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How long does it take to entangle two distant qubits in a quantum circuit evolved by generic unitary
dynamics? We show that if the time evolution is followed by measurements of all but two infinitely
separated test qubits, then the entanglement between them can undergo a phase transition and become
nonzero at a finite critical time .. The fidelity of teleporting a quantum state from an input qubit to an
infinitely distant output qubit shows the same critical onset. Specifically, these finite-time transitions
occur in short-range interacting two-dimensional random unitary circuits and in sufficiently long-range
interacting one-dimensional circuits. The phase transition is understood by mapping the random
continuous-time evolution to a finite-temperature thermal state of an effective spin Hamiltonian, where
the inverse temperature equals the evolution time in the circuit. In this framework, the entanglement
between two distant qubits at times 7 > 7. corresponds to the emergence of long-range ferromagnetic spin
correlations below the critical temperature. We verify these predictions using numerical simulation of

Clifford circuits and propose potential realizations in existing platforms for quantum simulation.
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The dynamics of entanglement in many-body quantum
systems is the focus of intense theoretical [1-4] and
experimental interest [5-8]; indeed, it provides crucial
insights for understanding the capacity of physical systems
to process quantum information as well as the computational
complexity involved in simulating their dynamics [9].
In generic unitary evolution with short-range interactions,
the Lieb-Robinson bound [10] ensures that quantum entan-
glement propagates along light cones. Thus, 2 degrees of
freedom separated by a distance L take a time of order L to
get entangled.

Entanglement can be created much faster by supple-
menting unitary evolution with measurements [11-13]. As
a simple example, we consider a chain of qubits initialized
in a product of Bell pairs on the odd links, which can be
prepared from a product state by a single layer of 2-qubit
gates. By performing Bell measurements on the even links,
one can create a Bell pair of the (unmeasured) first and
last qubit. As another example, a two-dimensional cluster
state can be used for measurement-based quantum compu-
tation [14]; one can create any desired entangled state by
appropriate local measurements.

In the schemes described above, entanglement is gen-
erated over arbitrarily long distances using a unitary circuit
of constant depth followed by a single layer of measure-
ments. These states are said to possess finite localizable
entanglement for two distant qubits (hence infinite entan-
glement length) [15,16]. However, the examples above are
highly fine-tuned. It is natural to ask how long it would take
to create quantum correlations between distant qubits using
generic unitary evolution followed by local measurements.
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In this Letter, we show that the creation of states with
infinite entanglement length can occur as a phase transition
at a critical time of order one. In the simplest setup, an
initial product state is evolved for a time ¢, after which all
but two infinitely separated qubits are measured. In two
(or higher) dimensional systems with short-range inter-
actions, entanglement between the two distant qubits
onsets at a critical time 7.. The same is true for one-
dimensional systems with sufficiently long-range inter-
actions. An equivalent scheme, shown in Fig. 1(a), is to
consider the teleportation from an input qubit to an
infinitely distant output qubit after measuring all other
output qubits, which can be achieved with nonvanishing
fidelity after time ¢,.

We provide a theoretical picture of this transition by
mapping the random circuit evolution to an effective equili-
brium problem. This approach builds on recent develop-
ments in describing entanglement dynamics through
mapping circuits consisting of random unitaries to the
statistical mechanics of classical spins located at the space-
time positions where the gates operate [17-21]. In the case
of continuous-time evolution, the classical spin model can
be viewed as imaginary time evolution generated by an
effective quantum Hamiltonian [22,23].

Previously, this mapping was primarily applied to under-
stand the steady-state entanglement properties, which are
determined by the ground state of the effective Hamiltonian
(i.e., infinite imaginary time evolution). Similarly, the
finite-time evolution, which we consider here, is related
to a thermal state of the effective Hamiltonian (i.e., finite
imaginary time evolution). The key point is that a
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FIG. 1. (a) Random quantum circuit on N qubits. In each time
step ot, we apply single-qubit Haar-random gates to every qubit
followed by Not 2-qubit Haar-random gates. The distribution of
2-qubit gates is determined by the geometry of the circuit.
Initially, the first qubit is maximally entangled with a reference
qubit A, while the remaining qubits are prepared in |0). We
consider the entropy of an output qubit B conditioned on local
measurements on the rest of the qubits. (b) Phase diagram of one-
dimensional long-range unitary circuits with power-law decaying
interaction. The black markers represent the inverse critical time
1/t, as a function of power-law exponent a. The transition exists
for a < 2, indicated by the pink dashed line. The color indicates
the conditional entropy Spy.

finite-temperature transition in the thermal state indicates a
finite real-time transition in the circuit.

We demonstrate this phenomenon by considering the
transition in continuous-time random unitary circuits (RUC)
with different architectures including two-dimensional
short-range systems, all-to-all coupled systems, and one-
dimensional long-range systems with power-law decaying
interactions. In the last case, our theory predicts a finite-time
transition for power-law exponent a < 2, and specifically
a Kosterlitz-Thouless- (KT) like transition at a = 2. We
corroborate these predictions with numerical simulations of
random Clifford circuits.

Before proceeding, we remark on a related paper by
Napp et al. [24] dealing with the sampling complexity of
shallow two-dimensional brick-layer RUCs. This work
claimed and provided evidence that approximate sampling
from such circuits is hard if the depth 7 is above a threshold
t. of O(1) while it is easy for ¢ < t.. Sampling requires
measuring all qubits following the final layer of unitary
gates. The essence of the argument is that this network can
be contracted sideways, showing it is equivalent to simu-
lating the dynamics of a one-dimensional quantum circuit
with measurements. Hence, one expects a phase transition
in sampling complexity in shallow two-dimensional RUCs
which is of the same universality as the measurement-
induced transition in one dimension [3,4,25-27]. In our
discussion, we argue heuristically that this sampling
transition can be understood as a specific example of the
teleportation transition, and may therefore occur in a broad
class of systems for which the effective Hamiltonian
exhibits a finite-temperature transition.

Setup and theoretical framework.—Our model consists
of N qubits with N — 1 qubits initialized in a product state
and a single qubit prepared in a maximally entangled state
with the reference A. In each time step 6t, we apply a layer
of single-qubit Haar-random unitary gates followed by Né&¢
2-qubit Haar-random unitary gates [Fig. 1(a)]. The sites
(i,j) on which each 2-qubit gate operates are drawn
independently from a distribution P(i, j), which depends
on the specific models we discuss below. The single-qubit
gates do not generate entanglement and are introduced only
for analytical convenience [28]. After evolving for time 7,
we measure all N — 1 qubits except for a distant qubit B.

The resulting fidelity of teleportation between qubits A
and B can be quantified (without considering an explicit
decoding scheme) by the entanglement entropy of B, condi-
tioned on the measurement outcomes of qubits M [29]. To
analytically determine the conditional entropy Spjy, aver-
aged over circuit realizations and measurement outcomes,
we formulate it as the n — 1 limit (replica limit) of the
quantities [20],

(n) 1 thrﬁ;l?,m
BM =7 log

S =
—n )y,

(1)

where p,, := P,,pP,, is the projection of the density matrix
onto the set of measurement outcomes labeled by m, and
the overline indicates the average over the Haar ensemble.
Accordingly, the probability for this set of measurement

outcomes is p,, = tr(pP,,) = trp,,, and the normalized

(n)
B|M

are not precisely the conditional Rényi entropies because
the average is taken inside the logarithm.
The simplest quantity that captures the qualitative

features of Sp|y is 5532&14’

of their respective transitions may be different [19-21].

)
B|M

density matrix, which can be determined from the double
density matrix p @ p. Formally, p ® p can be represented
as a state vector |p)) in the replicated Hilbert space
HP) = (H ® H*)®?, where H (H*) denotes the ket
(bra) Hilbert space. A unitary gate U in the circuit
acts as U = (U ® U*)®? on |p)). Hence, the replicated
density matrix undergoes unitary evolution |p(7)) =

Hivz‘l Uy Uy .|p(0)), where U, . and U, , denote the layer
of single- and 2-qubit gates in each time step 7, respectively.

The average dynamics of the double density matrix
can be analytically mapped to imaginary time evolution
under an effective Hamiltonian [22,23]. First, the average
over single-qubit gates effects a projection from a
16-dimensional local Hilbert space to the two-dimensional
Hilbert space of a spin-1/2 [29]. Then, the layer of 2-qubit
gates reduces to a transfer matrix for the transition

density matrix is p,, = p,,/Pm- We note that the S

although the critical exponents

The quantity S involves the second moments of the
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amplitude between the spin-1/2 configurations in consecu-
tive time steps, 7 = 1+ Nét Y _;; P(i, DU (i, ).

The transfer matrix 7 can be Vlewed as the infinitesimal
imaginary time evolution generated by an effective
quantum Hamiltonian operating on spin-1/2 degrees of
freedom, 7 = e %Her. For our circuit, the -effective
Hamiltonian takes the form

ol 1
eff—zf,,[ 2oigi— ol — (et o). @)

where the coupling J;; = NP(i, j) is given by the average
number of 2-qubit gates acting between qubit i and j in
every unit time [33]. Accordingly, the replicated, unnorml-
ized, density matrix evolves as |p(1)) = e~ "er|p(0))). We
note that the Hamiltonian exhibits a global Ising symmetry
generated by [[; o}, which stems from the invariance
of U under the permutation of two copies of ket (or bra)
Hilbert space.

The effective imaginary time evolution above yields a
thermal state of the ferromagnetic Ising Hamiltonian in
Eq. (2) at inverse temperature t. For two-dimensional
RUCs, the associated two-dimensional Ising model will
undergo a ferromagnetic transition at a temperature corre-
sponding to a finite critical time f.. Similarly, for one-
dimensional RUCs, the associated one-dimensional Ising
model can exhibit a finite-temperature transition provided
the unitary couplings decay with a sufficiently small power
of distance a < 2 [34-37]. This finite-temperature phase
transition implies a transition in the output state of the
circuit occurring at a finite time.

(2)
B|M"

The projective measurements of the output state play a
crucial role in revealing the transition: they impose a
boundary condition in the finite imaginary time evolution
that preserves the Ising symmetry [20,21]. In more detail,

s@

BIM
imposing symmetry-breaking fields only at the space-time
locations of qubit A and B. This can be further reduced to
the imaginary time order parameter correlation function,

S;z‘iw (05(1)55(0)) [29]. Consequently, 53\3\4

caying in the ordered phase (¢ > ¢,.) due to the long-range

(2)
BIM

zero in the disordered phase (f < ¢.).

We remark that there is no finite-time transition in the
purity or entanglement entropy of an extensive subsystem
in the output state. In the effective spin model, such
quantities involve a symmetry-breaking field at the final
time [17-19]. Since we are concerned with spontaneous
symmetry breaking in the slab, whose thickness is the
evolution time of order one, the symmetry-breaking fields
necessarily eliminate the transition.

This transition manifests in the conditional entropy S

is mapped to the excess free energy associated with

is nonde-

order in the Ising model, whereas S, rapidly decays to

Examples and numerical results.—We demonstrate the
finite-time teleportation transition predicted above in three
exemplary models: (1) all-to-all interacting quantum
circuits, (2) one-dimensional quantum circuits with power-
law decaying long-range interactions, and (3) two-
dimensional quantum circuits with short-range interactions.
To verify our theoretical predictions, we compute the
conditional entropy in random Clifford circuits, which
can be efficiently simulated [38,39]. Although Clifford
circuits, which only form a unitary 3-design [40], are not
the same as Haar-random circuits, they still exhibit a finite-
time transition with the same qualitative behavior.

First, we consider the circuit with all-to-all unitary gates.
Within a time step Jt, each 2-qubit gate is drawn inde-
pendently and operates on a random pair of qubits (i, j)
with equal probability. Hence, the effective quantum

Hamiltonian that describes S 3\31/1 has all-to-all couplings

Jij~1/N [29]. In the limit N — oo, the Ising phase
transition in this Hamiltonian is described exactly by mean-
field theory, which predicts critical exponents vy = 2,

Bur = 0.5, and a critical time 7 = 2.0 [29]. We note that
the mean-field theory does not yield a reliable 7. for Sp)y

as the effective Hamiltonian is derived for an approximate

(2)
B|M

To characterize the transition of the conditional entropy
Spiy, we simulate this quantity in all-to-all Clifford
circuits of system sizes up to N =512 as shown in
Fig. 2(a) [41,42]. We perform a finite-size scaling analysis
based on the scaling formula for order parameter correla-
tion function to extract critical exponents [29]:

quantity S

Spum(t.N) = NPV F((t =1, )N'"). (3)
This analysis yields critical exponents v = 2.1 +£0.2,
p =0.410.1, which are in close agreement with the
predictions of the mean-field theory, and also the critical
time 7. =~ 1.6.

Next, we consider a one-dimensional array of N qubits
evolving with power-law decaying couplings and periodic
boundary conditions. Here, for each 2-qubit gate, we
independently choose a random pair of sites (i, j) with a
probability P(i, j) o 1/|i — j|* The effective model for this
circuit is a one-dimensional finite-width classical Ising
model with long-range coupling J;; ~ 1/i — j|*.

This model is in the same universality class as the one-
dimensional long-range classical Ising chain at finite
temperature, which has been extensively studied and
shown to have an ordering transition when a < 2 [34-37],
with KT universality at a = 2 [43-48]. Furthermore, for
3/2 < a < 2, the transition features continuously varying
critical exponents, whereas for a < 3/2, it is described by
mean-field theory with a-independent exponents [43].

These predictions from the classical Ising chain are
borne out clearly in our Clifford numerics. For a <2,
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FIG. 2. Finite-time transition in one-dimensional long-range interacting random circuits. (a),(b) The conditional entropy Sg|y, in
circuits with power-law exponents a = 0 [all-to-all (a)] and @ = 1.75 [(b)] plotted as a function of time 7 for various system sizes N from
32 to 512 indicated by increasing opacity. Inset: finite-size scaling collapse using Eq. (3). The gray dotted line indicates ¢... For the all-to-
all circuit (@ = 0), we obtain critical exponents v = 2.0, f = 0.46, and critical time ¢, ~ 1.6. For a = 1.75, we obtain v = 2.0,  ~ 0.20,
and critical time 7, ~ 2.1. (c) Critical exponents v and ff for @ < 2. The exponents for @ < 1.5 agree with the prediction from mean-field
theory (MFT). Moreover, near @ = 2, v begins to diverge, as expected near a KT-like transition. The finite-time transition does not exist
for a > 2. The numerical results are averaged over 1.5 x 10* random circuit realizations.

we simulate Sg)y, for A and B separated by N/2 sites and
observe a crossing for various N, as exemplified at a =
1.75 in Fig. 2(b) [29]. We perform the finite-size scaling to
determine the exponents [summarized in Fig. 2(c)] [49].
On the other hand, we do not observe a finite-time
transition in Sp for a > 2 [29]. A phase diagram is
presented in Fig. 1(b).

The point @ = 2 requires special attention. Here, the
effective model exhibits a finite-temperature KT transition,
which does not admit single-parameter scaling as postu-
lated in Eq. (3). The exponential divergence of the
correlation length can be viewed as having v — 0. Indeed,
Fig. 2(c) shows a sharp increase of v upon approaching
a=2. At a=2 we compare the observed scaling of
Sgm(t.N) to the scaling form aexp[l/(logN + b)]
expected in an Ising chain with inverse square inter-
action [45]. We find an accurate fit at the critical time
t.~5.0 [29], which supports a KT-like transition.
However, simulations on larger system sizes are needed
to precisely determine the universality of this transition.

Last, we consider the finite-time transition in short-range
interacting circuits in higher dimensions (d > 2).
Specifically, we consider P(i, j) to be uniformly distributed
over pairs of nearest-neighbor qubits. The critical expo-
nents extracted from the two-dimensional Clifford simu-
lation are v~ 1.2, f=~0.11 [Fig. 3(b)]. These exponents
agree with those found in the (1 4 1)D measurement-
induced entanglement transition [50,51]. This result is
indeed expected by mapping the dynamics of a finite
depth two-dimensional brick-layer RUC with final-time
measurements to monitored quantum dynamics in one
dimension [24].

Discussion.—The above analysis of two-dimensional
circuits suggests that the finite-time teleportation transition
may generally correspond to a transition in approximate

sampling complexity [24,52]. Specifically, we consider the
problem of sampling measurement outcomes from N qubits
initialized in a product state and evolved under a finite-time
RUC. To draw a connection to the teleportation transition,
we divide the output qubits into three regions: A and B,
each with a subextensive number of qubits N7 with
0 <y <1, and M, the remaining qubits.

In the teleporting phase (¢ > t.), measurements on M
generate long-range entanglement between subsystems A
and B. In the spin model, Spy is the excess free energy of
imposing a domain wall separating .4 from B, which scales
as a power law of min(|.A|, |B]) in the ordered phase [53].
Thus, we expect approximate sampling from the pure
joint state |y 4y 3) to be as complex as sampling from a

(b) 0.4

N2/

0.3

T
'8

Spp

FIG. 3. Finite-time teleportation transition in two-dimensional
short-range random circuits. (a) Schematic of a circuit of size
L, = L, = L. We use periodic boundary conditions and consider
reference A to be entangled with an input qubit separated from
output qubit B by L/2 in both directions. (b) The conditional
entropy /gy plotted as a function of time ¢ for L from 8 to 24
indicated by increasing opacity. Inset: finite-size scaling collapse
using Eq. (3). We obtain v~ 1.24+0.1, fx0.11 £0.03, and
critical time ¢, ~ 4.2 (indicated by the gray dashed line). The
numerical results are averaged over 9000 random circuit
realizations.
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Haar-random state of a subextensive power-law number of
qubits, which is believed to be classically hard [54].

On the other hand, in the nonteleporting phase (t < ¢,.),
the effective model has a finite correlation length &; i.e.,
sampling from a given qubit is independent from suffi-
ciently distant qubits. Indeed, it has been shown for brick-
layer circuits that approximate sampling can be achieved
by patching simulations of subregions of size O[(log N)?]
together, resulting in a Poly(N) run-time in two dimensions
and quasi-Poly(N) run-time in higher dimensions [24].
However, establishing a rigorous connection between
finite-time teleportation in Haar-random circuits with
arbitrary connectivity and sampling complexity remains an
open question for future work.

Although 1D short-range RUCs do not feature a finite-
time transition, the spin model mapping indicates an
exponentially diverging correlation length & ~ exp(J¢) with
circuit depth ¢. This results from the correlation length & ~
exp(J/T) in the 1D quantum Ising model at temperature T
with coupling J. Therefore, one can teleport qubits over a
distance N in circuits of depth ¢ ~log N [55].

The teleportation transition we describe can potentially
be realized on leading quantum simulation platforms, such
as trapped-ion systems, which feature tunable long-range
interactions [57], and two-dimensional superconducting
circuits [6,58,59]. We note, however, that obtaining the
conditional entropy in experiments is challenging as naive
evaluation of Sp)y requires postselection on an extensive
number of qubits. Alternatively, one can verify the entan-
glement by decoding from the output qubit, which is a topic
of ongoing research for generic evolution beyond Clifford
circuits [8,64].

Our framework is also applicable to studying finite-time
transitions in other circuit ensembles. In circuits with
conserved quantities, the effective Hamiltonian is governed
by an enlarged symmetry allowing a richer phase structure
at finite times [22]. For example, in free fermion dynamics
that conserve fermion parity, the effective Hamiltonian
exhibits a continuous U(1) symmetry. In two dimensions,
the effective model undergoes a finite-time KT transition
and can support power-law decaying Spjp, while in
dimension d > 3, the continuous symmetry can be broken,
leading to nondecaying Sg|);. Moreover, we note that the
key dynamical feature that enables the teleportation tran-
sition is the protection of quantum information against local
measurements. Thus, we conjecture that the transition can
also occur in nonrandom chaotic Hamiltonian dynamics in
which local scrambling protects information.
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