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Abstract: We studied the dynamical behaviors of degenerate stochastic differential equations (SDEs).
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SDEs. We derived the convergence rate condition by generalized Gamma calculus. Examples of
the generalized Bochner’s formula are provided in the Heisenberg group, displacement group, and
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1. Introduction
Consider the following Stratonovich stochastic differential equation:

dX¢ = b(X;)dt + V2a(X¢) o dBy, (1)

where (B}, B?,-- -, B}') is an n-dimensional Brownian motion in R", a € R"+" — R(n+m)xn
is a matrix-valued function, and b : R"*" — R"*" ig a drift vector field. The convergence
analysis of SDE (1) to its invariant distribution lies in the intersection of differential geome-
try, analysis, the Lie group (subgroup in quantum mechanics), and probability. The conver-
gence analysis also has broad applications in designing fast algorithms in artificial intelli-
gence (Al) and Bayesian sampling/optimization problems. One key question arises: How
fast does the probability density function of SDE (1) converge to its invariant distribution?

The Gamma calculus, also named Bakry-Emery iterative calculus [1], provides analyti-
cal approaches to derive the convergence rate for SDE (1). This lower bound is known as the
Ricci curvature lower bound. However, classical studies are limited to the non-degenerate
diffusion coefficient matrix a. The classical Gamma calculus is no longer valid when a is a
degenerate matrix function; see the generalization of Bakry—Emery calculus in [2].

This paper presents a Lyapunov convergence analysis for the degenerate diffusion
process. We selected a class of z-Fisher information as the Lyapunov functional, where z is
a matrix function different from matrix a. We derived a generalized Gamma calculus by
the dissipation of the Lyapunov functional along the diffusion process. We then derived
the generalized Bochner’s formula and obtained the exponential convergence condition.
Several concrete examples are presented: gradient-drift-diffusions on the Heisenberg
group, the displacement group, and the Martinet sub-Riemannian structure. Our approach
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extends the classical optimal transport geometry, in particular the second-order calculus of
the relative entropy in the density manifold studied in [3-6].

The generalized Gamma calculus was first introduced by Baudoin—-Garofalo [2] for
sub-Riemannian manifolds. Related results were studied later in [7-15]. The commutative
property of the iteration of I'y and I'] (Hypothesis 1.2 in [2]) was crucial in the previous
works. Our algebraic Condition 1 does not have this requirement. We can remove this
commutative condition in the weak sense. Thus, our results go beyond the step two-bracket-
generating condition. We present algebraic conditions for the existence of the generalized
Bochner’s formula.

On the other hand, optimal transport on the sub-Riemannian manifold was studied
by [16-19]. An optimal transport metric on a sub-Riemannian manifold was proposed
in [18,19]. In this case, the density manifold still forms an infinite-dimensional Riemannian
manifold. The Monge-Ampeére equation in sub-Riemannian settings was studied in [17].
Our approach is different. We introduced the sub-Riemannian density manifold (SDM)
and studied its second-order geometric calculations of relative entropies in the SDM. Using
those, we propose a new Gamma z calculus for degenerate stochastic differential equations
and established the generalized curvature dimension-type bound. Besides, Refs. [20,21]
used the analytical property of optimal transport to formulate the Ricci curvature lower
bound in general metric space. Different from [20-22], we focused on the geometric
calculations in the density manifold introduced by the z direction. Following the second-
order geometric calculations in the density manifold, we formulated the new Gamma
calculus and the corresponding Ricci curvature tensor for the sub-Riemannian manifold.
Besides, our derivation also relates to the entropy methods [23,24]. Using entropy methods,
Refs. [25,26] derived the convergence rate for degenerate drift-diffusion processes with
constant diffusion coefficients a. Compared to previous works, we applied the entropy
method with Gamma calculus and geometric calculations in the density manifold. It
derives a generalized Gamma calculus from the dissipation of auxiliary Fisher information.
Several concrete examples of convergence conditions are derived in the Lie-group-induced
drift-diffusion processes.

We organize the paper as follows. We introduce the main result in Section 2. It
is an explicit convergence rate condition for the density of degenerate SDEs in the L!
distance. In Section 3, we provide three examples of the proposed convergence analysis,
including gradient-drift-diffusions on the Heisenberg group, the displacement group, and
the Martinet sub-Riemannian structure. In Section 4, we present the Lyapunov analysis in
the sub-Riemannian density manifold. The generalized Gamma calculus and the proof of
the generalized Bochner’s formula is presented in Section 5. Some further discussions for
other functional inequalities are presented in Section 6.

2. Main Results

In this section, we present this paper’s setting and main results.

2.1. Setting
Consider a Stratonovich SDE:

dX; = b(X;)dt + V2a(X;) o dBy, )

where (B}, B?,- -, B}') is an n-dimensional Brownian motion in R", a : R"" — R(n+m)xn
is a matrix-valued function, and b : R" — R"™™" js a vector field. We refer to [27]
(Section 3.13) for the definition of the Stratonovich SDE. According to [28] (Appendix A.7),
the SDE (2) can also be written as the following It6 SDE:

n .
dX;; = by(Xy)dt + Y V2a;(X;)dB}, for 1=1,---,n+m, )
i=1
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where ;
El:bl-f—(zvuiﬂi)l, for I=1,--- ,n+m. 4)

i=1
We denote {ay,--- ,a,} as the column vectors of matrix 4, and Y/ ; V,.a; € R"*"™

represents
n n_ntm oa;;
(Zvalﬂi)lzzz Ay I=1,--- ,n+m. 5)
i=1 k=1

laxk

We denote a' as the transpose of matrix a and denote {air, e, aI} as the row vectors
of matrix a'. In particular, we have a;; = a L fori=1,---,nandi=1,---,n+ m. With
some abuse of notation, we also denote a; as the vector fields corresponding to the row
vectorsal, fori =1,--- ,n. We assumed that {a] (x),a] (x),--- ,a] (x)} satisfies the strong

H’ormander condition (or bracket-generating condition):

Span{air(x)p-- Jay(x), [l lal el )(x), 1< iy, g <nk > z} = R,
where [, -] represents the Lie bracket between two vector fields. The strong Hérmander
condition means that the Lie algebra generated by the vector fields {a] (x),-- ,a} (x)} is
of full rank at every point x € R"*" (see, e.g., [29] (Section 7.4)). This condition ensures
the existence of a smooth probability density function of SDE (2); see the original proofs
in [30,31]. For the simplicity of presentation, we assumed the probability density function
is strictly positive. Indeed, the positivity of the density follows from the Hormander
condition [32]; for the more technical conditions to show the positivity by using Malliavin
calculus, we refer to [33,34] (Theorem 1.4 with H = 1/2). Denote X; ~ p(t,x), where
p = p(t,x) is the probability density function of SDE (2). The density function p satisfies
the Fokker-Planck equation of SDE (2):

n+m

9ip(t,x) = =V - (p(t, x)b(x

M

n—+m 82
; axi

x; ((a(x)a(x)T),»jp(t,x)), (6)

i=1

with a smooth initial condition:
po(x) = p(0,x), /RHM po(x)dx =1, po(x)>0.

In this paper, we assumed that SDE (2) has a unique invariant symmetric measure y,
where dy = 7t(x)dx with 7t € C®(R"*™). Here, 7t solves the equilibrium of Fokker—Planck
Equation (6):

n+mmn+m
: ((”(X)Q(X)T)ijﬂ(xn = 0.

~ + 82
Vi (m(x)b(x)) + ) Z dx;0x

i=1 j=1

We studied a particular class of the vector field b for a given invariant distribution 7.
Assumption (Gradient flow formulation): Suppose that b, 4, and 77 satisfy the relation:

b=a®Va+aa'V log 7, (7)

where a ® Va € R"™™ represents, for k=1,--- ,n+m,

n n+m
(a®Va ; g kkan/ak/k (8)
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In the Ito formulation, b, a, and 7 satisfy
. n
by = (aa"Vlog )+ (a® Va), + (Y Vaa),
i=1
forl =1,---,n+ m. In this case, we can reformulate Equation (6) as
_v. T p(t, x)
oip(t,x) =V (p(t,x)a(x)a(x) Vlog (%) ) )

We leave the derivation of Formula (9) in Appendix A. If p(t,x) = m(x), then

(t,x)
log Pﬂ(x)

strate that Fokker-Planck Equation (6), or its equivalent Formulation (9), forms a “hori-
zontal” gradient flow in the sub-Riemannian density manifold. We designed a Lyapunov
functional to study the convergence behavior of this “horizontal” gradient flow (9).

= 0, and 7 is an invariant density function for SDE (2). In Section 4, we demon-

Remark 1. Formula (9) can be written as

di(logp(t,x) —log (x))p(t,x) = V- (p(t, x)a(x)a(x) "V log p:(’xx))).

It has a weak formulation that

L. @i10g" B oot v)x = - Lo (V0(0),a(x)a(x) TV tog PG o 1, )i,

m(x) m(x)
where ¢ € C®(R™™) is a smooth test function.

Remark 2 (Non-gradient flow drift). In fact, the proposed method is not limited to the gradient
flow assumption of the drift vector field b in (7). See the details in [35].

2.2. Main Result

We now briefly sketch the main results. Denote a sub-elliptic operator L: C*(R"*") —
C®(R"*™) as follows:

Lf =V- (ﬂaTVf) — <ﬂ ® Va, Vf>Rn+m + <b, Vf>]Rn+m,
where f € C®(R"+™).

Definition 1 (Generalized Gamma z calculus). Consider a smooth matrix function z : R"*+" —
Rm)XmDenote Gamma one bilinear forms Ty, T : C®(R™M) x C®°(R"+™M) — C®(R"+™) as

T1(f,8) = (a'Vf,a'Vg)rn, Ti(f.8) = (z'Vf,z'Vg)gn.

Define Gamma two bilinear forms T, 5™ : C®°(R"T™M) x C*®(R"H™M) — C®(R"™™) as

La(f,8) = 5 [L01(f,9) ~ Tu(Lf,9) ~ Tu(f. Lg)],
and
TfS) = o |LTi(8) - Ti(LA.8) - Ti(f,L9)] (10)
—i—diV? (Fl,V(aaT) (f' g)) - divg (rl,V(zzT) (f/ g)) : (11)
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Here, div], div] are divergence operators defined by
s T 1 T s T 1 T
divy (F) = ;V-(naa F), div](F)= ;V-(TL’ZZ F),

for any smooth vector field F € R"™, and I'g (), Dy (22 are vector Gamma one bilinear forms
defined as

Loown(£/8) = (Vf,V(aa")Vg) = (Vf, aif((aaTWg»g:r,

Mren(8) = {9/, ¥@)Vs) = (9, 5 (=D VaDE,

with
s T . V’(ZZTT[(Vf,V(LmT)Vg»
div] (Fv(aaT)f,g) = p- ,
(aaT zzT
div]) (TV 22T) f, g) = V-( <V{T'V( )Vg>).

We next demonstrate that the summation of I'; and I';” can induce the following
decomposition and bilinear forms. They are natural extensions of the classical Bakry—Emery
calculus in the Riemannian manifold, i.e., non-degenerate matrix function 4.

Notation 1. For matrix function a : R"" — RUHM*1 wpe define matrix Q as

T,T . T T
1411 M (n-+m) M (n+m) , ,
Q= e Q}'HZ}( e € R x(ntm)” (12)
T . T T
G191 an(n+m)an(n+m)

with Q. = T T . More precisely, for each row (respectively, column) of Q, the row (respectively
column) mdzces of Qs follow Yy YLy (respectively, Z”“ Z”+'”) For matrix function z:
Re+m _y Rntm)xm 0 define matrix P as

T T

a

21 (nm) 1 (n-4m) ,
P= e Zz-'z[al-cl}c e ¢ ROm)x (ntm)* (13)
T T T T
2% Fm(nm) Mn(ntm)

with szk = zkka L. For smooth function f € C®(R"™), for any 1,k,j =1, ,n+mand

i,k=1,---,n(orl,---,m), we define vector C € R1+m)2 X1 gpitpy components

n n+m a T aT
= [ £ (et Goby 6T - ol S @O )|, a0

ik=11

where we denote (a7 V) f = Yoiia al, a?cf We define vector D & R <1 with components

"y oa ;c 9 T
Dik = R LIH ax a and D'D = ;DikDik- (15)
i,k=1 1

We define vector F R(n+m)?x1 ith components

noom ntm T T azl—cl}c T T TaaT T
E; = [‘22‘ <<ai;aﬁ,( T8), (T ufen — (a3 V)kf>Rm>]. (16)
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We define vector E € RU™™M>1 with components

el aTa i 9 nd ETE= Y ExE; (17)
k=1 ! ax a , ik e

Ejy =

We define vector G € Rm?x1 ity components

G = iﬁ niﬂ TTa TTaf_i_TTiTiT (18)
U P ijzjjl an/ ai;aii, E)xl-/ ijzjjl aX]'/ aii, axi/ ai{

i=1j=1j it i=1
aTaT J szT Bf +a af
i i dx; Il i’ ax, it ” ax JJ ax/ ]J

We define X as the vectorization of the Hessian matrix of function f:

X' = ( 2 . Bf . __¥F ) c RIx(ntm)? (19)

0x10x71 ax;ax,; OXp+mO%Xn+m

Assumption 1. Assume that there exists vectors A1, Ay € ROHm2 X1 g0y that
(Q"TQA1 +PTPAL)TX = (F+C+G+Q'D+PTE)TX.

Definition 2 (Hessian matrix). For smooth function f € C®(R"*™), define a matrix function
0 : Ry R mX(+m) g

R(VF,Vf)=—A{QTQA1 = AJPTPAy + DD + ETE + (Ryp + Ry + Rr) (VF, V),
where we define the following bilinear forms:

n_ n+m ab af aa;ll: af

= 7 e T 7 n
9{Ilb(vf/ vf) - vf Vf Zlkzl il ax axk bk axf( aXf)/ (ﬂ Vf)1>]R 4
n n+m a af
_ T kk T
R(VS,Vf) = L iZk:lwu i ax, 7%, ax) (@ V)if )
Y a2 () (o)
. n dxy 0x; E)x
k=147 k=1
n n—+m , af
- (al, 2 i ), (a7 V)if)mr
z‘,kZ:;1 i,,izk:A:l Kk Bxk 0x;r 9x;
v YT f Ty
Z Z <a zz’(ax ax/)ax ( )kf>]R”/
D=1 i
nondn L oby af 821-.1': of -
Ry (V,Vf) = %Z(Vf,Vf)—;fkgl«zu o i ) GV i,
SR T 0af 9 kk of \ T
mz(vf' Vf) - ;;; _ ii (aJC/ ax axk) ( V)kf>]R'”
1=l k=i ik=1
n m n+m T af T
+i:21k22i/{]2:1< ll’a (ax/ ax (ax ) (Z V)kf>Rm

Lo zl’ 11 af Tv
- 2 Z £ <Zkk axk axl ax ) ( )kf>Rm
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LY Y Gy axgg,{ TV f)zen

and

e 0 719 19f 19f
oxy kklzkkax i 0x; W 9,

»
Il
-

=1k k=1

m n+m
+222 2 {z-k';(,aa 01 r of

Kkdxp i 0x; 1 Oy

2  1of 1of
T T Tof 7
2k i ox /axk i 9% ox; i
of 9 1of
TT 9T T
+Z’<’</Zkkax i 9u; g ax,]

m n n+m

dof 1 of
T T T T
+2 Z Z Z (z' Vlog )y [z a—a” ax; =0 2%, }

k=1i=1f7i'=1
m n—+m

21 Y |yt s
— = - ax/ 1 ox; I ax i ax,
j=11=1 Ulj=1

axl/ 1 ax 7 ax ]] aX/

m n n+m
2y ) ¥ [aﬁ, 0 ;T 0 10f 1 of

?  1of 1 of
T T T T
T Sy i 9 9y

TT TafaTaf]

—Hl”’a”a ZJ] ox; dxy “i' 9x
T T T T
722{12122 (a' Vlogm); [al fz]] 8x zjy ax; ]
j=11=1]1=1

Here, we also denote R = R(x) € RUHmx(+m) sych that (VF)TR(x)Vf = R(Vf, V).

The main theorem is presented below, and its proof is postponed to Theorem 3 in
Section 5.

Theorem 1 (Generalized z Bochner’s formula). If Assumption 1 is satisfied, then the following
decomposition holds:

La(f ) +T57(F. f) = |19essaf > +R(VS, V),
where we define
19essazf 1> = [X+A]TQTQIX + A1)+ [X + A2] TPTP[X + A,
R(VF,Vf) = —A/Q"QA —AJPTPA,+D'D+ETE

R (Vf, V) + R (V, V) +RT(VS, V).

We are now ready to prove the convergence property of the degenerate drift-diffusion
process (1) and related functional inequalities. Denote the Kullback-Leibler divergence as

Dk (p||7) == /anp(x) log 2((3;)) dx.




Entropy 2023, 25, 786

8 of 76

Denote the a, z-relative Fisher information functional as

Lz (p) := /}RnM(Vlog %,aaTVIOg%)pdx—i— (Vlog %,ZZTV1Og%)pdx.

R11+m

Theorem 2 (Exponential convergence in the L! distance). Suppose there exists a constant
x > 0 such that
R x(aa’ +2zz7).

Let pg be a smooth initial distribution and p = p(t,x) be the probability density function
of (1). Then, p converges to the invariant measure 7t in the sense of

Lz(p) < e Loz (po)-
In addition,
/an lo(t,x) — 7t(x)|dx < /2Dy (po]|7r)e ™.

The proof of Theorem 2 is postponed to Proposition (14).

Remark 3 (Functional inequalities). Suppose R = x(aa' + zzT) with x > 0, then the z-log-
Sobolev inequalities hold:

1
/Rnw plog %dx < EI'Z’Z(M'

for any smooth density function p.

Remark 4. In the literature [2], the T, operator is defined by (10), i.e., T5(f, f) = LT3 (f, f) —
I5(Lf, f). In fact, this definition is under the assumption of T1(I'5 (f, f), f) = T3(T1(f, ), f)-
This assumption holds true only for the special choice of a and z. In the generalized Gamma z calculus,
we introduce a new term (11), which removes the assumption T'1(I5(f, f), f) = T3(T1(f, f), f)-
In fact, in the paper, we show that (11) is exactly the new bilinear form behind the assumption in [2]
by considering the weak form.

Remark 5. Following [35] (Assumption 1), we know that, for any i € {1,---, n} and
ke{1,---,m},if

zpVal € Span{a],--- ,al}, (20)

there exist vectors Ay and Ay, such that the Hessian operator associated with the generator of the
SDE and the metric (aa' )t could be represented as

[9essf]|2 = [QX + Aq]T[QX 4+ Aq] + [PX + Az] T[PX + Ay].
Furthermore, we have the following relation:

[QX + Aq]T[QX + Aq] + [PX + Ao] T[PX + Ax) — AT Ay — AT A,
=X+ ATQTQX + A1) 4+ X+ A2]TPTPX + Az] — ATQTQA; — AJPTPA,,

if there exist A1 and Ay as in Assumption 1 such that
Al =ATQT and A] =AJPT. (1)

Assumption 1 is true if Conditions 20 and 21 hold. See the detailed connections in [35] (Remark 11).
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3. Examples

In this section, we consider the following degenerate drift-diffusion process:
dX; = —a(Xy)a(X;) TVV(Xp)dt + v2a(X;) o dBy, (22)

where g : R"T" — R(+m)%1 jg 3 matrix-valued function, for n,m € Z,,and V € C®(R"+™)
is a smooth potential function. We denote the invariant measure of SDE (22) as 7r. We
further assumed that

—aa"VV =a® Va+aa'Viogr.
The above assumption holds for the later three examples.

Remark 6. For V = 0, the invariant measure 7t in the above assumption exists if {ay, -+ ,an}
forms left-invariant structures on unimodular Lie groups. In this case, the sub-Laplacian is the sum of
squares of horizontal vector fields and the invariant measure is also symmetric. Stratonovich SDE (22)
defines the horizontal Brownian motion on sub-Riemannian structure (R"*™, 7, (aa")t|;), and 7t
is the volume form associated with the horizontal Laplacian. In general, if the Lie group structure
is not unimodular, the drift b # 0. See the related studies about the diffusion process on general
manifolds in [36—43]. See the related studies on log-Sobolev inequality in [44,45].

Remark 7. It is also worth mentioning that many sub-Riemannian manifolds are non-compact.
Hence, there may not exist a positive constant x for both classical I'y and T7 directions in the
non-compact domain. The non-compactness of the domain brings additional difficulties. To prove
the associated inequalities in this case, we need to extend the result derived in [46,47]. This is a
direction for future work.

Remark 8. It is known that the Heisenberg group is an example of Lie groups in quantum
mechanics [48]. In future work, we shall investigate the general convergence analysis of SDEs in
Lie groups and their connections with quantum SDEs.

3.1. Heisenberg Group

In this subsection, we apply our general theory to the well-known example in sub-
Riemannian geometry, which is the Heisenberg group. A related LSI for the horizontal

Wiener measure was studied in [46]. Recall briefly that the Heisenberg group H! admits left-

invariant vector fields: X = aa—x — %y%, Y = % + %x%, Z = % Here, {X,Y, Z} forms

an orthonormal basis for the tangent bundle of H'. In this case, 7 = ¢~". In particular,
X and Y generate the horizontal distribution 7. To fit into our general theory from the
previous section, we take matrices a and z as below:

10 —y/2
aTz(O ) xy//Z ) zT =(0,0,1). (23)

In particular, we have

TV = (@S TVf) L @ Onf= (LY o= (&Y

We have the following proposition for Heisenberg group following Theorem 1.

Proposition 1. For any smooth function f € C*(H!), one has

D(f, ) +T77(f. f) = |9essa-f|* +R(VF, V),
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where
Al = (0,0,0,0,0,0,0,0,0);
A; = (0,0,0,0,0,0,(a"V)af, —(a" V)1f,0);
Rp(V,VF)— A Q"QA — AJPTPA, + DD+ ETE
1
= ~h(L )+ 5T f) - (aTV)1V0.f(a"V)af
+(a"V)Va.f(a" V)1 f
2V 2 o*V 9V, 1 )
+{axax + 4 920z _yaxaz} [(a" V)i f]
2V x2 %V V7, 7 )
+ {ayay + 4 920z * xayaz} (a7 V)of|
PV x’V  yd*V xyd’Vq, 1 T
+z[axay T Yover  20y9z T 9202) @ VSTV )of,
2V y oV, g T
Ru(VE V) = (53— 3552) @ VfETVnf
%V xd*Vy, T T
+(ayaz * EBZGZ) (2 VNfla V)f;

Re(Vf,Vf) = 0.

The proof of Proposition of 1 follows from the proof of Theorem 1 (i.e., Theorem 3)
and Lemmas 1-3. The following convergence result follows directly from Theorem 2.

Proposition 2. If there exists k > 0 as shown in Theorem 2, the exponential dissipation result in
the L' distance holds:

/|p(t,x) — t(x)|dx = O(e").

We next formulate the curvature tensor into a matrix format. Denote
U= (@ Vnf, @ V)f,TV0f) 4

and denote I3.3 as the identity matrix. With a little abuse of notation, there exists a
symmetric matrix 91 such that we can represent the tensor as below.

R(VF, V) =U)T -Rr-U, (25)
which implies that
R = k(aa’ +227) = RV, V) = x(T1(f, f) + T5(f, ).

In other words, we need to estimate the smallest eigenvalue of matrix 8. We next
present the formulation of matrix R for the Heisenberg group as follows.
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Corollary 1. The matrix R associated with the Heisenberg group has the following form:

V. yr o’V PV
P = {axax . 4 920z _yaxaz} o
2V x?2 9%V oavs

oyoy + 4 9z0z + xayaz

1

Ry = | | -1 ®e=3;

aZV x aZV y 82V xy BZV
R = Ry = [axay + 20x9z anaz B Zazaz}’
B 1,7 1,V yo?Vy
Yo = e = 50TV 45 (55 - 55
1 1,0V  x0*V
9%23 = 9{32 = _E(aTV)1V+ E(W Em)

Proof. The explicit form of matrix R follows from the definition in Theorem 1 and the
notation in (24) and (25). We have

R(VS,Vf) = —AJQ"QA—AJPTPA,+D'D+E'E
TR (VS V) + R (VF, V) + RT(VS, V)
= (VW' R%-U

Plugging the explicit representation from Proposition 1 into the above formula and apply-
ing matrix symmetrization for the off-diagonal terms, we obtain the desired matrix 8. [

Next, we present the three key lemmas.

Lemma 1. For the Heisenberg group, we have

[N]

y y Y
1 (1) o 00 0 -% oy T,
Q - 0 00 oy o A
00 0 10 -5 5 0 -
o0 0 01 ¥ 0o 3 %
P - 00000010 —%).
~\ooo0oo0oo0o001 % )
1 1
DT = (0, 50:f, —50:f,0); ET = (0,0);
F' = G"=(0,0,0,0,0,0,0,0,0);
T x 1 y 1
Ct = (0,0,50:f + 50y£,0,0,50:f — 50+ f

x 1 y 1 y x
, ZazfJr anfr ZaZf - Eaxf/ —anf - Eaxf)-

Proof. The proof of this lemma follows from routine computations. Plugging matrices a
and z from (23) into Notation 1, we obtain the desired vectors and matrices. We skip the
detailed computation here. O

Lemma 2. On H!, vectors F and G are zero vectors, and we have

[QX + D]T[QX + D] + [PX + E]T[PX + E] +2CTX
= ||9ess,.f|I2 — A QTQA; —AJPTPA, + DD+ ETE.
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In particular, we have

I9essa-flI> = [X+M]TQTQIX + A1] + [X + Ag] TPTPIX + Ag);
Al = (0,0,0,0,0,0,0,0,0);
Ay = (0,0,0,0,0,0,(a"V)af, —(a" V)1f,0);
~ATQTQA, —AJPTPA, + DD+ ETE)
= TN+ STI )

Lemma 3. By routine computations, we obtain

Rp(VF, V) = (@ V)Vof(a V)of +(aTV)2V-f(aT V)1 f

V. yr oV PV ¢ 9
[8xax 4 9z0z _yaxaz} (2" Vi fl
[FASNE AN (TN

+

+ + I

oydy 4 0zoz Yoz

2V x 0%V y 92V xy %V T T
+2[axay t2ov0z  20yez T 9202) V@V S,
2V 92V
RV V) = (5505~ 25232) @ VS ETV0f
PV x PV T T
(ayaz + 2 9502) & V@ V),
R(Vf,Vf) = 0.
Proof of Lemma 2. We first have
zk 1
_ 2[32f (a"V)af  Pf (@VNf, Pf (aTV)zf}
0x0z 2 Yoz 2 0z0x 2
Pf @'V)f | Pf y X
_Z[BZE)y 5+ azaz(zanyrfaxf)}

= 22 (T zanywf 2 2L Yo+ Saup)

% 3xoz
_ Pfy Pf ’f L x3f
N Z(HTV)ZJC [axaz 2 8282} (uTV)1f [ayaz " 28282}

By direct computations, we have

[QX + D]T[QX + D] + [PX 4+ E]T[PX + E] +2CTX
N T A A O [y s M o A o P P
= |oxox  Yoxaz T 4 ozoz oxdy 20xdz 20dydz 4 azaz z

[azf y Pf | x Pf xy df 1azf]2+{azf xazf xzazf]z

0xdy 20ydz  20x0z 4 020z 2 vy “ayaz T 4 az0z

’f y I*f ’f  x 9°f
+[8xaz 28282} + {ayaz 28282]
Pf _yf f  x@f
+2(a" V), f{axaz B Zazaz] 2a™Vh f[ayaz Zazaz}
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Completing the squares for the cross terms involving the type of “VfV2f” and
following the reformulation as below:

Pf xPf yIf wPf f
oxdy = 20x0z 2 oydz 4 azaz :
Pf _yPf (xPf xS ,1 of|
oxdy 20ydz 20xdz 4 0dzoz z
02 y 0° 02 02 1
L o[FL P xR w1
axay 2 oydz 20xdz 4 9dzoz 2

we have

[QX + D]"[QX + D] + [PX 4+ E]T[PX + E] +2CTX
I N A R T A R A A o
= |oxox Yoxaz T 4 ozoz 0xdy 20ydz  20dxdz 4 0zoz
A A S A K A AR
[ayay + xayaz + 48282] * [axaz 2020z +(a V)Zf}

2 2 2
o+ 3 5mm — TS|~ T af - (@TONAE + FIET I

The sum of squares terms give ||$ess,-||%, hence A; and A,. The remainders generate
—ATQTQA; — AJPTPA; + DD + ETE, which equals —T3(f, f) + 3T5(f, f). O

We are now left to compute the tensors.

Proof of Lemma 3. By direct computation, we have

2 & ;0000 I-c[;c af T
Ra(VS, V) = 2 2 <ii’(ax dx; o =), (@' V)if)re
Pk=1 4 i1 i ;
2 3
d
FY Y T " ity 3L ) (T
k=2 i k=1 &
2, 3 Loal af o
- L L Gy ax” ax,ax> (@ V)if w2
ik=1i7k=1 k

W

s dal
o 9a: of
Yy ¥ T.T T
— e (a Yilii (axA axlil,)%,(a V)if gz,

k=11 k=1 k ;
= Li+Lh+7I3+14.

For the four terms above, we have

2 3 oat 9al,

- Y Y GASE Ty
" axi, 0x; ax,;

:1/1 k=1

+

Y 221 0F (T f =
4 i 8x/ ox; axk

i=14 7 k=1
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n 3 9
L = ) Y abal(s a”x G2V

n 3
+.Z‘ )y alT“ulTl(axl ax)(aai)(“TV)sz

=27 k=1
2 3
I, = _Z Z a 11/ 11 af)((lTV)1f
L~ "1k 9x; dxy 9x;
=17 k=1 kO
2 3 af
Iy “Zkax ax,ax)(“ Viof
i=1 ] k=1 k
2 3 a af
_ Zl T
Ly = Z Z alk 11 ax axl )ax ( v) f
i=14 7 k=1
2, ¢ of 1
_121 L azk i ax ax,)ax( V)af =0.
i Tk=1

Similar computation applies to the tensor terms R, and %R,;,. Since z is a constant
matrix, we obtain

T b df 2] of

_ it S R N e T
mzh(Vf, vf) - lkz 1lax axk bk axi{ ax;)/ (Z Vf)1>]R/
m;-[ = O.
We now compute the tensor terms involving the drift b. For the drift term in tensor
Ry, taking b = —aa’ V'V, which means b = _(”fck”;;c' aaTVk,) f—123 in local coordinates,
R Ta”;Tavaf Y
ke i;1¢AZ i ;R Qg o (aV)if
K=11k k=1
2 3| oaf, 1AV Of
+ Z Z Ll kk aT ( Tv)if
ik L it 9x; Kedxp dxp
2 3 7 2
o7V of
T T_T T
+ A2, A ———=—(a V)f}
i,kzzl f,/},szzl T HCE Oxp0ap 9xy 1
2 3 daf v af
T T
- O 5 (a”V)if
i,kzz:l {,12%: i %k ax Oxyr 0x; !

= N"h+DN+T+ Ty

We now derive the explicit formulas for the above four terms.

3 dal. oV af a T v of
- =2kl T Tk, T of T
N fl?kz/:l [ali 0x; e dxyr Oxy, O f+ 2 ox; fik dxp 0xp (@ V)af

T T
3 laszaV T90 + 9V of

of (T 9 T
+1ka/1 T o P VS g B "% 3 9 V)zf]

- _%(HTV)lVazf(ﬂTV)zf‘L %(ﬂTV)zvazf(“thf?
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V)

T3

N/

3 dal, 1 oV of 104l 1 AV of
T T W T .7
L [”11 dx; "1k dxyy Oy (@) f +a; ox; 1k axk( V)af

Lk k=1

i 104}, T oV af( TY)\f +al aazk,a-r oV of V) f
s | Yo o o Vi g, ok 9y 0y

19V 19V
—53, (@ aTV)1f(a TV)2f+ 5, (@ ATV f(aTV)af =0;

> PV of o’V of
T T T T T T
kkzz {“ PRI 3y o Vi + e e A 9 V)2 f}

3 2V 3 V. 3
Z {”T”szaszfmai( TV)lf*“;”;k”;—kfaaWai( Tv)zf}
Tkk=1

5[ 1 ¢ 0V TO), £[2 *V T, f(aTV
AZ alzalk’ ax ax |( )1f| + azlalk’a a ( )1f(11 )Zf
T=1

3 o2V 2V

T T T T T 2
;E{ K e TN +ala g @
[aZV +yjazv B azv]|(
0x0x 4 0z0z Y 0x0z

a'V)if|?

2V x? %V PV T )

oyoy + 4 920z +XW} (@ V)]

%V x V. ya’V xy V1, 1 T

oxdy  20xoz  20yoz 4 5202) (@ V@ V) f;
dal. 9V of T 03 9V of , 1

3
— T JT
fzzszzl la”‘a”" ax, axg o, VS +agag 2 o 9x, V)zf]

+

+2]

3 da T a
_ Z [aTa 4 af( TV)1f—|—IZ % Zk’ 27 oV af (11 V)Zf]

2K N
f,l%,k’zl ax ax / Bx 0x; axk/ ax

f%(aTV)lvazf(aTV)zf + E(aTV)zvazf(aTV)Uf.

Summing up the above formulas, we obtain i,,. We now compute the drift tensor
term of R,;. By taking b = —aa' VV, we have

ab; f -

0z
wwwvzizhwwﬁwwnagﬁwﬂ

23 dal o v of
— T kk
=L \ L [Zlf ox; o dxp 0x; ("Vhf

»
Il
—
\k‘)
x
Il
—_

T9al, 1 AV 3f
kk!' T T
2 ox: kR dx x; (2"Vhf ]

[t 1 1 &V af(TV)lf}

_|_
.)M k
gl

T

[N
ks
=
I
0\

+
.)MN
Mw

Z0,.0
|1k 9 :0xp X

2 3 9z 9V af
T 17
B 2 2 akkakk’ E)xl 0xyr 0x; ( Vif

k=17kk'=1L

== .7lz+jzz+j3 +j4-




Entropy 2023, 25, 786 16 of 76

We further compute as below by taking advantage of the constant matrix z:

3 gl - v 9
J o= Y X [11 aﬁ(“l&fﬁa;i (z"Vaf| =0;
k=17 f k=1 ' K

2003 dal, 1 oV af
_ kk’ T T —_0-
Jr = Z Z [11 dx; kkaxklaxA( Vil =0

. 2 3 9z 9V 9
=L Zl[kkkkawaxk/ayjci( hf]:

203 o’V of
T T
ﬂz:ZEZ%M%wmaﬁ w4

2 2
(o~ L) O+ (o + E L) IRV

The proof is thus completed. [J

3.2. Displacement Group

In this section, we derive the generalized curvature dimension bound for the dis-
placement group, which is one example of three-dimensional solvable Lie groups. We
adapted the general setting from [49] below. Denote g as the three-dimensional solvable
Lie algebra, and denote H C g as the horizontal subspace satisfying Hormander’s condi-
tion, then for a given inner product (-, -) on H, there exists a canonical basis {X, Y, Z} for
(g,H, (-,-)), such that { X, Y} forms an orthonormal basis for H and satisfies the following
Lie-bracket-generating condition for parameters a and > 0:

[X,Y] =2, [X,Z]=aY+pBZ, [Y,Z]=0.

When the parameters « = 0 and 8 # 0, the Lie algebra g has a faithful representation.
In particular, it was shown in [49] that the elements of g, in local coordinates (6, x,y),
correspond to the following left-invariant differential operators:

) 3 5
9y 9 9 p_ g9
X=56 Y= 5 Tay R="Fy

with the following relation:
X,Y]=BY+R, [X,R]=0, [Y,R]=0.

In terms of local coordinates (6, x, i), we have

<) )

The corresponding Lie group of this special Lie algebra g is called the displacement
group, denoted as G. We chose {X, Y} as the horizontal orthonormal basis for subalgebra
H. To fit into the general framework from the previous section, we take

10 1 0 0
a=(X,Y)=(0 e?]|, al = (0 o50 1), 2zl =(0 0 —g(6,xy), (26)
0 1

with (6, x,y) # 0. Our focus here is to derive the curvature tensor in terms of 7 = e~ V.
We then used (aa" )‘ 1 as the horizontal metric on H. Thus, the sub-Riemannian structure
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is given by (G, H, (aa’ )| ;). By direct computations, it is easy to show that, for general
smooth function f, T'1(f,T5(f, f)) # T7(f,T1(f, f))- Hence, the classical Gamma z calculus
proposed in [2] can not be extended for this case to derive the zLSI. Thus, we need to
compute vector G and the tensor term 3. Following Theorem 1, we have the following
z-Bochner’s formula for G.

Proposition 3. For any smooth function f € C*®(G), one has

Do(f, f)+T57(f. f) = |9essazf|>+R(VS, VS),
where
AT = ©paef, P2 pas,0,0, 2% 0, payp;
Al = (0,0,0,0,0,0,)\6,0,)\9);
N — 989%f P(aTV)of 9eg9yf
6 = 5 ;
g g g
A (“TV)Zgayf Boef (“TV)Zgayf'
9 = +— ;
g g g
and

R (VI V) —ATQTQA; — ATPTPA2 +D'D+ETE)
2
= Ti(logg,log)Ti(f. ) ~ 21+ )T1(f. ) + 13T (/)

+52eﬁ@(ﬂv>2f+ﬁeﬁ9<aTv>2v%<a Vhf

5P I (aT)af (a7 f
2 2 2
8696‘)/9 (a" V)PP +2(eH 36;; + s();/y)(ﬂTV)lf(ﬂTV)zf
?V T 2 Bo T of 1 ,
+ Z a21a2k’a e )(a" V)2 f " — pe™(a V)lva(a V)aof;
Pk =
zh(vf Vf)
2
- Z Z i Iaa E;fc I f(2TV)if = Y (aTV)izls(aT V)iV, f(zT V) f
i=1y7=1 k=1
2 2 2
—gaaegy (a"V)1f(zT V)1 f — g(ef? gx;/y + aay;/y)(aTV)zf(zTV)lf;
R(VF, V)
2 3 a
= 2 X ey o 53 oyf(z"V)if
I=1pj=1

—2I'y (log 7,log )| (2T V)1 f|* — 2T (log g, log 8)| (=" V) fI.

In particular, we have

> aTal oV
2 /
Lk'=1 P oI
g 7V PV

2V
_ [2pe T 2,
[ s T2 8x8y+8yay}|(a V)afI

(T V)2 f
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22 T AT Pz T
Z Z i i ox; ax a]/f(z v)lf
=1 j=1

[ g 4 o260 g n g pw g } (2T V)i f?
0606 dxox  Jydy dxay 4 '

The proof of Proposition 3 follows from the proof of Theorem 1 (i.e., Theorem 3) and
Lemmas 4-6 below. The following convergence result follows directly from Theorem 2.

Proposition 4. If there exists k > 0 as shown in Theorem 2, the exponential dissipation result in
the L' distance holds:

/ lp(t,x) — 72(x)|dx = O(e™).

Similarly, we formulated the curvature tensor into a matrix format of k. Using the
fact 6/36% =(a"V)of + é(zTV f)1f, we have the following representation.

Corollary 2. The matrix R associated with G has the following representation:

_ 1 :
o’V o’V 2PV p?
_ [0V B0 ova bt T
I TR 8xay+ayay} g2 ~ Pl Vnv;
2
MRz = 282 —T'1(logg logg) —2I'1(log rr,log g) — T'1(log g, V)

2 2 2
[ag 260978 98 +2€geag}
¢ L0606 oxdx ayay axay

+2(e aeax + W) +B(aTV)2V);

Rp = R = (ﬁé’

1 o*V
Riz = S)%31=2<§(11TV) _gBQBy)

_ _ 1B Ty, P L !3982V >V
Roz = Rzp = Z(g(a V)1 g) 2 ( axay ayay

).

Proof. The derivation for the explicit form of matrix i follows from a similar equivalent
representation as shown in the proof of Corollary 1 and the explicit bilinear terms derived
in Proposition 3. [

Remark 9. By taking g(6,x,y) = P as a constant, Proposition 3 reduces to a simple version; in
particular, the tensors reduce to be

R (VF, V) — A QTQA; — AJPTPA, + DD+ ETE)
= (NN +5TI )

+[Bzeﬁ9%(szV)2 In ﬁeﬁe(aTV)ZV%(aTV)l In 5eﬁ9?’l;(aTV)2 FaTV)f

?*V . T ) g PV PV 1 T
5090 (@' V)if]" +2(e m‘f'm)(“ V)if(a' V)aof

02V
+ 2 ”21“2k’a o
iK'=

V@ V)af P~ P TNV @V
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PV 1 T
Ryp(VF, V) = —ﬁaeay(a V)if(z' V)if

0?7V 9%V
B Sy T agag) @ V@ VNS

Re(Vf,Vf) = O.

Next, we present the following three key lemmas.

Lemma 4. For displacement group G, we have

1 0 0 0 0 0 0 0 0
B 0e 1 0 0 0 0 0 0]
Q = 0 0 0eY 0 0 1 0 0
0 0 0 200 P00 PO 1
0

0 e
p — (000000 —g6xry 0 0 .
0 0 0 0 _g(gr xr ]/)eﬁe _g(gf x’ y) ’

DT = (0,8ef%.f,0,0), ET = (—9,fdpg —3yfyg — 9y f0:g);

CT = (0,BeP%,f + Be*Pd,f,0,0, —Be*%y f, — BePPBy£,0,0,0).
0 0
0 0
89689 f —280yfdeg
0 0
F = 0 , G= 0
ePIgdy foyg +¢*P'gdy foxg —2¢P7g0, fo,g — 2e%°g0, fo.g
0 0
0 0
89y foyg +ePIgdy foxg —289y fdyg — 2ePg0, forg

Proof. The proof follows by plugging matrices a and z from (26) into Notation 1. [

Lemma 5. On displacement group G, we have

[QX + D]T[QX + D] + [PX 4+ E]T[PX 4+ E] + 2[CT + FT + GT|X
= ||9essa.f|2 — A{QTQA; — AJPTPA, + DD + ETE.

In particular, we have

I9essa-flI> = [X+A1]TQTQ[X + A1)+ [X + Ap] TPTP[X + Ay);
P) P)
Air = (Or,Baxf/ ﬁziyf/,gaxflolol %ror _,Bagf)/
A7 = (0,0,0,0,0,0,A6,0,A9);
A 0089y f P(a"V)of  0eg9yf ;
g g’ g

(aTV)283yf | Poof _ (a7V)289,f
g g g
~ATQTQA —AJPTPA, +D'D+ETE

2
— Ty(logg log )T (f, f) — F2(1+ glzm(f,f) + fgzri )

Ag =
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Lemma 6. By routine computations, we obtain

Rap (Vf, V)
= B f( TV)af + e (aTV)oV f( V) f+5eﬁ9 ( TV)of(aTV)1 f
2
@ISR+ 2 Y ;Havy)(aTV)lf(aTV)zf
P’V T 2 po (T of T )
+ Z az,azk'a -y |( V)a2f[* — Be™ (a V)lvg(ﬂ V)af;
ik =
zb(Vf Vf)
82 T 2
- L3 g $§ B fETV)f — Y (a7 V)l (0T V)Va, f(TV ) f
i=14 =1 k=1
2 2y 2y
gfga‘;wTvnf(szf - g(eﬁgaaxay + aayay)(aTV)zf(zTV)lf;
E)‘*n(Vf Vf)
N _22 Z a”'a”a 53 dyf(z"V)if - 22 2 e 588213 azw\ Iy fI?
=1pi=1 I=1yp j=1

2
—2Y" Y (a'V), 10g7'm”aa dyf(z" V)1if.

N
Il
_
>
Il
_

Proof of Lemma 5. According to Lemma 4 and observing the fact that G = —2F and
(aTV)of = P9, f + 9, f, we first have

2CTX = 2[peP0yf + pe?o,fl =2 f — +2[—pe?0pf] - f —+2[—peldy of 5zay 7S
2FT+G6T)X = (gaggayfﬁ —i—e’ggg(aTV)zgayfaxg +8(a"V) zgayfayay>

By direct computations, we have
[QX + D]T[QX + D] + [PX 4+ E]T[PX + E] + 2CTX + 2FTX + 2G "X
2712 2 2 2772 2 2
_ {af}+[€2ﬁeaf+2ﬁeaf+af]+{ﬁeaf af_i_ﬁﬁeaf}

2690 9% axay | aydy 300x " a6y
Pf . ¥f Pf ’
po °f | Of _
+ [e 00x BGBy} [ 8360y ~ 0 aeg}

92 o2 2
+ {—ge‘” axg; - gaya]; - (aTV)zgayf}

+2[peay f + pe oy f] o2 f — +2[— gy f]o - f +2[=pef gaﬂf];;{y

_ O f 8o (T f a’ f

2472 2 2 2472 92
_ |9f Jrezﬁseaf+ ﬁeaf+af 1| eBe f f+ﬁﬁ98f
0090 0xox oxdy  Jdydy 000x BGBy
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Rf 217 P 2
po O°f L OFT [ 9
+[ 3009x +808y} +[ 8500y O/ a"g]

92 92 2

Rf  Rf G2 G2
T Bo Y J | T vJ vJ
262 V)af [P S+ BOBy} 20"V )2f 355, — 28%8%f 5a5

> f Pf | Pf Pf S
B ) 260 OB
2690 267 voy T axox T ayay} +2620f |e axay ayay]

0°f 0% f
— T o —J
2g(a’ V) 80y f {e a3y + Byay]

Completing the squares for the above terms, we have

[QX + D]T[QX + D] 4 [PX + E]T[PX + E] +2CTX+2FTX+2GTX
Pf 1 T ape f Pf | Pf

_ B0 B0 2 2
{aeae] +[e oxox T oy tayay PO f} ~ B719f]

92 2 2 2 2
e e A R T e N L Y

2
[gagaf + dggdyf — W - aegayf] - {W + aegayf}2

92 2
—l—[g ﬁeaxéfy —|—gai)véfy ( TV) gayf+ ,B f ( Tv)zgayf}Z

’
(B o] [‘“” o Josins
—29,f(a"V)ag x [ﬁiff - (ﬂTV)zgayf]‘

The first-order terms generate —AIQT QA1 — A;PTPAZ + D7D + ETE, and the sum
of squares terms generate vectors A; and A;. We further formulate the above two terms
as below:

2

a60x " by 360 aea
02 0? d
- z[eﬁeaeafx aeafy RIS ﬁayf} St

Adding %Z\Byﬂz into the term —AJQTQA; — AJPTPA; + D'D + ETE again, we
further expand as below:

~ATQTQA -~ AJPTPA, +D'D+ETE
0 2
= Bl + TP = (B (@T9)ag0]

_[W+aegayf}2+2[w

2
+aegayf} 980y f — 20, f(a' V)2g x {ﬁ?f - (ﬂTV)zgayf} + %|ayf|2
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ﬁ

= —BT(f,f) — @ V)f? =T V)2(log )P (zT V)1 fI?

—2?(aTV)Qlogg(aTV)lf(ZTV)lf

§2|< TV )af 2 [(a7V); log g Pl (T V)i £
9( T9)1log g(aTV)af (zTV)1f

—2§(aTV>1logg(aTV)zf(zTV)lf+2I(0TV)1loggIZI(zTV)u‘Iz

+22 (0T V)2 1og g(aT V) AT V)1 f +21(aT V)2 log g I(T VP + £ 12T,
By grouping the bilinear terms of V f, we obtain
~ATQTQA — AJPTPA, + DTD +ETE
= Tullogg logg) (1, f) — 1+ (£ 1)+ £ ),

O
We are now left to compute the three tensor terms.

Proof of Lemma 6. For displacement group G, we have n = 2 and m = 1. Recall
Theorem 1; we denote R, (Vf, V) = Ra(Vf, V) +R(Vf,Vf), where Ry(Vf,Vf)
represents the tensor term involving drift b. We thus have

2 3 dal oal,
W(VEVE) = LY (b5 5D (T
k=12 1 k

n 3 ) aa af
+ ]; Z <”I’”T(ax/ ox; )(axk

), (aTV)ef) g2

_i i(T 11’ af)(Tv)>
il ik 0x; E)x/ 0x; kw2

o Z Z < ]—I(;( ;Il—(ax axl )33{ (aTv)kf>]R2/

ik=17 i k=1
= L+ +Is+ 1y

By direct computations, we have

2 3 9at oal. o f
— T Mk T
I = Z Z [a” (axl ox; 8xk)(a A%l

dal of
T 2k T 0
+“"/<ax, ox; axk>(“ v>2f} =0
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n 3 d ag af
L, = ajpat (5 —=2)(3) (@ V)i f
igi’,{;:l { R xy dx; 8xk
of
T T T
+uu/a,l<axl o ><axk><“ V)of|
02 d of
aha La%eazz I a TV)zf = P L (V)
2 . af
_ il T
L= Z £ {Max ax,ax )@ V)i f
=17 i k=1 k
Lo of 1
Zl —0-
+a2k ox; E)xl 0x; )(a V)zf} =0
2 3 af
- _ T T al
ho= 1;. Z {u a”/(axk Bxl )Bx( Vif
=Lli"i k=1
9 dal of
T al
gk ”/(ax ax,)a f( V)zf] =0
For the drift term in tensor R, taking b = —aa" V'V, we obtain
2 3 dajy + vV af
W= Lk [ag aﬁf U S oxpr 90X} (aTV)if
ik=17kKx =1
2 3| roah, 1AV Of
+ Z Ll kk aT ( TV)f
i,kZ::1 i | it 9x; kk9xy oxp !
2 3T PV of
T,T.T T
+ Al =——=— (4 V)'f}
2 3T dal v af
al it al
-2 X O 5 (a”V)if
o1 et ik 0x; 0xp 0X;
= "h+Ph+T+Ts
Plugging into the matrix aT, we obtain
3 dal, + v af )4 af
— T 1k T al 1k al
i,k k=
3. [ 94y + AV af 199y 1 av of
ol 9 (fT 2% T
+lkk2,1l N g o (¢ VI g g g (@ VoS
_ a0, T f T
peP (@TV )V L (T
7 = i T Toafy, TV af(Tv)f+ aalk, TV af( V)t
2 T & Moy "oy oy ! ox; k3 9y 2
3 104}, 1 AV of 104}, 1 AV of
2k T T 2k" T
+zkk2’ 1[ i 0x; Zkaxk/ ox; (a"V)if +ay i 0x; az’faxk/ dx; (aV)af

= PP I @V
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(v Vg 2 PV T T
J3 = Z ‘111111k/a Oy |( V)if| +a2l”1k/ﬁ( V)if(a'V)af
fk/_
32 2
VT T oV T 2
+zk/z {al’a”"ax e V)2f e v)leraZlqu’ﬁ'(a V)af|
= TP 2e 2V 4 2 Ty paTY)
~ 9000 if 960x ' 069y if 2f
> 11 o pdVooT 2,
+fl£ G e ax (@ V) f15
T = — i TaTallavaf(Tv)f+a aZlavaf(Tv)f
£ S KK 9x; 9xyr s ! 141K ox; 90Xy 0x;

3 dal. v of 2 AV of
. T T T T , T
zka’: [ 2k 2K ax 0xyr 0X; (a v)1f+a2ka2k E)x 0Xr 0X; V)2f

_ —;seﬂ"(aTV)lv%(uTV)zf.

Combining the above computations, we obtain the tensor 9i,,. Now, we turn to the
second tensor i, which has the following form:

2 3 dal 9zl of
T il 1k T
2 Z Ay axi, ax¢ ax}% )/ (Z V)lf>R

:1/Z

i)C{zb(vf/ Vf)

(@l 2 o ><§J{k ) "IN

+
Mu

I
I
=
=
]
I

2 > 11’ 11 af T
- 2 Z <Zlk 0x; dxy 0x; ) (2 V)ifir

[
N
=
o
[
o

(zqpain (

- ax,>§§ V)

|
™
e

Il
I\
=
o
Il
[N

TOh Of OO ) (Ton

118x 2 0xp kax,; ox;”’

5+ T5+ T + R (VS V).

|
aglS
gl

Il
—_
=
o
Il
—_

_|_

where we denote further that

Tobg af  9z% of
z _ il T
R (Vf,Vf) = }k ;l(zh T Vg )TV

1,k=

By taking b = —aa' VV, we further obtain that

P} T
WVEVE) = - 3 [zhgb LTI -t TVf)]
k=1

23 dal. AV 9
= Y L [z&a”‘a&fax, aé (z"V)1f
Lk k=1

1
2 3 | yoal, +ov aF
kk T T
R e
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2 3
FE Y [l s s TN

P v 0x:0x) 0Xp 0X}
2 2 0z 9V af
T 17 T
D DD LA "V f
k—lf,fc,k’—ll ox; oxp 0x;

- jlz+jzz+j3 ‘|‘j4-

By direct computations, it is not hard to observe that

2 3 oal 9z 9
_ it i of T A
Ilz - 1; Z Ajjr axl;/aiyiaixfc)f(z V)1f>R—0r
=147 k=1
2 3 a aZ a
o= L Y (e 5 T Ihhe
=147 k=1 k
2 3 o+ 1 azlefc T
= Z Z aii/aifax‘/ax,}ayf(z V)lf,
i=1i =1 L
2 3
Tz — _Z Z <ZT ii’ zz af) ( TV) f> =0:
3 . = 1k 9x; dxy 0x; /7R !
=1y k=1 kO
TR S R PR LR
4 = . & kil 0x;, 9y Bx 1flr
i=14 k=1

2 oV of
T kk T T .
3 M,kzzl [le ox; Tk Ixp axk( Vif| =0

2 dal, 1 oV of
kk' T ST A
2 MZ [Zh Bx akk axk/ axk( V)lf =0

k=17fKk=1
2 2 9z 9V af

_ T T 17 T
k—zl?,fc,kz’—ll ik dx; Oxpr 0X; (2" Vf
2

= Y (@ V)izly(a" V) Vo, f (2T V)i f;
k=1

z 2 PV of

T S —
P ,;Z/: . |:Z11akkakk’ ax ax , axk( V) f:|

11kfr 0x;0x) X}

2V 9%V

—gagav TSNS g S+ S TV A T,

2’V 9 2’V 9
[T ATl f( TV)1f+le 2ka;(,a e ai; 2TV,

-1
2
[ ax E)x (a"V)nf(z Tv)lf+zlz”2k’aaav (a TV)Zf(ZTV)lf]
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Now, we are left to compute the term 3. Recall that

_2i2 i [a 7,70 Tof 1 Of

oxy P kk9xy it dx; W 9x

7 9 19 19f TOf
. kk’?)x/ kkaxA i ox; i 9,

2 1df 1 of
T T T T
TR Rk g k,axA %ii 9, "1 3

of @ 1 of
T.T T T
+Zkk’zkk axA o axa oxy i BX'/} ’

2 3 af af
T T T T
+2k§1§k§;:1 V log )i [ ta, ag aan” o%7 ]
! 319 d 1of 1 of
_ T T T T
ZZZ PPl T ax; i o ox; 11 9x;
j=li=1p i} j=1 l

L2 3 d 10 1of 1 of

_ T T T T
2Ly L [””’axl,”llax,znax “ii 9x;
T 1 0 1df 1 of

+a;a; 2 i
W 9y dx; il 9x; 1T Oy

af o of
T T T T
T axisz axf oxy I 8x]-/1

1 2 3 P} af af
T T T T
Z. Z Z (a ! : )l [alf axiZ]f axész' an/
¥ i

By direct computation, we obtain

]Cl = 0, ]CZIO, ]CgIO ]C4:0, ]C5:0, IC6:0, K7:0;

3 9%z,
_ T T 9213 5 0 T
ICS - 2122111E1all’ i ax ax ayf( V) f
> Tazl3 azls 2 T 2
Ko = =2) Y all,all—A 9y f|* = —2T1(log g, log g)(z' V)1 f|%
=07 ox; oxp
23T 792}, T T 2
K = —222(11 V)llogmz” ax; ayf( V)if = —2I1(logt,logg)|(z' V)1 f|"
I=1j=1
O

3.3. Martinet Flat Sub-Riemannian Structure

In this part, we apply our result to the Martinet flat sub-Riemannian structure, which
satisfies the bracket-generating condition and has a non-equiregular sub-Riemannian
structure (see [37]). The sub-Riemannian structure is defined on R? through the kernel of



Entropy 2023, 25, 786 27 of 76

one-formrny: =dz— %yzdx. A global orthonormal basis for the horizontal distribution H
adapts the following differential operator representation, in local coordinates (x, y, z):

y=2

_ 9 ¥
X= T 7o 3y

The commutative relation gives
0
(X, Y]=—-yZ, [Y,[X,Y]]=2Z, where Z= 3%

To apply it in our framework, we take

1 0 2
a = O 1 , aT:<(1) Sl) (2))/
2
L0
10 %
zT = (0,0,1), aa'=[0 1 0 27)
7y 7 > 1
£ ¢

Thus, the sub-Riemannian structure has the form (M, H, (aaT)rH).

Proposition 5. In this setting,

then
—aa'Viogrm =a®@Va+aa' VV.

Proof. The poof follows from the observation that

Nﬁ\,

a@Va=(0 y O)T, aaTVIOgef =0 vy O)T.

O

Similar to the previous displacement group case, we have the following identity.

Proposition 6. For any smooth function f € C*(M), one has

To(f, f)+T57(f, f) = |9essasfl* +R(VS, V),
where
Al = (0,49:f/2,0,y9.f/2,0,0,0,0,0);
A = (o,o,o,o,o,o,—yayf,y;aszaxf,o);

Rop(V, V) —A]QTQA — AJPTPA,+D'D+ETE
2
= L) - vTif f)
d d v
+§£(”TV)1f+y(“TV)1Va*JZ((“TV)2f+yg(ﬂTV)1f(ﬂTV)2f
PV PPV

3 aZV
T, T T 2

+¢Z it 0x:0Xy GV +2(8xay + 2 dyoz
1,k'=1 !

)(a"V)1f(a"V)of




Entropy 2023, 25, 786 28 of 76

v oV af _
y|( )f‘z_ya aZ(Tv)lf’

d
2 2 2 2
RV = (e + 5 ) TS ET VNS + S @ VTV

R(Vf,Vf) = 0.

2
+
Y

In particular, we have

: 9 PV PV |yt v
TT T 2 _ 2 v T 2
L ik G (V] (5 + ¥ 53 * Tz @ O

The proof of Proposition 6 follows from the proof of Theorem 1 (i.e., Theorem 3)
and Lemmas 7-9 below. The following convergence results are a direct consequence of
Theorem 2.

Proposition 7. If there exists k > 0 as shown in Theorem 2, the exponential dissipation result in
the L distance holds:

[ 1ot x) = m(x)ldx = O(e™).
Similarly, we summarize the sub-Riemannian Ricci tensor in terms of R as follows.

Corollary 3. The matrix R associated with the Martinet sub-Riemannian structure has the

following form:
V. ,°V  yt PV )

R (axax Y ooz Zazaz) R
Ry = W—y, 9%33—7,

_ gy, =YV &V oV
Rz = M =357, (axay ) ayaz)'

B 1 yov 1,9V  y*o*V . 1.7 10°V
My = 9= g~ Jo 5t g e =P = @ VIV 5o

Proof. The proof follows from the similar equivalent matrix formulation as shown in the
proof of Corollary 1 and the explicit bilinear forms in Proposition 6. [

Next, we prove the following three key lemmas.

Lemma 7. For Martinet sub-Riemannian structure (M, H, (aaT)TH), we have

10% 000 % 0 %
0 — |01 0000 0% 0|
000 10% 0 0 0
000010 0 0 0
p _ (00000010 y/2
~loooo0oo0oo0o01 0)
3
CT:(OOOOO 3-f +yoxf, —ydyf,0,— ayf);
DT:(OOyBZfO) ET =(0,0);
FT = G"=1(0,0,0,0,0,0,0,0,0).

Proof. Plugging matrices a and z from (27) into Notation 1, we complete the proof. [
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Lemma 8. For the Martinet sub-Riemannian structure, F and G are zero vectors, and we have

QX + D]T[QX + D] + [PX 4+ E]T[PX 4+ E] +2CTX
= ||9essy.f|I2— A QTQA —AJPTPA, + DD+ ETE.

In particular, we have

[9essazflI> = [X+A]TQTQIX + Aq]+ [X+ A2 TPTP[X + Ay);
Al = (0,49:f/2,0,y9.f/2,0,0,0,0,0);
3
Al = (o,o,o,o,o,o,—yayf,%aZeryaxf,O);

—~AJQTOA —AJPTPA, +D'D+ETE
2
= LI ) = yPTulf f).
Lemma 9. By routine computations, we obtain

ERub(vffvf)
= LTIy VL @TV)of +y o @SV )af

oz
0? 2 32
o~V T 2 % y- oV, 7 T
+l]§ allalk’a a |( V) f| +2(axay + 2 ayaz)(a V)lf(a V)Zf
PV 1oy AV Toy o
+3yay @ VD" =y, 57 (@ VA
zb(vf Vf)
?V yZ PV T T P’V + T
= (Graz T 792020 VW E VNS H 550 V)af (2 Vfs

%(Vf,Vf) =0.

Proof of Lemma 8. Since F and G are zero vectors, we have
82f f Py
T
By routine computation, we observe that

[QX + D]T[QX + D] + [PX 4+ E]T[PX 4+ E] +2CTX

aZf yZ aZf yZ aZf y4 aZf 2 aZf yZ aZf 2
- [axax vz T 2 azax T 48282} * [ayax 7 2y +y8zf}

+|:82f +ﬁ aZf}2+|:82f}2

oyox 2 9dzdy dydy
aZf y2 aZf 2 aZf 2
+ {azax + 28282] + {828}/}
2 92 2
+2aayg( df + youf) — f( dyf) — af(2 %f)



Entropy 2023, 25, 786 30 of 76

2

aZf ]/2 aZf ]/2 aZf ]/4 aZf 2 aZf ]/2 aZf
- [axax T oxoz T 2 dzox T 48282} + [ayax T gy T yazf}

+|:a2f +y72 azf:|2+|:azf:|2

oyox 2 dzdy oyoy
82f 2 82f 2f 2
* L)zax T2 90z yf] [azay ( azf + anf)]

oy fI? - <y—azf +yduf)?

= [Hess,f|? +7 Fz(f f) = vT1(f, f),

where we use the fact

92 2 92 2 92 2 2772
[ fLy f+yzf] [ f+yaf]
dyox 2 dzdy ayax 2 9dzdy

AL :
N [ayax ) azay yazf} |azf‘ '

The proof is thus completed. [J
We are now left to compute the three tensor terms.

Proof of Lemma 9. Similar to the proof of Lemma 6, we have

dalk
T 0 O ) (o)

it E)x/ ox; axk

R(VS,Vf) =

jiNgS

—_

+
= -
Amw F>Mw

—_

<aI,aT<ax, o ><§J; ) (@ 9)ef)

N
=
fond
1
I,

|
\-MN
gl

o
I
A
=
° T
N

Lalor
By O
<akk axk axl ax ), (a v)kf>R2

SO IROEE ax,>§,{ (@ V)ef)se

ik=1 i k=1
= L+ +1Iz+ 14

By direct computations, we have

2 of oal 9al, of
_ lk T T, ii 2k Y) N, T —0-
L= 1211’§1 { i ax/ ox; axk)(” Vf +a; (axi/ 0x; ax,;)(” V)Zf} 0;
. oI Of y (T o day 9f 1
L= )Y [da] ax,ax)(g)( Vhif +ajal (== 2) (1) (7)o
i=2j 7 k=1 k t 1 k
? rof f
— T T T
= azz”zzayay“m az( Vif = ( TV f;
— 11 T 11 T — 0
L = z;”zk:l [alk Bxk dxy 0x; 3 (@ Vhf +ay ok E)x 0x;jr 0x; PRRAC V)zf} 0
23 1y op, 9 % of T 9 %af of T
L= -1 L [oe it (3x; 9 ) o, VS +aya ”(ax axy o Viaf| =0
L 5 ;
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For the drift term, we take b = —aa' VV

2 3 aaT IV af aa - af
b= Y TY). kK T oy,
o ikZ::1 f,fc;:l laii ox; e Oxr X (@ V)if +a it ox; akkaxk/ BXk( Vif

SER: 2V of
TT T T,
+ ikZ::lﬁ(;:l |:ﬂifﬂkkakk/ o axk/ BXk( V)lf:|

2 8 T 94k 9y of ]

o

— ﬂ = (ﬂ V)f
i,kZ:;1 f,;%,kz/;: [ S ax dxp 9x; l

= N"h+Dh+T+ T

Plugging into the matrices of a', we obtain

Lkk'=1
+zk:2’ [haaxT a3 ;;:/ 883{( Vif+ ZZaaZkaz" aa: ;.Cf( V)Zf]
- azg‘"’g;w Tv>1v%<aTv>2f = y(aTV)lvg(aTV)zf;
J = Af()ki [aha;;k' Ikaé);; ;}{( TV)f +a 8;1,(/ Ik;;:; 889{( Tv)ﬂ]
ikk=1
o B A s 2
- y%iz/(aTV)lf(aTV)zf;

> [ 0V T, f(aTV T PV TO), £ 2
+ 2 ﬂlfﬂzklm(ﬂ )2f(a” V)1f + ayan 3x9my [(a” V)af]
=1

> A% 2V 2 2y
- Tl s—a— T 2 YoV T T
- fk’zz1a1ialk/axiaxk’|( V)] +2<axay * 2 ayaz><" Vif(a' V)aof
PV T )
: oaf; 3V af 9a;, 3V of
= — T T ]1 T 21 T
Js = ;]A(kZ,:l [1111(!111« ox; dxy Ox; (a V)1f—i—a1k ¥ 3. 3y ax; (@TV)of
: v of ), gV of
_ alal 11 T T T/ 2 of 1
il%%: [ ZkaZk/ 0x; Xy 0X; (a V)if +aypay, ax; 9xp ax;(“ V)aof
v of

v Yl T
= V5 5@ IS
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Combing the above computations, we obtain the tensor 93,,. Now, we turn to the
second tensor MR,;,. Since ZT = (0,0,1), it is obvious to see that only the drift term of the
tensor fR,;, remains, where we denote

. by Of 92 9f |
RE(Vf,Vf) = Z naa@_”ax@afxf)(z V)i f.

By taking b = —aa' V'V, we further obtain that

d
W(VEVS) = - ) [;akafﬁvm—b t af<TVf>]
1,k=1
Yy [Ta”"T" LA A v)f]
— Z.» Ilkk
S eral 1 9x dxp 0x;
2 00k, + v of
ke T T
+ z), a (z'V)if
k:Zlf,fc,kz’:l 1 ox; kk 9y ox;
23 02V af
T T T
2 3 9z 9V of
T T 17
- Ok rk! (z"V)rf
kgl{,;}%ﬂ | 9 o 0x;
= Ji+J3+J3+ Ji

By direct computations, it is not hard to observe that

2 8 [ Loal o ov of
Ji = Kal "V)if| =0
! k;lkz_ll 1 9x; MK 3 ox;
2 3 aa oV 8f
— Kk’ T T —0-
— k /:1

z 3 9zl 9V of T
‘742 = _’; Z [kk kk’axllaxk,ax( v)lf =0.

The only non-zero term has the following form:

LI P2V of
Ji = { Tl -0V 9 (;Tg), f]
3 7;{,12%:1 1K 20X OX}
> PV of RV of
_ T T T T TT T
N Z {Z i1k 0x;0xp/ E)xk( v)1f+21’a2ka2k/ 0x;0xp axk( V) f}
k=1
: PV 2V
_ ST a7 T a7 T
- {kIZ:1 e W( v)lf( v)lf_‘_leaZk,W( V)zf(Z V)lf]
PV PPV

92
(axaz + 2 azaz)( Tv)lf( Tv)1f+ yv( Tv)zf(ZTv)lf-

T T

Since matrix z' is a constant matrix and matrix a

to observe that

contains only variable y, it is easy

Re(Vf,Vf)=0.
O
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4. Lyapunov Analysis in Sub-Riemannian Density Manifold

In this section, we illustrate the motivation of this paper, which is to design a matrix
condition, whose smallest eigenvalue characterizes the convergence rate of the degenerate SDE.

The outline of this section is given below. Consider a density space over the sub-
Riemannian manifold. The finite-dimensional sub-Riemannian structure introduces the den-
sity space the infinite-dimensional sub-Riemannian structure. We name it the sub-Riemannian
density manifold (SDM). We provide the geometric calculations in the SDM. We studied the
Fokker-Planck equation as the sub-Riemannian gradient flow in the SDM. We derived the
equivalence relation between the second-order calculus of the relative entropy in the SDM
and the generalized Gamma z calculus.

4.1. Sub-Riemannian Density Manifold
Given a finite-dimensional sub-Riemannian manifold (R"*", T, ¢;) with gr = (aa
consider the probability density space:

T)-l-,

P(R"M) = {p(x) € C®(R"™M): /p(x)dx =1, px)> 0}.
Consider the tangent space at p € P(R"™):
T,P(R"™) = {o(x) € C(R"™): / o(x)dx = 0).
We introduce the sub-Riemannian structure in probability density space P (R"*™).

Definition 3 (sub-Riemannian Wasserstein metric tensor). The L? sub-Riemannian-Wasserstein
metric ggv“ : TyP(R"™M) x T,P(R™™") — R is defined by

g (o1, 07) = / (o), (~80) () )

Here, 01,05 € TyP(R"™™), (-,-) is the metric on R"™™, and (AS)": T,P(R"™™) —
T, P(R"*™) is the pseudo-inverse of the sub-elliptic operator:

A=V (oaa' V).

For some special choices of a as studied in [19] or aa’ forming a positive definite
matrix, then Af is an elliptic operator. In this case, (P(R"*™), ¢"e) still forms a Rieman-

nian density manifold. In general, given a sub-Riemannian manifold (R"*", (aa™)"),
Aj is only a sub-elliptic operator. Thus, (P(R"*™), ¢"e) forms an infinite-dimensional
sub-Riemannian manifold.

We next present the sub-Riemannian calculus in (P(R"*™),¢Ws), including both
geodesics and the Hessian operator in the tangent bundle. Consider an identification map:

Vi C®R™™) = TyP(R"™™), Vo = —AS® = —V - (paa' V).

Here, ® € TP (R"t") = C®(R"*™)/ ~. This T,P(R"*™) is the cotangent space in
the SDM, and ~ represents a constant shift relation. Thus,

g (Va,, Vo) = / Ty (®y, D)o (x)dx.
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In other words,

8 (Voo,, Vo, :/V¢](—AZ)+V¢2dx
:/cpl(_Ag)(_Ag)*(—Ag)cpzdx

' T, )dx (28)

:/@1(—v - (paa" V®,)dx

= /(aTvcbl,aTV(Dz)pdx,

where the second equality holds by (—A7)( —Ag)*(—Ag) = —Aj and the last equality holds
by the integration by parts.
We next derive several basic geometric calculations in the SDM.

Proposition 8 (Geodesics in the SDM). The sub-Riemannian geodesics in the cotangent bundle forms

{atp 1+ V- (p1aaT V) =0, (29)

01Dt + 1 (aT VD, aT VD) = 0.

Proof. We considered the Lagrangian formulation of geodesics in density. Here, the
minimization of the geometric action functional forms

L r1
Lo oup) = [ [ 5 (e, (~5,) oupr)dat,

where p; = p(t, x) is a density path with fixed boundary points pg, p1. Then, the Euler—
Lagrange equation in density space forms

d
3790 L0t 9tpt) = 0. L(pt, Orpr),

where 6, is the L? first variation with respect to d;p; and 6y, is the L? first variation with
respect to p;. Here,

2 (a8 Torpr) =, / %(atp,(—Azt)Jratpt)dx

1
== (aTV(—AZ)JratPt,HTV(_AZ)JFBL‘P*)/

(30)

where the last equality uses the following fact:

t t t
o (a) =—(n5) 8%, (a8)
Denote 0¢p; = —Af, Py, then the Euler-Lagrange Equation (30) forms the sub-Riemannian
geodesics flow (29). In other words,

0D + %(aTVCD, a' Vo) = 0.
O

Proposition 9 (Gradient and Hessian operators in the SDM). Given a functional F: P (R"™) —
R, the gradient operator of F in (P, g"Ve) satisfies

gradw,F(p) = =V - (paa" V5 F (p)).
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The Hessian operator of F in (P,g"V*) satisfies
Hessy, ~7:(V<1>, Vcb)

= [ [ @)@ TI)EF () (x,y) (a() V() a(n) TV, @) ) p(x)p(y)dady
+ / Hessa F (0) (@, D)odx,

where ,
Hess,0F (p) (@, @) = E{2r1(rl (OF, @), ®) — [1(T1 (P, ®), 6F) }

Proof. We first derive the sub-Riemannian gradient operator. We recall the identification
map by —A;® = -V - (paaT V®). Hence, the gradient operator in the SDM satisfies

gradyy, (o) = ((-80)") =< F(p)

op(x)
5

= _Azép(x)]:(p)

=-V- (paaTV(Sp((sx)]—"(p)).

The Hessian operator in the SDM satisfies

d2
Hessy, F (o) (Vo, Vo) = ﬁ}_(PtNt:Of

where (p;, ;) satisfies the geodesics Equation (29) with pg = p, &9 = ®. Notice the
fact that

d
ﬁf(Pt)\t:O Z/atpthf p)dx|i—o

—/ paaTVd>))(5]:(p)d
:/ (a"V6F(p),a" Vd)pdx.
In addition,

dZ
o Fe0lizo = 5 [@TVOF (pr),a V@) pdx)g
)

- / / 2 F (0) (x, y)3u01 (x)2e01 (y)dxdy + / (aTV6F (1), 0TV, Dy)prddx
n / (aTV6F (01),a" V3P )spedx|r—o

_ / / B2 F(0)(x,9)V - (paa" V&) (x)V - (paaT V&) (y)dxdy o1
-5 / (aTV8F (p),a VT (@, ))pdx
+/r1 ®,0F(p))( — V- (paa™V®) ) dx

= [ @)V @) TVOEF () (x,y) (a() V() () TV, @ () ) plx)p ) dxdy

+§/ {2011 (6F, @), @) Ty (11 (@, @), 6F) Jpix,

where the last equality holds by the integration by parts formula. O
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We next show the equivalence relation between the Hessian of the relative entropy
in the SDM and the classical Gamma two operator. We first demonstrate the relation
among L*, A; and the gradient operator of the entropy. In particular, we show that the
Fokker-Planck equation is a sub-Riemannian gradient flow in the SDM. Denote the KL
divergence as

Dip) = D (pllm) = [ p(x) g £ @

Proposition 10 (Gradient flow). The negative gradient operator in (P,g"Ve) forms

—grady, D(p) =L*'p =V - (paa" Vlog %)
In addition, the sub-Riemannian gradient flow of D(p) in (P, g™e) forms the Fokker—Planck
equation:
3o =V - (paa' Vlog %) (33)
Proof. We first derive the sub-Riemannian gradient operator of the entropy and relative
entropy. Notice that

(SP(X)D(p) =logp(x) +1—log m(x).
Thus,
grady, D(p) = =V - (paa"Vlogp) 4+ V - (paa' Vlog 1),

where pVlogp = p% = Vp. Following the gradient flow formulation:

9 %
% = —grady, D(p1) = L*py,

we finish the derivation of (33). O

We next demonstrate that the Hessian of the relative entropy (KL divergence) is
equivalent to the classical Bakry-Emery calculus.

Proposition 11 (Hessian of entropy and Bakry—-Emery calculus). Given @1, ®, € C®(R"™),
then

Hessy, D(p) (Ve Vo) = / T (@, D) p(x)dx.

Proof. We first derive the Hessian of D(p) in the SDM. Notice the fact that 6°D(p)(x,y) =
%5,(:% For simplicity, we denote 6°D(p) = p(lT) By using (31), we have

Hessy, D(0) (Va, Vo) = / 5*D(p)(x) (v . (paaTvq>))2dx (a)
~ 5 [ @7 VD(0), aTVIy (@, @))pix (b) G4

+ /Fl(CI), dD(p)) ( -V (paaTVCD)>dx. (c)
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We next rewrite (34) into the iterative Gamma calculus. We first show that

() + (c) = / ((SZD(p)V (paa" V@) ~T1(®,8D(p)) ) V - (paa” VP)pdtx
= / - (paa" V®) — (aa" Vlog %, V@)) V - (paa"V®)pdx
= / ({1) Vp,aa"V®) + V- (aa"V®) — (22" V log %, ch)) V - (paaT V®)pdx
:/ ((Vlogp,aaTVCD) + V- (aa"V®)

— (Vlogp,aa" V®) + (aa' Vlog 7, VdD)) V - (paa" V®)pdx

= / V- (aa"V®) + (aa"Vlogr, VQD)) V - (paa"V®)pdx
= / LOV - (paa V®)dx

— / Iy (LD, ®)pdx,

where the fourth equality uses the fact that % = Vlog p, while the last equality follows
the integration by parts.
We secondly show that

(b) = — % / (aTV6D(p),aTVTy (@, ®))odx
/F1 (®,®))V - (paa' VéD(p))dx
ZE/Fl(d),d)))L*pdx
:% / LTy (®, ®))pdx,

where the second equality applies the fact that L*p = V - (paa' VéD), while the last
inequality uses the dual-relation between Kolmogorov operators L and L* in L?(p), i.e.,

/ F(x)L*p(t, x)dx = / Lf(x)p(t,x)dx,  forany f € C=(R"+™M).
Combining the equality of (a), (b), (c), we prove the result. [

Remark 10. We remark that the above formulations in terms of aa' hold for both Riemannian
and sub-Riemannian density manifolds. Here, the major difference is whether matrix function a is
full rank or degenerate. In this sense, all formulas derived in this subsection recover the classical
Bakry—Emery calculus. However, the classical Hessian operator of the entropy is not enough to study
the convergence behavior of degenerate diffusion processes. Briefly, we use a modified Lyapunov
functional and derive a tensor for the gradient flow in the SDM. It provides the convergence rate of
the degenerate diffusion process.

4.2. Gamma z Calculus via Second-Order Calculus of Relative Entropy in SDM

In this subsection, we introduce the motivation of our new Gamma z calculus from
the SDM viewpoint. Consider the SDM gradient flow (33):

atpt = AztéD(pt)

When 4 is a degenerate matrix, the classical relative Fisher information I, may not
be the Lyapunov functional. In other words, along the gradient flow, it is possible that
4Ta(poe) > 0.
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To handle this issue, a new Lyapunov function is considered. It is to add a new
direction z into the relative Fisher information functional. Denote Aj =V - (pzz"V) and

Lp)= /[ ((5D,(—A§)(5D) dx. Construct

Loz (p) = Lu(p) +L:(p) = [ (6D, (% — 43)0D) dx.
We next prove the following proposition.

Proposition 12.

d -
Saz(p) = 2 / (T2(6D, D) + T5(4D, 6D)) ) prd,

where
- 1
[5(®,@) =5 L(T§ (@, ®)) — T (L, ®), 5)

with the notation A, =V - (zz2'V)and L, = V - (22" V) + (Vlog 7,2z V).
Proof. For the simplicity of notation, we denote p = p;. Notice the fact that

d d d

ala,Z(P) = Ela(P) + at

Lz (0)-

From Proposition 11, we have

d2
ﬁlu (p) =— ZHeSSgaD(Vth, Vsp)
=— 2/F2(5D, OD)pdx.

O

We only need to show the following claim.

Claim:
d

dt
Proof of Claim. The proof is similar to the ones in Proposition 11. We need to take care of
the z direction. Notice that

d

L(p) = —2 / [ (8D, 6D)pdx.

L (o) =2 / 8D ((~A56D), 31p ) dx + / (V6D, 22T V6D)apdx

dt
=2 / 8?D((~436D), 6D )dx + /(WD, 22T V6D)(A%6D)dx
=7 ;v (0aa"VD)V - (pzzT VD) dx (1)
+ /(VéD, 22" V6D)V - (paa' VoD)dx (I1)

We next estimate (I) and (II) separately. For (I), we notice the fact that
1
;V - (pzz" VéD) =(Vlogp,zz" VéD) + V - (22" VD)

=(Vlog %,ZZTV§D) + (Vlogm,zz" VD) + V - (zz' VéD)
=(VéD, 22" VéD) + (Vlog 71,22 VD) + V - (22" VéD).
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Thus,

(I)=-— 2/ ;V - (paa" VD)V - (pzz" VD)dx
-2 / V - (paa"VéD) ((VéD, 227 VéD)
+ (Vlogm,zz' VD) + V - (zzTV(SD))dx
-2 / (VoD, zzTVsD)L*p
+ V- (paa"VéD) ((V log 71,22 VéD) 4 V - (zzTV5D)>dx
=— Z/L(VJD, 22" VéD)pdx
+2 / {V ((V log 77,22 VéD) + V - (zzTVzSD)), aaTV(SD}pdx,

where the last equality holds by integration by parts.
For (IT), we have

(1) = / (V6D, 22T VD)V - (paaT VD) dx
:/(V(SD,ZZTV(SD)L*pdx
:/L(V(SD,ZZTV(SD)pdx.

Combining (I) and (II), we have

(0, @) = %L(Fﬁ(@, ®)) — T1(A.®, D) — Ty (I3 (log 71, D), ).

Using the notation L, = A; + (V log 7,2z V), we finish the proof. [

We next prove that I3 and I's”" in Definition 1 agree with each other in the weak form
along the gradient flow.

Proposition 13. Denote ® = 6D(p), then
/ [5(®, @)pdx = / T2 (@, ®)pdx.
Proof. To prove the proposition, we rewrite I as follows.

T5(@,®) = L(T5(@,®)) ~ T (L, ®)

:%L(rg(cp,@)) T (LD, D)

+ T3 (LD, D) — Iy (L, @, D).

O

Here, we need to prove the following equality.
Claim:

/ {T3(L0, @) — Ty (L.®, ®) bpdx

o (T (o, w) - L (wTa(vo, v v o
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Proof of Claim. For the simplicity of notation, let
L'p=V- (aaTnV%) =V - (paa"Vlog %)

and
Lip=V- (ZZTT[V%) =V- (pzzTVIOg%).

The following property is also used in the proof. For any smooth test function f and
=log £, then

/Lpfdx— /szcbpdx /L*pfdx— /F1f®pdx
Notice that @ = log £, then

/ IZ (LD, ®)pdx

/ (aa"V®) — (A, V®)),zz" V) pdx
/ V- (aa"V®)),zz" V) pdx — /(V(A, V@), 22" V&)pdx.
(al) (a2)

Here,
(al) :/ (V(V : (aaTV¢)),zzTV<D)pdx
- /V (aa"V®)V - (pzz" VP)dx
=— /V : (aaTVIOg%)V : (pzzTVIOg%)dx
— /V : (laaTnV%)V : (pzzTVIOg%)dx
:—/ —,aa an)—i—;V~(aaTan)}V~(pzzTV10gZ)dx
1 0 %
:_/(VE’M AVE ) pdx—/ —L*pL;pdx
—/ (Vp,aa an)L;‘pdx—/ —L*pLlpdx
:/(Vlogp,aaTVIOg P) pdx—/ —L*pL}pdx
:/(Vlog %,uaTVIOg%)LZpdx
—i—/(VIogn,aaTVlogZ)Lgpdx—/;L*pL;pdx
—/ Vlog aaTVIOgﬂ),zzTVIOg B)pdx
/FZ (Vlogm,aa Vlogp) log = pdx—/ L*pL;pdx
_ P Py TP
- /((Vlog n,V(aa )V log n),zz Vn)rrdx
— /ZVZ log £ (uaTV log E,ZZTV log B)pdx

/FZ (Vlogm, aaTVIOg )log pdx—/ L*pL;pdx
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:/V- (zzTn<(Vlog P V(aa")Vlog p))%pdx

' s
- /2V2 log % (aaTV log %, 221 Vlog %) pdx
- /F‘f((Vlog T, aaTVIOg%),log%)pdx — / ;L*pLipdx.
Notice the fact that
(a2) = — / (V(A, VD), 22T Vo) pdx
= / (V(V log 7t,aa' V®), zzTVCD) pdx
_ / T (T (&, @), @) pdx.
Hence,
/ri(ch, ®)pdx =(al) + (a2)
= / V- (zzTn((V log %, V(aa")Vlog %)) %pdx
- /2V2 log % (aaTV log %, 221 Vlog %) pdx
- / ;L*pL;pdx.
Similarly, by switching a and z, we have
/I’l(LZQD,QD)pdx = / V- (aaTn((V log %, V(zz")V log %)) %pdx
- /ZVZ log % (aaTV log %,ZZTV log %)pdx
- / ;L*pL:pdx.
Combining the above derivation, we finish the proof. [

Remark 11. From the proof, we can show the following identity: denote ® = 6D, then

/ (T5(L@, @) — Ty (L., @) ) pdx
:/ (r1(T5 (@, @), @) ~ T (11 (@, ), ®) ) px.

Therefore, it is clear that, if the commutative assumption T'1 (I'; (@, @), @) = I'5(T'(D, D), P)
holds, the above quantity equals zero. In this case,

/ I3 (@, @)pdx = / I5(d, d)pdx.

This means that, under the commutative assumption, the generalized Gamma z calculus agrees
with the classical one [2] in the weak sense.

With the generalized Gamma z calculus, we are ready to prove the convergence
properties and functional inequalities for degenerate drift-diffusion processes.
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Proposition 14. Suppose I', + 5™ = x(I'1 +T%) with k > 0. Denote py as the solution of the
sub-Riemannian gradient flow (33), then

%(Ia(Pt) +L(p1)) < =2x(la(pr) + L (pr) )

In addition, the z-log-Sobolev inequalities holds:

' 1
./Rﬂm plog %dx < ﬁlg,z(p),

for any smooth density function p.
Finally,

o oe3) = (o) < 2D

Proof. Here, the proof is very similar to the one in the previous section. Again, consider
the sub-Riemannian gradient flow in the SDM.

o = —grady, D(pr).

We know that the log-Sobolev inequality relates to the ratio of %D(pt) and %D(pt).
If we cannot estimate a ratio ¥ > 0, then

d
Ela(PO < —2xl,(pt)-

We construct the other Lyapunov function:

Loz (p) = 1a(p) + L(p).
Thus, along the SDM gradient flow (33), we have

d Z, 7T
Saz(pr) = =2 / (T2(6D, D) + T3 (6D, 6D) ) pud.

If T, + 5" = x(I; +I%), then
d
%IM(PQ < —2ilaz(pr). (36)

The convergence result follows directly from Gronwall’s equality.
We next prove the z-log-Sobolev inequality. Since

d
_ED(pt) =T,(pot) <Lz (pr),

then (36) implies the fact that, denoting pg = p, then

© 4
—Iaz(p) :/0 Ela,Z(Pt)dt
< —2 ./o Loz (p¢)dt = —2;{/0 (Ia(pt) +Iz(pt))dt
< —ZK/ L (ps)dt
0

== 2 [T~ Do)t
= —2kD(p).
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Thus, I,2(0) > 2xD(p). Hence, we prove all the results by the fact that R > «(T'; 4 T7)
implies I'; + I35 = (T + I'%). In other words, the generalized Gamma z calculus implies
the z-log-Sobolev equality (zLSI):

d
R =l +T7) = aIM (pr) < —2x1,.(p¢) = zLSL

We last prove the exponential convergence in the L! distance. Notice that

1

1 _
ZAIa,Z(PtH”) < ﬁe 2MI!LZ(POH”)-

D (pt|lr) <

We apply an inequality between the KL divergence and L; distance. In other words,

/R lo(t, x) — 7r(x)|dx < y/2Dgy (p| 7).

This finishes the proof. [

Remark 12. It is worth mentioning that our derivation of the Gamma z calculus is not a direct
Hessian operator of the entropy in the SDM. In fact, it combines both the second-order calculus in
the SDM and the property of the L> Hessian operator of the entropy. See similar relations in the
mean-field Bakry—Emery calculus [50].

5. Generalized Gamma z Calculus

In this section, we introduce the generalized Gamma z calculus. For any smooth
functions f, g : R"™" — R, the diffusion operator associated with SDE (2) is denoted as

Lf =Af —AVf+bVS,
where we denote A = a4 ® Va and
Aof =V - (aa"VF).
When b = 0, we denote the diffusion operator as
Lf = Auf —a®VaVf,

We first define the Carré de Champ operator I'y associated with the above second-order
diffusion operators. It is easy to check that A,, L, and L share the same I'y:

T1(f,g) = (a' Vf,a"V f)gn. (37)

Similarly, we introduce the I'] operator in the direction of z = (z1,- - - , z;) below:
7= (z"Vf,2"Vf)gm, (38)

Next, we define the iterative I'; and I'j for operator L (L, respectively) below:

Cau(f.f) = SLEE(F.f) ~ TE(LS. ) 39)
50(F,f) = LTS F) ~ TE(LF, £). (40)

Definition 4. We define the generalized Gamma z for operator L below:

() = T50(f, f) + divi Ty f, f) — divg Ty f, f), (41)
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For matrices a € R™ (") and z € R™<(1+M) wpe denote the divergence operator as

V- (ZZanV(auT) (f/f))

divy (Tg(r)f, f) = v ,
. T .
divy (T f f) = V- (aa HFZ(ZZ )(frf))/

and
Ly (aan (f ) = (Vf,V(aa")V[), and T n(f f) = (Vf,V(zz")V).
Here, we denote 7t as the invariant distribution associated with the operator L.

Remark 13. In particular, we have the following local coordinates representation.

(Vf, V@ )Vf) = (Vf, ai( VA = 2(aTVf, g VO
n+m
_ n n+m P} af af
N (2121 L 8xk Iax I’ax ) ’
1,i'= =1
n+m
n n+m
wrvetey - (B 2aga) @
k=1

We first present the following key lemmas.

Lemma 10.

divI (Ty (e f, f) — divy (Tyer)f, f) = RU(f,f)+2GTX,
where X, G are defined in Notation 1 and 3™ is defined in Definition 2.
Lemma 11.

T,7(f.f) = X'QTQX +2DTQX +2CTX + DD + Ry (Vf, Vf),
where Q, X, C, D are introduced in Notation 1 and R, is defined in Definition 2.
Lemma 12.

T3:(f,f) = XTPTPX +2ETPX +2F X + ETE + R:(Vf, Vf).

where P, X, F, E are introduced in Notation 1 and R is defined in Definition 2.

We then have the following main theorem. In order to distinguish the operators
L and L, we rewrite Theorem 1 as below, and with some abuse of notation, we denote

Ta(f, f) = ToL(f, f) and T37(f, ) = T3 1 (f, f)-

Theorem 3 (z-Bochner’s formula). Forsmooth function f : R"*"™ — R, assume that Assumption 1
holds, then

Lor(f, )+ T30 (ff) = |I9essazfI? +R(VS, V),
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where

[$9essazf 1> = [X+A)TQTQIX + A1) + [X + Ag] TPTPIX + Ay)
R(VF,Vf) = —A[Q"QA —AJPTPA,+D'D+ETE
TR (VF, V) + R (VF, V) + R (VS V).

All the terms are defined in Notation 1 and Definition 2.

Proof. By Definition 4 and Formulae (39) and (40), we have

Dor(f, f) +T31(f f)
= Dou(f, f)+ FE,L (f. f)+ div?(rV(aaT)f'f> divy (rv zzT) f1)-
We compute the above terms explicitly in the following four steps.

Step 1:

u(ff) = S0 )~ 2Mau(Lf. )

= AT f) ~ SAVELF ) + 2BV (F, )

—T1((Aa — AV +bV)f, f)
= T, (f.f)+ [%bvrl(f,f) —T1(bVS, I

—_

The term T, ; (f, f) follows from Lemma 11. We are left with the other two terms:

VI f) = ;1ij1b,;a;<<aTVf,aTVf>Rn>
- kiiz "axl,iaf+ kuaxi{ )@V
and
TV = VOV,
= _i_il]:g(a”gx ;{ +aubkaazaf )(a" V1)
Step 2:

Bu(ff) = SIS f) - 2T5(LS )

1

= ML) = JAVIR( ) + VTS )

—Ti((8a = AV + V), f)
1
= T30 )+ [GBVTT(F ) - THVE )]
The term I - (f, f) follows from Lemma 12. We are left to compute the last two terms:

n+m

SIS = =3 L b TV e

n+m m
= ZZ ; ”af + byz ,akfx)(TVf)

ki=1i=
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and
~Ti(bVf,f) = —("V(Vf),z"Vf)pn
_ m n+m ab af f
- —gkg(% 3, 3w, i ) ' Vi

Step 3: Following Lemma 10, which will be proven shortly in the next section, we have

Aiv] (T r f, f) — divi (Tgim £,f) = R7(f,f) +267X,

where X, G are defined in Notation 1 and fR” is defined in Definition 2.
Step 4: Combining the above terms I', 7 (f, f) in Lemma 11, I’ (f, f) in Lemma 12, and

R7(f, f)+ 2GTX, we have

Lor (fo f) + D57 (f f) +R7(f, f) +2GTX
= X'"P'PX+2ETPX+2F"X +ETE
+XTQTOX +2DTQX +2C"X+ DD +2GTX
+R,(VF, V) +R(Vf, V) +R(VSf,VS)
= XTPTP+QTQIX+2[GT+FT +C"X+2[E'TP+D'Q|X+D'D+ETE
+9R%:(VF, V) +R(VF, V) +R(VSf,VS).

Assuming that Assumption 1 is satisfied, we obtain
Lo p(f ) + 155 (F f) +R7(f, f) +2GTX
= [X+M]TQTQIX + A1) + [X + Ag] TPTP[X + Ag]

+R(VF, V) +R(Vf, V) + R (VSf, VS)
~ATQTQA -~ AJPTPA, +D'D+ETE.

Adding the drift terms from Step 1 and Step 2, we obtain 9R,; and R, which finishes
the proof. O

5.1. Proof of Lemma 10

Lemma 13.

divg(rV(auT)f/f) - divg(rV(zzT)f'f) = SRT[(/['/[) + 2GTX/ (43)

where X, G are defined in Notation 1 and R™ is defined in Definition 2.

Proof. For the first term in the above lemma, we have

V- (ZZTT[FV(MT) (f. )

divg(rv(aa'r)f/f) =

ntm q i n+m
= Z; a0 [Z%/k( Y.z, (Fv(aan(frf)))kﬂ
k=1 k=1

- ax,zw< T<FV(uaT>(f/f)))f(>
+Zk/ka ( Zk(%(;;ﬂ)(ﬁf)))]%)]



Entropy 2023, 25, 786

47 of 76

n+m
o log 7w [zk/k k:21 z;{ (rv(mﬂ (f,f)))i(]
o E Zkf(( V(a1 f )k
n+m
ok iy ( L5 (T (f,f)))kﬂ

m n+m
+ Z(zTVIOg 0k lz Z;}( (TV(MT) (frf)))f(] ’

where I' (aa™) ) (f, f)); is defined in (42). Plugging in (42), we further obtain

divg(FV(auT)f'f>

_E 9 ntm LN 9 T Of 1 of
- kglkgl[axk'Zkk/(Z (22 Z 3x ”ax it oxy

k=1
n+m m n n+m a af af
T T
k=1 i=17i=1
m n+m n n+m a af af
T T T
+ Vlog ) 2 i
k; ° Lzl ( lZ%zz’le axk i 0x; i oxy )]

LI . 0 tof 1 of
LT T T T S
2} 2 2 [ax Zk = Kk 9y ox; i s 0x; it 9 ] S
k=1i=1 K kii=1 K i’

oo d 9 tOof T of

y Y T T TOL T S

2k_1i71 o [ KK s Xy (Zkkax i ox; it 8x1>] 5
= = k/klllf

n  n+m

of 1 of

T T T T

ZZ Y (<TV log ) [kaa”axallax/} s
=1li= 1k11’ 1

By further expanding 53, we obtain

m n n+m a a af af

_ E E E T T T T

S = 2k—1i71 o= [Zkk/ oxp (Zkk oxp i ox; ox; i dxjs )]
==l kii'=1

2%;& v [T J Ta TafTaf

z
kk' 3 kk R ll ll
e dxp Kkaxp 1 dx; " dxy

2 rof 1of
T T T T
T2k oy i o

2
+z8zL al— f T of
KKKk 9y it 9xe0x; 1 Dy

of 1 f
T T T T
+Zkk’zkka it 9,1 3oy

af o rof]
T _T T T
Tk G ax it 3c; axe "
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Similarly, we obtain

n o) T n+m T
= X [axl, ay ( 2 (rV(zzT) (frf)))i> (45)
- i

=1

_ 2%:2": niﬂ [a TTaZTafT f] 8

m n n+m 9 9 af af
T T T T a
2).0. ) [””’ax,, (”ll ox; Jox; Waxy )| 52
n n+m

df 1 of

T T T

—0—221121 E Vlognl[a”a Jlax Uax] Y
] l]]

= S{+85+ sg, (46)

where we also obtain

m n n—+m ) 9 af af
— T T T
s = 2L E ¥ oy (et
]le:ll/l]]
m n n+m a a af af
_ T T T T
=21 ) l““’ 19 i ;1 9

J=UI=1p 17 =1

P cof 1 of
T T T T
T S i o 9

0 1 Pf 1of

T T T

T””’”lla il oy Sy ox;
7,09 Tof T *f

+a;a:—z-——2;;
i ax JJax 17 9101

7,79 19f 9 1 9f
ox;Ji ax oxy 1 oxjr

Combining all the terms above, we have
divg(FV(uaT)f/f) - divg(rV(zzT)f/f) = Slz + Sf + S§ - (Sf + Sg + Sg)

By direct computations, we separate the above terms into two groups based on “dfdf”
and “9%faf”. We denote SR (f, f) as the sum of all “dfdf” terms and denote 2G " X as the
sum of all “92faf” terms. Switching indices for the terms in 2GT X to match %, we

%]

obtain the following;:
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equality from switching “k” to “j” and
between “ /II and /1 7 lI]

[oB]
5=

*f f+ TaTafTazf
93 0x; ”’a P ® kkoxy it xy 1 Qxprdy

= 2 ; Z Z |:Z;(I;(/ZZ;< axA Ell

m n n—+m 2 2
2Ly Y [a Pf g f | rrd 1f af]

19x; i 0} 0x; Zif ox;r i ox; /I 0x; 71" 9xy0x

T
A
[
I

=

N)

\" >
\‘\
(A

m n  n+m 2
ayy Yy [ZT,ZTaaT Pf rdf v 19f 1 af}

701 9x; 1t 9xjrx; it ox;yr Zji%jj ax " ox; i 9x0x;

m n n+m 2
—ZZZ lﬂEaTazT f a—f+a 1 aizjasz of ]

Bx]A i ox; /ax

m n n—+m ) aZf af ) af aZf
_ T, T T T T T T T
= 222 [z 250 i o + a
1

a.. Z.2Z s . e
Pox;ox; " oxy i1 oxy ' 9xy i 9x;0x;

m n 2 2
2y Y Y lam, A e A v e ey o
it i Y 20 D i D it i 3 i A
f o i gy axiax]. oxy M oxy I axy i axiax].

n+m 2 n o m n+m

= Z a ZZ J a¢a.T~, E)f +ZIZT, J a.T», af ak
ox; E)xA /J ]] ax a9y, 7 9xqy M oxy i

ij=1 i=1j=1j ;i i=1 1 j i

) of T f T
T T T.T
(“ it Sy I 9 +ag "’ax/sz ox;/ u)H

The first equality follows from the quantities we obtained previously, the second

207 //l// 21

to “i”, and the third equality from switching
and “j”. Thus, the proof is completed. [

/17

5.2. Proof of Lemma 11

From now on, we keep the following notation: a'Vf = Y/ Z”*m I a?c f. Fur-

thermore, we fixed the notation for 4,a' with relation a; = a; fori = 1,---,n and

-, n + m. Here, we denote a;.l'; := (a),. Recall that we define

L) = 5 (TN f) 20T 5)).

Next, we are ready to prove the following lemma.

Lemma 14.
T,7(f,f) = XTQTQX +2DTQX +2CTX + DTD + Re(Vf, V),
where Q, X, C, D are introduced in Notation 1 and R, is defined in Definition 2.

Proof. We plug in the operator L into our definition for T'y:

Lilff) = ZAES) ~ 5AVIL, ) = Ti((As — AV)F, )

1

= SATI) ~Ti(8af, ) = FAVIL(, ) + T1 AV, ).
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Now, we compute the last two terms of the above equation. With A = a ® Vg,

we obtain
1 1 n—+m T
—5AVIi(f.f) = —3 Z AV o (a Vf,a"Vf)gn
k 1
n+m ntm
- 2 Vf,a"Vi)gs— Y (A,;aT(Vain),uTVf)Rn
k k=1 *}
=L +12r
and
n—+m
T1(AVf,f) = (a'V( Z AV o f),aTmen
k=1
n+m n+m
= EAVV f)anRn ZVAV f)an>
k=1
= J3+]s

It is easy to see

J,+]J3=0.

We now expand J; and ], into local coordinates:

n+m n n+m

h——Z@V&(ZEZZ%N;wNawvaO, 47)

=1 I i=1k=1kK=1 ¥ & oy
and
n T n—+m n+m n n+m
Jo = Y (a'Vf) Zﬂn/ Z Vo ( Z Z a5V o awi)V o f)
=1 1= T = 0% a"k

|
M:

=1 i O k

—

:1

n_ntm
(@' Vf) (2 2 2 awV o a Avaak,kvaif)
k=11=1k,

k

n T n n+m n+m
+) (@ Vi) Z )3 2 afyag( Lviak/k)vaif - (48)
I=1 *i

—1 /= 1kk’ ) ox, s

Applying Lemma 15, which will be proven shortly below, we have

1mngjwdﬂmﬂﬂ

= @ Vo@ VIaTYfP) ~ @TV(@TV) o (aTVf)), TV e
n n+m n ) P} a p) ]
+1_Z{(QTVf)l(lk;1kZi(ax zka;;(( ll’a f)— ll’a (axl/“&ax f)))
—(annaTVf,aTVﬁRn,

where

n n n+m n+m 82 9
<Bn><nll Vf aTVf 2 TVf (Z 2 Z ll?/_ o Zk( 7-‘5‘/axk/f))

k=11=1 i=1 K',j/=1 it
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Thus, combining with (47) and (48), we have

i(ff) = 3810 ) = Ti(Baf, f) + )+

= 2@ Vo @ VIaVFP) ~ (@ VI(ETV) o TV aTV e

where the last term follows from Lemma 16 below. The proof is thus completed. [

Lemma 15.

ST, ) = Ti(Aaf. f)
= @Yo @ VIaTVAR) — TV (((aTV) 0 (aTVA)])aTV S
_<Bn><nﬂTVf, QTVf>Rn + By.

Here, the local representations for By, and By are given as follows. For Lk =1,---

we denote
n+m n+m 32 n+m n+m
Blk - / 1 Z xlax]/ Z Z ax a.XIakl,
n T n+m n a a
By, = lzl(a Vf)l 2 Z(ax ik kk(ax nw axl,f)
= Pkl =1k=1

o 0 19
T T
™ i 5y, kkaxkf )>)

We introduce the following notation (convention) that, for any function F,

T T n T n_n+m T OF
V) VF) VEF); = =)
(a 1221 )i 121 : 1/21 i ax Tt )
Proof of Lemma 15. By our definition above, we have

MLI(ff) = V-(aa"V{aTVF,aTV f))

V - (aF)
n—+m a

- E ax Zﬂ;ka
=1
n+m n a a

- L kgl(ach”ika"'az’kaTC;Fk)
9 T To( T2

= 2 Y (k) +a Vo (a'V(a'Vf)?),
i—1 k=1 %%

where we denote
F = a'V{a'Vf, aTVf> .
n n+m

n+m n N
= <Z”kk3x 2 Za”ax > = (F, B, Fa) .
=1

k=1, n

(49)

N,

(50)

(51)
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Therefore, we have

ntm n nim L at 9 2
AL = L Z( 7 zk(z"kkax - ”axf)>>

=1
+a"Vo (a"V(a"Vf)?)
n n+m a n+m T )
= ZZ ax Do Zakka a Vf)

=1 j=1
+(@'V)o <aTV<aTVf) )
= Vao@'V(a'VF)?)+(a"V)o(a"V(a"Vf)?).

Next, we compute the following quantity.

T1(Aaf, f) = (a"V(V-(aa"VF)),a V[ )gn,

where we have

n+m n n+m

Zax ZZ” Kk 9o, f

V- (aa"Vf) =

n n+m
2 Z zk kkax

= f a; ap=—f)
i 8 kka i kax kkax
e T T

= 228 kka f) (a'V)o(a Vf)
1k 1k=1

= Vao (aTVf) +(a"V)o (a"Vf).
We continue with our computation as below:

rl(Aaf_/f)

n+m n
= W ZkZ:ax kkaa )+ (a"V)o (aTVf)|,
zk 1

n+m n
Ta

= (a'V ZZa kka Frodd)

zk 1k=1

ﬂTVf>Rn

P llT Vf>Rn

+a'V((@a'V)o (“va>)/ava>R”
= <aTV(Va : (aTVf)>,aTVf)Rn + @'V ((@"V)o (a"VFf)),a"Vf)gn
= ((a"UVa-@TVf)),a"Vf)pn + ((Va- (aTV(@"V]))),a"V
+(@"V((@"V) o (aTVf)),aTVf)pn.

From the above, combining (52) and (53), we further obtain

ST, ) = Ta(Baf, )
= Vo (@ VITYP) ~ TV (@TV) 0 (aTV ),V

(52)

(53)
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= %(ﬂTV ° (ﬂTVIHTVfIZ)) - <HTV((HTV) ° (HTVf))/ﬂTVﬁRn
a

i=1

_lil( i llax (ni“ ll/ax ["iniax zk kka f)])) II.

k=1k=1

Recall that we denote a' to emphasize the transpose of the matrix a and a;,'f- = ay:

i
|

n+m T n n+m a n+m T P}
ax . ik Z “kklz Z o ax Z 4 ox; 3
=1 =1

n+m T n n+m T a n+m a T a
ax 2 ik Z akkl . “11 axl 2 ax; 4 ax
= = =

n+m n P} n+m_|_nn+m_|_a n+m_|_aa
T <8xeaf" ; ak’%Z(A aliaxif)(; 11 9x; 0x; )>

n n+m T P} n+m n P} n+m n+m
= Z(A alfaixff) ; Z TxZ zkkzlakk I/Zl ax ll’ax

T n n+m n+m T
+ZE(Z aliaixif) ) 2( Al 2 () aps—
1 : l

axk ax /

and

_— n n+m T P} n+m n+m n d T P}
= Z (izﬂljaixif) l; ll’ax ]}Z:;T kkax f)

n n+m T P} n—+m n+m n T P} 1
= L (Za”axl I’Z:l w 11;11; Bx ’ki)xl/ kkax PRl

+1_i{ ((”ii” A= ax ( Z ﬂzz/ [nkir:jki" ax - kkax } ) )
= i ((nin ap=— ax1 (”ﬁ” ap [”ﬁ” i E)x A3 821/ I-cl;cai ]))

I'=1 Tk=1k=1

n n+m n+m _n+m n T ) a
Ll (D g, ax, Yo | LYo a ek 3y

I'=1 zk 1k=1

)

n n+m _n+m n 82
+) (£ zzaxl 2“11/ X5 kkax

l,f(:l =1 0x: xl/
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Subtracting the above two terms, we have

I-1I

n n+m T a n+m n+m n T )
= -) (A llax Za”/ Zzaxx/ kkax )
=1\ = Pk=1k=1 !
n n+m p) n+m n n+m n+m
T
ax

o B b )

1 I'=1

i niﬂ T ] n+m T _nin i P} ] T P}
- (2 4i5—f) apy S5 5—f)
=1 i1 1 Bxi =1 _f,lAc:1 =1 Bx axl/ kk ax
n n+m T ) n+m T _n+m n az T 9
= ~L{(oag A Lo | b L e gy f)
= =1 I'=1 | Lk=1 k=1 1 k
n n+m T a n+m n ) T d
+ 2( AZ p 5 ax Z Z ( 1kakk agy 9xy f)
I=1 j=1 I Lk 1=1k=1

0 d 0
T T
1 g, ik AFr kkaxkf)»
n n—+m T a n—+m n+m n T a
= - (Z“zig ) aj ZEaxx kkaxf)
i i I'=1 Th=1k=1 r
T

T n+m n a

Lk 1=1k=1
a9 19
T T
O ik (ax,/ K Qx; f))>'

Now, we eventually obtain the the following step:

ST, f) = i, f)

= WV o @ VITVFP) ~ a7V ((aTV) o (aTVS)),aTV

2

n  n n+mn+m az T T
_<Z 2 2 al] a lk( vf)k/ Vf>

k=11=1 i=1 j'=1

nimo /9 d d 8 d d
T N T/i _ T/ T
Z Vi ( ). Z(axﬁzk”kk(axﬁlz ax,/f) ag ox; (axl, ™ f)))
= Lk I=1k=1 i k k

_ %(aTV o (aTV[aTVF2))

—(a"V((a"V) o (a"Vf)),a"Vf)pn — <annaTVf,aTVf>Rn

n ntm n
+Z(aTVf)z( ). Z(ai ajptge(5— ° ll'a f)=apse : (ail, kaaz f))>'

=1 {,12,1/:1 k=1
Thus, the proof is completed. [

Below, we further investigate the extra term explicitly in the above Lemma 15.
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Lemma 16.

2@V o (@TVIaTVSP) ~ TV ((aTV) 0 (aTVf),aT VS )z

= X'QTQX+2D"QX+2C"X+D'D

+m aTaT
Y Y ai,ax )

ik=1i7k=1
N A LA
Py ir i Bxl dx; * oxg
i k=1
n n—+m / af
Sy Y (@ S S O (T, )
i Pk ax axZ 0x;
n+m af T
_lkzl Z kk 11’ ax ax/)ax ( v)kf>]R”- (54)
i k=1

Recall that matrix Q and vectors X, C, and D are defined in Notation 1.

Proof. We expand the two terms in Lemma 16. The first term reads as

(aTV o (aTVIaTV))

NI~ N =

|
™=
=

Il
MR
-
Il
_

(@™V)i(a" V)i (a" V) f?

™=
1=

I
—_
-~

Il
-

(@"™V)i{(@"V)i(a" V)ef, (" V)if )

((@™V)i(@"V)if, (a"V)i(a" V)if)pn - Ty

|
™=
=

i=1k=1
iinin«Ta)(Ta)( ) @TVf)

+ al, -2 at 2, (aTV)f g - Ry
o, tox tox T oy,

The second term reads as
(@' V([(a"V)o (@ VA),a"Vfpn
= I;<(ﬂTV)k[(ﬂTV)i(ﬂTV)if]r(ﬂTV)kf>

o ndme L9 T 0 d Ty R
- kg = <(akf<§)[( ii axl)(ai{%bt}/(a )kf>
ik=1j7 k=1 k 7
Next, we expand Ry and R; completely and obtain the following;:
n n—+m T f N
Rio= L L % ax Aa )(a Tk 9 ), (@ V)if)me
ik=17k=1 7

L T a kk af T 1
= ikgl ‘ Z <a11 (axl ax ax ) ( V)kf>R” o Rl
K=14 1 k=1
n n—+m T af

+'2 Z <a;|l—a”(8x/ ox: )(axk) (aTV)kﬁR""'R%
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g e aﬂTA P} af
T T kk T
ik=1 l‘/,lzk:1<a”/a” ( ax; )(axi, axf( )’( v)kf>]Rn Rl
n+m T 9 .

Z <(a11’)((ax,ﬂ {)ﬂ;}(ai;aa}é{), (aTv)kf>R" . R%

n+m a a af
T T T T 5
2 (a; f’”n(ax/“kk)ax aXA) (@™ f)rn - RS

‘ (i 5y oy (Ve R

)DS <<azﬁaxk>[<a1-,aiﬂ><a£§3{4>1,(aTv>kf>

n+m ”/ af

T ... l
o ox; ax, axA) (@' V)kf) - R

=
g

ik=1i k=
n n+m T 7T af T )
T 'kZ:]_ Z < kkall (ax axz )ax,\ (ﬂ v)kf) o .Rz
=14 k=1

n+m a P af
T T
+ Z 4 < kkau’ ax/ (axk axA

n n+m aa”, 3 9
i kZ_: , (a5; axlf “E(axi, ai)f(”TV)kf%-R%

L oL e Z;(”I’E)XA(E)X/;»{A) (@"V)if) - RS

), (aTV)if) - R} =Rt

n+m T T, 9 9 of

n
+ 2 Z <akkazz’a” (ax axl 8x~) ( Tv)kf> te Rg = R?

Our next step is to complete the squares for all the above terms. Look at the term T; first.

T

o f ntm aa af
— T T Kk
- 2 < all kkax ax Z 11 ax BXA

ik=1 f,f(:l k=1
n—+m TT aZf n+m Taakk/ af
Y Gt ), A
il k=1 axi/axk/ i =1 Bxi/ axk/

i k' =1

N T P 2f
- Tal TT
= k2_1< Z aifakf(axa\axi( ; Z ai/ﬂkk/m .. 'Tla

n n—+m aZf n+m aa , af
+ Y (Y alal Y a, Sk Ty
i,k—1<f/fc_1 " kaxfaxf( i k=1 ax, axk/
n n+m ag R af n+m a f
+ 2 a; 2 aT,a?(;(, Ty
i/k1<i,12_1 " axA o/ poer 00Xy
n n+m ag N af n+m aa ) af
(X L i ) T
i/k—1<{,12—1 ! ax? Oxg” " 0xy Ay
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The terms Ty, = Ty, R} = R}, and R3 = R} play the role of crossing terms inside the
complete squares. In particular, for Convemence, we change the index inside the sum of R?
and R3, switching i, for R} and switching i/, k for R3. Then, we obtain the following.

n+m ~
w2 T (ol ax,xaij,{ 6T

ik=1i]k=1

n  n+m n+m ] af Taf
- ZZ Z Z(” it 8x/ (ax axA klaxl

ik=17k=17]1=1

n+m a a af
5 _
R = 2 2 L <akZ lkax/ ax 8xA kf>

ik=1i7k=1

n  n+m n+m T T af
— ll
= 2) ) ) (akl ik 9x E)x 8xA i ax,>

ik=17k=1171=1

We denote

n+m aZf
Tl _
2 Apd x:0x; = Yik- (55)

The above Equality (55) can be represented in the following matrix form:
Q2 (n+m)2X(n+m)2><1 = (M Y 7717’1)12><1/

where Q and X are defined in (12) and (19). Now, we can represent term Ty, as Z?,k:l 71‘2k =

’yT'y = (QX)TQX = XTQTQX. Next, we want to represent Rf and Rg in the following
form in terms of vector X:

2R} — 2R3
n+m a o} af
= 2
lk211,§1<< it i’ ax, )(8x axk >

2y Y < e (g ) a9 f>
ki lkax x; Ox k

ik=1j]k=1

n+m| n ntm a T oa
i [Z i( ali( 1/) (aTV)f) = <akz’aTaa” (“Tv)kf>>](ai¢§£)

Tk=1Lik=1i=1
= 2CTX,

where C is defined in (14). Similarly, we can represent Ty, = Ty, by X:

n ntm all af n+m aZf
Ty, =Ty, = a1 Kk alal
‘ i,kZ::1<{j<Z:: i 9x; dxp’ ,,;1 )
= DTQX,

where D is defined in (1). Summingover the above terms, we have the following quadratic form:
T; + 2R} — 2R = XTQTQX +2DTQX +2C"X + D'D. (56)
Taking into account the fact that R¢ — R§ = 0 and R} — R3 = 0, we have

T; + Ry — Ry = T; + 2R} — 2R3 + R} + R? — R} — R3,
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which completes the proof. [
5.3. Proof of Lemma 12
Lemma 17.
Lo (ff) = XTPTPX +2ETPX +2FTX+ ETE + R, (Vf, V). (57)

where R, is defined in Definition 2.
Proof. The proof follows directly from Lemmas 18 and 19. O
Lemma 18.

SIT(f, f) ~ TE(ES. )

= @ Vo @ VETVSP) ~ ETV(@TV) o (aTV)), 2TV g

Proof. Step 1: We first define IZ = (zTVf,zT V f)gm, then we have

LTi(f, f) = 8T5(f, ) = AVTi(f. ), Ti(Lf.f) =Ti(Apf. f) — Ti(AVS, f).

By our definition above, we directly obtain

ATE(ff) = V-(aa"V{TVF,ZTV )an) = V- (aF)

n-—+m P}
= Z ax Z”szk
n—+m a a
= Z ”szk +“zka F¢)
i=1 k=1
9 T ToTo 2
= Z(ﬁa;klff)—i—a Vo(a'V(z'Vf)),
i=1 k=1 1
where we denote
T T Tov /.19 0
F? = (z'Vf,z' Vfigm = a VZ(Ez”axf)
I=1 =1 l
_ n+mTamn+mTa 2 — (F% [Z FZT
= ¥ 3x; 2<£sz37if> = (F, By, F)
- =1 k=1, n
We have
ATI(f, f)
S "f g DU ) ) 479 o T ET )
—~ = o i kk9x, — "l 9y,
i=1 k=1 i ki=1 1= l
_ w0 T STU?2 T To/To 2
- Z ax Ay Zakka V£) + (@' V)o(a V(z Vf)7)
k=1 i=1 k=1
= Vao(aTV(zTVf)z)—I—(aTV)o(aTV(zTVf)Z). (58)

Next, we compute the following quantity.

Ti(Aaf, f) = (Z'V(V-(aa"V[)),z"Vf)mn.
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From Lemma 15, we have
V- (aa"Vf)=Vao (a"Vf)+ (a"V)o (a" V).

We continue with our computation as below:

T5(Aaf. f)

n+m n

Z Zax zk kka f) (TV)o(aTVf) ’

lk 1k=1

ZTVf>Rm

n+m n

T Y sl )|

1k 1k=1

2T V) + 2TV ((aTV) 0 (aTVf)), 2TV f)gn

- (ZTV(Va (aTV f)),va Fgm (59)
+(z"V((a"V) o (a"Vf)),zTV f)gm

= ((vaw (aTV f)),va Fgm + <(w (ZTV(@TV f))),va Fgm
+HZTV((aTV) 0 (aTVf)), 2"V f)pn. (60)

From the above, combining (58) and (59), we further obtain

ST, )~ TE(Baf, )
_ 1(aTv o (@TVITVR) = (ZTV((TV) 0 (aTVF)), 2TV Fan

1n+m n n+m n nt+m T 9
+5 L Z<ax <Z“kkax .Y llaxlf)>>

zlk =1 j=1

n+m n

zkz:lk2 a kka f)
= %(aTV o (a'V|zTVF?) = (z"V((a"V) o (a'Vf)),z"Vf)gn
n+m n n+m m. n+m T a ) n+m T P}
+ZZ< ‘lkg ; %I 9, aTCk( Zliaxif))"'l

i=1 k= =1 =1

m m 9 n+m P 3
2( Z le ax (; Z?I-IE [122_ 2 axﬁfk(al}caxi{f)])> cIL

=1 1

TV P ZT Vf> RrRm

Recall here that we denote a! to emphasize the transpose of the matrix a and al-,'l; = ay:
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II

nmen (g wdmoomongm g g )
L\ g 2 (X 75, f) g (0 75, f)
i=1 k=1 1 k=1 I=1 j= I
n+m n P} n+m m n—+m ] n4+m P} )
T T T
E(ma B L aan(E metonn)
= k_1<8xl tk = ke = P ' 9x; / ox; 1 ox
n+m n P} n—+m m n+m T d n+m T d 9
VT E (e BB E e E o)
=1 k=1 i =1 I=1 j=1 1 k

n+m a

m n

ST £ (e T ARE o

n n+m n+m T

Z( lzkkzzl Kk Z ll’axkax, ))

l\l

n+m n+m n T a
ax/ Zzax kkax o)

Tk=1k=1

Tk=1k=1

=1 Pk=1k=1

n+m n+m n T 0 ]

2 z”, Z 2 ax lkax kkax pyol)
m n+m ntm nm T 9

+ (E z” ax Z 2l Z Z ax Xz/ kkax o))

m n—+m n+m n
;((,Ziz”ax (lelz{z Zax

0 AT 0
P ax/ kkafo)}

&(&m T (ZZ 2 <a‘“f>] )
=\ o M ox; i SS9 k3"kk 9xps 0xp
+i((ﬂ+m 9 (ninz | i i a (aTAaf)])
S\ 5w e =E

Subtracting the above two terms, we obtain the following:

I-1I

n+mT_n+mna aTa
l; #1r Z‘ D ga (ax,/ kkax o))

m n+m T P} n+m T _n+m n aZ T 9
2Nz O ar | Y ) sty 5—Ff)
i 9x; - — XXy ox;

n+m a

m n n—+m
+Z(A Z”Aaixif)A Z( zkz Kk Z ax ;Il—axll )
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Now, we eventually end up with the following formula:

SATE(F, )~ TE(Baf, )

= %(HTV o (a'V|zTVf2) = (zTV((a"V) o (a"Vf)), 2"V f)rn

m n+m n—+m T _n—&-m n ) T d
_l; 2 % 9 ax, ,; a | L Z ax i axy Kk o))

zk 1k=1
z; 2y (a3 5—Ff)
=1 llaxl T N ey == Oy 1Kk 9

m n+m n+m n n—+m n+m
+ZZ Z zzax Z Z(ax lkz %k Z ax 2y axV )
=1 j—1 ; k=1

Step 2: Computation of — 3 AVIZ(f, f) + T3(AVY, f). Now, we compute the last two terms
of the above equation, with A = a ® Va:

1 1 n-+m
—SAVIi(f.f) = —3 Z AV o (2T V2TV flpe
n+m n+m
= - Z (V.o Z)Vf, 2"V f)pm — Z(Asz(Vain),zTVﬁRm
k=1 &
=T +er
n—+m
T3(AVSf,f) = (Z'V() AV 2 f),zTVf>Rm
k=1
n+m n+m
= 2 AVY o f),zTVf>Rm 2 VAV o f),zTVf>Rm
k=1 k=1
= J3+]Js

It is easy to see that J, + J; = 0. We now expand J; and J, into local coordinates:

m n+m n n+m
= —lzl(zTVf)l( Z Z 2 ﬂfckvaiﬂkrkv 9 lelv ) f), (61)

I e=1k=1k=1 oy

- m T n+m n+m n n+m
J4 = Z Vf < le/ Z \Y% a Z Z aka a ﬂk/k)v d f))
=1 =1 M k=1k=

m T n n+m n+m
YE VAL X Z Zag( Voo Vo au)Vafl|. (62)
— k=11=1 kk/ x/ Bxk/ Bxi(

Combining the above two steps, we thus obtain

ST ()~ TS f) = 5TV 0 (TVITVSP) ~ TV ((T9) 0 (aTV)), 2TV

O
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Lemma 19.

2@V o (@VETVS) - TV((TV) 0 (aTVf), 2TV )
XTPTPX +2ETPX +2FTX 4+ ETE + R, (Vf, V).

Proof. We expand the two terms in Lemma 19.

(a"Vo (a'V|zTV[?))

(@™V)i(a" V)il (" V)if|?

™=
M=

Nl—= N =

= !
™=

Il
—
-~
Il
—

Il
—_
o~
Il
—_

(@™V)i{(a"V)i(z"V)if, 2TV f)mn

((a™)i(z"V)if, (a"V)i(z"V)if)gn -+ Ty

™=
ngE

i=1k=1
n o om 9 9 3 -
+ Z;((ﬂ}@)(ﬂ%)(z:@a—ﬁ)ﬁ (zTV)kf>Rm --Ry.
i=1k=1 ;

Z'V([(a"V) o (a"V£)]),z"V frn
el(@™V)i(@"V)if], 2TV f)rm

. ”Z/azi,)(aifax)f],(va)kﬁRm...Rz

M:

™=
=
_|
<

Il
—_
b
Il
—_

M:
1=
=
QU

|

Il
—_
b

Il
—_

Next, we expand Ry and R, completely and obtain the following:

n+m 9 T 9 af

(] )08 ) g (27 Ve e

nom ntm 9at oz of
T ii __kk 9) T o7l
,Z ) L <aii’(axi, ox; E)xf()’(z V)if)rm -+ Ry

ntm 9 oz)

+ii (@ al (-2 Sty () (TG g R
i=1k=1#7j=1 it ax,-/ ax; axf( 4 kJ ) Rm 1
n m n+m T T az;}( 9 af - .
+ ;]; ' <ﬂii/ﬂif(§ axy ach(), (z'V)ef)rm - Ry
=lrk=17 k=1 1
m - ntm 9 3 3 .
+'Z L Z <<a;’)((ax-, a})Zle%@aT{)’ (z"V)if)rm -+ Ry
i=1k=1{7k=1 i ;0x;
Shali el d 9 d =5
Ll ) <”?ﬂ”iz(@z,&)ﬁa%),(zTV)kf>Rm...Rl
i=1k=1j7jf=1 i ; 3

n o m n+m ToTT J 9 af - .
) ) Z <”ii’”ifzk12(axi/37f37k)/(z V)if)rm - Ry
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i=1k=1 1'/,7’]2:1 i ;
"5 Y Tl af T ~2
+ZZ L < kkalz (ax ox )89& (Z v)kf>RmR2
i=1k=1#1fk=1 il
Shalie dal 3 9 ~3 =4
Ll LG kaa;ll—lax/(ax aj:) "V)if)mn Ry =Ry
i=1k=1j f,k:l &
noononim o 9al L9 9 4
T 90 DD DR CHA 2 IR BN IR =
i=1k=1ijf=1 k i 9X;
n n+m aa'l: 3 9 B
iy <kaaI’axA(ax/a£) V) f)pn - R
i=1k=1j f,fc:l
shali el 0 9 0 -6 ~6
+21k21 Y (zgala ?(axk ax/ai) V) f)gn - RS = R
=1k=17 k=1

Our next step is to complete the squares for all the above terms. We look at term T first.

_ n o m [n+m T T n+m az N af
T, = 2 2 2 ;2 kkax ax +MZ il ax ox;”
i=1k=1 \]f=1 1,k=1 k

n+m 2 n+m aT,
Y alal rf L TZkkaf>

e
i =1 u axi/ axk/

SR SR STA SN 36 S o 2f _
= Tt T.T
- ZZ Z<;§1aifzk’zax;aw’ ) “ii’zkk/m T

k it k=1

h

Nt P nin azkk’ ofF N\ 1,
ii “Kk 9 0x; " 9xy Oxp

J'=1

n o [ 0zf of g o T Of =
+22 i ax ox;’ ,Z’ i kK 9310 T

i=1k=1 \{f=1 =1
n om n—+m n+m
(T Y gk ).
i N i’ °
s A Pt ox; axk i ox;1 OXp

= 7 53 55 =5 =4 . S
The terms Ty, = Ty, R = Ry, and R, = R, play the role of crossing terms inside the
complete squares. In particular, for convenience, we changed the index inside the sum of

f{? and f{g, switched ', 1 for ﬁ?, and switched 7/, k for f{g, then we obtain the following.
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_ n m n+m
R = 200 ) (el G <a‘11 ) T

nom nt+m n+m oz!. d af af
— T T kk T
- ZZ Z Z . (“if“ﬁ’(axi, )<ax oxp Vg, ox;

5 n m n+m aaA d o
R = 21 Y Y Ehalst D) TV

i,
n+m n+m aa 9 af af
T T
(Zkl ik oxy (axk ox; )23y, ax;

We denote

n-—+m 82
R 63)

1,k=1

The above Equality (63) can be represented in the following matrix form:
T
P(n*m)x(n-i—m)zx(n-i-m)le = (w11, , Wik, * - - ’w”m)(n*m)xl

where P and X are defined in (13) and (19). Now, we can represent term Ty, as Y wl.Zk =

wlw = (PX)TPX = XTPTPX. Next, we want to represent f{? and f{g in the following form
in terms of vector X:

2R, — 2R;
n  n+m a T 9 9
= 23 Y (el G G ) e
ik=17k=1
ntm a 8 of
2 Z Z Zkl lkax/ BxA axﬂ) (ZTV)kf>
ik=147k=1 i
n+m n n+m aT aaT 5 3
= 7L [Z 2 ( alp (5 1 ETVf) - <Zk1'”Ta (2 Tv)kf>>](apa£)
zk 1 ik=11i=1 l’ ; 3
= 2r'yx,

where F is defined in (16). Similarly, we can represent Ty = Toe by X:

F o _ n R L0 Of N oo @f T
Tp="Te = kz (Y a ox; 9x;” kzlali’zkk/axi/axk,> -EPX
=1 k=1 i K

where E is defined in (17). We thus have the following form:
Ty + 2R, — 2R, = X"PTPX +2ETPX + 2FTX + ETE
Taking into account the fact that R? — Rg =0and R‘l1 — Rg =0, we have
Ti+R —R, = T; + 2K} - 2R; + R, +K; — R, — Ry,

which completes the proof. [
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6. Further Discussions on Other Inequalities

In this section, we apply the generalized Gamma calculus to study the entropic
inequality for the semi-group P; associated with the drift-diffusion process. With a little
abuse of notation, we denote the generator of the semi-group P; as %L instead of L, and we
denote X; as the corresponding diffusion process.

Definition 5. We define the semigroup Py = e2'L where L is invariant with respect to the invariant
measure dy = 7t(x)dx. We denote P f (x) = E(f(X})), and

E(f(Xy) = fy)p(t,x,y)du(y) = fye(t x,y)dy,

Rn+m Rn+m

where the infinitesimal generator of this process Xy is 3L, and we denote p(t, -, ) as the product of
the transition kernel p(t, -, -) and the volume measure 7t.

Remark 14. Following the standard treatment as in [2] (Section 5), whenever we consider the
differentiating operation on P; f, we shall always consider P f first with f. = f + ¢, for Ve > 0.
Then, we take the limit as ¢ — 0. Throughout this section, we directly use P;f instead of Pife
for convenience.

Remark 15. In the standard sub-Riemannian setting, the semi-groups are in general defined with
respect to the invariant measure dy(y). In this paper, we formulate the semi-group and the transition
kernel with respect to the Lebesgue measure dy.

Following the framework in [2], we also need the following assumption, which is
necessary to rigorously justify the computations on functionals of the heat semigroup.

Assumption 2. The semigroup Py is stochastically complete, that is, for t > 0, P11 = 1 and for
any T > 0and f € C®(R"™™) with compact support, we assume that

sup [[T(Pef)lleo + [ITT(Pef) oo < -o0. (64)
te[0,T]

We believe that the above Assumption 2 should follow from the the assumption
R > x(T1 +I7F) if we assume the appropriate lower bound x. We leave this for further
studies. Related gradient estimates are presented in order below. For the infinitesimal
generator 1L associated with linear semi-group P;, we have the following property.

Proposition 15. For all smooth function f, we have:

d P(] = 1d;

o Forall functions f € Cp(R" ™), the map t v~ Pif is continuous from R™ to L?(du);
e Foralls,t > 0,onehas Py o Py = Pryg;

o VxeR"™M VWt >0, 2Pf(x) = $L(Pif)(x) = 3P(Lf)(x).

Next, we present the entropic inequality under Assumption 1. We follow closely the
framework introduced in [2] and define the following two functionals:

¢a(x,t) = PrifT1(log Pr_if)(x), and ¢:(x,t) = PrfTi(logPrf)(x).



Entropy 2023, 25, 786 66 of 76

Lemma 20. We have the following relation:

%L‘Pa + %Gba = (Pr—+f)(x)I'2(log Pr—f,log Pr_+f)(x), (65)
%L(Pz + %(Pz = (Pr—f)(x)T5(log Pr_;f,log Pr_;f)(x)
+(Pr—¢f)(x)T1(log Pr—tf, T7(Pr—¢f, Pr—¢f))(x)
—(Pr—tf)(x)Ti(log Pr—tf, T1(Pr—¢f, Pr—¢f))(x). (66)

Proof. Denote g(t,x) = Pr_;f(x) = [ p(t,x, %) f(%)d%, and we have the following relation:

L(logg) = —rl((gg)’zg) - Za;g.

By direct computation, one obtains
J
dpa = digT1(logg logg) +2g(a"Vlogg, aTV(ig»w

1

= —5Lgl(logg logg) —gli(logg, Llogg) — gl (logg, ' (log g, log g)),
1 1 1
sL¢a = SLgli(logg logg) + 5gLli(logg, logg) +T1(g I'n(logg,logg)),

where we have I'1 (g, T (log g,logg)) = gT1(logg,T'1(logg,logg)); thus, (66) is proven.
Similarly, we obtain the following for ¢,:

d
dp. = gli(logg,logg) +2g(z"Viogyg, ZTV(?g»Rm
1
= —5LsTi(logg logg) —gli(logg, Llogg) — gl (logg, ' (log g log g)),
1 1 1
sL¢- = 5LgTi(logg, logg) + 5gLli(logg, logg) +I'1(g I'i(logg,logg)).
The proof then follows. O

Now, we are ready to present the following important lemma, which prepares us to
prove the new entropy inequality without the assumption:

I1(log Pr—if T5(Pr—tf, Pr—if)) (x) = I (log Pr—if, T1(Pr—f, Pr—if) ) (x).

Lemma 21. Forany 0 < s < T, we denote p(s, x,y) = p(s,x,y)7t(y) as the transition kernel of
diffusion process X starting at x defined in Definition 5, and the following equality is satisfied:

E[gI' (log g, I' (log g, log g)) — gT (log g, T'1 (log g,1og g))]

_ / V- (o(s,%,y)22 Ty (g1 (log g (s,¥), 1og g (s,)))
(s, x,y)

- / V- (p(s,x,y)aa Ty ,,1) (log 8(s,y),log g (s, y)))
p(s,x,y)

8(s,y)p(s, x,y)dy

g(s,y)p(s, x,y)dy.

Here, we denote g(s,y) = Pr_sf(y) = fp(s, v, 7)f()dy and

E[gT1(log g, T5(log g, logg))]
= E[g(s, X;5)T1(logg(s, X7 ), T (logg(s, X5),log g(s, X5)))]

= [8(s,y)T1(log g(s,), T3 (10g g s, ), 10g 8(5,¥)))p (s, y)dy.
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Proof. We first expand in the following integral form.

E[gT1(logg, Ti(logg,logg)) — gTi(logg, T1(logg,logg))]
/ g(s,y)T1(logg(s,y), I (logg(s,y),logg(s,y)))e(s, x, y)dy

- / g(s,y)Ti(logg(s,y), T1(logg(s,y),log g (s, ¥)))e(s, x,y)dy.

We skip x, y, s for simplicity. Take log g = h.
Claim 1:

[ T100, T (0, 0)pgdy — [ T (T (h, ) pgly

/ I3 (h, Aah)pgdy — / I3 (h, ”g )pgdy — / Ty (h, Azh)ogdy + / T1(h g)pgdy

Recall that we denote A, = V - (aaTV) and A, = V - (227 V). Use the following identity:

I‘Z
Aah:Aagirl(gzrg), and Azh:%* 1(g2'g)
8 8 8
We then obtain

Mg Tilg
/ T5 (h, Dah)ogdy = / F§<h,§g 1i;gg)>pgdy

= - / I3 (h, Ty (h, h))pgdy + / ri(h, g>98dy

Similarly, the other equality is satisfied.
Claim 2:

/ I'5 (1, Agh)pgdy — / Ii(h ”g )ogdy — / Ty (h, Azh)ogdy + / Iy (h gg)pgdy

-(pZZ rV(zmT)(hfh)) ’ paa rV(zzT)(h/h))
= / P gpdy — / o

First, observe that

i

gpdy.

= [TV sy = — [ V- (pz=TVg) By
A
- —/BAﬂgAzgdy—/(Vp,zzTVg>Lgdy.
8 8
Similarly, one obtains

A
/ Ii(h, =2)pgdy = - / gAagAzgdy— / <Vp,aaTVg>§gdy-

For the next term, one obtains
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T30, Aoy

— /(V(V - (aaTVh)),zz" Vh)pgdy

- - /[v (aa"Vh)][V - (pgzz" Vh)]dy

— —/[V-(aaT;Vg)]V'(PZZTVg)dy

— —/((V;,aaTVQ +;Au8>v'(PZZTV8)dV

- /<g12Vg,aaTVg>(V-(pzzTVg))dV‘/;Aﬂg(v-(PZZTVg))dy

- / V2h(aa Vh, 22T Vh)pgdy — / ((Vh,V(aa")Vh), 22" Vi) pgdy
/;Aag<Vp,zzTVg>dy/gAagAzgd%

where the last equality follows from the integration by parts for the first term and the direct
expansion of the divergence for the second term. Similarly, we obtain

/1"1 (h, Azh)pgdy
= =2 /V2h(zzTVh,aaTVh)pgdy— /((Vh,V(zzT)Vh>,aaTVh>pgdy
1
—/§Azg<Vp,aaTVg>dy—/gAagAzgdy.
Observing, by integration by parts, we obtain

- /<<Vh,V(aaT)Vh>,zzTVh>pgdy+/((Vh,V(zzT)Vh>,aaTVh>pgdy

V- (pzz Ty (zum (1, 1)) V- (paa Tyt (b, h))
— / (aaT) gpd]/_/ (z2z7)

_ dy.
; ) gpdy

Combining the above formulas, the proof is completed. [

With the above lemma in hand, we are ready to prove the following entropic inequality.
We first define the following energy form:

@q(x,t) = Pe(Pr—tfT1(log Pr—if))(x), Pz(x,t) = P(Pr—fTi(log Pr—if))(x).

Recall that we define
¢a(x,t) = Pr_ifT1(logPrif)(x), and ¢:(x,t) = PrfTi(log Prf)(x).
Theorem 4. Denote ¢ = ¢, + ¢, if the following condition is satisfied:
R = «x(T +T7),
we then conclude

PrOCTNE) 2 9lx0)+ [ rs(@alxs) +2(x5)ds, ©7)

where ks depends on the estimate of the transition kernel ¥V log p(s, -, -) associated with semi-group
P (see Definition 5).
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Remark 16. Based on Theorem 3, we can also prove the above theorem for operator L with the drift
term involved. Since the proof is similar, we skip the proof here.

Proof. Take ¢ = ¢, + ¢.. Let (X})¢>o be the diffusion Markov process with semigroup P;.
(Similar proofs can be found in [2] (Proposition 4.5).) Let smooth function u : R**" —
R be such that, for every T > 0, sup;cj 1) [[u(t, )]l < o0 and sup;c( g | $Lu(t,-) +
0t1(t, )]0 < 0. We have for every t > 0

T
u(t,XP) = u(0,x)+ [ (5Lt du)(s, X2ds + M,
0
where (M;);> is a local martingale. Let T,;, n € N be an increasing sequence of stopping
times such that, almost surely, T;, — oo and (M;aT, )>0 is a martingale. We obtain
AT,

(%Lu 4+ 35u) (s, X¥)ds].

Elu(t AT Xiyr,)] = u(0,%)+E[ |
By using the dominated convergence theorem, we obtain
t

(lLu + dsu) (s, XT)ds].

Elu(t, X})] = u(O,x)—i—E[/O 5

Applying the above equality to ¢(t, X}), we obtain

T
(510 +0:0)(s, X2)ds

Elg(, X)] = (0,x) +E[
T 1
= 90.x)+ [ El(GLo+0:4) (5, X2)lds.

We now look at the term E[(3L¢ + 9s¢) (s, X¥)] with g(s,x) = (Pr—sf)(x) = E[f(X})]
= [ p(x,y,5)f (y)dy:

1
E[(5Lp +0s9)(s, X7)] = E[gl2(logg, logg) + gT3(log g, logg)]
+E[gT1(logg, I (log g, log g)) — gI'i (log g, I'1 (log g,10g g))].

By using the above Lemma 21, let 1 = log g, and we obtain

E[(3Lg +2:) (5, X)]

V- (pZZTrV(sz) (h' h)) _ V- (pauTrV(zzT) (h'h)) > d]/
Y P

= /gp (Fz(h,h) S T5(h ) +

= /gp (Fz(h,h) —i—f;’p(h,h))d]/'

Applying Theorem 3 here with 7t = p(s, -, -) as the transition kernel function, we obtain
a time-dependent version of Theorem 3. Assume that the following bound is satisfied
where the bound x; depends on kernel p(s, -, -):

R(VS,VS) Zxs(Ti(f, f) +T1(f, f))-
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We then conclude with the following bound:

E[(%qu +050)(s, X5)] > /P(Sf %, y)8Ks (L1 (h, h) (y) + 5 (h, h) (y))dy

= [ Pl xy)grs(Ta0 ) () + T () () w(y)dy
> Ps(xsg(T(logg logg) +T7(log g, logg)))-

Plugging into the time integral fOT E[(1L¢ + 95¢) (s, X¥)]ds, the proof follows. [

Remark 17. We prove the entropic inequality Theorem 4 in this section without the the assump-
tion: T1(f,T7(f,f)) = T5(f,T1(f, f)). A similar entropic inequality under the assumption
Ty(f, T5(f, f)) = T3 (f, T1(f, f)) was first proven in [2] (Proposition 4.5 and Theorem 5.2). With
this new inequality Theorem 4 in hand, similar gradient estimates and other inequalities from [2]
follow. We leave them for future studies. Proposition 4.5 in [2] is based on a pointwise estimate
given the commutative assumption of I'y and I';. We removed the commutative assumption, and
our estimate is in a weak form, which is presented in the above Lemma 21.
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Appendix A. Degenerate SDEs and Sub-Riemannian Manifold

In this appendix, we briefly illustrate the formulation of the degenerate diffusion
process and sub-Riemannian geometry.

For a smooth connected n + m-dimensional Riemannian manifold M"*", we de-
note TM"*™ as the tangent bundle of M"*" and denote T as a sub-bundle of TM" ",
The sub-Riemannian structure associated with the sub-bundle T on M"*™ is denoted as
(T, 8r), where g (-, -) is the metric associated with the sub-bundle 7. In particular, if we
take distribution T to be the horizontal sub-bundle, denoted as H, of the tangent bun-
dle TM"*" (see [2,51] for more details), then we denote the sub-Riemannian structure as
(M"*™, H, ¢3,). In this paper, we will not distinguish distributions T and H and call this the
horizontal sub-bundle. We assumed that the horizontal distribution H is bracket-generating
(with any steps). The distribution ‘H has dimension 7.

For a vector field b € R"™™ and a general matrix a € R+m)xn e denote
a = (ay,a,- - ,a,) with each a;,i = 1---,n, as an n + m-dimensional column vector.
For any Stratonovich SDE,

n .
dX; = b(Xy)dt +V2 Y a;(X;) o dB}, (A1)
i=1

where (B}, B?,---,BI') is an n-dimensional Brownian motion in R” and a; has local co-
ordinates 4;(x) = sz;’" afi(x)%. We consider (A1) as the SDE associated with a given
sub-Riemannian structure, which is defined through the Lie algebra spanned by the driving
vector fields of the SDE {ay,ay,- - - ,a,}. In general, we assumed that H := {ay,az,--- ,a,}
is of rank n and satisfies the bracket-generating condition (or Hérmander condition). To
be precise, for any x € M"*", the Lie brackets of {a;(x),az(x), --+,a,(x)} span the
whole tangent space at x with dimension n + m. We define the manifold M"*" as the
subspace of R"™" where the diffusion process X; lives on. This spaces is described as
the triple (M+™M A, g% ), and we denote H as the n-dimensional horizontal distribution
of the tangent bundle TM"*™ generated by the vector fields {(a1(x), ax(x),- -, a,(x)}.
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In this paper, we considered the case where the generator of the diffusion process (A1)
coincides with the horizontal Laplacian operator (or sub-Laplacian operator) associated
with the sub-Riemannian structure (M"*", H, ¢3/). Furthermore, we assumed that there
exists a symmetric and invariant volume measure associated with the horizontal Laplacian
operator. The Stratonovich SDE (A1) without the drift (dt) term could be treated as a special
case, where the horizontal Laplacian can be presented as the sum of squares of the hori-
zontal vector fields in H. In particular, we considered the precise metric defined through
the diffusion matrix a, which could be seen as an analogue for non-degenerate SDEs on
Riemannian manifolds. The problem is that the rank of aa " is n; thus, the (1 +m) x (1 + m)
matrix aa' is degenerate and cannot serve as a metric. We thus introduce the following
metric, which is to formulate this sub-Riemannian structure in Euclidean space.

Definition A1. Consider an orthonormal basis ¢ = {cp41(x), -+, cnm(x)} in R"™™™ such that
a;-rc]- =0foranyl <i<mn n+1<j<m+n Wedefinea metricg = (aa-'-—l—ccT)_1 =
(aa™)* + ccT and a metric on the horizontal sub-bundle g = (aa")*, the pseudo-inverse of matrix
aa', on manifold M"+™,

The above definition is based on the following lemma.

Lemma A1. The metricis ¢ = (aa' +cc')™t = (aa")t +ccT.

Proof. For rank n matrix aa'

ing pseudo-inverse (aa")*

, we denote its eigenvalue decomposition and the correspond-
as

> \

- i;/\iViViT, aa’ f
1= =1

Thus, we have aa' +cc' = Y Ai‘/i\/iT + ;1+r7f|r1 ¢jcj - T. Furthermore, we have

aa’ +cc’

= (Vi , Vi, Cnsts s Cotm) <A” Im) Vi, Vi, Cpgt, - - ,Cn+m)T,
(aa" 4 ccT)~1

I | (e A TRl

where we denote A, = diag(Aq,- - -, A,) as the diagonal matrix for eigenvalues A’s and I,
as the m-dimensional identity matrix. Thus, the proof follows directly with

T, T -1, e JT T
(ﬂﬂ +cc )71 )T + Z cjc ] = )+ +ec.
i—1 j=nt1

O

With the new metric introduced above, we have the following lemma.
Lemma A2. The vectors {ay,- - - ,a, } are the orthonormal basis under the metric ¢ = (aa’ )" +ccT.
Proof. We just need to prove for a = (a1, - - - ,an) with each (4;) (y4.m)x1, and we have

aga=a"(aa")ta = Id,xn.
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Notice that aiTc]- = 0, then we only need to prove aT(aaT)+a = Id;;x4. Let us denote
a"(aa")*a = B, then we have
aa' (aa")taa" = aBa'
aa' = aBa'
a'aa'a = a"aBa'a
(aTa)*laTaaTa(aTa)*l = B
Idnxn = B,

where the second equality follows from the property of the pseudo-inverse matrix and the
last step follows from the fact that a'a is a non-degenerate n x 1 matrix, hence invertible.
The proof then follows directly. O

We are now ready to introduce the following definition.

Definition A2. Define (M"*™, 1, ¢;) as the sub-Riemannian structure associated with the de-
generate SDE (A1), where g = (aaT)Jr denotes the horizontal metric, i.e., metric g is restricted
onthe horizontal bundle T. We denote VR as the Levi-Civita connection on M"+™ associated with
our metric g = (aa’)* + ccT, and let PTVR be the projection of the connection on the horizontal
distribution T. In particular, in our framework, we have P*VRf = aa"V f, for any function
f Mt — R, where V is the Euclidean gradient in R"+™.

Remark A1. In Lemma A2, we show that {ay,ay,- - - ,a,} are the orthonormal basis for horizontal
distribution T under our metric g. In particular, we have

m
aaTVf:(al,--~,an) | f=

an !

M-

(a;f)a; €T,
1

which gives the local representation of PV R f.

To demonstrate the definition clearly, we give the following example. On the Heisen-

1 _ 9 1 ) _ 0 1 9 _ 0
berg group H , We knOW that X = E — ixza, Y = sz + jxlﬁ’ Z = E forms
an orthonormal basis for the tangent bundle of H!. In particular, X and Y generate the

horizontal distribution 7. If we start with the following SDE:

dW; = X odB} +Y odB?, (A2)
then we know W; = (B}, B?, % Ot BldB? — B2dBl), which is the horizontal Brownian motion
on the Heisenberg group H'. The generator of the horizontal Brownian motion and the
sub-Laplacian operator are the same, which is given by Ay, = X? 4+ Y2, and the volume
measure associated with Ay, is the Lebesgue measure on the Heisenberg group with the
volume element equal to 1. Then, W; is a diffusion process in R3. In terms of our general
sub-Riemannian structure introduced above, we can define

1 0 2
1 2
a=1 0 1[|=(mm)=(XY) c=—m—=|-%F]
% 3 TR
and

10 -%\'

SHl,x =~ (aa")t=1 0 1 ;71 L 8m = (aa")t +ccT.
X X1 x1+x2
7 2 }
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In particular, the horizontal gradient is given by

Xf 1 0
aa'Vf = ( Yf ) :Xf( 0 ) +Yf(xll) = (Xf)X + (Yf)Y.

—2Xf+3Yf -2

2

Thus, the sub-Riemannian structure associated with Stratonovich SDE (A2) is just
(H', T, Sm1 ), where gy . is the restriction of metric gg1 on the horizontal sub-bundle
7. Different from the standard construction of Brownian motion on a given Riemannian
(sub-Riemannian) manifold by Ells-Elworthy-Malliavin [40,43], we can directly define our
diffusion on the manifold M"*™ by (A1) without performing projection from the orthonor-
mal frame bundles. This is because the new metrics ¢ = (aa")t +cc" and {ay, a5, - - ,a,}
are globally defined orthonormal basis of the (horizontal) sub-bundle on the tangent bun-
dle TM"*™. Essentially, we first define (A1) in R"™" and then introduce the associated
sub-Riemannian structure.

Remark A2. Compared to the definition of the horizontal Brownian motion introduced in [38],
the sub-Riemannian structure comes first with a totally geodesic Riemannian foliation structure,
and then, SDE (A2) is defined on the given totally geodesic Riemannian foliation. In the current
setting, we directly define the degenerate diffusion process by a first given matrix a, then we define
the sub-Riemannian structure by introducing the new metric (aa®)t 4 ccT.

Proof of Gradient Flow Assumption

In this subsection, we demonstrate that Equation (6) is in fact a Fokker—Planck equation
of SDE (Al).

Lemma A3. Consider the drift—diffusion process:
dX; = b(X)dt + v2a(X;) o dBy, (A3)
Suppose that b, a, 1 satisfy
a®Va—b=—aa"Vlogr.

Then, the Fokker—Planck equation of X; satisfies

op(t,x) =V - (p(t,x)(a(x)a(x)T)Vlog pf([i’;)))

Proof. Recall that we denote {ay, - - - , 4, } as the column vectors of matrix a. For Stratonovich
SDE (A3), we can write

n .
dX; = b(X;)dt + V2 a;(X;) o dB}.
i=1
According to [28] (Appendix 7), the corresponding It6 SDE is
n ) n
dX; = V2 Y a;dB} + (Y Vga; + b)dt.
i=1 i=1

1=
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Thus, the Fokker-Plank equation (Kolmogorov forward equation) satisfies

n+mn+m 32

) = Y ) ((@a™)0) = V- (3. Vs + b))

i— j/:1 axilax]-/ i
T n+m ) T n
= V(e Vp)+ V- | p( ), 5—=(aa)iy)i I —p ) Vaai = bp
=1 9%j i=1

= V- (aa"Vp)+ V- (o(a® Va—b)).
Namely, we have
dtp(t,x) =V - (aa"Vp) + V- (o(a ® Va —b)). (A4)
Plugging in the relationa ® Va — b = —aa'V log 7t, we have
d:0(t,x) =V - (aa"Vp) — V - (paa’ V log )
=V - (paa" Vlogp) — V - (paa" V log 77 (A5)
=V - (paa"Vlog B).
s
Here, we use the fact that
pVlogp = Vp.
This finishes the proof. [J
Example A1. The Lie group SU(2) is a compact connected Lie group, diffeomorphic to the three-

sphere S3. Following the construction of the left-invariant vector fields in [41] (Section 6.2), we
change the coordinates in terms of coordinate system (6, ¢, ). We obtain new left-invariant vector

fields on SU(2), with
- 0 siny 0 siny 0
X = cos¥apt Gnoag < %sine oy’
_ . 9 cosyp 0 cosy 9
Y= osinggg sin6 9¢ cos6 sinf 9y’
d
Z —_— ﬁ.

Thus, we have a = (a1,ay) = (X,Y) in the new coordinate system. We define the metric
g = (aa")*. Here, X,Y are the orthonormal basis for the horizontal bundle generated by X, Y
under metric (aa")t. According to [41] (Lemma 6.4), the invariant measure on SU(2) has the
form of u = sin(0)d0 A d¢ A dy. It is easy to check that the above Lemma is satisfied for b = 0,
7T = sin(0), and

cos 6
T sin 0
aa'Vlogm = —a®@Va = 0 1,

0
where
cos Y —siny
_ sin ¢ cos
a= sinf | " sin @ ¢
sm Ccos
—cosesine —cos@smg
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