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Abstract. In this work, we study the deep signature algorithms for path-dependent options. We extend the
backward scheme in [Huré-Pham-Warin. Mathematics of Computation 89, no. 324 (2020)] for
state-dependent FBSDEs with reflections to path-dependent FBSDEs with reflections, by adding
the signature layer to the backward scheme. Our algorithm applies to both European and American
type option pricing problems while the payoff function depends on the whole paths of the underlying
forward stock process. We prove the convergence analysis of our numerical algorithm with explicit
dependence on the truncation order of the signature and the neural network approximation errors.
Numerical examples for the algorithm are provided including: Amerasian option under the Black-
Scholes model, American option with a path-dependent geometric mean payoff function, and the
Shiryaev’s optimal stopping problem.
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1. Introduction. The recent development of deep learning and neural networks in optimal
stopping [9, 12, 14, 26, 27, 32, 40], optimal control [48], and optimal switching [11] promote the
developments and application of forward backward stochastic differential equations (FBSDEs)
in various financial and economic fields. The idea of combining BSDEs and deep learning is
first introduced in [29]. There are several works further advance such an idea for coupled
FBSDEs [30], path-dependent FBSDEs [22], which all relies on the forward Euler scheme of
the backward process. On the other hand, the backward scheme of the backward process was
recently studied in [47, 34], which is then further developed to solve optimal stopping [9, 10],
and optimal switching [11] problems.

In the current work, we focus on solving path-dependent European and American option
pricing problems by using FBSDEs with/without reflection and adding a signature layer. In
particular, our algorithm can be used to solve optimal stopping problems in the backward
schemes in a path-dependent setting. The path-dependent American option pricing problems
have been studied in [19, 3] using diffusion operator integral methods, [39] by using Wiener
chaos expansion, [31] by deriving analytical formulas, [7] using forward shooting grid, to list a
few. More precisely, the signature layer and the LSTM neural networks have been used in path-
dependent FBSDE algorithm [22] and backward PDE algorithm [45] for European options.
In the current backward setting, we need to modify the signature layer input, as the LSTM
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structure does not fit into the backward scheme for American options. Furthermore, we reduce
the regularity assumption for the coefficients of the BSDE, which improves the signature layer
idea introduced in [22]. We do not need to apply Taylor expansion to apply the signature
approximation, which makes our algorithm applicable for more general terminal payoff func-
tion and the generator of the BSDE. In particular, we provide the convergence/error analysis
regarding the truncation order of the signature layer in our algorithm, which is not known in
[22, 45]. Indeed, the error analysis is new in the literature for path-dependent American option
pricing and optimal stopping problems. The idea of applying signature has been used in [9]
to study randomized stopping time associated with the signature, which is not in the FBSDE
framework and is not suitable for American type path-dependent payoff function. A different
path-dependent scenario is recently studied in [32], where they consider non-Markovian stock
price and state dependent option payoffs. Some truly path-dependent American/Bermudan
type option problems, which can not be transformed into state-dependent problems, are re-
cently investigated in [39] with moving average of the stock price, and [12] with delays. Both
of the examples are only investigated in one dimension. In particular, the delay problem
investigated in [12, 13] deals with large time horizon and does not have convergence analysis.
The high dimension examples are carried out in [40, 14] for only state-dependent options. We
investigate both scenarios in the current work in a more general setting, which are in line
with our error analysis. We focus on solving path-dependent American type option pricing
problems (i.e., optimal stopping problems) by using signature layers, which naturally solve
the difficulty from the path-dependent feature. Comparing to these related works on path-
dependent American type options and optimal stopping problems, we are able to compute
examples in relatively high dimension and provide the error analysis at the same time. As
direct application of our algorithm, it is reasonable to further apply our backward signature
scheme together with obliquely reflected BSDEs to solve path-dependent optimal switching
problems in the energy markets [17, 11, 15] and other related fields. This will be studied in
future works.

The paper is organized as below. In Section 2, we introduce the preliminary and the main
algorithm. In Section 3, we show the convergence analysis for the path-dependent backward
deep signature FBSDE algorithm with and without reflection. Under the additional smooth-
ness assumption of the vector fields for the forward SDE, we show the error analysis due to
the truncation order of the signature process. In Section 4, we focus on numerical exam-
ples involving path-dependent American type options: American type Asian option pricing
problems, American option with a path-dependent geometric mean payoff function, and the
Shiryaev’s optimal stopping problem.

2. Main algorithm. In this paper we study backward numerical algorithms for the fol-
lowing path-dependent decoupled FBSDE, for any 0 ≤ t ≤ T ,

(2.1)

{
Xt = x+

∫ t
0 b(s,Xs)ds+

∫ t
0 σ(s,Xs)dWs,

Yt = g(X·∧T ) +
∫ T
t f(s,X·∧s, Ys, Zs)ds−

∫ T
t ZsdWs, YT = g(X·∧T ),
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and the following path-dependent decoupled FBSDE with reflections,

(2.2)


Xt = x+

∫ t
0 b(s,Xs)ds+

∫ t
0 σ(s,Xs)dWs,

Yt = g(X·∧T ) +
∫ T
t f(s,X·∧s, Ys, Zs)ds−

∫ T
t ZsdWs +KT −Kt, YT = g(X·∧T ),

Yt ≥ g(t,X·∧t), 0 ≤ t ≤ T,

where K is an adapted non-decreasing process satisfying∫ T

0
(Yt − g(t,X·∧t))dKt = 0,(2.3)

and W is a d1-dimensional Brownian motion on a complete filtered probability space (Ω,F ,F,
P), with natural filtration F = (Ft)0≤t≤T . Throughout this paper, we denote X·∧t as the
whole path of X on [0, t], for t ∈ [0, T ]. The path-dependent FBSDE could be used to
solve path-dependent European option pricing, which has been studied in a forward Euler
scheme with signature layer in [22]. In the current paper, we apply the signature layer in
the backward Euler scheme and provide explicit error regarding the truncation order of the
signature process. The reflected FBSDE (2.2) is motivated by optimal stopping and American
option pricing problems (e.g., [41, 20]). The state-dependent and mean field version of (2.2)
have been studied in [42, 38, 33] and the references therein. Following the idea from [34] for
state-dependent reflected FBSDEs, we propose the following backward scheme in the current
path-dependent setting. Firstly, we consider the following Euler scheme for the forward process
Xt,

Xn
ti+1

= Xn
ti + b(ti, X

n
ti)∆ti + σ(ti, X

n
ti)∆Wti ,(2.4)

for i = 0, 1, · · · , n − 1, ∆ti = ti+1 − ti = T/n and X0 = x0. We then apply the following
signature layer to the discrete sequential points {Xn

ti}
n
i=0. For a more comprehensive review

of signature in the rough paths theory, we refer interesting readers to [37, 23, 24].

Definition 2.1 (Signature). For a bounded variation path xt ∈ Rd, for t ∈ [0, T ], the sig-
nature of enhanced path (t, xt)t∈[0,T ] is defined as the iterated integrals of (t, x)t∈[0,T ]. More

precisely, for a word J = (j1, · · · , jk) ∈ {1, · · · , d}k with size |J | = k, we denote πm as the
truncation of the signature up to degree m as below. For x0

t = t,we have

(2.5) πm(Sig(x)t) =
(

1,

d∑
j=0

∫ t

0
dxjt1 , · · · ,

∑
|J |=m

∫
0<t1<···<tm<t

dxj1t1 · · · dx
jm
tm

)
.

Definition 2.2. Consider a discrete d-dimensional time series (xti)
n
i=1 over time interval

[0, T ]. A signature layer of degree m is a mapping from R(d+1)×n to Rd̂, which computes
Sigm(x)ti as an output for any (t, x), where Sigm(x)ti is the truncated signature of (t, x) over
time interval [0, ti] of degree m as follows:

Sigm(x)ti = πm(Sig(x)[0,ti]),(2.6)

where i ∈ {1, ..., n} and d̂ is the dimension of the truncated signature.
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Following the above definition, we denote ñ = n/k as the number of segments (i.e. sig-
nature layers) for the sequence {Xn

ti}
n
i=0 and denote k ∈ N+ as the number of data points in

each segment. That said, we have ui = T/n ∗ i ∗ k for i = 1, · · · , ñ. We then define

Xn
ui+1

= Xn
ui + b(ui, X

n
ui)∆ui + σ(ui, X

n
ui)∆Wui ,(2.7)

for i = 0, 1, · · · , ñ− 1. We then consider the linear interpolation of the sequence {Xn
ti}

n
i=0 as

the continuous paths input for generating the signature. We are now ready to introduce the
following backward scheme,

Uθ,Sig
m

ui+1
= F ñ,Sig

m

(ui, X
n
·∧ui ,U

θ,Sigm

ui ,Zθ,Sig
m

ui ,∆ui,∆Wui),

where

F ñ,Sig
m

(ui, X
n
·∧ui ,U

θ,Sigm

ui ,Zθ,Sig
m

ui ,∆ui,∆Wui)

:= Uθ,Sig
m

ui − f(ui, X
n
·∧ui ,U

θ,Sigm

ui ,Zθ,Sig
m

ui )∆ui + Zθ,Sig
m

ui ∆Wui ,

and we denote

Uθ,Sig
m

ui := Rθ(Sigm(Xn)ui ; ξ), Zθ,Sig
m

ui := Rθ(Sigm(Xn)ui ; η).(2.8)

Here, for θ = (ξ, η), we fix the neural network Rθ at each time step ui, for i = 0, · · · , ñ − 1,
with input dimension d̂ for the truncated signature Sigm(Xn)ui , and output dimension d̃ = 1
for Uui and d̃ = d1 for Zui . In particular, we denote ξ (resp. η) as the parameter for Uui
(resp. Zui), which are assumed to be independent. The backward scheme for path-dependent
FBSDE (2.1) is defined as:
(2.9)

Step 1 : Initialization: Ûuñ = g(X·∧T );

Step 2 : For i = ñ− 1, · · · , 0, given Ûui+1 , compute the minimizer of the loss function
Lui(θ) := E

∣∣∣Ûui+1(Xn
·∧ui+1

)− F ñ,Sigm(ui, X
n
·∧ui ,U

θ,Sigm
ui ,Zθ,Sig

m

ui ,∆ui,∆Wui)
∣∣∣2,

θ∗ ∈ arg minθ Lui(θ).

Update: Ûui = Uθ
∗,Sigm
ui , and set Ẑui = Zθ

∗,Sigm
ui .

And the backward scheme for path-dependent FBSDE with reflection (2.2) is defined as:
(2.10)

Step 1 : Initialization : Ûuñ = g(X·∧T );

Step 2 : For i = ñ− 1, · · · , 0, given Ûui+1 , compute the minimizer of the loss function
L̂ui(θ) := E

∣∣∣Ûui+1(Xn
·∧ui+1

)− F ñ,Sigm(ui, X
n
·∧ui ,U

θ,Sigm
ui ,Zθ,Sig

m

ui ,∆ui,∆Wui)
∣∣∣2,

θ∗ ∈ arg minθ L̂ui(θ).

Update : Ûui = max[Uθ
∗,Sigm
ui , g(ui, X·∧ui)], and set Ẑui = Zθ

∗,Sigm
ui .

3. Convergence Analysis. Throughout this section, we keep the following assumption.

Assumption 3.1. Let the following assumptions be in force.
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• b ∈ C(R+×Rd;Rd), σ ∈ C(R+×Rd;Rd×d1), f ∈ C(R+×C(R+;Rd)×R×Rd1 ;R), g ∈
C(R+×C(R+;Rd);R) are Lipschitz continuous functions with Lipschitz constant L in
all variables; b(·, 0), σ(·, 0), f(·, 0, 0, 0) and g(·, 0) are bounded.
• b and σ are smooth with all their derivatives bounded.
• The terminal function g satisfies a linear growth condition.

In this section, we show the convergence analysis for Algorithm (2.9) and Algorithm (2.10).
We first prove the convergence analysis for the deep signature backward scheme associated
with the FBSDE without reflection (2.1). In particular, we show the explicit dependence of
the truncation order of the signature process in the convergence analysis, which is given in
the following key lemma.

Lemma 3.2. Under Assumption 3.1. For any 2 ≤ m ∈ N+, ∆t = T/n, and ñ = n/k as
the number of segments for the signature process, we have

E
[
‖Sig(X̃n)T − Sigm(X̃n)T ‖2

]
≤ CT,d1,b,σ(k∆t)m+1ñ,

where we denote X̃n as the continuous interpolation of Xn in (2.4). The constant C depends
on T , d1, and the bound of b, σ together with all their derivatives up to order m.

Proof. Step 1 (tail estimates): Denote (Xn
i )ni=1 as the discrete approximation from

Euler scheme with step size ∆t = T/n, and X̃n as the continuous interpolation of Xn. We
consider the following SDE for (X̃n

t )t∈[0,T ],

X̃n
t = X0 +

∫ t

0
b(bs/∆tc∆t, X̃n

bs/∆tc∆t)ds+

∫ t

0
σ(bs/∆tc∆t, X̃n

bs/∆tc∆t)dWs,(3.1)

where we have X̃n
t = X̃n

i∆t = Xn
i , for t = i∆t, i = 1, · · · , n. The solution X̃n has the following

tail probability for general SDEs, (see e.g. [1][Appendix 2] for the Brownian motion case, and
a stronger estimates in [5][Proposition 2.10]) for general fractional Brownian motion case),

P( sup
t∈[0,T ]

|X̃n
t − x0| ≥ ξ) ≤ exp(−cξ

2

t
).(3.2)

Step 2 (tail estimates for the remainder term of signature): The truncated signature
Sigm(X̃n)t of the path (X̃n

s )s∈[0,t] with t ∈ [0, T ] at order m satisfies the following SDE,

dSigm(X̃n)t =
d∑
i=1

Vi(Sigm(X̃n)t)◦dX̃i,n
t ,(3.3)

and

X̃i,n
t =

∫ t

0
bi(bs/∆tc∆t, X̃n

bs/∆tc∆t)ds+

∫ t

0

d1∑
j=1

σij(bs/∆tc∆t, X̃n
bs/∆tc∆t)dW

j
s ,(3.4)

where the vector fields Vi form a horizontal basis of the Carnot group of depth m and the
explicit forms of Vi, i = 1, · · · , d are given in [23][Proposition 7.8 & Remark 7.9]. Note that,
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(3.3) is usually taken as a Stratonovich SDE (see e.g. [6] for truncated signature of fBm)
in the rough path sense. In the current Itô SDE setting, there is an equivalent form (see
e.g. [4][Remark 1.4]), we will simply take (3.3) in the Stratonovitch form. This is based on
the following equivalent formulation. There exits b̃ and σ̃, such that, by using the first order
projection π1(Sigm(X̃)t), we have

bi(bs/∆tc∆t, X̃n
bs/∆tc∆t) = b̃i ◦ π1(Sigm(X̃)t),

σij(bs/∆tc∆t, X̃n
bs/∆tc∆t) = σ̃ij ◦ π1(Sigm(X̃)t).

With some abuse of notation, we use ◦ as the composition of two functions in the above
definition. Combining (3.3), (3.4) with the above notation, for B0

t = t, we have

dSigm(X̃n)t =

d1∑
j=0

Uj(Sigm(X̃n)t) ◦ dW j
t ,(3.5)

where we have U i0(Sigm(X̃n)t) = Vi(Sigm(X̃n)t) · b̃i ◦ π1((Sigm(X̃n)t)) and U ij(Sigm(X̃n)t) =

Vi(Sigm(X̃n)t) · σ̃ij ◦ π1((Sigm(X̃n)t)) for i = 1, · · · , d and j = 1, · · · , d1. Following the Chen-
Strichartz formula in [4, 16, 6] for our SDE (3.3), we have

Sigm(X̃)t = exp
( ∑
I,l(I)≤m

ΛI(X̃
n)tVI

)
,(3.6)

where we denote I ∈ {1, · · · , d}k as a word, and VI = [Vi1 , [Vi2 , · · · , [Vik−1
, Vik ] · · · ] as the

iterated Lie bracket. We refer the explicit definition of the exponential map and the explicit
formula of ΛI(X̃

n)t to [4][Theorem 1.1] and [16][Theorem 2.1]. Indeed, following the Taylor
expansion [1] and Castell estimates [16] for the following SDE associated with the signature
process Sig(X̃n)t,

dSig(X̃n)t =

d∑
i=1

Vi(Sig(X̃n)t) ◦ dX̃n
t ,(3.7)

we have the following expansion,

Sig(X̃n)t = exp
( ∑
I,l(I)≤m

ΛI(X̃
n)tVI

)
+ t

m+1
2 Rm+1(t)

= Sigm(X̃n)t + t
m+1

2 Rm+1(t),

and there exists a random time ζ, some constants α, c > 0, for every ξ ≥ 1, such that

P( sup
t∈[0,τ ]

‖t
m+1

2 Rm+1(t)‖ ≥ ξτ
m+1

2 ; τ < ζ) ≤ exp(−cξ
α

τ
).(3.8)

The above estimates (3.8) follows from the tail estimates for SDE (3.2). The proof follows
from [1, 16] for SDE driven by Brownian motion, see also [21][Theorem 3.3 and Remark 3.5
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with H = 1/2]. The random time ζ is the exit time of ΛI,|I|≤m(X̃n)t in a compact domain

K. We pick the compact domain K large enough, such that ΛI,|I|≤m(X̃n)t stays inside K for
t ∈ [0, T ].
Step 3 ( remainder estimate on small interval [0, S]): Following Step 2, assuming
t ∈ [0, S] with small S < T , and K large enough with T ≤ ζ, there exist constants c, α > 0,
such that

P( sup
t∈[0,S]

‖Sig(X̃n)t − Sigm(X̃n)t‖ ≥ ξS
m+1

2 ) ≤ exp(−cξ
α

S
).(3.9)

Namely, we have

P(‖Sig(X̃n)S − Sigm(X̃n)S‖2 ≥ ξ2Sm+1) = P(‖Sig(X̃n)S − Sigm(X̃n)S‖ ≥ ξS
m+1

2 ) ≤ exp(−cξ
α

S
).

Denote Y = ‖Sig(X̃n)S − Sigm(X̃n)S‖2, we have

E[‖Sig(X̃n)S − Sigm(X̃n)S‖2] =E[Y ]

=

∫ ∞
0

P(Y > y)dy

(change of variable: y = ξSm+1) =Sm+1

∫ ∞
0

P(Y ≥ ξSm+1)dξ

≤Sm+1

∫ ∞
0

exp(−cξ
α

S
)dξ

≤CSm+1.

(3.10)

Step 4 (Chen’s relation ): Denote the time interval as [0, T ] = [0 = u0, u1]∪ [u1, u2]∪ · · · ∪
[uñ−1, uñ = T ]. By using the Chen’s relation [23][Theorem 7.11] , we have

Sig(X̃n)T = Sig(X̃n)[0,u1] ⊗ Sig(X̃n)[u1,u2] · · · Sig(X̃n)[uñ−1,uñ],

which holds true for Sigm(X̃n)T as well. We then have the following interpolation,

E
[∥∥∥Sig(X̃n)[0,u1] ⊗ Sig(X̃n)[u1,u2] · · · Sig(X̃n)[uñ−1,T ]

− Sigm(X̃n)[0,u1] ⊗ Sigm(X̃n)[u1,u2] · · · Sigm(X̃n)[uñ−1,T ]

∥∥∥2]
=E
[∥∥∥ ñ−1∑

k=0

(
⊗kj=0 Sig(X̃n)[uj ,uj+1] ⊗ñ−1

j̃=k+1
Sigm(X̃n)[uj̃ ,uj̃+1]

−⊗k−1
j=0 Sig(X̃n)[uj ,uj+1] ⊗i−1

j̃=k
Sigm(X̃n)[uj̃ ,uj̃+1]

)∥∥∥2]
≤E
[ ñ−1∑
k=0

‖Sig(X̃n)[uk,uk+1] − Sigm(X̃n)uk,uk+1
‖2‖Sig(X̃n)[0,T ]‖2

]
≤C(

T

ñ
)m+1 ∗ ñ = C(k∆t)m+1 ∗ ñ,
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where the last inequality follows from Cauchy-Schwarz inequality together with applying the

estimates in (3.10) for each E
[
‖Sig(X̃n)[uk,uk+1] − Sigm(X̃n)uk,uk+1

‖4
]

and the constant C

depends on the upper bound of E[‖Sig(X̃n)[0,T ]‖4]. Based on the equivalent formulation (3.5),

the dynamics of Sig(X̃n)t follows similar SDE driven by Brownian motion with vector fields
Ui, i = 0, 1, · · · , d1. Following [4][Proposition 1.3 & Remark 1.9], we have E[Sig(X̃n)t] =
exp(tU0 + 1

2 t
∑d1

i=1 U
2
j ). Similar to (3.6), the signature Sig(X̃n)t also has an exponential

representation. Given that X̃n and Λ(X̃n)t stays inside a compact set, there exists an upper
bound C depends on the time T , the dimension d1, and the uniform upper bound of the vector
fields Ui together with their derivatives up to order m. The proof is thus completed.

Next, we introduce the following error term εZ as the L2-regularity of Z,

εZ =: E[
ñ−1∑
i=0

∫ ui+1

ui

|Zt − Z̄ui |dt], with Z̄ui :=
1

∆ui
Eui [

∫ ui+1

ui

Ztdt],

which means that εZ = O(k∆t) if g is Lipschitz (see e.g. [49]). Furthermore, we introduce
the following error between a continuous function and its neural network approximation at
each time step ui, for i = 0, 1 · · · , ñ− 1.

Lemma 3.3. For any continuous function vui ∈ C(C([0, ui];Rd);R) with input Xn
·∧ui and its

neural network approximation Uui(Sigm(Xn)ui ; ξ) with input Sigm(Xn)ui and neural network
parameter ξ, we define the approximation error as below,

(3.11) ε̃N ,vui := inf
ξ
E|vui(Xn

·∧ui)− Uui(Sigm(Xn)ui ; ξ)|2.

We then have the following bound of the error,

ε̃N ,vui ≤ ε
N ,v
ui + εN ,v,Sig,mui ,(3.12)

where εN ,vui denotes the error introduced from the neural network at time ui, and εN ,v,Sig,mui

denotes the error from the truncation of the signature at order m.

Proof. We apply the following interpolation inequality for the right hand side of (3.11),

E|vui(Xn
·∧ui)− Uui(πm(Sigm(Xn)ui ; ξ)|2(3.13)

≤ E|vui(Xn
·∧ui)− L(Sig(Xn)ui)|2 · · · · · · I

+E|L(Sig(Xn)ui)− L(Sigm(Xn)ui)|2 · · · · · · J
+E|L(Sigm(Xn)ui)− U(Sigm(Xn)ui ; ξ)|2 · · · · · · K,

where we denote L as a linear functional for vui . According to the universal nonlinearity
proposition [e.g., [2], see also [35] Proposition A.6], for continuous function vui , and continuous

paths X·∧ui , for any εN ,v,1ui > 0, there exists a linear functional L depending on a compact set
K (i.e. a compact subset of the space of all geometric p-rough paths defined on [0, T ], see e.g.
[36][Lemma 3.4]), such that

I = E|vui(Xn
·∧ui)− L(Sig(Xn)ui)|2 ≤ εN ,v,1ui .
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Since L is a linear functional, applying the remainder term estimates for the signature of the
path (e.g. continuous interpolation) generated by {Xn

u1 , · · · , X
n
uñ
}, we have

J = E|L(Sig(Xn)ui)− L(Sigm(Xn)ui)|2 ≤ CT,d1,b,σ(k∆t)m+1i := εN ,v,Sig,mui ,

for i = 1, · · · , ñ, where the error comes from Lemma 3.2 on [u0, ui]. In particular, we denote
CT,d1,b,σ as the uniform upper bound for the linear functional L among all the time step ui
based on the compact set K. Next, applying the universality property [25], for the linear
functional L, for any εN ,v,2ui > 0, there exists a neural network U , such that

K = E|L(Sigm(Xn)ui)− U(Sigm(Xn)ui ; ξ)|2 ≤ εN ,v,2ui .

Combining the above estimates, for a fixed neural network at time ui, we conclude that

ε̃N ,vui ≤ ε
N ,v,1
ui + εN ,v,2ui + εN ,v,Sig

m

ui ≤ εN ,vui + εN ,v,Sig,mui ,

where we denote

εN ,vui := εN ,v,1ui + εN ,v,2ui .

Theorem 3.4. Under Assumption 3.1, for Algorithm (2.9) and FBSDE (2.1), there exists
a constant C depending on T and Lipschitz constant L, such that,

max
1≤i≤ñ−1

E[|Yui − Ûui |] +
ñ−1∑
i=0

E[

∫ ui+1

ui

|Zt − Ẑui |2dt]

≤CE|g(X·∧T )− g(Xn
·∧T )|2 + Ck∆t+ CεZ + εSig,m + C

ñ−1∑
i=0

(ñεN ,vui + εN ,zui ).

(3.14)

Here εN ,vui and εN ,zui denote the errors at each time step ui as defined in Lemma 3.3, and
εSig,m denotes the accumulated error from the truncation of the signature at order m, with
εSig,m ≤ CT,d1,b,σñ4(k∆t)m+1 and k∆t = T/ñ.

Remark 3.5. We refer to [46] for the error analysis introduced from the neural networks
in the above theorem.

Proof. Following [34, Theorem 4.1] for the state-dependent backward implicit scheme, we
consider the backward scheme in the current path-dependent setting as below,

Yui = Eui [Yui+1 ] + Eui
[∫ ui+1

ui

f(t,X·∧t, Yt, Zt)dt

]
.

Furthermore, we could define the implicit scheme, with k∆ti = ∆ui = ui+1 − ui and ∆Wui =
Wui+1 −Wui ,

V̂ui = Eui [Ûui+1(Sigm(Xn)ui+1)] + f(ui, X
n
·∧ui , V̂ui , Ẑui)k∆t,

Ẑui =
1

k∆t
Eui [Ûui+1(Sigm(Xn)ui+1)∆Wui ].
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We investigate the convergence analysis for the following quantity,

max
i=0,1,··· ,ñ

E|Yui − Ûui(Sigm(Xn)ui)|2 + E
[ ñ−1∑
i=0

∫ ui+1

ui

|Zt − Ẑui(Sigm(Xn)ui)|2dt
]
,

where Ûui(Sigm(Xn)ui) = Uui(Sigm(Xn)ui ; θ
∗
U ) and Ẑ(Sigm(Xn)ui) = Z(Sigm(Xn)ui ; θ

∗
Z).

Due to the Markovian property of the discretized forward process Xn
ti , there exists deter-

ministic continuous functions vui , zui : C([0, T ],Rd)→ R such that,

V̂ui = vui(X
n
·∧ui), Ẑui = zui(X

n
·∧ui).(3.15)

By the martingale representation theorem, there exists an Rd-valued square integrable process
Ẑt, such that

Ûui+1(Sigm(Xn)ui+1) :=
˜̂Uui+1(Xn

·∧ui+1
)

=V̂ui − f(ui, X
n
·∧ui , V̂ui , Ẑui)∆ui +

∫ ui+1

ui

ẐTdWs,
(3.16)

and we have,

Ẑui =
1

k∆t
Eui [

∫ ui+1

ui

Ẑsds], for i = 1, · · · , ñ.

According to the implicit scheme above, we have

Yui − V̂ui =Eui [Yui+1 − Ûui+1(Sigm(Xn)ui+1)]

+ Eui [
∫ ui+1

ui

f(t,X·∧t, Yt, Zt)− f(ui, X
n
·∧ui , V̂ui , Ẑ

n

ui)dt].
(3.17)

By using the Young inequality, Cauchy-Schwartz inequality, and Assumption 3.1, we get

E|Yui − V̂ui |2 ≤ (1 + γ∆ui)E
∣∣∣[Yui+1 − Ûui+1(Sigm(Xn)ui+1)]

∣∣∣2 +
4L2(1 + γ∆ui)

γ

×
{

( sup
t∈[ui,ui+1]

E|X·∧t −Xn
·∧ui |

2)2 + 2∆uiE|Yui − V̂ui |2 + E[

∫ ui+1

ui

|Zt − Ẑui |2dt]
}
.(3.18)

Here the parameter γ is a constant to be chosen later. Following [44] [Theorem 9.6.2], for
some nonnegative function c(∆ui) with lim∆ui↓0 c(∆ui) = 0, we obtain

sup
t∈[ui,ui+1]

E|X·∧t −Xn
·∧ui |

2 ≤ C(∆ui + c(∆ui)).(3.19)

The estimate of (supt∈[ui,ui+1] E|X·∧t − Xn
·∧ui |

2)2 is the first difference here compared to the

state-dependent FBSDE setting. For ∆ui small enough, choosing γ = 8dL2, following Step 1
in the proof of [34][Theorem 4.1] for the backward implicit Euler scheme,

E|Yui − V̂ui |2 ≤ (1 + C|∆ui|)E
∣∣∣[Yui+1 − Ûui+1(Sigm(Xn)ui+1)]

∣∣∣2 + C(∆ui + c(∆ui))
2

+CE[

∫ ui+1

ui

|Zt − Ẑui |2dt] + C|∆ui|E[

∫ ui+1

ui

|f(t,Xt, Yt, Zt)|2dt].(3.20)
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Applying the Young inequality, i.e. (a+ b)2 ≥ (1− |∆ui|)a2 + (1− 1
|∆ui )b

2 ≥ (1− |∆ui|)a2 −
1
|∆ui|b

2, we have

E|Yui − V̂ui |2 =E|Yui − Ûui(Sigm(Xn)ui) + Ûui(Sigm(Xn)ui)− V̂ui |2

≥(1− |∆ui|)E|Yui − Ûui(Sigm(Xn)ui)|2 −
1

|∆ui|
E|Ûui(Sigm(Xn)ui)− V̂ui |2.

Plugging estimate (3.21) into estimate (3.20), for |∆ui| = k∆t small enough, we have

E|Yui − Ûui(Sigm(Xn)ui)|2

≤(1 + Ck∆t)E|Yui+1 − Ûui+1(Sigm(Xn)ui+1)|2 + C(k∆t+ c(k∆t))2

+ CE[

∫ ui+1

ui

|Zt − Z̄ui |2dt] + Ck∆tE[

∫ ui+1

ui

|f(t,Xt, Yt, Zt)|2dt]

+ CñE|V̂ui − Ûui(Sigm(Xn)ui)|2.

Applying the Gronwall’s inequality, and using the error εZ for the L2-regularity of Z and the
fact E[

∫ T
0 f(t,X·∧t, Yt, Zt)

2dt] <∞, and recalling the fact Yuñ = g(X·∧T ), and Ûuñ(Sigm(Xn)T ) =
g(X·∧T ), we have

max
i=0,1,··· ,ñ−1

E|Yui − Ûui(Sigm(Xn)ui)|

≤ CE|g(X·∧T )− g(Xn
·∧T )|2 + Ck∆t+ CεZ + Cñ

ñ−1∑
i=0

E|V̂ui − Ûui(Sigm(Xn)∧ui)|2,
(3.21)

where we use the estimate C((k∆t) + c(k∆t))2 < Ck∆t when k∆t is small enough. Now, we
are left to estimate Cñ

∑ñ−1
i=0 E|V̂ui − Ûui(Xn

·∧ui)|
2, which is the main difference compared to

Step 3 and Step 4 in [34][Theorem 4.1]. Following (3.15), we first define the following errors
at each time step ui, for i = 1, · · · , ñ.

ε̃N ,vui := inf
ξ
E|vui(Xn

·∧ui)− Uui(Sigm(Xn)ui ; ξ)|2;

ε̃N ,zui := inf
η
E|zui(Xn

·∧ui)−Zui(Sigm(Xn)ui ; η)|2.
(3.22)

We then decompose the error in (2.9) as Lui(θ) := L̃ui + E[
∫ ui+1

ui
|Ẑt − Ẑ|2dt] for θ = (ξ, η),

where we define

L̃ui(θ) :=∆uiE|Ẑui −Zui(Sigm(Xn)ui ; η)|2

+ E
∣∣∣V̂ui − Uui(Sigm(Xn)ui ; ξ) +

[
f(ui, X·∧ui ,Uui(Sigm(Xn)ui),Zui(Sigm(Xn)ui))

− f(ui, X·∧ui , V̂ui , Ẑui)
]
∆ui

∣∣∣2.
In the following, we show that the errors defined above are indeed small at each time ui. We
first observe that,

L̃ui(θ) ≤ (1 + C∆ui)E|V̂ui − Uui(Sigm(Xn)ui ; ξ)|2

+ C∆uiE|Ẑui −Zui(Sigm(Xn)ui ; η)|2.
(3.23)
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Furthermore, applying the Young inequality: (a + b)2 ≥ (1 − γ∆ui)a
2 + (1 − 1

γ∆ui
)b2 ≥

(1− γ∆ui)a
2 − 1

γ∆ui
b2, we have

L̃ui(θ) ≥ ∆uiE|Ẑui −Zui(Sigm(Xn)ui ; η)|2 + (1− γ∆ui)E|V̂ui − Uui(Sigm(Xn)ui ; ξ)|2

− 2∆uiL
2

γ

(
E|V̂ui − Uui(Sigm(Xn)ui ; ξ)|2 + ∆uiE|Ẑui −Zui(Sigm(Xn)ui ; η)|2

)
.

Let γ = 4L2, we get

L̃ui(θ) ≥ (1− C∆ui)E|V̂ui − Uui(Sigm(Xn)ui ; ξ)|2 +
∆ui

2
E|Ẑui −Zui(Sigm(Xn)ui ; η)|2.

Combining with (3.23), we observe that

(1− C∆ui)E|V̂ui − Uui(Sigm(Xn)ui ; ξ)|2 +
∆ui

2
E|Ẑui −Zui(Sigm(Xn)ui ; η)|2 ≤ L̃ui(θ∗)

≤L̃ui(θ) ≤ (1 + C∆ui)E|V̂ui − Uui(Sigm(Xn)ui ; ξ)|2︸ ︷︷ ︸
I

+C∆ui E|Ẑui −Zui(Sigm(Xn)ui ; η)|2︸ ︷︷ ︸
J

.

Applying Lemma 3.3 for the errors defined in (3.22) or equivalently the terms I and J
above, we conclude that

ε̃N ,vui ≤ ε
N ,v,1
ui + εN ,v,2ui + εN ,v,Sig

m

ui ≤ εN ,vui + εN ,v,Sig,mui ,(3.24)

where we denote

εN ,vui := εN ,v,1ui + εN ,v,2ui .(3.25)

Similarly, we obtain the same estimates for ε̃N ,zui according to Lemma 3.11, namely,

ε̃N ,zui ≤ ε
N ,z,1
ui + εN ,z,2ui + εN ,z,Sig

m

ui ≤ εN ,zui + εN ,z,Sig,mui .(3.26)

In particular, for each fixed ui, we apply Lemma 3.2 to get the upper bounds of εN ,v,Sig,mui and
εN ,z,Sig,mui . From now on, we will refer to

εN ,vui , εN ,zui , εN ,v,Sig,mui , εN ,z,Sig,mui ,(3.27)

as the error for (3.22) from neural network and the signature layer. For ∆ui small enough,
we end up with

E|V̂ui − Uui(Sigm(Xn)ui ; ξ)|2 + ∆uiE|Ẑui −Zui(Sigm(Xn)ui ; η)|2(3.28)

≤ C(εN ,vui + εN ,v,Sig,mui + ∆ui(ε
N ,z
ui + εN ,z,Sig,mui )).

Applying the error defined in (3.22) and (3.27) to (3.21), we have

max
i=0,1,··· ,ñ−1

E|Yui − Ûui(Sigm(X)ui)|

≤ CE|g(X·∧T )− g(Xn
·∧T )|2 + Ck∆t+ CεZ

+ Cñ

ñ−1∑
i=0

(ñ(εN ,vui + εN ,v,Sig,mui ) + εN ,zui + εN ,z,Sig,mui )

≤ CE|g(X·∧T )− g(Xn
·∧T )|2 + Ck∆t+ CεZ + εSig,m + Cñ

ñ−1∑
i=0

(ñεN ,vui + εN ,zui ),
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where we denote εSig,m as the total accumulated error from the signature truncation, and it
has the following upper bound according to Lemma 3.2,

εSig,m = Cñ
ñ−1∑
i=0

(ñεN ,v,Sig,mui + εN ,z,Sig,mui ) ≤ CT,d1,b,σ(k∆t)m+1ñ4.(3.29)

The estimates for E[
∫ ui+1

ui
|Zt − Ẑui |2dt] follows from the following observation,

E[

∫ ui+1

ui

|Zt − Ẑui |2dt] ≤ 2E[

∫ ui+1

ui

|Zt − Ẑui |2dt] + 2∆uiE|Ẑui − Ẑui(Sigm(X)ui)|2

=: J1 + J2.

(3.30)

The estimate of J2 follows from error (3.22), the estimate of J1 is similar to Step 5 in
[34][Theorem 4.1] by using our neural network error defined in (3.22),

ñ−1∑
i=0

E[

∫ ui+1

ui

|Zt − Ẑui |2dt] ≤ CE|g(X·∧T )− g(Xn
·∧T )|2 + Ck∆t+ CεZ + εSig,m

+ C
ñ−1∑
i=0

(ñεN ,vui + εN ,zui ).

(3.31)

Combining the above two estimate, we complete the proof.

3.1. Convergence Analysis: reflected FBSDE. We are now ready to present the conver-
gence analysis for Algorithm 2.10, which produces the following scheme,

(3.32)


Ṽui = Eui [Ûui+1(Sigm(Xn)ui+1)] + f(ui, X

n
·∧ui , Ṽui , Z̃ui)∆ui,

Z̃ui = 1
k∆tEui [Ûui+1(Sigm(Xn)ui+1)∆Wui ],

V̂ui := max[Ṽui , g(ui, X
n
·∧ui)]

Similar to Lemma 3.11, and (3.22), (3.24), (3.26), we consider the error below,

ε̃N ,ṽui := inf
ξ
E|ṽui(Xn

·∧ui)− Uui(Sigm(Xn)ui ; ξ)|2 = εN ,ṽui + εN ,ṽ,Sig,mui ;

ε̃N ,z̃ui := inf
η
E|z̃ui(Xn

·∧ui)−Zui(Sigm(Xn)ui ; η)|2 = εN ,z̃ui + εN ,z̃,Sig,mui ,
(3.33)

which could be bounded as shown in (3.22).

Theorem 3.6. Let Assumption 3.1 hold. For Algorithm (2.10) and reflected FBSDE (2.2),
there exists a constant C > 0 depending on T and Lipschitz constant L, such that,

max
0≤i≤ñ−1

E[|Yui − Ûui(Sigm(Xn)ui)|] +

ñ−1∑
i=0

E[

∫ ui+1

ui

|Zt − Ẑui(Sigm(Xn)ui)|2dt]

≤C(k∆t+

ñ−1∑
i=0

(ñεN ,ṽui + εN ,z̃ui )) + εSig,m.

(3.34)
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Here εN ,ṽui and εN ,z̃ui denotes the error introduced in (3.33) at time ui from the neural network
approximation, and εSig,m denotes the accumulated error from the truncation of the signature
at order m, with εSig,m ≤ CT,d1,b,σñ4(k∆t)m+1 and k∆t = T/ñ.

Proof. We first introduce the discrete-time approximation of the path-dependent reflected
BSDE,

(3.35)


Y n
uñ

= g(Xn
·∧uñ),

Znui = 1
∆ui

Eui [Y n
ui+1

∆Wui ]

Ỹ n
ui = Eui [Y n

ui+1
] + f(ui, X·∧ui , Ỹ

n
ui , Z

n
ui)∆ui,

Y n
ui = max[Ỹ n

ui , g(X·∧ui)], i = 0, · · · , ñ− 1.

We first need the Euler scheme estimate for the path-dependent reflected BSDE. According
to the well-posedness for a general oblique reflected BSDE in [28][Section 2.2], in our current
situation, Yt is one-dimensional and the path-dependence of the generator f on X·∧t does
not affect the measurability assumption in [28][Section 2.2], the existence of the RBSDE
follows directly. The rate of convergence follows similar to the ones in [18], where they derive
the convergence for relaxed condition on the coefficient in the state-dependent case. The
dependence on the path of X will not introduce extra difficulty. To be more precise, adding
the path-dependence of the generator f and terminal condition g on (X·∧t)0≤t≤T , we can
update the discretized scheme in [28][equation (3.2)] (or [18][equation (1.5)] and [43]), as long
as f and g are Lipschitz continuous (Assumption (3.1)) for all the variables and X itself is
Markovian. Combining with the estimates in (3.19), we get the similar estimates as below,

max
i=0,··· ,ñ−1

E|Yui − Y n
ui |

2 = O(k∆t), E[

ñ−1∑
i=0

∫ ui+1

ui

|Zt − Znui |
2dt] = O(

√
k∆t).(3.36)

The rest of the proof follows closely to [34][Theorem 4.4] after the following adjustment,

Ûui(Sigm(Xn)ui) = max[U(Sigm(Xn)ui , ξ
∗), g(ui, X·∧ui)].(3.37)

First, we observe that

Ỹ n
ui − Ṽui = Eui [Y

n
ui+1
− Ûui+1(Sigm(Xn)ui+1)] + ∆ui(f(ui, X·∧ui , Ỹ

n
ui , Z

n
ui)− f(ui, X

n
·∧ui , Ṽui , Z̃

n

ui)),

for i = 0, 1 · · · , ñ− 1. Similar to (3.18), we further get

E|Ỹ n
ui − Ṽui |

2 ≤(1 + γ∆ui)E|Eui [Y n
ui+1
− Ûui+1(Sigm(Xn)ui+1)]|2

+ 2
L2

γ
(1 + γ∆ui)[∆uiE|Ỹ n

ui − Ṽui |
2 + ∆uiE|Znui − Z̃ui |

2].
(3.38)

Notice that (3.32) and (3.35) share the same X·∧ui dependence for f , we get the following
similar estimates as in [34][Theorem 4.4],

∆uiE|Znui − Z̃ui |
2 ≤ 2d

[
E|Y n

ui+1
− Ûui+1(Sigm(Xn)ui+1)|2

− E|Eui [Y n
ui+1
− Ûui+1(Sigm(Xn)ui+1)]|2

]
.

(3.39)
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Let γ = 4dL2, for ∆ui small enough, we get

E|Ỹ n
ui − Ṽui |

2 ≤ (1 + Ck∆t)E|Y n
ui+1
− Ûui+1(Sigm(Xn)ui+1)|2.

Following the steps for deriving the estimates in (3.21), we have

E|Ỹ n
ui − Uui(Sigm(Xn)ui ; ξ)|2 ≤(1 + Ck∆t)E|Y n

ui+1
− Ûui+1(Sigm(Xn)ui+1)|2

+ CñE|Ṽui − Uui(Sigm(Xn)ui ; ξ)|2.
(3.40)

Similar to (3.15) and (3.16), applying the Martingale representation theorem for Ûui+1(Sigm(Xn)ui+1),

there exists an Rd-valued square integrable process Z̃ such that

(3.41) Ûui+1(Sigm(Xn)ui+1) = Ṽui − f(ui, X
n
·∧ui , Ṽui , Z̃ui)∆ui +

∫ ui+1

ui

Z̃T
t dWt.

Following (3.23) in the previous case, in order to estimate the second term on the right hand

side of (3.40), we denote L̂ui = L̃ui + E[
∫ ui+1

ui
|Z̃t − Z̃ui |2dt], and

L̃ui(θ) := ∆uiE|Z̃ui −Zui(Sigm(Xn)ui ; η)|2 + E
∣∣∣Ṽui − Uui(Sigm(Xn)ui ; ξ)

+[f(ui, X
n
·∧ui ,Uui(Sigm(Xn)ui ; ξ),Zui(Sigm(Xn)ui ; η))− f(ui, X

n
·∧ui , Ṽui , Z̃ui)]∆ui

∣∣∣2.
Following the steps in (3.23), (3.13), (3.28) and applying the new error in (3.33), recalling
the fact Û(Sigm(Xn))ui = max[U(Sigm(Xn)ui ; ξ

∗); g(Xn
·∧ui , ui)], Y

n
ui = max[Ỹ n

ui ; g(X·∧ui , ui)],
together with (3.40) and |max(a, c)−max(b, c)| ≤ |a− b|, we have

E|Y n
ui − Ûui(Sigm(Xn)ui)|2 ≤ (1 + Ck∆t)E|Y n

ui+1
− Ûui+1(Sigm(Xn)ui+1)‖2

+ Cñ(εN ,ṽui + εN ,ṽ,Sig,mui + ∆ui(ε
N ,z̃
ui + εN ,z̃,Sig,mui )).

(3.42)

By induction and the estimate in (3.29), we conclude

max
i=0,··· ,ñ

E|Y n
ui − Ûui(Sigm(Xn)ui)|2 ≤ C

ñ−1∑
i=0

(ñεN ,ṽui + εN ,z̃ui ) + εSig,m.(3.43)

Combining (3.36) and (3.43), we finish the proof.

4. Numerical Example.

4.1. Amerasian Option. We consider the following Amerasian option under the Black-
Scholes model that involves d stocks X1, . . . , Xd. The risk neural dynamics are given by

dX i
t = rXi

tdt+ σiX
i
tdW

i
t , X

i
0 = xi0, i = 1, . . . , d,(4.1)

Here, r represents the risk-free rate, σi denotes the volatility, and W 1, . . . ,W d are independent
standard Brownian motions. The payoff of the basket Amerasian call option at a strike price
of K is defined as follows, where (wi)i=1,...,d represents a vector of weights:

g(X·∧T ) =

(
d∑
i=1

wi
T

∫ T

0
Xi
tdt−K

)+

.(4.2)



16 ERHAN BAYRAKTAR, QI FENG, ZHAOYU ZHANG

We have summarized the experimental results for Bermudan options in Table 1, with the
following parameters:

Xi
0 = 100, r = 5%, σi = 0.15, wi =

1

d
, T = 1,K = 100, ∀i ∈ {1, . . . , d}.

The European price is computed using Monte Carlo approximation to e−rTE[g(X·∧T )]. Recall
from Section 2, we defined n as the number of Euler scheme steps and ñ as the number of
segments for the signature layers, which corresponds to the number of exercise times in the
Bermudan approximation. Bermudan options are a type of American option that permits early
exercise, but only at predetermined dates. Using our method, we computed the Bermudan
price with ñ = 20 and n = 1000. In contrast, the method from [34] uses n = ñ = 20, and the
neural network takes all stock prices Xi

t and their integrals Ii(t) =
∫ t

0 X
i
sds for i = 1, . . . , d as

inputs. By introducing the extra variables Ii(t), for i = 1, · · · , d, we are able to transform the
path-dependent problem to a state-dependent problem and apply the algorithm in [34].

We utilize a fully connected feedforward network featuring five hidden layers, each con-
taining 16 neurons. The activation function for the hidden layers is tanh, while the output
layer uses the identity function. To optimize our model, we use Adam Optimizer, which is im-
plemented in TensorFlow, and utilize mini-batch with 100 trajectories for stochastic gradient
descent. 1

We can compare our findings to those in [19], which put forth a formula for the price
of the American option using a series expansion. However, this method cannot be used to
price multi-dimensional American options. When using the same parameters but increased
ñ to 2024, the American option price in [19] was 4.6643, with a 95% confidence interval of
([4.5506, 4.7780]). This result was slightly lower than the value of the European Asian option
price computed using the Monte Carlo method in Table 1. Our results, which align with
values from the Monte Carlo method of the European Asian option and the method in [34],
are shown in Table 1. Furthermore, our 95% confidence interval from a sample of 100 runs is
narrower, indicating greater stability in the price obtained from our method. Table (1) also
reports the running time for obtaining a single value, which shows that the computation time
is not exponential. Our algorithm is also approximately 4 times shorter than the method from
[34].

Our scheme can price high dimensional path-dependent American-type options. Ap-
plying the Jensen’s inequality for E[·] and plugging in the parameters, we observe that

E[e−rT (
∑d

i=1
1
dT

∫ T
0 Xi

tdt −K)+] ≥ (e−rTE[1
d

∑d
i=1

1
T

∫ T
0 Xi

tdt −K])+ = 100e−r(1
d

∑d
i=1

∫ 1
0 E[

e(r− 1
2
σ2
i )t+σiW

i
t ]dt − 1)+ = 2.42 for the European option price, which also provides a lower

bound for the American option. We can find an upper bound from the following observation:
For any stopping time τ ∈ [0, T ], applying Jensen’s inequality for the summation, we have
e−rτ (

∑d
i=1

1
dτ

∫ τ
0 X

i
tdt−K)+ ≤ e−rτ 1

d

∑d
i=1( 1

τ

∫ τ
0 X

i
tdt−K)+. After taking expectations and

maximizing over τ and using the fact that the stocks are identically distributed, we see that
d = 1 case provides an upper bound. Moreover, the value of the option is monotonically

1The code can be found in the following URL link: https://github.com/zhaoyu-zhang/sig american. The
desktop we used in this study is equipped with an i7-8700 CPU. For all the examples in this paper, we generated
10,000 paths for the forward processes with a mini-batch of 100 paths.

https://github.com/zhaoyu-zhang/sig_american
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decreasing with respect d, which can be seen again using Jensen’s inequality: for example, the
value for the option 2d dimensions can be bounded by the d dimensional counterpart using
e−rτ (

∑2d
i=1

1
τ(2d)

∫ τ
0 X

i
tdt−K)+ ≤ 1

2e
−rτ (

∑d
i=1

1
τd

∫ τ
0 X

i
tdt−K)+ + 1

2e
−rτ (

∑2d
i=d+1

1
τd

∫ τ
0 X

i
tdt−

K)+. Furthermore, since the option price is decreasing in d, we can take the limit in d first
and use the Law of Large Numbers and Merton’s no-early exercise theorem to conclude that
the option price, in fact, converges as d → ∞ to X0e

−rT (erT /r − 1/r − 1)+ = 2.42. Our
calculations in Table 1 are in line with these theoretical observations.

The limitation of our signature algorithm is due to the fact that the dimension of the
signature input grows exponentially in dimension. To reduce the limitation from the dimension
of the signature is interesting on its own, we leave this for future studies.

d Price CI Method Time

1 4.732 – European Price

4.963 [4.896, 5.03] Our Method 1631.85s
5.113 [5.009, 5.217] Method from [34] 5457.59s

5 3.078 – European Price

3.190 [3.115, 3.266] Our Method 1927.55s
3.335 [3.207, 3.462] Method from[34] 5887.68s

10 2.701 – European Price

2.914 [2.844, 2.983] Our Method 1947.64s
3.142 [2.975, 3.309] Method from [34] 7636.96s

20 2.51 – European Price

3.093 [3.017, 3.168] Our Method 2287.57s
3.095 [2.883, 3.308] Method from [34] 8887.61s

Table 1
Estimate of Bermudan option price (Y0) from the average over 100 independent runs, and 95% confidence

interval (CI) of Y0 are reported.

4.2. Bermudan Option with moving average. In this example, we study a truly path-
dependent Bermudan option, which has been studied in [40] for one dimensional stock with
moving average. We generalize this example to a more general and high dimensional truly
path-dependent Bermudan put option and its payoff with a strike price K is given by

g(X·∧T ) =

(
K −

d∑
i=1

wiIi

)+

,(4.3)

where Ii =
(∏ñ−1

j=0
1

tj+1−tj

∫ tj+1

tj
Xi
tdt
)1/ñ

, and tj = jT/ñ. Our experiments on Bermudan

options are summarized in Table 2, with the following parameters chosen:

Xi
0 = 1, r = 5%, σi = 0.15, wi =

1

d
, T = 1,K = 1, n = 1000, ∀i ∈ {1, . . . , d}.



18 ERHAN BAYRAKTAR, QI FENG, ZHAOYU ZHANG

d ñ Price CI Time d ñ Price CI Time

1 10 0.0277 [0.0275, 0.0283] 157.82s 10 10 0.0234 [0.0231, 0.0237] 348.41s

1 20 0.0291 [0.0272, 0.0311] 386.10s 10 20 0.0247 [0.0242, 0.0253] 852.41s

1 50 0.0367 [0.0339, 0.0395] 1391.24s 10 50 0.0265 [0.0258, 0.0271] 2779.21s

5 10 0.0258 [0.0252, 0.0264] 238.10s 20 10 0.0226 [0.0217, 0.0223] 653.64s

5 20 0.0273 [0.0266, 0.028] 484.42s 20 20 0.0233 [0.0228, 0.0237] 1444.27s

5 50 0.0289 [0.0277, 0.0301] 1907.22s 20 50 0.0247 [0.0239, 0.0255] 4736.77s
Table 2

Estimate of Bermudan option price (Y0) from the average over 100 independent runs, and 95% confidence
interval (CI) of Y0 are reported.

4.3. Shiryaev’s optimal stopping problem. In this section, we demonstrate the applica-
tion of our algorithm to solve Shiryaev’s optimal stopping problem [8].

vε = sup
τ∈T0,T

EW(τ−ε)+ ,(4.4)

where τ is a stopping time that takes values between ε and T , a fixed time horizon. Here,
(Wt)0≤t≤T represents Brownian motion, and ε ∈ [0, T ] is a constant delay parameter. We can
obtain the solution to this problem by using the following path-dependent reflected BSDE
(see [8][Proposition 1]):

Wt−ε ≤ Yt = WT−ε −
∫ T

t
ZsdWs + (KT −Kt), 0 ≤ t ≤ T,(4.5) ∫ T

0
(Yt −Wt−ε)dKt = 0.(4.6)

It is important to note that this is a path-dependent reflected BSDE, which cannot be
transformed into a state-dependent reflected BSDE. We apply our Algorithm (2.10) with
g(W·∧t) = Wt−ε. Both of the upper and lower bounds for the value v(ε) are established in [8].
When ε falls within the range of [0, T/2),√

2ε

π
< v(ε) ≤

√
2T

π
.

On the other hand, when ε falls within the range of [T/2, T ], the value of v(ε) can be determined

as 2(T−ε)
π . Using T = 1, Table 3 displays the results of numerical experiments. The upper

bound, which is
√

2/π = 0.798, remains constant. However, the lower bounds vary for different
values of ε, with values of 0.025, 0.08, and 0.252 for ε = 0.001, 0.01, and 0.1, respectively.
Our numerical results fall within the established bounds. Furthermore, as the number of
segmentation increases, the value of v(ε) also increases due to the presence of more exercise

dates. When ε lies within the range of [0.5, 1], the exact value is given by

√
2(T−ε)

π . For
example, when ε = 0.7, our result approaches the explicit solution of 0.437 as the number of
segmentation increases, as demonstrated in Figure 1.
Acknowledgment The authors would like to thank Xavier Warin for providing the code in
[34], and Huyên Pham for insightful discussions during his visit to U Michigan in April 2022.
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m = 5 m = 10 lower bound upper bound

ε ñ v(ε) v(ε)
√

2ε/π
√

2T/π

0.001 10 0.044 0.047 0.025 0.798

20 0.051 0.055 0.025 0.798

50 0.058 0.063 0.025 0.798

0.01 10 0.117 0.131 0.08 0.798

20 0.165 0.161 0.08 0.798

50 0.219 0.192 0.08 0.798

0.1 10 0.389 0.4 0.252 0.798

20 0.402 0.448 0.252 0.798

50 0.422 0.52 0.252 0.798
Table 3

Numerical Implementation of [8].
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