).
£—>00 2

If « is the character of Be(z, D) this implies that x,, — «. By Theorem 4.4,
Be(z, D) = W(z, «, x%,). On the other hand, it is proven in [5, Theorem 3.1] that
DCT implies that W(z; xn,, x;;{) — W(z, a, x},) uniformly on compact subsets of
D. In this reference there is no sequence of extremal points, but since the Widom max-
imizer only depends on the given gap and not on the particular point, the sequence
W (z; Xny» xp,) eventually only depends on the character. This concludes the proof.

O
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