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Abstract. Liouville Conformal Field Theory (LCFT) on the disk describes the conformal factor
of the quantum disk, which is the natural random surface in Liouville quantum gravity with disk
topology. Fateev, Zamolodchikov and Zamolodchikov (2000) proposed an explicit expression, the
so-called FZZ formula, for the one-point bulk structure constant for LCFT on the disk. In this paper
we give a proof of the FZZ formula in the probabilistic framework of LCFT, which represents
the first step towards rigorously solving boundary LCFT using conformal bootstrap. In contrast to
previous works, our proof is based on conformal welding of quantum disks and the mating-of-trees
theory for Liouville quantum gravity. As a byproduct of our proof, we also obtain the exact value
of the variance for the Brownian motion in the mating-of-trees theory. Our paper is an essential part
of an ongoing program proving integrability results for Schramm–Loewner evolutions, LCFT, and
in the mating-of-trees theory.
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1. Introduction

Liouville quantum gravity (LQG) first appeared in theoretical physics in A. Polyakov’s
seminal work [37] where he proposed a theory of summation over the space of Rieman-
nian metrics on a given two-dimensional surface. The fundamental building block of his
framework is the Liouville conformal field theory (LCFT), which describes the law of the
conformal factor of the metric tensor of a surface of fixed complex structure. LCFT was
first made rigorous in probability theory in the case of the Riemann sphere in [11], and
then in the case of a simply connected domain with boundary in [27]; see also [12,23,39]
for other topologies.
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On surfaces without boundary, solving Liouville theory amounts to computing the
three-point function on the sphere – which is given by the DOZZ formula proposed in
[14,52] – and arguing that correlation functions of higher order or in higher genus can be
obtained from it using the conformal bootstrap method of [7]. Recently, two major break-
throughs have been achieved, namely the rigorous proof of the DOZZ formula [29] and of
the conformal bootstrap on the sphere [22]. A similar program can be pursued for surfaces
with boundary, where the most basic correlation function is the bulk one-point function
on the disk with expression given by the Fateev–Zamolodchikov–Zamolodchikov (FZZ)
formula proposed in [20]. In this paper we will prove the FZZ formula, which represents
the first step towards rigorously solving boundary LCFT.

Our approach is completely different from the one used in [29, 40, 42] which was
based on the BPZ equations and on the operator product expansion of [7]. As explained in
Section 1.1, that approach has essential obstructions to proving the FZZ formula. Instead,
we rely on the rich interplay between LCFT and the random geometry corresponding to
LQG. In particular, we use the idea of the quantum zipper, which says that the conformal
welding of two LQG type random surfaces gives a LQG type surface decorated with a
Schramm–Loewner evolution (SLE). Building on the original work of [18, 48] and the
recent work of the first and the third authors with Holden [3, 4], we prove a new quantum
zipper result and use it to obtain the FZZ formula. As an intermediate step in our proof, we
also obtain the exact value of the variance of the Brownian motion in the mating-of-trees
theory by Duplantier, Miller and Sheffield [18].

Besides its intrinsic interest and its relevance to conformal bootstrap, the FZZ formula
yields integrability results on Gaussian multiple chaos on the unit disk or upper half-plane;
see Section 1.3. Moreover, it is a crucial input to the paper [5] of the first and the third
authors on the integrability of conformal loop ensemble on the sphere. We will discuss
these aspects and related ongoing projects and open questions in Section 1.4, after stating
our main result in Section 1.1 and summarizing the proof strategy in Section 1.2.

1.1. Boundary Liouville conformal field theory and the FZZ formula

In the physics literature, LCFT is defined by a formal path integral. We work on a simply
connected domain with boundary, which by conformal invariance can equivalently be
the upper half-plane H or the unit disk D. For almost all of this paper we will work with
H D πz 2 C j Imz > 0º with boundary given by the real line R. The most basic observable
of Liouville theory is the correlation function ofN marked points in the bulk, zi 2 H, with
associated weights ˛i 2 R andM marked points on the boundary, sj 2 R, with associated
weights ǰ 2 R. The physics path integral definition of this correlation function is then
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where DX is a formal uniform measure over the space of all maps X from H to R, and
SL.X/ is the so-called Liouville action, expressed by

SL.X/ D
1

4⇡

Z
H

.j@gX j
2

CQRgX C 4⇡�e�X /g.x/ d2x

C
1
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Z
R

.QKgX C �Be
�
2X /g.x/1=2 dx: (1.2)

Here the background metric is g D g.x/dx2, Rg and Kg are respectively the Ricci
and geodesic curvatures on H and R, � 2 .0; 2/ is the coupling parameter for LCFT,
Q D �=2C 2=� is called the background charge, and �;�B > 0 are called cosmological
constants. They tune respectively the interaction strength of the Liouville potentials e�X

and e
�
2X . Although the definition of SL.X/ depends on the choice of the background met-

ric g, the correlation functions depend trivially on this choice thanks to the Weyl anomaly
proved in [27].

As a conformal field theory, it is well known that the (bulk) one-point correlation
function he˛�.z/i of LCFT must have the following form:

he˛�.z/i D
U.˛/

jIm zj2Å˛
for z 2 H; (1.3)

where U.˛/ is called the structure constant and Å˛ D
˛

2
.Q � ˛=2/ is called the scaling

dimension. In [20], the following exact formula for U.˛/ was proposed:
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where the parameter s is related to the ratio of cosmological constants, �Bp
�

, through the
relation
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(1.5)

NoticeUFZZ.˛/ depends non-trivially on�;�B only through the ratio �Bp
�

, the dependence
being encoded in the intricate relation (1.5) defining the parameter s.

The main result of our paper is that U.˛/ D UFZZ.˛/ where U.˛/ is defined in the
rigorous probabilistic framework. Let us now outline the procedure of [11] adapted to the
case of H in [27] that allows us to give a rigorous meaning to (1.1) and thus for U.˛/.
All definitions will be precisely restated in Section 2.2. The first step is to interpret the
DX of (1.1) combined with the gradient squared term j@gX j2 of SL.X/ as giving the
law of the Gaussian Free Field (GFF). Concretely, let PH be the probability measure
corresponding to the free-boundary GFF on H normalized to have average zero on the
upper half unit circle @D \ H. Define now the infinite measure LFH.d�/ obtained by
sampling .h; c/ according to PH ⇥ Œe�Qc dcç and setting �.z/D h.z/� 2Q log jzjC C c,



M. Ang, G. Remy, X. Sun 4

where jzjC WD max.jzj; 1/. The c is known as the zero mode in physics, which comes
from the fact that the gradient j@gX j2 only defines the field up to a global constant, and
one must integrate over this degree of freedom. This construction corresponds to choosing
g.x/ D max.1; jxj/�4 as the background metric in the Liouville action SL.X/ in (1.1).
The term 2Q log jzjC comes from the curvature terms of SL.X/. As explained in [27,
42], the choice of the background metric only affects the law of a field by an explicit
multiplicative constant given by the Weyl anomaly.

To make sense of the effect of e˛�.z/, we let LF.˛;z/
H

D lim"!0 "
˛2=2e˛�".z/LFH.d�/,

where �" is a suitable regularization at scale " of �. By virtue of the Girsanov theorem,
LF.˛;z/

H
can be realized as a sample from LFH plus an ˛-log singularity at z. Lastly,

to handle the Liouville potentials e�X and e
�
2X present in SL.X/, define the bulk and

boundary Gaussian multiplicative chaos (GMC) measures of � as the limits (see e.g.
[8, 43])

��.H/ D lim
"!0

"�
2=2

Z
H

e��".z/ d2z and ⌫�.R/ D lim
"!0

"�
2=4

Z
R

e
�
2 �".z/ dz: (1.6)

Now for � 2 .0; 2/ and �;�B > 0, set

he˛�.z/i WD LF.˛;z/
H

Œe����.H/��B⌫�.R/ � 1ç for z 2 H: (1.7)

We will explain in Section 2.2 that jhe˛�.z/ij < 1 when ˛ 2 .2=� ; Q/, thanks to the
�1 in (1.7). Moreover, for Å˛ D

˛

2
.Q � ˛=2/, the quantity jIm zj2Å˛ he˛�.z/i does not

depend on z 2 H. For concreteness, we take z D i and set

U.˛/ WD he˛�.i/i: (1.8)

Now we are ready to state our main result.

Theorem 1.1. For � 2 .0; 2/, ˛ 2 .2=� ;Q/ and �;�B > 0, we have U.˛/ D UFZZ.˛/.

The condition ˛ 2 .2=� ; Q/ is required for (1.7) to be finite, but one can extend the
probabilistic definition of U.˛/ and the result to ˛ 2 .�=2; Q/; see Theorem 1.2 and
Corollary 4.19. So far in the probability literature the exact formulas on LCFT have all
been derived by implementing the BPZ equations and the operator product expansion
of [7], as first performed in [29] proving the DOZZ formula. In the setup of a domain
with boundary the same technique has been applied in the works [40–42], which all com-
pute different cases of boundary Liouville correlations with � D 0, �B > 0. This method
has a major obstruction to proving Theorem 1.1. Indeed, in order to define an observable
satisfying the BPZ equation, the range of ˛ needs to contain an interval of length strictly
greater than 2=� . The best range of ˛ for a GMC definition of he˛�.z/i is .�=2;Q/ (see
Corollary 4.19), which has length exactly 2=� and thus is not sufficient. Another less fun-
damental but technically challenging issue is to reveal the intricate dependence on �;�B
in UFZZ.˛/. In the next subsection, we explain our strategy based on the conformal weld-
ing of quantum surfaces that circumvents these difficulties.
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1.2. A proof strategy based on the conformal welding of quantum surfaces

By definition, the FZZ formula describes the joint law of ⌫�.R/ and ��.H/ in (1.6)
where � is a sample from LF.˛;i/

H
. Here although LF.˛;i/

H
is an infinite measure we adopt

the probability terminology such as “sample” and “law”. The law of ⌫�.R/ is encoded in
the limiting case of the FZZ formula where � D 0 and �B > 0, which has been obtained
in [40]. Given this result, it turns out that the FZZ formula is equivalent to the statement
that conditioning on ⌫�.R/D 1, the conditional law of��.H/ is the inverse gamma distri-
bution with certain parameters. Here the inverse gamma distribution with shape parameter
a and scale parameter b has density 1x>0 ba

Ä.a/

1

xaC1 e
�b=x . The crux of this paper is to

derive the desired inverse gamma distribution using conformal welding of quantum sur-
faces. In this section we sketch this strategy.

Quantum surfaces are the generalization of 2D Riemannian manifolds in the LQG
random geometry. For a fixed � 2 .0; 2/, consider triples .D; h; z/ where D is a domain,
h is a variant of Gaussian free field onD, and z 2D. We say that .D;h; z/ is equivalent to
. zD; zh;zz/ if there exists a conformal map W zD!D such that zhD h ı CQ log j 0j and
 .z/ D zz. Under this equivalence relation, the intrinsic geometric quantities in � -LQG
such as the quantum area and length measures transform covariantly under conformal
maps. Here the quantum area and length are defined by Gaussian multiplicative chaos as
in (1.6). A quantum surface with one interior marked point is an equivalence class under
this equivalence relation. We can similarly define quantum surfaces with more marked
points or decorated with other natural structures such as curves.

For ˛ 2 .�=2; Q/, sample � from LF.˛;i/
H

and condition on ⌫�.R/ D ` > 0. (This
conditioning makes sense; see Lemma 4.4.) We write the conditional law of the quantum
surface corresponding to .H;�; i/ as M

disk
1;0
.˛I `/#. With this notion, the FZZ formula can

be reduced to the following.

Theorem 1.2. For ˛ 2 .�=2; Q/ the law of the quantum area of a sample from
M

disk
1;0
.˛I1/# is the inverse gamma distribution with shape 2

�
.Q�˛/ and scale 1

4 sin.⇡�2=4/
.

When ˛ D � , by [3,10], M
disk
1;0
.˛I 1/# describes the law of the so-called quantum disk

with unit boundary length and one interior marked point. In this case, based on the mating-
of-trees theory of Duplantier, Miller, and Sheffield [18], Gwynne and the first author of
this paper [2] proved that the law of the quantum area is the inverse gamma distribution
with shape 2

�
.Q � �/ and scale 1

2a2 sin2
.⇡�2=4/

, where a
2 is the unknown variance in the

mating-of-trees theory, which first appeared in [18, Theorem 8.1].
Let us review the mating-of-trees theory. In our proofs we will only use some of

its consequences that can be stated without explicit reference to it. Hence we will keep
our discussion brief and refer to the survey [24] for more background, especially on its
fundamental role in the recent development on the scaling limit of random planar maps.
Recall that the Schramm–Loewner evolution (SLE) with a parameter  > 0 is a canonical
family of conformal invariant random planar curves discovered by Schramm [45]. In a
nutshell, mating-of-trees theory says that if we run a space-filling variant of an SLE16=�2

curve on top of an independent � -LQG surface, then this curve-decorated quantum surface



M. Ang, G. Remy, X. Sun 6

can be encoded by a two-dimensional correlated Brownian motion .Lt ; Rt / such that

VarŒL1ç D VarŒR1ç D a
2 and Cov.L1; R1/ D �a

2 cos.�2⇡=4/: (1.9)

Here the mating-of-trees variance a
2 is an unknown function of the parameter � . As

a first step towards proving Theorem 1.2, we identify the value of a
2.

Theorem 1.3. For � 2 .0; 2/, the mating-of-trees variance a
2 D a

2.�/ is given by

a
2

D
2

sin.⇡�2=4/
:

We will prove Theorem 1.3 in Section 3. Our proof has two ingredients: a systematic
understanding of the relation between canonical quantum surfaces and LCFT developed
by the first and the third authors with Holden in [3]; the explicit boundary LCFT corre-
lation functions computed by the second author in [40] and in his joint work [42] with
Zhu.

To prove Theorem 1.2, we use the idea of conformal welding which we recall now.
For � 2 .0; 2/ and  D �2 2 .0; 4/, if we run an independent SLE on top of a cer-
tain type of � -LQG quantum surface, the two quantum surfaces on the two sides of the
SLE curve are independent quantum surfaces. Quantum boundary lengths from the two
sides agree on the curve, defining an unambiguous notion of quantum length on the SLE
curve. Moreover, the original curve-decorated quantum surface can be recovered by glu-
ing the two smaller quantum surfaces according to the quantum boundary lengths. This
recovering procedure is called conformal welding. Such results were first established by
Sheffield [48] and later extended in [4, 18].

In this paper we prove a new conformal welding result that enables us to derive the
inverse gamma distribution in Theorem 1.2. It asserts the existence of an SLE type curve
⌘ with the following properties. See Figure 1 for an illustration.

✏ ⌘ is a simple closed random curve surrounding i that visits 0 and otherwise is in H.

✏ Suppose � is independent of ⌘ and is sampled from the conditional law of LF.˛;i/
H

conditioning on ⌫�.R/ D 1. Let D⌘.0/ and D⌘.1/ be the bounded and unbounded
component of H n ⌘, respectively. Then as quantum surfaces with marked points,

0

i
⌘D⌘(0)

D⌘(1)

Fig. 1. Left: A curve ⌘ independent of a sample � from LF.˛;i/
H

. Right: The quantum surfaces
.D⌘.0/; �; i; 0/ and .D⌘.1/; �; 0�; 0C/ are conditionally independent given the quantum length
of ⌘. Moreover, .�; ⌘/ can be recovered from the two quantum surfaces by conformal welding.
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.D⌘.0/;�; i; 0/ and .D⌘.1/;�; 0�; 0C/ are conditionally independent given the quan-
tum length of ⌘.

✏ The conditional law of .D⌘.0/; �; i/ conditioning on the quantum length ` of ⌘ is
M

disk
1;0
.˛I `/#.

✏ The law of the quantum area and quantum lengths of the two boundary arcs of
.D⌘.1/; �; 0�; 0C/ can be explicitly described in terms of the mating-of-trees Brow-
nian motion .Lt ; Rt /.

This result is stated as Theorem 4.6 and proved in Sections 4.2 and 5. It relies on the
conformal welding results for finite area quantum surfaces, proved in [4]. The law of
.D⌘.1/;�; 0�; 0C/ is given by a variant of the so-called two-pointed quantum disk with
weight �2=2, whose quantum length and area distribution are obtained in [4] in terms of
the mating-of-trees Brownian motion; see Section 2.5.

Using the above conformal welding result, we can obtain a recursive relation on the
law of the quantum area of a sample from M

disk
1;0
.˛I 1/#. Using a path decomposition for

Brownian motion in cones, we prove that the only solution to this recursion is the inverse
gamma distribution in Theorem 1.2, which is identified as the law of the duration of
a certain Brownian motion in cones. For technical reasons, we carry out this argument
for ˛ 2 .�=2; Q � �=4/ first. This gives Theorem 1.1 for ˛ 2 .2=� ; Q � �=4/. Since
�=2< 2=� <Q� �=4, by the analyticity ofU.˛/ in ˛ 2 .2=� ;Q/, we obtain Theorem 1.1
in its full range .2=� ; Q/, which in turn gives Theorem 1.2 in its full range .�=2;Q/. It
also allows us to extend Theorem 1.1 to ˛ 2 .�=2; Q/ for a suitably defined U.˛/; see
Corollary 4.19. See Section 4 for the detailed argument.

1.3. Exact solvability for moments of a Gaussian multiplicative chaos

It is natural to look at the limits � ! 0 or �B ! 0 in the exact formula of Theorem
1.1. These limits have the effect of deleting one of the two Liouville potentials in (1.2)
and the probabilistic expression for U.˛/ then reduces up to an explicit prefactor to a
moment of GMC either on the bulk or on the boundary of the domain. In the case of
� ! 0, see equation (2.5) for this reduction. Our main result then reduces in this case to
Proposition 2.8 giving an exact formula for the moment of GMC on R. This formula was
derived in [40] and is actually used in our proof of Theorem 1.1. On the other hand, the
limit �B ! 0 provides a novel result on the moments of GMC on H.

Proposition 1.4. Let � 2 .0; 2/, ˛ 2 .�=2;Q/, and z� D h � 2Q log jzjC C ˛GH.z; i/,
where h is a sample from PH. Then
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1
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A further corollary can be derived if one assumes that the moment 1
�
.Q � ˛/ of the

above GMC is an integer n 2 N. It is a well-known simple Gaussian computation that a
positive integer moment of GMC reduces to a Selberg type integral; see [21] for a review
on these integrals.

Corollary 1.5. Let � 2 .0; 2/ and n 2 N such that 0 < n < 2=�2. Then
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2
n
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1

2
� n

◆
: (1.11)

The integral (1.11) resembles the Dotsenko–Fateev integral of [15] appearing in the
context of CFT on the Riemann sphere, with C

n being replaced by H
n. To the best of our

knowledge the above evaluation of (1.11) has not been known. Notice that for � �
p
2,

there are no valid n as the first moment of the GMC on H is not finite. For any � 2 .0;
p
2/,

there are finitely many n that satisfy 0 < n < 2=�2. Lastly, let us note by conformal
invariance it is possible to write both of these results on the unit disk D; see for instance
[42, Section 5.3] for how to link moments of GMC on D and H.

1.4. Perspectives and outlook

In this section we describe several perspectives, ongoing projects, and future directions
related to the FZZ formula.

1.4.1. Integrability and the conformal bootstrap for boundary LCFT. In order to carry
out the conformal bootstrap for LCFT on Riemann surfaces with boundary, along with
the bulk one-point function that we obtained in Theorem 1.1, one needs to compute three
other correlation functions for LCFT on H:

˝
e˛�.z/e

ˇ
2 �.s/

˛
;

˝
e

ˇ
2 �.s1/e

ˇ
2 �.s2/

˛
;

˝
e

ˇ1
2 �.s1/e

ˇ2
2 �.s2/e

ˇ3
2 �.s3/

˛
; (1.12)

where z 2 H, s; s1; s2; s3 2 R. For the boundary two-point and three-point functions one
also has the freedom to choose�B as a function defined on the boundary which is constant
on each arc in between boundary insertions. See [42, Figure 1] for a summary.

Along with he˛�.z/i, these three correlation functions are the “basic” correlations as
thanks to conformal invariance they depend trivially on z; s1; s2; s3. On the other hand,
their dependence on �;�;�B ; ˛; ˇ; ˇi is non-trivial. Explicit formulas for these functions
have been proposed in the physics papers [20, 26, 38]. In the limiting case where � D 0,
they reduce to moments of the boundary GMC measure and they have been explicitly
computed in [42]. In a work in progress with Zhu, we plan to verify the proposed formulas
for all three correlations for general � > 0. The techniques will be a combination of the
tools of the present paper and of [42]. Indeed, the approach in [42] is still applicable to
the second and third correlation functions in (1.12) as there is no bulk insertion. By a
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conformal welding statement similar to the one in this paper, we will get the first one
from the second one and the FZZ formula.

Once the above correlations have been evaluated, the next natural step is to compute
a correlation function with more marked points or on a non-simply-connected surface
with boundary. For this purpose one needs to implement the conformal bootstrap proce-
dure first proposed in physics in [7]. At the level of mathematics this has been achieved
to compute an N -point function on the sphere in the recent breakthrough [22]. One can
expect to adapt the methods of [22] to the case of a surface with boundary, where the FZZ
formula along with the correlations (1.12) are a crucial input. More concretely, in [32] a
bootstrap equation involving the FZZ formula is proposed to compute the partition func-
tion of LCFT on an annulus. We state it here as a conjecture.

Conjecture 1.6. Consider an annulus represented as a cylinder of length ⇡⌧ and of
radius 1. Let q D e�2⇡⌧ and ZAnnulus be the partition function .no insertion points/
of LCFT on this annulus defined probabilistically in an analogous way to (1.7) .see
also [39]/. Then

ZAnnulus D

Z
C

UFZZ.QC iP /UFZZ.Q � iP /qP
2� 1

24

Y
n�1

.1 � qn/ dP: (1.13)

One has the degree of freedom to choose different values of �B for each of the two bound-
aries of the annulus, in which case the two UFZZ functions in the right hand side of (1.13)
must be computed respectively with those two values. The � parameter is the same for
ZAnnulus and both UFZZ functions. Lastly, the contour of integration C is a suitable defor-
mation of R avoiding the pole at P D 0.

1.4.2. Interplay between three types of integrability in conformal probability. Our paper
is part of an ongoing program of the first and the third authors to prove integrable
results for SLE, LCFT, and mating-of-trees via two connections between these subjects:
(1) equivalent but complementary descriptions of canonical random surfaces in the path
integral (e.g. [11]) and mating-of-trees (e.g. [18]) perspectives; (2) conformal welding of
these surfaces with SLE curves as the interface. We now describe other aspects in this
program that are closely related to this paper.

✏ Our paper relies on the recent work of the first and the third authors with Holden [3,
4]. In particular, our conformal welding result is built on the one proved in [4] for
two-pointed quantum disks. Our evaluation of the mating-of-trees variance uses the
technique from [3] on the LCFT description of quantum surfaces.
One of the main results in [3] is an exact formula for a variant of SLE curves called the
chordal SLE.⇢�I ⇢C/ (see Section 2.4). Its proof shares the same starting point with
our proof of the FZZ formula: a conformal welding result for quantum disks.
[3] demonstrated how to get integrability results for SLE using LCFT, mating-of-trees
and conformal welding. Using the same methodology and taking the FZZ formula as
a crucial input, the first and the third authors proved two integrability results on the
conformal loop ensemble in [5]. The first relates the three-point correlation function
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of the conformal loop ensemble on the sphere [28] to the DOZZ formula. The other
addresses a conjecture of Kenyon and Wilson (recorded in [46, Section 4]) on its elec-
trical thickness.

✏ Our proof of the FZZ formula does not rely on conformal-field-theoretical techniques
such as the BPZ equations and operator product expansion, except for two exact for-
mulas from [40,42]; see (2.6) and (3.4). In an ongoing project with Da Wu, the first and
the third authors aim at using the conformal welding and stochastic calculus methods
in SLE to recover these two formulas. Combined with our paper, this will provide a
proof of the FZZ formula which is fully based on SLE, mating-of-trees, and conformal
welding. It is an interesting open question whether such a proof can be given for the
DOZZ formula.

✏ The first and the third authors are working on verifying our belief that in a very gen-
eral sense the conformal welding of two quantum surfaces defined by LCFT can be
described by LCFT, where the conformal welding result (Theorem 4.1) in this paper
is a special case. For another instance of this statement, consider a pair of indepen-
dent Liouville fields on a disk with three boundary insertions. If we conformally weld
them along the three boundary arcs, then the resulting surface should be given by a
Liouville field on the sphere with three bulk insertions. Moreover, the magnitude of an
insertion on the sphere is determined by the local rule for conformal welding described
in [18]. More precisely, in the terminology of [18], if we zoom in around an insertion
on the sphere the picture looks like the conformal welding of two quantum wedges
into a quantum cone, which is understood in [18]. In our present case, if we zoom
in around 0 in Figure 1, the picture will converge to the conformal welding of three
quantum wedges into a single quantum wedge as established in [18].

1.4.3. FZZT branes and related models. We review here several models related to the
FZZ formula in the theoretical physics literature. Boundary Liouville theory admits two
kinds of boundary states, the one studied in the present paper being the so-called Fateev–
Zamolodchikov–Zamolodchikov–Teschner (FZZT) brane [20,50]. The other is the Zamo-
lodchikov–Zamolodchikov (ZZ) brane which corresponds to LCFT on a disk with the
hyperbolic metric as background metric; see [53]. In this ZZ brane setup there is also a
formula for the bulk one-point function [53, (2.16)]. Both the FZZT and ZZ branes play a
role in the relation between matrix models, integrable heirarchies, and Liouville quantum
gravity; see for instance [1] and references therein. Lastly, one can consider LCFT on a
non-orientable surface, the simplest model being the projective plane; see [25, (3.10)] for
the analogue of U.˛/ in that case. We hope to adapt our methods to study these directions
in the future; see also the review [35] for more details.

Organization of the paper. After providing background in Section 2, we obtain the
mating-of-trees variance in Section 3. Then in Section 4, we carry out the strategy out-
lined in Section 1.2 modulo the proof of the conformal welding result, whose proof is
supplied in Section 5.
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2. Preliminaries

In this section we provide the necessary background for our proofs. We start by fixing
some global notations and conventions in Section 2.1. We then review Liouville CFT and
quantum disks in Sections 2.2 and 2.3, respectively. We will only need these two sections
for the evaluation of the mating-of-trees variance in Section 3. We recall the conformal
welding of quantum disks in Section 2.4 and some properties on two special quantum
disks in Section 2.5.

2.1. Notations and conventions

Throughout the paper we assume � 2 .0; 2/ is the LQG coupling constant. Moreover,

Q D
�

2
C
2

�
and  D �2: (2.1)

We will work with planar domains including the upper half-plane H D πz 2 C j

Imz > 0º, the unit disk D D πz 2 C j jzj< 1º, and the horizontal strip ◆ D R ⇥ .0;⇡/. For
a domainD ⇢ C, we write @D ofD as the set of prime ends ofD and call it the boundary
of D. For example, @H D R [ π1º and @◆ D πz 2 C j Im z D 0 or 1º [ π˙1º.

We write Ä as the unique meromorphic function such that Ä.˛/ D
R 1
0
x˛�1e�xdx

for ˛ > 0. For a > 0 and b > 0, the inverse gamma distribution with shape parameter a
and scale parameter b has the following density:

1x>0
ba

Ä.a/

1

xaC1 e
�b=x : (2.2)

We will frequently consider non-probability measures and extend the terminology of
probability theory to this setting. In particular, suppose M is a measure on a measurable
space .�;F / such that M.�/ is not necessarily 1, and X is an F -measurable function.
Then we say that .�;F / is a sample space, X is a random variable. We call the push-
forward measure MX D X⇤M the law of X . We say that X is sampled from MX . We
also write

R
f .x/MX .dx/ as MX Œf ç for simplicity. For a finite positive measure M , we

denote its total mass by jM j and write M # D jM j�1M for the corresponding probability
measure.

Let g be a smooth metric on H such that the metric completion of .H; g/ is a compact
Riemannian manifold. Let H 1.H; g/ be the Sobolev space whose norm is the sum of
the Dirichlet energy and the L2-norm with respect to .H; g/. Let H�1.H/ be the dual
space of H 1.H; g/. Then the function space H�1.H/ and its topology do not depend
on the choice of g, and it is a Polish (i.e. complete separable metric) space. All random
functions on H considered in this paper will belong to H�1.H/.

2.2. Liouville conformal field theory on the upper half-plane

For convenience we present LCFT on domains conformally equivalent to a unit disk, with
the upper half-plane H as our base domain. Let h be the centered Gaussian process on H
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with covariance kernel given by

EŒh.x/h.y/ç D GH.x; y/ WD log
1

jx � yj jx � Nyj
C 2 log jxjC C 2 log jyjC; (2.3)

where jxjC WD max.jxj; 1/ and in the sense that

EŒ.h; f /.h; g/ç D

“
f .x/EŒh.x/h.y/çg.y/ dx dy;

for smooth test functions f; g. Let PH be the law of h. Using the arguments in [17, 47]
it can be shown that PH is a probability measure on the space H�1.H/ defined in Sec-
tion 2.1. For smooth test functions g and f such that

R
H
f .z/ d2z D

R
H
g.z/ d2z D 0,

we have EŒ.h; f /.h; g/ç D .2⇡/�1
R

H
rg � rf d2z. This is the characterizing property

of the free boundary Gaussian free field, which is only uniquely defined modulo an addi-
tive constant. The field h is the particular variant where the additive constant is fixed by
requiring the average around the upper half unit circle to be 0.

Given a function f 2 H�1.H/ and z 2 H [ R, let f".z/ be the average of f over
@B".z/ \ H. For h ⇠ PH, define the random measures

�h D lim
"!0

"�
2=2e�h"d2z and ⌫h D lim

"!0

"�
2=4e�h"=2dz;

where the convergence holds in probability in weak topology. See [8, 43] and refer-
ences therein for more details on this construction. We call �h and ⌫h the quantum area
and quantum boundary length measures, respectively, corresponding to �. For functions
which can be written as a sum of the GFF and a continuous function, quantum length and
area can be defined similarly.

Definition 2.1 (Liouville field). Sample .h; c/ from the measure PH ⇥ Œe�Qc dcç on
H�1.H/ ⇥ R, and let

�.z/ D h.z/ � 2Q log jzjC C c

be a random field on H. Let LFH be the measure on H�1.H/ which describes the law
of �. We call a sample from LFH a Liouville field on H.

The following lemma defines Liouville fields with insertions by making sense of
e˛�.z0/LFH.d�/.

Lemma 2.2. For ˛ 2 R and z0 2 H, the limit LF.˛;z0/

H
WD lim"!0 "

˛2=2e˛�".z0/LFH.d�/

exists in the vague topology. Moreover, sample .h; c/ from .2 Imz0/�˛
2=2jz0j

�2˛.Q�˛/
C PH

⇥ Œe.˛�Q/cdcç and let

�.z/ D h.z/ � 2Q log jzjC C ˛GH.z; z0/C c for z 2 H:

Then the law of � is given by LF.˛;z0/

H
.

Proof. Sample h from PH, fix c 2 R and set z�.z/ D h.z/ � 2Q log jzjC C c. For a
compactly supported continuous function F on H�1.H/ ⇥ R, Girsanov’s theorem and
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Var h".z0/ D � log " � log.2 Im z0/C 4 log jz0jC C o".1/ give

lim
"!0

EŒ"˛
2=2e˛

z�".z0/F.h; c/ç

D .2 Im z0/
�˛2=2

jz0j
�2˛.Q�˛/
C lim

"!0

E
⇥
e˛ce˛h".z0/� ˛2

2 EŒh".z0/
2çF.h; c/

⇤

D .2 Im z0/
�˛2=2

jz0j
�2˛.Q�˛/
C lim

"!0

E
⇥
e˛cF.h.�/C ˛EŒh.�/h".i/ç; c/

⇤

D .2 Im z0/
�˛2=2

jz0j
�2˛.Q�˛/
C EŒe˛cF.h.�/C ˛GH.�; i/; c/ç:

Integrating over Œe�Qcdcç yields the lemma.

Definition 2.3. We call a sample from LF.˛;z/
H

a Liouville field on H with an ˛-insertion
at z.

The following lemma gives the change of coordinate for the Liouville field under a
conformal map.

Lemma 2.4. For .˛; z0/ 2 R ⇥ H, let  W H ! H be a conformal map such that
 .z0/ D i . Sample � from LF.˛;z0/

H
. Then the law of � ı  �1 C Q log j. �1/0j is

jIm z0j
�2Å˛ LF.˛;i/

H
where Å˛ D

˛

2
.Q � ˛=2/.

Proof. [27, Theorem 3.5] gives this result when we parameterize the Liouville field in
the disk D, and is adapted from [11, Theorem 3.5]. The same argument as in [27, The-
orem 3.5] applies to the upper half-plane case. Alternatively, the result for D can be
transferred to H via the coordinate change explained in [42, Section 5.3]. We omit the
details.

Suppose f is a measurable function on H�1.H/. We recall the convention MX Œf ç of
Section 2.1 and write LF.˛;i/

H
Œf ç D

R
f .�/LF.˛;i/

H
.d�/.

Definition 2.5. For ˛ 2 .2=� ;Q/, � � 0 and �B 2 C with Re�B > 0, let

he˛�.z/i D he˛�.z/i�;�;�B
WD LF.˛;z/

H
Œe����.H/��B⌫�.R/ � 1ç for z 2 H:

We include in the definition the case of complex �B which will be used in Section 4.

Lemma 2.6. Suppose that ˛ 2 .2=� ; Q/, � � 0 and �B 2 C, Re �B > 0. Then
jhe˛�.i/ij < 1. Moreover, the value of jIm zj2Å˛ he˛�.z/i does not depend on z 2 H.

Proof. By Lemma 2.2, take z�.z/D h.z/� 2Q log jzjC C ˛GH.z; i/ where h is sampled
from PH. By integration by parts on the c integral one has

jhe˛�.i/ij D

ˇ̌
ˇ̌
Z

R

dc e.˛�Q/c
EŒ1 � e��e�c� Q�.H/��Be

�c=2⌫ Q�.R/ç

ˇ̌
ˇ̌

D
1

Q � ˛

ˇ̌
ˇ̌
Z

R

dc e.˛�Q/c

⇥ E

✓
��e�c� Q�.H/C �B

�

2
e�c=2⌫ Q�.R/

◆
e��e�c� Q�.H/��Be

�c=2⌫ Q�.R/
�ˇ̌
ˇ̌
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
1

Q � ˛

Z
R

dc e.˛�Q/c

⇥ E

✓
��e�c� Q�.H/C j�B j

�

2
e�c=2⌫ Q�.R/

◆
e��e�c� Q�.H/�Re.�B /e

�c=2⌫ Q�.R/
�


1

Q � ˛

Z
R

dce.˛�Q/c

⇥ E


��e�c� Q�.H/e

��e�c� Q�.H/ C j�B j
�

2
e�c=2⌫ Q�.R/e

� Re.�B /e
�c=2⌫ Q�.R/

�

 c1EŒ� Q�.H/
1
� .Q�˛/çC c2EŒ⌫ Q�.R/

2
� .Q�˛/ç:

In the last line above, c1 and c2 are explicit positive constants coming from evaluating the
integral over c. The two expectations of GMC moments are finite for ˛ 2 .2=� ;Q/, thanks
to [27, Corollary 6.11] for the first and [11, Lemma 3.10] adapted to the one-dimensional
case for the second. Hence the claim jhe˛�.i/ij < 1 holds. Finally, by Lemma 2.4,
jIm zj2Å˛ he˛�.z/i does not depend on z 2 H.

The next two statements give the law of the total quantum length ⌫�.R/ under LF.˛;i/
H

.

Lemma 2.7. For ˛ > �=2, let h ⇠ PH and z�.z/D h.z/� 2Q log jzjC C ˛GH.z; i/. Let
xU0.˛/ WD EŒ⌫z�.R/

2
� .Q�˛/ç where the expectation E is with respect to PH. Then

LF.˛;i/
H

Œf .⌫�.R//ç D

Z 1

0

f .`/
2

�
2�˛2=2 xU0.˛/`

2
� .˛�Q/�1 d` (2.4)

for each non-negative measurable function f on .0;1/. Moreover,

he˛�.i/i�;0;�B
D
2

�
2�˛2=2�

2
� .Q�˛/
B

Ä

✓
2

�
.˛ �Q/

◆
xU0.˛/ for ˛ 2 .�=2;Q/: (2.5)

Proof. We sample a real random number c from 2�˛2=2e.˛�Q/cdc independently of z�;
then the law of the field � D z� C c is LF.˛;i/

H
. To prove (2.4), it suffices to consider the

case f .`/ D 1a<`<b with 0 < a < b. In this case, we have

LF.˛;i/
H

Œf .⌫�.R//ç D E

Z 1

0

1e�c=2⌫z�.R/2.a;b/2
�˛2=2e.˛�Q/c dc

�

D E

Z
b

a

⌫z�.R/
2
� .Q�˛/2�˛2=2`

2
� .˛�Q/

�
2

�
`�1 d`

�
;

where we have made the change of variables ` D e
�
2 c⌫z�.R/. Since xU0.˛/ D

EŒ⌫z�.R/
2
� .Q�˛/ç, by interchanging the integral and expectation we get (2.4).

Note that

he˛�.i/i�;0;�B
D LF.˛;i/

H
Œe��B⌫�.R/ � 1ç

D

Z 1

0

.e��B` � 1/
2

�
2�˛2=2 xU0.˛/`

2
� .˛�Q/�1 d`:
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Now (2.5) follows from
Z 1

0

.e��B` � 1/`
2
� .˛�Q/�1 d` D �

2
� .Q�˛/
B

Ä

✓
2

�
.˛ �Q/

◆
;

which is a simple application of integration by parts to the definition of the Ä function.

The following explicit expression of xU0.˛/ was proven in [40].

Proposition 2.8 ([40]). For ˛ > �=2 and xU0.˛/ defined as in Lemma 2.7, we have

xU0.˛/ D

✓
2��˛=22⇡
Ä.1 � �2=4/

◆ 2
� .Q�˛/

Ä

✓
�˛

2
�
�2

4

◆
for all ˛ > �=2: (2.6)

Proof. This formula is proved in [40] in a different appearance, namely the disk domain D

is used instead of H. To recover our setup, consider the following calculation:

EŒ⌫z�.R/
2
� .Q�˛/ç D lim

"!0

E

✓Z
R

"�
2=4e

�
2 h".z/e

�
2 .�2Q log jzjCC˛GH.z;i// dz

◆ 2
� .Q�˛/�

D lim
"!0

E

✓Z
R

e
�
2 h".z/� �2

4 EŒh".z/
2çe

�
2 .� 4

� log jzjCC˛GH.z;i// dz

◆ 2
� .Q�˛/�

:

This last equation then gives equation (1.15) in [42, Definition 1.5], and (2.6) is simply
[42, Theorem 1.6].

2.3. Quantum surface and quantum disks

In this section we review the definition of a few variants of quantum disks that will be
used in our paper. Let DH D π.D; h/ j D ⇢ C open, h a distribution on Dº. We define
an equivalence relation on DH by saying .D; h/ ⇠� . zD; zh/ if there is a conformal map
 W D ! zD such that zh D  ✏� h, where

 ✏� h WD h ı  �1
CQ log j. �1/0j: (2.7)

A quantum surface is an equivalence class of pairs .D; h/ 2 DH under the equiv-
alence relation ⇠� , where D is a disk domain and h is a distribution on D (i.e.
h 2 C1

0
.D/0). An embedding of a quantum surface is a choice of representative .D; h/.

Consider tuples .D; h; z1; : : : ; zm; w1; : : : ; wn/ zi 2 D and wj 2 @D. We write

.D; h; z1; : : : ; zm; w1; : : : ; wn/ ⇠� . zD; zh; zz1; : : : ; zzm; zw1; : : : ; zwn/

if there is a conformal map WD! zD such that (2.7) holds and .zi /D zzi ; .wj /D zwj .
Let Dm;n be the set of equivalence classes of such tuples under ⇠� . We write D0;0 as D

for simplicity. The reason we define quantum surface using (2.7) is that the � -LQG quan-
tum area �zh is the pushforward of �h. The same holds for the quantum length measure
as long as it is well defined.
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The set Dm;n can be viewed as the quotient space of

®
.h; z1; : : : ; zm; w1; : : : ; wn/

ˇ̌
h is a distribution on H;

z1; : : : ; zm 2 H; w1; : : : ; wn 2 R [ π1º
¯

under ⇠� . Therefore the Borel � -algebra ofH�1.H/ induces a � -algebra on Dm;n. More-
over, a random distribution on H such as a variant of the GFF induces a random variable
valued in Dm;n.

We now define the 2-pointed quantum disk introduced in [18, Section 4.5], which is a
family of measures on D0;2. It is most convenient to describe it using the horizontal strip
◆ D R ⇥ .0;⇡/. Let exp W ◆ ! H be the exponential map z 7! ez . Let h◆ D hH ı exp
where hH is sampled from PH. We call h◆ a free-boundary GFF on ◆ . Its covariance
kernel is given by G◆ .z;w/ D GH.e

z ; ew/. The field h◆ can be written as h◆ D hc C h`,
where hc is constant on vertical lines of the form uC Œ0; i⇡ç for u 2 R, and h` has mean
zero on all such lines [18, Section 4.1.6]. We call h` the lateral component of the free-
boundary GFF on ◆ .

Definition 2.9. For W � �2=2, let ˇ D QC �=2 �W=� . Let

Yt D

´
B2t � .Q � ˇ/t if t � 0;

zB�2t C .Q � ˇ/t if t < 0;

where .Bs/s�0; . zBs/s�0 are independent standard Brownian motions conditioned on
B2s � .Q � ˇ/s < 0 and zB2s � .Q � ˇ/s < 0 for all s > 0.1 Let h1.z/ D Yt for each
z 2 ◆ and t 2 R with Re z D t . Let h2 be a random distribution on ◆ independent of Yt
which has the law of the lateral component h` of the free-boundary GFF on ◆ . Let c be
a real number sampled from �

2
e.ˇ�Q/cdc independent of .h1; h2/ and � D h1 C h2 C c.

Let M
disk
0;2
.W / be the infinite measure on D0;2 describing the law of .◆ ;�;�1;1/. We

call a sample from M
disk
0;2
.W / a weight-W quantum disk.

The weight-2 quantum disk M
disk
0;2
.2/ is special because its two marked points are

typical with respect to the quantum boundary length measure [18, Proposition A.8]; see
Proposition 2.11. Based on this we can define the family of quantum disks marked with
quantum typical points. We will use our convention that M # D jM j�1M .

Definition 2.10. Let .◆ ; �;1;�1/ be the embedding of a sample from M
disk
0;2
.2/ as in

Definition 2.9. Let A D ��.◆/ and L D ⌫�.@◆/. Let QD be the law of .◆ ; �/ under the
reweighted measure L�2

M
disk
0;2
.2/, viewed as a measure on D. For non-negative integers

m; n, let .◆ ; �/ be a sample from AmLnQD, and then independently sample z1; : : : ; zm
and w1; : : : ; wn according to �#

�
and ⌫#

�
, respectively. Let QDm;n be the law of .◆ ; �;

z1; : : : ; zm; w1; : : : ; wn/ viewed as a measure on Dm;n. We call a sample from QDm;n
a quantum disk with m interior and n boundary marked points.

1Here we condition on a zero probability event. This can be made sense of via a limiting proce-
dure.
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Proposition 2.11 ([18, Proposition A.8]). We have M
disk
0;2
.2/ D QD0;2.

For W � �2=2, we can define the family πM
disk
0;2
.W I `; `0/º`;`0>0 of finite measures

such that M
disk
0;2
.W I `; `0/ is supported on quantum surfaces with left and right boundary

arcs having quantum lengths ` and `0, respectively and

M
disk
0;2
.W / D

“ 1

0

M
disk
0;2
.W I `; `0/ d` d`0: (2.8)

In words, jM
disk
0;2
.W I `; `0/jd` d`0 describes the distribution of the left and right bound-

ary lengths of a sample from M
disk
0;2
.W /, and M

disk
0;2
.W I `; `0/# is the probability mea-

sure obtained by conditioning M
disk
0;2
.W / on specific boundary length values. The general

theory of disintegration only specifies M
disk
0;2
.W I `; `0/ for almost every .`; `0/. In [4,

Section 2.6] this ambiguity is removed by introducing a suitable topology for which
M

disk
0;2
.W; `; `0/ is continuous in `; `0.

We can also define the measure QDm;n.`/ on Dm;n which corresponds to restricting
QDm;n to the event that the boundary length is `. Since M

disk
0;2
.2/ D QD0;2, we set

QD0;2.`/ D

Z
`

0

M
disk
0;2
.2I x; ` � x/ dx:

From here QDm;n.`/ for generalm;n can be specified by Definition 2.10 and the require-
ment that

QDm;n D

Z 1

0

QDm;n.`/ d`: (2.9)

If we ignore the boundary marked points of a sample from QD0;n.`/, its law is
given by `nQD.`/. Therefore, ignoring boundary marked points, the probability measure
QD0;n.`/# does not depend on n and agrees with QD.`/. The following theorem gives us
a precise way to specify the mating-of-trees variance a

2 in terms of QD.1/#, which we
will use to evaluate a

2.

Theorem 2.12 ([2, Theorem 1.2]). The law of the total quantum area of a sample from
QD.1/# is the inverse gamma distribution with shape parameter 4=�2 and scale para-
meter 1

2a2 sin2
.⇡�2=4/

as in (2.2), where a
2 is the mating-of-trees variance in [18].

2.4. SLE and conformal welding of quantum disks

We now review the conformal welding result proved in [4]. We need an important variant
of SLE called SLE.⇢�I ⇢C/, introduced in [30] and studied e.g. in [16, 33]. The para-
meter range relevant for us is  2 .0; 4/, ⇢� � =2 � 2 and ⇢C � =2 � 2. In this range,
the SLE.⇢�I ⇢C/ on .H; 0;1/ is a probability measure on simple curves on H from 0

to 1 which does not touch @H except at the endpoints. For a general simply connected
domain D with boundary points a and b, let  W H ! D be a conformal map such that
 .0/ D a and  .1/ D b. The SLE.⇢�I ⇢C/ on .D; a; b/ is defined as the pushfor-
ward by  of the SLE.⇢�I ⇢C/ on .H; 0;1/. Although there is a degree of freedom
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in choosing  , this definition is independent of such choices. We omit the definition of
SLE.⇢�I ⇢C/ via the Loewner equation as it will not be needed.

For W � �2=2, recall M
disk
0;2
.W I `; `0/ from (2.8). For a fixed ` > 0, let

M
disk
0;2
.W I �; `0/ D

Z 1

0

M
disk
0;2
.W I `; `0/ d`; M

disk
0;2
.W I `; �/ D

Z 1

0

M
disk
0;2
.W I `; `0/ d`0:

(2.10)

Then M
disk
0;2
.W / D

R 1
0

M
disk
0;2
.W I `; �/ d`, hence M

disk
0;2
.W I `; �/ is the disintegration of

M
disk
0;2
.W / over the left boundary length. The same holds for M

disk
0;2
.W I �; `/ with right

boundary instead. For W�; WC 2 Œ�2=2;1/, we will consider the measure
Z 1

0

M
disk
0;2
.W�I �; `/ ⇥ M

disk
0;2
.WCI `; �/ d`: (2.11)

For a fixed ` > 0, M
disk
0;2
.W�I �; `/⇥ M

disk
0;2
.WCI `; �/ is a product measure on D0;2 ⇥ D0;2.

Therefore the integration in (2.11) gives another measure on D0;2 ⇥ D0;2.

Theorem 2.13 ([4, Theorem 2.2]). Let � 2 .0; 2/ and  D �2. ForW�;WC 2 Œ�2=2;1/,
letW DW� CWC, ⇢� DW� � 2 and ⇢C DWC � 2. Suppose .H;�; 0;1/ is an embed-
ding of a sample from M

disk
0;2
.W / given by Definition 2.9. Let ⌘ be an SLE.⇢�I⇢C/ curve

on .H; 0;1/ independent of �. Let H
�
⌘

and H
C
⌘

be the connected components of H n ⌘

on the left and right side of ⌘ respectively. There exists C 2 .0;1/ such that the law of
.H�

⌘
;�; 0;1/ and .HC

⌘
;�; 0;1/ viewed as a pair of elements in D0;2 equals

C

Z 1

0

M
disk
0;2
.W�I �; `/ ⇥ M

disk
0;2
.WCI `; �/ d`: (2.12)

If we are only given the information of .H�
⌘
; �; 0;1/ and .HC

⌘
; �; 0;1/ as marked

quantum surfaces, we can identify the right boundary of the former to the latter to get a
curve-decorated topological disk, where on the complement of the curve there is a confor-
mal structure. From the classical work of Sheffield [48], outside of a measure-zero event,
this uniquely determines a conformal structure on the entire disk, under which we get
.H; �; ⌘; 0;1/ modulo the equivalence relation ⇠� . This recovering procedure is called
conformal welding. The reason for this uniqueness is a property satisfied by SLE.⇢�I⇢C/
almost surely, called conformal removability. For more details on Sheffield’s work and
conformal welding, see [9, Section 6].

In words, Theorem 2.13 says that modulo a multiplicative constant, conformally
welding M

disk
0;2
.W�/ and M

disk
0;2
.W�/, we get M

disk
0;2
.W / decorated with an independent

SLE.⇢�I ⇢C/.

2.5. Quantum disks of weight 2 and �2=2

Our proof of the FZZ formula relies on the conformal welding of quantum disks with
weight W 2 π2; �2=2º. For these two weights the mating-of-trees theory for quantum
disks [2, 18, 34] allows us to describe the quantum area and quantum length distributions
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of M
disk
0;2
.W / in terms of Brownian motion. The case W D 2 is essentially Theorem 2.12.

The case W D �2=2 is proved in [4], which we now review.
For ✓ 2 .0; 2⇡/, let C✓ WD πz j arg.z/ 2 .0; ✓/º be the cone with angle ✓ . For z 2 C✓ ,

let mC✓
.z/ denote the probability measure corresponding to Brownian motion started at z

and killed when it exits C✓ . For y > 0, let Ey;" be the event that BM exits C✓ on the
boundary interval .yei✓ ; .y C "/ei✓ /, and let mC✓

.z; yei✓ / D lim"!0 "
�1mC✓

.z/jEy;" .
For x > 0 define mC✓

.x; yei✓ / D lim"!0 "
�1mC✓

.x C "i; yei✓ /. For more details on
these limits see Appendix A. The following result from [4] describes the joint law of the
quantum boundary lengths and quantum area of the weight �2=2 quantum disk, in terms
of the measure mC✓

.x; yei✓ / with ✓ D ⇡�2=4.

Proposition 2.14 ([4]). Let ✓ D ⇡�2=4 and u D
1

a sin ✓ . There is a constant C 2 .0;1/

such that for all `; r > 0 we have

jM
disk
0;2
.�2=2I `; r/j D C

ˇ̌
ˇ̌mC✓

✓
`

u
;
r

u
ei✓

◆ˇ̌
ˇ̌:

Moreover, the quantum area of a sample from M
disk
0;2
.�2=2I `; r/# agrees in law with the

duration of a path sampled from mC✓
. `
u
; r
u
ei✓ /#.

Proof. Consider the shear transformationƒD a
�

sin ✓ � cos ✓
0 1

�
that maps C✓ to R

2

C. It sends
a standard 2D Brownian motion to a Brownian motion with covariance a

2
�

1 � cos ✓
� cos ✓ 1

�
,

and maps `

u
7! ` and r

u
ei✓ 7! ri . Let ��

R
2
C
.`; ri/ be the law of zZt WDƒZt where t 7!Zt

is sampled from the path measure mC✓
. `
u
; r
u
ei✓ /. It is proved in [4, Proposition 7.7] that

for some constant C and all `; r > 0 we have jM
disk
0;2
.�2=2I `; r/j D C j�

�

R
2
C
.`; ri/j, and

that the quantum area of a sample from M
disk
0;2
.�2=2I `; r/# agrees in law with the duration

of a sample from �
�

R
2
C
.`; ri/#. Transforming back by ƒ�1, we conclude the proof.

We will also need the length distributions of the weight �2=2 and weight 2 quantum
disk.

Lemma 2.15 ([4, Propositions 7.7 and 7.8]). There are constants C1; C2 2 .0;1/ such
that

jM
disk
0;2
.�2=2I `; r/j D C1

.`r/4=�
2�1

.`4=�2
C r4=�2/2

; jM
disk
0;2
.2I `; r/j D C2.`C r/�4=�

2�1:

(2.13)

3. Embeddings of quantum disks and the mating-of-trees variance

In this section we prove Theorem 1.3, which says a
2 D

2

sin.⇡�2=4/
. Our starting point is

the following observation, which expresses a
2 in terms of the quantum length distribution

of QD1;0 and QD0;2.
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Lemma 3.1. Recall Definition 2.10 and (2.9). We have

a
2

D
jQD0;2.`/j

.4=�2 � 1/2 sin2.⇡�2=4/jQD1;0.`/j
for each ` > 0: (3.1)

Proof. By Definition 2.10, for a non-negative measurable function f on R we have

QD1;1Œf .L/ç D QD0;1Œf .L/Aç D

Z 1

0

f .`/QD0;1.`/ŒAç d`: (3.2)

By (2.9) we have QD1;1Œf .L/ç D
R 1
0
f .`/jQD1;1.`/j d`, and therefore jQD1;1.`/j D

QD0;1.`/ŒAç.
Note that QD0;1.`/ŒAç D jQD0;1.`/jQD0;1.`/#ŒAç. By the scaling property of the

quantum disk, we have QD0;1.`/#ŒAç D `2QD0;1.1/#ŒAç, which equals `2QD.1/#ŒAç
since QD0;1.1/# D QD.1/#. By Theorem 2.12 and (2.2), we have QD.1/#ŒAçD b

a�1 where
a D

4

�2 and b D .2a2 sin2.⇡�2=4//�1. Therefore

jQD1;1.`/j D QD0;1.`/ŒAç D jQD0;1.`/j`2
1

2a2 sin2.⇡�2=4/
�

1

4=�2 � 1
: (3.3)

On the other hand, jQD1;1.`/j D jQD1;0.`/j` and jQD0;2.`/j D jQD0;1j`. By re-
arranging (3.3) we conclude the proof.

The next lemma gives the explicit evaluation of jQD0;2.`/j.

Lemma 3.2. For ` > 0, we have jQD0;2.`/j D xR.� I 1; 1/`�4=�2 , where

xR.� I 1; 1/ D
.2⇡/4=�

2�1

.1 � �2=4/Ä.1 � �2=4/4=�2
: (3.4)

Proof. Recall that QD0;2 D M
disk
0;2
.W / with W D 2 by Definition 2.10. Let L1 and L2

be the left and right boundary lengths of a sample from M
disk
0;2
.2/. By [3, Lemma 3.3], for

�1;�2 > 0, the law of �1L1 C �2L2 is 1`>0 xR.� I�1;�2/`
�4=�2

d` where xR.� I�1;�2/

is explicitly computed by the second author of this paper and Zhu [42]. Setting now �1 D

�2 D 1, since the density of L1 C L2 can also be written as 1`>0jQD0;2.`/jd`, one
obtains jQD0;2.`/j D xR.� I 1; 1/`�4=�2 .

Remark 3.3. The function xR.� I1;1/ in Lemma 3.2 is a boundary variant of the reflection
coefficient xR.�/ considered in [29, 44].

To get a
2, it remains to evaluate jQD1;0j, which follows from the LCFT representation

of QD1;0.

Theorem 3.4. Let � be a sample of LF.�;i/
H

. Then the law of .H;�; i/ viewed as a marked
quantum surface is 2⇡.Q��/2

�
QD1;0.
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Cercle [10] proved that QD0;3.1/# admits a simple LCFT description, which extends
the result in [6] for the quantum sphere. In [3, Section 2], a family of such results was
proved in a systematic way. We will prove Theorem 3.4 based on ideas and results from [3,
Section 2]. We postpone this proof to Section 3.1 and proceed to wrap up the evaluation
of a

2.

Proof of Theorem 1.3 given Theorem 3.4. By (2.4) with ˛ D � and Theorem 3.4, we have

jQD1;0.`/j D
�

2⇡.Q � �/2
⇥
2

�
2��2=2 xU0.�/`

2
� .��Q/�1

D
xU0.�/`

�4=�2

2�2=2⇡.Q � �/2
:

Now by Lemmas 3.1 and 3.2, and plugging in (2.6) and (3.4) and simplifying, we have

a
2

D
xR.� I 1; 1/

xU0.�/
⇥

2�
2=2�1⇡.Q � �/2

.4=�2 � 1/ sin2.⇡�2=4/
D

2⇡

Ä.�2=4/Ä.1 � �2=4/ sin2.⇡�2=4/
:

Using the identity Ä.z/Ä.1 � z/ D
⇡

sin.⇡z/ for z 62 Z gives the result.

In the rest of this section we first prove Theorem 3.4 in Section 3.1 and then prove in
Section 3.2 related results that will be used in Section 5.

3.1. LCFT descriptions of quantum disks

In this section we prove Theorem 3.4. It uses the so-called uniform embedding of quantum
disks via Haar measures introduced in [3]. Before recalling this result, we first give a
concrete realization of a Haar measure on the group of conformal automorphisms of H.
Sample .p;q; r/ from the measure j.p � q/.q � r/.r � p/j�1dpdqdr restricted to triples
.p; q; r/ which are oriented counterclockwise on R D @H. Let g be the conformal map
with g.0/ D p; g.1/ D q; g.�1/ D r, and let mH be the law of g. We recall the notation
g ✏� � D � ı g�1 CQ log j.g�1/0j from (2.7). As explained in [3], mH is a (left and right
invariant) Haar measure on the conformal automorphism group conf.H/ of H.

Proposition 3.5 ([3, Proposition 2.39]). LetM be a measure on fields � such that the law
of .H;�/ is QD. If we sample .�;g/ from M ⇥ mH, then the law of the field g ✏� � is

�

2.Q � �/2
LFH:

Due to the invariance of the Haar measure, the law of g ✏� � does not depend on the
choice of M . This is called a uniform embedding of QD via mH in [3, Theorem 1.2].

In the proof of Theorem 3.4 we will need the following basic fact on mH.

Lemma 3.6. For g sampled from mH, the law of g.i/ 2 H is ⇡

jIm zj2 d
2z.

We first give a representation of the Haar measure mH where the density of g.i/ is
transparent.
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Lemma 3.7. Define three measures A; N; K on the conformal automorphism group
conf.H/ on H as follows. Sample t from 1t>0

1

t
dt and set a W z 7! tz, sample s from

the Lebesgue measure on R and set n W z 7! z C s, and sample u from 1�⇡=2<u<⇡=2du
and set k W z 7!

z cos u�sin u
z sin uCcos u . Let A;N;K be the laws of a; n; k respectively. Then the law

of a ı n ı k under A ⇥N ⇥K equals mH.

Proof. Set g D a ı n ı k. Then the law of g under A ⇥ N ⇥ K is a Haar measure on
conf.H/; see e.g. [13, Theorem 11.1.3]. By the uniqueness of the Haar measure (see e.g.
[19, Theorem 5.1.1]), the law of g is CmH for some C 2 .0;1/. We now check that
C D 1.

DefineE" WD πg.0/ 2 .0; 1/;g.�1/ < g.0/ < g.1/; g.1/�g.0/
g.0/�g.�1/ 2 .1� "; 1C "/;g.0/�

g.�1/ 2 .1; 2/º. Then by the definition of mH we get

A ⇥N ⇥KŒE"ç D C

Z
1

0

Z
p�1

p�2

Z
pC.p�r/.1C"/

pC.p�r/.1�"/

1

.p � r/.q � p/.q � r/
dq dr dp

D C.1C o".1//"=2:

Let E";ı D π.u; t; s/ j u 2 .�.1� ı/"=2; .1� ı/"=2/; t 2 .1C ı; 2� ı/; s 2 .0; 1=t/º
and xE";ı D π.u; t; s/ j u 2 .�.1 C ı/"=2; .1 C ı/"=2/; t 2 .1 � ı; 2 C ı/; s 2 .0; 1=t/º.
Since z cosu�sinu

z sinuCcosu D z � u� uz2 CO.u2/ as u! 0 with error uniform for z 2 π�1; 0; 1º,
it is easy to check that for fixed ı and sufficiently small " we have E";ı ⇢ E" ⇢ xE";ı , and

A ⇥N ⇥KŒE";ı ç D .1C ı/"

Z
1�ı

2�ı

1

t2
dt D .1 � ı/

✓
1

1C ı
�

1

2 � ı

◆
";

A ⇥N ⇥KŒ xE";ı ç D .1C ı/

✓
1

1 � ı
�

1

2C ı

◆
":

Letting " ! 0 we have

C=2 2


.1 � ı/

✓
1

1C ı
�

1

2 � ı

◆
; .1C ı/

✓
1

1 � ı
�

1

2C ı

◆�
:

Letting ı ! 0, we get C D 1.

Proof of Lemma 3.6. Under the change of variable xD st and y D t , we have 1

y2 dx dy D

1

t
ds dt . By the definition of A and N in Lemma 3.7, we see that the law of a.n.i// D

st C ti is 1

jIm zj2 d
2z if .a; n/ is sampled from A ⇥ N . Since k fixes i and jKj D ⇡ , the

law of a ı n ı k.i/ under A ⇥N ⇥K is ⇡

jIm zj2 d
2z.

Proof of Theorem 3.4. We first show that

LFH.d�/��.d
2z/ D LF.�;z/

H
.d�/d2z: (3.5)

Let h be sampled from PH. Note that

EŒ�h.d
2z/ç D .2 Im z/��

2=2
jzj
2�2

C d2z:
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More precisely, for any Borel set A we have EŒ�h.A/ç D
R
A
.2 Im z/��

2=2jzj
2�2

C d2z.
Then by Girsanov’s theorem (see e.g. [9, Section 3.5]), for any non-negative measurable
functions f on H�1.H/ and g on H we haveZ

f .h/

✓Z
H

g.z/�h.d
2z/

◆
PH.dh/

D

Z
H

Z
f .hC �GH.�; z// PH.dh/ .2 Im z/��

2=2
jzj
2�2

C g.z/ d2z: (3.6)

Now, recalling the definition of LFH and using

�h�2Q log j�jCCc.d
2z/ D jzj

�2Q�
C e�c�h.d

2z/

gives“
f .�/g.z/��.d

2z/LFH.d�/

D

•
f .h � 2Q log j � jC C c/g.z/jzj

�2Q�
C �h.d

2z/ PH.dh/ e
.��Q/c dc;

and applying (3.6), this is equal to•
f .hC �GH.�; z/ � 2Q log j � jC C c/ PH.dh/ e

.��Q/cdc

⇥ g.z/.2 Im z/��
2=2

jzj
�2�.Q��/
C d2z;

which can be rewritten as
’
f .�/g.z/LF.�;z/

H
.d�/ d2z. Thus we have shown (3.5).

Let M be a measure on H�1.H/ such that when  is sampled from M , the law
of the marked quantum surface .H;  ; i/ is QD1;0. By Proposition 3.5, if we sample
. ; g/ from M ⇥ mH, then the law of the pair .g ✏�  ; g.i// is the law of .�; z/ under

�

2.Q��/2 LFH.d�/��.d
2z/. By (3.5) this equals

�

2.Q � �/2
LF.�;z/

H
.d�/ d2z: (3.7)

Let S be the quantum surface .H; g ✏�  ; g.i//. By Lemma 3.6 the joint law of
.S; g.i// is QD1;0 ⇥ Œ ⇡

.Im z/2 d
2zç. Comparing to (3.7), we see that if � is sampled from

LF.�;z/
H

, the law of .H;�; z/ viewed as quantum surfaces with a marked point is

2⇡.Q � �/2

�.Im z/2
QD1;0:

We now give an LCFT description of QD1;1, which will be used in the proof of The-
orem 1.1.

Lemma 3.8. For x 2 R, the vague limit LF.�;i/;.�;x/
H

WD lim"!0 "
�2=4e

�
2 �".x/LF.�;i/

H
.d�/

exists. Moreover, if we sample .h; c/ from .1
2
jxjCeGH.i;x//�

2=2PH ⇥ Œe.�C�=2�Q/cdcç,
then the law of � D hC �GH.�; i/C

�

2
GH.�; x/ � 2Q log j � jC C c is LF.�;i/;.�;x/

H
.

Proof. The proof is identical to that of Lemma 2.2.
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Similarly to Lemma 2.4, for x ¤ x0 2 R, LF.�;i/;.�;x/
H

and LF.�;i/;.�;x
0/

H
are related by

a conformal coordinate change. Therefore they correspond to the same quantum surface
modulo a multiplicative constant. The next proposition says that the quantum surface
is QD1;1.

Proposition 3.9. Let x0 2 R and let � be a sample from LF.�;i/;.�;x0/

H
. Then the law of the

quantum surface .H;�; i; x0/ is Cx0
QD1;1 for some constant Cx0

.

Proof. Exactly as in (3.5), we have

LF.�;i/
H

.d�/⌫�.dx/ D LF.�;i/;.�;x/
H

.d�/dx:

Thus, by Theorem 3.4, if we sample a pair .�; x/ 2 H�1.H/ ⇥ R from the measure
LF.�;i/;.�;x/

H
.d�/dx, then the law of the quantum surface .H; �; i; x/ is �

2⇡.Q��/2 QD1;1.
For x 2 R, let gx be the conformal automorphism of H fixing i and sending x to x0.
Similarly to Lemma 2.4, there is an explicit constant C 0

x
such that when � is sampled

from LF.�;i/;.�;x/
H

then the law of gx ✏� � is C 0
x

LF.�;i/;.�;x0/

H
. Thus, when a field � is

sampled from .
R

R
C 0
x
dx/LF.�;i/;.�;x0/

H
then the law of the quantum surface .H; �; i; x0/

is �

2⇡.Q��/2 QD1;1.

3.2. Adding a bulk point to a 2-pointed quantum disk

In this section we consider the LCFT description of the weight W quantum disk (i.e.
M

disk
0;2
.W /) marked by a bulk point. This will be used in the proof of our conformal weld-

ing result, Theorem 4.1.

Definition 3.10. For W � �2=2, recall M
disk
0;2
.W / from Definition 2.9. Let M be a

measure on H�1.H/ such that if � is sampled from M , the law of .H; �; 0;1/ is
M

disk
0;2
.W /. Let .�; z/ be sampled from M.d�/��.d

2z/. We write M
disk
1;2
.W / for the law

of .H;�; z; 0;1/ viewed as a marked quantum surface.

In Definition 3.10, .H;�; 0;1/ can be replaced by any embedding of a sample from
M

disk
0;2
.W /. Starting from such an embedding, one simply needs to first reweight by the

total quantum area and then to add a point according to the quantum area measure. Recall
the horizontal strip ◆ D R ⇥ .0; ⇡/. Under the coordinates .◆ ;˙1/, a nice relation
between the Liouville field on ◆ and M

disk
0;2
.W / has been established in [3], which we

recall now.

Definition 3.11. Let P◆ be the law of the free-boundary GFF on ◆ defined above Defi-
nition 2.9 and let E◆ be the expectation over P◆ . Let ˛ 2 R; ˇ < Q and z 2 ◆ . Sample
.h; c/ from C

.ˇ;˙1/;.˛;z/

◆ P◆ ⇥ Œe.ˇC˛�Q/cdcç, where

C
.ˇ;˙1/;.˛;z/

◆ WD lim
"!0

E◆ Œ"
˛2=2e˛.h".z/�.Q�ˇ/jRe zj/ç:

Let
� D h � .Q � ˇ/jRe �j C ˛G◆ .�; z/C c
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where G◆ .w; z/ D GH.e
w ; ez/. We write LF.ˇ;˙1/;.˛;z/

◆ for the law of �. If ˛ D 0 we
simply write it as LF.ˇ;˙1/

◆ .

Theorem 3.12 ([3, Theorem 2.22]). Fix W > �2=2. Let � be as in Definition 2.9 so that
.◆ ;�;1;�1/ is an embedding of a sample from M

disk
0;2
.W /. Let T 2 R be sampled from

the Lebesgue measure dt independently of �. Let z�.z/ D �.z C T /. Then the law of z� is
given by �

2.Q�ˇ/2 LF.ˇ;˙1/

◆ where ˇ D QC �=2 �W=� .

When a sample from M
disk
1;2
.W / is embedded as .◆ ;�; i✓;˙1/ for some ✓ 2 .0;⇡/,

then .�; ✓/ are uniquely determined by the marked quantum surface structure. The fol-
lowing lemma is a straightforward variant of Theorem 3.12 that describes the joint law of
.�; ✓/.

Lemma 3.13. FixW > �2=2 and ˇ DQC �=2�W=� . When a sample from M
disk
1;2
.W /

is embedded as .◆ ;�; i✓;1;�1/, then the law of .�; ✓/ is

�

2.Q � ˇ/2
LF.ˇ;˙1/;.�;u/

◆ .d�/1✓2.0;⇡/d✓:

Proof. By Girsanov’s theorem as in (3.5) in the proof of Theorem 3.4, we have

LF.ˇ;˙1/

◆ .d�/��.d
2z/ D LF.�;z/;.ˇ;˙1/

◆ .d�/d2z: (3.8)

Let M be the law of � in Theorem 3.12 so that the law of the marked quantum surface
.◆ ; �;1;�1/ is M

disk
0;2
.W /. Now we sample .�; z; T / according to ��.d2z/M.d�/dt ,

where dt corresponds to the Lebesgue measure on R. Similarly to the proof of Theo-
rem 3.4, let z�.z/ D �.z C T / and u D z � T . Then by Theorem 3.12 and the definition
of M

disk
1;2
.W /, the law of .z�;u/ is �

2.Q�ˇ/2 LF.ˇ;˙1/

◆ .d�/��.d
2z/. By (3.8) this equals

�

2.Q � ˇ/2
LF.�;tCi✓/;.ˇ;˙1/

◆ .d�/ ⇥ 1✓2.0;⇡/d✓dt: (3.9)

Let S be the marked quantum surface .◆ ; z�; u;�1;1/. Since Reu D Re z C T and dt
is translation invariant, the joint law of .S;Re u/ is M

disk
1;2
.W / ⇥ dt . Comparing to (3.9),

we see that for each t 2 R, if .�; ✓/ is sampled from LF.�;tCi✓/;.ˇ;˙1/

◆ .d�/10<✓<⇡d✓ ,
then the law of .◆ ;�; t C i✓;1;�1/ viewed as a marked quantum surface is M

disk
1;2
.W /.

Setting t D 0 we conclude.

The following lemma allows us to transfer the LCFT description of M
disk
1;2
.W / from ◆

to H.

Lemma 3.14. Suppose ˛ 2 R and u 2 ◆ with Re u D 0. Let exp W ◆ ! H be the map
z 7! ez . If � is sampled from LF.˛;u/◆ then the law of exp ✏� � is LF.˛;e

u/

H
.

Proof. It is easy to check that for z 2 ◆ we have

C
.0;˙1/;.˛;z/

◆ D e�˛.QC˛/jRe zjC ˛2

2 Re z.2 Im ez/�˛
2=2;
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so for u 2 ◆ with Reu D 0 we have C .0;˙1/;.˛;u/

◆ D C
.˛;eu/

H
. Here

C
.˛;z0/

H
D .2 Im z0/

�˛2=2
jz0j

�2˛.Q�˛/
C

is the prefactor in front of PH ⇥ Œe.˛�Q/cdcç in the description of LF.˛;z0/

H
from

Lemma 2.2. Finally, since the law of zh WD h ı exp�1 is PH and G◆ .z;w/ D GH.e
z ; ew/,

we see that

exp ✏� .h �QjRe �j C ˛G◆ .�; z// D zh � 2Q log j � jC C ˛GH.�; e
z/:

Adding a random constant c sampled from e.˛�Q/cdc completes the proof.

We only record the LCFT description of M
disk
1;2
.2C �2/ since it is particularly simple,

and it is also the only case we need for our conformal welding result in Theorem 4.1.

Lemma 3.15. Sample .�; x/ from LF.�;i/
H

⇥ dx where dx is the Lebesgue measure on R.
Then the law of .H; h; i;1; x/ viewed as marked quantum surface is 2Q

2

�
M

disk
1;2
.2C �2/.

Proof. Since W D 2C �2, we have ˇ D Q C �=2 �W=� D 0. By Lemma 3.13, there
is a constant C 2 .0;1/ such that if .�1; ✓/ is sampled from LF.�;✓ i/◆ .d�1/10<✓<⇡d✓ ,
then the law of the marked quantum surface .◆ ; �1; ✓ i;1;�1/ is 2Q2

�
M

disk
1;2
.2 C �2/.

By Lemma 3.14, if we set �2 WD exp ✏� �1, then the law of .�2; ✓/ is
LF.�;e

i✓ /

H
.d�2/10<✓<⇡d✓ , and the law of the marked quantum surface .H;�2; ei✓ ;1; 0/

is 2Q
2

�
M

disk
1;2
.2C �2/.

Finally, let f✓ W H ! H be the conformal automorphism fixing 1 and sending ei✓ 7! i

(i.e. f✓ .z/ D
z

sin ✓ � cot ✓ ). Setting � WD f✓ ✏� �2 and x D f✓ .0/, the law of .�; ✓/ is
1

sin2
✓

LF.�;i/
H

.d�/10<✓<⇡d✓ by Lemma 2.4, so it is a calculus exercise to check that the

law of .�; x/ is LF.�;i/
H

⇥ dx. On the other hand, the law of the marked quantum surface
.H;�; i;1; x/ is 2Q

2

�
M

disk
1;2
.2C �2/.

4. Proof of the FZZ formula

In this section we carry out the strategy outlined in Section 1.2 to prove Theorem 1.1.
In Section 4.1 we make a precise statement (Theorem 4.1) about the conformal welding
results for QD1;1 and M

disk
0;2
.�2=2/ that we discussed in Section 1.2. We postpone its proof

to Section 5. In Section 4.2, we prove the extension of it where the weight of the bulk
insertion is generic. Based on this, for ˛ 2 .�=2;Q� �=4/ we identify the inverse gamma
distribution for the area law in Section 4.3. In Section 4.4, by relating the inverse gamma
distribution and the FZZ formula, we prove that U.˛/DUFZZ.˛/ for ˛ 2 .2=� ;Q� �=4/.
In Section 4.5 we show thatU.˛/ has an analytic extension on a complex neighborhood of
.2=� ;Q/, which impliesU.˛/DUFZZ.˛/ for ˛ 2 .2=� ;Q/, and hence the inverse gamma
law for this range also. Finally, in Corollary 4.19 we extend the probabilistic definition of
U.˛/ to the range ˛ 2 .�=2;Q/ in a way that matches UFZZ.˛/.
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4.1. SLE bubble zipper with a quantum typical bulk insertion

Let BubbleH.i; 0/ be the space of counterclockwise simple loops on H that pass through 0
and surround i . More precisely, an oriented simple closed loop ⌘ on C is in BubbleH.i; 0/

if and only if 0 2 ⌘, ⌘ n π0º ⇢ H, i is inside the bounded component of H n ⌘, and
⌘ surrounds i counterclockwise. For ⌘ 2 BubbleH.i; 0/, let D⌘.i/ and D⌘.1/ be the
bounded and unbounded components of H n ⌘, respectively. The point 0 corresponds to
two boundary points onD⌘.1/ which we denote by 0� and 0C such that ⌘ goes from 0C

to 0�.
Recall QD1;1.`/ and M

disk
0;2
.�2=2I `; �/ as defined in Sections 2.3 and 2.4. Our proof of

the FZZ formula relies on the following conformal welding equation in the same spirit as
Theorem 2.13.

Theorem 4.1. There exists a unique probability measure m on BubbleH.i; 0/ such that
the following holds. Suppose that .�; ⌘/ is sampled from LF.�;i/

H
⇥ m. Then the law of

.D⌘.0/;�; i; 0/ and .D⌘.1/;�; 0�; 0C/ viewed as a pair of marked quantum surfaces is
given by

C

Z 1

0

QD1;1.r/ ⇥ M
disk
0;2
.�2=2I �; r/ dr for some constant C 2 .0;1/:

Similarly to Theorem 2.13, Theorem 4.1 says that if we conformally weld QD1;1
and M

disk
0;2
.�2=2/, we get the curve-decorated quantum surface whose embedding can be

described by LF.�;i/
H

⇥ m. The proof of Theorem 4.1 uses ideas which are orthogonal to
the rest of the proof of Theorem 1.1. Therefore we postpone the proof of Theorem 4.1 to
Section 5. As part of that proof we will show that the measure m comes from collapsing
the endpoints of a family of SLE.⇢�I ⇢C/ curves while conditioning on surrounding i .
For the purpose of proving Theorem 4.1, we do not need such a detailed description of m.

4.2. SLE bubble zipper with a generic bulk insertion

In this section we extend Theorem 4.1 from the � -bulk insertion to the case of a generic
one. We start by defining quantum disks with an ˛-bulk insertion.

Definition 4.2. For ˛ 2 R, let � be sampled from LF.˛;i/
H

. We write M
disk
1;0
.˛/ for the

infinite measure describing the law of .H; �; i/ as a marked quantum surface. Similarly,
when � is sampled from LF.˛;i/;.�;0/

H
as defined in Lemma 3.8, we write M

disk
1;1
.˛/ for the

law of .H;�; i; 0/ as a marked quantum surface.

Remark 4.3 (Choice of parameterization). Weight and log singularity are two different
parameterizations of vertex insertions for quantum surfaces; see [18, Tables 1.1 and 1.2]
for more choices of parameters. We parameterize M

disk
0;2
.W / using weight W because the

most important property we need for M
disk
0;2
.W / is the conformal welding identity, where

the weights are additive. We parameterize M
disk
1;0
.˛/ by the log singularity ˛ because this

is the one used in the FZZ formula and it behaves nicely under Girsanov transform; see
Lemma 4.7.
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By Proposition 3.9, M
disk
1;1
.�/DCQD1;1 for some constantC . Therefore, Theorem 4.1

says that modulo a multiplicative constant, conformally welding samples from M
disk
1;1
.�/

and M
disk
0;2
.�2=2/, we get a sample from LF.�;i/

H
decorated with an independent SLE curve.

In this section we show that the same holds with � replaced by ˛.
We first give an explicit description of the disintegration of M

disk
1;0
.˛/ over the bound-

ary length.

Lemma 4.4. For ˛ 2 R and h sampled from PH, let zh.z/ D h.z/ � 2Q log jzjC C

˛GH.z; i/ and L D ⌫zh.R/. For ` > 0, let LF.˛;i/
H

.`/ be the law of zh C
2

�
log `

L
under

the reweighted measure 2�˛2=2 2

�

`
2
� .˛�Q/�1

L
2
� .˛�Q/

PH, and let M
disk
1;0
.˛I `/ be the measure on

quantum surfaces .H; �; i/ with � sampled from LF.˛;i/
H

.`/. Then M
disk
1;0
.˛I `/ is a mea-

sure on quantum surfaces with boundary length `, and

LF.˛;i/
H

D

Z 1

0

LF.˛;i/
H

.`/ d`; M
disk
1;0
.˛/ D

Z 1

0

M
disk
1;0
.˛I `/ d`: (4.1)

Proof. It is clear that LF.˛;i/
H

.`/-a.e. we have ⌫�.R/ D `. To see that
R 1
0

LF.˛;i/
H

.`/ d` D

LF.˛;i/
H

, we note that for any non-negative measurable function F on H�1.H/ we have

Z 1

0

Z
F

✓
zhC

2

�
log

`

L

◆
2�˛2=2

2

�

`
2
� .˛�Q/�1

L
2
� .˛�Q/ PH.dh/ d`

D

Z Z
R

F.zhC c/2�˛2=2e.˛�Q/c dc PH.dh/

using Fubini’s theorem and the change of variable c D
2

�
log `

L
. This yieldsR 1

0
LF.˛;i/

H
.`/ d` D LF.˛;i/

H
, since the left hand side of the above equation characterizesR 1

0
LF.˛;i/

H
.`/ d` and the right hand side gives LF.˛;i/

H
thanks to Lemma 2.2. The second

identity in (4.1) then follows from definition.

We state without proof the variant of this lemma for M
disk
1;1
.˛/.

Lemma 4.5. For ˛ 2 R and h sampled from PH, let zh.z/ D h.z/ � 2Q log jzjC C

˛GH.z; i/ C
�

2
GH.z; 0/ and L D ⌫zh.R/. For ` > 0, let LF.˛;i/

H
.`/ be the law of zh C

2

�
log `

L
under the reweighted measure 2�˛2=2 2

�

`
2
� .˛�Q/

L
2
� .˛�Q/C1

PH, and let M
disk
1;1
.˛I `/ be the

measure on quantum surfaces .H;�; i/ with � sampled from LF.˛;i/
H

.`/. Then M
disk
1;1
.˛I `/

is a measure on quantum surfaces with boundary length `, and

LF.˛;i/;.�;0/
H

D

Z 1

0

LF.˛;i/;.�;0/
H

.`/ d`; M
disk
1;1
.˛/ D

Z 1

0

M
disk
1;1
.˛I `/ d`: (4.2)

To generalize Theorem 4.1, we also need to deform our measure on curves. Given
⌘ 2 BubbleH.i; 0/, let  ⌘ W H ! D⌘.i/ be the unique conformal map fixing i and 0. Let
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m be the measure on BubbleH.i; 0/ in Theorem 4.1 and Å.˛/ D
˛

2
.Q � ˛=2/. Let m˛ be

the measure on BubbleH.i; 0/ obtained by reweighting m as follows:

dm˛
dm

.⌘/ D j 0
⌘
.i/j2Å˛�2: (4.3)

We now are ready to state the bubble zipper result for quantum disk with ˛-bulk
insertion. We only consider ˛ > �=2; for such ˛ we have jLF.˛;i/

H
.1/j<1 by Lemma 2.7.

Theorem 4.6. There exists C 2 .0;1/ such that the following holds. For ˛ > �=2,
suppose .�; ⌘/ is sampled from LF.˛;i/

H
.1/ ⇥ m˛ . Then the law of .D⌘.0/; �; i; 0/ and

.D⌘.1/;�; 0�; 0C/ viewed as a pair of marked quantum surfaces is given by

C

Z 1

0

M
disk
1;1
.˛I r/ ⇥ M

disk
0;2
.�2=2I 1; r/ dr: (4.4)

The proof of Theorem 4.6 is similar in spirit to that of [3, Proposition 4.5]. We begin
by explaining how a Liouville field with specified boundary length changes under a suit-
able reweighting.

Lemma 4.7. Let ˛ > �=2. For any ` > 0 and " 2 .0; 1/, and for any non-negative mea-
surable function f on H�1.H/ for which � 7! f .�/ only depends on �jHnB".i/

,
Z
f .�/ ⇥ "

1
2 .˛

2��2/e.˛��/�".i/ dLF.�;i/
H

.`/ D

Z
f .�/ dLF.˛;i/

H
.`/: (4.5)

Moreover, the same holds when we replace LF.�;i/
H

and LF.˛;i/
H

with LF.�;i/;.�;0/
H

and
LF.˛;i/;.�;0/

H
.

Proof. We only explain the proof of (4.5) since the same argument works for LF.�;i/;.�;0/
H

and LF.˛;i/;.�;0/
H

. For a GFF h sampled from PH, let zh WD h � 2Q log j � jC C �GH.�; i/.
Let ✓" be the uniform probability measure on @B".i/ and let ı WD .2 log j � jC; ✓"/, where
.�; �/ means pairings of generalized functions, hence .�; ✓"/ means average over ✓". Recall
GH.x; y/ D EŒh.x/h.y/ç from (2.3). We see that .GH.�; i/; ✓"/ D � log.2"/C ı. Thus,
zh".i/ D h".i/C .� �Q/ı � � log.2"/. Let E D EH be the expectation over PH. By the
description of LF.�;i/

H
from Lemma 2.2, we have

Z
f .�/ ⇥ "

1
2 .˛

2��2/e.˛��/�".i/ dLF.�;i/
H

D 2��2=2"
1
2 .˛

2��2/

Z
R

EŒe.˛��/.zh".i/Cc/f .zhC c/çe.��Q/c dc

D 2�˛2=2.2"/
1
2 .˛��/2e.˛��/.��Q/ı

Z
R

EŒe.˛��/h".i/f .zhC c/çe.˛�Q/c dc: (4.6)

Define G"
H
.z; i/ WD EŒh.z/h".i/ç D .GH.z; �/; ✓"/. Then

G"
H
.z; i/jHnB".i/

D GH.z; i/jHnB".i/
C ı:
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By the Girsanov theorem and the fact that f .�/ only depends on �jHnB".i/
, we have

Z
R

EŒe.˛��/h".i/f .zhC c/çe.˛�Q/c dc

D EŒe.˛��/h".i/ç

Z
R

EŒf .zhC .˛ � �/G"
H
.�; i/C c/çe.˛�Q/c dc

D EŒe.˛��/h".i/ç

Z
R

EŒf .zhC .˛ � �/GH.�; i/C .˛ � �/ı C c/çe.˛�Q/c dc: (4.7)

Since Var.h".i// D
’
GH.z; w/ ✓".dz/ ✓".dw/ D � log.2"/C 2ı, we have

EŒe.˛��/h".i/ç D .2"/�
1
2 .˛��/2e.˛��/2ı : (4.8)

On the other hand, with the change of variable c0 D .˛ � �/ı C c, we get
Z

R

EŒf .zhC .˛ � �/GH.�; i/C .˛ � �/ı C c/çe.˛�Q/c dc

D e�.˛��/.˛�Q/ı
Z

R

EŒf .zhC .˛ � �/GH.�; i/C c0çe.˛�Q/c0
dc0

D e�.˛��/.˛�Q/ı2˛
2=2

Z
f .�/ dLF.˛;i/

H
:

Combining this with (4.6)–(4.8), since

2�˛2=2.2"/
1
2 .˛��/2e.˛��/.��Q/ı

⇥ .2"/�
1
2 .˛��/2e.˛��/2ı

⇥ e�.˛��/.˛�Q/ı2˛
2=2

D 1;

we have Z
f .�/ ⇥ "

1
2 .˛

2��2/e.˛��/�".i/ dLF.�;i/
H

D

Z
f .�/ dLF.˛;i/

H
:

Disintegrating over ` completes the proof.

We also need the following analog of Lemma 4.7 which is proved in the same way.

Lemma 4.8. Let ˛ > �=2, and let ⌘ 2 BubbleH.i; 0/. Let  ⌘ W H !D⌘.i/ be the confor-
mal map fixing 0 and i , and let H⌘;" WD H n ⌘.B".i//. Let ✓" be the uniform probability
measure on @B".i/ and y✓" WD . ⌘/⇤✓". For any ` > 0, " 2 .0; 1/ and for any non-negative
measurable function f on H�1.H/ for which � 7! f .�/ only depends on �jH⌘;" , we
have

Z
f .�jH⌘;"/ ⇥ "

1
2 .˛

2��2/e.˛��/.�;y✓"/ dLF.�;i/
H

.`/

D

Z
f .�jH⌘;"/ ⇥ j 0

⌘
.i/j

1
2 .�

2�˛2/ dLF.˛;i/
H

.`/:

Proof. Let ı WD .2 log j � jC; y✓"/ and G"
H
.z; i/ WD .GH.z; �/; y✓"/. Then for z 2 H⌘;",

G"
H
.z; i/ D .� log jz �  ⌘.�/j � log jz C  ⌘.�/j; ✓"/C 2 log jzjC C ı

D � log jz � i j � log jz C i j C 2 log jzjC C ı D GH.z; i/C ı:
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Indeed, since � log jz � �j � log jz C �j is harmonic on D and  ⌘ is conformal, the map
� log jz �  ⌘.�/j � log jz C  ⌘.�/j is harmonic on B".i/.

Let ⌘" D  .@B".i//. Then y✓" is the harmonic measure on ⌘" viewed from i . It is
well known that

R
log jz � i j y✓".dz/ is the conformal radius of ⌘" viewed from i , and

this conformal radius can alternatively be computed as "j 0
⌘
.i/j. Thus .GH.�; i/; y✓"/ D

� log j2" 0
⌘
.i/j C ı.

Finally, Var..h; y✓"// D
R
G"

H
.z; i/ y✓".dz/ D � log j2" 0

⌘
.i/j C 2ı. Now the same

computation as in Lemma 4.7 with 2" in (4.6) and (4.8) replaced by 2" 0
⌘
.i/ gives

Lemma 4.8.

Proof of Theorem 4.6. With slight abuse of notation, Theorem 4.1 gives

LF.�;i/
H

.1/ ⇥ m D C

Z 1

0

M
disk
1;1
.� I r/ ⇥ M

disk
0;2
.�2=2I 1; r/ dr; (4.9)

where (4.9) should be interpreted as saying that when a pair of quantum surfaces is sam-
pled from the right hand side, conformally welded, and then embedded by sending the
bulk and boundary points to i and 0 in H, the law of the resulting field and curve .�;⌘/ is
the left hand side. In our argument we will treat the right hand side of (4.9) as a measure
on pairs .�; ⌘/.

We use the notation of Lemma 4.8, so  ⌘ W H ! D⌘.i/ is a conformal map. Define

X D � ı  ⌘ CQ log j 0
⌘
j:

For " 2 .0; 1/ and f a non-negative measurable function of �jH⌘;" , and g a non-negative
measurable function of ⌘, weighting (4.9) gives
Z
f .�jH⌘;"/g.⌘/"

1
2 .˛

2��2/e.˛��/X".i/LF.�;i/
H

.1/ ⇥ m (4.10)

D C

Z 1

0

✓Z
f .�jH⌘;"/g.⌘/"

1
2 .˛

2��2/e.˛��/X".i/M
disk
1;1
.� I r/ ⇥ M

disk
0;2
.�2=2I 1; r/

◆
dr:

(4.11)

Since  0
⌘

is holomorphic, log j 0
⌘
j is harmonic so .log j 0

⌘
j; ✓"/ D log j 0

⌘
.i/j. Thus

X".i/ D .X; ✓"/ D .� ı  ⌘ CQ log j 0
⌘
j; ✓"/ D .�; y✓"/CQ log j 0

⌘
.i/j: (4.12)

By (4.12) and Lemma 4.8, the expression (4.10) equals
Z
f .�jH⌘;"/g.⌘/j 

0
⌘
.i/j�˛

2=2CQ˛�2LF.˛;i/
H

.1/ ⇥ m:

Recall that m˛ D j 0
⌘
.i/j�˛

2=2CQ˛�2m. By Lemma 4.7 the integral (4.11) equals

C

Z 1

0

✓Z
f .�jH⌘;"/g.⌘/M

disk
1;1
.˛I r/ ⇥ M

disk
0;2
.�2=2I 1; r/

◆
dr:

The result follows by equating the above two integrals and letting " ! 0.
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A priori it is not clear whether m˛ is finite. Using Theorem 4.6 we have the following.

Lemma 4.9. For ˛ 2 .�=2;QC 2=�/, the measure m˛ is finite.

Proof. Consider the event that ⌫�.R/ 2 Œ1; 2ç where .�;⌘/ is sampled from LF.˛;i/
H

⇥ m˛ .
Evaluating the size of this event using the two descriptions of the same measure of Theo-
rem 4.6, since jM

disk
1;1
.˛I r/j / r

2
� .˛�Q/ by Lemma 4.5 and

M
disk
0;2
.�2=2I `; r/ /

`4=�
2�1r4=�

2�1

.`4=�2
C r4=�2/2

by Lemma 2.15, for some constant C 2 .0;1/ we get

LF.˛;i/
H

Œπ⌫�.R/ 2 .1; 2/ºç jm˛j D C

Z 1

0

Z
2

1

r
2
� .˛�Q/

⇥
`4=�

2�1r4=�
2�1

.`4=�2
C r4=�2/2

d` dr:

Since `4=�2�1r4=�2�1

.`4=�2 Cr4=�2
/2
< 24=�2�1r4=�2�1

.1Cr4=�2
/2

for ` 2 .1; 2/, we conclude that

LF.˛;i/
H

Œπ⌫�.R/ 2 .1; 2/ºç jm˛j < C24=�
2

Z 1

0

r
2
� ˛�2

.1C r4=�2/2
dr < 1;

where finiteness follows from ˛ 2 .�=2;Q C 2=�/. Since LF.˛;i/
H

Œπ⌫�.R/ 2 .1; 2/ºç > 0

we get jm˛j < 1.

The following proposition is a rephrasing of Theorem 4.6 which is more convenient
for our argument in Section 4.3.

Proposition 4.10. Fix ˛ 2 .�=2;Q C 2=�/ and sample � from LF.˛;i/
H

.1/# .so .H;�; i/
has law M

disk
1;0
.˛I 1/#/. Let ⌘ be a sample of m#

˛
independent of �. Let L be the quantum

length of ⌘ and �0 D � �
2

�
log L. Then .D⌘.i/;�0; i; 0/ and .D⌘.1/;�; 0�; 0C/ viewed

as marked quantum surfaces are independent. The law of the former is M
disk
1;1
.˛I 1/#. The

law of the latter is the probability measure proportional to
Z 1

0

r
2
� .˛�Q/

M
disk
0;2
.�2=2I 1; r/ dr:

Proof. From the definition of M
disk
1;0
.˛I r/, we see that if .D;  ; z/ is sampled from

M
disk
1;0
.˛I r/# then .D;  �

2

�
log r; z/ has law M

disk
1;0
.˛I 1/#. Since M

disk
1;0
.˛I 1/# and

M
disk
1;1
.˛I 1/# are the same if we ignore the boundary marked point for M

disk
1;1
.˛I 1/#, by

Theorem 4.6, the joint law of .D⌘.i/;�0; i; 0/ and .D⌘.1/;�; 0�; 0C/ is the probability
measure proportional to

M
disk
1;1
.˛I 1/# ⇥

Z 1

0

jM
disk
1;1
.˛I r/jMdisk

0;2
.�2=2I 1; r/ dr:

Finally, since jM
disk
1;1
.˛I r/j D r jMdisk

1;0
.˛I r/j / r

2
� .˛�Q/ by Lemma 2.7, we are done.
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4.3. Identification of the inverse gamma distribution

By definition, M
disk
1;0
.˛I 1/# and M

disk
1;1
.˛I 1/# are the same if we ignore the boundary

marked point. Therefore, Proposition 4.10 can be viewed as a recursive property for
M

disk
1;0
.˛I 1/#. The main goal of this subsection is to use this property to identify the law

of its quantum area.

Proposition 4.11. For ˛ 2 .�=2;Q� �=4/, the law of the quantum area of a sample from
M

disk
1;0
.˛I1/# is the inverse gamma distribution with shape 2

�
.Q�˛/ and scale 1

4 sin.⇡�2=4/
.

In the setting of Proposition 4.10, we write A0 D ��.H/ and A1 D ��0
.D⌘.i//. Let

A D ��.D⌘.1// and recall that L is the quantum length of ⌘. Then A0 and A1 agree in
law, A1 is independent of .A;L/, and

A0 D A C L
2
A1 (4.13)

since L
2
A1 (resp. A) is the quantum area of the region inside (resp. outside) ⌘. Note that

.A;L/ is determined by .D⌘.1/;�; 0�; 0C/, whose law is given by boundary reweight-
ing of M

disk
0;2
.�2=2/ at the end of Proposition 4.10. By Proposition 2.14, we can describe

.A;L/ in terms of Brownian motion in cones.
Recall from Section 2.5 that for the cone C✓ D πz j argz 2 .0;✓/º with ✓ 2 .0;2⇡/, the

measure mC✓
.z/ is the probability measure corresponding to Brownian motion started at

z and killed when it exits C✓ . For x;y > 0 we define using a limiting procedure a measure
mC✓

.x; yei✓ / corresponding to Brownian motion started at x and restricted to the event
that it exits C✓ at yei✓ . Using a similar limiting procedure, we can define mC✓

.x; 0/ for
x > 0 and mC✓

.z; 0/ for z 2 C✓ as well; see Appendix A for more details.
As stated in Lemma A.3, essentially by the Markov property of Brownian motion, for

0 < ✓ < � < 2⇡ there is a constant c > 0 such that for u > 0 we have

mC�
.u; 0/# D c

Z 1

0

mC✓
.u; rei✓ / ⇥ mC�

.rei✓ ; 0/ dr: (4.14)

More precisely, if we sample .Z1; Z2/ from the right hand side of (4.14), the concatena-
tion of Z1 (a path from u to rei✓ ) and Z2 (a path from rei✓ to 0) yields a path Z from u

to 0 whose law is mC�
.u; 0/#. We refer to Figure 2 for an illustration.

For .Z1; Z2/ sampled from (4.14), define the random variables

A D duration of Z1; L D Z1.A/=ei✓ > 0: (4.15)

Lemma 4.12. The law of .A; L/ is the same as that of .A; L=u/ in (4.15) with
� D

�⇡

2.Q�˛/ , ✓ D ⇡�2=4 and u D
1p
2 sin ✓

.

Proof. By (4.14), since jmC�
.rei✓ ; 0/j / r�⇡=� D r

2
� .˛�Q/ (Corollary A.2), the marginal

law of Z1 is given by .
R 1
0
r

2
� .˛�Q/mC✓

.u; rei✓ / dr/#. The claim with u replaced by
1

a sin ✓ then follows from Proposition 4.10 and Lemma 2.14. Finally, Theorem 1.3 gives
1

a sin ✓ D
1p
2 sin ✓

.
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✓
�

u

Z1

Z2

Lei✓

u

Z1

Z2

�

Lei✓

✓

Fig. 2. We split the Brownian path Z in C� from u to 0 at the time it first hits the ray ei✓RC for
some ✓ 2 .0; �/ to get the subpaths Z1 (red) and Z2 (blue). We let A be the duration of Z1 and
L be such that Lei✓ is the endpoint of Z1.

We now give a characterization of the inverse gamma distribution that implies Propo-
sition 4.11.

Proposition 4.13. Let 0 < ✓ < � < 2⇡ and u > 0. Suppose X is a real-valued random
variable independent of .A;L/ as sampled in (4.15). Then

X
d
D AC

L2

u2
X (4.16)

if and only if the law of X is the inverse gamma distribution with shape ⇡=� and scale
u2=2 as described in (2.2).

Proof of Proposition 4.11 given Proposition 4.13. In (4.13), each of A0 and A1 agrees
in law with the quantum area X of a sample from M

disk
1;0
.˛I 1/#. Moreover, by Propo-

sition 4.10 we know A1 is independent of .A;L/, so by Lemma 4.12 we have X d
D

AC
L2

u2 X . Then Proposition 4.13 gives the law of X . Here the constraint ˛ < Q � �=4

comes from � D
�⇡

2.Q�˛/ 2 .0; 2⇡/.

To prove Proposition 4.13, we need some basic properties of Brownian motion in
cones whose full proofs we defer to Appendix A. See Figure 2 for an illustration.

Lemma 4.14. Suppose 0 < ✓ < � < 2⇡ and u > 0, and define Z1; Z2 by the right hand
side of (4.14). Let A;L be defined as in (4.15), let T be the sum of the durations of Z1

and Z2, and let Y D
u2

L2 .T � A/. Then the laws of both T and Y are the inverse gamma
distribution with shape ⇡=� and scale u2=2, and Y is independent of .A; L/. Moreover,
for " 2 .0;⇡=�/, we have EŒ.L=u/"ç < 1.

Proof. By (4.14), the law of T agrees with that of the duration of a sample from
mC�

.u; 0/#, which by Corollary A.2 is the inverse gamma distribution with the desired
parameters. By (4.14) and Brownian scaling, the conditional law of Y given .A;L/ agrees
with the law of the duration of a sample from mC�

.uei✓ ; 0/#, and so by Corollary A.2 it
is the inverse gamma with shape ⇡=� and scale u2=2. Finally, the claim EŒ.L=u/"ç < 1

is Lemma A.5.
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Proof of Proposition 4.13. With notation as in Lemma 4.14, we have

T D AC
L2

u2
Y:

Since both T; Y are distributed as inverse gamma with shape ⇡=� and scale u2=2, and
Y is independent of .A;L/, we obtain the “if” direction of the proposition.

Now we check the converse. Let .A1; L1/; : : : ; .An; Ln/ be independent copies of
.A;L/ in (4.15). Suppose X satisfies (4.16). For any positive integer n, iterating (4.16) n
times shows that X has the same distribution as

A1 C
L2
1

u2

✓
A2 C

L2
2

u2

✓
: : :

✓
An C

L2
n

u2
X

◆
: : :

◆◆
DW Sn C

✓ nY
iD1

L2
i

u2

◆
X;

where Sn is a function of π.Ai ; Li /º1in. Since Lemma 4.14 gives EŒ.L=u/"ç < 1 for
some " > 0, by Markov’s inequality we have

Q
n

iD1L
2

i
=u2 ! 0 in probability as n! 1,

and hence Sn ! X in distribution as n ! 1. Thus any solution to (4.16) is the distribu-
tional limit of Sn, which is unique.

4.4. From the inverse gamma distribution to the FZZ formula

Recall he˛�.i/i from Definition 2.5. By Definitions 2.5 and 4.2, for ˛ 2 .2=� ;Q/, � � 0

and �B > 0,

he˛�.i/i D LF.˛;i/
H

Œe����.H/��B⌫�.R/ � 1ç

D

Z 1

0

M
disk
1;0
.˛I `/Œe��A��B` � 1ç d`

D

Z 1

0

jM
disk
1;0
.˛I `/jMdisk

1;0
.˛I `/#Œe��A��B` � 1ç d`:

Here A represents the quantum area of a quantum surface sampled from M
disk
1;0
.˛I `/.

Recall xU0.˛/ from Proposition 2.8. By Lemma 4.4, we have

he˛�.i/i D C

Z 1

0

`
2
� .˛�Q/�1

M
disk
1;0
.˛I 1/#Œe��`2A��B` � 1ç d` for ˛ 2 .2=� ;Q/;

(4.17)
where C D

2

�
2�˛2=2 xU0.˛/. By (4.17) and Proposition 4.11, we can prove Theorem 1.1

for ˛ 2 .2=� ;Q � �=4/.

Proposition 4.15. U.˛/ D UFZZ.˛/ for ˛ 2 .2=� ;Q � �=4/.

In order to prove Proposition 4.15, we first record two simple calculus facts which
will allow us to relate the inverse gamma distribution to the FZZ formula.

Lemma 4.16. Let x 2 .�1; 1/ and a 2 R n Z. Then

cos.a arccos x/ D
a

2
sin.⇡a/

1X
nD0

.�2/n�1

⇡nä
Ä

✓
nC a

2

◆
Ä

✓
n � a

2

◆
xn: (4.18)
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Proof. The function Ta.x/D cos.a arccosx/ is a generalization of Chebyshev polynomi-
als, which reduces to the usual Chebyshev polynomials when a is a positive integer. For
x 2 .�1; 1/, Taylor expansion gives

Ta.x/ D a

1X
nD0

.2x/n

2nä
cos

✓
⇡

2
.a � n/

◆
Ä

�
aCn
2

�
Ä

�
a�n
2

C 1
�

D a

1X
nD0

.2x/n

2⇡nä
cos

✓
⇡

2
.a � n/

◆
Ä

✓
aC n

2

◆
Ä

✓
�
a � n

2

◆
sin

✓
⇡
a � n

2
C ⇡

◆

D
a

2
sin.⇡a/

1X
nD0

.�2/n�1

⇡nä
Ä

✓
nC a

2

◆
Ä

✓
n � a

2

◆
xn:

Lemma 4.17. Let a; b; c;� 2 R satisfy a > 0, b > �1, c < b=2� 1=2, 0 < � < 2a. Then
Z 1

0

dy ybe��y
Z 1

0

dt tc exp
✓

�y2t �
a2

t

◆

D
1

2

1X
nD0

.��/n

nä
a�nC2c�bC1Ä

✓
n

2
C
b

2
� c �

1

2

◆
Ä

✓
n

2
C
b

2
C
1

2

◆
: (4.19)

Proof. To compute the double integral we expand e��y and then perform the change
of variable u D y2t , v D a2=t . Hence y D

p
uv=a, t D a2=v, dydt D

a

2v
p
uv
dudv.

Therefore
Z 1

0

dy ybe��y
Z 1

0

dt tc exp
✓

�y2t �
a2

t

◆

D

1X
nD0

.��/n

nä

Z 1

0

dy ybCn
Z 1

0

dt tc exp
✓

�y2t �
a2

t

◆

D

1X
nD0

.��/n

nä

Z 1

0

Z 1

0

dudv
a

2v
p
uv
a2cv�ca�b�n.uv/b=2Cn=2e�u�v

D
1

2

1X
nD0

.��/n

nä
a�nC2c�bC1

Z 1

0

Z 1

0

dudv ub=2Cn=2�1=2vb=2Cn=2�c�3=2e�u�v

D
1

2

1X
nD0

.��/n

nä
a�nC2c�bC1Ä

✓
n

2
C
b

2
� c �

1

2

◆
Ä

✓
n

2
C
b

2
C
1

2

◆
:

The conditions on the parameters are such that the above integrals and series converge.
For n D 0 in the sum, the integrals over u and v converge respectively if b > �1 and
c < b=2� 1=2. The condition � > 0 is obvious. The condition � < 2a is required for the
series over n to converge, as can be checked on the last line.

Proof of Proposition 4.15. To start off we assume that the parameters �;�B > 0 are cho-
sen such that

�2
B

�
sin

⇡�2

4
2 .0; 1/: (4.20)
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This constraint will then be lifted by an analyticity argument in the variable �B . Applying
integration by parts to the integration over ` in (4.17), we get

he˛�.i/i D
�C

2.˛ �Q/

Z 1

0

`
2
� .˛�Q/

M
disk
1;0
.˛I 1/#Œ.2�`AC �B/e

��`2A��B`ç d`

D C 0
Z 1

0

y
2
� .˛�Q/

M
disk
1;0
.˛I 1/#Œ.�C 2yA/e��y�y2Aç dy; (4.21)

where y D
p
� `, C 0 D �

�C

2.Q�˛/�
.Q�˛/=� and � D �B=�

1=2. Now we use Proposi-
tion 4.11, which requires assuming ˛ < Q � �=4, and we apply Lemma 4.17 twice with
.a; b; c;�/ equal to

✓
1

2
p

sin.⇡�2=4/
;
2

�
.˛ �Q/;

2

�
.˛ �Q/ � 1;�

◆

and ✓
1

2
p

sin.⇡�2=4/
;
2

�
.˛ �Q/C 1;

2

�
.˛ �Q/;�

◆
:

The constraints on .a; b; c; �/ required by Lemma 4.17 are satisfied provided that
˛ 2 .2=� ;Q/ and (4.20) holds. Hence one arrives at the following power series expansions
in the parameter �:

C 0
Z 1

0

y
2
� .˛�Q/

M
disk
1
.˛I 1/#Œ�e��y�y2Aç dy

D �
C 00

2

1X
nD0

.��/nC1

nä
.2

p
sin.⇡�2=4//nC 2

� .Q�˛/C1

⇥ Ä

✓
n

2
C
1

�
.˛ �Q/C

1

2

◆
Ä

✓
n

2
C
1

�
.Q � ˛/C

1

2

◆
; (4.22)

and

C 0
Z 1

0

y
2
� .˛�Q/

M
disk
1
.˛I 1/#Œ2yAe��y�y2Aç dy

D C 00
1X
nD0

.��/n

nä
.2

p
sin.⇡�2=4//nC 2

� .Q�˛/

⇥ Ä

✓
n

2
C
1

�
.˛ �Q/C 1

◆
Ä

✓
n

2
C
1

�
.Q � ˛/

◆
; (4.23)

where C 00 D
.4 sin ⇡�2

4 /
2
� .˛�Q/

Ä.
2
� .Q�˛// C 0. By shifting the sum in (4.22) to start at n D 1 and

applying in (4.23) the identity

Ä

✓
n

2
C
1

�
.˛ �Q/C 1

◆
D

✓
n

2
C
1

�
.˛ �Q/

◆
Ä

✓
n

2
C
1

�
.˛ �Q/

◆
;
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we obtain

he˛�.i/i D �
C 00

2

1X
nD0

.��/nC1

nä

✓
2

r
sin

⇡�2

4

◆nC 2
� .Q�˛/C1

⇥ Ä

✓
n

2
C
1

�
.Q � ˛/C

1

2

◆
Ä

✓
n

2
C
1

�
.˛ �Q/C

1

2

◆

C C 00
1X
nD0

.��/n

nä

✓
2

r
sin

⇡�2

4

◆nC 2
� .Q�˛/

⇥ Ä

✓
n

2
C
1

�
.Q � ˛/

◆
Ä

✓
n

2
C
1

�
.˛ �Q/C 1

◆

D C 00˛ �Q

�

1X
nD0

.��/n

nä

✓
2

r
sin

⇡�2

4

◆nC 2
� .Q�˛/

⇥ Ä

✓
n

2
C
1

�
.˛ �Q/

◆
Ä

✓
n

2
C
1

�
.Q � ˛/

◆
;

To then obtain the claimed formula UFZZ.˛/, one simply needs to apply Lemma 4.16
with a D

2

�
.˛ � Q/ and x D �

p
sin.⇡�2=4/. Thanks again to (4.20) and the fact that

˛ 2 .2=� ;Q/, the conditions to apply the lemma are satisfied. This gives

he˛�.i/i D 2C 00˛ �Q

�

⇡�

.˛ �Q/

1

sin.2⇡
�
.Q � ˛//

�
2
p

sin.⇡�2=4/
� 2

� .Q�˛/

⇥ cos
✓
2

�
.˛ �Q/ arccos

�
�

p
sin.⇡�2=4/

�◆

D 2C 00Ä
✓
2

�
.Q � ˛/

◆
Ä

✓
1 �

2

�
.Q � ˛/

◆�
2
p

sin.⇡�2=4/
� 2

� .Q�˛/ cos..˛ �Q/⇡s/;

where the definition of s was given in (1.5); see also (4.24). We compute

2C 00Ä
✓
2

�
.Q � ˛/

◆
Ä

✓
1 �

2

�
.Q � ˛/

◆�
2
p

sin.⇡�2=4/
� 2

� .Q�˛/

D
4

�

✓
sin

⇡�2

4

◆ 1
� .˛�Q/

�
Q�˛

� 2�˛2=2
�
2��=2˛� 2

� .Q�˛/

⇥

✓
⇡

Ä.1 � �2=4/

◆ 2
� .Q�˛/

Ä

✓
�

2

✓
˛ �

�

2

◆◆
Ä

✓
2˛

�
�
4

�2
� 1

◆

D
4

�
2�˛2=2

✓
⇡�

2�˛
Ä.�2=4/

Ä.1 � �2=4/

◆ Q�˛
�

Ä

✓
�˛

2
�
�2

4

◆
Ä

✓
2˛

�
�
4

�2
� 1

◆

D UFZZ.˛/= cos..˛ �Q/⇡s/:

Putting everything together we conclude that he˛�.i/i D U.˛/ D UFZZ.˛/ provided that
condition (4.20) holds.
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We will now extend the result by analyticity in �B to the full range of �B 2 .0;1/.
Notice UFZZ.˛/ contains the factor cos..˛ �Q/⇡s/ where s and �B are related by

�B D �B.s/ D

r
�

sin.⇡�2=4/
cos

⇡�s

2
: (4.24)

We want to find an open domain D ⇢ C of s where the map s 7! �B.s/ will be biholo-
morphic onto its image. Since d

ds
jsD0 cos ⇡�s

2
D 0, we cannot include 0 in D. Since

cos ⇡�s
2

D 1 �
⇡2�2

8
s2 C o.s2/ and the second order s2 is non-zero, we can include the

sector
S✏;ı WD πrei✓ j ✓ 2 .�✏;⇡=2C ✏/; 0 < r < ıº

for two small parameters ✏; ı > 0. Indeed, in S✏;ı the angle ✓ is contained in an interval
of length strictly less than ⇡ . We also want D to contain an open neighborhood in C of
i.ı=2;1/ where we wish to extend the equality U.˛/ D UFZZ.˛/ and an open neighbor-
hood of .ı=2; 1=.2�// where we have already established it. From all these considerations
we choose

D WD S✏;ı [ πx C iy j x 2 .ı=2; 1=2�/; y 2 .�ı=4; ı=4/º

[ πx C iy j x 2 .�ı=4; ı=4/; y 2 .ı=2;1/º:

For ✏; ı small, the map s 7! �B.s/ is then a biholomorphic map from D onto its image,
an open domain we call D0. Now the exact formula UFZZ.˛/ is clearly an analytic
function of �B on D0. We must argue the same is true for the probabilistic definition
U.˛/D he˛�.i/i. For all �B 2D0, one clearly has Re�B > 0, which by Lemma 2.6 gives
finiteness of jhe˛�.i/ij. Moreover, LF.˛;i/

H
Œj⌫�.R/e

����.H/��B⌫�.R/jç is also finite in the
same region. This implies that LF.˛;i/

H
Œ��B⌫�.R/e

����.H/��B⌫�.R/ç is analytic in �B
when Re.�B/ > 0. Taking anti-derivative in �B and using the Fubini theorem to inter-
change the integral in�B and LF.˛;i/

H
, we see that he˛�.i/i D LF.˛;i/

H
Œe����.H/��B⌫�.R/ �

1ç is analytic in �B when Re�B > 0. Since the equality of analytic functions U.˛/ D

UFZZ.˛/ in the variable �B holds on the interval given by (4.20) which is contained in the
open set D0, it holds on all of D0. In particular, it holds for �Bp

�

p
sin.⇡�2=4/ 2 .1;1/.

By continuity we recover the equality at the special value �Bp
�

p
sin.⇡�2=4/ D 1. This

completes the proof.

4.5. Analyticity in ˛ and the proof of Theorem 1.1

In this section we prove that U.˛/ is complex analytic in ˛ around .2=� ; Q/. The proof
utilizes the method given first in [29, 42], adapted to the case where there are both area
and boundary GMC measures in the correlation function. Together with Proposition 4.15
this will conclude the proof of Theorem 1.1. We will then prove Corollary 4.19 and The-
orem 1.2 that extend the range of ˛ from .2=� ;Q/ to .�=2;Q/.

Proposition 4.18. For any compact setK ⇢ .2=� ;Q/, the function ˛ 7! U.˛/ is complex
analytic on a complex neighborhood of the set K.
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Proof. To start, we use the following identity coming from Lemma 2.6:

he˛�.2i/i D
U.˛/

jIm 2i j2Å˛
; (4.25)

to place the bulk insertion at the location 2i , and will prove that he˛�.2i/i is analytic in ˛.
Fix r0 such that e�r0 < 1=2. Let h be the free boundary GFF on H, which is normalized
to have zero average over the upper half unit circle. Thanks to the Markov property of the
field (see for instance [9, Theorem 5.5]), we can write the decomposition h D h1 C h2,
where h1 is a Dirichlet GFF on B.2i; e�r0/ and h2 is a field which is independent of h1
and smooth in a neighborhood of 2i . Notice we placed the insertion at 2i so B.2i; e�r0/
does not intersect the upper half unit circle. Consider now the one-dimensional process
h1;r .2i/ obtained by taking the mean of h1.2i/ over the circles of radius e�r centered
at 2i , assuming r � r0. The main fact we will use about this field is that h1;rCt .2i/ �

h1;r .2i/ is a Brownian motion independent of .h.z//z2Hr , where Hr WD H nB.2i; e�r /.
Record also that EŒh1;r .2i/

2çD r � r0 and the notation hr WD h1;r C h2. From these facts
we can deduce that

E
⇥
e˛h1;rC1.2i/� ˛2

2 EŒh1;rC1.2i/
2çF..h.z//z2Hr /

⇤

D e
˛2

2 EŒh1;r .2i/
2ç� ˛2

2 EŒh1;rC1.2i/
2ç

⇥ EŒe˛h1;rC1.2i/�˛h1;r .2i/çE
⇥
e˛h1;r .2i/� ˛2

2 EŒh1;r .2i/
2çF..h.z//z2Hr /

⇤

D E
⇥
e˛h1;r .2i/� ˛2

2 EŒh1;r .2i/
2çF..h.z//z2Hr /

⇤

) E
⇥
e˛hr .2i/� ˛2

2 EŒhr .2i/
2çF..h.z//z2Hr /

⇤

D E
⇥
e˛hrC1.2i/� ˛2

2 EŒhrC1.2i/
2çF..h.z//z2Hr /

⇤
:

Now we can obtain U.˛/ from the limit U.˛/ D 2�˛2=2 limr!1 Ur .˛/, where

Ur .˛/ WD

Z
R

dc e.˛�Q/c
E

⇥
e˛hr .2i/� ˛2

2 EŒhr .2i/
2ç

�
exp

�
�e�c�h.Hr / � e

�
2 c⌫h.R/

�
� 1

�⇤
:

When ˛ is a complex number, we write ˛ D a C ib. We want to prove there exists a
complex neighborhood V containing the setK such that for any compact setK 0 contained
in V , Ur .˛/ converges uniformly as r ! 1 overK 0. Setting Qh.z/ WD h.z/C aGH.z; 2i/,
we have

jUrC1.˛/ � Ur .˛/j

D

Z
R

dc
ˇ̌
e.˛�Q/c

E
⇥
e˛hrC1.2i/� ˛2

2 EŒhrC1.2i/
2ç exp

�
�e

�
2 c⌫h.R/

�

⇥ .exp.�e�c�h.HrC1// � exp.�e�c�h.Hr ///
⇤ˇ̌

 Ce
rC1

2 b2

Z
R

dc e.a�Q/c

⇥ E
⇥
exp

�
�e

�
2 c⌫ Qh.R/

�
jexp.�e�c� Qh.HrC1// � exp.�e�c� Qh.Hr //j

⇤
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 Ce
rC1

2 b2

Z
R

dc e.a�Q/c
EŒexp.�e�c� Qh.HrC1// � exp.�e�c� Qh.Hr //ç

D C 0e
rC1

2 b2
E

⇥
�zh.HrC1/

Q�a
� � �zh.Hr /

Q�a
�

⇤
:

From the second line to the third, we have applied the Girsanov theorem to the real part
of ˛hrC1.2i/, before moving the absolute value inside the expression. The last equality
follows from changing the integration variable from c to y D e�c�zh.Hi / for i D r; r C 1.
Thus,

jUrC1.˛/ � Ur .˛/j  C 0e
rC1

2 b2
E

⇥
�zh.HrC1 n Hr /

Q�a
�

⇤

 C 00e
rC1

2 b2
era.Q�a/

E
⇥
�h.HrC1 n Hr /

Q�a
�

⇤
:

The first inequality follows from .aC b/s  as C bs for s 2 .0; 1/, and the second since
zh and h differ by roughly ar on HrC1 n Hr .

By the multifractal scaling of GMC (see e.g. [9, Section 3.6] or [43, Section 4]), we
have

E
⇥
�h.HrC1 n Hr /

Q�a
�

⇤
⇣ e.��QqC�2q2=2/r ; q D

Q � a

�
:

Combining this with the previous inequality, we deduce that jUrC1.˛/ � Ur .˛/j .
er.b

2=2� 1
2 .Q�a/2/. Choosing the open set V in such a way that b2=2 < 1

2
.Q � a/2 always

holds, all the inequalities we have given before hold true and hence we have shown that
Ur .˛/ converges locally uniformly. Since Ur .˛/ is complex analytic in ˛, this proves the
analyticity of U.˛/.

Proof of Theorem 1.1. From the exact formula, UFZZ.˛/ is a meromorphic function of ˛
on C. By uniqueness of meromorphic continuation, Propositions 4.15 and 4.18, we have
U.˛/ D UFZZ.˛/ for all ˛ 2 .2=� ;Q/.

Proof of Theorem 1.2. Proposition 4.11 proves the theorem for ˛ 2 .�=2; Q � �=4/.
To complete the proof we consider ˛ 2 ŒQ � �=4; Q/. Let L be sampled from
the power law 2

�
2�˛2=2 xU0.˛/`

2
� .˛�Q/�1 d` where xU0 is as in Lemma 2.7, and let

A D L2X where X is sampled from an independent inverse gamma distribution
with shape 2

�
.Q � ˛/ and scale 1

4 sin.⇡�2=4/
. Let … be the joint law of .A; L/.

Proposition 4.15 proves that …Œe��A��BL � 1ç D UFZZ.˛/ for ˛ 2 .2=� ; Q � �=4/,
but the argument works equally well for our range ˛ 2 ŒQ � �=4; Q/. Conse-
quently, LF.˛;i/

H
Œe����.H/��B⌫�.R/ � 1ç D …Œe��A��BL � 1ç by Theorem 1.1, so

LF.˛;i/
H

Œ⌫�.R/e
����.H/��B⌫�.R/ç D …ŒLe��A��BLç. Therefore by standard arguments

of characterization of a law by the Laplace transform, the joint law of .��.H/; ⌫�.R//
under LF.˛;i/

H
is the same as that of .A;L/ under …, which concludes the proof.

Since we have now established Theorem 1.2 for the whole range ˛ 2 .�=2; Q/, we
have the following extension of the probabilistic definition of U.˛/ and of Theorem 1.1,
for which we omit the proof.



M. Ang, G. Remy, X. Sun 42

Corollary 4.19. Let ˛ 2 .�=2;Q/. For k 2 N and ˛ 2 .Q � �.k C 1/=2; Q � �k=2/,
define

U.˛/ WD
2

�
2�˛2=2 xU0.˛/

Z 1

0

`
2
� .˛�Q/�1

E

h
e��`2A��B` �

kX
iD0

ci .A/`
i

i
d`: (4.26)

Here the expectation is with respect to the law of A which is distributed according to
the inverse gamma distribution with shape 2

�
.Q � ˛/ and scale 1

4 sin2
.⇡�2=4/

; xU0.˛/ is
given by the explicit formula (2.6); and the constants ci .A/ are specified by the following
expansion in powers of `:

e��`2A��B` D

kX
iD0

ci .A/`
i

CO.`iC1/: (4.27)

Then this definition of U.˛/ is the meromorphic extension of (1.8) on .Q � �.k C 1/=2;

Q � �k=2/ and it obeys U.˛/ D UFZZ.˛/.

Finally, we provide a commonly used form of the FZZ formula; see [20, (2.44)].

Proposition 4.20. For ˛ 2 .�=2;Q/ and ` > 0, writingA for the random area of a sample
from M

disk
1
.˛I `/, we have

M
disk
1
.˛I `/Œe��Aç D

2

�
2�˛2=2 xU0.˛/`

�1 2

Ä. 2
�
.Q � ˛//

✓
1

2

r
�

sin.⇡�2=4/

◆ 2
� .Q�˛/

⇥K 2
� .Q�˛/

✓
`

r
�

sin.⇡�2=4/

◆
:

Here, K⌫.x/ is the modified Bessel function of the second kind; see e.g. [36, Sec-
tion 10.25].

Proof. By Theorem 1.2, writing ˇ D
1

4 sin.⇡�2=4/
and considering ` D 1, we have

M
disk
1
.˛I 1/#Œe��Aç D

ˇ
2
� .Q�˛/

Ä. 2
�
.Q � ˛//

Z 1

0

t�
2
� .Q�˛/�1 exp�ˇ=t��t dt

D
2

Ä. 2
�
.Q � ˛//

.�ˇ/
1
� .Q�˛/K 2

� .Q�˛/.
p
4�ˇ/;

where the last equality follows from a change of variables s D �t and the integral identity
K⌫.z/ D

1

2
.1
2
z/⌫

R 1
0

exp.�s �
z2

4s
/ ds

s⌫C1 [36, Eq. 10.32.10] with the choice z D
p
4�ˇ

and ⌫ D
2

�
.Q� ˛/. As for general `we have M

disk
1
.˛I`/#Œe��AçD M

disk
1
.˛I1/#Œe��`2Aç,

M
disk
1
.˛I `/#Œe��Aç

D
2

Ä. 2
�
.Q � ˛//

`
2
� .Q�˛/

✓
1

2

r
�

sin.⇡�2=4/

◆ 2
� .Q�˛/

K 2
� .Q�˛/

✓
`

r
�

sin.⇡�2=4/

◆
:

By Lemma 2.7, jM
disk
1
.˛I `/j D

2

�
2�˛2=2 xU0.˛/`

2
� .˛�Q/�1, so the result follows.
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5. Proof of the SLE bubble zipper with a �-bulk insertion

In this section we prove Theorem 4.1. For technical convenience, we will consider
loops on H passing through 1 instead of 0. More precisely, let  .z/ D �z�1 and
BubbleH.i;1/D π⌘ j  .⌘/ 2 BubbleH.i; 0/º. We will find a measure on BubbleH.i;1/

with the desired property and then use  to pull it back to get m in Theorem 4.1. The
proof is a limiting argument based on Lemma 3.15 and a three-disk variant of the confor-
mal welding result in Theorem 2.13. We set up the framework of the proof in Section 5.1
and carry out the details in Sections 5.2 and 5.3.

5.1. A conformal welding of three quantum disks

Set  D �2. Let ⌘1 be an SLE.�2=2 � 2; �2=2/ curve on .H; 0;1/. Let HC
⌘1

the be
right component of H n ⌘1. Conditioning on ⌘1, let ⌘2 be an SLE.0I �2=2 � 2/ on
.HC

⌘1
; 0;1/. We denote by P .H; 0;1/ the law of .⌘1; ⌘2/. For a general simply con-

nected domainD with two boundary points .a; b/, we write P .D;a; b/ for the conformal
image of P .H; 0;1/. As a straightforward extension of Theorem 2.13, we have the fol-
lowing conformal welding result.

Theorem 5.1. Let `; `0 > 0 and let .H; �; 0;1/ be an embedding of a sample from
M

disk
0;2
.2C �2I `; `0/. Let .⌘1;⌘2/ be sampled from P .H; 0;1/ independent of �. Let H

1
⌘
,

H
12
⌘

and H
2
⌘

be the left, middle, and right components of H n .⌘1 [ ⌘2/, respectively. The
joint law of .H1

⌘
;�; 0;1/, .H12

⌘
;�; 0;1/, and .H2

⌘
;�; 0;1/ viewed as marked quantum

surfaces equals

C

“ 1

0

M
disk
0;2
.�2=2I `Ip/ ⇥ M

disk
0;2
.2IpI q/ ⇥ M

disk
0;2
.�2=2I qI `0/ dp dq (5.1)

for some C 2 .0;1/.

Proof. This is [4, Theorem 2.3] when W1 D W3 D �2=2 and W2 D 2.

Fix ı 2 .0; 1=2/. Sample .�; x/ from LF.�;i/
H

⇥ dx and sample .⌘1; ⌘2/ from
P .H; x;1/, and restrict to the event that ⌫�.x;1/ 2 .ı; 1=2/, ⌫�.R/ 2 .1; 2/ and i is
between ⌘1 and ⌘2. Here and later, we write ⌫�.a; b/ to denote the ⌫�-length of the inter-
val .a; b/. LetMı be the law of .�;x;⌘1;⌘2/ (restricted to the aforementioned event). See
Figure 3.

Lemma 5.2. There existsC > 0 such that for each ı 2 .0;1=2/, if .�;x;⌘1;⌘2/ is sampled
from Mı then the law of the three marked quantum surfaces of .H; �; ⌘1; ⌘2; i; x;1/

bounded by ⌘1, ⌘2 and @H is given by

C

Z
1=2

ı

Z
2�b

1�b

Z 1

0

Z 1

0

M
disk
0;2
.�2=2I a; p/ ⇥ M

disk
1;2
.2Ip; q/

⇥ M
disk
0;2
.�2=2I q; b/ dq dp da db: (5.2)
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xx1/2 x�

i
⌘1 ⌘2

Fig. 3. Illustration of .�;x;⌘1;⌘2/ underMı . Sample .�;x/ from LF.�;i/
H

⇥ dx and sample .⌘1;⌘2/
from P .H;x;1/. To represent geometrically the condition ⌫�.x;1/ 2 .ı;1=2/, consider the points
x1=2 and xı such that ⌫�.x1=2;1/ D 1=2 and ⌫�.xı ;1/ D ı. Then Mı is obtained by restricting
to the event that x 2 .x1=2; xı /, i is in the middle of ⌘1 and ⌘2 and ⌫�.R/ 2 .1; 2/. Lemma 5.2
describes the law of the three shaded quantum surfaces.

Proof. Lemma 3.15 states that if we sample .�; x/ from LF.�;i/
H

⇥ dx then the law of the
quantum surface .H; �; i; x;1/ is CM

disk
1;2
.2 C �2/ for some constant C . If we further

sample .⌘1; ⌘2/ from P .H; x;1/ and restrict to the event that i lies between ⌘1 and ⌘2,
then by Definition 3.10 and Theorem 5.1, the quantum surface .H;�; ⌘1; ⌘2; i; x;1/ has
law

C

ZZZZ 1

0

M
disk
0;2
.�2=2I a; p/ ⇥ M

disk
1;2
.2Ip; q/ ⇥ M

disk
0;2
.�2=2I q; b/ dq dp da db

for some C >0. Further restricting to the event that ⌫�.x;1/2 .ı;1=2/ and ⌫�.R/2 .1;2/
we conclude the proof.

In Section 5.2, we will show that the probability measure M #
ı

that is proportional
to Mı concentrates on the event that ⌫h.x;1/ is of order ı and log x is of order log ı�1.
This effectively collapses the right boundary of .H; �; x;1/. Building on this, we will
prove the following proposition. Recall that for two probability measures P; Q on the
same measure space, the total variation distance betweenP andQ is supA jP.A/�Q.A/j

where the supremum is taken over all measurable sets.

Proposition 5.3. For each ı 2 .0; 1=2/, let mı be the marginal law of .x; ⌘1; ⌘2/
under M #

ı
. Let M be LF.�;i/

H
restricted to π⌫�.R/ 2 .1; 2/º. Then the total variational

distance of M #
ı

and M # ⇥ mı tends to 0 as ı ! 0.

In Section 5.3, we prove that by letting ı ! 0 in the integral (5.2), we get the con-
formal welding of QD1;1 and M

disk
0;2
.�2=2/ as in Theorem 4.1. Moreover, mı from Propo-

sition 5.3 has a weak limit supported on loops rooted at 1, whose pushforward under
z 7! �z�1 gives the measure m in Theorem 4.1.

Our approximation procedure (where we conformally weld three quantum disks and
have one vanish in the ı ! 0 limit) may seem more complicated than necessary, but it is
advantageous for the following reasons. Firstly, in our setup the law of the field of Mı is
absolutely continuous with respect toM , so the statement and proof of Proposition 5.3 can
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avoid modifying the field in some way. Secondly, Mı arises from a setup where the inter-
faces and field are independent (i.e. .�; x/ ⇠ LF.�;i/

H
⇥ dx then .⌘1; ⌘2/ ⇠ P .H; x;1/).

Finally, this approach allows us to avoid SLE estimates entirely.

5.2. An approximate bubble zipper: proof of Proposition 5.3

Suppose we are in the setting of Lemma 5.2 and Proposition 5.3. We first give a simple
description of the Radon–Nikodym derivative dMı

dM
. For x 2 R, let p.x/ be the conditional

probability that i is between ⌘1 and ⌘2 given x D x. Then p.x/ is an even function
determined by the SLE measure P .H; x;1/. Define f W R ! R by

f .x/ D

´ R
x

0
p.y/ dy if x � 0;

�
R
0

x
p.y/ dy if x < 0:

(5.3)

For each ` 2 .0; ⌫�.R//, let

x` D inf πx 2 R j ⌫�.x;1/ D `º: (5.4)

Lemma 5.4. For a non-negative measurable function F on H�1.H/, we have

Mı ŒF .�/ç D

Z
Œf .xı/ � f .x1=2/çF.�/ dM:

Proof. By definition, if we sample .�; x/ from M ⇥ dx and then sample .⌘1; ⌘2/ from
P .H; x;1/, and restrict to the event that x 2 .x1=2; xı/ and i is between ⌘1 and ⌘2, then
the law of .�; x; ⌘1; ⌘2/ is Mı . Conditioning on .�; x/, the conditional probability that i
lies between ⌘1 and ⌘2 is

R
xı

x1=2
p.x/ dx D f .xı/ � f .x1=2/. This gives the result.

The hardest step in proving Proposition 5.3 is to show that theM #
ı

-law of � converges

to that of M #, i.e., a.s. dM
#
ı

dM # .�/ D jM j.f .xı/ � f .x1=2//=jMı j ! 1 as ı ! 0. In the
argument below, Lemma 5.5 will give that jMı j diverges as log ı�1. Lemma 5.7 will give
xı D ı� 2

�Q Co.1/ a.s. Lemmas 5.10 and 5.11 will give the asymptotic growth of f .xı/.
Putting them together we will get the desired limit.

Let A D ⌫h.�1; x/ and B D ⌫h.x;1/. Let P and Q be the quantum lengths of ⌘1
and ⌘2 with respect to �.

Lemma 5.5. There exists C 2 .0;1/ such that limı!0
jMı j

log ı�1 D C . Moreover, the M #
ı

-
law of .A; P / converges in total variational distance to the probability measure on
Œ1; 2ç ⇥ .0;1/ whose density is proportional to

a4=�
2�1

.a4=�2
C p4=�2/2

dadp;

and
lim
ı!0

M #
ı
ŒB > "ç D lim

ı!0

M #
ı
ŒQ > "ç D 0 for each " > 0.
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Proof. Our proof relies on (5.2), which gives a description of the joint distribution of
.A; P; Q; B/ under Mı in terms of M

disk
0;2
.�2=2/ and M

disk
1;2
.2/, whose quantum length

distributions are given in Lemma 2.15. Indeed, write g D 4=�2 > 1. By Lemma 2.15 and
the definition of M

disk
1;2
.2I `; r/, there exist constants C1; C2 such that

jM
disk
0;2
.�2=2I `; r/j D C1

.`r/g�1

.`g C rg/2
and jM

disk
1;2
.2I `; r/j D C2.`C r/�gC1: (5.5)

By (5.2), the M #
ı

-law of .A; P; Q; B/ is the probability measure supported on the set
Sı D π.a; p; q; b/ 2 .0;1/4 j b 2 .ı; 1=2/; a C b 2 .1; 2/º whose density function is
proportional to

m.a; p; q; b/ D
.ap/g�1

.ag C pg/2
� .p C q/�gC1

�
.bq/g�1

.bg C qg/2
; (5.6)

and
jMı j D C 2

1
C2

Z
Sı

m.a; p; q; b/ da dp dq db: (5.7)

Using the change of variable p D ar and q D bs, we see that
“ 1

0

m.a; p; q; b/ dp dq D
1

agb

“ 1

0

rg�1

.1C rg/2
�

1

.r C
b

a
s/g�1 �

sg�1

.1C sg/2
dr ds:

(5.8)
By the monotone convergence theorem, the last integral converges to

C3 D

“ 1

0

sg�1

.1C rg/2.1C sg/2
drds < 1 as b=a ! 0:

Therefore “ 1

0

m.a; p; q; b/ dp dq D
C3

agb
.1C ob=a.1//: (5.9)

Integrating (5.9) over b 2 .ı;1=2/;aC b 2 .1;2/ and using (5.7), we get limı!0
jMı j

log ı�1

D C with C WD
R
2

1

C
2
1C2C3

ag da. Since supı2.0;1=2/Mı ŒB > "ç < 1 for each " > 0, we
have limı!0M

#
ı
ŒB > "ç D 0. By (5.8), the M #

ı
-law of Q=B converges to the probability

measure on .0;1/ that is proportional to sg�1ds

.1Csg/2
. In particular, limı!0M

#
ı
ŒQ > "ç D 0.

Similarly, theM #
ı

-law of .A;P=A/ converges to the probability measure on Œ1;2ç⇥ .0;1/

that is proportional to da

ag ⇥
dr

.1Crg/2
. This gives the desired limiting joint distribution

of .A; P /.

We first gather some basic facts on the quantum boundary length under the GFF mea-
sure PH.

Lemma 5.6. Sample h from PH. For each p > 0 we have PHŒ⌫h.0; 1/ < 1=sçD O.s�p/
as s ! 1. Moreover, there exists C 2 .0;1/ such that PHŒ⌫h.0; y/ > t ç  Ct�4=�

2
y

for all t > 0 and y 2 .0; 1/. Finally, limy!0C
jlogyj

jlog ⌫h.0;y/j D
2

�Q
a.s.
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Proof. We first show that if G is a standard Gaussian independent of h and y 2 .0; 1/,
then

⌫h.0; y/
d
D e

�
2 .�QjlogyjC

p
2jlogyjG/⌫h.0; 1/: (5.10)

Let c be the average of h on @By.0/ \ H, so the marginal law of c is N.0; 2jlog yj/.
The conditional law of zh D h � c given c is the free-boundary GFF on H normalized to
have average zero on @By.0/ \ H. Let  .z/ D yz for z 2 H. Then zh ı  has law PH.
Therefore

⌫h.0; y/ D e
�
2 c⌫ Qh.0; y/ D e

�
2 c⌫ Qhı CQ log j 0j.0; 1/

d
D e

�
2 cC �

2Q logy⌫h.0; 1/:

This proves (5.10).
Now we address the tail bounds in the lemma. [43, Theorem 2.12] gives the bound

PHŒ⌫h.0; 1/ < 1=sç D O.s�p/ as s ! 1. [51, Theorem 1.1] gives PHŒ⌫h.0; 1/ > sç 

Cs�4=�2 for all s > 0, so using (5.10) and s D te
�
2 .Qjlogyj�

p
2jlogyjG/ gives

PHŒ⌫h.0; y/ > t ç  CEŒ.te
�
2 .Qjlogyj�

p
2jlogyjG//�4=�

2
ç D Ct�4=�

2
y:

For the last assertion, let yn D e�.logn/4 and "n D
1

logn so that yn and "n ! 0 as

n ! 1. Let En D π⌫h.0; yn/ 2 .y
�Q=2C2"n
n ; y

�Q=2�2"n
n /º. By the tail bounds, we have

PHŒE
c

n
ç  P

⇥
e

�
2

p
2jlogynjG

62 .y"n
n
; y�"n
n

/
⇤

C PHŒ⌫h.0; 1/ 62 .y"n
n
; y�"n
n

/ç

 2e�O."2
njlogynj/

CO
�
y

4

�2 "n

n

�
:

Here, the first term is bounded from above by the standard Gaussian tail bound. We con-
clude that

P
n
PHŒE

c
n
ç < 1, so the Borel–Cantelli lemma shows that a.s. En occurs for

all sufficiently large n. Since limn!1
jlogynC1j

jlogynj D 1, this gives limy!1
jlogyj

jlog ⌫h.0;y/j D
2

�Q

a.s.

We now give an asymptotic estimate for log xı .

Lemma 5.7. M -almost everywhere, limı!0
logxı

log ı�1 D
2

�Q
.

Proof. Recall from Definition 2.3 that � sampled from LF.�;i/
H

is given by � D h �

2Q log jzjC C �GH.�; i/ C c where .h; c/ is sampled from 2��2=2PH ⇥ Œe.��Q/cdcç.

Thus ⌫�.0;y/

e

�
2

c
⌫h.0;y/

2 .e� �2

2 GH.i;1/; 1/ for all y 2 .0; 1/, and so LF.�;i/
H

-almost everywhere

limy!0C
log ⌫�.0;y/

log ⌫h.0;y/
D 1. Therefore by the last assertion of Lemma 5.6, we have

lim
y!0C

jlogyj

jlog ⌫�.0; y/j
D

2

�Q
LF.�;i/

H
-almost everywhere: (5.11)

By Lemma 2.4 applied to the inversion map z 7! �z�1, this yields limy!1
logy

� log ⌫�.y;1/
D

2

�Q
. Setting yDxı so that ⌫�.y;1/D ı, we get LF.�;i/

H
-almost everywhere limı!0

logxı

log ı�1

D
2

�Q
. Hence the same limit holds for M by restricting to ⌫�.R/ 2 .1; 2/.
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The following tail bound is quite loose, but suffices for our purposes.

Lemma 5.8. For ⇣ 2 .0; 1/, there exists C⇣ 2 .0;1/ such that

MŒπxt � yºç < C⇣ .t
4=�2

y/�.1�⇣/ for all t > 0 and y > 1: (5.12)

Proof. By the definition of xt , inequality (5.12) is equivalent to MŒπ⌫�.y;1/ > tºç <

C⇣ .t
4=�2

y/�.1�⇣/ for all t > 0 and y > 1. Using Lemma 2.4 with the inversion map
z 7! �z�1, this is equivalent to

MŒπ⌫�.0; y/ > tºç < C⇣ .t
�4=�2

y/.1�⇣/ for all t > 0 and y 2 .0; 1/: (5.13)

Recall that M is LF.�;i/
H

restricted to π⌫�.R/ 2 .1; 2/º. By Definition 2.3, � sampled
from LF.�;i/

H
is �.z/D h.z/� 2Q log jzjC C �GH.z; i/C c where .h; c/ is sampled from

2��2=2PH ⇥ Œe.��Q/cdcç. Since �2Q log jzjC C �GH.z; i/ 2 .� log2; 0/ for z 2 Œ�1; 1ç,
we have 2��2=2e

�
2 c⌫h.I / < ⌫�.I / < e

�
2 c⌫h.I / for any I ⇢ Œ�1; 1ç. SinceM -a.s. we have

⌫�.�1; 0/ < 2, for any r 2 R we find that

2�
2=2MŒπ⌫�.0; y/ > tºç



Z
R

PH

⇥
e

�
2 c⌫h.0; y/ > t and 2��2=2e

�
2 c⌫h.�1; 0/ < 2

⇤
e.��Q/c dc



Z
r

�1
PH

⇥
e

�
2 c⌫h.0; y/ > t

⇤
e.��Q/c dc

C

Z 1

r

PH

⇥
e

�
2 c⌫h.�1; 0/ < 2

�2=2C1⇤e.��Q/c dc:

The first term can be bounded using the second assertion in Lemma 5.6
Z
r

�1
PH

⇥
e

�
2 c⌫h.0; y/ > t

⇤
e.��Q/c dc  C

Z
r

�1
t�4=�

2
ye

2
� c � e.��Q/c dc

D
2

�
t�4=�

2
ye

�
2 r ;

where C 2 .0;1/ is a constant that can change from line to line. For the second term, by
Lemma 5.6 for any p > 0 we have
Z 1

r

PH

⇥
e

�
2 c⌫h.�1; 0/ < 2

�2=2C1⇤e.��Q/c dc  C

Z 1

r

2.�
2=2C1/pe� �

2 pce.��Q/c dc

 Ce.��Q� �
2 p/r :

Combining the two bounds gives

MŒπ⌫�.0; y/ > tºç  Ct�4=�
2
ye

�
2 r C Ce.��Q� �

2 p/r :

Choosing r D

4

�2 log tCjlogyj
2
� C �

2 p
gives (5.13) with ⇣ D

�
2

2
� C �

2 p
. Varying p 2 .0;1/, we get all

⇣ 2 .0; 1/.
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The next lemma allows us to control f .x1=2/.

Lemma 5.9. We have MŒjf .x1=2/jç < 1.

Proof. We first show there is a constant C > 0 such that

f .y/ < C logy for all y > 2: (5.14)

Write p D MŒπx1=2 < 0ºç. By Lemma 5.7, for ı small enough,MŒπxı < ı
� 1

�Q ºç < p=2.
Let Fı D πx1=2 < 0 and xı > ı� 1

�Q º so that MŒFı ç � p=2. By Lemma 5.4 we have
jMı j D MŒf .xı/ � f .x1=2/ç � MŒ1Fı

.f .xı/ � f .x1=2//ç. Since f is increasing and
f .0/ D 0, we have

MŒ1Fı
.f .xı/ � f .x1=2//ç � f .ı� 1

�Q /MŒFı ç �
p

2
f .ı� 1

�Q /:

By Lemma 5.5, jMı j D .1C oı.1//C log ı�1. Therefore there exists C 2 .0;1/ such
that f .ı� 1

�Q /  C log ı�1 for all ı 2 .0; 1=2/. Setting y D ı� 1
�Q and possibly choosing

C larger we obtain (5.14).
Now we bound MŒjf .x1=2/jç. By (5.3), f is an increasing odd function, so

MŒ1x1=2>1
f .x1=2/ç D

1X
nD1

MŒ12n�x1=2>2
n�1f .x1=2/ç 

1X
nD1

f .2n/MŒπx1=2 > 2
n�1

ºç:

(5.15)
By (5.14) and the tail bound of x1=2 in Lemma 5.8, for a possibly larger C we have

MŒ1x1=2>1
f .x1=2/ç 

1X
nD1

C.log 2n/MŒπx1=2 > 2
n�1

ºç  C 2
1X
nD1

n2�n=2 < 1:

Since 0 < f .t/ < f .2/ for t 2 .0; 2/, we have MŒ11�x1=2�0f .x1=2/ç  f .2/jM j < 1,
hence MŒ1x1=2�0jf .x1=2/jç D MŒ1x1=2�0f .x1=2/ç < 1. As M -almost everywhere
⌫�.R/ � 1, we conclude

MŒx1=2 < �yç D MŒ⌫�.�y;1/  1=2ç  MŒ⌫�.�1;�y/ � 1=2ç

D MŒx1=2 > yç for y > 0:

As f is an odd function, we get MŒ1x1=2<0
jf .x1=2/jç  MŒ1x1=2�0jf .x1=2/jç < 1.

Now, we give the asymptotic upper bound on f .

Lemma 5.10. For any s > 0 we have lim supı!0 jM jf .ı� 2
�Q Cs/=jMı j  1.

Proof. By Lemma 5.4, we have

jMı j D MŒf .xı/ � f .x1=2/ç � MŒ1
πxı>ı

� 2
�Q

Csº
.f .xı/ � f .x1=2//ç

� f .ı� 2
�Q Cs/.jM j �MŒπxı  ı� 2

�Q Cs
ºç/ �MŒjf .x1=2/jç:
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Since limı!0MŒπxı  ı� 2
�Q Cs

ºç D 0 by Lemma 5.7, jMı j ! 1 by Lemma 5.5 and
MŒjf .x1=2/jç < 1 by Lemma 5.9, we are done.

We next obtain the matching asymptotic lower bound on f .

Lemma 5.11. For any s > 0 we have lim infı!0 jM jf .ı� 2
�Q �s/=jMı j � 1.

Proof. Let Eı D πxı > ı
� 2

�Q �s
º. By the monotonicity of f we may assume 2

�Q
C s <

8=�2, and by (5.14) and monotonicity we have

jMı j D MŒf .xı/ � f .x1=2/ç  MŒ1Eı
f .xı/çCMŒ1Ec

ı
f .xı/çCMŒjf .x1=2/jç

 CMŒ1Eı
log xı çC f .ı� 2

�Q �s/.jM j �MŒEı ç/CMŒjf .x1=2/jç:

We claim that MŒ1Eı
log xı ç D o.log ı�1/. To see this, we write

MŒ1Eı
log xı ç D

Z 1

0

MŒEı \ πlog xı > wºç dw


8

�2
log ı�1MŒEı çC

Z 1

8

�2 log ı�1

MŒπlog xı > wºç dw:

By Lemma 5.7 the first term is o.log ı�1/, and for the second term, let ⇣ 2 .0; 1/ and use
Lemma 5.8:
Z 1

8

�2 log ı�1

MŒπlogxı >wºçdw 

Z 1

8

�2 log ı�1

C⇣ .ı
4

�2 ew/�1C⇣ dwD .1� ⇣/�1C⇣ı
.1�⇣/4

�2 :

ThusMŒ1Eı
logxı çD o.log ı�1/. Moreover, limı!0MŒEı çD 0 by Lemma 5.7, jMı j &

log ı�1 by Lemma 5.5, and MŒjf .x1=2/jç < 1 by Lemma 5.9. This gives the desired
result.

Now we are ready to conclude the proof of Proposition 5.3. We start by the marginal
law of �.

Lemma 5.12. The M #
ı

-law of � converges to M # in total variational distance as ı ! 0.

Proof. Let Rı.�/ D
dM

#
ı

dM # .�/ be the Radon–Nikodym derivative of the marginal of �
under M #

ı
with respect to M . By Lemma 5.4, we have

Rı.�/ D
jM j

jMı j
.f .xı/ � f .x1=2// almost surely in M #:

By Lemmas 5.7, 5.10 and 5.11, we see that limı!0
jM j
jMı jf .xı/ D 1 a.s. in M #. Since

limı!0 jMı j D 1 and �1 < f .x1=2/ < 1 a.s. in M #, we see that limı!0 Rı D 1

a.s. in M #. Since M #ŒRı.�/ç D 1 for each ı, we have limı!0M
#ŒjRı.�/ � 1jç D 0.

Therefore, with the supremum taken over measurable sets A, supA jM #
ı
ŒAç �M #ŒAçj D

supA jM #Œ1A.Rı.�/ � 1/çj  M #ŒjRı.�/ � 1jç ! 0, which concludes the proof.
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We now deal with the joint law of .�; x/.

Lemma 5.13. Let Omı D 1
π0<x<ı� 2

�Q º
p.x/dx. The M #

ı
-law of .�; x/ is oı.1/-close in

total variational distance to M # ⇥ Om#
ı
.

Proof. The conditional law of x given � is 1x1=2<x<xı
.f .xı/ � f .x1=2//

�1p.x/dx.
Let dı.�/ be the total variational distance between this distribution and Om#

ı
. Let Eı D

πj
xı

log ı�1 �
2

�Q
j < 1º. By Lemmas 5.7 and 5.12, limı!0 Mı ŒE

c

ı
ç D 0. Moreover, by

Lemmas 5.5, 5.10 and 5.11, limy!1.log y/�1f .y/ is a positive constant, and hence
limı!0Mı Œ1Eı

dı.�/ç D 0. We conclude that limı!0Mı Œdı.�/ç D 0 as needed.

Proof of Proposition 5.3. Since the conditional law of .⌘1; ⌘2/ under M #
ı

given .�; x/
only depends on x, Lemma 5.13 implies Proposition 5.3.

Remark 5.14. The above argument implies that there exists a constant C 2 .0;1/ such
that

lim
ı!0

jMı j

log ı�1 D C and lim
y!1

f .y/

logy
D
�QC

2jM j
: (5.16)

Moreover, the constant C can be made explicit by keeping track of the various constants in
Lemma 5.5 (see [3, Proposition 5.2] for these constants). We find it interesting that though
the function f is defined in terms of SLE, its asymptotics are derived using properties of
the Liouville field �.

5.3. Passing to the limit: proof of Theorem 4.1

The arguments in this section are technical but standard and can be skipped on a first
reading. Sample a pair of quantum surfaces .D1;D2/ from

R
2

1

R 1
0

M
disk
0;2
.�2=2I a; p/ ⇥

QD1;1.p/ dp da. Let D1 ˚ D2 be the curve-decorated quantum surface obtained by con-
formally welding the right boundary of D1 and the total boundary of D2. The surface
D1 ˚ D2 naturally carries a marked interior point and a marked boundary point. See Fig-
ure 4. Let .D;�D; ⌘D; 0; i/ be the unique embedding of D1 ˚ D2 in .D; 0; i/. We denote
the law of .�D; ⌘D/ by MD . Let f W H ! D be the conformal map with f .i/ D 0 and
f .1/ D i . We will prove Theorem 4.1 by showing the following.

Proposition 5.15. Under the probability measure M #
D

proportional to MD , �D and
⌘D are independent, and moreover the law of �D ı f C Q log jf 0j is proportional toR
2

1
LF.�;i/

H
.`/ d`.

Recall Mı from Lemma 5.2 and Proposition 5.3. Let .�; x; ⌘1; ⌘2/ be sampled
from M #

ı
. Let D1;ı , D2;ı , D3;ı be the left, right, and middle marked quantum surfaces

in the sample space of Mı , so that .H; �; ⌘1; ⌘2; i; x/ is the embedding of the confor-
mally welded surface D1;ı ˚ D2;ı ˚ D3;ı . Let �ı D � ı f �1 C Q log j.f �1/0j and
⌘ı D f ı ⌘1, so that .D; �ı ; 0; i/ is the embedding of D1;ı ˚ D2;ı ˚ D3;ı on .D; 0; i/
by forgetting the interfaces and ⌘ı is the interface between D1;ı and D2;ı . See Figure 4.
The following lemma and Proposition 5.3 immediately give Proposition 5.15.
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(�D, ⌘D) ⇠ M#
D

0

i

D1

⌘D

D2

(��, ⌘�) ⇠ M#
�

0

i

D1,�

⌘�

D2,�

D3,�

eU�

i

D1

U�

D1,�

0
⌘D

D"
2

0

i

⌘�

D"
2,�

g�

Fig. 4. Left: .�D ; ⌘D/ is obtained by embedding D1 ˚ D2 into .D; 0; i/, and .�ı ; ⌘ı / is obtained
by embedding D1;ı ˚ D2;ı ˚ D3;ı into .D; 0; i/. Right: We can couple M #

D
and M #

ı
so the pink

and blue quantum surfaces agree with high probability. The domains zUı and Uı are the unions of
the pink and blue regions.

Lemma 5.16. There exists a coupling betweenM #
ı

andM #
D

such that the following holds.
We can find random simply connected domains Uı ; zUı ⇢ D and a conformal map gı W

zUı ! Uı such that with probability 1 � oı.1/,

✏ �D.z/ D �ı ı gı.z/CQ log jg0
ı
.z/j for z 2 zUı ,

✏ diam.D n Uı/ D oı.1/, diam.D n zUı/ D oı.1/,

✏ supz2K jgı.z/ � zj D oı.1/ for any compact K ⇢ D:

To prove Lemma 5.16, we use the following basic coupling result on quantum disks.
Let " > 0. For a simply connected quantum surface D decorated with one bulk and one
boundary point, let D

" be the quantum surface obtained by embedding D as .H;�; i;�1/
and setting D

" WD .H";�; i;�1;�1� 2"/ where H" D H nB".�1� "/ with B".�1� "/

D πz 2 C j jz C 1C "j  "º.

Lemma 5.17. For " > 1 and ` > 0, when D and zD are sampled from QD1;1.`/# and
QD1;1. z̀/# respectively, the law of zD" converges to that of D

" in total variation distance
as z̀ ! `.

Proof. This can be proved directly via the explicit Liouville field description QD1;1.`/ in
Proposition 3.9. However, the corresponding statement for QD0;2.`/# and QD0;2. z̀/# is
already proved in [4, Proposition 2.23]. (In fact, Proposition 2.23 there proved the general
result for M

disk
0;2
.W /.) By Definition 2.10, we can transfer the result for QD0;2.`/# into the

desired result for QD1;1.`/#.

Proof of Lemma 5.16. Recall the marked quantum surfaces D1;D2 in the definition of
.�D;⌘D/ andM #

D
. Let zA and zP be the left and right boundary lengths of D1, respectively.

The law of . zA; zP / is the probability measure on Œ1; 2ç ⇥ .0;1/ proportional to

jM
disk
0;2
.�2=2I a; p/j jQD1;1.p/j / a4=�

2�1=.a4=�
2

C p4=�
2
/2; (5.17)

where we have used (5.5) for the expression of jM
disk
0;2
.�2=2I a; p/j. Conditioning on

. zA; zP /, the conditional law of .D1;D2/ is M
disk
0;2
.�2=2I zA; zP /# ⇥ QD1;1. zP /#.
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Similarly, recall that the law of D1;ı , D2;ı , D3;ı is given in (5.2). Let Aı and Pı
be the left and right boundary lengths of D1;ı , respectively. Let Qı and Bı be the left
and right boundary lengths of D3;ı , respectively. Then, by Lemma 5.5, the M #

ı
-law of

.Aı ; Pı/ weakly converges to the the M #
D

-law of . zA; zP /, and limı!0M
#
ı
ŒQı > "ç D

limı!0M
#
ı
ŒBı > "ç D 0 for all " > 0.

By Lemma 5.5 we can couple M #
ı

and zM # such that . zA; zP / D .Aı ; Pı/ with prob-
ability 1 � oı.1/. By Proposition 2.11, a sample from M

disk
1;2
.2I p; q/# can be obtained

by sampling a quantum surface from QD1;1.p C q/#, then marking a second bound-
ary point at quantum length p counterclockwise from the marked boundary point. Since
. zA; zP / D .Aı ; Pı/ with probability 1 � oı.1/ and Qı ! 0 in probability as ı ! 0, by
Lemma 5.17 we can extend our coupling so that limı!0P Œ.D1;D

"

2
/D .D1;ı ;D

"

2;ı
/çD 1

for any fixed " > 0; consequently, the same holds when " is e.g. a piecewise constant func-
tion of ı which decays to 0 sufficiently slowly as ı ! 0.

Let Uı (resp. zUı ) be the domain parameterizing the conformal welding of D1 and
D
"

2
(resp. zD1 and zD"

2
) in the aforementioned embedding of D1 ˚ D2 (resp. D1;ı ˚

D2;ı ˚ D3;ı ) in .D; 0; i/. More precisely, Uı is the interior of the union of the closures of
the domains corresponding to D1 and D

"

2
in our embedding, and the analogous statement

holds for zUı . By definition, the marked quantum surfaces .Uı ;�ı ; 0; i/ and . zUı ;�D; 0; i
�/

agree with probability 1 � oı.1/, where i� is the boundary point immediately to the left
of i . On this event, by the agreement of quantum surfaces, there exists a unique conformal
map gı W zUı ! Uı such that �D D �ı ı gı CQ log jg0

ı
j, gı.0/ D 0 and gı.i�/ D i .

Note that the simply connected open sets zUı are determined by .�D; ⌘D/ and

M #
D

-almost surely .D [ @D/ n zUı is decreasing as ı ! 0

and their intersection equals πiº: (5.18)

Therefore M #
D

-almost surely limı!0 diam.D n zUı/ D 0. Hence in our coupling of M #
ı

and M #
D

, diam.D n zUı/ D oı.1/ with probability 1� oı.1/. As a basic deterministic fact
in complex analysis, diam.D n zUı/ D 0 if and only if the harmonic measure of D n zUı
viewed from 0 in zUı tends to 0 as ı ! 0. Therefore, in our coupling the harmonic mea-
sure of D n zUı viewed from 0 in zUı is oı.1/ with probability 1 � oı.1/. By conformal
invariance, the same holds for the harmonic measure of D n Uı viewed from 0 in Uı . So
diam.D nUı/D oı.1/ with probability 1� oı.1/. This gives the second condition for the
coupling.

Finally, since gı.0/ D 0; gı.i�/ D i , and diam.D n Uı/; diam.D n zUı/ ! 0 with
probability 1 � oı.1/, standard conformal distortion estimates yield the third condition.

Proof of Proposition 5.15. Letting ı ! 0 in Lemma 5.17 and Proposition 5.3, we see that
the law of �D ı f CQ log jf 0j underM #

D
is the same as that of � underM #, which is the

probability measure proportional to
R
2

1
LF.�;i/

H
.`/ d`. Moreover, the independence of �D

and ⌘D follows from the asymptotic independence of � and ⌘1 under M #
ı

established in
Proposition 5.3.
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Proof of Theorem 4.1. Let again  .z/ D �z�1 and BubbleH.i; 1/ D π⌘ j  .⌘/ 2

BubbleH.i; 0/º. By Proposition 5.15, the law of .�D ı f C Q log jf 0j; f �1 ı ⌘D/ can
be written as the probability measure proportional to

R
2

1
LF.�;i/

H
.`/ d` ⇥ m1 where m1

is the probability measure on BubbleH.i;1/ describing the marginal law of f �1 ı ⌘D .
Therefore for some C 2 .0;1/ we have

Z
2

1

LF.�;i/
H

.`/ d` ⇥ m1
D C

Z
2

1

Z 1

0

QD1;1.r/ ⇥ M
disk
0;2
.�2=2I `; r/ dr d`; (5.19)

in the sense that when a field and curve are sampled from the left hand side of (5.19), the
law of the two quantum surfaces cut out by the curve is the right hand side of (5.19).

A scaling argument shows that (5.19) holds when the integration interval Œ1; 2ç is
replaced by Œe

�
2 c ; 2e

�
2 c ç for any c 2 R. Indeed, from Lemma 2.2 and the change of

coordinates c0 D c C c it is immediate that when � is sampled from LF.�;i/
H

.`/ then the
law of � C c is e.Q��=2/cLF.�;i/

H
.e

�
2 c`/. Similarly, if .H; �; i; 0/ has law QD1;1.r/ then

.H;�C c; i;0/ has law e.Q��/cQD1;1.e
�
2 cr/, and if .H;�; 0;1/ has law M

disk
0;2
.�2=2I`; r/

then .H; � C c; 0; 1/ has law e�cMdisk
0;2
.�2=2I e

�
2 c`; e

�
2 cr/. Therefore, adding c to

the fields in (5.19) and changing variables .`0; r 0/ D .e
�
2 c`; e

�
2 cr/ gives (5.19) with

Œ1; 2ç replaced with Œe
�
2 c ; 2e

�
2 c ç. Summing over the intervals Œ2n; 2nC1ç for integer n

yields (5.19) with Œ1; 2ç replaced by .0;1/.
Finally, since  W z 7! �z�1 satisfies j 0.i/j D 1, by Lemma 2.4, LF.�;i/

H
is mapped to

itself by the coordinate change  . Recall the definition of M
disk
0;2
.�2=2I �; r/ from (2.10).

Reparameterizing (5.19) via  yields Theorem 4.1.

Appendix A. Brownian motion in cones

For � 2 .0; 2⇡/ let C� D πz 2 C j arg z 2 .0;�/º be the cone of angle �. Following [31,
Section 3] we will define various measures corresponding to Brownian motion in C� con-
ditioned on certain probability zero events via limiting procedures. These constructions
are in the same spirit as [31, Section 3], but we also consider Brownian path measures in a
cone with an endpoint at its vertex. For more details on the validity of these constructions
see [31, Section 3].

Let K be the collection of continuous planar curvesZ defined on a finite time interval
Œ0; TZ ç, where TZ is the duration of the curve. Endow K with the metric dK.Z1; Z2/ D

inf✓ sup0<t<TZ1
πjt � ✓.t/j C jZ1.t/�Z2.✓.t//jº with the infimum taken over increasing

homeomorphisms ✓ W Œ0; TZ1
ç ! Œ0; TZ2

ç. Our Brownian path measures will be non-
probability measures on K equipped with the Borel � -algebra associated to dK .

Let m.z; wI t / denote the measure on K such that jm.z; wI t /j D
1

2⇡ t
e�jz�wj2=2t and

m.z; wI t /# is the Brownian bridge from z to w with duration t . Let mC�
.z; wI t / be the

restriction of m.z;wI t / to paths staying in C� , and let mC�
.z;w/ D

R 1
0

mC�
.z;wI t / dt .

Lemma A.1. For each w 2 C� and t > 0, pick any  2 .0; �/ and define the measure
mC�

.w; 0I t / WD lims!0
s�⇡=�

sin.⇡ =�/mC�
.w; sei I t /. This limit exists and does not depend
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on the choice of  . Moreover, there is a constant C D C.�/ such that for all w; t ,

jmC�
.w; 0I t /j D Ct�1�⇡=�

jwj
⇡=�e� jwj2

2t sin
✓
⇡

�
argw

◆
: (A.1)

Proof. This result follows from [49, Theorem 2] except that the theorem is about the
Brownian motion in C� which starts at 0 and ends at w. Our statement follows from the
time reversal symmetry of Brownian path.

Define mC�
.w;0/ WD

R 1
0

mC�
.w;0I t /dt and mC�

.u;0/ WD lim"!0 "
�1mC�

.uCi";0/

for u > 0.

Corollary A.2. Suppose � 2 .0; 2⇡/; ✓ 2 .0; �/ and r > 0. There is a constant c�;✓ 2

.0;1/ such that jmC�
.rei✓ ; 0/j D c�;✓ � r�⇡=� . Moreover, the law of the duration of a

sample from mC�
.rei✓ ; 0/# is the inverse gamma distribution with shape ⇡=� and scale

r2=2 .recall (2.2)/. Similarly, for u > 0, jmC�
.u; 0/j D c�u

�⇡=��1. Moreover, the law of
the duration of a sample from mC�

.u; 0/# is the inverse gamma distribution with shape
⇡=� and scale u2=2.

Proof. These claims are immediate from Lemma A.1.

For ✓ 2 .0; �/, we describe a path decomposition for mC�
.u; 0/# where we split the

path at the first time it hits the ray ei✓RC. For z 2 C✓ , let mC✓
.z/ denote the probability

measure corresponding to Brownian motion started at z and killed when it exits C✓ . For
y > 0, let Ey;" be the event that Brownian motion exits C✓ on the boundary interval
.yei✓ ; .y C "/ei�/, and let mC✓

.z; yei✓ / D lim"!0 "
�1mC✓

.z/jEy;" . For x > 0 define
mC✓

.x; yei✓ / D lim"!0 "
�1mC✓

.x C "i; yei✓ /.

Lemma A.3. For 0 < ✓ < � < 2⇡ and u > 0, we have

mC�
.u; 0/ D

Z 1

0

mC✓
.u; rei✓ / ⇥ mC�

.rei✓ ; 0/ dr

in the sense that when a sample from the right hand side is concatenated to obtain a path
from u to 0, the law of this concatenated path is the left hand side.

Proof. Let  D
�C✓
2

. For ı; " > 0, by the strong Markov property of Brownian motion
we have

mC�
.uC "i; ıei / D

Z 1

0

mC✓
.uC "i; rei✓ / ⇥ mC�

.rei✓ ; ıei / dr:

Multiplying both sides by ı�⇡=�

sin.⇡ =�/"
�1 and letting ı; " ! 0 yields the assertion.

Lemma A.4. For 0 < ✓ < 2⇡ , there exists a constant C such that

jmC✓
.u; rei✓ /j D C

.ur/⇡=✓�1

.u⇡=✓ C r⇡=✓ /2
for u; r > 0:
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Proof. This is equivalent to [4, Lemma C.2] after the shear transform ƒ of Proposi-
tion 2.14.

Lemma A.5. Suppose 0 < ✓ < � < 2⇡ . Let L be sampled as in (4.15). Then for " 2

.0;⇡=�/ we have EŒ.L=u/"ç < 1.

Proof. By (4.14), Corollary A.2 and Lemma A.4 the law of L=u is proportional to

1x>0jmC✓
.u; uxei✓ /j jmC�

.uxei✓ ; 0/jdx / 1x>0x
⇡=✓�1.1C x⇡=✓ /�2 � x�⇡=�dx:

Set f .x/ WD
x

sinx . When p 2 .�1; 2⇡=✓ � 1/, we have
Z 1

0

xp

.1C x⇡=✓ /2
dx D

✓

⇡

⇡ � ✓.p C 1/

sin.⇡ � ✓.p C 1//
D
✓

⇡
f .⇡ � ✓.p C 1//:

Therefore

E

✓
L

u

◆"�
D

Z 1

0

x⇡=✓�1�⇡=�C"

.1C x⇡=✓ /2
dx

ı Z 1

0

x⇡=✓�1�⇡=�

.1C x⇡=✓ /2
dx D

f .⇡✓=� � ✓"/

f .⇡✓=�/
:

Since f .x/ is increasing on .0;⇡/ and ⇡✓=� 2 .0;⇡/, we obtain the lemma.
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