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Abstract
We study long-time dynamical behaviors of weakly self-consistent Vlasov–Fokker–
Planck equations. We introduce Hessian matrix conditions on mean-field kernel
functions, which characterizes the exponential convergence of solutions in L1 dis-
tances. The matrix condition is derived from the dissipation of a selected Lyapunov
functional, namely auxiliary Fisher information functional.We verify proposedmatrix
conditions in examples.

Keywords Auxiliary mean-field Fisher information functional · Information gamma
calculus · Mean-field information Hessian matrix

1 Introduction

Weakly self-consistent Vlasov–Poisson–Fokker–Planck equations (Bolley et al. 2010;
Guillin et al. 2021; Villani 2009) play essential roles in mathematical physics and
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probability with applications in modeling and machine learning sampling problems.
The equation describes the probability density’s evolution of particles, which interact
with each other from interaction energies while under white noise perturbations.

Consider a mean-field underdamped Langevin diffusion process

{
dxt = vtdt

dvt = −vtdt − (
∫
Td×Rd ∇xW (xt , y) f (t, y, ṽ)dṽdy + ∇xU (xt ))dt + √

2dBt ,

where (xt , vt ) ∈ T
d × R

d presents an identical particle’s position and velocity,
T
d is a d dimensional torus representing a position domain, and Bt is a standard

Brownian motion in R
d . Each identical particle interacts with each other through a

mean-field interaction potential W and a confinement potential U . We assume that
W ∈ C∞(Td × T

d) is a symmetric kernel function, that is, W (x, y) = W (y, x).
Denote f = f (t, x, v) as the probability density function of the stochastic process
(xt , vt ). The density function f follows a nonlinear Fokker–Planck equation:

∂t f + v · ∇x f −
(∫

Td×Rd
∇xW (x, y) f (t, y, ṽ)dṽdy + ∇xU (x)

)
· ∇v f

= ∇v · ( f v) + ∇v · (∇v f ). (1.1)

An equilibrium of Eq. (1.1) satisfies

f∞(x, v) = 1

Z
e− ‖v‖2

2 −∫
Td×Rd W (x,y) f∞(y,ṽ)dyd ṽ−U (x)

,

where Z = ∫
Td×Rd e

− ‖v‖2
2 −∫

Td×Rd W (x,y) f∞(y,ṽ)dyd ṽ−U (x)dxdv < +∞ is a normal-
ization constant. This is known as a nonlinear Gibbs distribution. We are interested in
studying long-time behaviors of density functions. How fast does function f converge
to f∞?

In this paper, we establish an exponential convergence result for the solution of (1.1)
in both functional free energy and L1 distances. Our method follows from a Lyapunov
method, where the Lyapunov functional is selected as auxiliary Fisher information
functionals. From the dissipation of Lyapunov functionals along with PDE (1.1), we
derive a matrix condition, which guarantees the exponential convergence decay result
in both functional free energy and L1 distances. Explicit examples are studied.

In the literature, various properties of the Vlasov–Fokker–Planck equation have
been studied, e.g., Bouchut (1993), Bouchut and Dolbeault (1995), Carrillo and Soler
(1995), Degond (1986), Esposito et al. (2010). The original Vlasov equation involves
the inverse of the Laplacian operator as the interaction kernel function. For sim-
plicity, we only focus on the weakly self-consistent kernel functions, where W is a
given smooth function. The existence of a smooth solution and the regularity prop-
erty have recently been studied in Cesbron and Herda (2023), see also the general
approach regarding the regularity properties in Villani (2009)[Appendix A.21]. The
convergence for particle systems with mean-field interactions has been studied in
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Guillin et al. (2019, 2021). And Guillin et al. (2021) proves the exponential conver-
gence in H1 norms; Bolley et al. (2010), Wang (2021) show exponential convergence
results in Wasserstein-2 type distances. In addition, Guillin et al. (2021) studies the
exponential contraction of the solution in the Wasserstein-1 distance for nonconvex
confinement potential energies. We remark that there are comparison studies and
discussions between H1 and L1 for the Fokker–Planck equations; see the detailed
argument in Markowich and Villani (2000). One important fact of the L1 norm is
that this ensures the density has finite mass in physics. In particular, the L1 dis-
tance is closely related to the Helmholtz free energy for physical systems through
the Csiszàr-Kullback inequality or the Pinsker inequality. Our convergence analysis
of the functional free energy is crucial for statistical physics-oriented equations, e.g.,
spatially homogeneous Fokker–Planck–Landau equation in plasma physics (Desvil-
lettes and Villani 2000), Fokker–Planck equation for granular media (Benedetto et al.
1998), etc. Furthermore, our methods are closely related to but technically different
from Villani’s hypocoercivity methods (Villani 2009). Villani’s methods estimate the
first-order dissipation, which prove the O(t−∞) decay for W (x, y) = W (x − y); see
[Villani (2009), Theorem 56]. Meanwhile, we estimate the second-order dissipation
and obtain a Hessian matrix condition of interaction kernel function W and potential
functionU to determine the exponential convergence result. As in Feng and Li (2023,
2021), we develop entropy dissipation methods (Arnold and Carlen 2000; Arnold and
Erb 2014; Arnold et al. 2000, 2001; Bakry and Émery 1985; Baudoin and Garofalo
2016; Calogero 2012; Carrillo et al. 2003; Chow et al. 2018; Li 2021) for Eq. (1.1). It
is worth mentioning that the convergence analysis of mean-field Langevin dynamics
and nonlinear Fokker–Planck equations are important in artificial intelligence (AI)
sampling problems (Carrillo et al. 2021; Garbuno-Inigo et al. 2020; Hu et al. 2019;
Kazeykina et al. 2020; Li et al. 2021). This is to design mean-field Markov–Chain–
Monte–Carlo (MCMC) sampling algorithms. The convergence analysis of f toward
f∞ plays a key role in AI theory. It helps in designing algorithmic reliable kinetic
sampling methods (Feng and Li 2021; Li et al. 2021; Ma et al. 2019) in Bayesian
inverse problems. In this direction, our result estimates the exponential decay rates
in both functional free energy and L1 distance for kinetic-type degenerate mean-field
stochastic processes. Our explicit condition for the potential function V and the inter-
action kernelW are more straightforward to verify in the applications than those using
the Logarithmic Sobolev-type inequalities as the assumption.

This paper is organized as follows. In Sect. 2, we present the main result of this
paper. In particular, we give the Hessian matrix conditions for (1.1), under which we
establish the global exponential convergence results in time in both the functional free
energy and the norm L1. In Sect. 3, we verify the proposed conditions in examples.
In Sects. 4 and 5, we provide the proofs of the main results.

2 Main Results

In this section, we present themain result of this paper.We first introduce the notions of
free energy, Fisher information, and an auxiliary functional, which are the Lyapunov
functionals in this paper.We next present the main theorem, which holds under a mean
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field information matrix condition. This is based on a Lyapunov method, under which
we derive an exponential Lyapunov constant for PDE (1.1). We last present examples.

2.1 Notations

We briefly introduce the analytical property for the solution of PDE (1.1). Assume that
W (x, y) = W (y, x) and W ∈ C2(Td × T

d). Denote f0 = f0(x, v) as a probability
density on � := T

d ×R
d , such that all moments of density function f0 are finite, that

is,
∫
�

‖v‖k f0(x, v)dxdv < +∞, for all k ∈ Z+. We assume that there exists a unique
smooth solution f = f (t, x, v) of Eq. (1.1). See details in Villani (2009).

We consider a Lyapunov functional for (1.1), which is often named free energy.
For convenience of presentation, denote a probability density space supported on
� = T

d × R
d .

P =
{
f ∈ L1(�) :

∫
�

f (x, v)dxdv = 1, f ≥ 0
}
.

Definition 2.1 (Free energy) Define a functional E : P → R as

E( f ) =
∫

�

f (x, v) log f (x, v)dxdv +
∫

�

1

2
‖v‖2 f (x, v)dxdv

+1

2

∫
�×�

W (x, y) f (x, v) f (y, ṽ)dxdvdydṽ +
∫

�

U (x) f (x, v)dxdv.

(2.1)

In this paper, we study the convergence behavior of (1.1) through functional E( f ). We
check that when f∞ is the minimizer of E , then

δ

δ f (x, v)
E( f )| f = f∞ = log f∞(x, v) + 1 + 1

2
‖v‖2

+
∫

�

W (x, y) f∞(y, ṽ)dydṽ +U (x) = C,

where δ
δ f is the L

2 first variation operator w.r.t. f , andC is a constant. In other words,

f∞(x, v) = 1

Z
e− ‖v‖2

2 −∫
� W (x,y) f∞(y,ṽ)dydṽ−U (x),

where Z = ∫
�
e− ‖v‖2

2 −∫
� W (x,y) f∞(y,ṽ)dydṽ−U (x)dxdv < +∞ is a normalization con-

stant. In the literature, we note that functional E( f ) is often named the free energy,
and f∞ is called a nonlinear Gibbs distribution (Carlen et al. 2003; Esposito et al.
2010).

In this paper, we mainly study the long-time dynamical behavior of f (t, x, v) for
general interaction kernel functionW and potential functionU . In particular, we shall
investigate that how fast does the Lyapunov functional E( f (t, ·)) converge to E( f∞).
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To study this convergence, we introduce some necessary notations and functionals.
Denote Id ∈ R

d×d as the identity matrix. Let

a =
(
0
Id

)
∈ R

2d×d , z =
(
z1Id
z2Id

)
∈ R

2d×d , (2.2)

where z1, z2 ∈ R are two given constants. Using above matrices, we define the fol-
lowing functionals to characterize the decay of Lyapunov functional E . Denote

δ

δ f (x, v)
E( f ) = log f (x, v) + 1 + 1

2
‖v‖2 +

∫
�

W (x, y) f (y, ṽ)dydṽ +U (x).

Definition 2.2 (Fisher information functionals) Define a functional DEa : P → R+
as

DEa( f ) :=
∫

�

〈∇x,v
δ

δ f (x, v)
E( f ), aaT∇x,v

δ

δ f (x, v)
E( f )〉 f (x, v)dxdv. (2.3)

Define an auxiliary functional DE z : P → R+ as

DE z( f ) :=
∫

�

〈∇x,v
δ

δ f (x, v)
E( f ), zzT∇x,v

δ

δ f (x, v)
E( f )〉 f (x, v)dxdv. (2.4)

It is known that DEa , named “Fisher information functional,” equals to the decay of
free energy E along with the solution of PDE (1.1). In other words,

d

dt
E( f (t, ·, ·)) = −DEa( f (t, ·, ·)) ≤ 0. (2.5)

This result is stated in Lemma 4.1. We note that functionalDEa itself cannot guar-
antee the L1 decay of the solution, due to the degeneracy of the subelliptic operator in
PDE (1.1). To overcome this degeneracy issue, we construct an additional functional
DE z . We call DE z the “auxiliary Fisher information functional.” Shortly, we demon-
strate that the designed auxiliary functional DE z is useful in establishing the decay
rate of the degenerate subelliptic operator in (1.1).

2.2 Main Result

We are ready to present the main result. We first provide a matrix eigenvalue assump-
tion.

Definition 2.3 (Mean-field information matrix) Define a symmetric matrix function
R ∈ R

4d×4d , such that

R(z, x, y) = 1

2

(
A(x, y) B(x, y)
B(x, y) A(y, x)

)
,
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where A, B ∈ R
2d×2d are defined below: Denote

V (x, y) = U (x) + W (x, y),

A(x, y) =
(

z1z2Id 1
2 [(1 + z1z2 + z22)Id − z21∇2

xx V (x, y)]
1
2 [(1 + z1z2 + z22)Id − z21∇2

xx V (x, y)] (1 + z22)Id − z1z2∇2
xx V (x, y)

)
,

A(y, x) =
(

z1z2Id 1
2 [(1 + z1z2 + z22)Id − z21∇2

yyV (y, x)]
1
2 [(1 + z1z2 + z22)Id − z21∇2

yyV (y, x)] (1 + z22)Id − z1z2∇2
yyV (y, x)

)
,

and

B(x, y) =
⎛
⎝ 0 − z21

2 ∇2
xyW (x, y)

− z21
2 ∇2

xyW (x, y) −z1z2∇2
xyW (x, y)

⎞
⎠ .

Assumption 2.1 (Mean-field information matrix condition) Assume that there exists
a constant λ > 0, such that

R(z, x, y) � λ

(
aaT + zzT 0

0 aaT + zzT

)
, (2.6)

where a, z are defined in (2.2), such that

aaT + zzT =
(

z21Id z1z2Id
z1z2Id (1 + z22)Id

)
.

Under the above matrix eigenvalue condition, we next prove the following main the-
orem.

Theorem 2.1 Suppose that Assumption 2.1 holds, and there exists a smooth solution
f (t, x, v) of (1.1). Then the following exponential convergence result is satisfied.

E( f (t, ·, ·)) − E( f∞) ≤ 1

2λ
e−2λt [DEa,z( f0) − DEa,z( f∞)], (2.7)

where

DEa,z( f ) := DEa( f ) + DE z( f ). (2.8)

Corollary 2.2 Suppose Assumption 2.1 holds, and there exists a smooth solution
f (t, x, v) of (1.1). Assume that there exists a sufficient small constant CW > 0,
such that

max
(x,y)∈Td×Td

|W (x, y)| ≤ CW . (2.9)
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Then the following L1 distance convergence holds.∫
�

| f (t, x, v) − f∞(x, v)|dxdv ≤ Ce−λt
√
DEa,z( f0) − DEa,z( f∞),

for some constant C > 0.

Remark 2.1 The functional E is also significant in physics. It is the Helmholtz free
energy. Thus, the convergence analysis of the kinetic Fokker–Planck equation in terms
of Helmholtz free energy is crucial for statistical physics-oriented equations. The
second law of thermodynamics shows that free energy dissipation equals the negative
Fisher information; see Lemma 4.1. The analysis in this paper further introduces
the convergence rate of the free energy. Regarding Lyapunov’s functions, there are
other choices, including H−1 distances. To our knowledge, they are not oriented for
analyzing the Helmholtz free energy. We refer interesting readers to Markowich and
Villani (2000) for the importance of L1 distances and free energy estimations.

2.3 Examples

We last present two concrete examples of L1 distance exponential convergence results
for different kernels W and potentials U in (1.1). We leave their proofs with detailed
conditions in Sect. 3.

Example 2.1 Assume W (x, y) = W (y, x), U (x) 
= 0. For z1 = 1 and z2 = 0.3,
assume

λId � ∇2
xx (U (x) + W (x, y)) � λId , 2λ − λ

2
> 0.08,

and for sufficiently small ε > 0,

‖∇2
x,yW (x, y)‖F = O(ε), max

(x,y)∈Td×Td
|W (x, y)| < 1,

where ‖ · ‖F is the matrix Frobenius norm. Then Assumption 2.1 is satisfied. Thus, the
exponential convergence results in (2.7) and (2.8) hold.

Example 2.2 Consider W (x, y) = W (y, x), U (x) 
= 0. Assume

⎧⎪⎪⎨
⎪⎪⎩

∇2
xyW (x, y) = Q−1

W Diag
(
λW
1 , · · · , λW

d

)
QW ,

∇2
xxW (x, y) = Q−1

W Diag
(̃
λW
1 , · · · , λ̃W

d

)
QW ,

λId � ∇2
xxU (x) � λId ,

where QW denotes the orthogonal matrix for the eigenvalue decomposition of ∇2W .
Let λ = λ = 0.9, z1 = 1, and z2 = 0.3. If the following condition holds,

−0.538 < λ̃W
i < 0.297, i = 1, . . . , d, max

(x,y)∈Td×Td
|W (x, y)| < 1,
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then for sufficiently small λW
i , Assumption 2.1 holds true. Thus, the exponential con-

vergence results in (2.7) and (2.8) hold. In particular, for d = 1, if λ̃W
i = −0.12, then

|λW
i | < 10−3 is enough to guarantee Assumption 2.1. If W (x, y) = W (x − y) and

λ̃W
i = −λW

i is small enough, Assumption 2.1 holds.

Remark 2.2 (Comparisons with Carrillo et al. (2003)) The mentioned paper studies a
matrix eigenvalue condition for gradient-drift Fokker–Planck equation. In example 2.2,
we work on a matrix eigenvalue condition for degenerate non-gradient-drift Fokker–
Planck equation.

Remark 2.3 (Comparisons with Guillin et al. (2021)) The paper in this remark estab-
lishes the exponential convergence results in weighted Sobolev space. Meanwhile, we
show the exponential convergence results in L1 distance.

Remark 2.4 The work of Villani (2009) analyzes the case for U ≡ 0 and W (x, y) =
W (x − y). We shall show that Assumption 2.1 does not hold for constant matrices a
and z. This implies that exponential decay does not hold in this example. In this sense,
our result does not improve the O(t−∞) convergence result in Villani (2009)[Theorem
56].

3 Verification of Assumptions in Examples

In this section, we verify Assumption 2.1 in two examples.

3.1 Proof of Example 2.1

Lemma 3.1 Assume that⎧⎨
⎩

∇2
xyW (x, y) = Q−1

W Diag
(
λW
1 , · · · , λW

d

)
QW ,

∇2
xxW (x, y) + ∇2

xxU (x) = Q−1
V Diag

(̃
λW
1 , · · · , λ̃W

d

)
QV ,

(3.1)

where QW and QV denote the orthogonal matrix for the eigenvalue decomposition of
∇2
xyW (x, y) and ∇2

xx (W (x, y) +U (x)) with Q−1
W = QT

W and Q−1
V = QT

V .

(1) If there exist positive constants z1, z2, λWxx > 0, such that

A(x, y) � λWxx I2d , and C1 < λWxx < C2, (3.2)

where A(x, y) is defined in Definition 2.3, and

C1 =

√√√√ z21z
2
2 + z41

2 +
√
z41z

4
2 + z61z

2
2

2
|λW

i |,

C2 = min
{
z1z2 − |1

2
[(1 + z1z2 + z22) − z21λ̃

W
i ]|,
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(1 + z22) − z1z2̃λ
W
i − |1

2
[(1 + z1z2 + z22) − z21λ̃

W
i ]|

}
,

i = 1, . . . , d,

then Assumption (2.1) holds.
(2) Suppose there exists constants λ ≥ λ > 0, such that for any (x, y) ∈ T

d × T
d ,

λId � ∇2
xxW (x, y) + ∇2

xxU (x) � λId ,

Assume that ∇2
xyW (x, y) = 0, z1 = 1, and there exist constant z2 ∈ (0, 1+√

5
2 )

and δ > 0, such that λ, λ satisfies the following conditions:

2λ − λ
2

> 1 − δ, [2(z2 − z22)]λ + 2z2 + 2z32 − z42 − 3z22 > δ, (3.3)

then Assumption 2.1 holds

Proof Case 1: According to Definition 2.3, we have

R(z, x, y) = 1

2

(
A(x, y) B(x, y)
B(x, y) A(y, x)

)

= 1

2

(
0 B(x, y)

B(x, y) 0

)
+ 1

2

(
A(x, y) 0

0 A(y, x)

)

= 1

2
(J̃1 + J̃2).

We want to get a positive lower bound for the spectrum of J̃2. Applying the Gersh-
gorin circle theorem. it is sufficient to require the following condition, for V (x, y) =
W (x, y) +U (x),

(
z1z2Id 1

2 [(1 + z1z2 + z22)Id − z21∇2
xx V (x, y)]

1
2 [(1 + z1z2 + z22)Id − z21∇2

xx V (x, y)] (1 + z22)Id − z1z2∇2
xx V (x, y)

)
−λWxx I2d � 0.

such that there exists constant λWxx > 0 satisfying

J̃2 � λWxx

(
I2d 0
0 I2d

)
.

According to the eigenvalue decomposition of ∇2
xxW (x, y) + ∇2

xxU (x), it is thus
sufficient to prove the following inequalities, for i = 1, . . . , d,

z1z2 − |1
2
[(1 + z1z2 + z22) − z21λ̃

W
i ]| ≥ λWxx ,

(1 + z22) − z1z2̃λ
W
i − |1

2
[(1 + z1z2 + z22) − z21λ̃

W
i ]| ≥ λWxx . (3.4)
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Given such a positive λWxx > 0, we analyze the first term J̃1, such that

(
0 B(x, y)

B(x, y) 0

)
+ λWxx

(
I2d 0
0 I2d

)
� 0. (3.5)

According to Schur complement for symmetric matrix function (see (Vandenberghe
and Boyd 2004)[Appendix A.5]), this is equivalent to the following condition:

{
λWxx > 0;
λ2Wxx

I2d − B2(x, y) � 0.
(3.6)

Recall

B(x, y) =
⎛
⎝ 0 − z21

2 ∇2
xyW (x, y)

− z21
2 ∇2

xyW (x, y) −z1z2∇2
xyW (x, y)

⎞
⎠

=
⎛
⎜⎝ 0 Q−1

W

[
Diag

{−z21
2 λW

i

}d
i=1

]
QW

Q−1
W

[
Diag

{−z21
2 λW

i

}d
i=1

]
QW Q−1

W

[
Diag

{
− z1z2λW

i

}d
i=1

]
QW

⎞
⎟⎠

=
(

0 B12
B21 B22

)
.

We have

λ2Wxx
I2d − B2(x, y) =

(
λ2Wxx

Id − B212 −B12B22
−B12B22 λ2Wxx

Id − B222 − B212

)
=

(
CW11 CW12
CW12 CW22

)
,

where we denote

CW11 = Q−1
W

[
Diag

{
λ2Wxx

− z41
4

(λW
i )2

}d
i=1

]
QW

CW12 = Q−1
W

[
Diag

{
− z1z2

z21
2

(λW
i )2

}d
i=1

]
QW

CW22 = Q−1
W

[
Diag

{
λ2Wxx

− (λW
i )2(z21z

2
2 + z41

4
)
}d
i=1

]
QW .

Applying Schur complement, it is equivalent to, for i = 1, . . . , d,

⎧⎨
⎩λ2Wx x

− (λW
i )2

z41
4 ≥ 0;

[λ2Wxx
− (λW

i )2(z21z
2
2 + z41

4 )][λ2Wxx
− z41

4 (λW
i )2] − z21z

2
2
z41
4 (λW

i )4 ≥ 0.
(3.7)
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This is equivalent to

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

λ2Wx x

(λW
i )2

− (z21z
2
2 + z41

4
) ≥ 0;

λ4Wxx

(λW
i )4

− (z21z
2
2 + z41

2
)

λ2Wxx

(λW
i )2

+ z81
16

≥ 0.

(3.8)

Solving the second inequality, we get

λ2Wxx

(λW
i )2

≥
z21z

2
2 + z41

2 +
√
z41z

4
2 + z61z

2
2

2
.

Notice that

z21z
2
2 + z41

2 +
√
z41z

4
2 + z61z

2
2

2
> (z21z

2
2 + z41

4
).

It is sufficient to prove the following inequality for (3.8):

λ2Wxx
≥

z21z
2
2 + z41

2 +
√
z41z

4
2 + z61z

2
2

2
(λW

i )2. (3.9)

Thus, for λWxx , λ
W
i > 0, i = 1, . . . , d, combining with (3.4), the matrixR is positive

definite, if the following condition holds:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

λWxx ≤ z1z2 − | 12 [(1 + z1z2 + z22) − z21λ̃
W
i ]|,

λWxx ≤ (1 + z22) − z1z2̃λW
i − | 12 [(1 + z1z2 + z22) − z21λ̃

W
i ]|,

λ2Wxx
≥

z21z
2
2 + z41

2 +
√
z41z

4
2 + z61z

2
2

2
(λW

i )2,

(3.10)

which is condition (3.2). The proof is completed.
Case 2: We apply the Schur complement for symmetric matrix function R. The fol-
lowing conditions are equivalent.

(1) R � 0 (R is positive definite).
(2) A(x, y) � 0, (I2d − A(x, y)A−1(x, y))B(x, y) = 0, A(y, x) − B(x, y)A−1(x, y)

sB(x, y) � 0.

According to our assumption ∇2
xyW = 0, thus B = 0. We only need to show that

A(x, y) in positive definite. Similar arguments then apply to A(y, x). Denote

A(x, y) =
(
A11 A12
A21 A22

)
,
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with

A11 = z1z2Id , A12 = A21 = 1

2
[(1 + z1z2 + z22)Id − z21∇2

xx V (x, y)], (3.11)

A22 = (1 + z22)Id − z1z2∇2
xx V (x, y). (3.12)

Applying the Schur complement for symmetric matrix A, it is equivalent to find z1,
z2 ∈ R

1, such that

z1z2 > 0, 1 + z22 − λz1z2 > 0,

and

A22 − A12A
−1
11 A21 � 0 ⇐⇒ z1z2A22 − A2

12 � 0.

By direct computation, it is equivalent to the following condition,

z1z2[(1 + z22)Id − z1z2∇2
xx V (x, y)] − 1

4
((1 + z1z2 + z22)Id − z21∇2

xx V (x, y))2 � 0.

By a direct computation, it is equivalent to the following inequality:

−z41(∇2
xx V )2 + [2(1 + z1z2 − z22)z

2
1]∇2

xx V

+[2z1z2 + 2z1z
3
2 − 1 − (z21 + 2)z22 − z42]Id > 0.

Based on the assumption of ∇2
xxW (x, y) + ∇2

xxU (x) = ∇2
xx V (x, y), we have

∇2
xx V (x, y) = Q−1

V Diag(̃λW
1 , · · · , λ̃W

d )QV .

In particular, we assume 0 < λ ≤ λ̃W
1 ≤ λ̃W

2 ≤ · · · ≤ λ̃W
d ≤ λ, where λ̃W

1 , · · · , λ̃W
d

are eigenvalues of matrix∇2
xxW (x, y)+∇2

xxU (x), and λ, λ are lower bound and upper
bound of these eigenvalues, respectively. Applying the lower and upper bound of the
eigenvalues, it is sufficient to prove the following conditions:

{
z1z2 > 0, (1 + z1z2 − z22) > 0;
−z41λ

2 + [2(1 + z1z2 − z22)z
2
1]λ + 2z1z2 + 2z1z32 − 1 − (z21 + 2)z22 − z42 > 0.

(3.13)

Let z1 = 1, then (3.3) implies (3.13). Let 1+ z2 − z22 > 0, for a small constant δ > 0,
there exists z2 > 0 such that [2(z2 − z22)]λ + 2z2 + 2z32 − z42 − 3z22 > δ, which
completes the proof for condition (1). ��
Proof of Example 2.1 Weprovide a simple proof of Example 2.1 by applyingCondition
(2) in Lemma 3.1. If λId � ∇2

xx (U (x) + W (x, y)) � λId , which satisfies the condi-
tion(2) in Lemma 3.1, then as long as ‖∇2

x,yW (x, y)‖F = O(ε) is small enough for
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ε > 0, matrix R remains positive definite. In particular, if we pick z1 = 1, z2 = 0.3,
δ = 0.02, this implies

2λ − λ
2

> 1 − δ, [2(z2 − z22)]λ + 2z2 + 2z32 − z42 − 3z22 > 0.02,

i.e., 2λ − λ
2

> 0.08, and 0.42λ + 0.3759 > 0.02. Hence, we require that 2λ − λ
2

>

0.08. ��

3.2 Proof of Example 2.2

Similar to the previous section, we apply Schur complement to derive the positive
definite condition for R. In particular, we rewrite matrix R in the following form,
where we separate the potential function U (·) and the interacting potential function
W (x, y).

Definition 3.1 (Reformulation of mean-field information matrix) Define a symmetric
matrix function R ∈ R

4d×4d , such that

R(z, x, y) = 1

2

(
A1(x, y) B(x, y)
B(x, y) A1(y, x)

)
+ 1

2

(
A2(x, y) 0

0 A2(y, x)

)
,

where A1, A2, and B ∈ R
2d×2d are defined below:

A1(x, y) =
(

0 − z21
2 ∇2

xxW (x, y)

− z21
2 ∇2

xxW (x, y) −z1z2∇2
xxW (x, y)

)
,

A1(y, x) =
⎛
⎝ 0 − z21

2 ∇2
yyW (y, x)

− z21
2 ∇2

yyW (y, x) −z1z2∇2
yyW (y, x)

⎞
⎠ ,

B(x, y) =
⎛
⎝ 0 − z21

2 ∇2
xyW (x, y)

− z21
2 ∇2

xyW (x, y) −z1z2∇2
xyW (x, y)

⎞
⎠ ,

and

A2(x, y) =
(

z1z2Id
1
2 [(1 + z1z2 + z22)Id − z21∇2

xxU (x)]
1
2 [(1 + z1z2 + z22)Id − z21∇2

xxU (x)] (1 + z22)Id − z1z2∇2
xxU (x)

)
,

A2(y, x) =
(

z1z2Id
1
2 [(1 + z1z2 + z22)Id − z21∇2

yyU (y)]
1
2 [(1 + z1z2 + z22)Id − z21∇2

yyU (y)] (1 + z22)Id − z1z2∇2
yyU (y)

)
.
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Lemma 3.2 Assume that⎧⎪⎪⎨
⎪⎪⎩

∇2
xyW (x, y) = Q−1

W Diag
(
λW
1 , · · · , λW

d

)
QW ,

∇2
xxW (x, y) = Q−1

W Diag
(̃
λW
1 , · · · , λ̃W

d

)
QW ,

λId � ∇2
xxU (x) � λId .

(3.14)

And there exists z1 > 0 and z2 > 0, such that

A2 � λU I2d ,

where we denote λU as the spectrum lower bound for A2 defined in Definition 3.1.
Then if λW

i sufficiently small, and

λ̃W
i ∈

(−2λU (z2 +
√
z21 + z22)

z31
,
2λU (

√
z21 + z22 − z2)

z31

)
, i = 1, . . . , d, (3.15)

then Assumption (2.1) holds.

Proof According to Definition 3.1, we have

R(z, x, y) = 1

2

(
A1(x, y) B(x, y)
B(x, y) A1(y, x)

)
+ 1

2

(
A2(x, y) 0

0 A2(y, x)

)

= 1

2
(J1 + J2).

According to condition (3.4) in the proof of Lemma 3.1, we find a sufficient condition
such that J2 is positive definite, i.e., there exists constant λU > 0, such that

J2 � λU

(
I2d 0
0 I2d

)
.

Next, we analyze the first termJ1, such thatJ1+J2 is positive definite, which implies
that J1 could be potentially non-positive definite. We shall show that(

A1(x, y) B(x, y)
B(x, y) A1(y, x)

)
+

(
λU I2d 0
0 λU I2d

)
� 0.

According to Schur complement, this is equivalent to the following condition:{
A1(x, y) + λU I2d � 0;
A1(y, x) + λU I2d − B(x, y)[A1(x, y) + λU I2d ]−1B(x, y) � 0.

(3.16)

Based on Assumption 3.14, the first condition is represented below:

λU

(
Id 0
0 Id

)
+ A1(y, x)
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=
⎛
⎜⎝ λU Id Q−1

W

[
Diag

{
− z21

2 λ̃W
i

}d
i=1

]
QW

Q−1
W

[
Diag

{
− z21

2 λ̃W
i

}d
i=1

]
QW Q−1

W

[
Diag

{
λU − z1z2̃λW

i

}d
i=1

]
QW

⎞
⎟⎠ � 0.

Thus, the first condition in (3.16) is equivalent to

λU (λU − z1z2̃λ
W
i ) − z41

4
(̃λW

i )2 > 0, for i = 1, . . . , d, (3.17)

which implies

λ̃W
i ∈

(−2λU (z2 +
√
z21 + z22)

z31
,
2λU (

√
z21 + z22 − z2)

z31

)
. (3.18)

Similarly, we have

B(x, y) =
⎛
⎜⎝ 0 Q−1

W

[
Diag

{
− z21

2 λW
i

}d
i=1

]
QW

Q−1
W

[
Diag

{
− z21

2 λW
i

}d
i=1

]
QW Q−1

W

[
Diag

{
− z1z2λW

i

}d
i=1

]
QW

⎞
⎟⎠

=
(

0 B12
B21 B22

)
.

Since each block of matrix A1(x, y) + λU I2d is diagonal, we have

[A1(x, y) + λU I2d ]−1 =
(
AW
11 AW

12
AW
21 AW

22

)
,

where we denote

Di = λU (λU − z1z2̃λ
W
i ) − z41

4
(̃λW

i )2, for i = 1, . . . , d,

and

AW
11 = Q−1

W

[
Diag

({ 1

Di
[λU − z1z2̃λ

W
i ]

}d
i=1

)]
QW

AW
12 = AW

21 = Q−1
W

[
Diag

({ z21λ̃W
i

2Di

}d
i=1

)]
QW

AW
22 = Q−1

W

[
Diag

({λU

Di

}d
i=1

)]
QW .

Using the above explicit representation, we obtain

A1(y, x) + λU I2d − B(x, y)[A(x, y) + λU I2d ]−1B(x, y)
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= A1(y, x) + λU I2d

−
(

B12A
W
22B21 B12A

W
21B12 + B12A

W
22B22

B21A
W
12B21 + B22A

W
22B21 B21A

W
11B12 + B22A

W
21B12 + B21A

W
12B22 + B22A

W
22B22

)

=
(
C̃11 C̃12
C̃21 C̃22

)
,

where we denote

C̃11 = Q−1
W

[
Diag

({
λU −

[ z41λU (λW
i )2

4Di

]}d
i=1

)]
QW ,

C̃12 = Q−1
W

[
Diag

({
− z21

2
λ̃W
i −

[ z31z2(λW
i )2λU

2Di
+ z61(λ

W
i )2̃λW

i

8Di

]}d
i=1

)]
QW ,

C̃22 = Q−1
W

[
Diag

({
λU − z1z2̃λ

W
i −

[ z41(λW
i )2(λU − z1z2̃λW

i )

4Di

+ z51z2(λ
W
i )2̃λW

i

2Di
+ λU (z1z2)2(λW

i )2

Di

]}d
i=1

)]
QW .

Applying Schur complement and under the condition Di > 0 for i = 1, . . . , d (i.e.,
(3.18)), the second condition in (3.16) is equivalent to, for i = 1, . . . , d,

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
4λUDi − z41λU (λW

i )2 > 0,

4[4λUDi − z41λU (λW
i )2]×

[4Di (λU − z1z2̃λW
i ) − [z41(λW

i )2(λU − z1z2̃λW
i ) + 2z51z2(λ

W
i )2̃λW

i

+4λU (z1z2)2(λW
i )2]] − [4Di z21λ̃

W
i + 4z31z2(λ

W
i )2λU + z61(λ

W
i )2̃λW

i ]2 > 0.

(3.19)

Recall that Di = λU (λU − z1z2̃λW
i ) − z41

4 (̃λW
i )2, for i = 1, . . . , d. For the first

inequality in (3.19), it is sufficient to require that, for (λW
i )2 small enough,

Di = λU (λU − z1z2̃λ
W
i ) − z41

4
(̃λW

i )2 > 0.

For the second inequality in (3.19), denoteλU−z1z2̃λW
i = α.Weobserve the following

simplification:

4[4DiλU − z41(λ
W
i )2λU ]

×
[
4Diα −

(
z41(λ

W
i )2α + 2z51z2(λ

W
i )2̃λW

i + 4λU (z1z2)
2(λW

i )2
)]

−[4Di z
2
1λ̃

W
i + 4z31z2(λ

W
i )2λU + z61(λ

W
i )2̃λW

i ]2 > 0,

⇒ 4λU [4Di − ε1] ×
[
4Diα − ε2

]
−

[
4Di z

2
1λ̃

W
i + ε3

]2
> 0,

⇒ 64αD2
i λU − 16D2

i z
4
1 (̃λ

W
i )2 + o(ε) > 0,

⇒ 64D2
i (λUα − 1

4
z41 (̃λ

W
i )2) + o(ε) > 0. (3.20)
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Here all ε terms depend on (λW
i )2. And the leading term (λUα − 1

4 z
4
1 (̃λ

W
i )2) > 0 is

the same as 3.17. Thus, we finish the proof as long as ε is small enough. ��
Proof of Example 2.2 According to the above Lemma, let λ = λ = 0.9, z1 = 1, and
z2 = 0.3, we obtain λU ≈ 0.2. By direct computations, condition (3.15) implies

−0.4(0.3 + √
1.09) < λ̃W

i < 0.4(
√
1.09 − 0.3), i = 1, . . . , d.

In particular, if we choose λ̃W
i = −0.12, plugging into (3.20), it is sufficient to require

λW
i < 10−3, such that o(ε) is small enough. ��

Proof of Remark 2.4 For U ≡ 0, and W (x, y) = W (x − y), we have ∇2
xxW (x − y) =

−∇2
xyW (x − y) and λW

i = −̃λW
i . According to the eigenvalue decomposition, we

have(
A B
B A

)
= Diag

(
Q−1
W ,Q−1

W ,Q−1
W ,Q−1

W

)(
Â B̂
B̂ Â

)
Diag

(
QW ,QW ,QW ,QW

)
,

where

Â =
⎛
⎜⎝ z1z2Id

1
2 [(1 + z1z2 + z22)Id − z21Diag

{̃
λWi

}d
i=1

]
1
2 [(1 + z1z2 + z22)Id − z21Diag

{̃
λWi

}d
i=1

] (1 + z22)Id − z1z2Diag
{̃
λWi

}d
i=1

]

⎞
⎟⎠ ,

B̂ =
⎛
⎜⎝ 0 Diag

{
− z21

2 λWi

}d
i=1

Diag
{

− z21
2 λWi

}d
i=1

Diag
{

− z1z2λ
W
i

}d
i=1

⎞
⎟⎠ .

For R positive definite, it is equivalent to the following condition:

(
Â B̂
B̂ Â

)
� λI4d ,

for somepositive constantλ > 0. It is thus sufficient to prove the following inequalities,
for i = 1, . . . , d, and z1 > 0, z2 > 0,

z1z2 − |1
2
[(1 + z1z2 + z22) − z21λ̃

W
i ]| − z21

2
|λW

i | ≥ λ,

(1 + z22) − z1z2̃λ
W
i − |1

2
[(1 + z1z2 + z22) − z21λ̃

W
i ]| − z21

2
|λW

i | − z1z2|λW
i | ≥ λ.

(3.21)

Assume that λ̃W
i = −λW

i > 0, and 1
2 [(1 + z1z2 + z22) − z21λ̃

W
i ] > 0, then the above

inequality is reduced to the following inequalities:

z1z2 − 1 − z22
2

≥ λ, − z1z2 − 1 − z22
2

− 2z1z2̂λ
W
i ≥ λ. (3.22)
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It is obvious that such a constant λ does not exist unless z1z2 − 1 − z22 = 0, λ = 0,
and λ̃W

i = 0, for i = 1, . . . , d. This implies that exponential decay does not hold
for U ≡ 0 and W (x, y) = W (x − y). In this case, the O(t−∞) convergence derived
in Villani (2009)[Theorem 56] seems to be optimal. Meanwhile, from (3.22), we can
provide an estimate of the negative lower bound for eigenvalues of R. ��
Remark 3.1 Following the above remark, for U ≡ 0, and W (x, y) = W (x − y), we
have A1(y, x) = A1(x, y) = −B(x, y). Similar to the condition (3.22), matrix A2 is
at most semi-positive definite. Let z1z2 − 1− z22 = 0, then A2 � 0. We also note that

(
φ1(x, v) φ2(x, v) φ1(y, ṽ) φ2(y, ṽ)

)
R

(
φ1(x, v) φ2(x, v) φ1(y, ṽ) φ2(y, ṽ)

)T
� 1

2

(
φ1(x, v) − φ1(y, ṽ) φ2(x, v) − φ2(y, ṽ)

)
A1(x, y)

(
φ1(x, v) − φ1(y, ṽ)

φ2(x, v) − φ2(y, ṽ)

)
.

(3.23)

The above condition (3.23) recovers the similar Hessian matrix for non-degenerate
gradient flow equations in Carrillo et al. (2003). However, matrixA1 is always negative
definite even if we assume that ∇2W is positive definite. These facts show major
differences between degenerate and non-degenerate gradient flow equations.

4 Proofs of Theorem 2.1 and Corollary 2.2

In this section, we present the main proof in this paper. For simplicity of presentation,
we denote f = f (t, x, v) as the solution of PDE (1.1).

We rewrite (1.1) in the following equivalent form:

∂t f = ∇x,v · ( f γ ) + ∇x,v · ( f aaT∇x,v
δ

δ f
E( f )), (4.1)

where

γ = J∇x,v[v
2

2
+

∫
Td×Rd

W (x, y) f (t, y, ṽ)dṽdy +U (x)], (4.2)

and

J =
(
0 −Id
Id 0

)
2d×2d

. (4.3)

Formulation (4.1) is known as the flux-gradient flow (Li et al. 2021) or Pre-Generic
(Duong and Ottobre 2021). We summarize several lemmas below.

Proposition 4.1 For γ and J defined in (4.2) and (4.3), the PDE (1.1) is equivalent to
the following form

∂t f = ∇x,v · ( f γ ) + ∇ · ( f aaT∇x,v
δ

δ f
E( f )). (4.4)
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Furthermore, the following identity holds:

∇x,v · ( f γ ) = ∇x,v · ( f J∇ δ

δ f
E( f )) = f 〈∇x,v

δ

δ f
E( f ), γ 〉. (4.5)

In particular, we denote

W ©∗ ρ =
∫
Td×Rd

W (x, y) f (t, y, ṽ)dydṽ, ρ(t, y) =
∫
Rd

f (t, y, ṽ)dṽ. (4.6)

Proof First, we observe that(
v

−(
∫
Td×Rd ∇xW (x, y) f (t, y, ṽ)dṽdy + ∇xU (x))

)

= −J∇x,v

[
v2

2
+

∫
Td×Rd

W (x, y) f (t, y, ṽ)dṽdy +U (x)

]
.

Furthermore, using the fact∇·(J∇φ) = 0 for any smooth functionφ, (1.1) is equivalent
to the following formulation:

∂t f − ∇x,v ·
(
f J∇x,v

[v2

2
+

∫
Td×Rd

W (x, y) f (t, y, ṽ)dṽdy +U (x)
])

= ∇x,v ·
(
f aaT∇x,v

[
log f + v2

2
+

∫
Td×Rd

W (x, y) f (t, y, ṽ)dṽdy +U (x)
])

.

Applying the fact that δ
δ f E = [log f + 1 + v2

2 + ∫
Td×Rd W (x, y) f (t, y, ṽ)dṽdy +

U (x)], we have

∂t f − ∇x,v · ( f γ ) = ∇ · ( f aaT∇x,v
δ

δ f
E( f )),

where γ = J∇x,v[ v2

2 + ∫
Td×Rd W (x, y) f (t, y, ṽ)dṽdy + U (x)]. Furthermore, we

observe that

∇x,v · ( f γ ) = f 〈∇x,v log f , J∇x,v[v
2

2
+

∫
Td×Rd

W (x, y) f (t, y, ṽ)dṽdy +U (x)]〉

= f 〈∇x,v
δ

δ f
E( f ), γ 〉,

where we add 〈∇x,v[ v2

2 +U (x) + W ©∗ ρ(x)], J∇x,v[ v2

2 +U (x) + W ©∗ ρ(x)]〉 = 0
in the last step. Notice that ∇ · ( f J∇ log f ) = 0, we obtain

∇x,v · ( f γ ) = ∇ · ( f J∇x,v
δ

δ f
E( f )).

��
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Lemma 4.1 Under the assumption W (x, y) = W (y, x), we have

∂

∂t
E( f ) = −

∫
�

(∇ δ

δ f
E( f ), aaT∇ δ

δ f
E( f )) f dxdv = −DEa( f ),

where E( f ) is the free energy defined in (2.1), and DEa( f ) is defined in (2.3).

Proof Clearly, PDE (1.1) in formulation (4.1) can be written below. From equality
(4.5), we have

∂t f = ∇x,v · ( f (aaT + J)∇x,v
δ

δ f
E( f )).

Thus,

d

dt
E( f ) =

∫
�

δ

δ f
E( f ) · ∂t f dxdv

=
∫

�

δ

δ f
E( f ) · ∇x,v · ( f (aaT + J)∇x,v

δ

δ f
E)dxdv

= −
∫

�

(∇x,v
δ

δ f
E, (aaT + J)∇x,v

δ

δ f
E( f )) f dxdv

= −
∫

�

(∇x,v
δ

δ f
E, aaT∇x,v

δ

δ f
E( f )) f dxdv,

where we use the fact that(
∇x,v

δ

δ f
E, J∇x,v

δ

δ f
E( f )

)
= 0.

��
Lemma 4.2 (Technical Lemma) Suppose Assumption 2.1 holds. Then

∂tDEa,z( f ) ≤ −2
∫

�×�

R(δE, δE) f (t, x, v) f (t, y, ṽ)dxdvdydṽ

≤ −2λ[DEa( f ) + DE z( f )].

We leave the proof of Lemma 4.2 in Sect. 5.

Proof of Theorem 2.1 According to Lemma 4.2, we have

∂tDEa,z( f ) ≤ −2λDEa,z( f ).

Furthermore, using the fact that

− d

dt
E( f ) = DEa( f ) ≤ DEa,z( f ),
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we have

−[DEa,z( f ) − DEa,z( f∞)] =
∫ ∞

t

d

ds
DEa,z( f (s, ·, ·))ds

Step A: ≤ −2λ
∫ ∞

t
DEa,z( f (s, ·, ·))ds

≤ −2λ
∫ ∞

t
DEa( f (s, ·, ·))ds

= −2λ
∫ ∞

t
− d

ds
E( f (s, ·, ·))ds

Step B: = −2λ[E( f ) − E( f∞)].

From Step B, we have

[E( f ) − E( f∞)] ≤ 1

2λ
[DEa,z( f ) − DEa,z( f∞)]. (4.7)

From Step A, we have

−[DEa,z( f ) − DEa,z( f∞)] ≤ −2λ
∫ ∞

t
DEa,z( f (s, ·, ·)) − DEa,z( f∞)ds.

Applying Gronwall’s inequality, we have

DEa,z( f ) − DEa,z( f∞) ≤ e−2λt [DEa,z( f0) − DEa,z( f∞)].

Using the inequality (4.7), we have

E( f ) − E( f∞) ≤ 1

2λ

[
DEa,z( f ) − DEa,z( f∞)

]
≤ 1

2λ
e−2λt

[
DEa,z( f0) − DEa,z( f∞)

]
,

which finishes the proof. ��
Proof of Corollary 2.2 Recall that

E( f ) =
∫

�

f log f dxdv + 1

2

∫
�

‖v‖2 f dxdv

+1

2

∫
�×�

W (x, y) f (x, v) f (y, ṽ)dxdvdydṽ +
∫

�

U (x) f (x, v)dxdv.

Similarly, we denote E( f∞) as the free energy associated with the equilibrium f∞.
We know that f∞ satisfies the equation,

f∞(x, v) = 1

Z
e− 1

2 ‖v‖2−∫
� W (x,y) f∞(y,v)dydv−U (x),
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which implies that

log f∞ = −1

2
‖v‖2 −

∫
�

W (x, y) f∞(y, v)dydv −U (x) − log Z ,

where Z is the normalization constant. We thus obtain

E( f∞) = −1

2

∫
�×�

W (x, y) f∞(x, v) f∞(y, ṽ)dxdvdydṽ − log Z .

Following the above representation of E( f∞), and denoting f = f (t, ·, ·), we derive

E( f ) − E( f∞)

=
∫

�

f (t, x, v) log f (t, x, v)dxdv + 1

2

∫
�

‖v‖2 f (t, x, v)dxdv

+1

2

∫
�×�

W (x, y) f (t, x, v) f (t, y, ṽ)dxdvdydṽ +
∫

�

U (x) f (t, x, v)dxdv

+1

2

∫
�×�

W (x, y) f∞(x, v) f∞(y, ṽ)dxdvdydṽ + log Z

=
∫

�

f log
f

f∞
dxdv +

∫
�

f log f∞dxdv + 1

2

∫
�

‖v‖2 f dxdv

+
∫

�

U (x) f dxdv + log Z

+1

2

∫
�×�

W (x, y) f (t, x, v) f (t, y, ṽ)dxdvdydṽ

+1

2

∫
�×�

W (x, y) f∞(x, v) f∞(y, ṽ)dxdvdydṽ

=
∫

�

f log
f

f∞
dxdv −

∫
�×�

f (t, x, ṽ)W (x, y) f∞(y, v)dydvdxdṽ

+1

2

∫
�×�

W (x, y) f (t, x, v) f (t, y, ṽ)dxdvdydṽ

+1

2

∫
�×�

W (x, y) f∞(x, v) f∞(y, ṽ)dxdvdydṽ

=
∫

�

f log
f

f∞
dxdv + 1

2

∫
�×�

W (x, y)( f (t, x, v)

− f∞(x, v))( f (t, y, ṽ) − f∞(y, ṽ))dxdydvdṽ,

≥
∫

�

f log
f

f∞
dxdv − 1

2

∫
�×�

|W (x, y)| · |( f (t, x, v)

− f∞(x, v))| · |( f (t, y, ṽ) − f∞(y, ṽ))|dxdydvdṽ
≥

∫
f log

f

f∞
dxdv − 1

2
CW‖ f − f∞‖2L1 ,
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where the last inequality follows from our assumption in (2.9). Applying the Csiszár-
Kullback-Pinsker inequality, we have

E( f ) − E( f∞) ≥
∫

�

f log
f

f∞
dxdv − 1

2
CW‖ f − f∞‖2L1

≥ 1

2
‖ f − f∞‖2L1 − 1

2
CW‖ f − f∞‖2L1 .

The proof is thus completed assuming that CW < 1. ��

5 Proofs of Technical Lemmas

In this section, we provide all proofs of technical lemmas in the previous section.
For simplicity of notations, we use the integration notation that

∫ = ∫
�
. Besides, we

denote � = �x × �v , �x = T
d , �v = R

d , and use the notation ρ to represent the
marginal density function of f on the spatial domain, i.e.,

ρ(t, x) =
∫

�v

f (t, x, v)dv. (5.1)

5.1 Notations and Information GammaOperators

In this subsection, we prepare some notations for later on computations in technical
lemmas.

Denote φ ∈ C∞(�) as a smooth testing function. Denote the Kolmogorov operator
L := L( f ) for PDE (1.1) as

Lφ = v∇xφ − ∇vφ · ∇x (

∫
�

W (x, y) f (t, y, ṽ)dṽdy +U (x)) + �vφ − v · ∇vφ.

We also denote the L2 adjoint operator with respect to the Lebesgue measure of L as
L∗. In other words, (1.1) can be written as

∂t f = L∗ f .

Following Proposition 4.1, we decompose the operator L as

Lφ = L̃φ − 〈γ,∇φ〉,

where

L̃φ = ∇ · (aaT∇φ) + 〈aaT∇(−v2

2
−U (x) − W ©∗ ρ(x)),∇φ〉.
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Denote a z-direction generator:

L̃ zφ = ∇ · (zzT∇φ) +
〈
zzT∇(−v2

2
−U (x) − W ©∗ ρ(x)),∇φ

〉
.

We first define Gamma one bilinear forms �1, �
z
1 : C∞(�) ×C∞(�) → C∞(�) by

�1(φ, φ) = 〈aT∇φ, aT∇φ〉Rd , �z
1(φ, φ) = 〈zT∇φ, zT∇φ〉Rd . (5.2)

Next, we recall the following information gamma calculus introduced in Feng and
Li (2021), where a and z are chosen as constant matrices. Define the following three
bilinear forms:

�̃2, �̃
z
2, �Ia,z : C∞(�) × C∞(�) → C∞(�).

We denote

�̃2(φ, φ) = 1

2
L̃�1(φ, φ) − �1(L̃φ, φ),

and

�̃z
2(φ, φ) = 1

2
L̃�z

1(φ, φ) − �z
1(L̃φ, φ).

We denote the irreversible Gamma operator:

�Ia,z (φ, φ) = (L̃φ + L̃ zφ)〈∇φ, γ 〉 − 1

2
〈∇(

�1(φ, φ) + �z
1(φ, φ)

)
, γ 〉. (5.3)

We first present the following proposition for a and z defined in (2.2), which is a
special case of Feng and Li (2021)[Proposition 9]. See other (generalized) Bakry–
Emery formulation in Baudoin and Garofalo (2016) for degenerate operator L and
Bakry and Émery (1985); Arnold and Carlen (2000) for non-degenerate operator L .

Proposition 5.1 For any φ(x, v) ∈ C∞(�), we have

�̃2(φ, φ) + �̃z
2(φ, φ) =

d∑
i=1

[
z21|∂2xi xi φ|2 + (1 + z22)|∂2xi+d xi+d

φ|2 + 2z1z2|∂2xi xi+d
φ|2

]

−
d∑

i=1

2d∑
k̂=1

aTi ∇[aaT∇(−v2

2
−U (x) − W ©∗ ρ(x))]k̂∂xk̂φaTi ∇φ

−
d∑

k=1

2d∑
k̂=1

zTk∇[aaT∇(−v2

2
−U (x) − W ©∗ ρ(x))]k̂∂xk̂φzTk∇φ,
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where we denote (x1, · · · xd , v1, · · · , vd) = (x1, · · · , x2d), and ∇φ = (∂x1 f , · · · ,

∂x2dφ). Furthermore, we denote aT = (aT1 , · · · , aTd )
T ∈ R

d×2d and zT = (zT1, · · · ,

zTd)
T ∈ R

d×2d .

We next prove the following equivalent formulation for the irreversible Gamma oper-
ator. For simplicity of presentation, we use the following notation in the rest of the
paper:

δE = δ

δ f
E( f ). (5.4)

Lemma 5.1 For irreversible Gamma operator �Ia,z = �Ia + �Iz defined in (5.3), we
have ∫

�Ia (δE, δE) f dxdv = −
∫

〈aaT∇δE,∇γ∇δE〉 f dxdv,∫
�Iz (δE, δE) f dxdv = −

∫
〈zzT∇δE,∇γ∇δE〉 f dxdv.

Proof We lay out the proof for the first identity with matrix a. The second identity for
matrix z can be proved in a similar manner. Recall

�Ia,z (δE, δE) = (L̃δE + L̃ zδE)〈∇δE, γ 〉 − 1

2
〈∇(

�1(δE, δE) + �z
1(δE, δE)

)
, γ 〉

= �Ia (δE, δE) + �Iz (δE, δE),

and

L̃δE = ∇ · (aaT∇δE) + 〈aaT∇(−v2

2
−U (x) − W ©∗ ρ(x)),∇δE〉,

L̃ zδE = ∇ · (zzT∇δE) + 〈zzT∇(−v2

2
−U (x) − W ©∗ ρ(x)),∇δE〉.

Then we have∫
�Ia (δE, δE) f dxdv

=
∫ [

(L̃δE)〈∇δE, γ 〉 − 1

2
〈∇(�1(δE, δE)), γ 〉

]
f dxdv

=
∫ [

∇ · ((aaT)∇δE)〈∇δE, γ 〉 + 〈∇δE, γ 〉〈∇δE, (aaT)∇(−v2

2
−U (x)

−W ©∗ ρ(x))〉
]
f dxdv +

∫
1

2
∇ · ( f γ )〈∇δE, (aaT)∇δE〉dxdv.

Using the fact ∇ · ( f γ ) = f 〈∇δE, γ 〉 = f 〈∇δE, γ 〉, we have∫
�Ia (δE, δE) f dxdv
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=
∫ [

∇ · ((aaT)∇δE)〈∇δE, γ 〉 + 〈∇δE, γ 〉〈∇

δE, aaT∇(−v2

2
−U (x) − W ©∗ ρ(x))〉

]
f dxdv

+
∫

1

2
〈∇δE, γ 〉〈∇δE, aaT∇δE〉 f dxdv. (5.5)

Applying integration by parts for the first term, we have∫
∇ · (aaT∇δE)〈∇δE, γ 〉 f dxdv

= −
∫ [

〈aaT∇δE,∇ log f 〉〈∇δE, γ 〉 + 〈aaT∇δE,∇2δEγ 〉
]
f dxdv

−
∫

〈aaT∇δE,∇γ∇δE〉 f dxdv.

Plugging the above equality in (5.5) and using the fact ∇δE = ∇ log f − ∇(− v2

2 −
U (x) − W ©∗ ρ(x)), we have∫

�Ia (δE, δE) f dx

=
∫

−1

2
(∇δE, γ )(∇δE, aaT∇δE) f dxdv

−
∫ [

〈aaT∇δE,∇γ∇δE〉 + 〈aaT∇δE,∇2δEγ 〉
]
f dxdv

=
∫

−1

2
〈∇ f , γ 〉〈∇δE, aaT∇δE〉dxdv

+
∫

1

2
〈∇(−v2

2
−U (x) − W ©∗ ρ(x)), γ 〉〈∇δE, aaT∇δE〉 f dxdv

−
∫ [

〈aaT∇δE,∇γ∇δE〉 + 〈aaT∇δE,∇2δEγ 〉
]
f dxdv.

Applying integration by parts for the first term and using the identity ∇ · (γ ) = 0, we
have ∫

−1

2
(∇ f , γ )(∇δE, aaT∇δE)dxdv

=
∫

1

2
∇ · (γ 〈∇δE, aaT∇δE〉) f dxdv

=
∫

1

2
〈γ, 〈∇δE,∇(aaT)∇δE〉〉 +

∫
〈aaT∇δE,∇2δEγ 〉 f dxdv.

By summing over all above terms, we obtain∫
�Ia (δE, δE) f dxdv = −

∫
〈∇γ∇δE, aaT∇δE〉 f dxdv
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In the above equality, we use the fact that 〈∇(− v2

2 −U (x) −W ©∗ ρ(x)), γ 〉 = 0 and
∇(aaT) = 0 since a is constant matrix. This completes the proof. ��

5.2 Proof of Lemma 4.2

The proof of Lemma 4.2 is divided into the following lemmas.

Lemma 5.2 For DEa( f ) defined in (2.3), we have the following equality:

∂tDEa( f ) = −2
∫

[�̃2(δE, δE) − 〈aaT∇δE,∇γ∇δE〉] f dxdv

−2
∫

〈∇2
xyW (x, y)(J + aaT)∇y,ṽδE(y, ṽ), aaT∇x,vδE(x, v)〉

f (x, v) f (y, ṽ)dxdvdydṽ.

Proof For DEa( f ) defined in (2.3), and the structure of matrix a, we have

DEa( f ) =
∫

〈∇δE, aaT∇δE〉 f dxdv.

We derive the dissipation of DEa( f ) as below, where we denote ∇ = ∇x,v ,

∂tDEa( f )

= 2
∫

〈∇∂tδE, aaT∇δE〉 f dxdv +
∫

〈∇δE, aaT∇δE〉∂t f dxdv

= −2
∫

〈(∂tδE)(x)∇ · ( f aaT∇δE)dxdv +
∫

〈∇δE, aaT∇δE〉∂t f dxdv

= −2
∫

(δ2E(x, v, y, ṽ)∂t f (y, ṽ)∇ · ( f aaT∇δE)(x, v)dxdv

+
∫

〈∇δE, aaT∇δE〉∂t f dxdv

= −2
∫

(W (x, y)∂t f (y, ṽ))∇ · ( f aaT∇δE)(x, v)dxdvdydṽ

−2
∫

(
1

f
∂t f )∇ · ( f aaT∇δE)dxdv

+
∫

〈∇δE, aaT∇δE〉∂t f dxdv.

Hence,

∂tDEa( f )
= −2

∫
W (x, y)[∇y,ṽ · ( f aaT∇y,ṽδE(y, ṽ))

+∇y,ṽ · ( f γ )]∇x,v · ( f aaT∇x,vδE(x, v))dxdvdyd ỹ
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−2
∫

1

f
[∇x,v · ( f aaT∇x,vδE) + ∇x,v · ( f γ )]∇x,v · ( f aaT∇x,vδE)dxdv

+
∫

〈∇δE, aaT∇δE〉[∇ · ( f aaT∇x,vδE) + ∇x,v · ( f γ )]dxdv

= −2
∫

W (x, y)∇y,ṽ · ( f aaT∇y,ṽδE(y, ṽ))∇x,v · ( f aaT∇x,vδE(x, v))dxdvdydṽ · · ·J11

−2
∫

W (x, y)∇y,ṽ · ( f γ )∇x,v · ( f aaT∇x,vδE(x, v))dxdvdydṽ · · ·J21

−2
∫

1

f
∇x,v · ( f aaT∇x,vδE)∇x,v · ( f aaT∇x,vδE)dxdv · · ·J12

−2
∫

1

f
∇x,v · ( f γ )∇x,v · ( f aaT∇x,vδE)dxdv · · ·J22

+
∫

〈∇δE, aaT∇δE〉∇ · ( f aaT∇x,vδE)dxdv · · ·J13

+
∫

〈∇δE, aaT∇δE〉∇x,v · ( f γ )dxdv · · ·J23

= J11 + J12 + J13 + J21 + J22 + J23.

We first have

J11 = −2
∫

〈∇2
xyW (x, y)aaT∇y,ṽδE(y, ṽ), aaT∇x,vδE(x, v)〉 f (x, v) f (y, ṽ)dxdvdydṽ.

Next, using the identity ∇x,v · ( f γ ) = ∇ · ( f J∇δE), we have

J21 = −2
∫

W (x, y)∇y,ṽ · ( f γ )∇x,v · ( f aaT∇x,vδE)dxdvdyd ỹ

= −2
∫

〈∇2
xyW (x, y)J∇y,ṽδE(y, ṽ), aaT∇x,vδE(x, v)〉 f (x, v) f (y, ṽ)dxdvdydṽ.

Furthermore, applying the identity ∇x,v · ( f γ ) = f 〈∇δE, γ 〉, and we have

J22 + J23

= −2
∫

∇x,v · ( f γ )
∇x,v · ( f aaT∇x,vδE)

f
f dxdv

+
∫

〈∇δE, aaT∇δE〉∇x,v · ( f γ )dxdv

= −2
∫

∇x,v · ( f γ )
[
〈∇x,v log f , aaT∇x,vδE〉 + ∇x,v · (aaT∇x,vδE)

]
dxdv

+
∫

〈∇δE, aaT∇δE〉∇x,v · ( f γ )dxdv

= −2
∫

∇x,v · ( f γ )
[
〈∇x,vδE, aaT∇x,vδE〉 + L̃δE

]
dxdv

+
∫

〈∇δE, aaT∇δE〉∇x,v · ( f γ )dxdv
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= −2
∫

〈∇δE, γ 〉L̃δE f dxdv −
∫

〈∇δE, aaT∇δE〉∇x,v · ( f γ )dxdv

= −2
[ ∫

〈∇δE, γ 〉L̃δE f dxdv − 1

2

∫
〈∇�1(δE, δE), γ 〉 f dxdv

]

= −2
∫

�̃Ia (δE, δE) f dxdv.

Similarly, we have

J12 + J13 = −2
∫

1

f
∇ · ( f aaT∇x,vδE)∇x,v · ( f aaT∇x,vδE)dxdv

+
∫

〈∇δE, aaT∇δE〉∇ · ( f aaT∇x,vδE)dxdv

= −2
∫ [

〈∇x,vδE, aaT∇x,vδE〉 + L̃δE
]
L̃∗ f dxdv

+
∫

〈∇δE, aaT∇δE〉L̃∗ f dxdv

= −2
∫ [1

2
L̃�1(δE, δE) − �1(L̃δE, δE)

]
f dxdv

= −2
∫

�̃2(δE, δE) f dxdv.

Applying Lemma 5.1 and combining the above terms, we finish the proof. ��
Lemma 5.3 For DE z( f ) defined in (2.4), we have the following equality

∂tDE z( f ) = −2
∫

[�̃z
2(δE, δE) − 〈zzT∇δE, ∇γ∇δE〉] f dxdv

−2
∫

〈∇2
xyW (x, y)(J + aaT)∇y,ṽδE(y, ṽ), zzT∇x,vδE(x, v)〉 f (x, v) f (y, ṽ)dxdvdydṽ.

Proof For DE z( f ) defined in (2.3), and the structure of matrix a, we have

DE z( f ) =
∫

〈∇δE, zzT∇δE〉 f dxdv.

We derive the dissipation of DE z( f ) as below:

∂tDE z( f )

= 2
∫

〈∇∂tδE, zzT∇δE〉 f dxdv +
∫

〈∇δE, zzT∇δE〉∂t f dxdv

= −2
∫

〈(∂tδE)(x)∇ · ( f zzT∇δE)dxdv +
∫

〈∇δE, zzT∇δE〉∂t f dxdv

= −2
∫

(δ2E(x, v, y, ṽ)∂t f (y, ṽ)∇ · ( f zzT∇δE)(x, v)dxdv

+
∫

〈∇δE, zzT∇δE〉∂t f dxdv
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= −2
∫

(W (x, y)∂t f (y, ṽ))∇ · ( f zzT∇δE)(x, v)dxdvdydṽ

−2
∫

(
1

f
∂t f )∇ · ( f zzT∇δE)dxdv

+
∫

〈∇δE, zzT∇δE〉∂t f dxdv.

Plugging in the equation for ∂t f , we have

∂tDE z( f )
= −2

∫
W (x, y)[∇y,ṽ · ( f aaT∇y,ṽδE(y, ṽ))

+∇y,ṽ · ( f γ )]∇x,v · ( f zzT∇x,vδE(x, v))dxdvdyd ỹ

−2
∫

1

f
[∇x,v · ( f aaT∇x,vδE) + ∇x,v · ( f γ )]∇x,v · ( f zzT∇x,vδE)dxdv

+
∫

〈∇δE, zzT∇x,vδE〉[∇ · ( f aaT∇x,vδE) + ∇x,v · ( f γ )]dxdv

= −2
∫

W (x, y)∇y,ṽ · ( f aaT∇y,ṽδE(y, ṽ))∇x,v · ( f zzT∇x,vδE(x, v))dxdvdydṽ · · ·J z
11

−2
∫

W (x, y)∇y,ṽ · ( f γ )∇x,v · ( f zzT∇x,vδE(x, v))dxdvdydṽ · · ·J z
21

−2
∫

1

f
∇x,v · ( f aaT∇x,vδE)∇x,v · ( f zzT∇x,vδE)dxdv · · ·J z

12

−2
∫

1

f
∇x,v · ( f γ )∇x,v · ( f zzT∇x,vδE)dxdv · · ·J z

22

+
∫

〈∇δE, zzT∇δE〉∇x,v · ( f aaT∇x,vδE)dxdv · · ·J z
13

+
∫

〈∇δE, zzT∇δE〉∇x,v · ( f γ )dxdv · · ·J z
23

= J z
11 + J z

12 + J z
13 + J z

21 + J z
22 + J z

23.

We first have

J z
11 = −2

∫
〈∇2

xyW (x, y)aaT∇y,ṽδE(y, ṽ), zzT∇x,vδE(x, v)〉 f (x, v) f (y, ṽ)dxdvdydṽ.

Next, using the identity ∇x,v · ( f γ ) = ∇x,v · ( f J∇x,vδE), we have

J z
21 = −2

∫
W (x, y)∇y,ṽ · ( f γ )∇x,v · ( f zzT∇x,vδE)dxdvdyd ỹ

= −2
∫

〈∇2
xyW (x, y)J∇y,ṽδE(y, ṽ), zzT∇x,vδE(x, v)〉 f (x, v) f (y, ṽ)dxdvdydṽ.

Furthermore, applying the identity ∇x,v · ( f γ ) = f 〈∇x,vδE, γ 〉, we have

J22 + J23
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= −2
∫

∇x,v · ( f γ )
∇x,v · ( f zzT∇x,vδE)

f
f dxdv

+
∫

〈∇δE, zzT∇δE〉∇x,v · ( f γ )dxdv

= −2
∫

∇x,v · ( f γ )
[
〈∇x,v log f , zzT∇x,vδE〉 + ∇x,v · (zzT∇x,vδE)

]
dxdv

+
∫

〈∇δE, zzT∇δE〉∇x,v · ( f γ )dxdv

= −2
∫

∇x,v · ( f γ )
[
〈∇x,vδE, zzT∇x,vδE〉 + L̃ zδE

]
dxdv

+
∫

〈∇δE, zzT∇δE〉∇x,v · ( f γ )dxdv

= −2
∫

〈∇δE, γ 〉L̃ zδE f dxdv −
∫

〈∇δE, zzT∇δE〉∇x,v · ( f γ )dxdv

= −2
[ ∫

〈∇δE, γ 〉L̃ zδE f dxdv − 1

2

∫
〈∇�z

1(δE, δE), γ 〉 f dxdv
]

= −2
∫

�̃Iz (δE, δE) f dxdv.

Similarly, we have

J z
12 + J z

13 = −2
∫

1

f
∇ · ( f aaT∇x,vδE)∇x,v · ( f zzT∇x,vδE)dxdv

+
∫

〈∇δE, zzT∇δE〉∇ · ( f aaT∇x,vδE)dxdv

= −2
∫ [

〈∇x,vδE, zzT∇x,vδE〉 + L̃ zδE
]
L̃∗ f dxdv

+
∫

〈∇δE, zzT∇δE〉L̃∗ f dxdv

= −2
∫ [1

2
L̃�z

1(δE, δE) − �1(L̃ zδE, δE)
]
f dxdv

= −2
∫ [1

2
L̃�z

1(δE, δE) − �z
1(L̃δE, δE) + �z

1(L̃δE, δE) − �1(L̃ zδE, δE)
]

f dxdv = −2
∫

�̃2(δE, δE) f dxdv,

where the last equality follows from the following observation

∫
[�z

1(L̃δE, δE) − �1(L̃ zδE, δE)] f dxdv = 0, (5.6)
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for constant matrices a and z. We first observe that∫
�z
1(L̃δE,δE) f dxdv

=
∫

�z
1

(
〈∇(−v2

2
−U (x) − W ©∗ ρ(x)), aaT∇δE〉

+ ∇ · (aaT∇δE), δE
)
f dxdv

=
∫

�z
1

(
�1(−v2

2
−U (x) − W ©∗ ρ(x), δE), δE

)
f

+ �z
1

(
∇ · (aaT∇δE), δE

)
f dxdv

=
∫

�z
1

(
�1(−v2

2
−U (x) − W ©∗ ρ(x), δE), δE

)
f dxdv

−
∫

∇ · (aaT∇δE)∇ · ( f zzT∇δE)dxdv

=
∫

�z
1

(
�1(−v2

2
−U (x) − W ©∗ ρ(x), δE), δE

)
f dxdv

−
∫

∇ · (aaT∇δE)∇ · ( f zzT∇δE)dxdv

=
∫

�z
1

(
�1(−v2

2
−U (x) − W ©∗ ρ(x), δE), δE

)
f dxdv

−
∫

∇ · (aaT∇δE)∇ · (zzT∇δE) f dxdv

−
∫

∇ · (aaT∇δE)〈∇ log f , zzT∇δE〉 f dxdv.

Similarly, we have∫
�1(L̃ zδE, δE) f dxdv

=
∫

�1

(
�z
1(−

v2

2
−U (x) − W ©∗ ρ(x), δE), δE

)
f dxdv

−
∫

∇ · (aaT∇δE)∇ · (zzT∇δE) f dxdv

−
∫

∇ · (zzT∇δE)〈∇ log f , aaT∇δE〉 f dxdv.

Furthermore, by direct expansion of the gradient, we have∫
∇ · (aaT∇δE)〈∇ log f , zzT∇δE〉 f dxdv

= −
∫

〈aT∇δE, aT∇〈zT∇ log f , zT∇δE〉〉 f dxdv
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= −
∫ d∑

i=1

d∑
j=1

2d∑
î, ĵ,ĩ, j̃=1

(
aT
i î
∂xî δEa

T
i ĩ
∂xĩ [zTj ĵ∂x ĵ log f zT

j j̃
∂x j̃ δE]

)
f dxdv

= −
∫ d∑

i=1

d∑
j=1

2d∑
î, ĵ,ĩ, j̃=1

(
aT
i î
aT
i ĩ
zT
j ĵ
zT
j j̃

∂xî δE∂2x ĵ xĩ
log f ∂x j̃ δE

)
f dxdv

−
∫ d∑

i=1

d∑
j=1

2d∑
î, ĵ,ĩ, j̃=1

(
aT
i î
aT
i ĩ
zT
j ĵ
zT
j j̃

∂xî δE∂x ĵ log f ∂2x j̃ xĩ δE
)
f dxdv

=
∫

∇ · (zzT∇δE)〈∇ log f , aaT∇δE〉 f dxdv,

where we denote (x1, · · · , xd , v1, · · · , vd) = (x1, · · · , x2d) and use the fact that a
and z are constant matrices. Similarly, we have

∫
�z
1

(
�1(−v2

2
−U (x) − W ©∗ ρ(x), δE), δE

)
f dxdv

=
∫

�1

(
�z
1(−

v2

2
−U (x) − W ©∗ ρ(x), δE), δE

)
f dxdv,

which proves equation (5.6). Applying Lemma 5.1 and combining the above terms,
we complete the proof. ��

We are now ready to prove Lemma 4.2. Recall the mean-field Langevin dynamics

{
dxt =vtdt

dvt =(−vt − ∇x Ṽ (xt , f ))dt + √
2dBt ,

(5.7)

where f is the solution of PDE (1.1), and we denote

Ṽ (x, f ) =
∫

�

W (x, y) f (t, y, ṽ)dyd ṽ +U (x).

Proof of Lemma 4.2 We first present the explicit formulation of matrix R. Following
from Lemma 5.2 and Lemma 5.3, we have

∂tDEa,z( f )

= −2
∫

[�̃2(δE, δE) + �̃z
2(δE, δE) − 〈(aaT + zzT)∇δE,∇γ∇δE〉] f dxdv

−2
∫

∇2
xyW (x, y)(〈J + aaT)∇y,ṽδE(y, ṽ),

(aaT + zzT)∇x,vδE(x, v)〉 f (x, v) f (y, ṽ)dxdvdydṽ.

Following from the definition of �̃2 and �̃z
2 from Section 4 and Proposition 5.1 we

have
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�̃2(δE, δE) + �̃z
2(δE, δE)

=
d∑

i=1

[
z21|∂2xi xi δE |2 + (1 + z22)|∂2xi+d xi+d

δE |2 + 2z1z2|∂2xi xi+d
δE |2

]

−
d∑

i=1

2d∑
k̂=1

aTi ∇[aaT∇(−v2

2
−U (x) − W ©∗ ρ(x))]k̂∂xk̂ δEaTi ∇δE

−
d∑

k=1

2d∑
k̂=1

zTk∇[aaT∇(−v2

2
−U (x) − W ©∗ ρ(x))]k̂∂xk̂ δEzTk∇δE,

= ‖HessδE‖2F + Ra,z(δE, δE),

where we define

‖HessδE‖2F =
d∑

i=1

[
z21|∂2xi xi δE |2 + (1 + z22)|∂2xi+d xi+d

δE |2 + 2z1z2|∂2xi xi+d
δE |2

]

Ra,z(δE, δE) = −
d∑

i=1

2d∑
k̂=1

aTi ∇[aaT∇(−v2

2
−U (x) − W ©∗ ρ(x))]k̂∂xk̂ δEaTi ∇δE

−
d∑

k=1

2d∑
k̂=1

zTk∇[aaT∇(−v2

2
−U (x) − W ©∗ ρ(x))]k̂∂xk̂ δEzTk∇δE .

According to the above computation, we have

∫
�

[(�̃2 + �̃z
2)(δE, δE) − 〈(aaT + zzT)∇δE,∇γ∇δE〉] f dxdv

+
∫

�×�

〈∇2
xyW (x, y)(J + aaT)∇y,ṽδE(y, ṽ),

(aaT + zzT)∇x,vδE(x, v)〉 f (x, v) f (y, ṽ)dxdvdydṽ

≥ R1 + R2,

where we denote

R1 =
∫

�×�

〈∇2
xyW (x, y)(J + aaT)∇y,ṽδE(y, ṽ),

(aaT + zzT)∇x,vδE(x, v)〉 f (x, v) f (y, ṽ)dxdvdydṽ.

R2 =
∫

�

[Ra,z(δE, δE) − 〈(aaT + zzT)∇δE,∇γ∇δE〉] f (x, v)dxdv.

If Assumption 2.1 holds, we have
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∫
�

[(�̃2 + �̃z
2)(δE, δE) − 〈(aaT + zzT)∇δE,∇γ∇δE〉] f dxdv

+
∫

�×�

〈∇2
xyW (x, y)(J + aaT)∇y,ṽδE(y, ṽ),

(aaT + zzT)∇x,vδE(x, v)〉 f (x, v) f (y, ṽ)dxdvdydṽ

≥ R1 + R2 =
∫

�×�

R(∇δE,∇δE) f (t, x, v) f (t, y, ṽ)dxdvdydṽ

≥ λ

∫
�

(�1(δE, δE) + �z
1(δE, δE)) f dxdv = λ[DEa( f ) + DE z( f )].

Thus, we only need to show thatR is indeed the matrix defined in Definition 2.3. With
some abuse of notations, we denote R = R1 + R2. In the following, we derive the
explicit formulation of R as defined in Definition 2.3 and Definition 3.1.
Case 1: For d=1, theR has the following two parts. For constant matrices a = (0 1)T

and z = (z1 z2)T,

R1 =
∫

〈∇2
xyW (x, y)(J + aaT)∇y,ṽδE(y, ṽ),

(aaT + zzT)∇x,vδE(x, v)〉 f (x, v) f (y, ṽ)dxdvdydṽ.

=
∫

(∇δE(y, ṽ))Tsym
(
(aaT + zzT)T∇2

xyW (x, y)(aaT + J)
)

(∇δE(x, v)) f (x, v) f (y, ṽ)dxdvdydṽ.

To be precise, we denote
∫ = ∫

�×�
in R1. Plugging in the matrices a, z, and J, we

have the following symmetrization of the matrix,

sym
(
(aaT + zzT)T∇2

xyW (x, y)(aaT + J)
)

= sym
(
(aaT + zzT)∇2

xyW (x, y)(aaT + J)
)

= sym
((

z21 z1z2
z1z2 (1 + z22)

)
2×2

∇2
xyW (x, y)

(
0 −1
1 1

)
2×2

)

= sym
((

z21 z1z2
z1z2 (1 + z22)

)
2×2

(
0 −∇2

xyW (x, y)
0 0

)
2d×2d

)

= sym
(
0 −z21∇2

xyW (x, y)
0 −z1z2∇2

xyW (x, y)

)

=
⎛
⎝ 0 − z21

2 ∇2
xyW (x, y)

− z21
2 ∇2

xyW (x, y) −z1z2∇2
xyW (x, y)

⎞
⎠ .
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This implies that

R1 =
∫

(∇δE(y, ṽ))T

⎛
⎝ 0 − z21

2 ∇2
xyW (x, y)

− z21
2 ∇2

xyW (x, y) −z1z2∇2
xyW (x, y)

⎞
⎠

(∇δE(x, v)) f (x, v) f (y, ṽ)dxdvdydṽ.

As for the second term, we have

R2 =
∫

�

[Ra,z(δE, δE) − 〈(aaT + zzT)∇δE,∇γ∇δE〉] f (x, v)dxdv

=
∫

�

(∇δE)TR2∇δE f (x, v)dxdv.

By direct computation and matrix symmetrization, the matrix R2 has the following
representation,

R2 =
(
0 0

0 − ∂2(− v2
2 −Ṽ (x, f ))
∂v2

)
+ 1

2

[(
0

−zT1∇(
∂(− v2

2 −Ṽ (x, f ))
∂v

)

)
zT

+z
(
0 −zT1∇(

∂(− v2
2 −Ṽ (x, f ))

∂v
)

) ]
−1

2
[(∇γ )TaaT + aaT∇γ ] − 1

2
[(∇γ )TzzT + zzT∇γ ],

with (∇γ )i j = ∇iγ j , such that

∇γ =
(

0
∫ ∇2

xxW (x, y) f (t, y, v)dydv + ∇xxU (x)
−1 0

)
=

(
0 ∇2

xx Ṽ (x, f )
−1 0

)
,

and

zzT =
(

z21 z1z2
z1z2 z22

)
, aaT =

(
0 0
0 1

)
.

By direct computations, we have

R2 =
(
0 0
0 1

)
+ 1

2

[(
0
z2

)
(z1, z2) +

(
z1
z2

) (
0 z2

) ] − 1

2
[(∇γ )TaaT + aaT∇γ ]

−1

2
[(∇γ )TzzT + zzT∇γ ]

=
(
0 0
0 1

)
+

(
0 1

2 z1z2
1
2 z1z2 z22

)
−

(
0 − 1

2− 1
2 0

)
−

( −z1z2
1
2 [∇2Ṽ z21 − z22]

1
2 [∇2Ṽ z21 − z22] ∇2Ṽ z1z2

)

=
(

z1z2
1
2 [z1z2 + z22 − ∇2Ṽ z21 + 1]

1
2 [z1z2 + z22 − ∇2Ṽ z21 + 1] 1 + z22 − ∇2Ṽ z1z2

)
.
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For notation simplicity, we denote U(x, v) = ∇δE(x, v) and U(y, ṽ) = ∇δE(y, ṽ).
Recall that Ṽ (x, f ) = ∫

�
W (x, y) f (t, y, ṽ)dydṽ +U (x), we have

R1 + R2

=
∫

�×�

UT(y, ṽ)

⎛
⎝ 0 − z21

2 ∇2
xyW (x, y)

− z21
2 ∇2

xyW (x, y) −z1z2∇2
xyW (x, y)

⎞
⎠

U(x, v) f (x, v) f (y, ṽ)dxdvdydṽ

+
∫

�

UT(x, v)

(
z1z2

1
2 [z1z2 + z22 − ∇2

xx Ṽ z21 + 1]
1
2 [z1z2 + z22 − ∇2

xx Ṽ z21 + 1] 1 + z22 − ∇2
xx Ṽ z1z2

)
U(x, v) f (x, v)dxdv

=
∫

�×�

UT(y, ṽ)

⎛
⎝ 0 − z21

2 ∇2
xyW (x, y)

− z21
2 ∇2

xyW (x, y) −z1z2∇2
xyW (x, y)

⎞
⎠

U(x, v) f (x, v) f (y, ṽ)dxdvdydṽ

+
∫

�

UT(x, v)

(
z1z2

1
2 [z1z2 + z22 − ∇2

xxUz21 + 1]
1
2 [z1z2 + z22 − ∇2

xxUz21 + 1] 1 + z22 − ∇2
xxUz1z2

)
U(x, v) f (x, v)dxdv

+
∫

�×�

UT(x, v)

(
0 − z21

2 ∇2
xxW (x, y)

− z21
2 ∇2

xxW (x, y) −z1z2∇2
xxW (x, y)

)

U(x, v) f (y, ṽ) f (x, v)dydṽdxdv

= T1 + T2 + T3.

Using the fact that W (x, y) = W (y, x), and ∇2
xxW (x, y) = ∇2

yyW (y, x), we have

T1 + T3

= 1

2

∫
�×�

UT(x, v)

(
0 − z21

2 ∇2
xxW (x, y)

− z21
2 ∇2

xxW (x, y) −z1z2∇2
xxW (x, y)

)

U(x, v) f (y, ṽ) f (x, v)dydṽdxdv

+1

2

∫
�×�

UT(y, ṽ)

⎛
⎝ 0 − z21

2 ∇2
yyW (y, x)

− z21
2 ∇2

yyW (y, x) −z1z2∇2
yyW (y, x)

⎞
⎠

U(y, ṽ) f (y, ṽ) f (x, v)dydṽdxdv

+
∫

�×�

UT(y, ṽ)

⎛
⎝ 0 − z21

2 ∇2
xyW (x, y)

− z21
2 ∇2

xyW (x, y) −z1z2∇2
xyW (x, y)

⎞
⎠

U(x, v) f (x, v) f (y, ṽ)dxdvdydṽ

=
∫

�×�

[1
2
UT(x, v)A1(x, y)U(x, v) + 1

2
UT(y, ṽ)A1(y, x)U(y, ṽ)

+UT(y, ṽ)B(x, y)U(x, v)
]
f (x, v) f (y, ṽ)dxdvdydṽ
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= 1

2

∫
�×�

(
UT(x, v) UT(y, ṽ)

) (A1(x, y) B(x, y)
B(x, y) A1(y, x)

)(
U(x, v)

U(y, ṽ)

)
f (x, v) f (y, ṽ)dxdvdydṽ,

where we denote

A1(x, y) =
(

0 − z21
2 ∇2

xxW (x, y)

− z21
2 ∇2

xxW (x, y) −z1z2∇2
xxW (x, y)

)
,

A1(y, x) =
⎛
⎝ 0 − z21

2 ∇2
yyW (y, x)

− z21
2 ∇2

yyW (y, x) −z1z2∇2
yyW (y, x)

⎞
⎠ ,

B(x, y) =
⎛
⎝ 0 − z21

2 ∇2
xyW (x, y)

− z21
2 ∇2

xyW (x, y) −z1z2∇2
xyW (x, y)

⎞
⎠ .

Combining T2 with the above term, we have

T1 + T2 + T3

= 1

2

∫
�×�

(
UT(x, v) UT(y, ṽ)

) (A1(x, y) + 2A2(x, y) B(x, y)
B(x, y) A1(y, x)

)(
U(x, v)

U(y, ṽ)

)
f (x, v) f (y, ṽ)dxdvdydṽ

= 1

2

∫
�×�

(
UT(x, v) UT(y, ṽ)

) (A1(x, y) + A2(x, y) B(x, y)
B(x, y) A1(y, x) + A2(y, x)

)
(
U(x, v)

U(y, ṽ)

)
f (x, v) f (y, ṽ)dxdvdydṽ,

where we denote

A2(x, y) =
(

z1z2
1
2 [z1z2 + z22 − ∇2

xxU (x)z21 + 1]
1
2 [z1z2 + z22 − ∇2

xxU (x)z21 + 1] 1 + z22 − ∇2
xxU (x)z1z2

)

A2(y, x) =
(

z1z2
1
2 [z1z2 + z22 − ∇2

yyU (y)z21 + 1]
1
2 [z1z2 + z22 − ∇2

yyU (y)z21 + 1] 1 + z22 − ∇2
yyU (y)z1z2

)
.

(5.8)

This produced the matrix tensor for Definition 3.1. Combining the abovematrix terms,
we have

R = 1

2

(
A(x, y) B(x, y)
B(x, y) A(y, x)

)
,

123
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where we denote

A(x, y) = A1(x, y) + A2(x, y)

=
(

0 − z21
2 ∇2

xxW (x, y)

− z21
2 ∇2

xxW (x, y) −z1z2∇2
xxW (x, y)

)

+
(

z1z2
1
2 [(1 + z1z2 + z22) − z21∇2

xxU (x)]
1
2 [(1 + z1z2 + z22) − z21∇2

xxU (x)] (1 + z22) − z1z2∇2
xxU (x)

)

=
(

z1z2
1
2 [(1 + z1z2 + z22) − z21∇2

xx V (x, y)]
1
2 [(1 + z1z2 + z22) − z21∇2

xx V (x, y)] (1 + z22) − z1z2∇2
xx V (x, y)

)
,

and

A(y, x) =
(

z1z2
1
2 [(1 + z1z2 + z22) − z21∇2

yyV (y, x)]
1
2 [(1 + z1z2 + z22) − z21∇2

yyV (y, x)] (1 + z22) − z1z2∇2
yyV (y, x)

)
,

with V (x, y) = W (x, y) +U (x), and

B(x, y) =
⎛
⎝ 0 − z21

2 ∇2
xyW (x, y)

− z21
2 ∇2

xyW (x, y) −z1z2∇2
xyW (x, y)

⎞
⎠ .

This produces the matrix tensor for Definition 2.3.
Case 2: d ≥ 2. We first demonstrate the derivation for d = 2. By direction computa-
tions, we have

a =
(
0 0 1 0
0 0 0 1

)T

, z =
(
z1 0 z2 0
0 z1 0 z2

)T

,

and

sym
(
(aaT + zzT)T∇2

xyW (x, y)(aaT + J)
)

= sym
(
(aaT + zzT)∇2

xyW (x, y)(aaT + J)
)

= sym
((

z21I2 z1z2I2
z1z2I2 (1 + z22)I2

)
4×4

(∇2
xyW (x, y) 0

0 0

)(
0 −I2
I2 I2

)
2d×2d

)

=
⎛
⎝ 0 − z21

2 ∇2
xyW (x, y)

− z21
2 ∇2

xyW (x, y) −z1z2∇2
xyW (x, y)

⎞
⎠ .

123
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Similar to d = 1, by routine computation, we have

R2 =

⎛
⎜⎜⎝
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

⎞
⎟⎟⎠ +

⎛
⎜⎜⎜⎝

0 0 1
2 z1z2 0

0 0 0 1
2 z1z2

1
2 z1z2 0 z22 0
0 1

2 z1z2 0 z22

⎞
⎟⎟⎟⎠ − 1

2

⎛
⎜⎜⎝

0 0 −1 0
0 0 0 −1

−1 0 0 0
0 −1 0 0

⎞
⎟⎟⎠

−

⎛
⎜⎜⎜⎝

−z1z2 0 1
2 (z21∇x1x1 Ṽ − z22)

1
2 z

2
1∇x1x2 Ṽ

0 −z1z2
1
2 z

2
1∇x1x2 Ṽ

1
2 (z21∇x2x2 Ṽ − z22)

1
2 (z21∇x1x1 Ṽ − z22)

1
2 z

2
1∇x1x2 Ṽ z1z2∇x1x1 Ṽ z1z2∇x1x2 Ṽ

1
2 z

2
1∇x1x2 Ṽ

1
2 (z21∇x1x1 Ṽ − z22) z1z2∇x1x2 Ṽ z1z2∇x2x2 Ṽ

⎞
⎟⎟⎟⎠ ,

where Ṽ (x, f ) = ∫
�
W (x, y) f (t, y, v)dvdy+U (x).We then combine the twomatri-

ces following the proof for d = 1. Similarly, for any d ≥ 2, we have

R(z, x, y) = 1

2

(
A(x, y) B(x, y)
B(x, y) A(y, x)

)
∈ R

4d×4d ,

where

A(x, y) =
⎛
⎝ 0 − z21

2 ∇2
xxW (x, y)

− z21
2 ∇2

xxW (x, y) −z1z2∇2
xxW (x, y)

⎞
⎠ ,

+
(

z1z2Id
1
2 [(1 + z1z2 + z22)Id − z21∇2

xxU (x)]
1
2 [(1 + z1z2 + z22)Id − z21∇2

xxU (x)] (1 + z22)Id − z1z2∇2
xxU (x)

)

=
(

z1z2Id
1
2 [(1 + z1z2 + z22)Id − z21∇2

xx V (x, y)]
1
2 [(1 + z1z2 + z22)Id − z21∇2

xx V (x, y)] (1 + z22)Id − z1z2∇2
xx V (x, y)

)
,

for V (x, y) = W (x, y) +U (x), and

B(x, y) =
⎛
⎝ 0 − z21

2 ∇2
xyW (x, y)

− z21
2 ∇2

xyW (x, y) −z1z2∇2
xyW (x, y)

⎞
⎠ .

Separating the matrix A(x, y) into A1(x, y) and A2(x, y), we derive the matrix defined
in Definition 3.1. ��
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