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bridgeless cubic graph is a 3-graph. The Berge Conjecture states that every 3-graph G has
five perfect matchings such that each edge of G is contained in at least one of them.
Likewise, generalization of the Berge Conjecture asserts that every r-graph G has 2r — 1
perfect matchings that covers each e € E(G) at least once. A natural question to ask in the

Ié?r/;v;ryﬁ'kerson conjecture light of the Generalized Berge Conjecture is that what can we say about the proportion of
Perfect matchings edges of an r-graph that can be covered by union of ¢ perfect matchings? In this paper we
Cubic graphs provide a lower bound to this question. We will also present a new conjecture that might
r-graphs help towards the proof of the Generalized Berge Conjecture.

© 2023 Elsevier B.V. All rights reserved.

1. Introduction

Graphs in this paper are simple unless otherwise specified. Let G be a graph, V(G) and E(G) be the vertex set and edge
set of G, respectively. A perfect matching of G is a set of edges, M € E(G), such that each vertex in G is incident with
exactly one edge in M.

A cubic graph is one in which every vertex is incident with exactly three edges. An edge is called a bridge if its deletion
increases the graph’s number of components and a graph is bridgeless if it contains no bridge. One of the earliest results
in graph theory due to Petersen ([9]) states that every bridgeless cubic graph has a perfect matching. Applying the Tutte’s
theorem ([11]) which states that a graph G has a perfect matching if and only if for every X C V(G), G — X has at most | X]
components with odd number of vertices, we have that every edge of a bridgeless cubic graph G is contained in a perfect
matching of G. So the question is: what is the minimum number of perfect matchings so that every edge of a bridgeless
cubic graph is covered by the union of them? In the early seventies Berge conjectured that this number is 5:

Conjecture 1.1 (Berge Conjecture). Every bridgeless cubic graph has five perfect matchings such that each edge of G is contained in at
least one them.

Another well-known conjecture, which attributed to Berge in [10] but published first by Fulkerson in [2] states that every
bridgeless cubic graph contains a family of six perfect matchings covering each edge of the graph exactly twice.

Conjecture 1.2 (Berge-Fulkerson Conjecture). Every bridgeless cubic graph G has a family of six perfect matchings such that each edge
of G contained in precisely two of them.
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Table 1

Some lower bounds for mj,_;.
r a;r—l
3 0.930736
4 0.897367
5 0.885256
6 0.878973
7 0.875227
100 0.864721
1000 0.864665

A set of six perfect matchings that satisfies Conjecture 1.2 is called a Fulkerson cover of G. Any five perfect matchings of
a Fulkerson cover of a graph G covers E(G). Hence Conjecture 1.2 implies Conjecture 1.1. It was proved by Mazzuoccolo in
[5] that these two conjectures are actually equivalent.

An r-regular graph G is said to be an r-graph if |0(X)| > r for each odd set X C V(G), where 9(X) denotes the set of
edges with precisely one end in X. Notice that every bridgeless cubic graph is a 3-graph.

For a fixed positive integer r, let m{(G) be the maximum fraction of the edges in an r-graph G that can be covered by t
perfect matchings, and m] be the infimum of all m{(G) over all r-graphs, that is

m{(G) = max

Mi....M |E(G)]

The above notation was introduced by Mazzuoccolo in [7]. Let P denote the Petersen Graph. Then one can easily observe

that m?(P) = %,m%(P) = % m%(P) = %, mi(P) = }—4, mg(P) = 1. The following conjecture given by Patel in [8] is a
refinement of Conjecture 1.1.

Conjecture 1.3 (/8], Patel). m? = mf (P) for 1 <t <5, where P is the Petersen Graph.

Conjecture 1.3 was proved by Kaiser, Kral, and Norine in [4] for the case t = 2. They also showed that % < mg < ‘g‘ and

predicted that 2Z <m% < 2. Mazzuoccolo confirmed the lower bound 2 in [7].
Natural generalizations of the Conjectures 1.1 and 1.2 to r-graphs given by Seymour in [10] are as follows:

Conjecture 1.4 (Generalized Berge Conjecture). Every r-graph has 2r — 1 perfect matchings such that each edge is contained at least
one of them. Thatism},._, =1.

Conjecture 1.5 (Generalized Berge-Fulkerson Conjecture). Every r-graph has 2r perfect matchings such that each edge is contained in
exactly two of them.

In [6] Mazzuoccolo showed that Conjecture 1.4 and Conjecture 1.5 are equivalent and the value 2r — 1 in Conjecture 1.4
is best possible.

In this paper we are concerning about the values m{ for r > 3 and we prove a recursive lower bound shown in the
following theorem.

Theorem 1. For any fixed integer r > 3, let aj, aj, ... be a sequence of rational numbers satisfying ag = 0 and af = aj_; + (1 —

r 2+(t=D (% —r—4) i rs g
ai_q) DB 2 e Then for any positive integer t, we have m; > aj.

Remark 1. Jin and Steffen in [3] (Theorem 3.3) claimed a better lower bound for m{ than in Theorem 1. In a private communication, Jin
confirmed that their bound can not be verified. In their proof for the even case of r, |0(X)| could be even but that was not considered.

Note that the special case when r =3 of Theorem 1,

242(t—1
m = el el (- gy = (-l
agrees with the bound given by Mazzuoccolo in [7].
Recall that Seymour conjectured that m), _, =1 for any r > 3. By direct calculation using Theorem 1, we have the
following lower bounds for m},._; for some values of r (Table 1).
In Section 2, we will introduce the Edmonds’ Perfect Matching Polytope Theorem which is the main tool we use in the
proof of Theorem 1. In Section 3, we will present the proof of Theorem 1 and using that we will find an upper bound in

t
2t+1°

2
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terms of ¢ for the number of edges of an r-graph to be able to covered by t perfect matchings. In Section 4, we will present
a new conjecture that generalizes the idea presented by Patel in [8], that might be useful to approach Generalized Berge
Conjecture.

2. The perfect matching polytope

Let G = (V, E) be a graph which may contain multiple edges. For any set C C E(G), if G — C has more components than
G, then C is said to be an edge-cut in G. A k-edge-cut is an edge-cut consists of k edges. Recall that 9(X) is defined as the
set of edges with precisely one end in X C V(G). An edge-cut C is odd if there exists X C V(G) of odd cardinality such that
C = 9(X). Notice that if G is an r-graph and X € V(G) is an odd cardinality set, then r and |9(X)| have the same parity.

Let w be a vector in RE(®), The entry of w corresponding to an edge e is denoted by w(e), and for A C E(G), we define

w(A) = ) w(e). The vector w is a fractional perfect matching of G if it satisfies the following properties:
ecA

i. 0<w(e) <1 for each e € E(G),
ii. w(d(v)) =1 for each vertex v € V(G),
iii. w(a(X)) > 1 for each X C V(G) of odd cardinality.

Note that w = (1,1,..., 1) is a fractional perfect matching for any r-graph G.

Let P(G) denote the set of all fractional perfect matchings of G. Clearly, if M is a perfect matching, then the characteristic
vector xM of M is contained in P(G). Also, if w1, ..., w, € P(G), then any convex combination, Yoidiwi with 0<2; <1
such that ) ; A; =1, of them belongs to P(G). So P(G) contains the convex hull of all vectors xM such that M is a perfect
matching of G. The Perfect Matching Polytope Theorem of Edmonds [1] asserts that the converse inclusion also holds:

Theorem 2 (Perfect Matching Polytope Theorem). For any graph G, the set P (G) is precisely the convex hull of the characteristic vectors
of perfect matchings of G.

The following lemma deducted from Edmonds’ Perfect Matching Polytope Theorem, which introduced by Kaiser, Kral,
and Norine in [4], plays a crucial role in our result.

Lemma 1. [4] If w is a fractional perfect matching in a graph G and ¢ € RE, then G has a perfect matching M such thatc- xM > c-w,
where - denotes the dot product. Moreover M contains exactly one edge of each odd cut C with w(C) =1.

3. Proof of Theorem 1

Let M! ={Mj,..., M;} be a set of t > 0 perfect matchings in an r-graph G. Recall that for any positive integers r > 3
and t > 0, we define

.
m;

nf max
G My,..., M¢ |E(G)|

where the infimum is taken over all r-graphs. It is clear that mjy =0 and m} = % For any fixed integer r we define aj =0
and for t > 1,

2+ (-1 (rP—r—4)
2r+(t—1 (3 —r2—6r+4)

ag=a,_+1A—a_;)

We will show that m{ > af for each index t and fixed r > 3. Before presenting the proof let us give some definitions. Let
G be an r-graph and M! = {Mjy, ..., M;} be a set of t perfect matchings in G for t > 0. For each subset A C E(G), we define

t
oA, M) = Z [AN M.
i=1

We further define the function wj : E(G) — R for any fixed integers r and t as;

24t(r2—r—4)—2(r—2) de, M)

wi(e) =
(@) 2r+t(r3 — 12— 6r +4)

We would like to remark that the recursive formula a] and the function wj(e) defined above are exactly the generaliza-
tions of the ones given in [7] for cubic graphs.
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Observe that when t =0, we have M? =@ and ®({e}, M%) =0 for each e € E(G). Hence wi(e) = % which is a fractional

perfect matching. We further note that Kaiser, Kral, and Norine [4], used w% and wg in their proof for m% = % and % <

3 4
m3S§

A natural extension of the function w{ for a set A C E(G) is defined as;

AL 24t (rP —r—4)] -2 —2) (A, M)
B 2r+t(r3 —r2 —6r+4) ’

wi(A) =) wj(e)

ecA

Instead of proving Theorem 1 directly, we prove the following technical theorem which is slightly stronger.

Theorem 3. For any r-graph G with r > 3 and any integer t > 0, there exists a set of t perfect matchings M' = {Mq, My, ..., M¢}
such that

. . . 2+t (r2—r—4)-2(r—2)®(e, M")
(i) the function wy : E(G) — R defined as wi(e) = (P 6r14)

(i)

is a fractional perfect matching, and

t
U Mi
i=1
[E(G)]

which consequently yields m{ > af.

>aj,

Proof. Let G be an r-graph. We prove (i) and (ii) simultaneously by induction on t.
For t =0, let M% = @. Then by the definition of wi(e), we have wi(e) = % = % for any e € E(G) and as observed
earlier wy is a fractional perfect matching. Therefore (i) follows. Since by definition aj =0, (ii) holds trivially. Now suppose

that t > 1 and let M®~' = (M, ..., M;_1} be a set of t — 1 perfect matchings in G such that wj_, is a fractional perfect

matching. Let c=1— xuﬁ;}M*’. By Lemma 1 there exists a perfect matching, M, in G such that ¢ xMt > ¢ . wi_; and M
contains exactly one edge of each odd cut 9(X) with |X| odd and w;_,(C) =1.

In order to prove that wj(e) is a fractional perfect matching, we need to verify the three conditions in the definition of
fractional perfect matching.

(a) for each edge e € E(G), it is clear that ®(e, M") > 0 and therefore

2+t(r2—r—4)—2(@—2)dE, M" 2+t(r2—r—4)
2r+t (3 —r2 —6r+4) T2ar+t(P—r2—6r+4)

wi(e) =

It is easy to verify that P —r2—6r+4>r2—r—4>0 for all r > 3, so we have wi(e) < 1. Moreover, since

t

®(e, MY =Y |{e} N M;| <t, we have
i=1

_24t(P-r=4)-20-2t _ 2+410%-3)

2r+t(B—r2—6r+4)  2r+t(r3—r2—6r+4)

Note that r> — 3r and 3 —r? — 6r + 4 are positive for all r > 3. Hence w/(e) > 0. Therefore 0 < w(e) < 1.

t
(b) Let v € V(G) be a vertex. It is clear that |d(v) N M| =1 for any perfect matching M. Therefore ®(3(v), M) =Y [a(v)N
i=1
M;| =t. This together with |d(v)| =r gives us

2r+tr(rf —r—4) =2 —2) ®@d(v), M")
2r+t(r3 —r2 —6r+4)

_2r+t(r3—r2—4r)—2(r—2)t_]

2r+t(r3 —r2 —6r+4)

wi(@(v)) =

as required.
(c) Let X be an odd subset of V(G) with |9(X)| =k. Since G is an r-graph, we have k > r and note that k and r have the
same parity. By induction hypothesis we have,
2k + (t — 1Dk (r2 —r— 4) —2(r—2)®@(X), M1 -1 )
2r+(t—1) (3 —r2 —6r+4) -

wi_1(0(X) =

4
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We will show that w{(d(X)) > 1 by considering three cases.
Casel: k=r

From inequality (1) we get ®(3(X), M{~1) <t — 1. On the other hand, each r-cut intersects each of the t — 1 perfect
matchings M1, Mo, ... M;_; at least once, which yields ®(3(X), M!~1) >t — 1. Hence ®(3(X), M=1)=t—1, and so
2r+ (-1 (P —r2—4r)-20-2)t -1 )

wr 1(3(X)) = 2+ (t—1) (B —r2—6r+4)

Then by the choice of M;, we conclude that |3(X) N M¢| =1 from Lemma 1. Therefore
2r +tr (r2 —r—4) =2 —2) ®(3(X), MY)
2r+t(r3 —r2 —6r+4)
C2r (P =2 —4r) — 20— 2) [PO(X), M) +13(X) N M|]
2r+t(r3 —r2 —6r + 4)
24t (PP —r2—4r) —2(r -2t .
2r+t(r3—r2—6r+4)

wi(@(v)) =

Case2: k>r, wi_;(0(X)) =1
First, note that since wi{_;(d(X)) =1, by Lemma 1 we have [3(X) N M| = 1.
We will show that
2k 4tk (2 —r —4) —2(r — 2) @3 (X), M")
2r+t(r3 —r2 —6r +4)
_ 2k+tk (rP=r—4)—=20r—2)[@@X), M) +13(X) N M¢|]
B 2r+t(r3 —r2 —6r+4)
2kt (2 —r—4) = 2(r—2) [®OX), M) +1]

= >1

2r+t(r3 —r2 —6r+4) -

wi(@(X)) =

_ 2 A2 (r— P t—1
Since WL](B(X))z 2k+(t—Dk(r?* —r—4)—2(r—2) @ (3(X), M'™ )

2rF(t—1) (P —r2—6r+4) =1, we have

2(r = 2)D(H(X), MYy =2k — 2r + (t — D)k (rz —r- 4) —(—1 (r3 — 2 —6r +4) .
Substituting and simplifying gives,

2r+t(P—r’—6r+4)+A

we(0(X)) = 2r+t(r3 —r2 —6r +4)

)

where A=k (> —r—4) — (r* —r?> —6r+4) — 2(r — 2). In order to see that w/(3(X)) > 1, it is enough to show that
A > 0. This holds because

A=k(r?—r—4) =@ = —6r+4) —20-2) = k- —r -4,

and r2 —r — 4> 0 for all r > 3. This completes the proof of the case 2.
Case3: k>r, wi_;(3(X)) > 1

. r 2kt (t—Dk(r2—r—4)—2(r-2)®((X), M1
Since w;_; (9(X)) = 2r+(t—1)(r3 —r2—6r+4)

> 1, we have

2r —2)DO(X), M) < 2k —2r + (t — 1) [k(rz 4y (P == 6r+4)]

(2)
=2k=n+E-D][k=-nG?-r-H+2r-2)].
Notice that because k —r is even, both sides of inequality (2) are even. Hence we have
200 = 2)0O(X), M) <2(k—1) + (t— 1) [(k —PE—r—4)+ 20— 2)] —2. (3)

Now we will show that

2k +t (1> —r —4) = 20— 2) [POX), M) +[8X) N Me]] .

Wl’(a(X)): 2r+t(r3_r2_6r+4) -

5
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Applying |9(X) N M¢| <k and by inequality (3), we obtain

2r+t(rP—r>—6r+4)+B
2r+t (3 —r2 —6r+4)

wi(3(X)) =

’

where B=k(r? —r—4) — (r* =12 —6r +4) +2 — 2(r — 2)k = (k — r)(r* = 3r) + 2(r — 1). Since r > 3 and k > r, we
have B > 0. Hence w(d(X) > 1, and we are done with the last case. Therefore the function wj(e) is a fractional perfect
matching for any integer t > 0 and fixed r > 3.

We now complete the prove of (ii). The assertion is clearly true for t =1 as a} = % So we may assume t > 2. By
induction hypothesis, we have

>al_,.
EG) — t—1
t—1
U M;
Recall c=1— xi=t . By the choice of M;, we have
c-xM>c.wl_,. (4)
t—1
Here the left hand side of (4) is c - xM = |M; \ J M;|. Since for each edge e ¢ UM,, we have wi_;(e) =
i=1 i=1

2+(t—1)(r?—r—4)
2r4(t—1)(r3—r2—6r+4) *

2+(t—1)(r2—r—4)
2r+(t—1)(r3—r2—6r+4)

-1 - 2+ (-1 (2 —r—4)
|Mt\lLJ]M|><|E(G)|_|UM|) 2r+(t—1 (3 —r2—6r+4)

So the right hand side of (4) is the number of edges not covered by M1 multiplied by

which gives

Hence
t t—1 t—1
UMil =M\ Mil + 1 Ml
i=1 i=1 i=1

t-1 24 (-1 (r?—r—4)
= ('E(G)|_|HM"|>'2r+(t—1)(r3—r2 6r +4) +|UM -

i=1

Dividing by |E(G)| gives

t t—1 -1
M; M; M;
U mil UM (P —r—) Uil
>(1- ) + .
|E(G)] E@G)| " 2r+ -1 (3 —r2—6r+4) |E(G)
-1
\U M|
With the assumption that |E(G)\ > ar_1, we conclude that
M;
'U | . . 2+ (-1 (r*—r—4) .
a1+ —-a_y)- 3 2 =0;.
|E(G)| 2r+(t—1) (3 — 12 —6r+4)
t
e
Since by definition, m{ = me?,l.iXM[ ;( o7+ We have

r r
m; > ag,

for any integer t >0 and fixed r>3. O
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3.1. Covering an r-graph with t perfect matchings

It is still unknown whether m{ =1 for any r > 3 and t > 2r — 1. The best known result for r =3 is given by Mazzuoccolo
which states that: if a cubic bridgeless graph G has fewer than L%J edges, then there is a covering of G by t perfect

matchings. Now we will generalize his result and provide an upper bound for the size of an r-graph G so that G can be
covered by t perfect matchings by using Theorem 3.

r3—r2—6r+4

Theorem 4. Let G be an r-graph and t be a positive integer. If |[E(G)| < % <m

matchings.

¢
) , then G can be covered by t perfect

Proof. As mentioned earlier, the special case r =3 in Theorem 4 was proved in [7]. Therefore in the proof it is enough

for us to consider the case r > 4 and t > 2. Fix r > 4. Note that if |[E(G)| - m{ > |E(G)| — 1, then there exists a covering
of G by t perfect matchings. In other words, if |[E(G)| < % then we have a covering of E(G) by t perfect matchings.

T
—mj

. .. 3_,2_ t
By Theorem 3, we know that mi > af, that is L_> _1_ Soitis enough to show that L (M) < -1 or

1-m[ = 1-daf* Vi \r3—225r18) = 1-a’
t
equivalently af > 11—/t (r:;_zrrzz—_’éﬁ) for each t > 2. We prove by induction on t. For the base case, when t = 2,

4= r+1 + 1 1 r+1
27242 ' r r24+r—2

_2r+3

Trr+2)’

Now we want to show that the following inequality holds for all r > 4:
2
2r+3 r® —2r2 —5r+8
>1-V2(————— ) . 5

rr+2) — <r3—r2—6r+4 (%)

First note that a}, > 0, for all r >4 and one can easily check that inequality (5) holds for 4 <r <6. Let f(r):=1—

2
3 2
r°—=2r-—5r+8
‘/i<7§IFiI§IZ> - Then

27 (13 — 22 — 57+ 8) (r* — 2r3 — 512 4 28)
(r3 =12 —6r+4)°

It is easy to see that f’(r) <0 for all r > 6. Therefore f(r) is decreasing and f(7) < 0. Hence we conclude inequality (5)
holds for all r >4 and so the result follows for t = 2.

t
Now suppose t >3 and @} > 1 — «/E(f;jf%éﬁ) for each r > 4. We will show that

fln=-

3 2 t+1
- —— (17 —2r°—=5r+38
e H_1<r3—r2—6r—i-4

For the left hand side, we have

. 24t(r*—r—4) a1 24t(r*—r—4)
a = . — .
Tt (B —r2—6r+4) 2r +t(r3 —12 —6r +4)

Applying the induction hypothesis gives,
24+t(rP—r—4
Qpy1 = ( )
2r+t(r3 —r2 —6r+4)

3 2 t 2
—2r°—5r+38 24+t(rc—r—4
l‘ﬂ<M> 1o 2t )
r3—r2—6r+4 2r+t(r3 —r2 —6r+4)
1 \/E<r3—2r2—5r+8>t 2r—2+t(r3—2r2—5r+8)_D
- r3—r2—6r+4 r+t(r3—r2—6r+4)

Now we are done if we can show that

3 2 t+1

r>—2r-—>5r+8

D>1—-Vt+1| ——7F7—7——— ,
- + <r3—r2—6r+4)
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or simply
2r—24t(* —2r* =5r+8) r>—2r2—5r+8 1
<=5 14 =, (6)
2r+t(r3 —r2 — 6r +4) P —r2—6r+4 t

For the left hand side of (6) we have

2r—2+t(r3—2r2—5r+8)<2r+r(r3—2r2—5r+8)
2r+t(r3—r2—6r+4) —  t(r3—r2—6r+4)

2r 3 —2rt—5r4+8
t(r3—r2—6r+4) T et 4

For the right hand side of (6), we have

,/1+]—1+] 1+1 > +
t 2t 82 163 128t

from the binomial expansion, which leads to

1/1+]>1+l !
t 2t 8t2°

Hence the right hand side of inequality (6) has the following lower bound:
r? —2r* —5r+8 1_r*—2r>—5r+38 11
—_ 1+ |1+ = — —|.
r3—r2—6r+4 t ~ rP—r2—6r+4 2t 82

So for the inequality (6), it is enough to show that

2r +r3—2r2—5r+8<r3—2r2—5r+8 11
(3 —r2—6r+4) P-r2—6r+4 ~ B —r2—6r+4 2t 82)"

which can be simplified to

16t <r?—2r 5—}—8
4 -1 r

r2=3r41 )t

One can easily check that the last inequality holds for any r > 4 and t > 2. Therefore we proved af > 1 — Jt (r2_2r_1

for each t > 2 and we are done. O

Theorem 4 gives an upper bound, in terms of t, for the number of edges of an r-graph G so that G can be covered by
t perfect matchings. Here we want to note a trivial upper bound for t such that any r-graph G has a covering by t perfect
matching.

Seymour, in [10], generalized the well-known Petersen Theorem, which states that every cubic bridgeless graph (3-
graph) has a perfect matching, to r-graphs. Therefore we know that every r-graph G has at least one perfect matching,
and according to the Tutte’s Theorem, every edge of an r-graph G is contained in at least one perfect matching. Since
|E(G)| = % trivially there is a family of % perfect matchings of G (not necessarily distinct) that covers E(G). That is
m'y (G) =1, for any r > 3.

2

Now we turn our attention to r-graphs where r > Wgﬂ We know now by Theorem 4 if

nr 1 (B3 —r2—6r+4\"
1 (rorobrid) (7)
2 Jt\r?—-2r2—-5r+8
then G can be covered by t perfect matchings.
Taking the log of both sides in (7) gives

log(n) + log(r) — log(2) < tlog [ 1+ ror-4
_ - _rer=4
& & & ¢ r3—2r2—5r+8

_1[ t
)- Lok

which yield

log(n) + log(r) — log(2) + 3 log(t)

(8)
r2—r—4
log (1 + m)
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2,
Here we note that f(r) :=log (1 + %) —1/r > 0. Indeed

r> +4rt —29r3 + 14r? 4 68r — 32
<
(r*=2r2—5r+8) (13 —r2 —6r + 4)
for all r > 3. Moreover f(3)=0.3598 > 0, and rlim f(r)y=o.
— 00
Therefore if

’

f/(r)=—r2

logn + logr — log2 + %t
t> 1 ,

T

then G can be covered by t perfect matchings. Since n < 2r by assumption and t < % taking

t =[3rlogr]
gives m{(G) = 1.

Corollary 3.1. Let G be an r-graph of order n < 2r. Then m{(G) =1 when t = [3rlogr].

4. A new conjecture

In this section we will give a natural generalization of Conjecture 1.3 for any r > 3, and using that we generalize the
results given in [8] by Patel. We further present a new conjecture that may help in the proof of Generalized Fulkerson
Conjecture.

First we define

; t@r—t—1)
=,
2r(2r—1)

for any r > 3 and t > 0. Note that 1[3 =m{(P), where P is the Petersen Graph.

Remark 2. We note that an r-graph G satisfies m{(G) = t/ for any fixed t with 1 <t < 2r — 1 if G contains 2r perfect matchings
My, ..., My, having the following properties; IM; N\ M| =1 for each i # j and for each e € E(G) there is a unique pair of perfect
matchings M; and M so that e € M; N M ;.

Conjecture 4.1.m; > 7/ for 1 <t < 2r — 1, specifically, m}, _, =1.

The property explained in Remark 2 clearly holds for the Petersen graph. However there is no r-graph known satisfying
that property for r > 3 as far as we know to this date. If one can find such an r-graph G among all r-graphs, then 7/ =
m{(G) > m{. Hence Conjecture 4.1 implies m{ =t/ and the following theorem still holds. Now we show that Conjecture 1.5
implies Conjecture 4.1.

Theorem 5. Generalized Fulkerson Conjecture (GFC) implies Conjecture 4.1.

Proof. It suffices to show that for any r-graph G and each 1 <t <2r —1, m;(G) > t/. Fix 1 <t < 2r — 1. Given GFC holds
for G, we can find a set of 2r perfect matchings, M = {Mj, ..., My}, such that each edge of G is contained in exactly two
elements in M.

Let S; be a set of t elements chosen uniformly and randomly from [2r]. Fix e € E(G). Since GFC holds for G, there exists
two perfect matchings, say My and My, in M that contains e. Then

P(e e UMi) =P(aeS;torbeS;)
ieSt

=1—-P@¢Scandb ¢ S;)
(2r72)
=1-1t

()

— T
=1/

Further we have the expectation,

EQUMib= ) PeelJM)=IEQ) 1.

ieSt ecE(G) ieSt
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Therefore, there exists some t-element subset of [2r], say S}, satisfying
U Mil = [E©)]- 7.
ieSf

Hence m;(G) > t/. O
Now we will give a conjecture that is stronger than Conjecture 4.1.

Conjecture 4.2. Let G be an r-graph. For each t € {1, ...2r — 1}, G has t perfect matchings, M1, ..., M, satisfying:

1. no edge of G is contained in more than two of the M;’s,
2. |Uizy Mi| > 1/ - |E(G)|, and
3. forevery odd cut C of G, if |C| = k then ZL] IMiNC|<2(k—r1)+t.

We will show later that GFC implies Conjecture 4.2, but let us first present the reason why Conjecture 4.2 could be
useful for proving Conjecture 4.1.

Theorem 6. If Conjecture 4.2 holds for a given t € {2, ...2r — 2}, then Conjecture 4.1 holds for t 4+ 1. If Conjecture 4.2 holds for
t =2r — 1, then GFC holds.

Proof. Let G be an r-graph. Suppose G has t perfect matchings, M1, ..., M; satisfying Conjecture 4.2 for t € {2...,2r —2}.
Then set

0 if eisinexactly twoof M1, ... M;;
we(e) = ﬁ if eisinexactly one of My, ... M;;

% if eisnotinanyof My, ... M;.
Now we will check w;(e) is a fractional perfect matching for any t € {2, ...2r — 2} by checking the three condition given
in the definition of fractional perfect matching.

i. Since 2 <t <2r—2, clearly 0 < w¢(e) < 1.
ii. For any v € V(G), let ap, a; and a; denote the number of edges of d(v) that are covered by no, exactly one and exactly
2 perfect matchings respectively. Note that

d+a+am=r 9
Also since [M;Na(v)|=1 for all 1 <i <t, we have
a;+2a; =t (10)

Taking 52 times (relation (9)) — 5 times (relation (10)) gives

1
ap +

W) = 2r—t 2r—t

(11:1.

So this condition is satisfied.
iii. Let X C V(G) be an odd cardinality set with |d(X)| = k. Since G is an r-graph, it follows that k > r. Let by, b1 and b,
denote the number of edges of 9(X) that are covered by no, exactly one and exactly 2 perfect matchings respectively.
Note that

bo + b1 + by =k, (11)
and by Conjecture 4.2 we have
by +2by <2(k—1) +t. (12)

Taking % times (relation (11)) — ﬁ times (relation (12)) gives

1
bo +

we@(X) = 2r—t 2r—t

by >1,

10
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as we wanted and third condition is also satisfied. Hence w;(e) is a fractional perfect matching. By Lemma 1, there exists a

t
(U My)*
perfect matching, say M;, 1, such that c -y Me+1 > c. w(e). Setting c = x i=! yields

t t
N — oy U ME M, Uiy M __ 2 )
|Mt+l\HMl>|—x et = D M we) = o |E<G>\le,|.
Therefore

t+1 t

t
UMl =Ml + IMesa \ [ Mil
i=1 i=1 i=1

t ) t
> [UMil+ o —  [E@\ UMl
i=1 i=1

t
2r—t—2 2
ST M+ =2 L |EGG
— |!_1l 1+ 5 [E)]
S A2 G+ —2— - E©)
= 2r—t t 2r—t

_(2r—t—2 t(4r—t—1)+ 2 ) (E©)]
T 2r—t 2rer—1)  2r—t

=741 [E(G)

Thus G satisfies Conjecture 4.1 for 2 <t < 2r — 1. Note that when t =2r — 1, then GFC holds. O
Theorem 7. The GFC implies Conjecture 4.2.

Proof. Let G be an r-graph satisfying GFC, that is G has 2r perfect matchings, My, ..., My with each edge of G are in
exactly two of them. Clearly, for each t € {2,...,2r — 1}, any t-subset of {Mj,..., My} satisfy the first condition of the
Conjecture 4.2.

t
Um
By the Theorem 5, we know that GFC implies m{ > t/. Since m{ = ingma)ivl El(cn where the infimum taken over all
Tyeees t

r-graphs, we have
t
o E@G) <mf - [EG)| < || Ml
i=1
So the second condition of Conjecture 4.2 is also satisfied.

For the third condition, first note that for any perfect matching M and any odd cut C then |C N M| > 1. Let |C| =k. Since
¥ |C N M;| =2k, then for S C [2r] with |S| =t, we have

D IMiNC| =2k =" |M;NC]|

ies i¢s
<2k —|[2r]\ S|
=2k — Q2r—t)
=2(k—r)+¢

as required. O
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