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BASED ALGORITHM FOR DISCRETE GRADIENT SYSTEMS
ARISING FROM OPTIMIZATIONS*
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Abstract. We propose in this paper a new minimization algorithm based on a slightly modified
version of the scalar auxialiary variable (SAV) approach coupled with a relaxation step and an
adaptive strategy. It enjoys several distinct advantages over popular gradient based methods: (i)
it is unconditionally energy diminishing with a modified energy which is intrinsically related to
the original energy, and thus no parameter tuning is needed for stability; (ii) it allows the use of
large step-sizes which can effectively accelerate the convergence rate. We also present a convergence
analysis for some SAV based algorithms, which include our new algorithm without the relaxation
step as a special case. We apply our new algorithm to several illustrative and benchmark problems
and compare its performance with several popular gradient based methods. The numerical results
indicate that the new algorithm is very robust, and its adaptive version usually converges significantly
faster than those popular gradient decent based methods.
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1. Introduction. Minimization plays an important role in many branches of
science and engineering. In particular, how to accelerate the convergence rate of the
minimization process is a central issue in data science and machine learning problems.
We consider in this paper an unconstrained minimization problem
(L.1) Juin, £(6),
which arises in many applications, including particularly machine learning problems.
For large scale minimization problems, the first order methods such as gradient descent
(GD) and its variants such as stochastic GD [21], Nesterov’s accelerated GD [17], and
the adaptive momentum estimation method [15, 24, 10] are popular choices. We refer
to [19, 18, 23], and the references therein, for more detail on the design and analysis
of the GD method and its various variants.

The vanilla GD method for (1.1) is

(1.2) Ok+1= 0k —nkV f(O),
which can also be regarded as a numerical scheme for the gradient flow
(1.3) 0 =—Vf(0),

with time step 7. The gradient flow (1.3) is energy diminishing in the sense that
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1) = (V1(0),00 = (0000 = 1] <0,

where (-,-) (resp., ||-||) denotes the [? inner product (resp., norm). However, gradient
decent type schemes are not necessarily energy diminishing and may blow up if the
time step is too large. Although the stability of GD based methods is well understood,
the main challenge in practice is how to choose the step-size, i.e., learning rate, to
balance between stability and efficiency [22].

We propose in this paper a different class of minimization algorithms inspired
by the recently developed scalar auxiliary variable (SAV) approach for gradient flows
[25, 26]. The SAV approach enjoys a particular advantage of unconditional energy
diminishing compared to popular gradient decent based methods. This advantage
avoids tuning step-sizes and allows the use of large step-sizes, which may effectively
accelerate the convergence rate.

Assume the cost function has a splitting

1 1 1
(14 FO)= 5(60.0)+ | 1(0) = 5(£0.0)| == 5(20.6) + (0)
where L is a self-adjoint positive semidefinite linear operator. Note that £ =0 is a
trivial splitting. Then, the gradient flow (1.3) becomes

(1.5) 0, + L0+ Vg(0) =0.

Inspired by the invariant energy quadratization (IEQ) and SAV approaches [28, 25],
assuming there exists C' > 0 such that g(#) > —C for all 0, we introduce a scalar
auxiliary variable r(t) = 1/g(6) + C and expand (1.5) to

Vg .. _
Gt + [:9 =+ g(0)+Cr O7

_ 1
e = QW(VQ(G)vgt)'

Obviously, with 7(0) = 1/¢(0|:=0) + C, the above system admits a solution r(t) =
\/9(0) + C with 0 being the solution of (1.5). The main advantage of the expanded
system, which includes an energy evolution equation, is that it allows us to construct
simple numerical schemes with modified energy diminishing. For example, the scheme

(1.6)

9k+179k Vg(@k)
T+ LOp + =41 =0
ot ML Vgton)+c KT
Tht1 =Tk _ Vg(0r) Opr1—0k

ot 2\/g(0r)+C7 Ot

(1.7)

can be easily implemented by solving only two linear systems of the form (I4+6tL)z =b
and is unconditionally energy stable with a modified energy [26].

While the scheme (1.7) has been shown to be very effective for gradient flows, it
is not particularly suitable for the minimization problem (1.1). Indeed, for any fixed

Ot, assuming 6 — 0, and ri — r,, then \/g(;:)+c — \/g(;*)-l,-C’ which is usually not

equal to 1, and consequently, the first equation of (1.7) leads to

T T«
—Vyg(0,)=L0, + ——
A ET A 9(0.)+C

If £ #0, we observe from the above that in general V f(6.) # 0 and thus 6, is not a
solution for (1.1). Another complication of this approach is that it is not obvious how

0="L0, + (—L0, +V £(6,)).
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to choose L such that g(f) is bounded from below for all §. The main goal of this
paper is to design suitable SAV based schemes for (1.1), develop their convergence
theory, and validate them through extensive numerical experiments.

The rest of the paper is organized as follows. In section 2, we first discuss a
suitable SAV algorithm for minimization, introduce its relaxed version (RSAV), and
discuss the adaptive rule and choices for the nonnegative operator £(6). Then, we
present in section 3 several numerical results to show the performance of the RSAV
in different optimization problems. We provide a convergence study in section 4 and
some concluding remarks in section 5.

2. A new SAV approach and its relaxed version. We have observed in
the last section that the standard SAV approach is not suitable for the minimization
problem (1.1). In this section, we propose a different SAV approach and its related
version, which are well suited for (1.1).

2.1. A modified SAV approach. We still assume the splitting (1.4) and re-
write (1.3) as

(2.1) 0, + L0+ VF(0)— LO=0.

Since f(f) in a minimization problem should always be bounded from below, there
exists C' > 0 such that f(8) > —C for all . We introduce r(t) = \/f(¢) + C and
expand (2.1) to

0, + L0+ —YLO . rog—o
(2.2) T Ve 7
: _ 1
Ty = 2\/m(vf(9)79t)

Then, a simple SAV scheme to approximate the above is
Ory1—0k Vf(6r) _ —
ek 4 L0k + VoA L0, =0,

Tht1 Tk _ V f(0r) Ok+1—0k
ot 2\/f(9k)+c7 ot

(2.3)

Note that if 6 — 0, and ri — 7., then (2.3) leads to V f(6.) =0, and consequently
0, is a solution of (1.1).

The scheme (2.3) leads to a coupled linear system for (8x11,7%+1), but it can be
implemented explicitly after solving a linear system, as will be shown in section 4.1.
Let A=1+ 6tL, and then (2.3) can be equivalently implemented as

1
Tk+1 = 1 Tk,
(Vf(0r), A"V f(0k))
L e Vi (TOE=elm
r _
9k+1 =0 — ﬁét/l 1vf(9k)-
k

Moreover, taking the discrete inner product of the first (resp., second) equation
in (2.3) with 041 — 0k (resp., 2rgy1) and summing up the results, we obtain the
following.

THEOREM 1. If £ is nonnegative, then for any 6t >0, the modified energy r? in
the scheme (2.7) is unconditionally diminishing in the sense that

1
Thyl —Th= _5”9’““ — 0kl = (L(Ors+1 — k), (Brr — Ok)) — (rogr — re)*

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/10/24 to 128.210.107.25 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

SAV BASED ALGORITHM FOR DISCRETE GRADIENT SYSTEMS A2307

The above result shows the key advantage of (2.3): the energy dissipation holds
for any 6t > 0 and any splitting with nonnegative L.

As we shall demonstrate in numerical tests in section 3, when the cost functional
f(0) has a suitable splitting, the above algorithm usually converges much faster than
the vanilla gradient decent method. When the cost function does not have any obvious
quadratic part, we can either choose any suitable nonnegative linear operator £ in
(1.4) or simply take £ =0, which results in a fully explicit method,

Ort1—0k V£(0k) _
2.4 ot Jroorc =0
( ’ ) Tht1 =Tk _ Vf(Or) Okr1—0k
ot 2\/f(9k)+C’ ot ’

which we refer to as the SAV GD method. As will be shown in section 4.1, the scheme
(2.4) can be decoupled and implemented as

Tk
Tk+1 = (Vf(0r),V.f(6k))’
(2.5) e
Tk+1
O 1= O — Ot —meeeeex V f (0.
f(@k) +C

Compared with the vanilla GD method (1.2), there are extra computational costs of
computing both f(6;) and (Vf(0k),Vf(0k)) in (2.5), but Theorem 1 ensures stability
for any 0t. In contrast, 6t in (1.2) needs to be small enough to ensure stability.

2.2. A relaxed version of the modified SAV approach. While for fixed
dt, the solution of the SAV scheme (2.3) converges to a solution of the minimization
problem (1.1), the evolution of ry4 is not directly linked to /f(0k+1) + C, and its
value may decrease rapidly to ensure stability when ||V f(6x) — L8| becomes large. In

this case, the ratio ——2L— may deviate significantly from 1, which indicates that
f(Or+1)+C

k41 is no longer a good approximation of v/ f(0(tx+1)) + C, and thus 051 will not be
a good approximation of 6(tg41). For dynamic simulation of gradient flows, a remedy
is to monitor the ratio Ll and adjust the time step so that it stays close to

V [(Or1)+C

1. For the minimization problem (1.1), since we are mainly interested in the steady

steady state solutions of (1.3), it is found in [32] that setting rp41 = +/f(0k+1) + C at
each time step is also very effective. More precisely, we can use the following modified

SAV scheme:
Orpr =0k L0k 1 + Mf}ﬁ-l — L0, =0,

ot V f(0r)+C

(26) Tht1l—Th _ Vf(0k) Ory1—0k
ot 2/ f@)+C’ 0 )7

Th+1 =/ f(Or+1) + C.
However, the above-modified SAV scheme is no longer energy diminishing. Recently,
another way to link 7541 with /f(0x+1) + C while still being energy diminishing is
proposed in [30] (see also [14, 29]). When applied to (2.1), the relaxed SAV method
takes the following form:

Ot 20 Ly + L) _fy Ly — £6), =0,

f(0x)+C
(2.7) TRl —Th _ Vf(6k) Ort1—0k
ot 2\/f(9k)+0’ ot ’

Trt1 =&Tkr1+ (1 =&/ f(Or1) + C.

Here, the relaxation parameter £ is a scalar chosen from the set
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(28)  V={¢€[0,1]: (rr1)” = (Frg1)” = (Frr —7%)* <0G (Oks1,00) },

where G(0ky1,0k) = 3 (Or41 — k), A(O41 — k) with A =1+ 6tL, and n € [0,1] is
an artificial parameter with default value n = 0.99. In particular, it is shown in [14]
that we can choose

(2.9) >

—b— Vb2 — 4ac
€ =max{0, YRl

with the coefficients that

(2.10) a=(Frr1 =V f(Or1) + C)?,
(2.11) b=2 (Fi1 = VFOi1) + C) VI i) + C,
(2.12) c=f(Orr1) +C = (Fr1)? = (Fryr — 78)* = 1G(Or11,0k).-

Taking the discrete inner product of the first (resp., second) equation in (2.7)
with 01 — 0k (resp., 27k11) and summing up the results, we get

1 N N
(2.13) G(Okt1,0k) = 5 ((Or41 —Ok), A(Or11 — k) = —2(Frg1 — T5)Tht1,

and then the nonzero choice of £ can be rewritten as

_ —b— \/b2 — 4ac _ \/f(9k+1) + C— \/(7:]@+1)2 + (karl - Tk)2 + ng(9k+179k)
2a fOks1) +C — T

VIO) = J = mi e (= ) e — )
- FOi1) +C — i |

The implementation of (2.7) is summarized in Algorithm 1.

§

THEOREM 2. If L is nonnegative and linear, then for any 6t > 0, the modified
energy 72 in the scheme (2.7) is unconditionally diminishing in the sense that

oy =i =—(1=1)G(0k+1,0%) <O.
Proof. By (2.13), we obtain

- 1 -

Fop1 —Th= ~ 51041 = Or)|” = (L(Oxg1 — Ok), (Ore1 — ) — (Fegr — 76)°
Adding 7, — 72, on both sides and noticing

1
G(Ok+1,0k) = §H9k+1 — Okll® 4+ (L(Ors1 — k), (Brgr — Ok)),
we obtain
TIQc-H - 7'13 = —G(Or11,0k) — (Feg1 — 1) + 7'134-1 - 7:134-17

which implies the desired result thanks to (2.8). ad
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Algorithm 1 The basic RSAV scheme.
1: Inputs:
dt: step-size,
C': constant to guarantee the positivity of f(z) + C,
A =1+ 6tL : the linear operator,
fp: initial parameter vector
2:rg +—/f(bo)+C
3:for k=0,1,2,...,M — 1 do
g = V()
VI0r)+C
g =A""gy
Ok+1 =0k — 0tTk 110k
= VFOr ) +C =/ (=072 402+ (1—n) (Frg1—7%)2
\/f(9k+1)+0*7:1«+1
§=max{0,{}

10 11 =& + (1 — §) fOps1) +C
return 6,

2.3. Selection of the operator L£. In the SAV approach for gradient flows
[26], it is found that a proper choice of the splitting (1.4), i.e., the choice of the
quadratic term %(ﬁ@, 0), can significantly increase the robustness and efficiency of the
SAV schemes. For gradient flows coming from materials science or fluid dynamics,
there are usually obvious candidates in the free energy. However, for minimization
problems, particularly those from machine learning problems, there are usually no
obvious quadratic terms in the energy functions. In these cases, we can artificially
choose some simple operators. In this paper, we consider two simple operators below,
for which the inverse operator (I 4+ §t£)~! can be efficiently implemented.

2.3.1. Diagonal matrix. In many optimization problems, an {2 regularization
term is often added into the loss function to avoid overfitting to the data in training
sets, namely,

(214) 7(@) = @)+ 3 el

In this case, a natural choice is to set £ = AI. More generally, we can use £ = D with
D being a diagonal matrix with positive entries, e.g., D can be the diagonal entries
of the Hessian of the cost function.

2.3.2. Discrete Laplacian matrix. In some machine learning problems, the
discrete Laplacian matrix is used as a smoothing operator which can reduce the vari-
ance during the minibatch training process [20]. This corresponds to £ = —c A, where
o is a positive parameter and A is a discrete Laplacian matrix, and (I + 6t£)~! can
be efficiently inverted by FFT based methods. The acceleration by using discrete
Laplacian in classical primal dual algorithms has been also justified in [13].

2.4. An adaptive algorithm based on the RSAV scheme (2.7). Similar
to the modified SAV scheme (2.3), the RSAV scheme (2.7) is also unconditionally
energy diminishing. A main advantage of unconditionally stable schemes is that one
can adaptively adjust the time step size to achieve faster convergence. In particular,
we can use

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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"
fOr)+C

as an indicator to control the deviation between modified energy and true energy. For
solving differential equations 8; = —V f(8), I(r,8) should be as close to 1 as possible
for the sake of the time accuracy. But for a minimization problem, there is no time
accuracy issue, and thus we can allow I (r,0) to deviate from 1 to achieve faster
convergence. However, It (r,6) needs to be away from zero to avoid slow convergence,
as the SAV and RSAV algorithms may converge much slower than the vanilla GD
when the ratio Ij(r,6) becomes too small.

We observe from (2.7) that the true step-size for the gradient Vf(6y) is

Tkl

Wét. Thus if the ratio is small, i.e., Ix(r,0) < -, the true step-size for the
P

(2.15) I(r,0) =

gradient would be too small, resulting in slow convergence. To this end, we present
a simple adaptive rule with an adaptive constant p > 1 with default value p = 1.1
described in Algorithm 2.

Remark 1. Note that in many applications of neural networks and machine learn-
ing, the cost of computing the full batch is generally too high. In these cases, we
can adopt the minibatch approach commonly used in stochastic gradient decent and
restart the RSAV scheme at the beginning of each minibatch.

Remark 2. As a further generalization, we may replace the operator £ in (2.3)
and (2.7) by a linear nonnegative operator Ly, which may depend on 0 at each step.
Then, Theorems 1 and 2 still hold with £ replaced by Ly.

Algorithm 2 The adaptive RSAV scheme.

1: Inputs:
Otg: initial step-size, dt,in: the lower bound of step-size,
C': constant to guarantee the positivity of f(z) + C,
A=1+6tL : the linear operator,
fp: initial parameter vector,
p: adaptive constant which is greater than 1,
~: threshold for the indicator I(r,8).

2: rg < +/f(6p) + C: Initialize the SAV,

3:for k=0,1,2,...,M — 1 do

4: if ——Zk— <~ and 6t > ty;, then

V f(0x)+C

5: 6tk+1 = max \/ﬁfstk, 6tmln}
6: else

7. 6tk+1 = pétk

8:

9:

g = —T00)
\ f(0r)+C
10: gk = A_lg}C
11: 1= —5 22—
k+1 1+6tk%(gk,~§k)
12: Opq1 =0k — Stps1Trr10k

13: E= \/f(ek'*'l)Jrcf\/(1777)’:%4&+77T%+(1*77)(fk+1*Tk)r"

VI Oki1)+C—Frgs
14:  ¢£=max{0,¢}

150 rpp1 =&+ (1 =/ f(Ors1) +C
return 6,
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3. Numerical results. We present in this section several illustrative numerical
experiments by using our RSAV approach and compare it with popular gradient based
approaches.

In order to present a fair comparison to GD, we consider a composite gradient
method. By abuse of notation, we shall refer to GD with L as the following method
for the splitting (1.4):

Oks1 + 0tLOk 1 = Op + 6t(LO — V f(Or)),
which is equivalent to
(3.1) Opr1 =0 — 6t(I +5tLY 'V f(Oy).
The scheme (3.1) can also be regarded as the forward-backward splitting scheme
Or+1 =0 — tVE () — 5tVG(Ok+1)

for minimizing a composite function F(#) + G(#) with F(0) = f(0) — 367L6 and
G(9) =167 L0.

Note that the scheme (3.1) reduces to the vanilla GD (1.2) if setting £ =0, and
(3.1) reduces to the vanilla GD (1.2) with step-size % if setting £ = I. Therefore, we
do not consider GD with £ =1, and we compare the adaptive RSAV in Algorithm 2
to the following algorithms:

1. GD with £ =0, which is the vanilla GD (1.2),
2. GD with L =—0A with discrete Laplacian A, which is similar to the Lapla-
cian smoothing GD [20],
3. ADAM [15],
4. Nesterov accelerated GD (NAG) [16].
Unless specified otherwise, we use ADAM and NAG with the default parameter set-
tings as in [22]: NAG with v =0.9 and ADAM with $; = 0.9, 82 =0.999, = 10~5.

3.1. A quadratic cost function. We start with a quadratic loss function from
[20]:

50 50
1
— E 2 E 2
(32) f(91,027...70100) — ra 02i—1 + pa 100021.

For this simple function, we take either £L = 0 or £ = D, where the diagonal
matrix D is chosen to be the Hessian V2f(6).

To demonstrate the unconditional stability of SAV based approaches, in Table 1
and Figure 1 we show the results of different initial step-sizes dt for the vanilla GD,
i.e., GD with £=0, as well as GD with £ ="D. We observe that the vanilla GD blows
up for the constant step-size 6t = 1, while the adaptive RSAV works quite well.

Next we consider the gradient perturbed by a Gaussian noise

(3.3) Vf(x):=Vf(x)+eN(0,1),

where € controls the noise level, and N'(0,1) is the Gaussian noise vector with zero
mean and unit variance in each coordinate. The comparison is given in Table 2
and Figure 2, where £ = 0 is used for both GD and adaptive RSAV. We observe
that the adaptive RSAV converges much faster than GD. The fast convergence of
adaptive RSAV is partly due to the indicator Ix(r,8), which can give a proper step-
size. Especially in the noisy case, the true step-size is given at a proper level to reach
a better convergence than GD and reduce the oscillation in the loss curves.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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Fia.

sizes 0t. L =0 is used for both GD and adaptive RSAV.

| F(a)

(Ir) refers to the step-size 0t for GD and the initial step-size dt in the adaptive RSAV.

[f(ze) = f(27)]

XINYU LIU, JIE SHEN, AND XIANGXIONG ZHANG

TABLE 1

Loss of quadratic function after 1,000 iterations.

(initial) step-size 6t 0.01 0.1 1
GD (£L=0) 0.3351 0.009121 50
Adaptive RSAV (£ = 0) 6.34e-12 5.749¢-12 2.264e-18
GD (L=D) 0.3352 0.009194 3.152e-18
Adaptive RSAV (L= D) 0 0 0

10°

10

10-10

10°

—GD (£ =10, 5t =001)

—GD (£ =0, 5t =0.1)

—GD (£=0,6t=1)

—adaptive RSAV (£ =0, 6t = 0.01)

[ () = f()]

10710

107°
0

200 400 600 800
iterations

1000

—GD (L= D, 6t = 0.01)

—GD (L =D, 6t =0.1

—GD (L=D, 6t =1)

—adaptive RSAV (£ = D, §t = 0.01)
T

AN

10715
0

200 400 600
iterations

800

1000

1. Loss curves for GD and adaptive RSAV with different splits and (initial) step-sizes dt.

TABLE 2

Loss of quadratic function after 1,000 iterations with different noise levels € and (initial) step-

10

(Initial) step-size dt 0.01 0.1 1
GD (e=0.01) 0.335 0.009223 58.58
Adaptive RSAV (¢ =0.01) 0.0002283 0.0002298 0.0002251
GD (e=0.05) 0.3348 0.01584 diverge
Adaptive RSAV (e =0.05) 0.004934 0.005023 0.004889
GD (e=0.1) 0.3354 0.03808 diverge
Adaptive RSAV (e=0.1) 0.01746 0.01924 0.0188
10% 10%
z 10° B 10°
h h
02 02
{=GD (£=0, =0.1) e~ (£=0,1=01) 10 G (=5, 50 D)
—adaptive RSAV (£ = 0, lr=1), —adaptive RSAV (£ = 0, Ir=1) |—adaptive RSAV (£ = 0, li=1)
200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000
iterations iterations ierations
(a) € = 0.01. (b) € = 0.05. (c) e=0.1.

F1G. 2. Loss curves for GD and adaptive RSAV with different noise levels. The learning rate
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TABLE 3
Loss of Rastrigin function after 100 iterations in two dimensions.

Initial step-size 0t 0.001 0.01 0.1 1
GD (£L=0) 12.93 37.86 109.2 diverge
Adaptive RSAV (£ =0) 13.05 13.03 12.95 2.608e-9
NAG 12.93 152 505.1 diverge
ADAM 32.28 12.94 12.93 8.958
102
e 4
10° 3
20
102
*: 1 .
x
o0t 0
z
= -1
10
2 > Contour
= GD (Ir = 10-%)
. (Ir=107) ——RSAV (Ir = 1)
10 (Ir=1) B3I NAG (ir =1073)
(Ir =1073) ——ADAM (Ir = 1)
-4t « global minimum
-10 : =
10 0 60 80 100 -4 -2 0 2 4
iterations

F1G. 3. Rastrigin function. Left: Convergence curves with 100 iterations. Right: Paths with
first 10 iterations. The learning rate (Ir) refers to the initial step-size 8t in the adaptive RSAV.

3.2. Rastrigin function. Consider
(3.4) flx)=f(61,02,...,0,) = ZG? +10n — 102005(27701-),
i=1 i=1

which has many local minima. The function can be defined on any input domain
but it is usually evaluated on x € [-5.12,5.12] for ¢ = 1,2,...,n. The function has
a global minimum at f(z*) = 0 located at z* = (0,0,...,0). In this example, we
compare the adaptive RSAV with popular optimization methods ADAM and NAG
with their default parameter settings as in [22]: NAG with v= 0.9 and ADAM with
B = 09,8 = 0.999,¢ = 1078, We shall keep using these default settings in all
following experiments.

We plot in the left of Figure 3 the convergence curves of different methods and
observe that the RSAV converges much faster than ADAM with the same initial step-
size. We also plot in the right of Figure 3 the paths toward the minimum by different
methods. We observe that RSAV enjoys a fast convergence if using a large initial
step-size 0t.

3.3. Rosenbrock function. This is a benchmark problem for the optimization
of nonconvex functions. We first consider the two-dimensional (2D) case with

(3.5) f(x,y) = (a—2)* + by — %)%

it has a global minimum at (x,y) = (a,a?), which is inside a long narrow, parabolic
shaped flag valley. To find the valley is trivial, but to converge to the global minimum
is usually difficult.
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TABLE 4
Loss of Rosenbrock function after 1,000 iterations in two dimensions.

Step-size dt 10— 10—2 1
GD (£L=0) 0.7142 diverge diverge
Adaptive RSAV (£ =0) 0.01086 0.01122 0.0107
NAG 5.326 diverge diverge
ADAM 15198 12.5 1.2

10* 6

|
> Contour
, 4 ——GD (ir = 10~
10 =G =109 ——RSAV (ir = 1)
—RSAV (Ir = 1) s NAG (Ir = 104
NAG (Ir = 104 ——ADAM (ir = 1)
— ADAM (Ir = 1) « global minimum
10 -8 e T
200 400 600 800 1000 -5 0 5

iterations

Fic. 4. 2D Rosenbrock problem. Left: Convergence curves. Right: Paths with 1,000 iterations
in the (01,02) domain.

We set a =1 and b =100 in the following experiments and other parameters the
same as in [20] and start with the initial point with coordinate (—3,—4). In Table 4,
we observe that a large step-size can lead to blow-up for other methods except for
RSAV. Thus in Figure 4, we only show the results with the largest suitable step-sizes
for other algorithms. For adaptive RSAV, we just use the same initial step-size as
ADAM. This example reveals the benefits of the modified energy decreasing property
of the RSAV. Although ADAM can get close to the global minimum at first, it still
goes to the wrong direction caused by the momentum and eventually goes back after
wasting many iterations. Only RSAV converges to the global minimum directly with
the guide of decreasing (modified) energy.

Next, we consider the high-dimensional cases with

(3.6) F@) =Y (0 0 3 (0rer — 027

i=1

with the global minimum f(z*) =0 at 2* = (a,a?,a,d?,...,a,a?). We take a =1 and
b =100 and the initial point (0,...,0). The results with the dimension equal to 10,
100, and 1000 are shown in Figure 5. We observe similar convergence behavior for all
cases as in the 2D case.

Remark 3. 1f we compare the adaptive RSAV with Nesterov accelerated gradient
decent, the results are still quite good, especially when the dimension is 1000. Thanks
to the adaptive scheme, the performance of RSAV in this problem is independent of
the dimension.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/10/24 to 128.210.107.25 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

SAV BASED ALGORITHM FOR DISCRETE GRADIENT SYSTEMS A2315

104! I l ! I

[f(x,) - )]
[f(x) - 61

[—GD (Ir =107
—RSAV (Ir =1)
NAG (Ir = 107)

—GD (Ir =101
10— RSAV (1r = 1)
NAG (Ir =107)

| =GD ir =107
107 H—RSAV (ir = 1)
NAG (Ir = 107)

—ADAM (Ir = 1) |—ADAM (ir = 1) \—ADAM (ir = 1)

6 6 6
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
iterations iterations iterations

(a) n = 10. (b) n = 100. (c) n = 1000.

Fic. 5. Loss of Rosenbrock function with dimension n.

3.4. Phase retrieval. The phase retrieval problem [5] can be formulated as

. L 1 * 2
min f(2):=3[A("2) — bII%,
where z* € C'* is the conjugate transpose of z, b€ RM and A: CN*N — RM is a
linear operator. For the real-valued function f(z) with complex variable z := a + ib,
where 1 is the imaginary unit and a,b € R are real and imaginary parts of z, we can
define the Fréchet derivative induced by the natural choice of real inner product for
CN as the following [31]:

vi()= 2 +ﬁLfb(Z)

where A* is the adjoint operator of A. Then the vanilla GD algorithm for min, o~ f(2)
can be defined as in (1.2) using V f(z) above. The GD method with a suitable step
sizing rule is also referred to as the Wirtinger flow [6].

In particular, f(z) is a nonconvex quartic polynomial function of z. For the theo-
rectical convergence of minimizing such a nonconvex function, with a spectral initial-
ization, i.e., zo being the leading eigenvector of A*(b), the convergence of Wirtinger
flow with high probability can be proven for a very special class of phase retrieval
problems [6, 4]. For solving phase retrieval with random initial guess, the conver-
gence for minimizing a smoothed amplitude flow based model was proven in [3]. In
terms of practical performance with only random initialization, state-of-the-art algo-
rithms such as the Riemannian Limited-memory Broyden—Fletcher—Goldfarb—Shanno
method (LBFGS) method could be much more efficient than GD algorithms [6].

We emphasize that we only use such phase retrieval problems as a testing example
to validate the performance of the RSAV method. So we test the algorithms with a
random initialization.

We compare vanilla GD, adaptive RSAV with £ =0, and steepest descent (SD)
[8, 2]. The SD method is to use the optimial step-size in (1.2), and it is possible
to compute such an optimal step-size for a polynomial cost function. We test the
performance of the RSAV algorithm on the following phase retrieval problem. Let
M; € CV be independent and identically distributed Gaussian and o denote the
entrywise product. Let F denote the Fourier transform. The linear operator A is
defined by assigning || F(M;o0z2)||* to b, e.g., & =m. We consider the test case for the
true solution z, being an image of size n X n with n =256. So the size of unknown is
N =n?=12562. We consider two test cases:

=2A"(A(z*z - b))z,
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(a) GD. (b) adaptive RSAV. (c) SD.

F1c. 6. Results after 20,000 iterations for a phase retrieval problem with z. being a 256 x 256
real image of camera man, m =6 Gaussian random masks and a random initial guess. The vanilla
GD uses the nearly largest stable constant step-size §t =0.5.

10°

[f(x,) - 70}
[f(x,) - 70}
2

=
> 10° \
2

1010 —an_
—RSAV
SD

107"/ —=aD 10—

NAG

1018 1015 —ADAM

0 05 1 15 2 100 108 2000 4000 6000 8000 10000
iterations x10° iterations number of linear operation

107°
0

Fia. 7. Left: Loss of different optimization algorithms versus number of iterations for phase
retrieval: the real image of camera man using 6 Gaussian masks. Middle: Loss of different opti-
mization algorithms versus number of iterations for phase retrieval: the complex image of golden
balls using 10 Gaussian masks. Right: Loss of different optimization algorithms versus number of
iterations for phase retrieval: the complex image of golden balls using 10 Gaussian masks. The
vanilla GD uses the nearly largest stable step-size 6t =0.5.

1. The true minimizer z, is a real image of camera man with size 256 x 256 as

shown in Figure 6, m = 6 Gaussian random masks and a random initial guess.

2. The true minimizer z, is a complex image of golden ball with size 256 x 256

(see [12] for details), m = 10 Gaussian random masks and a random initial
condition.

See Figure 7 for the comparision of the performance of gradient based algorithms.

For the vanilla GD, we use the nearly largest stable constant step-size 6t = 0.5. In

Figure 8, we list a comparsion of the step-size dx in the adaptive RSAV method with

the optimital step-size in the SD method. We can see the performance of adaptive

RSAYV has the closest performance to the SD. For the real image case, SD converged

after 10,000 iterations and RSAV converged after 20,000 iterations. However, to

compute the optimal step-size in the SD, at least two more evaluations of A are

needed, and thus are quite expensive. More importantly, for a general cost function,

it is difficult to find the optimal step-size. See section 4.4 for an analysis of the step-

size in the explicit SAV GD with restarting rj, every iteration for quadratic functions.

3.5. Recommendation system. Consider applying the optimization scheme
to train a recommendation system based on a matrix factorization model. Given a
rate matrix R € R™*™ where m is the number of users and n is the number of items,
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Fic. 8. The value of di in each iteration for phase retrieval. Left: The real image of camera
man using 6 Gaussian masks. Right: The complex image of golden balls using 10 Gaussian masks.

the model learns the user embedding matrix X € R™*? and item embedding matrix

Y € R™*? such that the product XY 7 is a good approximation for R. Here, d is the
embedding dimension and usually much smaller than m and n. Denote the user and
item matrix by X = [X1,..., Xu,..., Xyl and Y =[Y7,...,Y;,..., Y, ]T, and we have
the loss function as

1
(3.7) JXY)= 5 30 (Rus = XY+ 2 IXul3 + 0 Y 1Yl
B (ui)er u i

where x is the training set for the (u,i) pairs for which R, ; is known, N, is the
number of training data, and A\, and \; are the penalty parameters for embedding
matrix. We train the model with the MovieLens 100K dataset [11], which contains
100,000 ratings (1 — 5) from 943 users on 1682 movies. There is an 80% data split
as the training data and the rest date are used for the testing data, e.g., the training
data set x has size 80,000. All algorithms use the minibatch gradient with batch size
80. For [, regularization, we set A\, = \; = 10~%. For the linear operator £= A —cA
in GD and RSAV, we let A=10"% and ¢ =0.1. In Figure 9, for the training step, we
run 10,000 iterations for the minibatch gradient based methods with batch size 80,
which is equal to 10 epochs. The result on the test data is shown in Table 5. We can
see that RSAV performs well in the training step, though its testing result is not the
best, which suggests issues of overfitting during the training step. This is more or less
a modelling issue, rather than the optimizaiton issue.

4. Convergence study for some SAV based algorithms. In this section, we
consider a more general version of the SAV scheme based on the following expanded
system:

@) {et (mw(anﬁww),
re=q[f(0) + C1" 1 (V£(0),0),
where r(t) =[f(0) + C]? and ¢ € (0,1). Note that (2.2) is a special case of the above

formulation with ¢ = . Similar to (2.3), we can construct a SAV scheme for (4.1) as
follows:

1
5
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10?
10"
w
g 10°
107
—GD (3t =1)
—TRSAV (6t = 0.01)
NAG (3t = 0.1)
— ADAM (6t = 0.01)

2000 4000 6000 8000 10000
iterations

F1c. 9. The training loss curve of different optimization algorithms for a recommendation sys-
tem. Here GD refers to GD (L =X —oA) and RSAV refers to the adaptive RSAV (L=X —cA).

TABLE 5
The loss function on the test data after 10,000 training iterations (10 epochs) with different
step-sizes. Here diverge means that the training step already diverges.

Step-size 6t 0.01 0.1 1 10

GD (L=X —cA) 4.6504 2.1465  1.6438  diverge
NAG 2.1451 1.6439  diverge  diverge
ADAM 1.8820 4.7194  diverge  diverge

Adaptive RSAV (L=X] —cA) 1.9090 1.9102 1.9156 1.9156

P — — (rstion VH(60) + £ = o))
TR = q[f(0k) + Ol H(V F(Or), PE575).

4.1. Interpretation of the SAV method as a line search method. Let
A= (I+dtL). The system (4.2) can be rewritten as

(4.2)

V£ (0
A 5t prp o [ekﬂ} _ [ Ay

—q[f(0k) + OV £(05) 1 Tip1] e —alf(Ok) + C1H(V f (k) Ok)

After a simple Gaussian elimination, we obtain an explicit update formula for (4.2):
_ 1

(4.3) AR FET U ST

. k

9}€+1 = 9k - [fwr:ﬁ(stfl_1Vf(9k)

Notice that the scheme above can be regarded as a line search method:

Op+1 = 0k + Py,
P, =—A"'Vf(0),

ot L -
o = —
1+ otq (LB AT [£(6y) + O

with a search direction P and step-size ay.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/10/24 to 128.210.107.25 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

SAV BASED ALGORITHM FOR DISCRETE GRADIENT SYSTEMS A2319

The step-size «y is guranteed to be positive. On the other hand, it is difficult
to establish any a priori control of ay, and in practice oy could become very small if
rx becomes very small. To avoid small 7, we consider a special version of the SAV
method by redefining r, = [f(6x) + C]?, and then we have

ot

(Vf(0k), A"V f(0k)) °
14 6tg 1}(0k)+0 k

In this case, we can view g as a parameter, and the SAV method with r; = [f(6x)+C]?
at every iteration becomes the following line search method,

o =

(4.4&) Ok+1 =0k + o Py,
(4.4D) P =—A"'V [ (),

ot
(44C) ap = 1 )

(Vf(0r), A"V £(0k))
1+ dtq ’}( (NE=e k
which is equivalent to
=[f(0) +

(4.5) 9k+1 Or _ 7 (;:EC]‘I Vf Gk) + £(0k+1 9k)> s

""k+1 Tk [f(ek)+0]q l(vf( )7W)

In particular, for any £ > 0, A~! is always positive definite, and thus the
search direction P, = —A~1V f(0;) is always a descent direction, i.e., =V f7(0y) P, =
Vf(0x)T A1V f(0x) > 0. The Wolfe condition [27] for the line search method (4.4) is
as follows: there exists 0 < ¢; < ¢o < 1 such that
(4.6a) fOr + arPr) < f(0k) + c1axV f(0k)" Py,

(46b) Vf(ek + OékPk)TPk 2 CQVf(ek)TPk

We recall first the following result [19].

THEOREM 3. Assume f(0) € C' and f(0) is bounded from below. For any descent
direction Py, there exist intervals of step lengths satisfying the Wolfe condition.

Notice that «(dt,q) = o (Vf(Opf{A rv7eoy 1S an increasing function of ot
T FepTC
and an decreasing function of g, and thus there exists 6t and q such that
ap = 7 6)tA—1w<s 5 satisfies the Wolfe conditions (4.6).
L+8tq-——krg o

We recall below another result [19].

THEOREM 4. Assume f(0) € C1, 972 is bounded from below and V f(0) is Lip-
—Vf 0r) P

schitz continuous. Let cos ¢y = TV @R If Py is a descent direction and oy
satisfies the Wolfe conditions, then the iteration 01 = 0y + ai Py satisfies
(4.7) Zcos k|| V£ (01)|* < 0.

k>0

Let Amin(A) and Apax(A) be the smallest and largest eigenvalues of the real
symmetric positive definite matrix A, and then by the Courant—Fischer—Weyl min-
max principle [7] and the spectral norm || A|| = Amax(4), we have

PLAP
HkPksz > Amin(A); AP < [JAN Pl = Amax (A)[| Pe I,

and thus
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PIAP, _ PTAP, |[Pill _ Awin(A4)
APl (1202 AP ™ Amax(A)

COoS ¢, =

Therefore, the uniform lower bound on cos ¢y, and (4.7) implies that |V f(6x)|| — 0.
Thus the convergence of the SAV method (4.4) is ensured if using a line search to

find d¢, ¢ such that oy satisfies the Wolfe condition (4.6). We observe that the above

algorithm involves computing A=V f(6) and the evaluation of f(6)) and f(0x11)-

Remark 4. In practice, one can use backtracking line search on «aj to ensure
that the Wolfe conditions are satisfied. This in general does not seem advantageous
over a simple backtracking line search on . However, for the SAV GD method (2.4),
i.e., A =1, our numerical observation is that the SAV scheme is often more efficient
than the backtracking line search on o. With A =1, the scheme (4.4) reduces to the
following SAV GD method with two parameters §t >0 and g > 0:

(4.8a) Ok+1="0k — i,V f(0),
ot
(48b) ap = 2
IV f(0r)]l
1+0tar s 50

4.2. Standard convergence results. We recall that if «j in the line search
method, (4.4) satisfies the Goldstein—-Armijo rule [1, 9]: there exists 0 < ¢; < c2 <1
such that

(4.9) F(Ok) — 20 [V F(0)1* < F(Or — V£ (6k)) < f(Ok) — crawl[VF(0r) 1%,

and then it is shown (cf. Theorem 2.1.14 in [17]) that |V f(6k)| — 0.
Theorem 2.1.14 in [17] can be easily adapted to prove the following result for the
line search method (4.4).

THEOREM 5. Assume that f(0) is convex and V f(0) is Lipshitz continuous with
the Lipshitz constant L, i.e., |[Vf(y) — Vf(z)|| < Lz —y|. If Vf(6.) =0 and
ok €(0,2), then

2
i1 = 012 < 106 = 0.1~ (£~ ) 19500

and
1
[f(00) — F(O)] 7 + 1160 — 0,723 an(1 — Soy)

So for convergence, we need >~ a(1 — Lay,) = +00, which can be ensured if
o, € [a,b] € (0,2) for constant bounds a > 0 and b < 2. Also, ay, < 2 will ensure

f(Ori1) < f(Ok).

4.3. Decreasing step-sizes for the SAV GD method. We derive from (4.8)
that

f(0) = f(0.) <

ot 1

= = S
1+ 0tg IIGRIE ™~ 1 /g 1 ¢, [TJOT

A

min {675, 1 (0x) } .

Qk||vf(9k)”2

For fixed 6t, the above is often sufficient to ensure f(0x+1) < f(0x) when 6y, is far
away from the minimizer. It can be understood as follows.
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THEOREM 6. Assume that f(0) is strongly convez, i.e., (Vf(y)—Vf(x),y—1z)>
m||x — y||? with m >0, and V f(0) is Lipshitz continuous with the Lipshitz constant
L. Let 0, be the mz'm'mizer and assume f(0,) =0. Then the following are sufficient
conditions to ensure oy < + for the SAV GD method with two parameters (4.8):

1. For any dt > 0, qk> 4 .

2
2. Let5t_aL, where a >0, qx > “—= 46712
Remark 5. The first sufficient condition 1mphes that o = % will be
I+ tqk T

a decreasing step-size for any 6t if W=q> 552

4 l<4m

is not easier than finding 4t < =. But if 2m > L, then FQ > = 1mpheb ; <z is

easier to achieve.

Remark 6. As an example of the second sufficient condition, if we pick g =

and a =2, then 1 5> 54 s < L < 2m is sufficient to ensure the SAV GD method vvlth
g =73is decreasmg with 6t = £, instead of 6t < 2 in (1.2).

Proof. First, by the strong convexity and Lipschitz continuity, we have

F(@) 2 f) + (VF).w —y) + 5 e = o]
7)< F)+ (V)2 ) + 2 e~

Since 0, is the minimizer, V f(0,) =0. For any 6, we have

(Vf(0) =V f(0:),0 —0.) =m0 —0.]> = (Vf(0),0 —0.) >ml6 — 6.

16 = 6.l _ (V£(6),6—6.)
<1 \Y4 >mll6—6,|.
= mial = T e ey S IV Ol 2 mle -6
Hence,
m||f — 0. <[|[Vf(O) < L||6 — 0.
and

m L
S 10 =07 < £(0) = F(8.) < 110 — 0]
With strong convexity m > 0, we have

om? _ V@) _ 2L

L = f0)—f0.) "~ m

and thus
2 2 2
m? _ Vi@ _21?
L — f&) — m
Finally,
f(0k) 2 1 va(9k)||22<:i 4m? 0

— s < T — < < —=.
awlVIO)I? L a f0r) L q L2

Remark 7. In general, if f(6) is only convex but not strong convex, i.e., m =0,
and f(#) +C >0, then we only have

IVFOI? _ L2]0 — 0.
fO)+C = f0)+C
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This gives a lower bound control on step-size:

ot S ot
o = n = .
IV £(05)2 L2160 —0. 2
L+ 0tgr Fgore 1+ %0l FG7¢

In this case, we can set ¢ = ¢ and do back tracking on §t for oy to satisfy the
convergence condition or Goldstein—Armijo rule.

4.4. The step-size for quadratic functions. To see why the step-size oy =

6‘?%“9 sz could be a good step-size to use, at least for a quadratic cost function,
L+0tkan 55,50

consider a cost function f(0) = %|| 40 — b||> with a square and positive definite matrix
A >0. The SD algorithm can be written as

AT (Af), — b)[?
[AT (Af), — b)|TAT A[AT (A6, — )]

Or+1 =0k — BV (Or), Br=

The method (4.8) with C =0 is

1
Orh1 =0k — oV f(Or), ar=— [AT (A6 —b)]
5t T 9k T(A0—b)T (A0, —b)

Then for a very large 6t and ¢ = %, we have

(Af), — b)T(Af), — b)
(A0, — )T AAT (A6, — b)’

(Af), — b)T AAT (A6), — b)

A= (A0y — b)TAATAAT (Af), — b)’

ap =~

Let v; be orthornormal eigenvectors of A with eigenvalues of ;. Since v; form a basis
for RN, let A0, —b=1r = >oirivi. Let z = AT (A6 —b), and then z = AT Y, rjv; =
Siridv; and Az =3, \2v;. We get

e rTe o DT ] Y,

&93

T
TTAATr 2T [ o] T ridivi] Do, A2
2Tz > i

= (A T S

We can see that «j is very similar to the optimal step-size B but not the same. In
practice, a random initial guess 6y usually makes o a descent step-size in the first
few or many iterations for 0ty =1 and ¢ =q = %

5. Concluding remarks. We proposed in this paper a new minimization algo-
rithm inspired by the scalar auxiliary variable (SAV) approach for gradient flows.
Since the direct application of the SAV approach to minimization problems may
converge to wrong solutions, we developed a modified version of the SAV approach
coupled with a relaxation step and an adaptive stradegy. The new algorithm en-
joys several distinct advantages, including unconditionally energy diminishing with a
modified energy, and empirical better performance than many first order methods.
In particular, it overcomes the difficulty in selecting proper step-sizes associated with
the usual gradient based algorithms. The energy diminishing property ensures the
convergence, and the relaxation step, built on a connection between the decreasing
modified energy and the original energy, helps to accelerate the convergence.
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We also presented a converence analysis for some SAV based algorithms which
include the new algorithm without the relaxation step as a special case. Numerical re-
sults for several illustrative and benchmark problems indicate that the new algorithm
is very robust and usually converges significantly faster than those popular gradient
decent based methods.

While we only considered a basic version of the SAV based approach which al-
ready showed its promise, it is clear that this approach can be combined with other
techniques of acceleration and generalization to the gradient decent methods. How to
further improve the robustness and accelerate the convergence rate of the SAV based
approach will be the subject of a future study.
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