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Smith theory says that the fixed point set of a semi-free action of a group G on a
contractible space is Zp-acyclic for any prime factor p of the order of G. Jones
proved the converse of Smith theory for the case G is a cyclic group acting
semi-freely on contractible, finite CW-complexes. We extend the theory to semi-free
group actions on finite CW-complexes of given homotopy types, in various settings.
In particular, the converse of Smith theory holds if and only if a certain
K-theoretical obstruction vanishes. We also give some examples that show the
geometrical effects of different types of K-theoretical obstructions.
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1. Introduction

The homological theory of group actions began with the results of P.A. Smith [22]
that, if G is a p-group acting on a contractible space, then the fixed set is Zp-acyclic.
While originally the connection between the order of the group and the nature of
acyclicity seemed like an artefact of the proof, it was soon realised that this was
not the case.

A definitive refutation of this was the result of L. Jones that any Zn-acyclic,
finite CW-complex is the fixed set of semi-free Zn-action on a finite, contractible
CW-complex [12]. Here we recall that a group action is semi-free if all isotropy
subgroups are either trivial or the whole group. If one removes the semi-free con-
dition, then R. Oliver’s work [16] shows that, when n is not a prime power, the
necessary and sufficient condition for a finite CW-complex F to be a fixed set is
that the Euler characteristic χ(F ) = 1. Incidentally, this is not necessary for general
topological actions, but it is for the so called ANR-actions. By an ANR action, we
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mean a G-action on a space X, which makes X into a finite dimensional G-ANR
(equivariant absolute neighbourhood retract)1.

This paper and a companion one [8] study the extensions of the work of Jones
and of Oliver, respectively, to non-simply connected spaces. The simply connected
theory was interestingly explored by Assadi [1] and Oliver-Petrie [17], and is largely
understood. Both theories depend on a kind of ‘equivariant surgery’ and involve K0.
Assadi-Vogel [2] developed a non-simply connected, semi-free theory for actions on
manifolds (therefore only for certain restricted families of groups). Our work extends
theirs, in the situation of finite CW-complexes which allows for many more possible
finite groups.

The main results of our companion paper [8] show that the analogue of
Oliver’s theorem does not become substantially more subtle in the presence of
the fundamental group. The following is a special case:

Theorem. Suppose X and F are finite CW-complexes, and G = Zn is a cyclic
group with n not prime power. Then there is a finite G-CW-complex Y with
Y G = F and a G-map Y → X (giving X the trivial G-action) which is a homotopy
equivalence, if and only if χ(F ) = χ(X).

Here and below we see, by generalising Oliver’s work, including to non-simply
connected settings, that the complete analysis of fixed point sets is governed by the
Euler characteristics of combinations of the components of putative fixed sets.

The necessity in the theorem is a consequence of the Lefschetz fixed point
theorem, and therefore also holds for the G-ANR case. The proof of sufficiency
in [8] builds on Oliver’s work by a series of purely geometric constructions; for our
purposes, we remark that the fundamental group of X does not enter.

In this paper, we will see that, even for G = Zp there is a rich set of phenomena
visible in trying to understand the homotopy types of fixed sets, in contrast to the
situation for non-p-groups. In contrast to the generalisation of Oliver’s theorem,
an analysis of semi-free actions shows a number of interesting phenomena. We will
mention some examples before describing our main theorems: theorems 1 and 2.

Example 1.1. Let T (r) be the mapping torus of a degree r map from a sphere Sd

to itself. Notice that the map T (r) → S1 is a Zn[Z]-homology equivalence if and
only if n divides a power of r (i.e., all the primes in n occur in r). The infinite
cyclic cover has nontrivial Q-homology, but is also Zn-acyclic under this divisibility
condition.

We will see that there is a semi-free Zn-action on a finite CW-complex homotopy
equivalent to S1 with fixed set T (r) if and only if n divides r. When n is not square-
free, this condition goes beyond Smith theory. It is related to K̃0(Z[Z × Zn]), and
the role of the non-square-free condition is well known to be the condition for the

1Recall that being a compact and finite dimensional ANR space is equivalent to the correspond-

ing local condition, and the same is true for G-ANR spaces. Moreover, for G trivial, according
to West’s celebrated theorem [30], any finite dimensional compact ANR is homotopy equivalent
to a finite CW-complex. When G is nontrivial, Quinn’s examples in [19] show this is not true.
Moreover, elementary examples show that there is no analogue of Oliver’s theorem for general
topological actions.
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Nil factor to be nontrivial in the Bass–Heller–Swan formula of algebraic K-theory
(see Bass–Murthy [6]). Concretely, T (p) is fixed under a Zp-action, but not a semi-
free Zp2-action on some homotopy circle. Its two fold cover T (p2) is fixed under a
semi-free Zp2-action, but not a semi-free Zp3-action, etc.

If one studies topological actions on manifolds that are locally smooth, one does
not necessarily obtain a finite G-CW-complex [19, 20, 23, 29]. The non-uniqueness
of such structures, even when they exist, is implicated in the phenomenon of non-
linear similarity of linear actions on the sphere [7]. In the above examples one can
obtain a locally smooth action (or equivalently a G-ANR action) with T (r) as fixed
set if and only if one can construct such a G-action on finite CW-complex. The
following example shows a difference between these categories.

Example 1.2. Let T (r1, r2) be the double mapping torus, obtained by glueing two
ends of Sd × [0, 1] to a copy of Sd by maps of degrees r1, r2. Then T (2, 3) is Z6[Z]-
acyclic. It is the fixed set of a semi-free Z6-ANR action. On the other hand, it is not
the fixed set (up to homotopy) of any finite G-CW-complex homotopy equivalent
to the circle S1.

In this case, the obstructions are nontrivial elements of K−1(Z[Z6]) that enter
via the Bass–Heller–Swan formula into the obstruction group K̃0(Z[Z × Z6]); there
are similar examples arising for all groups of not prime power order.

One of the reasons to focus so strongly on the case of the circle is the special role
that it plays in the Farrell–Jones conjecture in algebraic K-theory [11]. The circle
is central to this problem because, as we shall soon explain more systematically,
the examples on the circle can be promoted to examples on any finite CW-complex
whose fundamental group is a torsion free hyperbolic group, or a lattice.

Assuming the Farrell–Jones conjecture, if the fundamental group is torsion free,
there are no examples of fixed sets obstructed for Zp-actions when the Smith con-
dition holds. To give an example where there is an obstruction, we turn to finite
fundamental group.

Example 1.3. Let f : L(kp; 1) → L(p; 1) be a degree r map of three dimensional
lens spaces, with k, p coprime. There is a Zp-action on a space of the homotopy
type of L(p; 1), such that the inclusion map from the fixed set is homotopic to f , if
and only if rp−1 = kp−1 mod p2. The details are in proposition 4.6.

We now state the results from which the above examples follow.
Let G be a group. A G-map between finite G-CW-complexes (or compact G-

ANRs) is a pseudo-equivalence if it is a homotopy equivalence after ignoring the
group action. Given a G-map f : F → Y , we ask whether it is possible to extend
F to a bigger finite G-CW-complex (or compact G-ANR) X, and extend f to a
pseudo-equivalent G-map g : X → Y . We call g a pseudo-equivalence extension of f .

In this paper, we concentrate on the following setting. The group G is finite,
and all spaces are finite, semi-free G-CW-complexes. Moreover, we only consider
F = XG in the pseudo-equivalence extension. In other words, the extension from
F to X is obtained by attaching free G-cells.
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The concept of pseudo-equivalence was introduced by Oliver and Petrie [17, 18].
A pseudo-equivalence becomes a homotopy equivalence upon applying the Borel
construction. However, a characterisation in terms of Borel equivalence would be
inadequate for our present purpose because we require our G-spaces to be finite
G-CW-complexes.

For the special case Y is a point, the question of the existence of a pseudo-
equivalence extension becomes whether a given space F can be the fixed point
set of a semi-free G-action on a contractible, finite CW-complex X. The classical
results of Smith [22] and of Jones [12] give necessary and sufficient condition for
semi-free actions by cyclic groups.

Theorem 1.4 Smith and Jones. A finite CW-complex F is the fixed set of a finite,
contractible, semi-free Zn-CW-complex if and only if H̃∗(F ; Zn) = 0.

For a general semi-free action of G on contractible X, and any prime factor p of
|G|, the fixed set F = XG is the same as the fixed set XC of a cyclic subgroup C

of order p. Then the homological condition in the theorem becomes H̃∗(F ; Fp) = 0
for all prime factors p of G (Fp = Zp is a field for prime p). This is equivalent to
H̃∗(F ; Z|G|) = 0. We call this the Smith condition.

In general, we let Y be a connected G-CW-complex. Let Ỹ be the universal
cover of Y , with action by the fundamental group π = π1(Y ). Then all actions on
Ỹ covering G-actions on Y form a group Γ that fits into an exact sequence

1 → π → Γ → G → 1.

The definition of Γ here is not always exactly correct, because it ignores the effec-
tiveness of the G-action. See § 2 for the precise definition. In particular, we have
Γ = π × G if G acts trivially on Y .

Suppose a G-map g : X → Y is a pseudo-equivalence between semi-free G-
CW-complexes. Then the mapping cone of g is a contractible semi-free G-CW-
complex, and the Smith condition can be applied to the mapping cone to give
isomorphisms H∗(XG; Fp) ∼= H∗(Y G; Fp) for all prime factors p of |G|. In fact,
in § 2, we apply the Smith condition to the universal cover and get isomor-
phisms H∗(XG; Fpπ) ∼= H∗(Y G; Fpπ). This is the necessary Smith condition for
constructing pseudo-equivalence extension.

However, it turns out that there is additionally an algebraic K-theoretic obstruc-
tion. The following is our first main result, for the case the G-action on Y is
trivial.

Theorem 1.4. Suppose f : F → Y is a map of finite CW-complexes, with Y
connected and π = π1(Y ). Then F can be the fixed set of a finite, semi-free G-
CW-complex X, and f has pseudo-equivalence extension g : X → Y , if and only if
the following are satisfied:

1. The map f induces isomorphisms H∗(F ; Fpπ) ∼= H∗(Y ; Fpπ) for all prime
factors p of |G|.

2. An obstruction [C∗(f̃)] ∈ K̃0(Z[π × G]) vanishes.
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The first is what we have called the Smith condition. In the second condition,
the chain complex C∗(f̃) of the π-cover f̃ : F̃ → Ỹ of f is a Zπ-chain complex.
Then we regard C∗(f̃) as a Z[π × G]-chain complex with trivial G-action. We will
argue that the Smith condition implies that C∗(f̃) is chain homotopy equivalent
to a finite chain complex of finitely generated projective Z[π × G]-modules, and
therefore gives a well-defined element [C∗(f̃)] ∈ K̃0(Z[π × G]). Moreover, since the
terms in C∗(f̃) are finitely generated free Z[π]-modules, the obstruction lies in the
kernel of the homomorphism that forgets the G-action:

[C∗(f̃)] ∈ Ker( K̃0(Z[π × G]) → K̃0(Z[π]) ).

Theorem 1.5. Suppose Y is a finite, semi-free, connected G-CW-complex, with π =
π1(Y ). Suppose F is a finite CW-complex and f : F → Y G is a map. Then F can be
the fixed set of a finite, semi-free G-CW-complex X, and f has pseudo-equivalence
extension g : X → Y, if and only if the following are satisfied:

1. The map f induces isomorphisms H∗(F ; Fpπ) ∼= H∗(Y G; Fpπ) for all prime
factors p of |G|.

2. A well-defined obstruction [C∗(f̃)] ∈ K̃0(Z[Γ]) vanishes.

The meaning of the two conditions is explained in § 2 and 3. The Smith condition
is equivalent to the condition being satisfied on each connected component of Y G.
Then we get a K-theory element on each connected component similar to the first
main theorem, and the obstruction [C∗(f̃)] is the sum of these. Moreover, similar
to the remark for theorem 1.4, we know the obstruction lies in the kernel of the
forgetful homomorphism K̃0(Z[Γ]) → K̃0(Z[π]).

We also describe how K̃top enters to modify the above results in the simple
homotopy setting (theorem 3.1) and the G-ANR setting (theorem 3.2).

We remark that Oliver and Petrie [17] studied the extension problem in a gen-
erally different setting (see also Assadi [1], and Morimoto and Iizuka [15]). When
restricted to our problem, they gave the obstruction such that the extension g
induces isomorphism on the integral homology. Therefore they solved our problem
for the case Y is simply connected. What is new in our theorem is the non-simply
connected case for homotopy equivalences.

Another important paper in this direction was Assadi-Vogel [2], that works in
a manifold setting. It is quite close to what we do, although their techniques are
different (based on ideas of homology propagation rather than G-surgery), formally
have less generality (since Zp × Zp cannot act semi-freely on a manifold, for exam-
ple), and their calculations focus on finite fundamental groups. Our focus here is
mainly on the phenomena that arise when fundamental groups are torsion free, as
this paper is intended to provide foundations for later studies of group actions on
aspherical manifolds.

Finally, we would like to thank the referee for a careful reading and a number of
useful suggestions.
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2. Smith condition

We explain the Smith condition in more detail.
Let G be a finite group. Let X and Y be semi-free G-CW-complexes. Let g : X →

Y be a G-map and a (non-equivariant) homotopy equivalence, i.e., g is a pseudo-
equivalent G-map. Let f : F = XG → Y be the restriction of g to the fixed set. Let
Y be connected, and let p : Ỹ → Y be the universal cover, equipped with the free
action by the fundamental group π = π1(Y ).

An element u ∈ G gives an action u : Y → Y . The action lifts to self homeomor-
phisms ũ : Ỹ → Ỹ of the universal cover, in the sense that pũ = up. If we fix one
lifting ũ of u, then the other liftings of u are aũ, for a ∈ π. Let Γ′ be the collections
of all such liftings. Then Γ′ is a group fitting into an exact sequence

1 → π → Γ′ → G/G0 → 1.

We remark that G0 consists of those u ∈ G that act trivially on Y , because the
liftings ũ can only distinguish u ∈ G through their actions on Y . To further distin-
guish distinct elements of G that may act the same way on Y , we introduce the
group Γ as the pullback of Γ′ → G/G0 ← G:

Γ = {(ũ, u) : ũ ∈ Γ′ covers u ∈ G}.

Then we get an exact sequence

1 → π → Γ → G → 1. (2.1)

As an extreme case, if G acts trivially on Y , then Γ = π × G.
As an example, consider G = Z2 = 〈u〉 acting on the real projective space RP 2 by

u([x0, x1, x2]) = [x0, x1, −x2] = [−x0, −x1, x2]. The universal cover of RP 2 is the
sphere S2, with the covering group π generated by the antipode a(x1, x2, x3) =
(−x1, −x2, −x3). The action u lifts to ũ1(x0, x1, x2) = (x0, x1, −x2) and
ũ2(x0, x1, x2) = (−x0, −x1, x2). The group Γ = Z2 × Z2 = 〈ũ1〉 × 〈ũ2〉, and π is
a subgroup of Γ by a = ũ1ũ2.

We use ˜ to denote the lifting/pullback along the universal cover of Y . For exam-
ple, we have the pullbacks (note that X̃ is generally not the universal cover of
X):
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For a connected component C of Y G, we have the pullback

In our example, we have (RP 2)G = {[x0, x1, 0]} � {[0, 0, 1]} = RP 1 � {[0, 0, 1]},
and ˜(RP 2)G = {(x0, x1, 0)} � {(0, 0, 1)} � {(0, 0, −1)} = S1 � N � S (N and S
are the north and south poles).

Let ỹ ∈ Ỹ G and y = p(ỹ) ∈ Y G. Let C and Ĉ be the connected components of Y G

and Ỹ G containing y and ỹ. Then Ĉ covers C. We may use ỹ to get an isomorphism
π1(Y, y) ∼= π. Then the deck transformations πĈ ⊂ π of the covering Ĉ → C is the
image of the homomorphism π1(C, y) → π1(Y, y), and we get C̃ = π ×πĈ

Ĉ.
In general, for ỹ ∈ Ỹ and y = p(ỹ) ∈ Y , the induced homomorphism Γỹ → Gy

of isotropy groups is an isomorphism. In particular, for y ∈ Y G, the isomorphism
gives a splitting G = Gy

∼= Γỹ ⊂ Γ of (2.1). The splitting depends only upon the
connected component Ĉ containing ỹ. Therefore we may denote ΓĈ = Γỹ, and get
Γ = π � ΓĈ .

The other connected components of C̃ are aĈ, a ∈ π. Therefore the connected
component C gives a π-conjugation class of isotropy groups (equivalently, a π-
conjugation class of splittings of (2.1))

ΓC = {ΓaĈ = aΓĈa−1 : a ∈ π}.

In our example, (RP 2)G has two connected components C1 = RP 1 and C2 =

[0, 0, 1]. Their preimages in ˜(RP 2)G are respectively C̃1 = S1 and C̃2 = {N, S}. We
may take Ĉ1 = S1, Ĉ2 = N , with aĈ1 = Ĉ1, aĈ2 = S. Then ΓS1 = 〈ũ1〉, and ΓN =
ΓS = 〈ũ2〉. The semi-direct products Γ = π � ΓS1 = 〈a〉 × 〈ũ1〉 and Γ = π � ΓN =
π � ΓS = 〈a〉 × 〈ũ2〉 are the usual products. Moreover, we have the two-fold cover
Ĉ1 = S1 → C1 = RP 1 with the covering group πĈ1

= π, and C̃1 = Ĉ1 = π ×π Ĉ1.
We also have the one-fold cover Ĉ2 → C2 with the covering group πĈ2

= 1, and
C̃2 = Ĉ2 � aĈ2 = π ×1 Ĉ2.

Denote the homomorphism G ∼= ΓĈ ⊂ Γ by u → ũ. Then the elements of Γ =
π � ΓĈ

∼= π � G are aũ, with a ∈ π and u ∈ G. The multiplication in Γ is given by
a1ũ1a2ũ2 = a1u1(a2)ũ1u2. Here u(a) is obtained by regarding a ∈ π1(Y, y) as a loop
at y and applying the action of u ∈ G to the loop. In particular, if a ∈ π1(C, y) lies
in the deck transformation group πĈ , then u(a) = a. This means ΓĈ acts trivially
on πĈ , and πĈ × ΓĈ

∼= πĈ × G is a subgroup of Γ.
We have the Z[Γ]-chain complexes

C∗(Ỹ G) = ⊕C∈π0Y GC∗(C̃), C∗(C̃) = C∗(π ×πĈ
Ĉ) = Zπ ⊗ZπĈ

C∗(Ĉ).
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Since the isotropy group ΓĈ acts trivially on Ĉ, we may regard C∗(Ĉ) as a Z[πĈ ×
ΓĈ ]-chain complex (with trivial action by ΓĈ). By Γ = π � ΓĈ , we get the following
interpretation of the Z[Γ]-chain complex C∗(C̃)

C∗(C̃) = Z[π � ΓĈ ] ⊗Z[πĈ×ΓĈ ] C∗(Ĉ) = IndZ[π�G]
Z[πĈ×G]C∗(Ĉ).

Similarly, let F̂C ⊂ F̃C correspond to Ĉ ⊂ C̃. Then we have

C∗(F̃ ) = ⊕C∈π0Y GC∗(F̃C), C∗(F̃C) = IndZ[π�G]
Z[πZ×G]C∗(F̂C).

The pseudo-equivalent G-map g : X → Y between semi-free G-CW-complexes lifts
to a pseudo-equivalent Γ-map g̃ : X̃ → Ỹ , and g̃ has the ‘fixed part” f̃ : F̃ → Ỹ G.
Here the fixed part is not fixed by the whole Γ, but by various isotropy subgroups
ΓĈ ⊂ Γ. We regard the pseudo-equivalent Γ-map g̃ as a pseudo-equivalent ΓĈ-map.
This implies that the mapping cone C(g̃) is a contractible, semi-free ΓĈ-space. The
fixed set C(g̃)ΓĈ is the mapping cone of the map X̃ΓĈ → Ỹ ΓĈ . By the classical
Smith theory [22], C(g̃)ΓĈ has trivial Fp-homology for all prime factors p of |ΓĈ | =
|G|. This implies an isomorphism H∗(X̃ΓĈ ; Fp) ∼= H∗(Ỹ ΓĈ ; Fp).

We note that ΓĈ may fix several connected components Ĉ0, Ĉ1, . . . , Ĉk of Ỹ G, in
addition to Ĉ0 = Ĉ. Then the isomorphism H∗(X̃ΓĈ ; Fp) ∼= H∗(Ỹ ΓĈ ; Fp) is a direct
sum of isomorphisms H∗(F̂Ci

; Fp) ∼= H∗(Ĉi; Fp). For i = 0, this gives the local Smith
condition

H∗(F̂C ; Fp) ∼= H∗(Ĉ; Fp), for all prime factors p of |G|. (2.2)

For our example, we have the Smith condition on Ĉ1 = S1 with the antipode
action by π = 〈a〉, and the Smith condition on Ĉ2 = N with the trivial group action.
The first condition is obtained by applying the usual Smith condition to the action
of ΓS1 = 〈ũ1〉 on S2. The second condition is obtained by applying the usual Smith
condition to the action of ΓN = ΓS = 〈ũ2〉 on S2. Although the second condition
consists of conditions on N and S, the two conditions are equivalent by the action
of π = 〈a〉.

Finally, we combine the local Smith conditions into the global Smith condition in
theorems 1.4 and 1.5. We pick one connected component Ĉ of C̃ for each connected
component C of Y G. Then

Ỹ G = �C∈π0Y Gπ ×πĈ
Ĉ,

and

H∗(Y G; Fpπ) = H∗(Ỹ G; Fp)

= ⊕C∈π0Y GH∗(π ×πĈ
Ĉ; Fp)

= ⊕C∈π0Y GFpπ ⊗FpπĈ
H∗(Ĉ; Fp),

Similarly, we have

H∗(F ; Fpπ) = H∗(F̃ ; Fp) = ⊕C∈π0Y GFpπ ⊗FpπĈ
H∗(F̂C ; Fp).
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https://doi.org/10.1017/prm.2023.63


Fixed point sets and the fundamental group I: semi-free actions 9

Then the direct sum of the local Smith condition (2.2) is the global Smith condition

H∗(F ; Fpπ) ∼= H∗(Y G; Fpπ), for all prime factors p of |G|. (2.3)

For our example, the global Smith condition is the direct sum of the Smith
conditions on S1, N , and S.

3. Proof of main theorems

The proof of the main theorems in the introduction involves an equivariant version
of Wall’s finiteness obstruction [28].

Proof of theorem 1.4. We assume that the first (Smith) condition is satisfied and
try to construct a pseudo-equivalence extension g. In the process, we will encounter
the obstruction in the second condition, and will see that it is well-defined.

By H0(F ; Fpπ) ∼= H0(Y ; Fpπ) = Fp, we know F is connected. We choose a base
point in F and use its image in Y as the base point of Y . For any loop ε in Y at
the base point, we may attach G copies of loops to F , and equivariantly map these
loops to the loop ε. Since Y is a finite CW-complex, we may attach finitely many
such loops to get a finite, semi-free G-CW-complex X1 with fixed point set F , and
get a G-map f1 : X1 → Y that is surjective on π1.

Since X1 is a finite G-CW-complex, there are finitely many loops εi generating
π1(X1). Since f1 is surjective on π1, the images f1(εi) generate π, which is finitely
presented because Y is a finite CW-complex. Therefore π can be presented by f1(εi)
as generators, with finitely many words f1(wj) of these loops as relations. For each
such word f1(wj), we glue G-copies of D2 to X1 along Gwj and equivariantly map
these 2-cells to Y . We thus get a finite, semi-free G-CW-complex X1.5 with fixed
point set F , and extend f1 to a G-map f1.5 : X1.5 → Y that induces an isomorphism
on π1.

Since f1.5 induces an isomorphism on π1, by the Hurewicz theorem, we have
π2(f1.5) = H2(f1.5; Zπ). This implies that π2(f1.5) is finitely generated as a Zπ-
module. In fact, as G is a finite group, the G-action also makes π2(f1.5) into a
finitely generated Z[π × G]-module. We represent a finite set of Z[π × G]-generators
by maps S1 → X1.5 and D2 → Y compatible with f2. Then we glue G-copies of D2

along G(S1 → X1.5) to X1.5 and equivariantly map these 2-cells to Y by G(D2 →
Y ) (for the current case that the G-action on Y is trivial, this is D2 → Y ). We get
a finite, semi-free G-CW-complex X2 with fixed point set F , and extend f1.5 to a
G-map f2 : X2 → Y , such that f2 satisfies π1(f2) = π2(f2) = 0.

The construction from f1.5 to f2 can be inductively extended to higher dimen-
sions. If we have a G-map f i : Xi → Y satisfying πj(f i) = 0 for j � i, then
we can use a finite set of Z[π × G]-generators of πi+1(f i) = Hi+1(f i; Zπ) to
equivariantly attach (i + 1)-dimensional free G-cells to Xi, and extend f i to a
G-map f i+1 : Xi+1 → Y satisfying πj(f i+1) = 0 for j � i + 1. Inductively, we get
fn : Xn → Y for some n > max{dim F, dim Y }, such that πj(fn) = 0 for j � n.

Let us consider the effect of one more construction to get fn+1 : Xn+1 → Y .
The generators used for the construction can be interpreted as a basis of a finitely
generated free Z[π × G]-module A in a surjective Z[π × G]-homomorphism A →
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Hn+1(fn; Zπ). By n + 1 > max{dim Xn, dim Y }, we have Hn+2(fn; Zπ) = 0 and
an exact sequence

Hn+2(fn; Zπ) = 0 → Hn+2(fn+1; Zπ) → Hn+1(Xn+1,Xn; Zπ) = A

→ Hn+1(fn; Zπ) → Hn+1(fn+1; Zπ) → Hn(Xn+1,Xn; Zπ) = 0 → · · ·

By the Hurewicz theorem, the exact sequence gives πj(fn+1) = Hj(fn+1; Zπ) = 0
for j � n + 1, and a short exact sequence

0 → πn+2(fn+1) = Hn+2(fn+1; Zπ) → A → Hn+1(fn; Zπ) → 0.

Note that πn+2(fn+1) is to be used for the further construction based on fn+1.
Therefore, the short exact sequence shows that, if Hn+1(fn; Zπ) has a finite
resolution of finitely generated free Z[π × G]-modules

0 → Ak → · · · → A2 → A1 → Hn+1(fn; Zπ) → 0,

then the resolution can be used as a recipe for constructing a G-map fn+k : Xn+k →
Y , such that Xn+k is a finite, semi-free G-CW-complex with fixed point set F , and
fn+k extends f and is a (non-equivariant) homotopy equivalence. This fn+k is the
pseudo-equivalence extension in the theorem.

Next we argue that the Smith condition implies that the Z[π × G]-module
Hn+1(fn; Zπ) has a finite resolution by finitely generated projective Z[π × G]-
modules. This induces (by § 3 of [14], for example) an element [Hn+1(fn; Zπ)] ∈
K̃0(Z[π × G]), such that the element vanishes if and only if all the projective
modules in the resolution can be chosen to be free. Therefore the element is the
obstruction for completing our construction.

We identify this obstruction with the K-theory element represented by the Zπ-
chain complex C∗(f̃), regarded as a Z[π × G]-chain complex with the trivial G-
action. This is crucial for detailed calculations. This fact is essentially Lemma 1.7
of [2]; but we give a detailed explanation anyway.

There is a (possibly infinite) free ZG-resolution P of the trivial ZG-module Z,
such that P is finitely generated in each dimension. Then we have

C∗(f̃) = C∗(f̃) ⊗ Z � C∗(f̃) ⊗ P,

where each term in the Z[π × G]-chain complex C∗(f̃) ⊗ P is finitely generated and
free.

There is also a (infinitely generated) projective Z[1/|G|][G]-resolution P ′ of the
trivial Z[1/|G|][G]-module Z[1/|G|], such that P ′ is nonzero only in dimensions 0
and 1. This implies the second chain homotopy equivalence below

C∗(f̃) � C∗(f̃) ⊗ Z[ 1
|G| ] � C∗(f̃) ⊗ P ′.

The first chain homotopy equivalence is due to the Smith condition,
H∗(C∗(f̃); Fp) = H∗(f ; Fpπ) = 0, for all prime factors p of |G|. Since C∗(f̃) van-
ishes above dimension n, and P ′ vanishes away from dimensions 0 and 1, the chain
complex C∗(f̃) ⊗ P ′ has cohomological dimension � n + 1.

https://doi.org/10.1017/prm.2023.63 Published online by Cambridge University Press

https://doi.org/10.1017/prm.2023.63


Fixed point sets and the fundamental group I: semi-free actions 11

By Theorem 3.5 of [14], and the special properties of the two Z[π × G]-chain
complexes that are chain homotopy equivalent to C∗(f̃), we know C∗(f̃) is chain
homotopy equivalent to a finite chain complex of finitely generated projective Z[π ×
G]-modules. This gives a well-defined element [C∗(f̃)] ∈ K̃0(Z[π × G]).

The chain complex C∗(f̃) fits into an exact sequence of Z[π × G]-chain complexes

0 → C∗(f̃) → C∗(f̃n) → C∗−1(X̃n, F̃ ) → 0.

Since C∗−1(X̃n, F̃ ) is a finite chain complex of finitely generated free Z[π ×
G]-modules, C∗(f̃n) is also chain homotopy equivalent to a finite chain com-
plex of finitely generated projective Z[π × G]-modules, and [C∗(f̃n)] = [C∗(f̃)] ∈
K̃0(π × G). On the other hand, we know the homology of C∗(f̃n) vanishes in
all dimensions except for Hn+1(fn; Zπ). Therefore the Z[π × G]-chain complex
· · · → 0 → Hn+1(fn; Zπ) → 0 → · · · is chain homotopy equivalent to C∗(f̃n). This
implies that Hn+1(fn; Zπ) has a finite resolution by finitely generated projective
Z[π × G]-modules, and

(−1)n+1[Hn+1(fn; Zπ)] = [C∗(f̃n)] = [C∗(f̃)] ∈ K̃0(Z[π × G]).

The equality to [C∗(f̃)] shows that the obstruction (−1)n+1[Hn+1(fn; Zπ)] is
independent of our choice of construction. �

Proof of theorem 1.5. The proof is similar to theorem 1.4. The inductive construc-
tion of fn : Xn → Y is the same, except that the new cells can be mapped to Y
instead of just the fixed set, and all the homotopy groups and homology groups (at
the universal cover level) are Z[Γ]-modules. For sufficiently large n, the obstruc-
tion for constructing the pseudo-equivalence is [Hn+1(fn; Zπ)] ∈ K̃0(Z[Γ]). We
need to argue that C∗(f̃) represents an element in K̃0(Z[Γ]) that is the same as
(−1)n+1[Hn+1(fn; Zπ)].

In § 2, we saw that the global Smith condition (2.3) in theorem 1.5 is equiva-
lent to the local Smith condition (2.2) for each connected component C of Y G.
Following the same argument for theorem 1.4, we know the Z[πĈ × ΓĈ ]-chain
complex C∗(F̂C → Ĉ) is chain homotopy equivalent to a finite chain complex
of finitely generated projective Z[πĈ × ΓĈ ]-modules. This gives a well-defined
K-theory element

[C∗(F̂C → Ĉ)] ∈ K̃0(Z[πĈ × ΓĈ ]).

By πĈ × ΓĈ ⊂ π � ΓĈ = Γ, this inducts to

[C∗(F̃C → C̃)] = [Z[Γ] ⊗Z[πĈ×ΓĈ ] C∗(F̂C → Ĉ)]

= IndZ[Γ]
Z[πĈ×ΓĈ ][C∗(F̂C → Ĉ)] ∈ K̃0(Z[Γ]),

which further adds up to

[C∗(f̃)] =
∑

C∈π0Y G

[C∗(F̃C → C̃)] ∈ K̃0(Z[Γ]).
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Now we know the Z[Γ]–chain complex C∗(f̃) is chain homotopy equivalent to a finite
chain complex of finitely generated projective Z[Γ]-modules and gives a K-theory
element. Then we have short exact sequences of Z[Γ]-chain complexes

0 → C∗(f̃ : F̃ → Ỹ G) → C∗(F̃ → Ỹ ) → C∗−1(Ỹ , Ỹ G) → 0,

0 → C∗(F̃ → Ỹ ) → C∗(f̃n : X̃n → Ỹ ) → C∗−1(X̃n, F̃ ) → 0.

Since Y is a semi-free G-CW-complex, and Xn is obtained by glueing free G-cells
to F , both C∗−1(Ỹ , Ỹ G) and C∗−1(X̃n, F̃ ) are finite chain complexes of finitely
generated free Z[Γ]-modules. Therefore

[C∗(f̃)] = [C∗(F̃ → Ỹ )]

= [C∗(f̃n : X̃n → Ỹ )]

= (−1)n+1[Hn+1(fn; Zπ)] ∈ K̃0(Z[Γ]).

This completes the identification of the K-theory obstruction. �

The main theorems can be modified to get the pseudo-equivalence extension to
be a simple homotopy equivalence. The only change is the K-theory in which the
obstruction lives. The following is the analogue of theorem 1.4 making use of an
algebraic K-theory introduced in [2].

Theorem 3.1. Suppose f : F → Y is a map of finite CW-complexes, with Y
connected and π = π1(Y ). Then F can be the fixed set of a finite, semi-free G-
CW-complex X, and f has simple pseudo-equivalence extension g : X → Y , if and
only if the following are satisfied:

1. The map f induces isomorphisms H∗(F ; Fpπ) ∼= H∗(Y ; Fpπ) for all prime
factors p of |G|.

2. A well-defined obstruction [C∗(f̃)] ∈ WhT
1 (π ⊂ π × G) vanishes.

Assadi and Vogel [2] introduced the Grothendick group WhT
1 (π ⊂ π × G) of the

additive category of finitely generated Zπ-based projective Z[π × G]-modules, such
that the Z[π × G]-module Z[π × G] with the choice of G as Zπ-basis is trivial in
WhT

1 . They showed that there is an exact sequence (K̃0(π) is denoted Wh0(π)
in [2])

Wh1(π × G) T→ Wh1(π)
β→ WhT

1 (π ⊂ π × G) α→ K̃0(Z[π × G]) T→ K̃0(Zπ).

The cells of F and Y give natural Zπ-bases for the modules in C∗(f̃). By Lemmas 1.6
and 1.7 of [2], under the Smith condition, the chain complex C∗(f̃) with the natural
Zπ-bases gives a well-defined element [C∗(f̃)] ∈ WhT

1 (π ⊂ π × G). The image of this
element in K̃0(Z[π × G]) is the obstruction in the main theorem.

The proof of theorem 3.1 is the same as the proof of theorem 1.4, with additional
tracking of the basis in the construction. The key point is that the free G-cells
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used in the construction give the chain complex C∗−1(X̃n, F̃ ), where each term is
the direct sum of finitely many copies of Z[π × G] with the Zπ-basis G. Therefore
[C∗−1(X̃n, F̃ )] = 0 ∈ WhT

1 (π ⊂ π × G).
In the context of theorem 1.5, we may also extend the K-theory to WhT

1 (π ⊂
Γ), by considering the additive category of finitely generated Zπ-based projective
Z[Γ]-modules. For the Z[Γ]-module Z[Γ], we find a subset Γ0 ⊂ Γ, such that the
multiplication map π × Γ0 → Γ is a one-to-one correspondence. Then Γ0 is a Zπ-
basis of Z[Γ], and this represents the trivial element in WhT

1 (π ⊂ Γ). Using this
K-theory, we also have the simple homotopy version of theorem 1.5.

The main theorems can also be modified to treat compact ANR-spaces in place
of finite CW-complexes. We only present the analogue of theorem 1.4.

Theorem 3.2. Suppose f : F → Y is a map of compact ANR-spaces, with Y
connected and π = π1(Y ). Then F can be the fixed set of a semi-free compact G-
ANR-space X, and f has pseudo-equivalence extension g : X → Y, if and only if the
following are satisfied:

1. The map f induces isomorphisms H∗(F ; Fpπ) ∼= H∗(Y ; Fpπ) for all prime
factors p of |G|.

2. A well-defined obstruction [C∗(f̃)] ∈ K̃top
0 (Zπ ⊂ Z[π × G]) vanishes.

The topological K-theory K̃top
0 was introduced by M. Steinberger and J. West

[23, 24], and by F. Quinn [19, 20] as the K-theoretical obstruction for the topo-
logical version of the finiteness theorems for G-ANR-spaces. It fits into an exact
sequence

H1(π; K̃(Z[G])) → Wh(π × G) → Whtop(π ⊂ π × G)

→ H0(π; K̃(Z[G])) → K̃0(Z[π × G]) → K̃top
0 (Zπ ⊂ Z[π × G]) → · · · (3.1)

By a theorem of West [30], compact ANRs are homotopy equivalent to finite
CW-complexes. Therefore we have an obstruction [C∗(f̃)] ∈ K̃0(Z[π × G]) in our
main pseudo-equivalence extension theorem. Quinn [19] showed that controlled
finitely dominated CW-complexes over F with free G-actions have controlled Wall
finiteness obstructions in H0(F ; K̃(Z[G])), and all elements of this group can be
realised. By glueing on such an element, we can change the obstruction [C∗(f̃)] ∈
K̃0(Z[π × G]) by any element in the image of H0(F ; K̃(Z[G])). We will explain in
the next paragraph that the natural map H0(F ; K̃(Z[G])) → H0(Y ; K̃(Z[G])) →
H0(π; K̃(Z[G])) is surjective. Therefore H0(F ; K̃(Z[G])) and H0(π; K̃(Z[G])) have
the same image in K̃0(Z[π × G]). Thus we conclude that the obstruction for G-ANR
pseudo-equivalence extension problem actually lies in the image of K̃0(Z[π × G]) in
K̃top

0 (Zπ ⊂ Z[π × G]).
Carter’s vanishing theorem [9] says that K−i(Z[G]) = 0 for all finite groups G and

i > 1. Therefore the spectral sequence that computes H0(F ; K̃(Z[G])) consists of
only H0(F ; K̃0(Z[G])) and H1(F ; K̃−1(Z[G])). The same is true for H0(Y ; K̃(Z[G]))
and H0(π; K̃(Z[G])). To show the surjection, therefore, we only need to show
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that Hi(F ; K̃−i(Z[G])) → Hi(Y ; K̃−i(Z[G])) → Hi(π; K̃−i(Z[G])) is surjective for
i = 0, 1. The Smith condition implies that πiF → πiY is surjective for i = 0, 1.
This implies the surjections on Hi(∗; K̃−i(Z[G])) for i = 0, 1.

4. Calculations and examples

Let T (r) be the mapping torus of a map Sd → Sd of degree r. Let

f : F = T (r) → Y = S1.

be the projection map. For a finite group G of order n, we try to extend F to be
the fixed set of a finite, semi-free G-CW-complex X, and extend f to a pseudo-
equivalence g : X → S1.

We have π1(Y ) = 〈t〉 = {ti : i ∈ Z} ∼= Z, and the only non-trivial Z〈t〉-homology2

of f is

Hd(f ; Z〈t〉) = Z〈t〉/(rt − 1).

For a prime p, we have Hd(f ; Zp〈t〉) = 0 if and only if p|r. Therefore, the Smith
condition is satisfied for G if and only if

p|n =⇒ p|r.

This is equivalent to n dividing some power of r. Under this assumption, the
condition for the semi-free pseudo-equivalence extension is the vanishing of

[Z〈t〉/(rt − 1)] ∈ K̃0(Z[G]〈t〉).

Proposition 4.1. Suppose G is a finite group of order n. If r is a multiple of
n, then T (r) → S1 has semi-free pseudo-equivalence extension. Moreover, if G is
abelian, then the converse is also true.

Example 1.1 in the introduction is a direct consequence of proposition 4.1. In fact,
T (p) is not only not the fixed set of a semi-free Zp2-action on homotopy circle, it is
also not the fixed set of a semi-free Zp × Zp-action. The proof given below also shows
that T (p2) is not fixed under a semi-free Zp × Zp2 -action or Zp × Zp × Zp-action,
etc.

Proof. We have the Bass–Heller–Swan decompositions [5]

K̃0(Z[G]〈t〉) = K̃0(Z[G]) ⊕ K−1(Z[G]) ⊕ NK0(Z[G]) ⊕ NK0(Z[G]), (4.1)

K1(Zn〈t〉) = K1(Zn) ⊕ K0(Zn) ⊕ NK1(Zn) ⊕ NK1(Zn). (4.2)

We also have the pullbacks of rings [13] (ΣG =
∑

g∈G g)

2In the literature, Z〈t〉 is usually denoted Z[t, t−1]. We use Z〈t〉 to simplify notation.
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that induce the Swan homomorphisms3 that are compatible with the Bass–Heller–
Swan decompositions

∂ : K1(Zn〈t〉) → K̃0(Z[G]〈t〉),
∂ : K1(Zn) → K̃0(Z[G]),

∂ : K0(Zn) → K−1(Z[G]),

∂ : NK1(Zn) → NK0(Z[G]).

We note that our obstruction is an image of the Swan homomorphism

[Z〈t〉/(rt − 1)] = ∂[rt − 1], [rt − 1] ∈ K1(Zn〈t〉).
Since n divides r, we get [rt − 1] = [−1], which comes from K1(Z〈t〉). Therefore,
∂[rt − 1] = 0, and the sufficient part of the proposition.

For the necessary part, we note that the Smith condition requires n dividing
some power of r. Now we identify the obstruction in the Bass–Heller–Swan decom-
position. By the proof of the decomposition in [21, Theorem 3.2.22], we write the
automorphism of R〈t〉 as an automorphism of R with a nilpotent correction

rt − 1 = r(t − 1) + (r − 1) = (r − 1)[1 + (r − 1)−1r(t − 1)] ∈ Zn〈t〉,
where r − 1 is invertible and (r − 1)−1r is nilpotent by the Smith condition. This
shows that the element [rt − 1] becomes ([r − 1], 0, 0, [(r − 1)−1r]) in the decompo-
sition, and our obstruction is ∂[r − 1] ∈ K̃0(Z[G]) and ∂[(r − 1)−1r] ∈ NK0(Z[G]).
We will concentrate on the vanishing of ∂[(r − 1)−1r], which is the image of
(r − 1)−1(rt − 1) ∈ K1(Zn〈t〉) under the Swan homomorphism.

Now we assume G is abelian. Then we have the determinant maps from K1 to
the groups of invertible elements. The Swan homomorphism is part of an exact
sequence compatible with the determinants

The vanishing of ∂[(r − 1)−1r] implies that [(r − 1)−1(rt − 1)] is in the image of α.
This further implies that det[(r − 1)−1(rt − 1)] = (r − 1)−1(rt − 1) is in the image

3According to the seminal paper [25] of Swan where this construction first arose.
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of β. In the appendix of this paper, we prove that (Z[G]/ΣG)〈t〉∗ = (Z[G]/ΣG)∗〈t〉.
In other words, the units (i.e., multiplicatively invertible elements) in (Z[G]/ΣG)〈t〉
are monomials. If n does not divide r, then (r − 1)−1(rt − 1) is not a monomial,
and we get a contradiction. This proves the necessary part. �

The necessary part of the proof shows that, if G is abelian and r is not
a multiple of n (and n divides a power of r), then the K-theory obstruction
∂[rt − 1] ∈ K̃0(Z[G]〈t〉) for T (r) → S1 has nonzero component ∂[(r − 1)−1r] in the
Bass Nil group NK0(Z[G]). The Nil group is the K-theory of the additive cate-
gory of finitely generated R-modules equipped with nilpotent endomorphisms. It is
introduced in [4] to account for the difference between the K-theory of a ring R and
its polynomial extension R[t] or the Laurent extension R〈t〉. In case π = Z = 〈t〉
in the exact sequence (3.1), the map H0(Z; K̃(Z[G])) → K̃0(Z[Z × G]) is exactly
the comparison (i.e., the inclusion in (4.1)) between K̃0(Z[G]) ⊕ K−1(Z[G]) and
K̃0(Z[G]〈t〉). Therefore, the component ∂[(r − 1)−1r] in the NK0(Z[G]) part of
K̃0(Z[G]〈t〉), being nonzero, implies that the image of the obstruction ∂[rt − 1] ∈
K̃0(Z[G]〈t〉) in K̃top

0 (Z[Z] ⊂ Z[Z × G]) is nonzero. This image is the K-theory
obstruction in theorem 3.2. Therefore, the map T (r) → S1 does not even have
semi-free pseudo-equivalence extension in the G-ANR category.

In short, there are examples of non-existence of semi-free extension in the G-ANR
category if and only if the order of G has a square factor.

For the sufficiency part of proposition 4.1, we also give an explicit construction
for the special case that G acts freely on a sphere. There is, for example, the case
G is a cyclic group acting on the circle S1 by the standard rotations.

Example 4.2. Suppose r is a multiple of n = |G|, and G acts freely on a sphere
Se. By replacing Se with Se ∗ Se = S2e+1 and taking the join of G-actions, we
may further assume that the action preserves the orientation of Se. Consider the
join Sd+e+1 = Sd ∗ Se, with the trivial G-action on Sd and the given G-action on
Se. The action is semi-free with fixed set (Sd+e+1)G = Sd. Let h be a self map of
Sd+e+1 that is the join of the degree r map on Sd and the identity map on Se. Then
h is a G-map of degree r. For any free point x ∈ Sd+e+1 − Sd, let D be a small
disk around x, such that the action of G on D gives disjoint copies. By shrinking
the boundary ∂D of D to the point x, we get a map Sd+e+1 → Sd+e+1 ∨x (D/∂D).
Combining the identity on Sd+e+1 and a homeomorphism D/∂D → Sd+e+1, we get
a map Sd+e+1 → Sd+e+1 ∨x Sd+e+1 → Sd+e+1. If we do this for all G copies of D,
then we get a G-map h′ : Sd+e+1 → Sd+e+1 ∨Gx G(D/∂D) → Sd+e+1. By choosing
a suitable homeomorphism D/∂D → Sd+e+1, the degree of h′ is r + n or r − n.
By repeating the construction for several points in Sd+e+1 − Sd, we get a G-map
h′′ : Sd+e+1 → Sd+e+1 of degree r + an for any integer a. Since r is a multiple of
n, we take a = −r/n and get a G-map h′′ : Sd+e+1 → Sd+e+1 of degree 0. On the
other hand, since the modification happens only on the free part of Sd+e+1, the
restriction of h′′ on the fixed part is still the original degree r map Sd → Sd. The
mapping torus T (h′′) has semi-free G-action with fixed set T (r), and T (h′′) → S1

extends T (r) → S1. Moreover, since the degree of h′′ is 0, the map T (h′′) → S1 is
a homotopy equivalence.
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Now we turn to another application showing other phenomena. Suppose n is not a
prime power. Then n = n1n2, with n1, n2 > 1 and coprime. Let a satisfy a = 1 mod
n1 and a = 0 mod n2. Then b = 1 − a satisfies b = 0 mod n1 and b = 1 mod n2. Let
T (a, b) be the double torus of two maps of Sd to itself of respective degrees a, b.
Let f : T (a, b) → S1 be the projection map. We consider the pseudo-equivalence
extension of f for the action by the cyclic group G = Zn.

Similar to the mapping torus in the earlier example, the only non-trivial Z〈t〉-
homology of f is

Hd(f ; Z〈t〉) = Z〈t〉/(at − b).

By (at − b)(at−1 − b) = a2 = 1 mod n1, and (at − b)(at−1 − b) = b2 = 1 mod n2,
and n1, n2 coprime, we know at − b is invertible in Zn〈t〉. This verifies the Smith
condition for f .

Proposition 4.3. Suppose G = Zn is the cyclic group of not prime power order n.
Then for suitable a, b, the map T (a, b) → S1 satisfies the Smith condition for G,
but has no semi-free pseudo-equivalence extension.

Example 1.2 in the introduction is a direct consequence of proposition 4.3. The proof
shows that the obstruction effectively lies in the direct summand K−1(Z[Zn]) ⊂
K̃0(Z[Zn]〈t〉) according to (4.1). By theorem 3.2 and the explanation after the
proof of proposition 4.1, this implies that, although T (a, b) → S1 has no semi-free
pseudo-equivalence extension in the G-CW-complex category, the map does have
semi-free pseudo-equivalence extension in the G-ANR category.

Proof. The obstruction for pseudo-equivalence extension is

[Z〈t〉/(at − b)] ∈ K̃0(Z[Zn]〈t〉).
This is the image of

[at − b] ∈ Zn〈t〉∗ ⊂ K1(Zn〈t〉)
under the Swan homomorphism. We carry out the argument similarly to proposition
4.1.

We have a(1 − a) = ab = 0 mod n. This means a2 = a mod n, or a is an idem-
potent mod n. In particular, aZn is a projective Zn-module. By the proof of
[21, Theorem 3.2.22], the obstruction [at − b] on the left of (4.2) corresponds to
(0, [aZn], 0, 0) on the right, with [aZn] ∈ K0(Zn). Therefore our obstruction is the
image ∂[aZn] ∈ K−1(Z[Zn]) under the Swan homomorphism. By the calculation of
[6], this element is a non-divisible element of K−1(Z[Zn]).

The Swan homomorphism fits into an exact sequence

K̃0(Z) ⊕ K̃0(Z[Zn]/ΣZn
) → K̃0(Zn) ∂−→ K−1(Z[Zn])

→ K−1(Z) ⊕ K−1(Z[Zn]/ΣZn
) → K−1(Zn).

Here the image of K̃0(Zn) is the same as the image of K0(Zn). By [6, 26], we have
K̃0(Z) = K−1(Z) = 0, K̃0(Z[Zn]/ΣZn

) is finite, and K̃0(Zn) and K−1(Z[Zn]/ΣZn
)

are free abelian. Therefore K̃0(Zn) embeds as a direct summand of K−1(Z[Zn]).
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If n = pm1
1 . . . pml

l is the decomposition into distinct primes, then

K0(Zn) = ⊕l
i=1K0(Zp

mi
i

) = ⊕l
i=1Z.

We note that the projective Zn-module aZn is isomorphic to Zn1 . Under the isomor-
phism K0(Zn) = K0(Zn1) ⊕ K0(Zn2), [aZn] ∈ K0(Zn) corresponds to ([Zn1 ], 0) ∈
K0(Zn1) ⊕ K0(Zn2). If we start by choosing n1 = pm1

1 and n2 = n/n1, then the
obstruction for f : T (a, b) → S1 is the image of (1, 0, . . . , 0) ∈ K0(Zn) under the
injective Swan homomorphism. Similarly, we can make other choices of n1, n2,
such that the obstructions for the corresponding f : T (a, b) → S1 are the images of
other unit vectors, in K0(Zn). The upshot is that, if n is not a prime power, then
we can construct f : F → S1 satisfying the Smith condition, and the obstruction is
a nonzero element in K−1(Z[Zn]). �

The examples in propositions 4.1 and 4.3 can fit into other spaces.

Theorem 4.4. Suppose Y is a finite CW-complex with torsion free π = π1(Y ).
Suppose the Farrell–Jones conjecture holds for π. Suppose G is finite cyclic, and
|G| is not a prime and has no square factor. Then there is a map F → Y satisfying
the Smith condition but has no semi-free pseudo-equivalence extension, if and only
if H1π �= 0.

The condition on the order of G is that |G| is a product of more than one distinct
primes.

Proof. The hypothesis that |G| has no square factor implies that NK0(Z[G]) = 0.
Then for torsion free π, the Farrell–Jones conjecture asserts that

K0(Z[π × G]) = K0(Z[G]) ⊕ H1(π;K−1(Z[G])).

If H1π = 0, then H1(π;K−1(Z[G])) = 0, and the Swan homomorphism relevant to
constructing the G-action lies in the K0(Z[G]) part. Thus we are reduced to the
classical Swan homomorphism. By [25, Corollary 6.1], the Swan homomorphism
vanishes for cyclic G.

If H1π �= 0, then a generator of H1π = H1Y can be represented by a loop S1 → Y .
By proposition 4.3, there is a map f : F → S1 satisfying the Smith condition but
has non-vanishing pseudo-equivalence extension obstruction [C(f̃)] ∈ K̃−1(Z[G]) =
H1(S1, K̃−1(Z[G])) ⊂ K̃0(Z[G]〈t〉), where t is the generator of π1(S1). We use the
loop S1 → Y to extend f to f ′ : F ∪S1 Y → Y . Then f ′ also satisfies the Smith
condition, and the pseudo-equivalence extension obstruction [C(f̃ ′)] for f ′ is the
image of [C(f̃)] under the homomorphism

K̃−1(Z[G]) = H1(S1, K̃−1(Z[G])) → H1(π, K̃−1(Z[G])).

Since the circle represents a generator of H1π, the image obstruction is still nonzero.
�

Theorem 4.5. Suppose Y is a finite CW-complex with torsion free π = π1(Y ), the
Farrell–Jones conjecture holds for π, and π has maximal infinite cyclic subgroup
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C, such that the normaliser of C is C itself. Suppose G is a finite abelian group,
such that |G| has square factor. Then there is a map F → Y satisfying the Smith
condition, but has no semi-free pseudo-equivalence extension.

The theorem implies that, if every map F → Y satisfying the Smith condition
has semi-free pseudo-equivalence extension for Zn-action, then n is a product of at
least two distinct primes.

Proof. The proof is similar to theorem 4.4, except that the Farrell–Jones conjecture
is more complicated because NK0(Z[G]) �= 0. In this case, by [3], the formula for
K0(Z[π × G]) has another factor (i.e., a direct summand), namely Hπ×G

∗ (EVC(π ×
G), EFIN (π × G);K). Here Hπ×G

∗ is the homology over the category of π × G-
orbits (by Davis and Lück [10]), EVC is the classifying space for the family of
virtually cyclic subgroups, EFIN is the classifying space for finite subgroups, and
K is the non-connective K-theory spectrum of the isotropy groups of points. Note
that this relative homology is concentrated on points with infinite isotropy. Under
the condition of C being normalised only by itself, by [11], the set of points with
isotropy C contributes two copies of NK0(Z[G]), and the glueing trick using our
example from proposition 4.1 constructs an obstructed example.

Since this element is nonzero in K̃G,top
0 in the sense of [20, 23], it even obstructs

the existence of an ANR-action. �

Finally, we study the pseudo-equivalence extension of a map between 3-
dimensional lens spaces.

Proposition 4.6. Suppose f : L(kp; 1) → L(p; 1) is a degree d map, where p is a
prime not dividing d and k. Then f has a pseudo-equivalence extension for Zp-
action if and only if dp−1 = kp−1 mod p2.

Proof. The obstruction lies in K̃0(Z[Zp × Zp]), where the first Zp = π1(L(p; 1)), and
the second Zp is the action group. The obstruction is given by the chain complex of
the map f̃ : L̃(kp; 1) → L̃(p; 1) obtained by pulling back along the universal cover
L̃(p; 1) = S3 → L(p; 1). We have the long exact sequence

H3(L(kp; 1); Z[Zp]) = Z → H3(L(p; 1); Z[Zp]) = Z → H3(f ; Z[Zp]) = Zd

→ H2(L(kp; 1); Z[Zp]) = 0 → H2(L(p; 1); Z[Zp]) = 0 → H2(f ; Z[Zp]) = Zk

→ H1(L(kp; 1); Z[Zp]) = Zkp → H1(L(p; 1); Z[Zp]) = Zp → H1(f ; Z[Zp]) = 0.

We note that H∗(f ; Z[Zp]) = 0, 0, Zk, Zd, 0, . . . are trivial Z[Zp × Zp]-modules,
and have Z[Zp × Zp]-projective resolutions. Therefore, the Euler characteristic of
H∗(f ; Z[Zp]) gives an element of K1(Zp2) (p2 is the order of the group Zp × Zp),
and the obstruction is the image of this element under the Swan homomorphism
for the group Zp × Zp

K1(Zp2) = (Zp2)∗ → K̃0(Z[Zp × Zp]).

In the multiplicative group (Zp2)∗, the Euler characteristic of H∗(f ; Z[Zp]) is k/d.
The group (Zp2)∗ is additively isomorphic to Zp ⊕ Zp−1. By [27, Proposition 3],
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the image of the Swan homomorphism is an additive group Zp ⊂ K̃0(Z[Zp × Zp]).
Therefore an element r is in the kernel of the Swan homomorphism (Zp2)∗ ∼= Zp ⊕
Zp−1 → Zp if and only if rp−1 = 1. In particular, the pseudo-equivalence extension
obstruction k

d ∈ (Zp2)∗ for f vanishes if and only if (k/d)p−1 = 1 in (Zp2)∗. This
gives the condition dp−1 = kp−1 mod p2 in the proposition. �
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Appendix A. Units of (Z[G]/ΣG)〈t〉
Lemma A.1. If G is a finite abelian group, then the units of (Z[G]/ΣG)〈t〉 are
monomials.

Proof. The proof is based on the fact that R〈t〉∗ = R∗〈t〉 for an integral domain
R. In other words, the units in the polynomial ring R〈t〉 are monomials. In gen-
eral, Z[G]/ΣG is not an integral domain, but can be detected by sufficiently many
homomorphisms to integral domains. Specifically, a character λ : G → 〈ξn〉 ⊂ C
(ξn = e2πi/n is the n-th root of unity and 〈ξ〉 is all powers of ξ) induces a ring
homomorphism λ : Z[G] → Z[ξn] = Z[s]/ϕn(s), where ϕn is the minimal polyno-
mial of ξn. This further induces a homomorphism λ : Z[G]/ΣG → Z[ξn] unless λ is
trivial. Then we get a homomorphism of units

λ : (Z[G]/ΣG)〈t〉∗ → Z[ξn]〈t〉∗ = Z[ξn]∗〈t〉.
The equality is due to the fact that Z[ξn] is an integral domain. Then for a unit
x =

∑
xit

i, xi ∈ Z[G], on the left, we know λ(x) =
∑

λ(xi)ti ∈ Z[ξn]∗〈t〉 means
that there is i(λ), such that λ(x) = λ(xi(λ))ti(λ) (i.e., λ(xi) = 0 for all i �= i(λ)).

If we take λ to be all non-trivial characters, with the corresponding n = pk being
prime powers, then we get an embedding

Z[G]/ΣG ⊂
∏
λ

Z[ξpk ].

This induces an embedding of the units (for the specific selections of λ)

(Z[G]/ΣG)〈t〉∗ ⊂
∏
λ

Z[ξpk ]〈t〉∗ =
∏
λ

Z[ξpk ]∗〈t〉.

The embedding of the units shows that, if we prove that i(λ) is independent of the
choice of λ, then the original unit x =

∑
xit

i on the left is also a monomial. This
proves the lemma.

First, by ϕpk(s) = (1 − spk

)/(1 − spk−1
) = 1 + spk−1

+ s2pk−1
+ · · · + s(p−1)pk−1

,
we have a homomorphism by sending s to 1

μ : Z[ξpk ] = Z[s]/ϕpk(s) → Fp.

Then we have the composition μ ◦ λ : Z[G]/ΣG → Fp that sends every group element
to 1. In particular, the induced map μ ◦ λ : (Z[G]/ΣG)〈t〉 → Fp〈t〉 depends only on p.
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Then μ ◦ λ(x) = μ(xi(λ))ti(λ) depends only on p. This implies that, if two characters
λ and λ′ correspond to the same prime, then i(λ) = i(λ′).

It remains to show that, if λ and λ′ correspond to ξp and ξq, where p, q are
distinct primes, then i(λ) = i(λ′). By what we proved above, we only need to verify
this for any one pair λ and λ′ corresponding to ξp and ξq. Consider a character
Λ: G → C = 〈ξpq〉 ⊂ C. Then we have

The compositions to Z[ξp] and Z[ξpq] are respectively λ and Λ. Therefore, the images
of a unit x =

∑
xit

i ∈ (Z[G]/ΣG)〈t〉∗ are respectively λ(xi(λ))ti(λ) ∈ Z[ξp]∗〈t〉 and
λ(xi(Λ))ti(Λ) ∈ Z[ξpq]∗〈t〉. Both are further mapped to (Z[ξpq]/ϕp(ξpq))∗〈t〉. To show
i(Λ) = i(λ), therefore, we only need to show that Z[ξpq]/ϕp(ξpq) �= 0.

By Z[ξpq]/ϕp(ξpq) = Z[s]/(ϕpq(s), ϕp(s)), the ring is 0 if and only if 1 =
ϕpq(s)u(s) + ϕp(s)v(s) for some polynomials u(s), v(s) ∈ Z[s]. Taking s = ξp, we
get 1 = ϕpq(ξp)v(ξp). By

ϕpq(s) =
(spq − 1)(s − 1)
(sp − 1)(sq − 1)

=
1 + sp + s2p + · · · + s(q−1)p

1 + s + s2 + · · · + sq−1
,

we have

ϕpq(ξp) =
q

1 + ξp + ξ2
p + · · · + ξq−1

p

.

Then 1 = ϕpq(ξp)v(ξp) means 1 + ξp + ξ2
p + · · · + ξq−1

p = qv(ξp) is a multiple of q in
Z[ξp]. Since p, q are coprime, this is not true.

We conclude that the ring is non-zero. This implies i(Λ) = i(λ). Switching p and
q, we also get i(Λ) = i(λ′). This completes the proof of i(λ) = i(λ′). �
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