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ABSTRACT

Zeroth-order optimization (ZO) typically relies on two-point feedback to estimate
the unknown gradient of the objective function. Nevertheless, two-point feedback
can not be used for online optimization of time-varying objective functions, where
only a single query of the function value is possible at each time step. In this work,
we propose a new one-point feedback method for online optimization that estimates
the objective function gradient using the residual between two feedback points
at consecutive time instants. Moreover, we develop regret bounds for ZO with
residual feedback for both convex and nonconvex online optimization problems.
Specifically, for both deterministic and stochastic problems and for both Lipschitz
and smooth objective functions, we show that using residual feedback can produce
gradient estimates with much smaller variance compared to conventional one-point
feedback methods. As a result, our regret bounds are much tighter compared to ex-
isting regret bounds for ZO with conventional one-point feedback, which suggests
that ZO with residual feedback can better track the optimizer of online optimiza-
tion problems. Additionally, our regret bounds rely on weaker assumptions than
those used in conventional one-point feedback methods. Numerical experiments
show that ZO with residual feedback significantly outperforms existing one-point
feedback methods also in practice.

1 INTRODUCTION

Zeroth-order optimization (ZO) algorithms have been widely used to solve online optimization
problems where first or second order information (i.e., gradient or Hessian information) is unavailable
at each time instant. Such problems arise, e.g., in online learning and involve adversarial training
Chen et al. (2017) and reinforcement learning Fazel et al. (2018); Malik et al. (2018) among others.
The goal is to minimize a sequence of time-varying objective functions { f;(z)}+=1.7, where the
value f;(xz;) is revealed to the agent after an action x; is selected and is used to adapt the agent’s
future strategy. Since the objective functions are not known a priori, the quality of an online decision
can be measured using notions of regret, that generally compare the total cost incurred by an online
decision to the cost of the fixed or varying optimal decision that a clairvoyant agent could select.

Perhaps the most popular zeroth-order gradient estimator is the two-point estimator that has been
extensively studied in Agarwal et al. (2010); Ghadimi & Lan (2013); Duchi et al. (2015); Bach &
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Perchet (2016); Nesterov & Spokoiny (2017); Gao et al. (2018); Roy et al. (2019). This estimator
queries the function value f;(x) twice at each time step, and uses the difference in the two function
values to estimate the desired gradient, i.e.,

(Two-point feedback): §§2)(x) = %(ft (x + ou) — ft(;v)>, (1)

where § > 0 is a parameter and u ~ N'(0, I). Although this two-point estimator produces gradient
estimates with low variance that improve the convergence speed of ZO, it can not be used for
non-stationary online optimization problems that arise frequently in online learning. The reason is
that in these non-stationary online optimization problems, the objective function being queried is
time-varying, and hence only a single function value can be sampled at a given time instant. In this
case, one-point estimators can be used instead that query the objective function f;(z) only once at
each time instant, i.e.,

U
)
One-point feedback was first proposed and analyzed in Flaxman et al. (2005) for convex online
optimization problems. Saha & Tewari (2011); Dekel et al. (2015) showed that the regret of convex
online optimization methods using one-point gradient estimation can be improved if the objective
functions are assumed to be smooth and self-concordant regularization is used. More recently,
Gasnikov et al. (2017) developed regret bounds for ZO with one-point feedback also for stochastic
convex problems. On the other hand, Hazan et al. (2016) characterized the convergence of one-point
zeroth-order methods for static stochastic non-convex optimization problems. However, as shown in
these studies, one-point feedback produces gradient estimates with large variance which results in
increased regret. In addition, the regret analysis for ZO with one-point feedback usually requires the
strong assumption that the function value is uniformly upper bounded over time, so this method can
not be used for practical non-stationary optimization problems.

(One-point feedback): 'jt(l)(x) = — fo(x + du). (2)

Contributions: In this paper, we propose a novel one-point gradient estimator for zeroth-order
online optimization and develop new regret bounds to study its performance. Our proposed estimator
uses the residual between two consecutive feedback points to estimate the gradient and, therefore,
we refer to it as residual feedback. We show that, for both deterministic and stochastic problems,
using residual feedback produces gradient estimates with lower variance compared to those produced
using the conventional one-point feedback proposed in Flaxman et al. (2005); Gasnikov et al. (2017).
As a result, we obtain tighter regret bounds both for convex and non-convex problems, especially
when the value of the objective function is large. Moreover, our regret analysis relies on weaker
assumptions compared to those for ZO with conventional one-point feedback. Finally, we present
numerical experiments that demonstrate that ZO with residual feedback significantly outperforms the
conventional one-point method in its ability to track the time-varying optimizers of online learning
problems. To the best of our knowledge, this is the first time a one-point zeroth-order method is
theoretically studied for non-convex online optimization problems. It is also the first time that a
one-point gradient estimator demonstrates comparable empirical performance to that of the two-point
method. We note that two-point estimators can only be used to solve non-stationary online learning
problems in simulation, where the system can be reset to the same fixed state during two different
queries of the objective function values at a given time instant.

Related work: Online optimization problems are only one instance of optimization problems that
Z0 methods have been used to solve. For example, Balasubramanian & Ghadimi (2018) apply ZO to
solve a set-constrained optimization problem where the projection onto the constraint set is non-trivial.
Gorbunov et al. (2018); Ji et al. (2019) apply a variance-reduced technique and acceleration schemes
to achieve better convergence speed in ZO. Wang et al. (2018) improve the dependence of the
iteration complexity on the dimension of the problem under an additional sparsity assumption on the
gradient of the objective function. Finally, Hajinezhad & Zavlanos (2018); Tang & Li (2019) apply
zeroth-order oracles to distributed optimization problems when only bandit feedbacks are available
at each local agents. Our proposed residual feedback oracle can be used to solve such optimization
problems as well. Also related is work by Zhang et al. (2015) that considers non-convex online bandit
optimization problems with a single query at each time step. However, this method employs the
exploration and exploitation bandit learning framework and the proposed analysis is restricted to a
special class of non-convex objective functions. Finally, Agarwal et al. (2011); Hazan & Li (2016);
Bubeck et al. (2017) study online bandit algorithms using ellipsoid methods. In particular, these
methods induce heavy computation per step and achieve regret bounds that have bad dependence on



the problem dimension. As a comparison, our one-point method is computation light and achieves
regret bounds that have better dependence on the problem dimension.

2 PRELIMINARIES AND RESIDUAL FEEDBACK

In this section we provide basic definitions and results on ZO that will be needed in the subsequent
analysis. We also define the residual feedback gradient estimator that we propose to solve online
optimization problems with unknown gradient information. First, we define the class of Lipschitz
and smooth objective functions we are concerned with.

Definition 2.1 (Lipschitz functions). The class of Lipschtiz-continuous functions C*° satisfies: for
any f € CO°, |f(x)—f(y)| < Lo|lz—y|, Yo,y € RY where Lo > 0 is the Lipschitz parameter. The
class of smooth functions C*! satisfies: forany f € CV, |V f(z) =V f(y)| < Lil|lz -y, Yo,y €
R?, where Ly > 0 is the smoothness parameter.

The key idea in ZO is to estimate the unknown first-order gradient of the objective function f using
zeroth-order oracles that perturb the objective function around the current point along all directions
uniformly. The ability of these oracles to correctly estimate the gradient is typically analyzed using
the Gaussian-smoothed version of the function f defined as fs(x) := Ey,ar(0,1)[f (2 4 du)], where
the coordinates of the vector v are i.i.d standard Gaussian random variables; see Nesterov & Spokoiny
(2017). The following result bounds the approximation error of the function fs(z) and can be found
in Nesterov & Spokoiny (2017).

Lemma 2.2. Consider a function f and its smoothed version fs. It holds that

6LO\/g7 lff € 00707 .
oty < {5 TT S and 19 5s(o) = VH @ <o+ 3%, i f e 0,
The smoothed function f5(x) also satisfies the following amenable property; see Nesterov & Spokoiny
(2017).

Lemma 2.3. If f € C%0 is Lo-Lipschitz, then f5 € C' with Lipschitz constant Ly = /d5—" L.

In this paper we consider the following online bandit optimization problem

T—1
min > fi@), P)
t=0

where X C R? is a convex set and { f; }; is a random sequence of objective functions. We assume
that at time ¢, a new objective function f; is randomly generated independent of an agent’s decisions,
the objective functions { f; }+ are unknown a priori and their derivatives are unavailable but can be
estimated using a zeroth-order oracle that queries the objective function value at different perturbed
points z, as discussed above. The goal is to determine an online decision = with cost that is as close
as possible to the cost of a fixed or varying optimal decision that a clairvoyant agent could select,
which is measured using notions of regret.

Such online optimization problems often arise in non-stationary learning, where the system is time-
varying or a single query of the function f; changes the system state (i.e., f; changes to f;;1). In
these problems, two-point feedback can not be used to estimate the unknown gradient as it requires to
evaluate f; at two different points at the same time ¢. Instead, a more practical approach is to use the
one-point feedback scheme (2) in Gasnikov et al. (2017). However, the gradient estimates produced
by the one-point feedback method in (2) have large variance that leads to large regret and, therefore,
poor ability to track the optimizer of the online problem. To address this limitation, in this paper we
propose a novel one-point gradient estimator, which we call a one-point residual feedback estimator,
that has reduced variance and is defined as

(Residual feedback):  g:(xy) := %(ft(mt +0u) — fro1(we—1 + 6ut_1)), 3)

where us_1,u; ~ N(0,I) are independent random vectors. To elaborate, the proposed residual
feedback estimator in (3) queries f; at a single perturbed point x; + du;, and then subtracts the value
fi—1(x4—1 + Odug—1) obtained from the previous iteration. Next, we discuss some basic properties of
this new estimator. We first show that this estimator provides an unbiased gradient estimate of the
smoothed function f5 ;.



Lemma 2.4. The residual feedback estimator satisfies E [gt(xt)] = Vfsi(x) forall z, € X and t.

Proof. The proof follows from the fact that u; has zero mean and is independent from w;_; and
Tt_1. O

Remark 2.5. We note that existing two-point estimators can not be easily modified to be used
for non-stationary optimization. The difficulty is in ensuring that the returned gradient estimates
are unbiased as in the case of residual feedback in Lemma 2.4. To see this, consider the simple
modification of the online two-point gradient estimator (7) proposed in Bach & Perchet (2016)

ge(xt) = ;%(ff(lf + 6ug) — fro1(xe — 5“1‘,))-

Then, it is easy to see that this modified two-point gradient estimator is biased since E [gt(xf)} #*
V fs,t(x¢). Specifically, let §i () = 5% (ft(517t+5ut) —fe—1(xe —5Ut)) = 5t (ft(ilft-ﬁ-(sut) — filxe—
6ut)—|—et), where ¢, = fi(xy—0uy)— fi—1(xy—0us). Although E [12‘—3 (ft(;vf—i—dut)—ft(a:t—éut))] =
V fs.t(x), we have that E[g—get] =+ 0 since €, is correlated with u;. Therefore, for this modified
estimator we have thatE[gt(;vtﬂ = E[‘j—g (ft(:r,t + oug) — fe(xe — 5ut))] + E[‘z‘—gef} # V f5.1(x).
Note that the original two-point estimator proposed in Bach & Perchet (2016) is unbiased, because
the function f; is queried at two points, xy + du; and x; — duy, and the noise ¢, in this case is simply
the evaluation noise that is zero mean for any u;.

In this paper, we consider the following ZO projected gradient update with residual feedback to solve
the online problem (P):

(ZO with residual feedback): x¢41 = Ily (xt — ngt(zt)), )

where 7 is the learning rate and 11y is the projection operator onto the set X'. The update (4) can
be implemented assuming that the objective function can be queried at points outside the feasible
set X', similar to the methods considered in Duchi et al. (2015); Bach & Perchet (2016); Gasnikov
et al. (2017). Note that it is possible to modify the update (4) so that the iterates are guaranteed to be
within the feasible set X'. This modification and related analysis can be found in Section H in the
supplementary material. The requirement that the objective function is evaluated at feasible points in
derivative-free optimization algorithms has also been considered in Bubeck et al. (2017); Bilenne
et al. (2020). Specifically, Bubeck et al. (2017) develop the so called ellipsoid method, which requires
computation of an ellipsoid containing the optimizer at each time step. On the other hand, almost
concurrently with this work, Bilenne et al. (2020) proposed a similar oracle as in (3) for a static
convex optimization problem with specific objective and constraint functions. The following result
bounds the second moment of the gradient estimate generated by using residual feedback.

Lemma 2.6 (Second moment). Assume that f; € C%Y with Lipschitz constant Lg for all time t.
Then, under the ZO update rule in (4), the second moment of the residual feedback satisfies:

~ 4dL3n?
EllGi(x)|?] < =53

where D; := 16L(2J(d + 4)2 + %E[(ft(xt_1 + (5ut_1) — ft—l(xt—l + 5Ut_1))2].

E[|[ge-1(ze—1)|1*] + Dy, (5)

The proof of above lemma can be found in Appendix B. The above lemma shows that the second mo-
ment of the gradient estimates obtained using residual feedback forms a contraction with perturbation
term Dy, provided that we choose 1) and § such that the contracting rate satisfies « = 4dLZn*6~2 < 1.
As we show later in the analysis, this contraction property leads to gradient estimates with low variance
that allow to reduce the regret of the online ZO algorithm (4).

3 ZO WITH RESIDUAL FEEDBACK FOR CONVEX ONLINE OPTIMIZATION

In this section, we consider the online bandit problem (P) where the sequence of functions { f: }t—0.7—1
are all convex. In particular, we are interested in analyzing the static regret of algorithm (4) defined as

T—1 T—1
Rr = E[ ; fe(ay) — grcrél;l ; ft(gc)} (6)

First, we make the following assumption on the non-stationarity of the online learning problem.



Assumption 3.1 (Bounded variation). There exists Vy > 0 such that for all t,
E[|fi(zi1 + 0ur—1) — froa(zi1 + 0w 1)) < Vf2> (7

where the expectation is taken over xy_1, the random vector uy_1 and the random functions f;_1, f:.

Assumption 3.1 states that the squared variation of the objective function between two consecutive
time instants is uniformly bounded over time. We note that this assumption is weaker than the
assumption that the objective function is uniformly bounded, i.e., | f;(z)| < B, Vt, z;, which is used
in the analysis of ZO with conventional one-point feedback in Flaxman et al. (2005); Gasnikov et al.
(2017). In particular, under Assumption 3.1, the perturbation term in Lemma 2.6 can be bounded
as Dy < 16L3(d + 4)* 4 2dV {62, Then, by telescoping the contraction inequality, we obtain the
following bound for the second moment of the residual-feedback gradient estimate

Ellgu(en) ] < ma {Ellgo(ro) ), 1 (1623(d + 4)” + 23v7) } ®

The detailed proof can be found in Appendix J. In practice, J needs to be sufficiently small so that
the smoothed function fs; is close to the original function f; according to Lemma 2.2. In this case,
the above bound on the second moment of the residual-feedback gradient estimates is dominated
by O(dé *QVJ?), which is much smaller than the bound on the second moment of the conventional
one-point gradient estimates O(dd~2B?), where B is the uniform bound on |f;| over time. For
example, consider the time-varying objective functions, fo(x) = 1/222 and f;(2) = fi_1(x) + ny,
where n, is Gaussian noise with zero mean at time ¢. Then, it can be verified that Assumption 3.1
holds with a finite V; whereas the second moment of f;(z) is unbounded over time. As a result,
the variance of the residual feedback gradient estimates can be significantly smaller than that of the
conventional one-point feedback gradient estimates.

The following result characterizes the regret of ZO with residual feedback when the objective function
ft is convex and Lipschitz.

Theorem 3.2 (Regret for Convex Lipschitz f;). Let Assumption 3.1 hold. Assume that f; € C° is
convex with Lipschitz constant L for all t and ||xo — x*|| < R. Run ZO with residual feedback for
T > R? iterations with n = R3 (2\/§L0\/3T%)*1 and § = /RT~1. Then, we have that

E[|lgo(xo)l|?] R? (d+4?2 s
Ry < V2LoVdRTE + —HZ07V NI L 9 o2 ) [ RET
T 22dLoT3 va °

+2LoVdARTT + V2dRV}Lo ™' T4, 9)
Asymptotically, we have Ry = O((Lo + Loflvfz)\/ dRT%).

The proof can be found in Appendix C. To the best of our knowledge, the best known regret for
Z0 with conventional one-point feedback is of the order O(\/dLORBT%) Gasnikov et al. (2017).
3
Therefore, our regret bound is tighter if the function variation satisfies V7 < (’)(B%Lg ). Essentially,
using the proposed residual feedback gradient estimator, the regret of ZO no longer depends on the
uniform bound of the function value, which can be very large in practice. Instead, our regret only relies
on how fast the function varies over time. Note that knowledge of the neighborhood R in Theorem 3.2
allows to select the stepsize 1 and the parameter J so that a better regret rate can be achieved that
depends on R. However, knowledge of R is not required and ZO with residual feedback converges

from any initial point 2. When the parameter R is unknown, we can choose 1 = (2v/2LoVdT'1 )1
and § = T3 and obtain the regret bound Ry < O(LoR2VdT'3 + Lo_lx/giQT% ). The proof can
be found in Appendix C.

Remark 3.3. We note that the complexity bound in Theorem 3.2 generally depends on the values of
the Lipschitz parameters Lo, L1 and the constant VfQ. Specifically, choose n = R3 (2\/§L0 VAT )1
and 6 = \/ELaqT_% with ¢ > 0 as a tuning parameter, and we obtain that Ry = O((Lo+ Lo' ™9+
qu_lVfQ)\/ﬁT%) when T > quRQ. If Ly < 1, we can choose ¢ = 1 to achieve the bound
Ry = O((Lo + LOV]?)\/ET%). On the other hand, if Ly > 1, we can choose ¢ = 0 to achieve
the bound Ry = O((Lo + Loflvfz)\/ﬁT%). We note that the dependence of the bounds in
Theorems 3.4, 4.2 and 4.3 on Ly, Ly can also be optimized in a similar way by properly choosing 4.



Next, we present the regret of ZO with residual feedback when the objective function f; is convex
and smooth.

Theorem 3.4 (Regret for Convex Smooth f;). Let Assumption 3.1 hold. Assume that fi(x) €
C%9NCY 1 is convex with Lipschitz constant Ly and smoothness constant L for all t, and assume that

|zo—2z*|| < R. Run ZO with residual feedback for T > R? iterations withn) = R (2y/2Lod3T3) =
and § = Rsd—sT~%. Then, we have that

E[|lg 2R3 d+4)? 4 1
R < VaLoaiRiTd ¢ BHRCTNRS o py (@447 pary
2V/2Lod3 T3 ds
+2L1d5 RATS + V2L 'di RIVATE. (10)

Asymptotically, we have that Rr = O((Lo + L1 + Lo_lVfQ)(dRT)%).

The proof can be found in Appendix D. To the best of our knowledge, the best known regret
for ZO with conventional one-point feedback for convex and smooth problems is of the order

1
O(L? (dRBT)?) Gasnikov et al. (2017). Therefore, our regret bound is tighter if the function

1
variation satisfies VZ < (’)(B§L13 Lg). Our numerical experiments in Section 6 show that ZO with
residual feedback always outperforms ZO with conventional one-point feedback in practice.

4 70O WITH RESIDUAL FEEDBACK FOR NON-CONVEX ONLINE OPTIMIZATION

In this section, we analyze the regret of ZO with residual feedback for the unconstrained online
bandit problem (P) where the objective functions { f; }+=o,. . r—1 are non-convex. To the best of our
knowledge, this is the first time that a one-point zeroth-order method is studied for non-convex online
optimization. Throughout this section, we make the following assumption on the objective functions.

Assumption 4.1. There exist W, WT > 0 such that the following conditions hold for all t.

1. Zle E(fs.t(xt) — f5-1(ze)] < Wr, where the expectation is taken with respect to x; and the
random smoothed objective functions fs5_1, fs+.

2. Zthl E[| fe(wi—1 +0up—1) — fro1(we—1 + dup_1)?] < WT , where the expectation is taken with
respect to xy_1, the random vector uy_1 and the random objective functions fi_1, fi.

The above two conditions in Assumption 4.1 measure the accumulated first-order and second-order
function variations. A similar assumption is made in Roy et al. (2019).

First, we consider the case where { f; }+ are nonconvex and Lipschitz continuous functions. Since the
objective function f; is not necessarily differentiable, i.e., V f(t) is not well defined, we define the
regret as the accumulated gradient of the smoothed function, i.e., R} 5 := TRV fs(20) 1)

In addition, similar to Nesterov & Spokoiny (2017), we require that the smoothed function fs; is
close to the original function f; such that |f5.(z) — f:(x)| < € for all ¢. To satisfy this condition,

we need to choose § < (VdLo) ‘e t according to Lemma 2.2. Then, we can show the following
regret bound for ZO with residual feedback.

Theorem 4.2 (Nonconvex Lipschitz f,). Let Assumptions 4.1 hold. Assume that f; € C%° with
Lipschitz constant Ly and that f; is bounded below by f; for all t. Run ZO with residual feedback for

3
T > (dey)™! iterations with n = €7 (2v2L2d3T2) "  and § = ef(d%Lo)’l. Then, we have that

€250 (o) 1]
2+/2dT

3 _3
b) 2

R;}F,zs < 2\/§L(2) (E[fé,o(m)] —fsr+ WT)d r T3+

(d+4)° s N ﬁd%WT
dz V2 EJ%CT%

+4v2Loc (11

1

3
2

Asymptotically, we have RZ,& = O(d%L%e‘; (Wr + WTT‘l)T% + d%LoeJ%T

N

).



The proof can be found in Appendix E. Theorem 4.2 implies that the regret bound satisfies
L2 — s 3

Rié /T — 0 whenever Wr = o(T'2¢;) and Wr = O(T%e;). In particular, if the 3bounded

variation Assumption 4.1 holds, then we have W < O(TV]?) and it suffices to let T’%e;§ = o(1).

Next, we assume that the objective functions f; in (P) are non-convex and smooth and study the
regret R} = Z:ol E[||V fi(z¢)]|?]. Specifically, we provide the following regret bound for ZO
with residual-feedback.

Theorem 4.3 (Nonconvex smooth f;). Let Assumptions 4.1 hold. Assume that f; € C%° N CY! with
Lipschitz constant Ly and smoothness constant Ly and that f; is bounded below by f; for all t. Run
Z0 with residual feedback for T iterations with n = (QﬂLod%T% Y"land § = (d%T%)_l. Then,

a 2
BT < V3L (Elfso(ao)) — fix + Wr)ddh 4 LEUSEII]

V2Lod5T3
4)? 201 4~ 3
+8V2L, Lo (d} Vot \E 1d%WT—|—2L%(dd+753)T%. (12)
3 0 3

Asymptotically, we have that RZ; = (’)(d%LOWTT% + d%LlLo_li/IN/T).

The proof can be found in Appendix F. Theorem 4.3 implies that the regret bound satisfies RZ; /T =0

whenever Wr = o(T%) and Wy = o(T). We note that these requirements on Wr, Wr are weaker
than those in the case of nonsmooth problems, as they do not rely on the small parameter €.

5 ZO WITH RESIDUAL FEEDBACK FOR STOCHASTIC ONLINE OPTIMIZATION

Our proposed residual feedback gradient estimator can be also extended to solve stochastic online
bandit problems. Since the regret analysis is similar to that for deterministic online problems presented
before, we only introduce the key technical lemmas and comment on the differences in the proof.
Specifically, we consider the following stochastic online bandit problems

T—1
min ) E[F(2;&)],  where E[Fy(z;&)] = fi(2), V1, (R)
t=0
where & denotes a certain noise that is independent of x. Different from the deterministic online
problems discussed before, the agent here can only query noisy evaluations of the objective function.
This covers scenarios where the agent does not have access to the underlying data distribution. To
solve the above stochastic online problem, we propose the following stochastic residual feedback

i
)

where &;_1 and &; are independent random samples that are sampled at consecutive iterations ¢t — 1
and ¢, respectively. Since the noisy function value F'(x;&;) is an unbiased estimate of the objective
function f;(z), it is straightforward to show that (13) is an unbiased gradient estimate of the function
fs,¢(x). To analyze the regret of ZO with stochastic residual feedback, we first consider the convex
case and make the following assumption on the variation of the stochastic objective functions.

ge(z¢) := (Ft(xt +oug; &) — Fyo1 (w1 + 6ug_1; gtfl)); (13)

Assumption 5.1. (Bounded stochastic variation) There exists V; ¢ > 0 such that for all t,
2
E[(Fi(we—1 4 0ui—1,&) — Fro1 (-1 + 0ug—1,6-1)) | < Vf2,57
where the expectation is taken with respect to x_1, the random vector u;_1 and the random objective

functions Fy_1(-,&—1), Fy(-,&)-

The above assumption generalizes Assumption 3.1 to stochastic problems. The bound Vf2 ¢ controls
both the variation of function over time and the variation due to stochastic sampling.

The following lemma characterizes the second moment of the stochastic residual feedback gradient
estimates. Its proof can be found in Appendix G.



Lemma 5.2. Assume F(z,£) € C°° with Lipschitz constant Ly for all £&. Then, under the ZO update
rule, we have that

~ 4dL2n?
g o)) < =552

where Dt,E = 16L(2J(d + 4)2 + %]E[(Ft(l‘t_l =+ 6ut_1,£t) — Ft_l(ﬂft_l + (5ut_1,§t_1))2].

E[|[ge(xe-1) 1] + De,

Observe that the above second moment bound is very similar to that in Lemma 2.6, and the only
difference is the perturbation term. Since the perturbation term D; ¢ can be further bounded by
leveraging Assumption 5.1, the resulting second moment bound can become almost the same as that
in eq. (8) for deterministic problems (simply replace V; in eq. (8) by V). Therefore, the regret
analysis of ZO with stochastic residual feedback is the same as that of ZO with residual feedback for
deterministic online problems. Consequently, ZO with stochastic residual feedback achieves almost
the same regret bounds as those in Theorems 3.2 and 3.4, and one simply needs to replace V; by V..

In the case of non-convex stochastic online problems, we adopt the following assumption that
generalizes Assumption 4.1.

Assumption 5.3. There exists W, I7V/T75 > 0 such that the following two conditions hold for all t.

1. Z?:l E[fs.t(xt) — fsi—1(xe)] < Wr, where the expectation is taken with respect to x; and the
random smoothed objective functions fs5:_1, fs+.

2. Zle E[|Fy(@i—1 + dur—1; &) — Fro1 (w1 + Sus—1;&—1)|?] < W e, where the expectation
is taken with respect to x;_1, the random vector u;_1 and the random objective functions
Fia(-&—-1), Fi(- &)

Then, following similar steps as those in the proofs of Theorems 4.2 and 4.3, we can obtain similar
regret bounds for ZO with stochastic residual feedback (simply replace W, W in Theorems 4.2
and 4.3 by Wr ¢, Wr ¢, respectively).

6 NUMERICAL EXPERIMENTS

In this section, we compare the performance of ZO with one-point, two-point and residual feedback
in solving two non-stationary reinforcement learning problems, i.e., LQR control and resource
allocation, in which either the reward or transition functions are varying over episodes.

6.1 NONSTATINOARY LQR CONTROL

We consider an LQR problem with noisy system dynamics. The static version of this problem
is considered in Fazel et al. (2018); Malik et al. (2018). Specifically, consider a system whose
state x;, € R™= at step k is subject to a transition function xx1 = Az, + Biup + wy, where
ug € R™ is the action at step k, and A; € R"**"= and B, € R"=*"« are dynamical matrices in
episode t. These matrices are unknown and changing over episodes. The vector wy, is the noise
on the state transition. Specifically, the entries of the dynamical matrices Ag and By at episode
0 are randomly generated from a Gaussian distribution A/(0,0.12). Then, we generate the time-
varying dynamical matrices as A; 11 = Ay + 0.01M; and By 1 = By + 0.01 Ny, where M, and N
are random matrices whose entries are uniformly sampled from [0,1]. Moreover, consider a state
feedback policy uy = Kz, where K; € R™=*"= is the policy parameter that is fixed during episode
t. We assume that there exists an optimal policy K so that the discounted accumulated cost function
Vi(K) :=E]| ZkHz_ol v* (2} Quy + uf Ruy)| at episode ¢ is minimized, where < 1 is the discount
factor and H is the horizon. The goal is to track the time-varying optimal policy parameter K so
that V;(K;) — V2(K}) is small in every episode.

We apply the conventional one-point method in Gasnikov et al. (2017) and the proposed residual-
feedback method (13) to solve the above non-stationary LQR problem. The performance of the
two-point method in Bach & Perchet (2016) is also presented to serve as a benchmark, although it
is not possible to implement in practice for non-stationary problems. This is because the two-point
method in Bach & Perchet (2016) requires to evaluate value function V; for two different policy
functions at two consecutive episodes. However, evaluating the value function V; for a given policy
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Figure 1: Comparative results of ZO with the proposed one-point residual feedback (3) (blue), the two-point
oracle in Bach & Perchet (2016) (orange) and the conventional one-point oracle in Gasnikov et al. (2017) (green)
for online policy optimization in nonstationary LQR. Figure 1(a) presents the regrets Z?:o |[V(K) — V(K™)|
achieved using the three diffident oracles and Figure 1(b) presents the variance of the gradient estimates returned
by the three methods. The two point method (orange) is infeasible to use in practice and is presented here to
serve as a simulation benchmark.

during episode t requires to collect samples by executing this policy. Then, during the subsequent
episode ¢ + 1, since the problem is non-stationary, the dynamic matrices change to A; 1, By4+1 and
so does the value function V;, ;. Therefore, it is not possible to evaluate the same value function
V; at two different episodes and, as a result, the two-point method in Bach & Perchet (2016) is not
applicable here. Each algorithm is run for 10 trials, and the stepsizes are optimized for each algorithm
separately. The accumulated regrets ZtT;Ol |V (K:) — V(K™*)| of the three algorithms are presented
in Figure 1(a). We observe that ZO with residual feedback achieves a much lower regret than the
conventional one-point method and has a comparable performance to that of the two-point method.
Moreover, we present in Figure 1(b) the estimated variance of the gradient estimates returned by
these three oracles at the policy iterates over episodes. It can be seen that the variance of the gradient
estimates returned by our proposed residual-feedback is close to that of the gradient estimates returned
by the two-point feedback and is much smaller than that of the gradient estimates returned by the
conventional one-point feedback. This observation validates our theoretical characterization of the
second moment of the residual feedback gradient estimates.

6.2 NONSTATIONARY RESOURCE ALLOCATION

We consider a multi-stage resource allocation problem with time-varying sensitivity to the lack
of resource supply. Specifically, 16 agents are located on a 4 x 4 grid. During episode ¢, at
step k, agent ¢ stores m; (k) amount of resources and has a demand for resources in the amount
of d;(k). Also, agent ¢ decides to send a fraction of resources a;;(k) € [0, 1] to its neighbors
j € N; on the grid. The local amount of resources and demands of agent i evolve as m;(k + 1) =
mz(k) — ZjENi CLUU{?)mZ(k) + ZjEM aﬂ(k)mj(k) — dl(k) and dl(k) = l/}l sin(wik + ¢1) + Wi k>
where w; ;, is the noise in the demand. At each step k, agent i receives a local cost 7; .(k), such
that 7; +(k) = 0 when m;(k) > 0 and r; (k) = ¢sm;(k)? when m;(k) < 0, where (; represents
the varying sensitivity of the agents to the lack of supply during episode ¢. Let agent ¢ makes its
decisions according to a parameterized policy function 7; 1 (0;;6;+) : O; — [0,1] Wil where 0;.+ is
the parameter of the policy function ; ; at episode ¢, 0; € O; denotes agent ¢’s local observation.
Specifically, we let 0;(k) = [m;(k), d;(k)]*. Our goal is to track the time-varying optimal policy
so that the accumulated cost over the grid J;(0;) = Z}il ZkH:o v¥r; +(k) during each episode is
maintained at a low level, where §, = [...,6;,...] is the policy parameter, H is the problem horizon
at each episode, and ~ is the discount factor.

In Figure 2(a), we present the cost J;(6;) achieved during each episode after 10 trials of ZO with
residual-feedback, one-point, and two-point feedback which, as before, is impossible to use in
practice for this non-stationary problem either. It can be seen that ZO with our proposed residual-
feedback achieves a cost J;(6;) that is as low as the cost achieved by the two-point feedback in this
non-stationary environment. In particular, ZO with both residual and two-point feedback performs
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Figure 2: Comparative results of ZO with the proposed one-point residual feedback (3) (blue), the two-point
oracle in Bach & Perchet (2016) (orange) and the conventional one-point oracle in Gasnikov et al. (2017) (green)
for the non-stationary resource allocation problem. Figure 2(a) presents the varying cost J:(0;) achieved using
the three diffident oracles and Figure 2(b) presents the variance of the gradient estimates at agent 1 returned by
the three methods. The two point method (orange) is infeasible to use in practice and is presented here to serve
as a simulation benchmark.

much better than ZO with conventional one-point feedback. Figure 2(b) also compares the estimated
variance of the gradient estimates returned by these feedback schemes. It can be seen that the variance
of the gradient estimates returned by the residual feedback oracle is comparable to that of the gradient
estimates returned by the two-point oracle and is much smaller than that of the gradient estimates
returned by the conventional one-point oracle.

7 CONCLUSION

In this paper, we proposed a novel one-point residual feedback oracle for zeroth-order online
optimization, which estimates the gradient of the time-varying objective function using a single query
of the function value at each time instant. For both deterministic and stochastic problems, we showed
that ZO with the proposed residual feedback estimator achieves much lower regret than that of ZO
with conventional one-point feedback for convex online optimization problems. In addition, we
provided regret bounds for ZO with residual feedback for non-convex online optimization problems.
To the best of our knowledge, this is the first time that a one-point zeroth-order method is theoretically
studied for non-convex online problems. Numerical experiments on two non-stationary reinforcement
learning problems were conducted and the proposed residual-feedback estimator was shown to
significantly outperform the conventional one-point method.
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A IMPLEMENTATION DETAILS OF THE NUMERICAL EXPERIMENTS

All experiments are conducted using Matlab R2019a on Ubuntu 18.04 with the AMD Ryzen 2700X
8-core processor and 16GB 2133MHz memory.

For the non-stationary LQR experiments, we select n, = 6, n,, = 6 and v = 0.5. The dynamical
matrices Ay and By at episode 0 are randomly generated from a Gaussian distribution N (0, 0.12).
Then, we generate the time-varying dynamical matrices according to A;y; = A; + 0.01M; and
Byy1 = By 4+ 0.01N;, where M, and NN; are random matrices whose entries are uniformly sampled
from [0,1]. To evaluate the cost function V;(K;) given the policy parameter K at episode ¢, we roll
out a trajectory of length H = 50 using the policy parameter K; and sum up the collected rewards.

For the non-stationary resource allocation experiments, the policy function 7; (0;; 6; ;) is parame-

terized as: a;; = exp(zi;)/ >, exp(zij), where z;; = 22:1 ¥p(0:)0:5(p) and 0; = [...,0;;,...17
and the episode index ¢ is omitted for notational simplicity. Specifically, the feature function v, (0;)
is selected as ¢, (0;) = ||o; — ¢, ||%, where ¢, is the parameter of the p-th feature function. Effectively,
the agents need to make decisions on 64 actions, and each action is decided by 9 parameters. There-
fore, the problem dimension is d = 576. The discount factor is selected as v = 0.75 and the length
of the horizon is H = 30. The time-varying sensitivity parameter (; ; is generated as follows: let
Cio = land ;441 = it + 0.1P;, where P, is a random number uniformly sampled from [—1, 1].

B PROOF OF LEMMA 2.6
By definition of the residual feedback, we have
N 1
E[l|ge (x:)[1] = E[(Tg(ft(xt +ous) — fro1(xe—1 + 5ut71))2||ut”2]

< E[(ft(ﬂct +ous) — fr(we—1 + 5ut71)>2||ut”2] (14)

52
2
+ SEI(fol@er +0ur1) = feoa (s + 0ui) ).
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Since u; is independent of x;_1, u;—1 and the generation of functions f;_; and f;, we have that
ZE[(fi(zi—1 + dup—1) — fi—1(ze—1 + 5Ut—1))2\|ut||2] < UE[(fi(zi—1 + 6up—1) — fro1(zio1 +
6ut,1))2}. Moreover, adding and subtracting f(z;—1 + du;) in the term (f(z¢ + 0uy) — fi(zi—1 +
5ut_1)) ? of the above inequality, we obtain that

El3(0) 7] < E((fele +0ue) — foreon + 0u) e

B[+ 0u) — ol + bue 1))’ el (>
+ %E[(ft(l't—l +oug—1) — fro1 (-1 + 5ut—1))2]'

Since f; € C%Y is Lipschitz with constant Lg, we further obtain that

B 412
Ellg(zo)l?] <=2Elllwe — we—t | [uell?] + ALGE[lue — w1 ||*[[ue]|?]

S5
2d 2

+ ﬁE[(ft(l“tq + 0up—1) — fim1(we—1 + dup—1)) 7). (16)

Note that u; is a Gaussian vector independent from x; — xz;_;, we then obtain that E[||z; —

2 1||?||uel|?] = dE[||xs — x4_1]/?]. Furthermore, using Lemma 1 in Nesterov & Spokoiny

(2017), we know that B[||uy — we—y]|*Juel|?] < 2B[([Jue]|* + flue—[|*)[wel|?] = 2E[([lue]|*] +
2E[||lus—1]1?||ue]|?] < 4(d + 4)2. Substituting these bounds into inequality (16), we obtain that

~ oy _4dL3 2 2 2
E[l[g(z)[] §672E[||50t —xp-1|*] + 16 Lg(d + 4)
2d 2
+ EE[(ft(xt—l +oug—1) — fro1(xp—1 + 5%&—1)) ].
Since z; = Ilx[wi—1 — ng(zi—1)], we get that [lz; — || = |y [ze—1 — ng(ze—1)] —

ILy [z¢—1]|| < nl|g(z¢—1)| due to the nonexpansiveness of the projection operator onto a convex set.
Therefore, we have that

- 4dLEn? . _
|31 (e0)]I”) < =55 - Bl|gi—1 (11| + 16L5(d + 4)°
2d
+ (TzE[(ft(ﬂCtﬂ +ous—1) = fr—1(wi—1 + 5Ut71))2]-

The proof is complete.

C PROOF OF THEOREM 3.2

Note that f5+(z) is convex for all £, we then conclude that
fox(xe) — fou(x) <(Vsi(ze), 2 — x), forallz € X, 17

Adding and subtracting g; () after V f5 +(z+) in above inequality, and taking expectation over u; on
both sides, we obtain that

E[fs(xe) — fs1(x)] < E[(Ge(2e), 20 — 3)]. (18)
Since z441 = Iy [z, — ng(w¢)], for any z € X we have that
241 — @l = |y [z — ng(a,)] — T [2]]?
< e = ngar) —
= |lze — 2> = 20(ge (1), 20 — ) + 17| Ge () | 19
Rearranging the above inequality yields that

- 1 -
(Gulan). 20 =) = 50 (e =l = een = 2l?) + 5 lguCe) I (20)

14



Taking expectation on both sides of the above inequality over u, and substituting the resulting bound
into (18), we obtain that

T T T
E[Y foulw) = fon(a)] < %on — o2+ JE[ 3" lgi()?)- @1
t=0 t=0 t=0

Since f;(z) € C%°, we know that | 5 +(x) — fi(x)| < 6 LoV/d. Therefore, we obtain from the above
inequality that

T T T T T T
E[th(xt) - th(x)] :E[Zf&t(mt) - Zfé,t( Z fe(ze) — fou( Z‘t Z
t=0 t=0 t=0 t=0

< —||x0—x||2+ TE[ legt 20)||?] + 2VdLooT. 22)

t=0

Telescoping the bound in (5) over ¢t = 1,2, ..., T, adding E[||go(z0)||?] on both sides, adding

4d§§"2 E[||gr (z7)||?] to the right hand side and using Assumption 3.1, we obtain that

N 1 ) 16 2dV7 1
E[Y N3:(@0l®] < 7= E[ldo(@0)I’] + ;- Lo +4°T + T—=5T. (23)

where o = 4‘1{;#. Substituting the above bound into (22) yields that

T T
1 n _ 16
E[> filw) =) fil@)] < 27]H930 —x|*+ mﬂ‘:[”go(%)” ]+ 17L2(d+ 4)*nT
t=0 t=0
2dV?
+2VdLo6T + —L 62T (24)
Since above inequality holds for all x € X, we can replace x with *. When the upper bound on
3 2 2
s . . R o _ 4dLgn® _ I-i 1
|lzo — 2*|| < R is known, let n = 72\/%0\/&714 and § = Tl ,sothat o = =58 = 7% < 5, when
T > R2. Then, we obtain that
T T ~ 3
: ]E[HQO(IO)HQ]R2
E ;) — 2*)] < V2LoVdRTT 4+ 222270
[gmn ;m>L, 0 NI
4)2 2dRV?
+ 8\/§(dJr ) LoR2T% + 2LyVdRT? + ——L 1%, (25)
Vd Lo
When R is unknown, let n = m and § = T%, so that o = 4d§§"2 = 5= < 3. Then, we

obtain that

T T -
E[l|go(z0)|?] (d+4)? 1
E ) — 2*)] < V2LoVAR? T + =24 4+ 8V2 LoT%
[;ma ;M)L. 0 NCTTE o7 Lo
s V2dVE
+2VdLeT? + i I i, (26)
0
3 \/7
On the other hand, we can let n = —2— and § = £ where ¢ € R is a user-specific
2v2LoVdT'1 LiT1
2,2 2q p2
parameter. With this choice of parameters, we get o = % = Lozf < iwhenT > L29R? and,

as a result, we obtain that

3

B[ file) = 3 e < VaLovaRrt + EURCOEIEE o U ) ey
t=0 t=0

2V2dLo T Vd
+ 2Ly VdRT? + V2dRLY"'VATH. Q27)
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D PROOF OF THEOREM 3.4

Since f;(z) € C*, we know that | f5(x) — fi(x)| < 6*L1d. Following the same proof logic as that
for proving (22), we obtain that

T T T
1 2 N ~ 2 2
E[;ft(m - ;ft@)] < g5 llwo —all” + §E[; 1Ge(@)|I7] +2dL26°T. (28)
Substituting the bound in (23) into the above inequality, we obtain that
T n 16
E[Y filw) th < \mo ol + 5= EllFo(@o)|P] + = Li(d + 4)*nT
t=0 (1—a) @
) 2de
+ 2dL16°T + 75—2T (29)
Since above inequality holds for all z € X, we can replace x with *. Assuming the bound
4
|lzo — 2*|| < Ris known, let n = M/’iﬁ and § = -y sothata = 4d{;§" = B <1 when

T > R?. Plugging these parameters into above inequality, we finally obtain that

T T B
B[S fier) = 3 fulw)] < VaLodi RATE 4 ENRGOIPIRY | o (@447 by
t=0 t=0

2V2Lod3 T3 a3
5 2 L, .
1oL diRATE ¢ LinggiT%. (30)
0
When the bound ||z — 2*|| < R is unknown. Choose n = ———>— and § = -~ T so that
) s \fLOdst d6T6
= 4d§§" = % % Plugging these parameters into above inequality, we finally obtain that
T T ~
E[llgo(z0)?] (d+ 4)
E ) — )] < V2Lod3 ||zo — 2|?T5 + = 4 8V2Lg— T3
[;ft( ) ;ft( )] < V2Lod?||zo — 7] ALl T e
. . D) .
1243, T3 + Lid%vf?T%. (31)
0

The proof is complete.

E PROOF OF THEOREM 4.2

We first consider the case where Assumption 4.1.1 holds. Note that f;(z) € C%°. According

to Lemma 2.2, f5:(x) has Ly s-Lipschitz continuous gradient with L 5 = @LO. Furthermore,
according to Lemma 1.2.3 in Nesterov (2013), we have the following inequality

Lis
fou(@er1) < fou(ze) + (Vsi(@e), i1 — ) + %”xt-&-l — x|

2
= foale) =9 o). ) + 22 ()| ()
2
= Jsalw) = 1V foa ), A = 9 ia(m) P + 8 gy )

where Ay = gy(x) — V f5.(z¢). According to Lemma 2.4, we know that E,,, [§:(2:)] = V fs.1 ().
Therefore, taking expectation over u; conditional on x; on both sides of inequality (32) and rearrang-
ing terms, we obtain that

L 2
WV () |2] < Blfso(wo)] - Elfsa(@een)] + —2 Bl gzl
L1757)2

Ell|ge(z)1?] + Elfs 41 (@141)] — E[fs(ze41)],
(33)

< E[fse(x)] = Elfs 1 (2i41)] +
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where the expectation is conditional on ;. Then, we can further condition both sides of (33) on x
without changing the sign of inequality, and then apply the tower rule of conditional expectation
to make the expectation in (33) become full expectation. Telescoping the above inequality over
t =0,...,7 — 1 and dividing both sides by 7, we obtain that

T-1
Z BV fon)|?) < 2ol SR (n] 2 57 g, a4 2
t=0

(34)

Elfs0(z0)] = fir . Lis0 <= mopy - Wr
=+ 2= ) Elge(@) P+ —,
N 2 =
where f§ 1 is the lower bound of the smoothed function fsr(x). f 57 Must exist because we assume
the orignal function f;(z) is lower bounded and the smoothed function has a bounded distance from
f+(x) due to Lemma 2.2 for all ¢.
Next, we consider the case where Assumption 4.1.2 holds. Summing the bound in (5) from ¢t =

1,..., T, adding E [[|o(x0)|1?]
we obtain that

TE[||gr (z7)]|?] to the right hand side,

T
1 16 2d Wr
~ 2 ~ 2 2
E[>_13:(z)I”] < T—E[llgo(@o)[*] + ;= L§([d+4°T+ =~  (39)
Substituting this bound into the inequality (34), we obtain that
Elfs0(@o)] — f5r fLon 1 i
Z E[IV f5,6(x:)[I”] < r ., Ir E[[lgo(zo)l|*]
n N 2 l1-a
N (36)
26 1-a 20 1—a 62°
To fullfill the requirement that | f;(x) — f57t(ac)| < ey, we set the exporation parameter § = ﬁ. In
2 Lo
1.5
addition, let the stepsize be n = m. Then, we have that o« = 4d§§"2 = 3 dT <
T2> 5= der- . Therefore, we have that 1~ < 2. Substituting this bound and the choices of 7 and J into
the bound (??), we finally obtain that
T-1 3 ~ 9
. a1 €;E[[[go(zo)ll
ZE IV f5.0(z0) %] < 2V2L3 (Bl f5,0(0)] —fa,T+WT)7T + FELlan(zo)I)
€4 2v2dT
1(d+4)2 . L2 dYWr
A4V2Lpe? ———T72 + — . 37
+4v2Lge} 1 5 T (37)

The proof is complete.

F PROOF OF THEOREM 4.3

We first consider the case where Assumption 4.1.1 holds. Note that when f;, € C''! with Lipschitz
constant L, the smoothed function f5; € C L1 with Lipschitz constant L. Therefore, following the
proof of Theorem 4.2 but replacing L s with L, we obtain that

T—1 ]E % T—1
S BV < S BT S Rl + S o
t=0 t=0

Since f; € C!, according to Lemma 2.2, we have that ||V f5+(2) — V fi(x)|| < Ly (d + 3)3/2.

Furthermore, we have that
T—1 T-1

Z]E IV £ (4)])?] ZE IV f () = V f5.0(x2) + V fs 0(20)[|]

< QE[HVf ) — Vfa,t(l’t)ll ]+ 2E[[IV fo.1 () [I°]. (39
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Next, we consider the case where Assumption 4.1.2 holds. Substituting the bound in (35) into (38)
and using the bound in (39), we obtain that

T—1
E[fs0(z0)] — f5 1% L ~ 16L
S EIV (@)} <2 2T 4 9=+ g (e0)P)n + 1 L3(d + 4T
t=0 N N o -
2dL,Wr 7 ) 52
T —a 52 +2L7{(d+ 3)°6°T, (40)
-1 — 1 _MdLgn® 1 1anq 1 tuti
Choose n = TN and 6 = o Then, o = 2 = ouT < 5 and = < 2. Substituting
these results into the above inequality, we finally obtain that
T—1 -
, LiE[[|go(x0)|?]
E[|V %] < 4v2Ly(E — i+ Wy)di T2 4 ——— L0 ]
2 IV f (@) < 4V2Lo(Elfs5.0(x0)] = fir + Wr) + 2LodiT?
d+ 4)2 201 4= d+3)3
+8VAL, Lo’ ;Z Y ‘[L 1d%WT+2L§(d+75)T%. @1
3 0 3

The proof is complete.

G PROOF OF LEMMA 5.2

Consider the case when Fy(z,£) € C%0 with Ly(€). According to (13), we have that

E[||ge(z4)|?] = E[%<Ft($t + Sug, &) — Fyor (o1 + w1, 1)) ]|
< %EKFt(CCt +dug, &) — Fi(a—1 + 5ut—1’§t))2”ut”2]

2
+ EE[(Ft(xt—l +oup—1,&) — Fy1(ze-1 + 5Ut—1,€t—1))2||ut||2]~
42)

Using the bound in Assumption 5.1 and the fact that the generation of random objective func-
tions Fy_1(+,&—1) and F;(+,&;) are independent of u;, we get that %E[(Ft(xt_l + dug—1,&) —

Fi 1(wp—1+6us_1, §t_1))2 lluel]?] < %Vﬁg. In addition, adding and subtracting F; (z;_1 + duy, &)
in (Ft (z¢ + 0w, &) — Fi(wi—1 + dug—1, ft))z in above inequality, we obtain that

4
Ellge(we) °) < 5 BI(Fu(we + dur, &) = Fulwem + ur, &) lue]|*]
4
+ S El(Ful@er + 0w, &) = Fywea + 0w, &) lud?) - (43)
2d
+ EE[(Ft(xt—l +0ur—1,&) — Fro1 (-1 + 6Ut—17§t—1))2]'

By Lipschitz continuity of F(+; &), we can bound the first two items on the right hand side of above
inequality following the same procedure after inequality (16) and get that

. 4dL2n? ~
E[[|gs(z)[|”] < 5377 E[l|ge(ae—1)[1*] + 16L5(d + 4)°
2d
+ (TQE[(Ft(a?t—l +oui—1,&) — Fro1(we—1 + 5Ut—17§t—1))2]-

The proof is complete.

H RESIDUAL-FEEDBACK CONVEX OPTIMIZATION WITH UNIT SPHERE
SAMPLING

Consider the online bandit optimization problem (P) with convex objective functions and a compact
constraint set X'. In this section, we assume that the objective function f(x) cannot be queried outside
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the constraint set X'. To satisfy this requirement, we estimate the gradient as
d
)

ge(xt) == (ft(ﬂft +0ut) — fio1(xe-1 + 5“2671))“25; (44)

where u;_1 and u; are independently and uniformly sampled from the unit sphere S := {x € R? :
||| = 1}. Consider the smoothed function f5(z) = Evcp [ f(z + dv)]|, where the random vector v is
uniformly sampled from the unit ball B = {z € R? : ||z|| < 1} . Then, we have the following lemma

Lemma H.1. The function () is an unbiased estimate of the gradient ¥V f5(x), i.e., E[gi(x;)] =
V fs(a1).

Proof. Since u; is sampled independently from z;_; and u;_1, and u; has zero mean, it is straight-
forward to complete the proof by applying Lemma 2.1 in Flaxman et al. (2005). O

To ensure that the iterates are confined within the constraint set X', we consider the update
T =gy x (@0 — nge(2)), (45)

where the set (1 — &)X := {(1 — &)z : Vo € X'} is a shrinked version of the original constraint set
X. The goal is to select a parameter ¢ so that for every z¢ € (1 — &)X, z¢ +du € X forevery u € S.
To achieve this, we first make the following assumption that is inspired by Flaxman et al. (2005);
Bubeck et al. (2012).

Assumption H.2. There exist contants r and 7 such that r/B C X C 7B.

Then, we have the following lemma.

Lemma H.3. [f the parameter £ satisfies 1 > £ > %, then for every iterate x; obtained using (45),
we have that Ty + duy € X for all us € S.

Proof. When'1 > ¢ > 2, we get that ||§ul| < &r. Therefore, there exists 2’ € rB C X such that
the vector du = &z’. Since z; € (1 — &)X, there exists z € X such that z; = (1 — §)z, and there
exists 2 € X such that du = £x’. As a result, we have that x; + du = (1 — §)x + {2’ € X. This is
because set X is convex. O

Next, we study the regret Ry := E [ ZtT:_Ol fe(xe) — mingex ZtT:_Ol ft(x)} achieved by executing
the online update (45) We do so in the following two steps. First, in Lemma H.4, we provide
an upper bound on the difference between the optimal solution that lies in the set (1 — £)X and
the one that lies in the set X, i.e., minge(_¢)x ZtT:_Ol fe(x) — mingexy ZtT:_Ol ft(x); Then, in
Theorem H.7, we bound the regret defined by the expected difference between the function values

achieved by running the update (45) and the term min, ¢ (;_¢)x ZtT;()l fi(x),ie,E [ ZtT;()l fe(zy) —

minge—g)x ZtT;()l ft(x)] . Adding the two bounds above, we can complete the proof.

In the following lemma we provide a bound on minge(;—¢)x Zz:_ol fi(x) — mingex Z;T:_Ol fe(x).

Lemma H.4. If the function f; is convex and f; € C%° with Lipschitz constant Ly for all time t, we
have that

T—1
> R@E) = fila”) < PLKET, (46)
t=0

t

S

i
=

*

where xz = argminge(—¢)x ZtT;Ol fi(z) and z* = arg min,cx ZtT;()l fi(z).

Proof. Since z* € X, we have that (1 — §)z* € (1 — §)X. Moreover, since z is the minimizer in
the set (1 — &)X, we get that

T-1 T-1
PR ACHESD PR A(CEN It (47)
t=0 t=0
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Also, since f; is convex and (1 — &)a* = (1 — &)x™ + £0, we have that

fe((T= &)™) < (1= &) f(z") + ££(0)
< (1= fi(a™) + & fe(z™) = Efe(a™) + £ £:(0)
< fe(z®) + &Lollz™|| < fe(z™) + TLo§, (48)

where the last inequality is due to the fact that * € & C 7B. Summing the inequality (48) over time,
we obtain that

T-1 T-1
DA =9a") = D fula) < TLeET. (49)
t=0 t=0

Adding up the inequalities (47) and (49) and rearranging terms completes the proof. O

Next, we study the regret E { ZtT;Ol fe(xe) —minge_g)x ZtT;Ol ft(x)} following similar steps as

in Section 3. First, we can bound the difference between the smoothed objective function f5; and f;
for every time step ¢ as follows.

Lemma H.5. Consider a function f and its smoothed version fs. It holds that

5L07 Lff € 00707
st - s < { oo TS

Proof. Recall that f5(x) = Eyep[f(z + 6v)]. Then, we have that

|[fs(z) = f(2)| = [Ever [f(z + dv) — f(2)]|
< EUEB [|f(£l? + 61}) - f($)|]
S Eve[ﬂg [L0||5’UH] (50)

Furthermore, since v € B, we have that ||6v|| < . Combining this inequality with (50), we have that
|fs(z) — f(x)| < Eyer[0Lo| = Lod. When the function f € C! with Lipschitz constant Ly, we
have that

(V7 (@), 6v) — 2L 60l < o+ 00) — (@) < (VFG),00) + ZXavl?, D)

for all v € B. Taking the expectation of (51) over v sampled uniformly from the unit ball B and
recalling that v is sampled independently from x and has zero mean, we get that

—L16% < —%]EUGB[H(;MF] < Eycn [f(x + 0v) — f(x)] < %EUGB[”&)‘H < L16%. (52
In addition, because | f5(z) — f(z)| = |Eyep [ f(z + 0v) — f(x)]], we obtain that | f5(z) — f(z)]

<
L,62. The proof is complete. O

The next lemma provides a bound on the second moment of the gradient estimate (44) under
update (45).

Lemma H.6 (Second moment). Assume that f; € C°° with Lipschitz constant Ly for all time t.

Then, under the ZO update rule in (45), the second moment of the residual feedback (44) satisfies:

4d2L2 2
i E

52 Ellge1(ze-1)IIP) + Dr, (53)

E[[|gs(z0)[|”] <
where Dy := 1642 L3 + 25 E[(fy(wi—1 + 6ur1) — fi1(z—1 + Sus_1))°].
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Proof. By definition of the residual feedback (44), we have that

~ 2 d2 2 2
Elllge(@)l’] = Bl (fe(we + 0ue) = fima(@smr + Sup—1)) ue]

2
< ZCRI(fular+ 9u) — fulmes + ) )
2

+ 2C (ol + 0ur) ~ foalzes + ) ul?) 69
< 2 pi(fu(ws 40 bup 1))
S 5T (x4 ouy) — fi(we—1 + utﬂ)) ]

2d2 2
+ ?E[(ft(xtq +oup—1) — fro1(@e—1 + 5Ut71)) 1,

where the last inequality is because u; € S. Moreover, adding and subtracting f;(x:—1 + duy) to the
term (ft(xt + oug) — fe(we—1 + 5ut,1))2 in the inequality (54), we obtain

Ell3(0) 2] < S B(fy (20 + Sur) — fulwon +6ur))?]

<5
4d? 2
+ ?E[(ft(xtfl + 0ug) — fi(zi—1 + dup—1))] (55)
2d? 2
+ FE[(ft(xtfl 4+ 0ui—1) — fr—1 (w1 + dug—1)) 7).
Since f; € C0 is Lipschitz with constant L, we further obtain that
- oy _Ad’L3 2 272 2
Elllg(ee) "] s —55— Elllze — 2e-1[7] + 4d”LoE{[lue — ue—1||"]
2d> 2
+ 672E[(ft(1‘t_1 + 5ut_1) — ft_l(xt_l + (5’U¢_1)) ] (56)

Since u; € S, we get that E[[|lus — u;—1]|?] < 4. Substituting this bound into inequality (56), we
obtain that

- 4d% 12
E[[|g(z)[?] < 52 CE[||zy — w—1]”] + 164> L3
242 ,
+ ?E[(ft(xt—l +oug—1) — fro1(@i—1 + 5ut—1)) ). (57)

Since x; = (1 _¢)x [xt_l - ng(xt_l)] . we get that ||z, — 24 1| = [TTn_g)x [:vt_l - ng(xt_l)] -
I(1—¢)x [z1—1]]] < n]lg(w¢—1)|| due to the nonexpansiveness of the projection operator onto a convex
set. Therefore, we have that

_ 4d2L2 2 _
E|ge (o)) <= T g1 (w0-1)|I?) + 164°L]
2d? 2
+ ?E[(ft(xt—l +0ut—1) — fr1(we—1 + 5Ut—1)) ] (58)
The proof is complete. O

Using Lemmas H.1-H.6, we can obtain the main theorem for online convex optimization using (45).

Theorem H.7 (Regret for Convex Lipschitz f;). Let Assumption 3.1 hold. Assume that f; € C°° is

convex with Lipschitz constant Lg for all t. Run ZO with residual feedback for T' > 7“2qu iterations
3

_ rd

———and § T
2v2LoVdT% LiT%

withn = where q € R is a user-specified parameter. Then, we have that

3

E[llgo(z0)||?]72

Ry < 4V2rdLoTH + +8V2d3 Lo T3
T 0 W2dLoT3 0
7 V2diV?
L2+ ;)Lé—q\/dﬂ% T ?quT%. (59)

0
Asymptotically, we have Ry = O((Lo + Lé_q + L02q71Vf2)\/ dfT%).

21



Proof. First, we provide a bound on the regret that compares the sum of the function values ob-
tained using (45) to that obtained for the optimizer ¢ in the shrinked constraint set (1-9Xx,1ie.,

E [ZtT;Ol fe(we) —minge_g)x ZtT;Ol fi (x)} . Since f5.(z) is convex for all ¢, we conclude that

fst(@e) = fou(x) < (Vfsi(xe),ae — ), forallz € (1 - §X. (60)

Adding and subtracting g;(z;) to V f5.(z;) in inequality (60), and taking the expectation of both
sides with respect to u, we obtain that

E|[fsu(z) — fs1(@)] < E[(Ge(20), 20 — )], (61)
Since z441 = I(1_¢)x [x1 — ng(2)], forany z € (1 — &)X we have that
241 = =l|* = T —g)a [2: = ng(xe)] = Mgy [2] ]2
<l = ng(ae) — =
= o —l” = 20(ge(x0), 20 — 2) + 021 Ga ()| (62)
Rearranging the terms in inequality (62) yields

. 1 M-
(9¢(xt), 20 — ) < %(th —z|? = [|wpg1 — 2l?) + §||gt(xt)||2. (63)

Taking the expectation of both sides of inequality (63) with respect to u; and substituting the resulting
bound into (61), we obtain that

T-1 T-1 1 n T-1
B[ D folee) = 3 fuu@)] < 5ollwo =l + SB[ S g ] (64)
t=0 t=0 t=0

Since f;(z) € C%°, we know that |fs;(z) — fi(x)] < §Lg. Therefore, we obtain

T-1 T-1 T-1 T-1
B[ filw) = > fe@)] =E[ Y forlw) = > foulx)]
t=0 t=0 t—OT X t=0 -
Z fe(xe) — foa( xt Z — fau( ))]
t=0 - t=0
||x0 a2+ ”E (S ge(@)|?] +2LodT, (65)
t=0

where we have made use of the bound in (64). Telescoping the bound in (53) overt = 1,2, ..., T — 1,

adding E||go(z0)||?] to both sides, and adding 4d” LO" E[||gr—1(z7_1)||?] to the right hand side,
we obtain that

T-1 21,2
1 16 2d<Vz 1
< — E[|g 24— @PI2T LT 66
B3 ] < Bl + o Tl
where a = w. Substituting the bound in (66) into (65) yields
5 g y
T-1 T-1 . 16
felw) = > ful)] ||5U0 -zl + Y E[l|go(z0)l1?] + T o ad2LgTIT
t=0 t=0
2d? V]? n
+2Ly0T + —T. (67)

a 52
Since inequality (67) holds for all z € (1 — ¢ )X , we can replace « in (67) with x¢. Furthermore,
using Lemma H.4, we have that

T—

1
Z fe(@g) = fi(a*) < FLoET. (68)
0

t=
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Summing inequalities (67) and (68), we obtain

T—1
E[;ft(lit fo g 27”1107$Z“2+ﬁE[”§O(IO)Hz] 16

d2L2

52 TPy FLeeT, (69)

where [|lzg — 2% [|* < 47, According to Lemma H.3, we can select { = 2 to guarantee that all iterates

3
s + dup € X for all uy € S. Furthermore, letn = —>—— and § = ,where g € Ris a
t t t n 2fL0fT4 LOT1 4
4d?L2n?

user-specified parameter. Then, o« = —5— = _2L2q <1 5 whenT" > 2L . Substituting these
parameter values into (69), we obtain that

T-1 T-1 s E[]lgo(zo)I? ]f% .
E[Y fuw) = Y file®)] < aVerdLTH + =02V T | 8\/2d3 Lot T
t=0 t=0

2V/2dLo T4
F 2+ ;)L};q\/dﬂ% + L2 N2 VAT, (70)
The proof is complete. O

I DISCUSSION ON ONLINE OPTIMIZATION WITH ADVERSARIES

In Section 2, we consider online optimization problems where the sequence of the objective functions
{ft}+ is randomly generated and is independent of the agent’s decisions. This assumption is satisfied
when the non-stationarity of the environment is caused by the nature. In this section, we consider
a different scenario where the objective function is selected by an opponent. Specifically, at time ¢,
the agent selects a decision x; + duy, then the opponent selects a objective function f; according to
the history information H; = {x¢ + dug, fo,...,Tt—1 + dus—1, ft—1,2+ + dus } to maximize the
agent’s regret.

When the gradient estimator (3) is applied, where the searching direction u, is sampled from Gaussian
distribution A/(0, I'), we have the following Lemma in adversarial scenario.

Lemma L1 (Second moment). Assume that f; € C°° with Lipschitz constant Ly for all time t. Then,
under the ZO update rule in (4), the second moment of the residual feedback satisfies: for all t,

. 4dLEn?
Eflgi ()”) € 58 El[gi-1 (x| + D, an

where Dy = 16L2(d + 4)2 + 521E[(ft(xt,1 +Sur 1) = froa (w1 + dur 1))’ Jue))?].

Proof. The proof is essentially the same as the proof of Lemma 2.6, except that the bound
E[(ft(l‘t—i +ou—1) = fio1(ze—1 + 5ut—1)) [l | ] < ?;glE[(ft(xt—l +ous—1) = fro1(ze—1 +

5ut,1)) 2] used under (14) does not apply in the adversary case, because the selection of the function
ft depends on u;. Since the other derivations in the proof of Lemma 2.6 does not rely on the
independence between u; and fy, they still hold. It is straightforward to obtain the bound in (71). [

Next, we present the assumptions on the adversary agent for online convex optimization problems.
Assumption L.2 (Bounded Adversary). Given the history H;, the adversary agent selects a function
ft such that for all time t there exists a constant Vf2 that satisfies

| fi(@em1 4 0ug—1) — fr1 (21 + Sug—1)|* < Vf2~ (72)

Then, within the expectation term in D; in the bound (71), for any realization of the random vector

uy, the bound (fi(zi—1 + dug—1) — fro1(zi—1 + 6ut,1))2 < Vf2 holds according to Assumption 1.2.
Therefore, we have that

ZE[(fiweos + Sue1) — foor (e + 0u1)) uel?) <

2d
E[VFluel?] < (TQVJ?. (73)

| v
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Therefore, after combining Lemma 1.1 and Assumption 1.2, we can achieve the bound on the second
moment E [||§t(xt) HQ]

~ 4dLEn?
E[Hgt(xt)HQ} 5; ]E[Hgm(wtfl)llz] + 16L%(d+ 4)

2d

52 Vf (74)
This is the same bound we obtained by combining Lemma 2.6 and Assumption 3.1. And it can be
used to obtain (23) in the proofs of Theorems 3.2, which is also used in 3.4. Then, it is straightforward
to follow the same proofs of Theorems 3.2 and 3.4 to get the same regret bounds in online convex
optimization problems under adversarial environment.

Finally, we present the assumptions on the adversary agent for non-stationary non-convex optimization
problems.

Assumption L.3. From time t = 0 to T, the adversary agent selects a sequence of objective functions
{ft} such that

1. There exists a constant W that satisfies Zthl Efs.t(xt) — fsp—1(z)] < Wy, where the
expectation is taken with respect to x.

2. Attimet > 1, given the history Hy, the adversary agent selects a function f; such that there exists
a constant Vf%t that satisfies

| fe(meo1 + 6up—1) — fro1(me—1 + due—1)|* < V7, (75)

Furthermore, we have that

T
SVZ, < W (76)

t=1

Different from Assumption 1.2, where at each time ¢, the adversary should select a function f;
according to a uniform function variation bound VfQ, Assumption 1.3.2 allows the adversary to select

ft according to a varying function variation bound V2 However, there also exists a budget WT for
the adversary, which represents the total variation on the functions that the adversary is allowed to
make from time ¢ = 0to 7T

Then, similar to the discussion under Assumption 1.2, within the expectation term in D, in the
bound (71) for any realization of the random vector w, the bound ( fe(xe—1 +ous—1) — fi—1(xe—1 +

ous— 1)) < Vf2 holds at time ¢ according to Assumption 1.3. Therefore, we can combine Lemma I.1
and Assumption .3 and use similar derivation in (73) to achieve the same bounds in (34), (35) and
(38), which are used in the proof of Theorems 4.2 and 4.3. The other part of the proofs remains the
same. Therefore, by combining Lemma I.1 and Assumption 1.3, we achieve the same regret bounds in
Theorems 4.2 and 4.3 in online non-stationary non-convex optimization problems under adversarial
environment.

J  PROOF OF THE SECOND MOMENT BOUND (8)

Leta = 4d

{;Z , using (5), we have that
E[ge(@)l?] < o'Ell[go(xo)[*] + iat‘ij, forallt > 1. (77)
According to Assumption 3.1, we obtain that
E[[|g(x0)|I”] < «'E[[|go(x0)[*] + Zt:at‘j(16L%(d+ 4)% + 5fvf) forallt > 1. (78)
j=1

Therefore, we get that

2d

E[]|ge(0)[|?] < max {E[H@o(xo)\\z], -, &' E[[|go(wo) 7] + Z o' (16L5(d +4)* + 5 V7).
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Next, we show that this inequality is equivalent to

Ellge(e0l?] < max {Bllgo(zo) Y, 1—

(16Lg(d F4)? 4 %’vﬁ) } (79)

To see this, observe that the sequence {E[HQO(xO)HQ], o o' E|[go (o) 2] + X5, oI (16L3(d +
42 4+34V7),. .. } is monotonic. This is because if E[||Go(0)||?] > aE[||go(z0)||?]+ 16 L3 (d+4)%>+
%Vf?, then we can multiply both sides by o and add 16 L3 (d + 4)2 + g—giQ to both sides and get that
aE[||Go(w0) ||| + 16 L5 (d+4)* + 35 V7 > o’E[||go(x0) |*] + (16 L (d+4) + 34 V7) + (16 L§(d+
4)2 + ?—giQ). Using mathematical induction we can show that the sequence is monotonically non-
increasing. Similarly, if E[||go(0)]|?] < oE[[|go(z0)||*] + 16L5(d + 4)* + 32 V7, then we can show

that the sequence is monotonically non-decreasing and converges to ﬁ (16L(2)(d +4)% + %Vf) .
Therefore, the proof is complete.
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