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Abstract

We study long-time dynamical behaviors of weakly self-consistent Vlasov—Fokker—
Planck equations. We introduce Hessian matrix conditions on mean-field kernel
functions, which characterizes the exponential convergence of solutions in L! dis-
tances. The matrix condition is derived from the dissipation of a selected Lyapunov
functional, namely auxiliary Fisher information functional. We verify proposed matrix
conditions in examples.

Keywords Auxiliary mean-field Fisher information functional - Information gamma
calculus - Mean-field information Hessian matrix
1 Introduction

Weakly self-consistent Vlasov—Poisson—Fokker—Planck equations (Bolley et al. 2010;
Guillin et al. 2021; Villani 2009) play essential roles in mathematical physics and
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probability with applications in modeling and machine learning sampling problems.

The equation describes the probability density’s evolution of particles, which interact

with each other from interaction energies while under white noise perturbations.
Consider a mean-field underdamped Langevin diffusion process

dxt = Utdt
Qv = vt — (s VoW ) £ 0.y, D)ATy + ViU i)+ v/2d By,

where (x;,v;) € T? x R? presents an identical particle’s position and velocity,
T is a d dimensional torus representing a position domain, and B, is a standard
Brownian motion in R?. Each identical particle interacts with each other through a
mean-field interaction potential W and a confinement potential U. We assume that
W e C®(T¢ x T¢) is a symmetric kernel function, that is, W(x, y) = W (y, x).
Denote f = f(t, x, v) as the probability density function of the stochastic process
(x¢, vy). The density function f follows a nonlinear Fokker—Planck equation:

O f+v-Vif— (/d dVxW(X,y)f(t,y,U)dUdy+VxU(X)> -V f
Té xR
=Vy - (fv) +Vy - (Vy f). (1.1)

An equilibrium of Eq. (1.1) satisfies

2 . - ~
Fool, v) = L i WD) foo (3, )y d T~ U ()
9 Z b

llv)?

where Z = [ra, pae 2 Jrdma WD) foo (. 0)dyd5-U ) g 41y < 400 is a normal-
ization constant. This is known as a nonlinear Gibbs distribution. We are interested in
studying long-time behaviors of density functions. How fast does function f converge
t0 foo?

In this paper, we establish an exponential convergence result for the solution of (1.1)
in both functional free energy and L! distances. Our method follows from a Lyapunov
method, where the Lyapunov functional is selected as auxiliary Fisher information
functionals. From the dissipation of Lyapunov functionals along with PDE (1.1), we
derive a matrix condition, which guarantees the exponential convergence decay result
in both functional free energy and L' distances. Explicit examples are studied.

In the literature, various properties of the Vlasov—Fokker—Planck equation have
been studied, e.g., Bouchut (1993), Bouchut and Dolbeault (1995), Carrillo and Soler
(1995), Degond (1986), Esposito et al. (2010). The original Vlasov equation involves
the inverse of the Laplacian operator as the interaction kernel function. For sim-
plicity, we only focus on the weakly self-consistent kernel functions, where W is a
given smooth function. The existence of a smooth solution and the regularity prop-
erty have recently been studied in Cesbron and Herda (2023), see also the general
approach regarding the regularity properties in Villani (2009)[Appendix A.21]. The
convergence for particle systems with mean-field interactions has been studied in
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Guillin et al. (2019, 2021). And Guillin et al. (2021) proves the exponential conver-
gence in H'! norms; Bolley et al. (2010), Wang (2021) show exponential convergence
results in Wasserstein-2 type distances. In addition, Guillin et al. (2021) studies the
exponential contraction of the solution in the Wasserstein-1 distance for nonconvex
confinement potential energies. We remark that there are comparison studies and
discussions between H! and L! for the Fokker—Planck equations; see the detailed
argument in Markowich and Villani (2000). One important fact of the L' norm is
that this ensures the density has finite mass in physics. In particular, the L' dis-
tance is closely related to the Helmholtz free energy for physical systems through
the Csiszar-Kullback inequality or the Pinsker inequality. Our convergence analysis
of the functional free energy is crucial for statistical physics-oriented equations, e.g.,
spatially homogeneous Fokker—Planck—Landau equation in plasma physics (Desvil-
lettes and Villani 2000), Fokker—Planck equation for granular media (Benedetto et al.
1998), etc. Furthermore, our methods are closely related to but technically different
from Villani’s hypocoercivity methods (Villani 2009). Villani’s methods estimate the
first-order dissipation, which prove the O (r~°°) decay for W(x, y) = W(x — y); see
[Villani (2009), Theorem 56]. Meanwhile, we estimate the second-order dissipation
and obtain a Hessian matrix condition of interaction kernel function W and potential
function U to determine the exponential convergence result. As in Feng and Li (2023,
2021), we develop entropy dissipation methods (Arnold and Carlen 2000; Arnold and
Erb 2014; Arnold et al. 2000, 2001; Bakry and Emery 1985; Baudoin and Garofalo
2016; Calogero 2012; Carrillo et al. 2003; Chow et al. 2018; Li 2021) for Eq. (1.1). It
is worth mentioning that the convergence analysis of mean-field Langevin dynamics
and nonlinear Fokker—Planck equations are important in artificial intelligence (AI)
sampling problems (Carrillo et al. 2021; Garbuno-Inigo et al. 2020; Hu et al. 2019;
Kazeykina et al. 2020; Li et al. 2021). This is to design mean-field Markov—Chain—
Monte—Carlo (MCMC) sampling algorithms. The convergence analysis of f toward
foo plays a key role in Al theory. It helps in designing algorithmic reliable kinetic
sampling methods (Feng and Li 2021; Li et al. 2021; Ma et al. 2019) in Bayesian
inverse problems. In this direction, our result estimates the exponential decay rates
in both functional free energy and L! distance for kinetic-type degenerate mean-field
stochastic processes. Our explicit condition for the potential function V and the inter-
action kernel W are more straightforward to verify in the applications than those using
the Logarithmic Sobolev-type inequalities as the assumption.

This paper is organized as follows. In Sect.2, we present the main result of this
paper. In particular, we give the Hessian matrix conditions for (1.1), under which we
establish the global exponential convergence results in time in both the functional free
energy and the norm L'. In Sect. 3, we verify the proposed conditions in examples.
In Sects. 4 and 5, we provide the proofs of the main results.

2 Main Results
In this section, we present the main result of this paper. We first introduce the notions of

free energy, Fisher information, and an auxiliary functional, which are the Lyapunov
functionals in this paper. We next present the main theorem, which holds under a mean
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field information matrix condition. This is based on a Lyapunov method, under which
we derive an exponential Lyapunov constant for PDE (1.1). We last present examples.

2.1 Notations

We briefly introduce the analytical property for the solution of PDE (1.1). Assume that
W(x,y) = W(y,x)and W € C2(T¢ x T9). Denote fo = fo(x, v) as a probability
density on Q := T¢ x R?, such that all moments of density function f are finite, that
is, fQ ||v||kf0(x, v)dxdv < 400, for all k € Z,. We assume that there exists a unique
smooth solution f = f(¢, x, v) of Eq. (1.1). See details in Villani (2009).

We consider a Lyapunov functional for (1.1), which is often named free energy.
For convenience of presentation, denote a probability density space supported on
Q=TI xR

P:{feLl(sz): /f(x,v)dxdv:l, fzo}.
Q

Definition 2.1 (Free energy) Define a functional £: P — R as

E(f) =/ f(x,v)logf(x,v)dxdv—}—/ %||v||2f(x,v)dxdv
Q Q

+l / W(x,y) f(x,v)f(y, v)dxdvdydv + / U(x) f(x,v)dxdv.
2 Jaxa Q
2.1

In this paper, we study the convergence behavior of (1.1) through functional £(f). We
check that when f is the minimizer of £, then

1) . l 5
mg(fﬂf:foo = log foolx,v) + 1+ 2||U||
+/ W(x, 1) foo(y, D)dydi + Ux) = C,

Q

where % is the L? first variation operator w.r.t. f, and C is a constant. In other words,

Pt v) = Lo M Ja W) fro 3. D)T-U )
9 Z 9
vy S dvds . ..
where Z = fQ e 2 o W foor.D)dydi-U®) qxdy < 400 is a normalization con-

stant. In the literature, we note that functional £(f) is often named the free energy,
and f is called a nonlinear Gibbs distribution (Carlen et al. 2003; Esposito et al.
2010).

In this paper, we mainly study the long-time dynamical behavior of f(z, x, v) for
general interaction kernel function W and potential function U. In particular, we shall
investigate that how fast does the Lyapunov functional £(f (¢, -)) converge to £(fxo).
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To study this convergence, we introduce some necessary notations and functionals.
Denote |; € R9*? as the identity matrix. Let

o 0 cRYxd L _ Z1la e R2xd, 2.2)
la 22lq

where z1, z2 € R are two given constants. Using above matrices, we define the fol-
lowing functionals to characterize the decay of Lyapunov functional £. Denote

1
3—5(f) =10gf(x,v)+1+—||v|I2+/ W(x, y) f(y, v)dydv + U (x).
fx,v) 2 Q

Definition 2.2 (Fisher information functionals) Define a functional DE,: P — Ry
as

. 8 T 8
DEu(f) == /QWX’”—Sf(x,v)g(f)’aa Vx,v—gf(&v)(‘?(f)>f(x,v)dxdv- (2.3)

Define an auxiliary functional DE,: P — Ry as

£, 22 Vo E() f(x. v)dxdv.  (2.4)

s
D = (v, ,—
£:(f) /Q( S f(x,v) §f(x,v)

It is known that DE,, named “Fisher information functional,” equals to the decay of
free energy £ along with the solution of PDE (1.1). In other words,

d
d_tg(f(t’ w)=-DE(f(t,-,) =0. 2.5

This result is stated in Lemma 4.1. We note that functional D&, itself cannot guar-
antee the L' decay of the solution, due to the degeneracy of the subelliptic operator in
PDE (1.1). To overcome this degeneracy issue, we construct an additional functional
DE .. We call DE,, the “auxiliary Fisher information functional.” Shortly, we demon-
strate that the designed auxiliary functional D& is useful in establishing the decay
rate of the degenerate subelliptic operator in (1.1).

2.2 Main Result

We are ready to present the main result. We first provide a matrix eigenvalue assump-
tion.

Definition 2.3 (Mean-field information matrix) Define a symmetric matrix function
R e R*>4 such that

1 (Ax,y) B(x,y)
Rz, x,y) = ) (B(x, y) A(y,x))’
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where A, B € R24>2d gre defined below: Denote

Vix,y) =Ux) + W(x,y),

A(x,y) = z122la %[(1 +z122 + z%)ld — Z%V)%XV(X, ]
. A+ 2122+ ) — 23V2V (x, )] (1+2)lg — 2122VE V (x, y)
A(y,x) = 222la %[(1 +z122 + Z%)ld - Z%nyV(y, x)]
; FM0+ 2122+ ) — IVE V(3. 0)] (142Dl — 2122V4,V (3, )

and

2
0 —FVEW(x, )

B(X, y) = z2 2 2
—3 Vo, Wx, y) —2122V5, W(x, y)

Assumption 2.1 (Mean-field information matrix condition) Assume that there exists
a constant A > 0, such that

(2.6)

aa' + zZ7' 0
0 aa' +z7')°

Rz, x,y) = A (
where a, z are defined in (2.2), such that

2
zila  zizola
aa' +zz7' = ! -
z122lg (1 +z25)lg

Under the above matrix eigenvalue condition, we next prove the following main the-
orem.

Theorem 2.1 Suppose that Assumption 2.1 holds, and there exists a smooth solution
f(t, x,v) of (1.1). Then the following exponential convergence result is satisfied.

1
EfE, ) —E(foo) < ﬁe_z’v [DE4,z(fo) — DEu z(foo)]s 2.7
where

D&y (f) :==DEu(f) + DE(S). (2.8)

Corollary 2.2 Suppose Assumption 2.1 holds, and there exists a smooth solution
f(t, x,v) of (1.1). Assume that there exists a sufficient small constant Cy > 0,
such that

max |[W(x,y)| < Cw. (2.9)
(x,y)eTd xTd
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Then the following L' distance convergence holds.

/ |f (2, x,v) = foo(x, v)|dxdv < Ce™\/DEy . (fo) — DEu:(foo).
Q

for some constant C > 0.

Remark 2.1 The functional £ is also significant in physics. It is the Helmholtz free
energy. Thus, the convergence analysis of the kinetic Fokker—Planck equation in terms
of Helmbholtz free energy is crucial for statistical physics-oriented equations. The
second law of thermodynamics shows that free energy dissipation equals the negative
Fisher information; see Lemma 4.1. The analysis in this paper further introduces
the convergence rate of the free energy. Regarding Lyapunov’s functions, there are
other choices, including H~! distances. To our knowledge, they are not oriented for
analyzing the Helmholtz free energy. We refer interesting readers to Markowich and
Villani (2000) for the importance of L' distances and free energy estimations.

2.3 Examples

We last present two concrete examples of L distance exponential convergence results
for different kernels W and potentials U in (1.1). We leave their proofs with detailed
conditions in Sect. 3.

Example 2.1 Assume W(x,y) = W(y,x), U(x) # 0. Forz; = 1 and zo = 0.3,
assume

Mg < VU@ + W, y) <g. 2h—7° > 0.08,
and for sufficiently small ¢ > 0,

IVE, W e =0G), max Wl <1,

(x,y)eTd x

where || - ||F is the matrix Frobenius norm. Then Assumption 2.1 is satisfied. Thus, the
exponential convergence results in (2.7) and (2.8) hold.

Example 2.2 Consider W (x, y) = W(y, x), U(x) # 0. Assume

VAW, y) = Qy'Diag(3}. - 2 )Qw,
V2 W(r,y) = Q' Diag(RY, 7Y )aw,
Ma 2 V2 U(x) < Mg,

where Qw denotes the orthogonal matrix for the eigenvalue decomposition of V2W.
Let L =1 =0.9, z1 =1, and z» = 0.3. If the following condition holds,

—0.538<3:,W <0297, i=1,...,d, max W, | <1,
(x,y)eTd xTd
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then for sufficiently small )LI.W , Assumption 2.1 holds true. Thus, the exponential con-
vergence results in (2.7) and (2.8) hold. In particular, for d = 1, if XIW = —0.12, then
|)»l.W| <1073 is enough to guarantee Assumption 2.1. If W(x, y) = W(x — y) and

)»l.W = _)\IW is small enough, Assumption 2.1 holds.

Remark 2.2 (Comparisons with Carrillo et al. (2003)) The mentioned paper studies a
matrix eigenvalue condition for gradient-drift Fokker—Planck equation. In example 2.2,
we work on a matrix eigenvalue condition for degenerate non-gradient-drift Fokker—
Planck equation.

Remark 2.3 (Comparisons with Guillin et al. (2021)) The paper in this remark estab-
lishes the exponential convergence results in weighted Sobolev space. Meanwhile, we
show the exponential convergence results in L' distance.

Remark 2.4 The work of Villani (2009) analyzes the case for U = 0 and W(x, y) =
W (x — y). We shall show that Assumption 2.1 does not hold for constant matrices a
and z. This implies that exponential decay does not hold in this example. In this sense,
our result does not improve the O ( ~°°) convergence result in Villani (2009)[Theorem
56].

3 Verification of Assumptions in Examples

In this section, we verify Assumption 2.1 in two examples.

3.1 Proof of Example 2.1
Lemma 3.1 Assume that

V%),W(x, )’) = Qa/lDiag<)\'}/V9 T, )‘-“I')V>QW5

. ~ (3.1)
V2 WG, y) + V2U () = Q' Diag (7Y 7Y ),

where Qw and Qy denote the orthogonal matrix for the eigenvalue decomposition of
nyW(x, y) and VEX(W(x, y) + U(x)) with Q;Vl = Q{V and Q‘—/l _ QIP

(1) If there exist positive constants 21, z2, Aw,, > 0, such that
Ax,y) = Aw,_ g, and Ci < iw, < Cy, 3.2)

where A(x, y) is defined in Definition 2.3, and

4
Z
A3+ 3 + /45 + 83 w
Ci= > 1A ]

. 1 -
C, = min |zlzz 1510+ 222+ ) = A
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~ 1 ~
(433 — 22kl = 510+ 22+ - 51,
i=1,...,d,

then Assumption (2.1) holds. B
(2) Suppose there exists constants » > . > 0, such that for any (x, y) € T¢ x T¢,

Mg 2 VEW(x, y) + Vi U(x) < A,

Assume that nyW(x, y) = 0, z1 = 1, and there exist constant 75 € (0, 1+2«/§)

and 8 > 0, such that ), & satisfies the following conditions:
=2 2 34 2
20 =1 >1-6, [2(z2—z23)A+ 220+ 225 — 25 — 325 > 6, (3.3)

then Assumption 2.1 holds

Proof Case 1: According to Definition 2.3, we have

R(z,x,y) = 1 (A(X, y) B(x, y))

2 \B(x,y) A(y, x)

_ 1 ( 0 B(x, y)) " 1 (A(x, y) 0 )
2 \B(x,y) 0 2 0 A®,x)

1 ~  ~
E(jl+j2)-

We want to get a positive lower bound for the spectrum of I. Applying the Gersh-
gorin circle theorem. it is sufficient to require the following condition, for V (x, y) =
W(x,y) +Ux),

( 2122l N+ 2122 + D)y — 22V2V (x, y)])
A+ 212+l = 23V2V @, )] L+ 2Dl —2122VE V(x, y)
—Aw,, a = 0.

such that there exists constant Ay, > 0 satisfying

~ g O
T2 Z A (%)d |2d> '

According to the eigenvalue decomposition of foW(x, y) + V)%XU (x), it is thus
sufficient to prove the following inequalities, fori =1, ..., d,

1 ~
sz =510+ a2+ 2) — 20 = Aw,,s

~ 1 ~
(1423) — z1222) — 51 +az2+23) -8 = w34
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Given such a positive Ay, > 0, we analyze the first term jl, such that

0 B(x,y) ba O
(B(X’y) ) >+AWM (0 bd) > 0. (3.5)

According to Schur complement for symmetric matrix function (see (Vandenberghe
and Boyd 2004)[Appendix A.5]), this is equivalent to the following condition:

A 0;
;Vxx > , (3.6)
My, J2a —B(x, y) = 0.
Recall
0 —EV2 W, )
B()C, y) — Zz 2 TXxy ) y
—T'V%yW(x, y) —leZV)%yW(x, y)
_2 d
0 Q;VI [Diag{%k}”}_ ]QW
— =
= 2 d
0y [Ding{ 314 | _ Jow o [Ding{ — 21224} _ Jow
i= 1=
_ (0 By2
~ \B21 B /)"
We have
A2 1y —B? —B12B» ch ch
My Joa — B (e, y) = (T 12 )= W)
Wi 12d () < —Bi2Bn Ay, ls — B3, — B, Ci2 O3
where we denote
W 1 e 2 Zélt wy21?
i =Qy [D‘ag{)‘wxx - Z(}”i ) }j:l]QW
w —1 1y Z% w29
ch =Qy [Dlag{ — zlzzf(ki ) }i—l]QW
W 1 2 WN2,.2 2 Z? d
Cn =Qy [Dlag{)‘wxx — )@ + Z)}izl]ow'
Applying Schur complement, it is equivalent to, fori =1, ..., d,
PPN ok
Wox i) 4= 3.7

4 4 4
0, — A2E3 + P0G, - FOPPI-d35 0 = 0.

@ Springer



Journal of Nonlinear Science (2024) 34:7 Page 11 of 42 7

This is equivalent to

A2 4

Wi 2z
(AW;2 — G+ 20

i

2 (3.8)

M., _(22+§))‘Wm +ﬁ>0
OWyd T IR TR G w T e =

1 1

Solving the second inequality, we get

4
222 44 2
Ay _ag + 3+ /215 + 823

o~ 2

Notice that

4
V4
z%z% + 5+ z‘fz;‘ + z?z% 4
).
2

2.2 1
(z175 + 1

>

It is sufficient to prove the following inequality for (3.8):

4
2.2 2 /4.4 6,2
Z112+7+ Z1Z2+Z1Z2

Ay, = o2, (3.9)

- 2

Thus, for Aw,_, AIW > 0,i =1,...,d, combining with (3.4), the matrix R is positive
definite, if the following condition holds:

A < 2122 — B+ 2122 + 23) — 2A1,
2y TwW 1 2y 27w
Awy, < (L4+25) — 21204 — |50 + 2122 + 25) — 272" 11,

4
Zz
z%z% +5 + ,/z‘l‘zg + z?z%
Wix i

- 2

(3.10)

’

which is condition (3.2). The proof is completed.

Case 2: We apply the Schur complement for symmetric matrix function fR. The fol-

lowing conditions are equivalent.

(1) & = 0 (PR is positive definite).

(2) A(x,y) = 0, (g — A(x, »)A™!(x, ))B(x, y) = 0, A(y, x) — B(x, A~ (x, )
sB(x,y) = 0.

According to our assumption V)%),W = 0, thus B = 0. We only need to show that
A(x, y) in positive definite. Similar arguments then apply to A(y, x). Denote

_ (A1 Az
A(xv Y) - (A21 A22> )
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with
1
Al =zi2lg, A=Ay = 5[(1 +z1z2 4+ 2)la — 23VEV(x, )], (B.11)
Ay = (1+2)lg — 2122V2, V (x, y). (3.12)

Applying the Schur complement for symmetric matrix A, it is equivalent to find z7,
7o € R, such that

2122> 0, 1425 —iz122 > 0,
and
A — ApAj Axl = 0 <= 212242 — A2, = 0.

By direct computation, it is equivalent to the following condition,

1
sl + )l — a2V Ve, »] = (1 + 21z + )l = GVELV ) = 0.
By a direct computation, it is equivalent to the following inequality:

—Z VIV 420 + 2122 — FIVE Y
+2z122 4+ 22125 — 1 — (23 4+ 2)z5 — 231la > 0.

Based on the assumption of V%xW(x, y) + V)%XU(x) = foV(x, y), we have
V2 V(x,y) = Q,'Diagx}’,--- ,2}HQy.

In particular, we assume 0 < A < ’X}V < XXV <. < XZV < A, where XYV e ?\'5’
are eigenvalues of matrix V2, W (x, y)+ V2 U (x), and A, % are lower bound and upper
bound of these eigenvalues, respectively. Applying the lower and upper bound of the
eigenvalues, it is sufficient to prove the following conditions:

2122 >0, (1+z122 —23) > 0;
_Z?Xz + 201+ 2122 — 223 r + 22122 + 22123 — 1 — (22 +2)23 — 23 > 0.
(3.13)

Let z; = 1, then (3.3) implies (3.13). Let 1 4+ zo — z% > (), for a small constant § > 0,
there exists zo > 0 such that [2(z2 — 23)]A + 222 + 223 — z3 — 323 > §, which
completes the proof for condition (1). O

Proof of Example 2.1 We provide a simple proof of Example 2.1 by applying Condition
(2) in Lemma 3.1. If Al; < V2 (U(x) + W(x, y)) < Als, which satisfies the condi-
tion(2) in Lemma 3.1, then as long as ||V%’yW(x, Y)|lr = O(e) is small enough for
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e > 0, matrix R remains positive definite. In particular, if we pick z; = 1, zo = 0.3,
6 = 0.02, this implies

-2
2A—x > 1-8, [2(z2—2D)Ir+22+223 — 25 — 323 > 0.02,

ie., 2% — 7> > 0.08, and 0.42} + 0.3759 > 0.02. Hence, we require that 2. — 4" >
0.08. O

3.2 Proof of Example 2.2

Similar to the previous section, we apply Schur complement to derive the positive
definite condition for R. In particular, we rewrite matrix R in the following form,
where we separate the potential function U (-) and the interacting potential function
W(x, y).

Definition 3.1 (Reformulation of mean-field information matrix) Define a symmetric
matrix function R € R¥*4d_quch that

_ 1 (Ai(x,y) B(x,y) 1 (M(x,y) 0
Rex0=3 ( B(x. ) Al(y,x>> 3 ( 0 Az(y,x)> ’

where Aj, Ay, and B € R??*2? are defined below:
2
_4wy2
Al(_x’y): < Z2 20 vazw(xvy) )7
-3 Vi Wx,y) =212V, W(x, y)
2
O _Z_1V21W ’
A= o) 2 ” (y, %)
=3V, Wi,x) —z122Vy, W(y, x)
2
O _Z_1V2~W )
B(x, y) = - 2 Vxy (x,y) ’
—%V%,W(x, y) —Z1Z2V§yW(x, y)
and
Az(x y) _ lez|d %[(1 + 2122 +Z%)|d - Z%V)%XU(X)]
’ s+ + Dl —VEUW] I+l — 2122V U ) ’
Aa(y. x) = 2122lg S+ 2122+ 2Dla — 23V, U]
Bl nn+ D - AVEU0N A+ Dl —anVRue) )
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Lemma 3.2 Assume that
V%,W(x, y) = Q;VlDiag

V2. W(x,y) = Q' Diag
Mg 2 V2 U(x) < Mg,

o T )aw, (3.14)

e~

w w
)\-1 1"'1)"d)QW1

And there exists z1 > 0 and zo > 0, such that
Ay > Ay,

where we denote Ly as the spectrum lower bound for A> defined in Definition 3.1.
Then if kiw sufficiently small, and

1

~ 20y (224422 +23) 2xu(/z2 + 25 —22)
we( i 1 2’ 1% 2 ) i=1,...,d, (3.15)
4

by
1

then Assumption (2.1) holds.

Proof According to Definition 3.1, we have

_ 1 /Ai(x,y) B(x,y) 1 (Ay(x,y) O
A =3 ( B(x. ) Al(y,x>> 32 ( 0 Az(y,x)>

1
= E(jl + 7).

According to condition (3.4) in the proof of Lemma 3.1, we find a sufficient condition
such that [, is positive definite, i.e., there exists constant Ay > 0, such that

g O
T = Ay (%d |2d> .

Next, we analyze the first term J1, such that J1 + 7> is positive definite, which implies
that 7 could be potentially non-positive definite. We shall show that

Ai(x,y) B(x,y) ruba 0O
+ > 0.
<B(x, y) Ay, x) 0 Ayha) —
According to Schur complement, this is equivalent to the following condition:

A Aul ;
{ 1(x, ) + Ayla = 0; (3.16)

A1(y, %) + Auhaa — Bx, MIAL(x, y) + Ayhal 7' B(x, y) = 0.

Based on Assumption 3.14, the first condition is represented below:

ro (0) + A 0
01y
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214
Aula Q;'[Diag| - 47| Jaw
i

Q;Vl [Diag{ - éi}v};]ow Q;,l [Diag{kU - mzﬁiw}d ]QW o

i=1
Thus, the first condition in (3.16) is equivalent to

4
AU(AU—zlzzle)—%](A;V)Z>O, for i=1,....d, (3.17)

which implies

(3.18)

i

~ (—ZAU(ZZ +y21+23) 2hu(/23+ 23— Zz))

A€ , .
3 3

Similarly, we have

o o) Jon

o [viaef ~ 32| Jow o [Diae| —ziz2)']_ Jaw
0 Bio
- (le 322)'

Since each block of matrix Aj(x, y) + Aylyg is diagonal, we have

B(x,y) =

_ AV AW
[Ar(x,y) +Aphg] ™' = (Alu} A%%)
21 A

where we denote
~ z4 ~
Di = duGhy —a12h!) = A, for i=1,....d,
and

At = 0 o 2271w

1 i=
2TW
1 e A4
A% - A% - QWl [Dlag({ éDl- L—l)]QW
i Ji=

AY = Q) [Diag({g—i}d )]Qw.

i=1
Using the above explicit representation, we obtain

ALY, X) + Aylag — B, MIAG, ) + Ayl ™ 1B(x, y)
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=A1(y,x) +Aylhyg

B ( B12AY B2 B12AY B12 + B12AY, B )
leA%le + BZZA%BZI BZIAKBIZ + B22Ay1B12 + B1A[5B2 + BzzA%Bzz

_ <§11 §12)
Gy G )7
where we denote

& = oo~ [F5EE]) o,

4D; i=1
2 3 W2 60y W\2TW
~ _ 7~ 272200 Ay 27N d
Cio = Oy [Diag({ - 53 - [+ o)l
12 = Qy | Diag(} = 54, oD, 8D, i) 9w
40y W2 TW
~ ~ 27 (A! AU — 2122
Cx :Q;Vl I:Diag({)\.[] —lez)nlw —[ 1) G 12247
4D;
L ane Y +)»U(2122)2()»,~W)2]}d It
2D; D; =) ="
Applying Schur complement and under the condition D; > O fori = 1,...,d (i.e.,
(3.18)), the second condition in (3.16) is equivalent to, fori =1, ..., d,

4ryD; — ztau(A))? > 0,

4[4y D; — Ziau (L)) x

[4D; vy — z1224) — [Z1 )2y — 1zoh)) + 223220 )) 2R

+4y (2122202 = 4D 28 + 42320 )y + 280N PNV T > 0.

(3.19)

~ 4
Recall that D; = Ay(Ay — z1224)") — F-(G)?, for i = 1,...,d. For the first
inequality in (3.19), it is sufficient to require that, for ()‘1W )? small enough,

4
~ 77 o~
Di = Au(hy — z1224)) — Zl()»,-w)2 > 0.
For the second inequality in (3.19), denote Ay — 21 ZQXlW = o. We observe the following
simplification:
4[4Diry — 21047 hu]
x[4Di = (40 + 22§00 RV + 4w @222 |
—14DiziA) + 42 + 20T > 0,
~ 2
= 4Ap[4D; — £1] x [4D,~a - 52] - [4D,~z%k,w + 83] >0,
= 64aD7 Ay — 16D221 (V) + o(e) > 0,

1, ~
= 64Dy — Zz‘l‘(xiw )3) + o(e) > 0. (3.20)

@ Springer



Journal of Nonlinear Science (2024) 34:7 Page 17 of 42 7

Here all ¢ terms depend on ()\IW )2. And the leading term (Aya — }tzj‘(X,W)z) > 0is
the same as 3.17. Thus, we finish the proof as long as ¢ is small enough. O

Proof of Example 2.2 According to the above Lemma, let A = 2=09,z = 1,and
zo = 0.3, we obtain Ay =~ 0.2. By direct computations, condition (3.15) implies

—0.4(034+v1.09) < 1Y <04(/1.09-03), i=1,....d.

In particular, if we choose "XZW = —0.12, plugging into (3.20), it is sufficient to require
Aivv < 1073, such that o(¢) is small enough. O

Proof of Remark 2.4 For U = 0, and W (x, y) = W(x — y), we have V2 W (x — y) =
—V%yW(x — y) and )LIW = —)»,W. According to the eigenvalue decomposition, we
have

AB o (o= o= o-! o1\ (AB)p;

where

~ d
~ z122lq %[(1+Z122+z%)ld —Z%Diag{)\iw}_ ]
A= i=1
= , 5 D ~w d 5 . ~w d ’
sl +z1z2 + 29)lg — lelag{Ai } l] A+ 2y — zlzleag{Ai } 1]
1= 1=
2 d

—~ 0 Diag[ — %IA.W]
B = L)i=1

d

2 d
Diag{ — %A[.W}izl Diag{ — lez)‘iw},-:l

For R positive definite, it is equivalent to the following condition:

AB
(%9 > Mag,

for some positive constant & > 0. Itis thus sufficient to prove the following inequalities,
fori =1,...,d,andz; > 0,z > 0,

1 ~ 72
a5l + a1z +23) — 2 - ?um > A,

- 1 ~ 22
(1+23) — z122%) — SI0+ 212 +23) =2 - 31|A,.W| — 21221 > 2.

(3.21)
Assume that Xlw = —)\ZW > 0, and %[(1 +z1z20 + Z%) — Z%X}V] > (, then the above
inequality is reduced to the following inequalities:
21z — 1 — 23 2120 — 1 — 22 ~
o —zh 2 i) 2k (3.22)
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It is obvious that such a constant A does not exist unless zjzo — 1 — z% =0,A=0,
and XIW = 0, fori = 1,...,d. This implies that exponential decay does not hold
for U = 0 and W(x, y) = W(x — y). In this case, the O (r~°°) convergence derived
in Villani (2009)[Theorem 56] seems to be optimal. Meanwhile, from (3.22), we can
provide an estimate of the negative lower bound for eigenvalues of ‘R. O

Remark 3.1 Following the above remark, for U = 0, and W(x, y) = W(x — y), we
have A (y, x) = Aj(x, y) = —B(x, y). Similar to the condition (3.22), matrix A is
at most semi-positive definite. Let zjz0 — 1 — z% = 0, then A, > 0. We also note that

(916, 0) 2. v) G103, D) 203, D)) R (1 0x. ) 2(x,) $1(v. D) (. )"
1 ~ ~ P
= 2 (1000) = 410 D) d2(x, 1) = 23, D) A3, ) (f;;g: RO 3) .
(3.23)

The above condition (3.23) recovers the similar Hessian matrix for non-degenerate
gradient flow equations in Carrillo et al. (2003). However, matrix A; is always negative
definite even if we assume that V>W is positive definite. These facts show major
differences between degenerate and non-degenerate gradient flow equations.

4 Proofs of Theorem 2.1 and Corollary 2.2

In this section, we present the main proof in this paper. For simplicity of presentation,
we denote f = f (¢, x, v) as the solution of PDE (1.1).
We rewrite (1.1) in the following equivalent form:

)
atf = Vx,v : (f)/) + Vx,v . (faaTVx,vﬁg(f)L 4.1
where
02
y =V + / W(x, ) £(t, y, B)dTdy + UL, 4.2)
2 TdXRd
and
0 —Id)
J= . 4.3)
<|d 0 2dx2d

Formulation (4.1) is known as the flux-gradient flow (Li et al. 2021) or Pre-Generic
(Duong and Ottobre 2021). We summarize several lemmas below.

Proposition 4.1 For y and J defined in (4.2) and (4.3), the PDE (1.1) is equivalent to
the following form

b))
Wf=Veu - (fY)+V- (faaTVx,vﬁc‘?(f))- (4.4)
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Furthermore, the following identity holds:

8 8
Vi (fY) = Vi~ (vagg(f)) = f(vx,vﬁg(f)v Y) (4.5)

In particular, we denote

W®p= / W ) £t y, D)dyds, plt, y) = / £t y, D)di. (4.6)
de]Rd ]R‘l

Proof First, we observe that

v
(—( S VW (@, y) £(2, y, D)dudy + VXU(x»)
2

= _va,v |:U_

+/ W(x,y)f(t,y,?f)d'ﬁdy—i—U(x)]
2 Td x R4

Furthermore, using the fact V- (JV¢) = 0 for any smooth function ¢, (1.1) is equivalent
to the following formulation:

2

0 = Ve (P[5 [ We 6y Dty + U))

U2
— V., (faaTvx,v[logf + = +/ W(x, y) f(t, y, D)dvdy + U(x)]).
2 Td xRd

Applying the fact that € = [log f + 1+ 5 + fra,cze W ) £ (1, y. H)dTdy +
U(x)], we have

T 8
Of = Vau-(fy)=V-(faa Vx,vﬁg(f))»

where y = JVX,,J[UZ—2 + Jpdge W(x, ¥) f(t, y,0)d0dy + U(x)]. Furthermore, we
observe that
2

Ve (1) = f(Veulog .0l + / W, y) £, y, D)dTdy + U)])
Td xR

= f(V 85
= FVerg 7€),

where we add (V[ + U (x) + W ® p(0)], Vs o[ g + U@) + W @ p(x)]) = 0
in the last step. Notice that V - (fJV log f) = 0, we obtain

)
Vi - (fY)=V- (fJVx,vgg(f))'

O
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Lemma 4.1 Under the assumption W (x, y) = W(y, x), we have

d __ LN Ty S __
~E() = /Q (V37E0).aaV ZZEC) fdsdv = =DEy (1),

where E(f) is the free energy defined in (2.1), and DE,(f) is defined in (2.3).
Proof Clearly, PDE (1.1) in formulation (4.1) can be written below. From equality

(4.5), we have

T )
0 = Ve laa” £ DV2 8,
Thus,
d )
CE( = /Q SFEU B fdrdy

- /Q SFEU) Ve (flaa’ + ) Ve 8 )dxdy

_ kA T LN
_ /Q (Va3 76 (@’ + D Ve, E0) fdxdy

_ S e wdv. L
= /Q(Vx,vafg7 aa Vx,vafg(f))dedvv

where we use the fact that

8 8
(Vx,uﬁé', JVx,vﬁé'(f)> =0.

Lemma 4.2 (Technical Lemma) Suppose Assumption 2.1 holds. Then

3DEq.(f) <=2 RGE, 8E) F(t, x,v) f(t, y, v)dxdvdydd
QxQ

—2MDE(f) + DE-(f)].

IA

We leave the proof of Lemma 4.2 in Sect. 5.

Proof of Theorem 2.1 According to Lemma 4.2, we have
0/ DEy:(f) = =2ADEy 1 (f).

Furthermore, using the fact that

d
_ag(f) =DE.(f) < DEy (),
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we have

% d
[DEa(f) = DEar(foo)] = / SDE(f (5. s
t

o
Step A: < —21 / DEq-(f(s, )ds
t

IA

=2\ /OO DEL(f (s, -, ))ds
t

= =2\ /OO —ié’(f(s, -, ))ds
¢ ds
Step B: = =2A[E(f) — E(fo0)]-

From Step B, we have

1
[S(f) - g(foo)] = ﬁ[DSa,z(f) - Dga,z(foo)]- (4~7)

From Step A, we have

—[DEa,(f) — DEq z(foo)] = =21 /tooDc‘fa,z(f(S, ) = DEaz(foo)ds.
Applying Gronwall’s inequality, we have
DEyo(f) = DEa:(foo) < € M [DEz(f0) — DEaz(foo)]-
Using the inequality (4.7), we have

£~ E(fo0) = 5[ PEaz() = DEwz(f0)] = 5 [DEuzfo) — DEu(fo0)]
00 = a,z a,z\Joo =7 a,z\JO a,z\Joo) |»

which finishes the proof. O

Proof of Corollary 2.2 Recall that

() =f flogfdxdv+1f llv)|? fdxdv
Q 2 Ja

—i—l W(x,y)f(x,v)f(y, v)dxdvdydo + / U(x) f(x,v)dxdv.
2 Jaxa Q

Similarly, we denote £(foo) as the free energy associated with the equilibrium f.
We know that f, satisfies the equation,

P v) = Lo TP W) foo(y.0)dydv—U )
z
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which implies that

0g foo = —%nvn2 - /Q W(x., y) foo(y. v)dydv — U(x) — log Z,
where Z is the normalization constant. We thus obtain

E(foo) = —% /QXQ W(x, y) foo(x, V) foo (¥, V)dxdvdydv — log Z.

Following the above representation of £( f), and denoting f = f (¢, -, -), we derive

E(f) —E(fo)
:/ f,x, v)logf(t,x,v)dxdv—i—l/ ||v||2f(t,x,v)dxdv
Q 2 Ja

+1 Wx, y)f,x,v)f(,y, v)dxdvdydv + f Ux)f(t,x,v)dxdv
2 Jaxa Q

1 - -
s / W(x. ) foo (. 1) foo(y. B)dxdudydi + log Z
2 Jaxe
1
=/ flog idxdv—i—/ flogfoodxdv—i-—/ ||v||2fdxdv
Q Joo Q 2 Ja
—i—/ U(x) fdxdv +1logZ
Q

1
+5 W(x, ) f(t, x,v)f(t,y, 0)dxdvdydd
2 Jaxa

1 - -
+= Wi(x,y) foo(x, V) foo (¥, V)dxdvdydv
2 Jaxa

= / flog id)cdv — ft,x,0)W(x, ) foo(y, v)dydvdxdv
Q Joo QxQ

1
+-/ W(x,y)f(@t,x,v)f(t,y, 0)dxdvdydd
2 Jaxa

l ~ ~
+5 W(x, y) foo (X, V) foo (y, V)dxdvdydd
2 Jaxa

= f flog fidxdv—i-l Wx, y)(f(, x,v)
Q

[e%9) 2 QxQ
 Foe (e O)(f (1 ¥, B) — foo(y, B))dxdyduds,
> / Flog - dxdv — 1/ W )| - (2. x. v)
Q o 2 Jaxa
Foe G )] 1(F (s 3, D) — Froly, ) ldxdydudd

1
> / £ log fidxdv — WS = fooll}r.
o0
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where the last inequality follows from our assumption in (2.9). Applying the Csiszar-
Kullback-Pinsker inequality, we have

\

f 1
E(f) = E(foo) = /Qflog —dxdv = 2Cwllf = ol

1 2 1 2
SIF = Foollf = 5CwIf = Fooll}

v

The proof is thus completed assuming that Cy < 1. O

5 Proofs of Technical Lemmas
In this section, we provide all proofs of technical lemmas in the previous section.
For simplicity of notations, we use the integration notation that [ = fQ. Besides, we

denote Q = Q, x Q,, 2, = T9, Q, = R?, and use the notation p to represent the
marginal density function of f on the spatial domain, i.e.,

,o(t,x):/ f(t, x,v)dv. 5.1
Qy

5.1 Notations and Information Gamma Operators
In this subsection, we prepare some notations for later on computations in technical
lemmas.

Denote ¢ € C*°(£2) as a smooth testing function. Denote the Kolmogorov operator
L := L(f) for PDE (1.1) as

L= vVsdp— Voo w/ Wr, ) £t y. DAy + U ) + Avd — v- Vo,
Q

We also denote the L? adjoint operator with respect to the Lebesgue measure of L as
L*. In other words, (1.1) can be written as

af=L"Ff.
Following Proposition 4.1, we decompose the operator L as
Lp =L~ (y. Vo),

where

2
Ly =V-(aa" V) + (aaTV(—% —Ux) = W®pkx), Vo).
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Denote a z-direction generator:

2
~ v
L.p=V-(zZ2'V) + <ZZTV(—7 —Ux)—W® pk)), V¢>.
We first define Gamma one bilinear forms I'y, I'j : C*°(Q) x C*(Q) — C*®(Q) by

T1(#,¢) = (a"Vp,a"Vd)ga, Ti(p,¢) = (2'V¢, 2 Vo)pa. (5.2)

Next, we recall the following information gamma calculus introduced in Feng and
Li (2021), where a and z are chosen as constant matrices. Define the following three
bilinear forms:

15,5, Tz, C®(Q) x CX(Q) - C™(Q).

We denote

~ 1~ ~
[2(¢.¢) = SLT1(. ¢) — T'1(L¢§. 4),

and

~ 1~ ~
I3, ¢) = ELF7(¢, ¢) —T{(Lg, ¢).
We denote the irreversible Gamma operator:

1

1, ¢) = (Lo + L:)(Vo,y) — E(V(Fl(dh ¢) +T{(,9), 7). (53)

We first present the following proposition for a and z defined in (2.2), which is a
special case of Feng and Li (2021)[Proposition 9]. See other (generalized) Bakry—
Emery formulation in Baudoin and Garofalo (2016) for degenerate operator L and
Bakry and Emery (1985); Arnold and Carlen (2000) for non-degenerate operator L.

Proposition 5.1 For any ¢ (x, v) € C*(RQ), we have

500 +T56.0) =3 [F102,0P + 1+ D020, 0 + 22122003, 0]
i=1
d 2d 5
=YY 4 Viad V(=5 — U@ = W @ p();ox da Vo
=iy
d 2d 5
=Y YA Viad V(=5 — U = W @ p(0); i 2 Vo,
=1z
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where we denote (x1,---Xq, V1, ,Vq) = (X1, ,X2q), and V¢p = (Ox, f, -+,
0y @). Furthermore, we denote a' = (aI, . ,a})T € RI%2 gpd ;7 = (zI, cee
ZZ)T e RdXZd )

We next prove the following equivalent formulation for the irreversible Gamma oper-
ator. For simplicity of presentation, we use the following notation in the rest of the

paper:

8
3E = ﬁé’(f). (5.4)

Lemma 5.1 For irreversible Gamma operator I'z, . = 'z, + 'z, defined in (5.3), we
have

/ Iz, (8, 88) fdxdv = — / (aa"V8E, VyVSE) fdxdv,
/ 7.3, 8€) fdxdv = — / (z2"V8E, Vy VSE) fdxdv.

Proof We lay out the proof for the first identity with matrix a. The second identity for
matrix z can be proved in a similar manner. Recall

~ ~ 1
I'z,. (6E,88) = (LSE + L 8E)(VSE, y) — §<V(F1(85’ 88) + Ff(aé‘, 35)), V)
=1I7,&,88) + 'z, (8, 688),

and

2
L8E =V - (aa"VSE) + (aaTV(—% —U@x) = W® px)), VSE),

2
L.66 =V (z2'V8E) + (zzTV(—% —U@) - W® px)), VSE).
Then we have

/ Iz, (8&,8) fdxdv

V(T (BE, 5E)), y)]fdxdv

=/[(ZSE)(V(SE,)/)—%

2
= / [v - ((@d")\VSEY(VSE, y) + (VSE, y)(VSE, (aaT)V(—% —U®)
-W® ,o(x)))]fdxdv + / %V - (fy)(V8E, (aa")V§E)dxdv.

Using the fact V - (fy) = f(VSE, y) = f(VSE, y), we have

/ 'z, (8&,5) fdxdv
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- / [v - ((aa")VSE)(VSE, y) + (VSE, y)(V
v2
6.0 V(=5 — U — W @ ,o(x)))]fdxdv

1
+/ 3 (VSE, y)(VSE, aa" VSE) fdxdv. (5.5)
Applying integration by parts for the first term, we have

/ V - (aa"VSE)(VSE, y) fdxdv
= _/ [<aaTV55, Vlog f)(VSE, y) + (aa' VSE, V255y)]fdxdv

— f(aaTVcSé’, VyV§E) fdxdv.

Plugging the above equality in (5.5) and using the fact V6€ = Vlog f — V(—% —
Ux)—W® p(x)), we have

/ Iz, (5€.68) fdx
= / _%(vag, Y)(VSE, aa" VSE) fdxdv
—/ [<aaTv35, VyVSE) + (ad"VSE, v255y)]fdxdv
:f—%(Vf,y)(V&i’, aa"V8E)dxdv
+/ %(V(—”z—2 —U®) — W ® p(x)), y)(VSE, aa' V8E) fdxdu
- / [<aaTv35, VyVSE) + (aa' VSE, V285y)] Fdxdo.

Applying integration by parts for the first term and using the identity V - (y) = 0, we
have

/ _%(v £.7)(VSE, aa"V8E)dxdu
— / %v (Y (VSE, aa' VSE)) fdxdv
- / %(y, (VSE, V(aa")VSE)) + /<aaTv55, V25Ey) fdxdv.
By summing over all above terms, we obtain

/ Iz, (8€,88) fdxdv = — / (VyVSE, aa' VSE) fdxdv
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In the above equality, we use the fact that (V(—% —Ux)—W®px)),y)=0and
V(aa") = 0 since a is constant matrix. This completes the proof. O

5.2 Proof of Lemma 4.2

The proof of Lemma 4.2 is divided into the following lemmas.

Lemma 5.2 For DE,(f) defined in (2.3), we have the following equality:

WDELf) = =2 / [T2(8E, 8E) — (aa'VSE, Vy VSE)] fdxdv

—2/(v§yW(x, VU +aa")V, ;8E(y, 1), aa' Vi y8E(x, v))
f(x,v)f(y, v)dxdvdydo.

Proof For DE,(f) defined in (2.3), and the structure of matrix a, we have
DEL(f) = / (VSE, aa" VSE) fdxdv.

We derive the dissipation of DE,(f) as below, where we denote V =V, ,,,

»DEa(Sf)
=2 / (V3,;8E, aa" V§E) fdxdv + / (VSE, aa"V8E)d, fdxdv

=2 / ((38E)(X)V - (faa"V5E)dxdv + / (VSE, aa"V8E)d; fdxdv
= —2/(525(x, v, y, D)0 f(y, D)V - (faa' VSE)(x, v)dxdv
+ / (VSE, aa"V8E)D, fdxdv
=2 / (W(x, v)3 f(y, D)V - (faa"VEE) (x, v)dxdvdydi
-2 f (%at AV - (fad"VsE)dxdv
+ f (VSE, aa"V8E)D, fdxdv.
Hence,

WDEL(f)
=-2 / W, WIVy 5 (faa' V88, D)

+Vy 5 (f¥)IVew - (faa' Vi y8E(x, v))dxdvdyd5
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- f %[vx,,, (faa" Vi 08€) + Vi - (f1)]Vi - (faa Vi p3€)dxdv

+/<v55, aa' VSENY - (faa' Vy y8E) + Vyy - (fy)]ldxdv

= —2/ W(x, y)Vy 5 - (faa' Vy 56E(y, 9) Ve, - (faa' Vi p8E(x, v))dxdvdydd - - Jp
2 [ WO ¥y (1) Ve - (faaT V88 0)dedudydi - Ty

=2 %v (faaT Vs y5E) sy - (faa" Vi y8E)dxd - T2

—2f %vx,v S(fY)Va - (faa Vi p8E)dxdv - - Joy

+ /(V&E’, aa' VSEVV - (faa' Vi y8E)dxdv - - T3

+/(v55,aaTvag>vx,v C(fy)dxdv--- T
=J1 + T2 + T3 + J21 + T2 + J23.

We first have

Jin =2 / (V2,W(x, y)aa"V, 56€(y, D). aa" Vy w8 (x. v)) f (x, v) f (. D)dxdudyds.

Next, using the identity V, ,, - (fy) = V - (fIVSE), we have

Jor = —2 / W »Vy5 - (f1) Vs - (faa Vs y5€)dxdudyd§

-2 /(nyW(x, VIV, 58E(y, 1), aa' Vy y8E (x, v)) £ (x, v) £ (v, D)dxdvdydd.
Furthermore, applying the identity V , - (fy) = f(VS8E, y), and we have

I + I3

= _2/Vx,v ~(fy)

Viwv: (faaTvx,v55)
7 .
+/<v55, aa"V8E)Vy y - (fy)dxdv

fdxdv

= —2/ Ve - (fy)[(Vx,v log f, aaTVx,USS) + Vi (aaTVx,USS)]dxdv
+/<v55, aa'V8E)Vy y - (fy)dxdy
- _2/vx,v : (fy)[wx,vse,aaTvx,,,ag) + Zas]dxdu

+/<V8€, aa'V8E)Vy y - (fy)dxdv
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= —2/(vs5, y)LSE fdxdv — /(vsg,aaTvsgwx,v < (fy)dxdv
- —2[/(%5, VVLSE fdxdv — %/(Vmss, 36), y)fdxdv]
=2 f Tz, (8€,8€) fdxduv.
Similarly, we have
T+ 73 = —2/ %v (faa"Vy y8E)Vy y - (faa' Vi y8&)dxdv
+/<v55,aaTv55>v (faad"Vy ,8&)dxdv
. f[(vx,vag,aaTvx,v(sa +Za£]Z*fdxdu
-I—/(VSS,aaTV(SS)Z*fdxdv
- —z/ [%Zrl(ag, 56) — T (LS, 88)]fdxdv
= -2 / T (8€, 8€) fdxdv.
Applying Lemma 5.1 and combining the above terms, we finish the proof. O
Lemma 5.3 For DE,(f) defined in (2.4), we have the following equality
WDEL(f) = -2 / [T5(8E. 88) — (22" V8E, Vy V8E)] fdxdu

—2/(V)%),W(x,y)(J +aa )V, 8E(y, B), 22" Vi w8E(x, v)) £ (x, v) £ (3, D)dxdvdyd?.
Proof For DE(f) defined in (2.3), and the structure of matrix a, we have
DE.(f) = / (VSE, 221 VSE) fdxdv.

We derive the dissipation of DE(f) as below:

% DE(f)
=2 / (V3,8E, 22 VSE) fdxdv + / (VSE, 22 VSE)d, fdxdv

=-2 / ((3;8E)(X)V - (fzz"V8E)dxdv + / (VSE, 22" V8E) 3, fdxdv
= —2/(525(x, v, y, D) f(y, DV - (fzz' V8E) (x, v)dxdv

+ / (VSE, 22" V8E)d, fdxdu
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= —2/(W(x, )0 f(, DV - (fz2' V8E) (x, v)dxdvdydd
_2/(%3zf)v : (fZZTVSE)dxdv
+ / (VSE, 22" VSE) 9, fdxdv.

Plugging in the equation for 9; f, we have

DEL(f)
= —2/ W, WIVy 5 - (faa' V88, D)

+Vy 5 (fYIVaw - (£22) Vi wdE(x, v))dxdvdydy

—2/ %[Vx,v (faa "V v8E) + Vi - ()] Ve - (f22 Vi p8E)dxdv
+/<V55,zvax,U5£>[v - (faa Vy y8) + Vi y - (fy)ldxdv
= _2/ W(x, 1)Vy 5 - (faa' Vy 58E(y, 0)Va,y - (f22] Vi wdE(x, v))dxdvdydi - - TF
_2/ W(x, Y)Vy 5 (f¥) Ve - (fzzTVx,U(SE(x, v))dxdvdydd - - - J5,
—2/ %Vx,v (faa Vi y8E)Vy - (f22 Vi p8E)dxdu - - T
‘2/ %V C(fY) Ve (f22" Va,w8E)dxdu - T5,
+/<V65, ZZTV55>V)C,U : (faaTVx,vag)dde : "jle
+f<v55, 22 V8E) Wy y - (fy)dxdv--- T3y
=Th + I+ T+ Ty + T + T3
We first have
7 =2 / (V2 W (x, v)aa ¥y 58E(y, ), 227 Vi 088 (x, 1) £ (x, v) £ (v, B)dxdudyds.
Next, using the identity Vi, - (fy) = Vi - (fJVx08E), we have
Ty = =2 [ W95 (99 (F227 Vi3 drdudyds
- _2/<v§yW(x, VIV, 58E(y, D), 22" Vi, w8E (x, 1)) f (x, v) £ (, D)dxdvdydd.
Furthermore, applying the identity V., - (fy) = f{Vy48E, ), we have
J + J23
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Vi (f221 Vi y8E)
f

+/<v55, 22'V8E)Vyy - (fy)dxdy

=2 [ Veu- () fdxdv
=<2 [ Ve (F0)[(Vr 108 £12279,.008) + Vi - (27 9,088) dndy
+ / (V8E. 2T VBE)V, ., - (fy)dxd
_ _2f Vo (fy)[wx,vae, 227V, 08E) + Zz&f]dxdv
+/<V8€, 22 V8E)Vyy - (fy)dxdy
- —2/(%5, y)L.8E fdxdv — /(vag, 22 V8E)Vyy - (fy)dxdy
- —2[[(%5, VVL.8E fdxdv — %/(VF%(&:, 56), y)fdxdv]

=2 f 7. (8, 88) fdxdv.
Similarly, we have

T+ T3 =2 / }V - (faa"Vy w8E)Vyy - (f22' Vx,y8E)dxdu
+/(va£, 22 VSE)V - (faa Vy 8€)dxdv
= —2/ [(Vx,vas, 22"V v8E) + ZZS€]Z*fdxdv
+ [ (VSE, 22" V8E)L* fdxdu
- /[%er((ss,as) Ty (L.8€, 85)]fdxdv
= —2/ [%er(ag, 8€) — T3(LSE, 8E) + T5(LSE, 88) — T (L8E, 55)]

fdxdv = —2/ T2 (88, 8€) fdxdv,
where the last equality follows from the following observation

/ [[3(LSE, 8E) — T1(L,8E, 88)] fdxdv = 0, (5.6)
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for constant matrices a and z. We first observe that
/ [3(L8E,8E) fdxdu

2
- /rf((V(—% U — W ® px), ad'V8E)

£V (ad'V8E), 35) fdxdv

2
/ p§<rl(_% —Ux) —W® px),88), 55>f

+ Ff(V - (ad"V5E), 35) Fdxdv

2
frf(rl(—% — U0 - W® px), 85), 85)fdxdv

- / V- (aa'VSE)V - (fzz' VSE)dxdv

2
/Ff(ﬂ(—% — U@ = W @ p(x), 8€), 68 ) fdxdu

— f V- (aa'VSE)V - (fzz' VSE)dxdv

frf(rl(—vz—z — UG — W ® px), 85), 5€>fdxdv
— f V- (aa"VSE)V - (z2'VSE) fdxdv
— / V - (aa"V8E)(Vlog f, zz' VSE) fdxdv.
Similarly, we have
/ I'(L.8&, 8E) fdxdv
- /Fl(rf(—”—; —U®) - W® p), 88), 85)fdxdv
— / V - (aa"VSE)V - (22" VSE) fdxdv
— / V- (z2'V8E)(Vog f, aa" VSE) fdxdv.
Furthermore, by direct expansion of the gradient, we have
/ V- (aa'V8E)(Vlog f, zz' VSE) fdxdv

=— / (@"V8E,a"V(z'Viog f,z' VSE)) fdxdu

@ Springer



Journal of Nonlinear Science (2024) 34:7 Page 33 of 42 7

/ Z Z (aiTZaxfagainax; [ZIjBX; log fz}iax;(SE]) fdxdv
/ZZ ( sz IT;ZTAZIEBX;&‘,’&%;X; log fax_;t?é’)fdxdu

d d

/Z Z Z ( sz IT:ZIAZ;jBX;‘S“:ax; log fa)%;x;55> fdxdv

= f V~(zzTV85)(Vlog f.aa"V§€&) fdxdv,

where we denote (x1,---, x4, V1, -+ ,Vq) = (x1,---,x29) and use the fact that a
and z are constant matrices. Similarly, we have

2
f Fi(ﬂ(—% — U@ - W® p),sE), as)fdxdu
2
= / I (FT(—% —U@x) =W ® px),88), 85)fdxdv,

which proves equation (5.6). Applying Lemma 5.1 and combining the above terms,
we complete the proof. O

We are now ready to prove Lemma 4.2. Recall the mean-field Langevin dynamics

5.7

dx, =U[dt
dv, =(—v, — Vi V(x;, £))dr + v/2d By,

where f is the solution of PDE (1.1), and we denote

V(x,f)zfQW(x,y)f(t,y, 3)dyd? + U(x).

Proof of Lemma 4.2 We first present the explicit formulation of matrix R. Following
from Lemma 5.2 and Lemma 5.3, we have

% DEa,z(f)
=-2 / [T2(8€, 88) + T5(8E, 88) — ((aa" + 22" )VSE, Vy VSE)] fdxdv
—z/ VEW(x, ) () +aa )V, 58E(y, D),
(aa" + 22"V w8E(x, v)) f (x, v) f(y, D)dxdvdydd.

Following from the definition of I, and Fé from Section 4 and Proposition 5.1 we
have
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T2(8E, 8E) + T5(88, 88)

d
:Z[Zﬂaﬁmaf,’|2+(1+z§)|a2 5E? + 22122102
i=1

Xi+dXi+d

35|2]

Xitd

d 2d 2
-> ZaIV[aaTV(—% —U@x) = W ® p(x))]pdy,8Ea] VSE
i=1 f=
d 2d V2
-3 Zz{V[aaTV(—7 —U@) = W ® p(x))]pdx, 5E2] VE,
k=1j—1

= [|9ess8E||F + R - (BE, 8E),

where we define

d
I9essd€1E = Y [2H02., 0617 + (1 + D02, 08 + 20122103, 061
i=1
d 2d 2
R0 (86, 88) == Za,.TV[aaTV(—7 —Ux) = W ® p(x)];dx,8Ea] VOE
=l f=1
d 2d 2
-> Zz{V[aaTV(—7 —Ux) = W ® p(x))]ds, 662, VEE.
k=1 f=1

According to the above computation, we have
/ (T2 4+ T5)(8E, 88) — ((ad” + zz")VSE, Vy VSE)] fdxdv
Q

+ / (V2 W (x, U + aa" )V, 56y, D),
QxQ

(aa’ + zz")V, y8E(x, v)) f(x, v) f (y, D)dxdvdydd
> R +Ra,

where we denote

M= [ (VWO U+ a0, 0)
QxQ
(aa" + 22) V8, 1)) £ (5, v) £ (v, Ddxdudydd.

Ry =/[ma,z(65,55)— (ad" + 22")VSE, Vy VSEN £ (x, v)dxdv.
Q

If Assumption 2.1 holds, we have
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/ (T2 + T5)(8E, 8E) — ((aa" + zz")VSE, Vy VEE)] fdxdv
Q

+ / (VW (x, )+ aa")V, 58E(y, D),
QxQ
(aa" +22") Vi 08E(x, v) f (x, v) £ (y, D)dxdvdydd

>R + Ry = R(VSE, VSE) f(t, x,v) f(t, y, D)dxdvdydd
QxQ

> )\/ (T1(8E, 8E) + Ti(8E, 86)) fdxdv = AIDEL(f) + DEL(f)].
Q

Thus, we only need to show that {R is indeed the matrix defined in Definition 2.3. With
some abuse of notations, we denote R = R| + K. In the following, we derive the
explicit formulation of R as defined in Definition 2.3 and Definition 3.1.

Case 1: For d=1, the A has the following two parts. For constant matricesa = (0 1)7
andz = (z1 22)",

R = f(nyW(x, MU +aa")V, ;88 (y, 1),
(ad" 4 22") Vi v8E(x, v)) f(x, v) f(y, D)dxdvdydd.
= [ wsecs,0Tsym((@a’ + DTV Wer aa” +)
(VSE(x, v) f(x, v) f (y, D)dxdvdydd.

To be precise, we denote f = fszxsz in Ry. Plugging in the matrices a, z, and J, we
have the following symmetrization of the matrix,
sym((aaT +22)TV2 W, y)(aa" +J))

- sym((aaT +22)VEW(x, y)(aa" + J))

2132 -1
(2122 (1 +Z2))2><2 W(x ) (1 1 >2><2)

_ 2122 0 =V, Wix, y))
B sym( <11Z2 I+ Z2)>2><2 <0 0 2d><2d>

0 —z}VZ W(x.y) )

= sym
y —mzv W (x, )

2
0 —3VEW(x.y)
—Z—lvny(x, y) —11Z2V§},W(x, y)
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This implies that

2
0 —IV2W(x,y)

4 o2 2
_%nyW(x, y) _ZIZZVXyW(Xv Y)
(VSE(x,v)) f(x,v) f(y, v)dxdvdydv.

R = / (V8E(y, 7))

As for the second term, we have

Ry = / [Ra..(BE, 8E) — ((aa + zz")VSE, Vy VSE) f (x, v)dxdv
Q

- / (V8E) RVSE f(x, v)dxdv.
Q

By direct computation and matrix symmetrization, the matrix 2R, has the following
representation,

(0 0 1 0 T
Ry = 32(,&,‘7(’ )) +‘|: a—ﬁ—V - Z
A L) 2L\ vt Ve,

3
v2 v
+2 (0 vz
1 1
—5[(Vy)TaaT +aa'Vy] - 5[(V)/)TZZT +22'Vyl,
with (Vy);; = V;y;, such that

vy — (O [V2W(x,y) ft, y, v)dydv + Vo, U\ _ (0 V2 V(x, f)
=11 0 =\ 0 ’

and

2
T_ (41 w122 T_ (00
h <ZlZ2 23 )’ ad (O 1)'
By direct computations, we have
00 Ir/0 2 1 o )
= _ 1.z 0 ] 1 v V
R, (0 1)+2[(Z2)(21 22)+<22 (0 z2) 2[( NTaa" + ad"Vy]
1
_5[(VV)TZZT +22'Vy]

_ (O 0) N <1 0 %mzz) N < N —%) N (1 —ziza 5IVPVZE - z%])
01 32122 23 -5 0 5IVPVeE =231 VAVan

_ 222 Mz +23 = VAV +1]
%[zlzz+z§—V2Vz%+l] 1+23-V*Vziz, '
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For notation simplicity, we denote U(x, v) = V3&(x, v) and U(y, v) = V3E(y, v).
Recall that V (x, f) = [o W(x, y) f(t, y, 0)dydd + U (x), we have

R+ Ra
0 ~SV2 W)
=/ U(y, D) 2 > Vi Wix, y
e —T‘nyW(x, y) —mzzvny(x, y)
U(x, v) f(x, v) f(y, v)dxdvdydv

1 2 2 7.2

Nz + 25 - V2 V2 +1]
o Uew 21z2 2 2 xS 1
/Q ( )(%[mz+z§—V§sz%+1] 1423 = ViVazn

U(x, v) f(x, v)dxdv

0 —dV2Wir,y)
:/ UT(y, 'D) 22 5 2 x)27 5
e _TInyW(X, y) —z122Vi, Wix, y)

U(x, v) f(x,v) f(y, v)dxdvdydo

1 2 2 2

Z122 ~lz1z20 + 25 — V2 Uzs + 1]
+ UT X, v 2 2 XX 1
.L ( )<%kgz+z§—v;L&%+1] 1423 -V2Uzzn

U(x, v) f(x, v)dxdv

2
_iiy2
+/ UT(X,U)( 2 20 2Vx;W(st) >
e =3 Vi W, y) =212V, Wix, y)
U(x,v) f(y, V) f(x, v)dydodxdv
=T +D+7D.

mmym&ammW@dﬁ=W@J%MMVﬁW@JO=V%W@JLmee
T+ T3
1 0 —ﬁvzwqu)
ZE/ UT()C,U)< 2 ) 2 X); , )
QxQ =5 VoW, y) —2122V, Wix, y)
U(x, v) f(y, 0) f(x, v)dydvdxdv
2
3 0 —1V2 W(y,x)
Gl 2 Vi WO
QxQ _Tlvyyw(ys-x) _ZIZZVyyW(yﬂx)
U@y, v) f(y, v) f(x, v)dydvdxdv
ZZ 2
o[ vew| s "2V W)
QxQ —FVEW(x,y) —2122VE W(x. y)
U(x, v) f(x,v) f(y, v)dxdvdydo

1 1
= / [EUT(x,v)Al(x,y>U<x,v)+EUT(y, DAL (y, VU, D)
QxQ

+UT(y, v)B(x, y)U(x, v)]f(x, v) f(y, v)dxdvdydv
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_1 T Too oy (A1(x.y) Blx,y) ) (Ux,v)
"2 /szsz UG V. 9) ( B(x, ) A1<y,x)) <U<y, ,;))
f(x,v) f(y, v)dxdvdydv,

where we denote

0 _AV2 Wi y)

Al(x’y)z 2 ) 2 x; > ,
—3 Vi W, y) —2122V5, W(x, y)
0 ~IV2 Wiy, x)

Ay, x) = , 2 Vyy , ,

—%‘V)z,yW(y, x) —z112V§yW(y, x)

2
0 —FVEW(x, y)

B(.X, )’) = 12 ) 2
—TIVX),W(X, y) —ZlszxyW(x, y)

Combining 7, with the above term, we have

Ti+DhH+T
1 < (A1(x, y) +2A2(x, y) B(x,y) ) (Ulx,v)
— UT , UT , ) ) ) ) -
2 /M (VTex o) Uy, 9) ( By A UG o)
f(x,v) f(y, v)dxdvdydo
1 - Ar(x,y) +Ax(x,y) B(x, y)
_ T T 11X,y 20X, Y Y
2 /gxg (Ve U0 9) ( B(x, y) Ar(y, x) +Ax(y, x)
<U(x, v))
U(y, v)
fx,v) f(y, v)dxdvdydo,
where we denote
Ao(x, y) = ( 7122 $lzizo + 23 — VAU (022 + 1]>
’ Hazm+ 22 -VZUWZ2+11 1+ -ViUWuzn
Ao(y. x) = 2122 HMziza+ 23 = VAU + 1] ’
’ M+ -VZUMmZ+11 1+3-VEUMaz

(5.8)

This produced the matrix tensor for Definition 3.1. Combining the above matrix terms,
we have

R 1 (A(x, y) B(x, y))
2 \B(x,y) A(y,x) /)’
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where we denote

Alx, y) = Ar(x, y) + Ax(x, y)

2
=< o0 —QvﬁxW(x,w)
—IVZW(x,y) —2122VZ W (x, y)

+< 12 A+ 212+ 23) - z%v,%xU(x)]>
O+ 212242 —3VZUW]  (1+23) — 2122VE, U (x)
_ ( 72122 HA+z1z2 +23) — V2V (x, y)])
A +z122+2) —A2V2V@, )l (1 +2D) —2122VE V(x, y) ’
and
AGy.x) = ( 2122 sl +z122+23) — Z%nyV(y,x)]>
’ sl +z21220+2) — VLV, 0] (1+23) —2122VE, V (3, x)

with V(x,y) = W(x, y) + U(x), and

2
0 _%V)%yw(xv )’)

B(x,y) = 2oy )
— 2V, Wx,y) —z122Vy, Wi(x, y)

This produces the matrix tensor for Definition 2.3.
Case 2: d > 2. We first demonstrate the derivation for d = 2. By direction computa-

tions, we have
L0010\ _(z0z0)
~“\ooo1) " *T\oz 02/

and

sym ((aaT + 22DV W(x, y)(aa" + J))

= sym ((aaT + zzT)V)%yW(x, y)(aaT + J))

=sym( <sz2 z122h ) (v)%yww,y) 0) (o —|2> )
2122l (1 + 2D Axd 0 0/ \l2 b /y404

2
0 —FVIW(x,y)
—%‘nyW(x, y) —zsz,%yW(x, y)
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Similar to d = 1, by routine computation, we have

0000 0 0 dznzm o0 00 -10
0000 0 0 0 lzzm 1o 0o 0 —1
Ry = 2 i

2= looto [T lysn o 2 o 5l-10 0 o0
0001 0 luzm 0 2 0 -10 0

—2122 0 %(zzvx,x] 1% :z%) %z%Vx,@V

B 0 —2122 140V 3G VooV —3)
%(Z2Vx1xlv :Z%) %Z%vxlizv ZIZZVxlxl‘: ZIZZVxleZ ’
33VanV  3@Van V-2 u0VanV 2122Vxox, V

where \7(x, )= fQ Wi(x,y)f(,y,v)dvdy+U (x). We then combine the two matri-
ces following the proof for d = 1. Similarly, for any d > 2, we have

_ 1 (A(x,y) B(x,y) 4d x4d
R(z, x,y) = 3 <B(x, ) A(y,x)) eR ,

where
0 —ﬁvzwu )
A = R
—TIV%XW(x,y) _ZIZZV)%XW()C’)’)
212214 L1+ 2122 + 2)g — 23VZ U )]
JA+ 21+ —B3VEUW] (1 +2Dlg — 21122V, U ()

_ z122lg %[(1 +z122 + z%)ld - z%V)%XV(x, 1
A+ 4+l —3VEVE N A+l —2122VE Vix, y) ’

for V(x,y) = W(x, y) + U(x), and

2
0 —FVZW(x, )

B(x,y) = 2y )
—FVL,Wx,y) —2122Vy, Wi(x, y)

Separating the matrix A(x, y) into Aj (x, y) and A2 (x, y), we derive the matrix defined
in Definition 3.1. O
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