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Thermal Casimir interactions in multiparticle systems: Scattering channel approach
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Multiparticle thermal Casimir interactions are investigated, mostly in terms of the Casimir entropy, from the
point of view of multiple-scattering processes. The geometry of the scattering path is depicted in detail, and
the contributions from different types of channels, namely, the transverse, longitudinal, and mixing channels, are
demonstrated. The geometry of the path can strongly influence the weight of each channel in the path. Negativity
and nonmonotonicity are commonly seen in multiparticle Casimir entropy, the sources of which are diverse,
including the geometry of the path, the types of polarization mixing, the polarizability of each particle, etc.
Thermal contributions from multiparticle scatterings can be significant in the system, while the zero-temperature
multiparticle scattering effects are insignificant. Limiting behaviors from a multiparticle configuration to a
continuum are briefly explored.
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I. INTRODUCTION

Since Casimir [1] proposed the existence of a measurable
attractive force, arising from the change of the zero-point
energy due to two neutral perfectly conducting plates, in
1948, those phenomena, caused by the fluctuation of quantum
fields and generally known as Casimir effects [2–4], have
been studied and probed both theoretically and experimen-
tally. The applications of Casimir interactions, for instance
in nanomechanics [5,6], are crucial. In Casimir interactions,
the multibody contributions are important in many practical
scenarios. To name only a few, recently the premelting of ice
[7,8] and the levitation of a nanoplate [9], resulting from the
Casimir interactions in multilayer configurations, have been
investigated, highlighting the nonmonotonicity of the Casimir
stress or force. Indeed, the nonmonotonicity of Casimir in-
teractions is commonly seen for many-body systems and
has been attracting more and more attention [10–14], which
promises theoretical advances and applications. Remarkably,
an experimental study on the multibody Casimir interaction
in the sphere-plate-sphere was carried out very recently [15],
which may lead to the ability to control multibody Casimir
interactions for practical applications. In another exciting di-
rection, the importance of the multibody Casimir interaction
in mesoscopic systems has recently been recognized and in-
vestigated in the context of low-dimensional carbon allotropes
close to a gold surface [16].

Although there have been many theoretical and practical
advances, there are still aspects of the multibody Casimir
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interaction that have not been completely examined, among
which the multibody thermal effects, or the influences of
thermal fluctuations, are very important. At present, the im-
portance of thermal Casimir effects is widely recognized, and
research on the topic of Casimir entropy, which is an explicit
manifestation of thermal Casimir effects, has been attracting
more and more attention. In fact, Casimir entropy, the entropy
of the quantum field induced by the presence of bound-
aries or media, has been under investigation for many years.
For example, Casimir entropy is invoked in the continuing
controversy concerning the proper description of the permit-
tivity of a metal when evaluating the Casimir force between
metal plates at finite temperature, studied both experimentally
[17–20] and theoretically [21–24]. Some theoretical works
claimed that the Drude model violates the third law of thermo-
dynamics [21,22] in that the Casimir entropy does not go to
zero as the temperature vanishes, while others argued that the
Drude model does not cause any such difficulty [23,24]. For
a review on this continuing controversy, the reader is referred
to Ref. [4]. More recently, researchers, focusing on Casimir
entropy, discovered interesting properties featuring its nega-
tivity. The Casimir entropy due to the interaction between two
bodies can be negative, which was thought to be induced by
the dissipation of the media [25,26], as well as by the geome-
try alone [27–31]. For a single body, its Casimir self-entropy
[32–35] is also not trivial, and can have surprising properties,
such as negativity, nonmonotonicity, or even divergences, to
be dealt with properly. All those findings suggest that more
physics in thermal Casimir interactions is yet to be unveiled.

In previous investigations of the multibody Casimir in-
teraction [12–14,36], attention was mostly paid to the
zero-temperature Casimir interaction, where nonmonotonic-
ity of the Casimir force was found. Notably, some specific
scattering channels, in some systems with relatively simple
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geometric configurations, were picked as objects of study
and compared with pairwise results as a reference. On the
other hand, the scattering approach has been used to ana-
lyze thermal Casimir effects, including Casimir entropy. For
instance, in Ref. [29], Ingold et al. studied the purely ge-
ometric origin of the negativity of Casimir entropy in the
plane-sphere and sphere-sphere configurations, and the role
of polarization-mixing channels in the appearance of this
negativity is emphasized, which we confirm here as well.
In an effort to enhance understanding of thermal Casimir
interactions in multibody systems, in this paper we take the
perspective of multiscattering processes and explore thermal
Casimir effects, particularly Casimir entropy, examining some
theoretical models of interacting polarizable nanoparticles.
We show that polarization-conserving channels, involving two
or more particles, can also make negative contributions to the
Casimir entropy. We describe the geometry of a general scat-
tering path, and the corresponding influence on the thermal
Casimir interaction. The multiparticle thermal contributions
are, in general, non-negligible. Nonmonotonicity and nega-
tivity are almost unavoidable, implying the significance of
multiparticle thermal Casimir interactions. Our scheme may
provide an alternative approach to evaluating the thermal
Casimir interactions in systems of complex geometry.

This paper is organized as follows: In Sec. II, the general
theory employed is presented explicitly, based on which we
evaluate and analyze the thermal Casimir effects in the two-
particle, three-particle, and particle-lattice systems in Sec. III.
There, we rederive some results in consistency with those in
previous works. The limiting behaviors from the nanoparticle
system to the continuum are also discussed briefly, in agree-
ment with well-known results. Concluding remarks are given
in Sec. IV.

The natural units h̄ = ε0 = μ0 = c = kB = 1 are adopted
throughout, unless specified otherwise.

II. THEORY

It is well known that the Casimir free energy of the electro-
magnetic field at a finite equilibrium temperature T , induced
by a medium with permittivity ε = 1 + V and permeability
μ = 1, can be written symbolically as [32,33]

F =
T

2

∞
∑

n=−∞

Tr ln(1 + �0V), (1)

where the sum is over the indices of the Matsubara frequencies
ζn = 2πT n, and the vacuum Green dyadic at the imaginary
frequency ζ , denoted as �0;ζ , satisfies1

(

1 +
∇ × ∇ × 1

ζ 2

)

· �0;ζ (r, r′) = 1δ(r − r′). (2)

In principle, Eq. (1) applies to a general multiparticle, or even
continuum, scenario. We mainly concentrate on multiparticle
systems here. When only one particle is in the vacuum, then
F is the Casimir self-free energy of this particle, which has

1In this paper, the sign of the Green dyadic is reversed from that in
Refs. [32] and [33].

FIG. 1. The schematic illustration of the three-particle configu-
ration, which consists of three neutral polarizable particles. Particle
1 (P1) and Particle 2 (P2) are located at R1 = aẑ and R2 = −aẑ,
respectively. The distance between particles Pi, P j, i, j = 1, 2, 3 are
denoted as di j = d ji. Inset: Two atoms P1 and P2 in front of the
perfectly conducting mirror located in the z = 0 plane, and their
images P1 and P2.

been specifically investigated recently [33,37–39]. For a two-
particle cases P1 and P2 in Fig. 1 as an example, V = V1 + V2

is just the sum of the susceptibilities of these two particles.
The corresponding Casimir free energy F now is comprised
of three parts, namely, the Casimir self-free energy Fi, i =

1, 2 of P1 and P2, and the interacting contribution F12 = F21,
written as follows:

F12 = F − F1 − F2 =
T

2

∞
∑

n=−∞

Tr ln(1 − t1t2), (3)

in which the scattering matrix ti for Pi is defined as ti =

−�0χi, and χi = Vi(1 + �0Vi )−1. It should be noted that the
susceptibility of a particle in the vacuum would be modified
by the self-interaction due to the fluctuating field. The parame-
ters χi and Vi;ζ are regarded as the effective (or renormalized)
and bare susceptibility of the particle [40], respectively. The
interaction free energy in Eq. (3) involves the properties of
both these particles, and has a quite simple form. For the
three-particle case, like that schematized by Fig. 1, similar
arguments apply, that is, the interacting Casimir free energy
among three bodies can be expressed in terms of one-body and
two-body free energies as F123 = F − F (12) − F (13) − F23 +

F1, but its explicit form is very complicated, as Ref. [14]
demonstrated. In our notation, F123 is written as

F123 = T

∞
∑

n=0

′

Tr ln{1 − x23[(1 + t1)x21t2

× (1 + t1)x31t3 − t2t3]}, (4)

with xi j;ζn
= (1 − ti;ζn

t j;ζn
)−1. Employing formulas in Eqs. (3)

and (4), one can extract the properties of thermal Casimir
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effects in two- and three-particle configurations. Particularly
important are the Casimir entropy S and the Casimir force F

acting on the particle located at r, for instance, which can
be derived based on their relations with the corresponding
Casimir free energy F ,

S = −
∂F

∂T
, F = −

∂F

∂r
, (5)

where T is the temperature. To evaluate those quantities, only
the properties of the particles, here just the effective suscep-
tibilities χi, and the explicit expression for the vacuum Green
function are required. The vacuum Green dyadic �0;ζ (r, r′) is
well known, and in this paper they are mainly employed in a
2 + 1-dimensional representation, as in Eq. (12).

Although the theory described here seems quite straightfor-
ward, there are still difficulties. Obviously, except for simple
cases, practically usable analytic expressions for Casimir free
energies, and thus Casimir entropies and forces, are usually
out of reach. If taking k nanoparticles into account, the total
Casimir free energy F , expressed as the sum of i-particle
interacting contributions, is

F =

k
∑

i=1

Fi +
∑

(i1,i2 )

Fi1i2 +
∑

(i1,i2,i3 )

Fi1i2i3 + · · · + Fi1i2...ik , (6)

where Fi1i2...i j
is the pure j-particle interaction free energy of

particles Pi1 , Pi2 , . . . , Pi j
(i1, i2, . . . , i j ) signifying the labels

of these particles. Even though an analytical expression for
each term in Eq. (6) can be achieved in an ideal manner,
they are typically so complicated that they are not practi-
cally and theoretically applicable. In view of this, we resort
to the perspective based on the scattering picture, trying to
cast some light onto the mechanism by which each scattering
path contributes to the thermal Casimir interactions among the
particles.

To simplify the argument and notation, we here state our
scheme by considering the zero-temperature case, from which
the finite-temperature counterparts can be obtained by re-
placing integrals over Euclidean frequencies by sums over
Matsubara frequencies. The Casimir free energy at zero tem-
perature, or the Casimir energy, is

U =
1

2

∫

dζ

2π
Tr ln(1 + �0;ζ Vζ ), (7)

and can be expanded in an explicit form for the spatially
nondispersive materials as

U = −
1

2

∞
∑

n=1

(−1)n

n

∫

dζ

2π

∫

dr1 . . . drn

× tr[�0;ζ (rn, r1)Vζ (r1)�0;ζ (r1, r2)Vζ (r2)

× · · · �0;ζ (rn−1, rn)Vζ (rn)], (8)

where tr signifies the trace on the dyadic. It is conve-
nient, as in the two- and three-particle cases, to define

χ = V(1 + �0V)−1, or more explicitly,

χ(ζ ; r, r′) = Vζ (r)δ(r − r′) − Vζ (r)�0;ζ (r, r′)Vζ (r′)

− Vζ (r)
∞

∑

n=3

∫ n−2
∏

i=1

(−dri )�0;ζ (r, r1)Vζ (r1)

× · · · �0;ζ (rn−2, r′)Vζ (r′). (9)

When there is only one particle in the vacuum, say, located at
0, χ(ζ ; r, r′) is

χ(ζ ; r, r′) = αζ δ(r)δ(r − r′), (10)

in which αζ is the polarization; this describes only self-
interaction. For the situation consisting of N particles,
χ(ζ ; r, r′) can be expressed in the compact form χ(ζ ) =

Vζ (1 + �0;ζ Vζ )−1 as above, and the bare susceptibility
Vζ (r) is

Vζ (r) =

N
∑

i=1

α
(0)
i (ζ )δ(r − Ri ), (11)

with α
(0)
i being the bare susceptibility of the ith particle lo-

cated at Ri. Definitely, the effective susceptibility in Eq. (9)
includes the interactions between every part of system. But we
would like to investigate those interactions explicitly, so the
renormalized susceptibility of each particle should be utilized.
Since the susceptibility of particle in Eq. (9) always exerts its
effects in the renormalized form, the effective susceptibility
of the ith particle, simply denoted as χi = Vi(1 + �0Vi )−1,
is used in the following arguments. (See also Ref. [40].) To-
gether with the propagator −�0 connecting two neighboring
particles, a scattering path consisting of various particles is
specified. Therefore, to label a scattering path, one only needs
to know the particles passed through in order on this path. To
analyze a scattering path, the details of the path, such as its
geometry, should be properly described.

To this end, we first bring up a natural frame, based on
which we describe the geometry of the path. It is observed that
the vacuum Green dyadic �0;ζ (r, r′) takes a diagonal form in
its principal axis frame, that is,

�0;ζ (r, r′) =
e−dζ

4πd3
[(ê1ê1 + ê2ê2)yt (dζ ) + ê3ê3yp(dζ )],

(12)

in which yt (x) = x2 + x + 1, yp(x) = −2(x + 1), dζ = d|ζ |,
d = |r − r′|, and these three unit vectors satisfy |êi| = 1,
êi × ê j = εi jk êk , ê3 = (r − r′)/d . Note that we are adopting
a 2 + 1 spatial decomposition of the Green dyadic, with the
normal direction being given by ê3, while the transverse di-
rections are described by ê1,2. This decomposition is natural
and convenient, but means that there is a preferred principal
axis frame for each propagator, defined by the direction be-
tween the two particles the propagator links. In the following
arguments, we call the principal axis frame (ê1, ê2, ê3) of
the given Green dyadic �0 its “natural frame,” and d is thus
defined as the length of �0. The geometry of a path is uniquely
determined by the natural frame and length of each constituent
Green dyadic, or propagator, in the total closed path.

To be more specific, consider a closed path passing through
n particles (or an n-path). According to the discussion above,

032802-3



LI, MILTON, AND BREVIK PHYSICAL REVIEW A 108, 032802 (2023)

a path p = [a1, . . . , an] (ai here labels the particles in the
multiparticle system, and i = 1, 2, . . . , n signifies the order
of particles in this path). The free energy at temperature T is
built up of n scattering matrices as follows:

Fp =
(−1)n+1m

n
T

∞
∑

k=0

′

tr[�0;ζk
(ran

, ra1 )αa1 (ζk )

· �0;ζk
(ra1 , ra2 )αa2 (ζk ) · · · �0;ζk

(ran−1 , ran
)αan

(ζk )],

(13)

with m being the length of circular section of this path.2 Note
that the particle polarizabilities are not diagonal in any of the
natural frames of the Green dyadics. Denote the total length

of the path as

dtot = dn,1 +

n
∑

i=2

di−1,i, di, j = |rai
− ra j

|, (14)

then the length distribution of this n-path is defined as η =

(η1, . . . , ηn), where ηi is

η1 =
dn,1

dtot
, ηi =

di−1,i

dtot
, i = 2, . . . , n; (15)

n − 1 independent variables are in η. The orientation of the

path, represented by the set of natural frames of scattering
matrices, is denoted as O = (F1, . . . ,Fn), where Fi is the
natural principal axis frame of �0(ri−1, ri ). To determine the
orientation, 2n − 6, (n � 3) parameters should be provided, if
the rotational symmetry is taken into account, giving a total
of 3n − 7 parameters. That is, when n = 2, apart from the
overall scale, no additional parameters are required. For n = 3
(a triangle), two parameters remain, since two angles specify
the shape. For n = 4, the orientation of one more vector is
required to specify the tetrahedron in addition, giving a total
of five parameters. For each higher polyhedron, one further
vector, hence, three more parameters, need to be specified.
So, apart from the overall scale, 3n − 7 parameters, for n � 3,
must be given to describe the configuration.

In order to evaluate contributions from a path to the thermal
Casimir free energy, it is not enough to only depict its geom-
etry. As noted above, the relative orientation of the frames,
which we shall dub channels, contained in the path have to
be identified and analyzed as well. With the natural frame
utilized, the Green dyadic �0,ζ (r, r′) can be organized in a
simple matrix format, that is, Eq. (12) written in terms of
(t, p) matrix as (three spatial dimensions are broken into 2 + 1
form, i.e., t signifying two transverse dimensions and p a
single longitudinal dimension)

�0;ζ (r, r′) =
e−dζ

4πd3

[

yt (dζ ) 0
0 yp(dζ )

]

, (16)

2When a path is given by repeating a section of particles, then
we call this section of particles the circular section of the path. For
example, the circular section of the path [1,2,3,1,2,3] is 1,2,3 and its
length is 3. If the path has no circular section smaller than the total
number of particles in the path, then this path itself is its own circular
section.

in which yt should be interpreted as the function yt multiplied
by the 2 × 2 identity matrix in this 3 × 3 Green dyadic. In
the same manner, the polarizability of a particle has its (t, p)
form as well. It should be noted that, in fact, properties of
the polarizability, such as dispersion, anisotropy, etc., affect
the details of the channels. But we shall not go deeply into
the properties of particles for clarity and simplicity in this
paper. For a given particle on the path, the (t, p) form of
its polarizability is determined by the natural frames of two
Green dyadics sandwiching it. For example, suppose the nat-
ural frames of �0(r, r′) and �0(r′, r′′) are respectively êi and
ê′

i, then for the expression �0(r, r′)α�0(r′, r′′), α has the (t, p)
form

α =

[

αtt αt p

αpt αpp

]

, (17)

where αμν, μ, ν = t, p are blocks of the 3 × 3 polarization
matrix, i.e.,

αtt =

[

α11 α12

α21 α22

]

, αt p =

[

α13

α23

]

, αpt =
[

α31 α32
]

, (18)

and αpp = α33, with αi j = êi · α · ê′
j . That is, the α matrices

refer to different frames on the left and right, implying that
the polarizability matrix of a particle in this description is
not necessarily symmetric. In terms of these (t, p) matrices,
Fp is the sum of contributions from 2n channels, and the
channel is labeled by the sequence of directions, t and p, of
outgoing propagators. Evidently, channels in a path are largely
determined by the polarizabilities of the particles. Influences
of polarizabilities are quite complicated, and can be modified
manifestly by the orientation of the path. Unlike in 2-paths,
mixing of transverse and longitudinal contributions can be
obtained even for an n > 2-path consisting of only isotropic
particles, and one only needs to properly design the geometry
of the path, as we see in Sec. III.

By applying this scheme, we explore the thermal aspects
of Casimir effects in some relatively simple, yet illustrative,
models, attempting to enhance our understanding of the phys-
ical origins of negativity, nonmonotonicity, and, potentially,
divergences of Casimir entropy. The possible non-negligible
impacts from multiparticle interactions, especially the thermal
part, in systems with many particles included are also demon-
strated.

III. RESULTS AND DISCUSSION

In this section, we evaluate some illustrative configurations
and instances, and discuss the thermal corrections to Casimir
free energies. Since it is typically quite difficult, or even im-
possible, to derive analytical expressions for quantities such
as the Casimir free energy, entropy, force, etc., in multiparti-
cle configurations, we mainly employ numerical methods to
evaluate these quantities. Analytic formulas are given only for
simple cases.

A. Two-particle systems

First, let us investigate the simplest cases, namely, systems
with only two nanoparticles included. The polarizability of
each nanoparticle is assumed to be typically weak, which
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makes sense considering the small size of the particle [37];
then, the Casimir interaction free energy between two parti-
cles, labeled P1 and P2 as those in Fig. 1, can be approximated
as

F12 ≈ −T

∞
∑

n=0

′

tr�0;ζn
α1;ζn

�0;ζn
α2;ζn

, (19)

in which only the scattering path passing through the two
distinct particles, or 2-path, contributes. In Refs. [30] and
[31], the authors studied Casimir-Polder entropies between
two particles, but limited to some special cases. Here we
generalize this work on two-particle systems. To simplify the
evaluation, it is appropriate, without losing any generality,
to set the positions of particle R1 = 0, R2 = Z ẑ, and the
relevant vacuum Green dyadic satisfies the reciprocity con-
dition �0;ζ (R1, R2) = �0;ζ (R2, R1) with the following simple
matrix form:

�0;ζ (R1, R2) =
e−Zζ

4π |Z|3

⎡

⎣

yt (Zζ ) 0 0
0 yt (Zζ ) 0
0 0 yp(Zζ )

⎤

⎦, (20)

in which Zζ = |Zζ |. Since the z direction of the fixed Carte-
sian frame is just the principal axis in this case, the evaluation
scheme in the (t, p) form follows.

Suppose that polarizabilities of these two particles in
Eq. (19) are nondispersive and diagonal. Then the two-particle
Casimir entropy, obtained from F12, depends on the anisotropy
of the particles, that is,

S12 = −
∂F12

∂T
=

1

16π2Z6
[ξzsz(ZT ) + ξ⊥s⊥(ZT )], (21)

where ZT = 4πT |Z|, ξ⊥ = ξx + ξy, ξX = αi;X α j;X ,
X = x, y, z, and the diagonal polarizability of each particle,
for instance Pi, is

αi = αi;xx̂x̂ + αi;yŷŷ + αi;zẑẑ, (22)

in the principal axis frame of the particle, which is the same
as the fixed Cartesian frame here. The functions sz(ZT ) and
s⊥(ZT ), the explicit definitions of which can be obtained
according to Eqs. (19)–(21), arise from the transverse and lon-
gitudinal channels of this 2-path, respectively. Although they
have quite complicated analytic forms, their general behaviors
are demonstrated schematically in the upper panel of Fig. 2.

The longitudinal scattering function sz(ZT ) is always
positive, and approaches a constant monotonically, as the
temperature or the separation between the particles increases.
In contrast, the transverse scattering function s⊥(ZT ) is non-
monotonic, and a negative region of s⊥(ZT ) appears, which is
the sole origin of the negativity of the Casimir entropy in this
system. In the low-temperature limit, ZT � 1, we obtain

sz(ZT ) ∼
Z3

T

90
+

Z5
T

1260
, s⊥(ZT ) ∼ −

Z3
T

180
+

Z5
T

1440
, (23a)

while in the high-temperature or large-distance limit, ZT 	 1,
the reduced Casimir entropies settle to the following constants
as expected:

sz(ZT ) ∼ 2, s⊥(ZT ) ∼ 1
2 . (23b)

In previous work [30,31], we have studied the Casimir-
Polder interaction between two particles with diagonal

FIG. 2. sz (red), s⊥ (green), and s⊥z (blue) (to be defined later)
as functions of ZT = 4πT |Z| are given in the upper panel, while
fz (red), f⊥ (green), and f⊥z (blue) as functions of ZT = 4πT |Z|,
divided by 30, 20, and 10, respectively, are given in the lower panel.

nondispersive electric polarizabilities. To make comparison
with those results, we evaluate the case in which the polar-
izabilities of P1 and P2, αi, i = 1, 2, satisfy α1;zα2;z 
= 0 and
αi = diag(αi;⊥, αi;⊥, αi;z ). Then the Casimir entropy is

S12 =
α1;zα2;z

16π2Z6
[sz(ZT ) + 2γ s⊥(ZT )], (24)

where the anisotropic index is defined as γ = γ1γ2, γi =

αi;⊥/αi;z. Limiting behaviors are obtained directly from
Eq. (23), as

ZT → 0 : S12 ∼
α1;zα2;z

16π2Z6

(

1 − γ

90
Z3

T +
4 + 7γ

5040
Z5

T

)

,

ZT → ∞ : S12 ∼
α1;zα2;z

16π2Z6
(2 + γ ), (25)

which are consistent with Eq. (3.6) of Ref. [30] or Eq. (17)
in Ref. [31]. If 0 < γ < 1, S12 can never be negative, since
the positive longitudinal contribution always overwhelms the
negative transverse one. If γ > 1, then the larger γ becomes
(implying that these two particles are more anisotropic), the
more negative this entropy can be. But when the interparticle
distance or the temperature is sufficiently large, the contribu-
tions from both types of scattering are positive, no matter how
anisotropic the particles are.

It should be mentioned that the appearance of a negative
entropy means physically we are dealing with a part of the
whole system. For the whole system, when all contributions,
including those from the various channels, are taken into ac-
count, the total entropy has to be positive. The entropy of the
electromagnetic vacuum will overwhelm the negative Casimir
entropy, rendering the total entropy positive. Although no
thermodynamic law is violated, the negativity and nonmono-
tonicity of Casimir entropy imply nontrivial properties.

It is helpful to understand the relatively abstract Casimir
entropy, which embodies the properties of thermal corrections
to the zero-temperature Casimir free energy, by connecting
it to some more experimentally accessible quantities, such
as the Casimir force. In the two-particle system above, the
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Casimir-Polder force acting on the particle is in the z direction
and can be expressed, in terms of the free energy, as

Fz = −
∂F12

∂|Z|
=

1

64π3Z8
[ξz fz(ZT ) + ξ⊥ f⊥(ZT )]. (26)

Similarly to the entropy, the analytic expressions for fz and
f⊥, due to the longitudinal and transverse scattering channels,
respectively, are complicated, while their general behaviors
are demonstrated schematically in the lower panel of Fig. 2.
In the low-temperature limit ZT � 1, fz(ZT ) and f⊥(ZT ) are
approximated by

fz(ZT ) ∼ −70 −
Z4

T

120
, f⊥(ZT ) ∼ −

91

2
+

Z4
T

240
, (27)

which means for isotropic particles (2χz = χ⊥), the famous
retarded van der Waals (Casimir-Polder) force at zero temper-
ature is recovered. Although in the zero-temperature case, the
force from each channel is always attractive, channels do not
contribute to the force equally. Suppose α1;zα2;z 
= 0, then for
small |Z|T , Fz can be written as

Fz ≈
α1;zα2;z

64π3Z8

(

− 70 − 91γ ′ +
γ ′ − 1

120
Z4

T

)

, (28)

where the general anisotropic index is defined as γ ′ =

(α1;xα2;x + α1;yα2;y)/2α1;zα2;z. When γ ′ 
= 1 holds, then the
thermal correction to the force may be either attractive or
repulsive, depending on details of the anisotropy. In the
high-temperature or large-distance limit ZT 	 1, the reduced
Casimir-Polder forces fz(ZT ) and f⊥(ZT ) behave asymptoti-
cally as

fz(ZT ) ∼ −12ZT , f⊥(ZT ) ∼ −3ZT , (29)

which are consistent with the isotropic results given in
Eq. (A1) of Ref. [37] and further consistent with the entropy
limit found in Eq. (25)—see Eq. (31) below. According to
the lower panel of Fig. 2, the nonmonotonicity of Casimir
force exhibits correspondences with that of Casimir entropy,
even with the zero-temperature contributions still included. In
light of the view that the Casimir entropy is the quantity best
illustrating the thermal corrections, we can explicitly extract
the thermal part of the Casimir force as follows:

F
(T )
z =

α1;zα2;z

64π3Z8
f (T )
z (γ ′, ZT ), (30)

where the reduced thermal correction f (T )
z (γ ′, ZT ) is

f (T )
z (γ ′, ZT ) = ZT s12(γ ′, ZT ) − 7

∫ ZT

0
dxs12(γ ′, x), (31)

and s12(γ ′, x) = sz(x) + 2γ ′s⊥(x) is the reduced Casimir en-
tropy of these two particles, the general behaviors of which
are shown by Fig. 3(c). According to the general behaviors
of Fz in Eq. (26) described by Fig. 3(a), the force between
these two particles is always attractive, but its dependence on
the temperature is not monotonic. With a larger anisotropic
index, the magnitude of Fz typically increases. If γ ′ is large
enough, Fz exhibits nonmonotonic dependence on the tem-
perature. This nonmonotonicity in both Casimir entropy and
force is strengthened by the anisotropy. Furthermore, the ther-
mal correction to the Casimir force F (T )

z in Eq. (30) behaves
nonmonotonically, exhibiting a clear similarity with that of

the Casimir entropy S12 shown in Fig. 3(c). The influences on
the thermal correction are evident, and anisotropy can lead to
the negativity of the Casimir entropy and the nonmonotonicity
of the Casimir force, by amplifying or reducing the impacts
of transverse channels. Obviously, f (T )

z and thus F (T )
z vanish

with T → 0, and according to Eq. (28), f (T )
z near ZT = 0

satisfies

∂ f (T )
z (γ ′, ZT )

∂ZT

≈
γ ′ − 1

30
Z3

T , (32)

which means for γ ′ > 1, the thermal correction will be pos-
itive for the relatively low temperature. As the temperature
rises, F (T )

z will finally turn negative, if γ ′ > 1 according to
Eq. (29). Therefore, the dependence of the thermal correction
on the temperature will be nonmonotonic at least for γ ′ > 1.

In the model above, transverse and longitudinal scattering
channels do not mix. For particles with off-diagonal polar-
izabilities [to emphasize the nonmonotonicity and negativity,
here let us ignore the diagonal terms, since the diagonal terms
and off-diagonal terms do not interfere within the 2-path writ-
ten in Eq. (19)], there are more subtleties. The Casimir entropy
is now written as

S12 =
1

16π2Z6
[ξxys⊥(ZT ) − 2ξ⊥zs⊥z(ZT )], (33)

where ξxy = α1;xyα2;yx + α1;yxα2;xy, ξ⊥z = α1;xzα2;zx +

α1;yzα2;zy + α1;zxα2;xz + α1;zyα2;yz. In Eq. (33), the transverse
channel remains, but the mixing channel, instead of the
longitudinal one, occurs. The mixed reduced entropy s⊥z,
corresponding to the mixing channel, is depicted in Fig. 2,
and its limiting behaviors are

ZT → 0 : s⊥z(ZT ) ∼ −
Z3

T

720
−

Z5
T

3360
,

ZT → ∞ : s⊥z(ZT ) ∼ 1
2 . (34)

Suppose αi;xyα j;yx 
= 0, thus ξxy, is nonzero, then Eq. (33) is

S12 =
ξxy

16π2Z6
[s⊥(ZT ) − 2γ ′′s⊥z(ZT )], (35)

where the characteristic index is γ ′′ = ξ⊥z/ξxy, indicating the
relative strength between transverse and mixing channels. The
low-temperature limiting behaviors of S12 are shown as

S12 ∼
ξxy

16π2Z6

[

−
2 − γ ′′

360
Z3

T +
7 + 6γ ′′

10080
Z5

T

]

, (36a)

while in the large-distance or high-temperature limit, S12 be-
haves as

S12 ∼
ξxy

16π2Z6

1 − 2γ ′′

2
. (36b)

Similarly, the Casimir force acting on the particle is in the z

direction and expressed as

Fz =
1

64π3Z8
[ξxy f⊥(ZT ) − 2ξ⊥z f⊥z(ZT )]

=
ξxy

64π3Z8
[ f⊥(ZT ) − 2γ ′′ f⊥z(ZT )], (37)
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(a) (b) (c)

(d) (e) (f)

FIG. 3. (a) and (b) demonstrate the Casimir force Fz in Eq. (26) and the thermal correction to the Casimir force F (T )
z in Eq. (30) (in units of

α1;zα1;z/64π 3Z8) as functions of ZT = 4πT |Z| and anisotropic index γ ′. The Casimir entropy S12 in Eq. (21) (in units of α1;zα1;z/16π 2Z6) as a
function of ZT = 4πT |Z| and anisotropic index γ ′ is shown in (c). (d) and (e) show the Casimir force Fz in Eq. (37) and its thermal correction
F (T )

z (in units of χxy/64π 3Z8) as functions of ZT = 4πT |Z| and characteristic index γ ′′, while (f) shows the Casimir entropy S12 in Eq. (35)
(in units of χxy/16π 2Z6) as a function of ZT = 4πT |Z| and characteristic index γ ′′. The zero lines are given to guide the eye.

in the second step of which ξxy is assumed nonzero as in
Eq. (35). The limiting behaviors of Fz are simply

Fz ∼
1

64π3Z8

(

105ξ⊥z − 91ξxy

2
+

2ξxy − ξ⊥z

480
Z4

T

)

(38a)

for ZT � 1, and for ZT 	 1

Fz =
3(2ξ⊥z − ξxy)

64π3Z8
ZT . (38b)

The thermal part of the Casimir force Fz in Eq. (37) can be
obtained via the corresponding Casimir entropy analogous to
Eqs. (30) and (31). The general behaviors of S12 in Eq. (35) are
shown by Fig. 3(f). The sign of off-diagonal Casimir entropy
is highly dependent on the parameter γ ′′, and according to
Eq. (36), S12, induced by off-diagonal contributions, for fixed
γ ′′, always has a region of T for which it is negative. Fig-
ure 3(f) also demonstrates the nonmonotonicity of this S12,
especially for small γ ′′, which is consistent with the results in
Fig. 2. The Casimir force due to the off-diagonal polarizations
can turn repulsive for most temperatures T and characteristic
indices γ ′′, in contrast to the diagonal Casimir force described
by Eq. (26). Thermal corrections generally contribute signif-
icantly to the Casimir forces when the temperature is high
or the separation is large, in both the off-diagonal cases and

diagonal cases. The correspondences between the Casimir
entropies and thermal corrections to the force are evident. The
transverse and mixing channels, especially the mixing one,
can serve as the source of nonmonotonicity and negativity of
Casimir entropy. But the vital impacts due to the geometry of
the path are not applicable in two-particle cases.

B. Three-particle systems3

As revealed by arguments on two-particle configurations,
one of the main effects of polarizabilities is to select the
relevant scattering channels between particles. In other words,
polarizabilities of particles determine the channels included
in a scattering path, as shown explicitly in Sec. III A. Never-
theless, within multiparticle systems, it is not straightforward
to specify the contributions from each channel as in the two-
particle cases. First, the geometry of the path, by itself, can
induce the mixing of transverse and longitudinal scatterings.

3The earliest work on three-body van der Waals interactions, which
are nonretarded Casimir-Polder interactions, was by Axilrod and
Teller [41]. They only considered zero-temperature configurations,
so the connection with our work is rather remote.
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Second, extra complexities are largely introduced by the di-
versity of paths in multiparticle systems.

As an illuminating example, let us study 3-path configura-
tions, where three different particles are involved, as depicted
schematically by Fig. 1. Without losing any generality, we
focus on the path P = [1, 2, 3]. According to Eq. (4), as well
as the picture of the fluctuating field, the Casimir free energy,
owing to the three-particle interaction, is

FP = T

∞
∑

n=0

′

tr[�0;ζn
(R3, R1)α1(ζn)�0;ζn

(R1, R2)

× α2(ζn)�0;ζn
(R2, R3)α3(ζn)], (39)

with Ri and αi being the location and the polarizability of
Pi. As in Fig. 1, we set R1 = aẑ = −R2. For a three-particle
system, particles are always located in the same plane, and
given the symmetry, it is enough to assume P3 is located in
the half-infinite plane, which contains the non-negative y axis
and perpendicular to the axis, that is, we choose φ = π/2. The
geometric configuration of this system can be determined by
two parameters as predicted in Sec. II, i.e., the polar angle
θ and ratio of distances r = |R3|/a of P3 in Fig. 1. The
explicit formula of FP in Eq. (39) is typically complex. To
demonstrate the influences of geometry clearly, however, we
here only investigate the nondispersive isotropic particles and
consider four representative channels, namely, ttt, tpt, tpp,
and ppp, in this path. Suppose each particle has the polar-
izability of the form αi = αi1, then the free energy from the
channel μνλ, μ, ν, λ = t, p is simply

F
μνλ

P
=

α1α2α3

128π4d10

γμνλ

η3
1η

3
2η

3
3

fμνλ(η; dT ), (40)

where d is the length of the path, dT = 2πT d . Here, the di-
rection cosines between the frames are simply given in terms
of a trace over projection operators,

γμνλ = trπμ

1 π ν
2 πλ

3 , μ, ν, λ ∈ (t, p), (41)

where the p and t projection operators for each frame are

π
p

i = êi
3êi

3, π t
i = êi

1êi
1 + êi

2êi
2. (42)

The function fμνλ(η; dT ) detailed below is independent of
the electric response of each particle because the latter are
assumed nondispersive:

fμνλ(η; dT ) = dT

∞
∑

n=0

′

yμ(η1dT n)yν (η2dT n)

× yλ(η3dT n)e−dT n. (43)

Evidently, when the geometry of the path and polarizabilities
of particles are fixed, the Casimir energies, obtained at zero
temperature, induced by those four channels all scale in d as
O(d−10). Since another scale 1/2πT is present if the temper-
ature is finite, the scaling law significantly deviates from its
zero-temperature counterpart. The low- and high-temperature
behaviors of the Casimir entropy, stemming from those four
channels, are listed in Table I. The low-temperature scaling
law in d of the entropy is O(d−6), while the high-temperature
one is O(d−9). Besides the dependence on the length of
the path, the temperature-dependent part is also affected by

TABLE I. The low- and high-temperature limits of the Casimir
entropies for given channels −∂Fμνλ

p /∂T according to Eq. (40), in
units of α1α2α3γμνλ/64π 3d9η3

1η
3
2η

3
3 . The low- and high-temperature

limits are readily obtained directly from the sum in Eq. (43); the
former can also be verified through the Euler-Maclaurin formula.

Channels Low T High T

ttt
1−3(1−η1 )(1−η2 )(1−η3 )

45 d3
T − 1

2

tpt
1−3(η2

1+η2+η2
3 )(1−η2 )

45 d3
T 1

tpp
6η3

1+6(η1η2+η1η3+η2η3−η1η2η3 )−2
45 d3

T −2

ppp
4−12(η1η2+η1η3+η2η3−η1η2η3 )

45 d3
T 4

the length distribution η. The low-temperature limiting results
from channels ttt and ppp, in Table I, are always positive,
while the high-temperature limits are, respectively, negative
and positive. For ttt, a sign change occurs in the Casimir
entropy with increasing temperature, while the ppp contribu-
tion apparently does not change sign. As for mixing channels
tpt and tpp, their low-temperature limits can be either pos-
itive or negative, depending on the geometry of the path.
Negative entropy contributions in paths including more than
two scattering matrices are hence commonly seen. To give
a first indication of the dependence on temperature of these
four channels, we evaluate the configuration with the ratio of
distances of P3 r = 1 and the polar angle θ = π/2, shown in
Fig. 4. The nonmonotonicity is clearly seen in the behaviors of
ttt and tpt channels, which are qualitatively different from the
tpp and ppp channels. Actually, the sign flipping of Casimir
entropy is closely related to the nonmonotonicity of the free
energy, which is also strongly affected by the geometry of the
path.

FIG. 4. The Casimir entropies induced by channels ttt

(black), tpt (red), tpp (blue), and ppp (green), in units of
α1α2α3γμνλ/64π 3d9η3

1η
3
2η

3
3 , as functions of aT = 2πaT with a

fixed. The geometry of the path is characterized by the ratio of
distances of P3 being r = 1 and the polar angle being θ = π/2.
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(a) (b)

(c) (d)

FIG. 5. The Casimir entropies induced by channels ttt (a), tpt (b), tpp (c), and ppp (d), as functions of the ratio of distance r = |R3|/a and
the polar angle θ . The results for each channel are scaled by the absolute value of its Casimir entropy with the parameters r = 1, θ = π/2,
and 2πaT = 1.

To address the effects of the geometry specifically, espe-
cially the orientation of the path, we numerically evaluate
the Casimir entropies from those four channels above, with
fixed a and T satisfying aT = 2πaT = 1, depicted in Fig. 5,
where the nonmonotonicity and negativity of Casimir entropy
are displayed conspicuously. In Figs. 5(a), 5(b) and 5(d), we
observe symmetry with respect to the polar angle θ . With-
out the longitudinal scattering involved in this channel, the
Casimir entropy is always positive in the parameter region,
as shown in Fig. 5(a). Otherwise, negative Casimir entropy
is allowed in a relatively large parameter region, indicating
that the negativity of Casimir entropy is almost inevitable in
the contributions from many-body channels. The channel tpp

in Fig. 5(c) exhibits a strong asymmetry as anticipated. Its
Casimir entropy is typically negative, and a deeply negative
region is found close to r = 1, θ = 0, that is, the location
of P1, while around P2 there exist tiny positive and negative
regions. It is noteworthy that the orientation of the path,
reflected in the direction cosine factor γμνλ, illustrates its
impacts in the peculiar behaviors of Casimir entropy near the
vicinities of P1 and P2. For ttt, tpt, and ppp, it is sufficient
to just evaluate the case where P3 is near P1. Algebraically,

the geometric factors γμνλ for each channel are given by the
following, where we also show the behavior as P3 approaches
P1:

γttt = 1 − cos θ23 cos(θ23 + θ31) cos θ31 ∼ O
(

η0
1

)

, (44a)

γtpt = − sin θ23 cos(θ23 + θ31) sin θ31 ∼ O(η1), (44b)

γppp = cos θ23 cos(θ23 + θ31) cos θ31 ∼ O
(

η0
1

)

. (44c)

Here θi j is the angle between the vector Ri − R j of
�0;ζn

(Ri, R j ) and z axis, and the order of the dependence on
the relative distance between P3 and P1, η1, is provided. These
formulas qualitatively clarify the results in Figs. 5(a), 5(b) and
5(d). For the tpp channel, γtpp behaves differently near P1 and
P2, as we see from

γtpp = cos θ23 sin(θ23 + θ31) sin θ31

∼ O
(

η0
1

)

near P1, ∼ O(η3) near P2, (44d)

resulting in the asymmetry seen in Fig. 5(c). Together with
the length distribution η, giving the divergences η−3

1 near P1

and η−3
3 near P2, the results in Fig. 5 are justified, and the
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significant influences due to the geometry have been explicitly
manifested.

In view of the results and arguments about the simple
model above, it can be claimed that the geometry of the path,
as well as the properties of polarizabilities, would introduce
a huge number of degrees of freedom, if one attempts to
describe the Casimir interactions in a system consisting of
various particles with nondiagonal polarizabilities, and the
thermal corrections to these interactions would be diverse and
subtle. In fact, researchers have already tried to unveil the
properties of multibody systems, and it is helpful to review
the thermal Casimir interactions in those systems briefly here.
As an illustration, consider the simplest three-body interact-
ing system in Ref. [36], that is, two isotropically polarizable
atoms, equidistant from a perfectly conducting plate. By intro-
ducing images of these two particles as shown in the inset of
Fig. 1 based on the boundary condition on a perfectly conduct-
ing mirror, we see that contributions to the Casimir free energy
from 2-paths include not only that due to the direct interaction
between the two particles F12, but also paths involving one of
the images, F12̄ or F1̄2, or both, F1̄2̄. The effects of the perfectly
conducting mirror are caused by the extra paths with various
geometries. At zero temperature, F12̄, F1̄2, and F1̄2̄, scaled by
F T =0

12 = −23α1α2/64π3a7, satisfy

F T =0
12̄ + F T =0

1̄2 = −
64(1 + 4r)

r3(1 + r)4
, F T =0

1̄2̄ =
1

r7
, (45)

with r =
√

1 + 4Z2/a2, Z and a being the particle-mirror and
particle-particle distances, respectively. Equation (45) gives
exactly Eq. (21) in Ref. [36]. The low-temperature corrections
are

F T
12̄ + F T

1̄2 =
2r2 − 3 − r5

45r5
(2πaT )4, F T

1̄2̄ =
11(2πaT )6

945r
.

(46)

Therefore, quantities in Eq. (45) are actually 2-path contri-
butions from anomalous paths induced by the mirror, even
though three bodies are playing their own roles in those
paths [36].

The thermal correction to the Casimir force induced by
multiparticle interactions can be evaluated in terms of the
Casimir entropy, as with the two-particle cases above. For
brevity, we here will not go in depth into this aspect, which
could have considerable impacts in various applications.

As shown above, three main factors—namely, the tem-
perature, the length of the path, and the orientation of the
path—determine the properties of thermal Casimir interac-
tions. The length of the path, together with the temperature,
sets the scale of the thermal Casimir interaction, while the
orientation of the path vitally influences its properties, such
as its negativity. Even with this simple model for attributing
contributions, however, for paths with geometry more com-
plex than those in the simple cases treated above, the analysis
is still too complicated to be claimed to be completely under
control. It is worth mentioning that the multiscattering picture
gives us a conceptual interpretation of the nonadditivity of
Casimir interactions, which is a long recognized phenomenon,
and results in many complexities. Adding a particle to or sub-
tracting it from a multiparticle system will create or destroy
various scattering paths, and contributions from those paths,

FIG. 6. An isotropic nondispersive particle Pt located at d0ẑ

with the radius 25 nm and polarizability α satisfying α/ε0 =

100 000 nm3, in front of a 13 × 13 square lattice in the xy plane
with the lattice vectors a1 = ax̂, a2 = aŷ, a = 250 nm. There is one
nanoparticle sitting at each lattice point.

especially n-paths (n � 3), cause significant deviations from
traditional pairwise additivity.

Nonetheless, there are still some reservations as to the
practical significance of multiparticle Casimir interactions. It
can be well argued that the multiparticle contributions are
typically too small to be detected experimentally to date, in
systems comprising a few nanoparticles, as some previous
works [14,36] have claimed. Moreover, it is well known, and
recently justified again [42], that even in some continuum
scenarios, where the media involved are dilute, it is good
enough to approximate the Casimir interactions with pairwise
summation by ignoring multiparticle contributions. Yet the
multiparticle results, complicating the Casimir interactions
inside and among continua, are usually far from trivial. More-
over, their thermal corrections should be better understood.
The study of the three-particle system above is just a prelim-
inary attempt in this direction, and more endeavors are to be
made. As one small step forward, in the following section we
apply our scheme to investigate a model with more particles.
There, we show that the thermal correction to multiparticle
free energies can be quite important.

C. Particle near a Dirac lattice

Since nanoparticles have a wide range of applications,
various studies on nanoparticles have been carried out. For in-
stance, efforts have been devoted to schemes for determining
the polarizability of nanoparticles recently [43,44]. Config-
urations built from nanoparticles are also gaining more and
more attention. Lattices of nanoparticles, as an example, are
modeled with properly arranged δ-potentials (Dirac lattices)
and the Casimir interactions between them at zero temperature
have been explored [45,46]. With the aim of illustrating the
nontriviality of multiparticle contributions, particularly at fi-
nite temperature, here we numerically investigate the Casimir
interaction between an isotropic nondispersive nanoparticle
(labeled as Pt) and a small two-dimensional (2D) lattice with
one nondispersive nanoparticle sitting on each lattice point, as
schematically illustrated in Fig. 6. We consider nanoparticles
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(a) (b) (c)

FIG. 7. For the model in Fig. 6, let Pt be located at d0ẑ, with d0 being the distance between Pt and the particle at the point of origin Po, and
consider two types of lattices, namely, the isotropic lattice (IL, solid lines) and the transverse lattice (TL, dashed lines). Lattice particles of IL
and TL have the same settings as Pt , but those of TL cannot polarize perpendicularly to the lattice. The contributions from 2-paths (blue) and
3-paths (red, also labeled) to quantities are evaluated. 2-path results are scaled by their own Pt − Po 2-path contributions, while 3-path results
are shown as ratios to their corresponding 2-path results. (a) The Casimir energies at zero temperature as functions of the distance between
Pt and the lattice d0. (b) Casimir entropies at T = 300 K as functions of d0. (c) Casimir entropies when d0 = a = 250 nm as functions of
temperature.

in this lattice capable of being polarized either isotropically
(isotropic lattice, IL) or isotropically only in the plane of the
lattice (transverse lattice, TL). To theoretically evaluate the
Casimir interactions in this model, we employ the radius and
polarizability of the particles listed in the caption of Fig. 6,
based on the scales of those parameters in Ref. [44].

Suppose Pt is always on the positive z axis, then we show
the dependence of Casimir energy and entropy on the separa-
tion between Pt and the lattice in Fig. 7. The 2-path Casimir
energy presented in the scaled forms in Fig. 7(a), for either
the Pt-IL or Pt-TL case, starts from 1 and approaches the
particle number of the lattice, 169. So, if Pt is close to the
lattice, the result tends to two-particle Casimir-Polder energy
between Pt and the particle at the center of the lattice Po,
agreeing with the results in Ref. [45], and the sensitive influ-
ence of the length of path on Casimir interaction is evident.
When Pt is far away from the lattice, the lattice acts as a
single particle with a polarizablity 169 times that of a single
lattice particle. 3-path contributions at zero temperature are
typically small, that is, about 1% of their 2-path counterparts,
as predicted by previous works. But this does not hold true
for thermal Casimir interactions, as revealed by the Casimir
entropy, shown in Figs. 7(b) and 7(c). Similar small- and
large-separation behaviors to Fig. 7(a) are seen in 2-path
Casimir entropy for both Pt IL and Pt TL. The scaled 2-path
Casimir entropy of Pt IL converges to one more slowly than
that of Pt TL. This Pt-TL entropy does not change sign,
although the Pt-Po two-particle entropy passes through zero at
about d0 ≈ 5 μm at T = 300 K, as shown by s⊥ in Fig. 2. Fur-
thermore, Fig. 7(b) also unveils the remarkable significance of
the 3-path thermal Casimir interactions, in contrast with the

zero-temperature cases. The singular behaviors of the relative
3-path entropies for the Pt-TL case are due to the vanishing
of the corresponding 2-path contributions. If the separation
between Pt and the lattice is fixed and the temperature is
varied, as shown in Fig. 7(c), the nonmonotonicity of 2-path
entropies is clear, implying the subtlety of thermal Casimir in-
teractions; for instance, their contributions to the specific heat
of the system can be negative. The dependence on temperature
of 3-path interactions is nontrivial also, such as its changing
from negative to positive in the Pt-IL case. Therefore, when
evaluating the thermal Casimir interactions in a multiparticle
system, contributions from n-paths should be properly taken
into account. The combined influences of the geometry of the
path and the polarizability of the particle should be carefully
assessed.

Assume now that the distance between Pt and the lattice
is fixed, at d0 = 250 nm, for instance, and the position of Pt

can vary horizontally. At zero temperature, the results for Pt

IL and Pt TL in Figs. 8(a)–8(d) are qualitatively analogous
to each other, since d0 is relatively small. The total Casimir
energy, from both 2-path and 3-path scatterings, demonstrates
the periodicity of the lattice as the position of Pt changes, and
the 3-path Casimir energies are typically orders of magnitude
smaller than their corresponding 2-path counterparts. At finite
temperature, on the contrary, this periodicity tends to disap-
pear, as shown in Figs. 8(e)–8(h). The 2-path Casimir entropy
of Pt IL does not change sign and decreases from the center
of the lattice towards the outside, while that of Pt TL can
be either negative or positive, depending on where Pt is with
respect to this small lattice. The 3-path Casimir entropies, in
Figs. 8(f) and 8(h), are too large to be ignored. The regions
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(a) (b) (c) (d)

(e) (f) (g) (h)

FIG. 8. For the model in Fig. 6, the distance between Pt and the lattice is fixed to be a = 250 nm, and the horizontal position of Pt in the
first quadrant of xy plane is varied. Two types of lattices as in Fig. 7 are used, namely, the IL (a, b, e, f) and the TL (c, d, g, h). 3-path results
are exhibited as ratios in the same manner as in Fig. 7, while 2-path results are scaled by their values when Pt is on the z axis. (a)–(d) show the
Casimir energies at zero temperature as functions of the horizontal position of Pt , while (e)–(h) show the Casimir entropies at T = 300 K as
functions of the horizontal position of Pt .

in Fig. 8(h) where the entropy is out of scale result from the
zeros in Fig. 8(g).

Within this simple model, the significance of n-path con-
tributions to thermal Casimir interactions are apparent, even
though their zero-temperature counterparts are rather small.
In practical application scenarios, where the thermal Casimir
interactions are important, multipath contributions should be
analyzed and handled cautiously.

D. Limit to continuum

One may expect to model a continuous medium by increas-
ing the number of nanoparticles in the lattice. In a system
made up of multitudinous polarizable particles, the effects of
multiparticle interactions are nontrivial, if not dominating. To
give a preliminary example in this direction at the end of this
current work, we discuss briefly a well-established medium,
which is a bulk medium characterized by the isotropic,
nondispersive permittivity ε and permeability μ = 1. Model
this continuum with a cubic Dirac lattice with the basis vectors
a1 = ax̂, a2 = aŷ, a3 = aẑ, and the susceptibility of each
particle α = α1 satisfying (in the dilute approximation)

ε − 1 =
α

a3
, α � a3, (47)

implying the convergence to the localized continuum as a →

0, that is, a is the smallest scale, apart from α, which al-
ways must be smaller than a3. When the temperature is zero,
the magnitude of Casimir energy (energy density) from each
channel is proportional to a−1 (a−4). For instance, the contri-
bution from a channel of a 3-path as in Eq. (40) is now

U
μνλ

P
=

C
μνλ

P,0

a
, (48)

where the factor C
μνλ

P,0 is, with the given ε, only determined by
the geometry of the path, and is independent of the scaling of
a. To show this clearly, C

μνλ

P,0 can be explicitly written as

C
μνλ

P,0 =
(ε − 1)3

128π4ρ10

γμνλ

η3
1η

3
2η

3
3

∫ ∞

0
dx

yμ(η1x)yν (η2x)yλ(η3x)

ex

=
(ε − 1)3

128π4ρ10

γμνλ

η3
1η

3
2η

3
3

6
∑

k=0

c
μνλ

P,k
(η)k!, (49)

in which ρ = d/a is the ratio between the length of the
path d and lattice spacing a, and c

μνλ

P,k
(η) is the kth-order

geometric coefficient of the given channel in the path. Here,
we regard the susceptibility ε − 1 as fixed in the continuum
limit. Generally, according to the expression in Eq. (8), the
total Casimir energy per particle is U = Ca−1, where C is a
factor independent of a. The Casimir energy density in this
medium is thereby u = Ca−4 as a → 0, which is consistent
with the divergent behavior obtained with the spatial point-
splitting regularization. Here the Casimir self-energy of each
particle has been ignored. Except for the divergences induced
by the self-interaction of each particle, which theoretically
causes physical difficulties, there are also divergences result-
ing from the idealized description of the medium, which will
have no effect on real materials. The scattering paths in the
medium with some nontrivial geometric configuration, such
as the dielectric ball, are constrained, compared to those in a
medium filling the whole space. The features of this geometric
configuration will be embedded into the properties of Casimir
interaction and its thermal correction, which we would like
to cover in our future work. Needless to say, issues like the
various types of particles, the spatial arrangements, etc. lead
to an abundance of properties.

If the system is at finite temperature, the thermal contribu-
tions in the cubic lattice above depend on the lattice constant a
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with an extra scale T attached, i.e., the parameter aT = 2πaT .
Analyze the three-body example as in Eqs. (40) and (48), then
we get a similar form for the Casimir free energy

F
μνλ

P
=

C
μνλ

P
(aT )

a
, (50)

in which the coefficient C
μνλ

P
(aT ) is

C
μνλ

P
(aT ) =

(ε − 1)3

128π4ρ10

γμνλ

η3
1η

3
2η

3
3

fμνλ(η; ρaT ). (51)

It can be easily justified that there is a C
μνλ

P,0 = C
μνλ

P
(0)

in C
μνλ

P
(aT ), representing the zero-temperature contribution.

The thermal coefficient �C
μνλ

P
(aT ) = C

μνλ

P
(aT ) − C

μνλ

P
(0) is

evaluated with the Euler-Maclaurin formula as

�C
μνλ

P
(aT ) = −

(ε − 1)3

128π4ρ10

γμνλ

η3
1η

3
2η

3
3

6
∑

k=0

c
μνλ

P,k
(η)dk+1

T

×

∞
∑

m=1

B2m

(2m)!

d2m−1

dn2m−1
nke−dT n

∣

∣

∣

∣

n=0

=
(ε − 1)3

128π4ρ10

γμνλ

η3
1η

3
2η

3
3

6
∑

k=0

c
μνλ

P,k
(η)

×

{

2Re

[(

ρaT

2iπ

)k+1

ψ (k)

(

iρaT

2π

)]

− 2(k!)

}

,

(52)

where Bn is the Bernoulli number, dT = ρaT , and ψ (k)(x)
is the kth-order digamma function. This result is obtained
by appropriate differentiation of the generating function of
the Bernoulli numbers. At first glance, the dependence on
temperature in Eq. (52) is rather perplexing. The last term
there ensures that C

μνλ

P
(aT ) vanishes as the temperature ap-

proaches zero, and the third law of thermodynamics is thus not
violated. There remain the T 2 terms from k = 0, 1, which are
(ρaT )2/12 and −(ρaT )2/12 for k = 0 and k = 1, respectively.
Fortunately, we find that for any channel in a path, its k = 0
and k = 1 geometric coefficient are always equal. The T 2

terms, consequently, always cancel at the channel level. The
lowest order of aT is the fourth, since �C

μνλ

P
(aT ) is an even

function of aT , which holds true for any channel actually.
Therefore, in the continuum limit a → 0, the density of free
energy is then proportional to the fourth power of temperature,
as is well known and already seen in Table I, and for any
order of the susceptibility ε − 1, a contribution exists, which
is also consistent with the known results. The divergences
seem to be not so troublesome as in the zero-temperature
cases. Definitely, much more work should be devoted to this
beyond the brief discussion here, if more and deeper insights
are to be gained.

IV. CONCLUSIONS

To summarize, we employ a viewpoint based on electro-
magnetic scattering among particles to evaluate the multipar-
ticle thermal Casimir interaction within systems composed
of nanoparticles. The geometry of the scattering path has
been delineated theoretically, and its influences on multipar-
ticle thermal Casimir effects are illustrated with the Casimir
entropy, specifically by investigating three-particle configura-
tions. In addition, contributions from transverse, longitudinal,
and mixing scatterings have been studied. In two-particle
cases, transverse and mixing 2-paths are mostly responsible
for the nonmonotonicity and negativity of the Casimir entropy,
while in three-particle cases, where more propagators are in-
volved and the geometry of the 3-path exerts its influence, the
longitudinal path can contribute to negative entropy as well.
Furthermore, by utilizing our scheme, we explore the Casimir
interaction, especially the thermal part, in a relatively more
realistic model, i.e., a nanoparticle in front of a 2D lattice.
Unlike the zero-temperature Casimir interaction, in which the
multiparticle contributions are typically small compared to
the two-particle one, in the thermal Casimir interaction the
impacts from multiparticle scatterings can hardly be thought
of as trivial, and should be seriously taken into account in
relevant scenarios with ambient temperature or higher.

As a trial evaluation, we also study the connection between
the multiscattering perspective and the continuum in a simple
model. For the continuous homogeneous medium as the back-
ground, the features of divergence of the Casimir energy have
been derived, and consistency with the form of the black-body
free energy is observed with subtle cancellations in the level
of the scattering channels. In the near future, we would like to
systematically investigate the aspects of Casimir interactions
in continuum from the multiscattering point of view.

The results obtained in this work justify the potential
of this multiparticle scattering scheme in applications with
complex geometric configurations and various materials, and
illustrate that there exist many possibilities and means to
handle, or even to design, thermal Casimir interaction. We
hope that in the near future our proposal might be ap-
plied to more experimental accessible studies or applications,
for instance, those on the pull-in instability of micro-
electromechanical or nanoelectromechanical systems [47],
with further-developed analytical and numerical evaluation
techniques.
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