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We report progress on finite-volume determinations of heavylight-meson – Goldstone boson scat-

tering phase shifts using the Lüscher method on CLS 2+1 flavor gauge field ensembles. In a

first iteration we will focus on D-meson – pion scattering in the elastic region at various pion

masses using ensembles with three lattice spacings. We employ ensembles on the CLS trajectory

with a fixed trace of the quark-mass matrix as well as ensembles with a strange-quark mass fixed

close to its physical value. This will allow us to study both the light- and the strange quark-mass

dependence of positive parity heavy-light hadrons close to threshold.
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1. Introduction

In recent years the determination of scattering amplitudes from Lüscher’s finite volume method

[1, 2] has progressed tremendously, see for example [3] for a review. As part of this progress, proof

of principle calculations have been performed for many physical systems. While successfully

illustrating the possibilities of these methods most determinations of scattering amplitudes have

been limited to a single lattice spacing and to just a few values of the light- and strange-quark

masses.

In our project we plan to calculate scattering of heavy-light mesons with the QCD (pseudo)

Goldstone bosons (pions and kaons) for a variety of light-quark masses and lattice spacings. This

will allow for the determination of the scattering lengths as well as the determination of pole

singularities related to QCD bound states and resonances like the 𝐷∗
𝑠0
(2317) or 𝐷∗

0
(2300). For the

latter, unitarized 𝜒𝑃𝑇 leads to a much lower mass (see [4, 6] and references therein) than indicated

by the PDG [5]. This picture has recently been qualitatively confirmed in a calculation by the

Hadron Spectrum Collaboration [7], where a pole mass much lower than the naive PDG value has

been obtained. Note that this is not in contradiction with old results in [8] (where a Breit-Wigner

has been assumed) when a pole search is performed with that data.

Results from such studies can be used as input for effective field-theory fits as recently presented

in [6, 9], where the authors obtain the low energy constants in the chiral EFT from fits to heavy-light

ground-state masses and elastic phase-shifts from Lattice QCD. This promising approach bridges

the gap between lattice data at unphysical pion masses and physical (coupled-channel) systems.

In Section 2 we review the gauge configurations and lattice methodology used for our calcu-

lations. A crucial ingredient is the use of a relativistic heavy-quark action. The non-perturbative

tuning of this action is detailed in [10] and briefly reviewed in Section 3. We then proceed to

illustrate the expected quality of the data for elastic D-meson – pion scattering in Section 4 and

conclude with a brief outlook.

2. Lattice Methodology

We use the gauge field configurations generated [11, 12] by the CLS consortium with 2+1 flavors

of improved Wilson fermions. Figure 1 shows an overview of existing gauge field configurations

along two different quark-mass trajectories. The bulk of the CLS ensembles are generated along

a trajectory with constant trace of the (light and strange) quark-mass matrix and these ensembles

are shown in the left pane of the figure. The right pane of the figure shows ensembles where the

strange-quark mass is instead kept constant at approximately the physical strange-quark mass. We

use the lattice scale determined in [13] to translate results to physical units.

To calculate observables we use the distillation method [14], particularly in the form of stochas-

tic distillation or stochastic Laplacian Heavyside (LapH) smearing [15]. Table 1 illustrates the

stochastic distillation scheme employed in this study. For “fixed” lines connecting the hadron

sources and sinks we use a different scheme than for the “relative lines” starting and ending at the

same timeslice; while both schemes use interlacing in Laplacian eigenmodes, only the relative lines

use time interlacing. Note that this scheme has by now been extensively employed, see for example

[16]. This scheme allows us to construct correlator matrices build from both quark-antiquark and
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Figure 2: Illustration of the neural net used for the non-perturbative tuning of our charm-quark action.

For our project we will use the RHQ action in the concrete form of [20] with 5 parameters,

but we would like to emphasize that 3 or 4 parameter versions used previously in the literature [21]

could instead be used. We opt to tune the parameters of the heavy-quark action non-perturbatively

using a neural net machine-learning approach detailed in a recent publication [10].

For our tuning we calculate some low lying stable charmonium states at zero and non-zero

momentum drawing our action parameters randomly from Gaussian distributions. We proceed to

determine their masses and the speed of light squared 𝑐2. We use about 20-50 runs per gauge

ensemble and split up this dataset into a training and a validation set. The setup of our neural

net is illustrated in Figure 2. Once (partially trained) we use the physical masses and physical

speed of light as input for the neural network, which then makes parameter predictions expected to

reproduce the stable states and a relativistic dispersion relation. By performing additional runs with

parameters close to these predictions we can further improve our training data set. As we observe

only a negligible dependence on the light sea-quark masses we also make parameter predictions

using several ensembles at a given lattice spacing.

The left pane of Figure 3 shows the measures speed of light squared for our resulting action

parameters on all ensembles used in the tuning. As can be seen typical deviations from one are less

than 1%. The right pane of the Figure shows the measured dispersion relation for the heavy-light

𝐷 and 𝐷∗ mesons (data points) compared to the relativistic dispersion relation (green line) on CLS

ensemble N451. A quantitative analysis for heavy-light mesons is still work in progress.

4. Towards D-meson – pion scattering

Figure 4 show the extracted energy spectrum in the rest frame and in one of the moving-frame

irreducible representations. Expected none-interacting 𝐷-meson – pion energy levels are shown as

red solid lines (included in the basis) and red dashed lines (not included). We also show a rough
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waves and different flavor quantum numbers. With regard to future amplitude analysis, we plan to

work towards an EFT or dispersive analysis to implement (further) constraints (from analyticity,

unitarity, and crossing symmetry) for the amplitudes.
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