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Abstract Electromagnetic ion cyclotron (EMIC) waves lead to rapid scattering of relativistic electrons in
Earth's radiation belts, due to their large amplitudes relative to other waves that interact with electrons of this
energy range. A central feature of electron precipitation driven by EMIC waves is deeply elusive. That is,
moderate precipitating fluxes at energies below the minimum resonance energy of EMIC waves occur
concurrently with strong precipitating fluxes at resonance energies in low‐altitude spacecraft observations. This
paper expands on a previously reported solution to this problem: nonresonant scattering due to wave packets.
The quasi‐linear diffusion model is generalized to incorporate nonresonant scattering by a generic wave shape.
The diffusion rate decays exponentially away from the resonance, where shorter packets lower decay rates and
thus widen the energy range of significant scattering. Using realistic EMIC wave packets from δf particle‐in‐cell
simulations, test particle simulations are performed to demonstrate that intense, short packets extend the energy
of significant scattering well below the minimum resonance energy, consistent with our theoretical prediction.
Finally, the calculated precipitating‐to‐trapped flux ratio of relativistic electrons is compared to ELFIN
observations, and the wave power spectra is inferred based on the measured flux ratio. We demonstrate that even
with a narrow wave spectrum, short EMIC wave packets can provide moderately intense precipitating fluxes
well below the minimum resonance energy.

Plain Language Summary Electromagnetic ion cyclotron (EMIC) waves are one of the most
important plasma emissions in the near‐Earth space. When electrons experience an approximately constant
EMIC wave phase in gyration, they resonate with these waves and are scattered to precipitate to the Earth's
upper atmosphere. Such cyclotron resonance between electrons and EMIC waves are typically above 1 MeV of
electron energy. However, spacecraft at low Earth orbit often observe that electrons in the hundreds of keV
range, which are not in resonance with EMIC waves, precipitate simultaneous with those >1 MeV. Strongly
modulated EMIC wave packets are promising in precipitating the sub‐MeV electrons through nonresonant
interactions. Here, the theoretical model of nonresonant scattering is verified for realistic EMIC wave packets
from self‐consistent computer simulations. EMIC wave power spectra are inferred from electron precipitation
measurements by ELFIN. Short EMIC wave packets are shown to give a better agreement between the
theoretical and observed precipitating‐to‐trapped flux ratios.

1. Introduction
Relativistic electrons in Earth's radiation belts, at energies from hundreds of keV to several MeV, pose a sig-
nificant threat to spacecraft and astronauts, by causing deep dielectric charging and high levels of radiation dose
(Hands et al., 2018; Horne et al., 2021). Such electrons can also be scattered into the loss cone to penetrate down
to the ionosphere and upper atmosphere, altering the ionospheric conductance (R. Robinson et al., 1987; Ridley
et al., 2004; Khazanov et al., 2018) or driving loss in the ozone layer (Rozanov et al., 2012; Seppälä et al., 2015;
Thorne, 1980). The dynamic variation of the relativistic electron flux is controlled by a complex interplay be-
tween acceleration, transport, and loss processes (Li & Hudson, 2019; Shprits et al., 2008; Thorne, 2010). Despite
other loss mechanisms (e.g., magnetopause shadowing at the dayside, field line curvature scattering at the
nightside; see Turner et al., 2012; Sorathia et al., 2018; Sergeev & Tsyganenko, 1982; Artemyev et al., 2013), the
focus of this paper is on the precipitation of relativistic electrons caused by electromagnetic ion cyclotron (EMIC)
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waves (Blum et al., 2015; Grach & Demekhov, 2020; Kubota & Omura, 2017; Shoji & Omura, 2012; Shprits
et al., 2017; Thorne & Kennel, 1971; Usanova et al., 2014). Because EMIC wave amplitudes, ranging between 0.1
and 10 nT (Min et al., 2012; Zhang et al., 2016), are considerably larger than other waves (e.g., whistler‐mode
waves) that can interact with relativistic electrons, scattering can be very rapid, especially during the main
phase of a geomagnetic storm, when the waves are intensified. The large‐amplitude (>1 nT) EMIC waves are
typically observed during geomagnetic active times in the dayside outer magnetosphere and dusk‐to‐noon inner
magnetosphere (Keika et al., 2013; Ross et al., 2021; Usanova et al., 2012; Zhang et al., 2016).

EMIC waves are left‐hand polarized plasma emissions below the proton gyrofrequency in the Earth's magne-
tosphere. They are excited by the pitch‐angle anisotropy of ring current ions (T⊥ > T‖; T⊥ and T‖ being
perpendicular and parallel temperatures, respectively) through the cyclotron resonant instability (e.g., Kennel &
Petschek, 1966; Min et al., 2015; Shoji & Omura, 2013). This enhanced anisotropy can be provided by injections
from the plasma sheet (Chen et al., 2010; Jun et al., 2021; Remya et al., 2020; Yahnin et al., 2021), by solar wind
dynamic pressure increases (Chen et al., 2020; Jun et al., 2019; Xue et al., 2021; Yahnin et al., 2019), and by ultra‐
low‐frequency wave modulation (Rasinkangas & Mursula, 1998; Loto’Aniu et al., 2009). EMIC waves are often
observed to be amplitude modulated and appear as strong, short packets (having a peak amplitude comparable to
or larger than 1 nT and a few wave periods in each packet; e.g., Jacobs et al., 1964; Obayashi, 1965; Perraut
et al., 1984; Fraser, 1985; Fraser et al., 2006; Usanova et al., 2010; Shoji et al., 2018; An et al., 2022; Grach et al.,
2021). Two examples of such EMIC wave packets observed the fluxgate magnetometer (Kletzing et al., 2013) on
Van Allen Probe A are shown in Figure 1. The modulation of EMIC waves may be caused by ion cyclotron

Figure 1. Examples of EMIC wave packets observed by Van Allen Probe A. Panels (a) and (b) show relatively long and short
wave packets, respectively. The field‐aligned coordinate system is used. The z direction is defined along the background
magnetic field. The y direction is defined along the cross product of z and Geocentric Solar Ecliptic (GSE) x. The x direction
completes the Cartesian coordinate system. The shown magnetic field component is in the x direction of the field‐aligned
coordinate.
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trapping (see Shoji et al., 2017) during the excitation of EMIC waves (see discussions in Tao et al., 2017a;
Trakhtengerts et al., 2004; O’Neil, 1965, for analogous modulations of whistler and Langmuir waves), by multi‐
frequency interference, or even by ultralow frequency waves (e.g., Liu et al., 2019).

To resonate with the left‐hand polarized EMIC waves, electrons must overtake the wave so that the wave polar-
ization is reversed in the electron frame and the Doppler‐shifted wave frequency matches the electron gyrofre-
quency. This is only possible above a certain minimum resonance energy (usually ≥1 MeV) (Ni et al., 2015;
Summers & Thorne, 2003). However, detailed comparisons between low‐altitude spacecraft observations and
theoretical predictions of precipitating electrons reveal a significant discrepancy. That is, electrons in the hundreds
of keV energy range, which are well below the minimum resonance energy of EMIC waves, are often observed to
precipitate simultaneously with those at ≥1 MeV (Capannolo et al., 2019; Hendry et al., 2017; Yahnin et al., 2016).
This discrepancy cannot be resolved by the inclusion of hot plasma dispersion relation of EMIC waves (Cao
et al., 2017; Chen et al., 2019). Nonresonant scattering by wave packets of finite size, on the other hand, is a
promising mechanism to extend the energy range of efficient scattering well below the minimum resonance energy
(An et al., 2022; Chen et al., 2016). The main idea is that electrons experience a net change in magnetic moment
(i.e., the first adiabatic invariant) when the variation of wave amplitude is significant in one wave length, even if
electrons are away from the resonance. Such change in the electron magnetic moment is accumulated over a certain
number of wave lengths, and thus nonresonant electrons can be scattered. Equivalently, fast variations of wave
amplitude introduce a spread of power in wavenumber space, extending the “effective” resonance energy.

Nonresonant interactions have applications in a wide range of contexts. For example, electron interactions with
intense, localized Langmuir wave packets involve transit‐time (nonresonant) scattering (Goldman, 1984; P.
Robinson, 1997), which occur in the auroral ionosphere (Muschietti et al., 1994), solar wind (Krafft et al., 2013;
Rowland & Papadopoulos, 1977; D. A. Gurnett & Anderson, 1976), planetary bow shocks (Kellogg, 2003;
Anderson et al., 1981; D. Gurnett et al., 1981), ionospheric‐modification experiments (DuBois et al., 1993),
electron‐beam experiments (Leung et al., 1982; Sun et al., 2022), and laser‐plasma experiments (Rubenchik &
Zakharov, 1991). In addition, electron interactions with time domain structures (i.e., electric field spikes) are a
case of nonresonant scattering, occurring in planetary magnetospheres and auroral ionosphere (Mozer et al., 2015;
Vasko et al., 2017). Such nonresonant effects naturally complement the classical quasi‐linear theory of resonant
diffusive scattering (Andronov & Trakhtengerts, 1964; Drummond & Pines, 1962; Kennel & Engelmann, 1966;
Vedenov et al., 1962), and provide an effective extension of scattering rates below resonance energies (An
et al., 2022). The aim of this study is to provide the full theoretical basis and tool for accounting for nonresonant
electron scattering by EMIC waves in radiation belt models.

This paper is organized as follows. In Section 2, a detailed description of how to incorporate nonresonant in-
teractions into the quasi‐linear diffusion framework is provided. In Section 3, the theoretical predictions are
verified against electron scattering by realistic EMIC wave packets from δf‐PIC simulations. In Section 4,
magnetic power spectra are inferred from statistical ELFIN observations of relativistic electron precipitation. This
study is summarized and concluded in Section 5.

2. Theoretical Model of Nonresonant Wave‐Particle Interactions
Most of the materials presented in this section can be found in two publications by An et al. (2022) and Grach and
Demekhov (2023). However, we prefer to rederive the main equations and supplement them with additional
explanations to provide self‐contained derivations and model verification.

2.1. Equation of Motion

The equation of motion for an electron moving through an EMIC wave packet propagating along the geomagnetic
field line is

du
dt

= −
e
m

[δE +
u × (B0 + δB)

γc
], (1)

where t is time, u is the relativistic velocity, − e and m are the charge and mass of the electron, c is the speed of
light, γ is the Lorentz factor, δE and δB are the electric and magnetic fields of the wave packet, and B0 is the
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Earth's dipole magnetic field. The EMIC wave fields of frequency ω, wavenumber k and magnetic amplitude
Bw are

δBx = Bwg(z)cos(ϕ), δBy = Bwg(z)sin(ϕ), δBz = 0,

δEx =
ω
kc

δBy, δEy = −
ω
kc

δBx, δEz = 0,
(2)

where z is the field‐aligned coordinate, x and y are the two perpendicular coordinates, ϕ = ∫(kdz − ωdt) is the
wave phase, and g(z) is the spatial wave shape function. Note that k is the main wavenumber of the EMIC wave
packet. The relationships between E and B in Equation 2 are approximate because of the plane wave assumption.
A reduced dipole field model (Bell, 1984) is adopted to describe the geomagnetic field B0:

B0z = Beq (1 + ξz2), B0x = −
x
2

∂B0z

∂z
, B0y = −

y
2

∂B0z

∂z
, (3)

where Beq is the magnetic field at the equator, ξ = 9/ (2L2R2
E) , L is the L‐shell number, and RE is the Earth's

radius. Along electron gyro‐orbits, the two perpendicular coordinates in Equation 3 are given by x = uy /ωce and
y = − ux /ωce, where ωce(z) = eB0z(z)/mc is the electron gyrofrequency. It is assumed that the particle gyroradius is
much less than LRE in this reduced dipole field model. Plugging the wave fields [Equation 2] and the background
magnetic field [Equation 3] into Equation 1, we obtain

dux

dt
= −

e
m

[− (
uz

γc
−

ω
kc

)δBy +
uy

γc
B0z −

uxuz

2γcωce

∂B0z

∂z
],

duy

dt
= −

e
m

[(
uz

γc
−

ω
kc

)δBx −
ux

γc
B0z −

uyuz

2γcωce

∂B0z

∂z
],

duz

dt
= −

e
m

[
uxδBy − uyδBx

γc
+

u2
x + u2

y

2γcωce

∂B0z

∂z
].

(4)

Velocities (ux, uy, uz) are transformed to new variables (I, φ, γ), where I = m(u2
x + u2

y)/ (2ωce) is the electron
magnetic moment, φ = ϕ − arctan (uy /ux) is the phase angle between the particle perpendicular velocity and the

wave magnetic field, and the Lorentz factor is γ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + (uz/c)
2

+ 2ωceI/ (mc2)

√

. The equation of motion can
rewritten as.

dI
dt

= (
uz

γ
−

ω
k

)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2I

mc2ωce

√

eBwg(z)sin φ, (5)

dφ
dt

=
kuz

γ
− ω −

ωce

γ
+ ωce,eq

̅̅̅̅̅̅̅̅̅̅̅
mc2

2ωceI

√

(
uz

γc
−

ω
kc

)
Bw

Beq
g(z)cos φ, (6)

dγ
dt

= − ωce,eq
ω

γkc

̅̅̅̅̅̅̅̅̅̅̅
2ωceI
mc2

√
Bw

Beq
g(z)sin φ, (7)

Where uz = γdz/ dt = c
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ2 − 1 − 2ωceI/ (mc2)

√
. Because the wave phase velocity is much smaller than the

electron velocity near gyroresonance (ω/k ≪ uz /γ), electrons are dominantly scattered in pitch angle while their
energies are approximately constant (γ = constant). This is equivalent to neglecting electric field. Furthermore,
the last term in Equation 6 is only important for very small pitch angles, which can be neglected for our appli-
cation. It will be convenient to use z as the independent variable. Thus the equation of motion is simplified as.

dI
dz

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2I

mc2ωce(z)

√

eBwg(z)sin φ, (8)

dφ
dz

= k −
ωce(z)/c

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ2 − 1 − 2ωce(z)I/(mc2)

√ . (9)
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2.2. Perturbation Analysis

For resonant interactions with large‐amplitude EMIC waves, the perturbation analysis with the assumption of
small‐amplitude waves is invalid. However, for nonresonant interactions, the particle orbits do not deviate much
from the zeroth‐order gyro‐orbits even with large‐amplitude waves, making the perturbation analysis appropriate.
In addition, short EMIC wave packets can disrupt nonlinear resonance effects, causing the wave‐particle resonant
interaction to revert to a classical, diffusive scattering regime. For interactions with the modulated wavefield,
using the perturbation method, the first‐order change of the electron magnetic moment is obtained by integrating
dI/dz along the zeroth‐order orbit

ΔI = ∫

zu

zl

dz′

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2I0

mc2ωce (z′)

√
√
√
√ eBwg(z′) sin(φ(z′)), (10)

where the phase angle is

φ(z) = φ0 + ∫

z

zl

dz′

⎛

⎜
⎜
⎜
⎜
⎝
k −

ωce (z′)/c
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

γ2 − 1 − 2ωce (z′) I0/(mc2)

√

⎞

⎟
⎟
⎟
⎟
⎠

= φ0 + φR(z), (11)

zl and zu are the lower and upper boundaries of the wave packet, respectively, I0 is the zeroth‐order electron
magnetic moment, and φR(z) denotes the integral.

The variance of electron magnetic moment is

⟨(ΔI)
2
⟩ =

2I0e2B2
w

mc2 ∫

zu

zl

dz′∫
zu

zl

dz′′
g(z′) g(z′′)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ωce (z′)ωce (z′′)

√ ⟨sin φ(z′) sin φ(z′′)⟩

=
I0e2B2

w
mc2 ∫

zu

zl

dz′∫
zu

zl

dz′′
g(z′) g(z′′)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ωce (z′)ωce(z′′)

√ cos[φR (z′) − φR(z′′)]

=
I0e2B2

w
mc2ωce (zc)

⃒
⃒
⃒
⃒
⃒
⃒
∫

zu

zl

dz′g(z′)eiφR(z′)

⃒
⃒
⃒
⃒
⃒
⃒

2

,

(12)

where 〈⋅〉 represents the ensemble average over φ0, and zc is the center of the wave packet. Because ωce varies with
z on the scale ξ− 1

2 (∼LRE), which is large compared to the size of those wave packets, ωce (z′) is approximated as
ωce (zc) and is taken it out of the integral.

The scattering factor is defined as (An et al., 2022; Grach & Demekhov, 2023)

G =

⃒
⃒
⃒
⃒
⃒
⃒
∫

zu

zl

dz′g(z′)eiφR(z′)

⃒
⃒
⃒
⃒
⃒
⃒

2

(13)

that controls the electron scattering by a wave packet. This quantity might be nonzero under two scenarios. The
first scenario occurs when the shape function g(z) changes rapidly (i.e., peak‐to‐peak wave amplitude changes
significantly in one cycle) so that the electron magnetic moment has a net change in one wave period (An
et al., 2022; Chen et al., 2016; Grach & Demekhov, 2023). Such changes in the electron magnetic moment
accumulate over a certain interaction length, leading to nonresonant scattering. Some examples include electron
scattering by equatorially confined magnetosonic waves (Bortnik et al., 2015; Bortnik & Thorne, 2010) and by
time domain structures around injection fronts (Vasko et al., 2017). The second scenario occurs when the phase
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angle φR stays almost stationary near the resonance dφR/dz = 0, leading to resonant scattering. The electrons of
interest in this study are those that do not have sufficiently high energies to resonate with EMIC waves, but may
still be scattered if they are close to the resonance, causing both effects described above to have a contribution to
the net scattering.

2.3. Resonance Condition

The wave shape function is Fourier analyzed in wavenumber space, g(z) = ∫∞
− ∞dκ ĝ(κ)eiκz, where κ is the

wavenumber. The scattering factor is thus rewritten as

G =

⃒
⃒
⃒
⃒
⃒
⃒
∫

∞

− ∞
dκ ĝ(κ)∫

Ψu

Ψl

dΨ
Ψ̇(z)

eiΨ

⃒
⃒
⃒
⃒
⃒
⃒

2

, (14)

where Ψ(z) = κz + φR(z), Ψl = Ψ(zl), and Ψu = Ψ(zu). The phase angle Ψ varies rapidly except in the vicinity of the
singularity Ψ̇(z) = dΨ/ dz = 0, that is, the resonance condition, where the phase integral is nonzero. The reso-
nance location z0 is determined by

Ψ̇
⃒
⃒
⃒
z=z0

= κ + k −
ωce (z0)

c
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ2 − 1 − 2ωce (z0) I0/(mc2)

√ = 0. (15)

By solving this resonance condition, we obtain

z0 =

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(
ωce,R
ωce,eq

− 1)/ξ

√

for ωce,R ⩾ ωce,eq (resonant),

± i

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(1 −
ωce,R
ωce,eq

)/ξ

√

for ωce,R < ωce,eq (nonresonant),

(16)

where

ωce,R = (κ + k)
2c2 [− (I0/mc2) +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(I0/mc2)
2

+ (γ2 − 1)(κ + k)
− 2c− 2

√

]. (17)

The resonance location is on the real z‐axis for resonant electrons, whereas it moves to the complex z plane for
nonresonant electrons.

It is useful to map the resonance location from z0 to the phase angle Ψ0:

Ψ0 = ∫

z0

zl

dz(κ + k −
ωce(z)

c
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ2 − 1 − 2ωce(z)I0/(mc2)

√ )

= (∫

Re(z0)

zl

dz + ∫

z0

Re(z0)

dz)(κ + k −
ωce(z)

c
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ2 − 1 − 2ωce(z)I0/(mc2)

√ )

= Re(Ψ0) + iIm(Ψ0).

(18)

For resonant interactions, it suffices to know that Ψ0 is a real number. For nonreosnant interactions, the imaginary
part of phase angle can be calculated explicitly:

Im(Ψ0) =
1

2
̅̅̅
ξ

√ {− (1 −
ωce,R

ωce,eq
)

1/2

[
3(κ + k)

2
+

(κ + k)

2
(1 +

γ2 − 1
(κ + k)

2
(I0/mc)

2)

1/2

]

+
(γ2 − 1) mc2 + 2I0ωce,eq

(2I0)
3/2

(ωce,eq/m)
1/2 ln

⎡

⎢
⎢
⎢
⎢
⎢
⎣

(
(γ2 − 1)mc2

2I0ωce,eq
− 1)

1/2

(
(γ2 − 1)mc2

2I0ωce,eq
−

ωce,R
ωce,eq

)
1/2

− (1 −
ωce,R
ωce,eq

)
1/2

⎤

⎥
⎥
⎥
⎥
⎥
⎦

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

,

(19)
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which will be useful later in the evaluation of scattering rates.

2.4. Resonant and Nonresonant Regimes

Most of the contribution to the scattering factor G comes from the vicinity of the resonance location z0. Ψ(z) and
Ψ̇(z) are expanded as Taylor series about z = z0.

Ψ(z) = Ψ0 +
1
2
Ψ̈0(z − z0)

2, (20)

Ψ̇(z) = Ψ̈0 (z − z0), (21)

Where

Ψ̈0 =
d2Ψ
dz2 (z0) = −

1
c

dωce (z0)

dz
[γ2 − 1 −

ωce (z0) I0

mc2 ][γ2 − 1 −
2ωce (z0)I0

mc2 ]

− 3
2

. (22)

Using these Taylor expansions, Ψ̇(z) may be expressed in terms of Ψ as

Ψ̇(z) = [2Ψ̈0 (Ψ − Ψ0)]

1
2

. (23)

The phase integral inside the scattering factor G is thus written as

∫

Ψu

Ψl

dΨ
Ψ̇(z)

eiΨ =
1

(2Ψ̈0)

1
2

eiΨ0 ∫

Ψu

Ψl

dΨ
(Ψ − Ψ0)

1
2
ei(Ψ− Ψ0). (24)

Because the fractional power of Ψ − Ψ0 occurs in the denominator, Ψ0 is a branch point such that the contour of
this integral should go through an arbitrarily small circuit around Ψ0. Such contours are shown in Figure 2 for
resonant and nonresonant interactions. The phase integral only survives on the branch cuts labeled CU and CL for
either resonant or nonresonant regimes. In the latter regime, the phase integral can be evaluated as

∫

Ψu

Ψl

dΨ
Ψ̇(z)

eiΨ = (
2π
Ψ̈0

)

1
2

e
i(Ψ0+π

4), (25)

which has the same form in the resonant case except for a trivial phase factor − 1. The detailed calculation of the
phase integral is given in Appendix A. It is noted that Equation 24 has a singularity for the resonant interaction at
the equator because of Ψ̈0 (z0 = 0) = 0. The treatment of this interaction can be found in Grach and
Demekhov (2023).

Thus, for both resonant and nonresonant interactions, the scattering factor can be unified in one formula:

G = 2π

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

∫

∞

− ∞
dκ ĝ(κ)

eiΨ0

(Ψ̈0)

1
2

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

2

. (26)

In the limit of infinitely long wave packet g(z) = 1 associated with ĝ(κ) = δ(κ), we obtain

G = 2π
e− 2Im(Ψ0)

|Ψ̈0|
. (27)
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For resonant interactions, we have Im (Ψ0) = 0 and the exponential factor e− 2Im(Ψ0) = 1. The scattering rate
exponentially decays away from the resonance, and the decay rate is controlled by the imaginary part of the
resonance location in the complex Ψ plane. The denominator |Ψ̈0|∝|dωce (z0)/ dz| [see Equation 22] recovers the
dependence of scattering rate on the inhomogeneity of background magnetic field in the narrowband limit
(Albert, 2010).

2.5. Bounce‐Averaged Pitch Angle Diffusion Rate

The equatorial pitch angle is related to the magnetic moment through

sin2αeq =
2ωce,eqI

(γ2 − 1) mc2 . (28)

The variance of the change of the equatorial pitch angle is given by

⟨(Δαeq)
2
⟩ =

ωce,eq/(mc2)

2I0 [γ2 − 1 − 2ωce,eqI0/(mc2)]
⟨(ΔI)

2
⟩. (29)

Statistically, we let N wave packets fill a field line over the time scale of one bounce period τb. Each packet has an
amplitude δBi and a scattering factor Gi (i = 1, 2, …, N). Based on Equations 12 and 29, the bounce‐averaged
pitch angle diffusion rate is

Dαα =
〈(Δαeq)

2〉
2τb

=
e2ωce,eq

4(γ2 − 1) m2c4 cos2αeqωce (zc)τb
∑
N

i=1
δB2

i Gi. (30)

3. Effects of Wave Modulation on Energetic Electron Scattering
Depending on the wave shape function g(z) of each wave packet, the energy range of efficient electron scattering
can be greatly extended for short wave packets [see Equation 15 and discussions in, for example, An et al. (2022)].
Thus, it is important to use realistic wave packets to scatter electrons (Grach et al., 2021), in terms of both the wave
shape and number of wave periods in each packet. To this end, PIC simulations are performed to generate EMIC
wavepackets and then evaluate electron scattering rates by these EMIC waves using test particle simulations.

3.1. Computational Setup

The OSIRIS PIC framework (Fonseca et al., 2002, 2013) is extended here to simulate the excitation of EMIC
waves in a simplified dipole magnetic field. The simulations have one dimension (z) in configuration space and

Figure 2. Two regimes of resonance locations in (Re(Ψ), Im(Ψ)) and the associated contours of phase integral in Equation 24. (a) Resonant regime. The resonance
location Ψ0 is on the real axis. The phase integral in Equation 24 extends from (Ψl, Ψ0 + δ), around Ψ0 counter‐clockwise and back to (Ψ0 + δ, Ψu), where δ is a small
positive number. Such integration path is called the Hankel contour (Krantz et al., 1999). (b) Nonresonant regime. Ψ0 is in the upper half plane. The phase integral in
Equation 24 extending along the real‐Ψ axis from Ψl to Ψu is deformed into the upper half of the plane.
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three dimensions (vx, vy, vz) in velocity space. Because the most efficient nonresonant scattering occurs close to
the equator, where EMIC waves propagate parallel to the background magnetic field, the restriction of one‐
dimensional spatial domain does not affect the main results. The computational domain spans − 163.84 ≤ z/
di ≤ 163.84 with a cell length 0.16 di, where di = c/ωpi is the ion inertial length, and ωpi is the reference ion plasma
frequency. The background magnetic field is given by Equation 3 with ξ = 7.05 × 10− 5 d− 2

i , roughly corre-
sponding to the magnetospheric location L‐shell 7.5 and the plasma density 3 cm− 3. These magnetospheric
conditions also give ωce/ωpe = 0.128, where ωce is the electron gyrofrequency and ωpe is the plasma frequency.
Because the ion‐to‐electron mass ratio in the simulations is 100, the normalized equatorial magnetic field is ωci,eq/
ωpi = 0.0128. The electric and magnetic fields are advanced by integrating the Ampere's and Faraday's Laws,
respectively, using the leapfrog scheme. The particle position and velocity are updated using dz/dt = vz = uz /γ and
Equation 4, respectively. The two ion components, warm and hot, have densities nw = 0.93n0 and nh,eq = 0.07n0,
respectively, where n0 is the reference plasma density. The initial warm ion distribution is an isotropic Max-
wellian with a thermal velocity vT,w/vA = 0.156, representing ions of ionospheric origin. The hot ions are
initialized as a bi‐Maxwellian, representing the injected ion population from the plasma sheet. They have
perpendicular and parallel thermal velocities at the equator vT⊥h,eq/vA = 1.73 and vT‖h,eq/vA = 0.707, respectively,
which gives an anisotropy A = v2

T⊥h,eq/ v2
T‖h,eq − 1 = 5. This anisotropy is higher than the typically observed

values (Yue et al., 2019), leads to larger saturation amplitude, and may even alter the wave dispersion relation.
Nonetheless, such anisotropy is chosen to reduce the saturation time, thereby lowering the computational cost.
Because of this anisotropy, the thermal velocities and density of hot ions are adiabatically mapped to higher
latitudes as

vT‖h(z) = vT‖h,eq,

vT⊥h(z) = vT⊥h,eq[1 + A(1 −
1

1 + ξz2)]

− 1
2

,

nh(z) = nh,eq[1 + A(1 −
1

1 + ξz2)]

− 1

.

(31)

The Maxwellian electrons act as a warm fluid for EMIC wave generation, and have an initial thermal velocity vT,e/
vA = 4.69. Particles are reflected back to the system when they strike the boundary. The simulation box is large
enough so that the waves do not reach the boundary during the time span of the simulation. Considering the
limitations of PIC simulations (e.g., small ion‐to‐electron mass ratio, high ion anisotropy), it is necessary to note
that the simulated wave packets may not fully capture certain features of the observed wave packets.

Since the nonresonant scattering rate decays exponentially away from resonance, a high signal‐to‐noise ratio is
needed to distinguish the nonresonant scattering from the “apparent” spread of pitch angle caused by the particle
noise. Otherwise, the spread of pitch angle away from resonance may be dominated by the particle noise. To this
end, the low‐noise δf method is implemented in our simulations (Denton & Kotschenreuther, 1995; Parker &
Lee, 1993; Sydora, 2003; Tao et al., 2017b). In the δf‐PIC method, a weight w = δf/f is assigned to each particle,
where f is the total distribution function of a species, and δf = f − f0 is the difference between f and the equilibrium
distribution f0. Besides the standard steps in a PIC loop, after every particle push, the weight is updated using

dw
dt

= − (1 − w)
1
f0

[
q
m

(δE +
1
c

v × δB) ⋅
∂f0
∂p]. (32)

In the deposition of current density, the contribution from each particle is multiplied by its weight w. Because the
same number of particles are used to sample the perturbed distribution δf instead of the full distribution f, the
perturbed distribution δf is very well sampled, yielding a better statistical representation of the distribution
function. The discrete particle noise, which scales as

̅̅̅̅̅̅̅̅̅
〈w2〉

√
/

̅̅̅̅
N

√
(N beging the number of particles), is sub-

stantially reduced. The implementation details of the δf‐PIC method are elaborated in Appendix B.

3.2. Electron Scattering by EMIC Wave Packets

The location for the fastest EMIC wave growth is the equatorial plane, where both the concentration and
anisotropy of hot ions are maximized [see Equation 31]. Figure 3 shows two EMIC wave packets generated
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around the equator propagating toward higher latitudes and their power distribution in the ω‐kz space in the δf‐PIC
simulation. The propagation speed of these EMIC waves is around the Alfvén velocity vA = cωci/ωpi. The peak
amplitude of EMIC waves is δBmax/Beq = 0.02. The magnetic noise level in this case is δBnoise/Beq ≈ 3 × 10− 8,
which is small enough to not overshadow the nonresonant scattering. A snapshot of EMIC wave packets at
t = 274 ω− 1

ci is shown in Figure 4a. The dominant wavenumber of the EMIC wave packets is 0.52 d− 1
i [Figure 4d].

Because the two electron resonant interactions with the northward (the +z direction) and southward (the − z di-
rection) propagating waves occur in two separate halves of one bounce period, the electron gyrophases during the
two interactions are uncorrelated. In the evaluation of pitch angle diffusion rate, the northward and southward
propagating waves can be treated as independent scatterers. For this reason, we separate the northward and
southward propagating waves based on their right‐handed (δBr) and left‐handed (δBl) magnetic helicities,
respectively (Terasawa et al., 1986) [Figures 4b and 4c]. The Fourier spectra of δBr and δBl are fitted by a su-
perposition ∑jajgr,l(z) cos (kjz) [Figure 4d], where kj and aj are the wavenumber and fitting coefficient of the jth
wave, respectively. This representation of the waveform is useful in the calculation of the scattering factor
[Equation 26].

Test particle simulations are performed using the EMIC wave packets from the δf‐PIC simulation. The electron
plasma frequency to electron gyrofrequency is ωpe/ωce = 18.2, which corresponds to an electron minimum

Figure 3. EMIC waves in the δf‐PIC simulation. (a) Two EMIC wave packets generated at the equaotor propgagating to
higher latitudes in the spatiotemporal domain. (b) EMIC wave power in the ω‐kz space.

Figure 4. EMIC wave packets from the δf‐PIC simulation. (a) Two EMIC wave packets propagating toward higher latitudes. (b) The northward propagating wave packet
δBr has the right‐handed magnetic helicity (δBx leads δBy by 90° in space). (c) The southward propagating wave packet δBl has the left‐handed magnetic helicity (δBy
leads δBx by 90° in space). The shape functions for δBr and δBl, denoted as gr(z) and gl(z), are shown as the black curves in panels (b) and (c), respectively. (d) Magnetic
power spectrum of δBr and the fitted spectrum as a function of wavenumber. The fitted spectrum is a Fourier transform of ∑

2
j=1 ajgr(z)cos(kjz) with a1 = 0.8, a2 = 0.5,

k1 = 0.52d− 1
i , and k2 = 0.6d− 1

i . The magnetic power spectrum of δBl and its fitting are approximately the same as that of δBr.
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resonance energy Emin = 1.85 MeV. To evaluate the pitch angle diffusion rate
at a given pitch angle and energy, an ensemble of 106 electrons are initialized
at z/di = − 150 (well outside the EMIC wave packets) and move in the +z
direction. These electrons have the same initial equatorial pitch angle αeq and
the same initial kinetic energy Ek (scanned from 1 to 1.85 MeV), and are
uniformly distributed in gyrophase. Ensemble electron statistics are collected
when electrons return to their initial position. Note that because of the
different pitch angles resulted from scattering, the electrons may arrive at
their initial position at slightly different times. The pitch angle diffusion rates
are calculated for 18 initial energies from 1 to 1.85 MeV at the fixed initial
pitch angle 10°.

Figure 5 shows a comparison of the pitch angle diffusion rate between test
particle simulations and theoretical predictions. The predicted pitch angle
diffusion rate from Equation 30 is calculated using three versions of the
scattering factor G, the full integral of Equation 13, the approximate integral
of Equation 26, and Equation 27 in the limit of an infinitely long wave packet.
Both the full and approximate integrals capture the exponential decay of Dαα

below the minimum resonance energy. Evaluating Dαα using the approximate
integral is computationally more efficient than the full integral, because the
phase integral is carried out analytically at the expense of sacrificing a small
degree of accuracy due to the Taylor expansion. By comparing the test particle
simulations with the electron scattering by an infinite wave, the realistic wave
packets from δf‐PIC simulations extend Dαα from ∼10− 1 s− 1 at 1.85 MeV to

∼10− 3 s− 1 at 1.2 MeV, whereas the infinite wave packets make Dαα exponentially decay to ∼10− 3 s− 1 at 1.5 MeV.
Because the fast variations of the wave shape g(z) distribute the power around the wavenumber of the carrier wave
[Figure 4d], the power spread toward higher wavenumbers lowers the “effective” minimum resonance energy. It is
worthy to note that the quasi‐linear resonant diffusion has a hard cutoff of electron scattering at the minimum
resonance energy 1.85 MeV, whereas the quasi‐linear nonresonant diffusion extends the lower‐bound energy of
efficient scattering to ∼1.2 MeV (lowering the minimum resonance energy by ∼30%).

4. Comparison With ELFIN Observations
To illustrate the effect on nonresonant electron scattering and verify the main conclusions of our analysis
regarding this scattering process, we use the data set from the ELFIN mission (Angelopoulos et al., 2020). Its two
spinning CubeSats, A and B, move along low‐altitude (∼450 km) orbits and measure energy and pitch‐angle
distributions of energetic (50 − 4,000 keV) electrons with a time resolution of 1.5 s (half spin). For each half
spin ELFIN covers the entire pitch‐angle range: we evaluate a locally trapped flux by integrating within the pitch‐
angle range outside of the bounce loss cone, whereas a precipitating flux is obtained by integrating inside the
bounce loss cone. Both data products, trapped and precipitating fluxes, are thus available with 1.5 s resolution.
The bounce loss cone is determined using the in‐situ measured magnetic field and the magnetic field at 100 km
altitude (at which electrons are considered to be precipitated in the upper atmosphere) from the International
Geomagnetic Reference Field (IGRF) model (Alken et al., 2021). Comparisons between locally trapped and
precipitating electron fluxes, j⊥(E) and j‖(E), provide insight into different electron scattering mechanisms (see
discussion of different patterns of electron precipitation events in Mourenas et al., 2021; Angelopoulos
et al., 2023). Here the focus is on those precipitation events with typical signatures of EMIC‐driven electron
precipitation. That is, j‖/j⊥ shows a peak at > 1 MeV, and j‖/j⊥ at < 500 keV is significantly smaller than j‖/j⊥ at >
1 MeV (see the detailed analysis of such EMIC events in Grach et al., 2022; Angelopoulos et al., 2023). These
conditions exclude from consideration all whistler‐driven electron precipitation events, since those are charac-
terized by decreasing j‖/j⊥ with increasing energy (see examples in Tsai et al., 2022; Chen et al., 2022). We also
exclude events having signatures of plasma sheet electron precipitation at the so‐called isotropy boundary (see
examples in Wilkins et al., 2023; Artemyev et al., 2022), which lies at the interface between the plasma sheet and
the outer radiation belt (Sergeev et al., 1983, 1993).

Figure 6 shows four examples of typical EMIC‐driven precipitation events. All four events are located at the dusk
flank, where one population of EMIC waves are usually detected [the other population being located in the

Figure 5. Comparison of pitch angle diffusion rate as a function of energy
between theory and test particle simulations. Test particle results are shown
in magenta dots. Theoretical predictions of Dαα with the three versions of
scattering factor from Equations 13, 26 and 27 are shown in black, red, and
blue curves, respectively. The nonsmooth behavior of the approximated
integral (red) results from the nonsmooth Fourier spectrum ĝ(κ) as seen in
Figure 4d. The blue curve is only for the single frequency ω = 0.52 ωci of the
carrier wave.
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Figure 6. Four examples of ELFIN observations of EMIC‐driven electron precipitation events. Each panel is indexed by (αk), where α = (a, b, c, d) indicates the panel
number of a specific event, and k is the event number. (a) Trapped fluxes. (b) The precipitating‐to‐trapped flux ratio j‖/j⊥. The blue lines show 0.05 and 0.5 contours of j‖/
j⊥. (c) L‐shell and MLT of ELFIN orbit. (d) The energy profiles of trapped, precipitating, and background fluxes. The intervals of EMIC‐driven precipitation events are
shown at the top of panels (d1)–(d4). Different lines with the same color indicates electron fluxes of different spins, which signify the electron flux variability from spin
to spin.
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dayside outer magnetosphere due to solar wind compression.] (See Meredith et al., 2014; Zhang et al., 2016; Jun
et al., 2019; Keika et al., 2013; Usanova et al., 2012; Ross et al., 2021).

Panels (a1)–(a4) show the energy spectra of locally trapped electron population. The electron energies, as well as
the electron flux magnitude, increase toward lower L‐shells. At the times when the ∼300 keV electron flux
becomes substantial ∼104/cm2/s/sr/MeV, ELFIN is considered crossing the plasma sheet‐radiation belt boundary.

Panels (b1)–(b4) show the precipitating‐to‐trapped flux ratio, j‖/j⊥. This ratio is generally small in the dusk flank
[except for those electron precipitations from the plasma sheet, for example, >23:51:20 in Panel (b1) and
<23:36:30 in Panel (b4)], because of the absence of strong whistler‐mode waves (Agapitov et al., 2013; Meredith
et al., 2012), the main wave mode responsible for electron scattering into the loss cone. However, all four events
show time intervals of bursty precipitation with j‖/j⊥∼ 1 reaching the strong diffusion limit above 1 MeV (e.g.,
Kennel, 1969): 23:51:45 in Panel (b1), 13:21:05 in Panel (b2), 07:04:50 and 07:05:10 in Panel (b3), 23:37:05 in
Panel (b4). These bursts of precipitation are most likely driven by EMIC waves, which scatter near‐equatorial
relativistic electrons with very high scattering rates (e.g., Albert, 2003; Ni et al., 2015; Summers &
Thorne, 2003). An important property of these precipitation bursts is that j‖/j⊥ remains significantly larger than

the background level [(j‖/ j⊥)
bg

∼ 0.1] down to ∼100–300 keV. Such energies are generally well below the

minimum resonance energy of EMIC waves (see Bashir et al., 2022; Cao et al., 2017; Chen et al., 2019; Kersten
et al., 2014). Moreover, for ∼100− 300 keV, the observed j‖/j⊥ is small (relative to j‖/j⊥ at 1 MeV) but still
statistically significant, whereas the resonant scattering rates are expected to have a hard cutoff (i.e., drop to 0)
below a relatively high minimum resonance energy typically higher than 1–2 MeV (e.g., Albert, 2003; Ni
et al., 2015; Summers & Thorne, 2003). Although the scattering of sub‐relativistic (<500 keV) electrons by EMIC
waves may be explained by the presence of a population of small‐amplitude EMIC waves with frequencies close
to the proton cyclotron frequency (e.g., Angelopoulos et al., 2023; Zhang et al., 2021), ELFIN observations
require that such a wave population must be present to explain the sub‐relativistic precipitation for most events
with simultaneous strong precipitation peaking above 1 MeV, which is not very probable. Thus, at least some
portion of the sub‐relativistic electron precipitation during EMIC‐driven bursty precipitation events should be
explained by nonresonant scattering. The ubiquity of amplitude modulations and short EMIC wave packets in
observations (e.g., An et al., 2022; Usanova et al., 2010) probably explains the presence of such higher wave-
number and higher frequency waves. The effects of such amplitude‐modulated waves are directly taken into
account in the present model of nonresonant scattering by wave packet edges.

Panels (d1)–(d4) zoom in on the precipitation bursts and show the energy spectra of trapped and precipitating
fluxes during the bursts, as well as precipitating fluxes right before and after the bursts (i.e., the background level
of precipitation). The energy range of the resonant interactions driving electron precipitation is characterized by
j‖ ≈ j⊥. The spectra show such strong ( j‖/j⊥ ≈ 1) precipitating fluxes in the range >700 keV. Below this energy,
the precipitating fluxes are still much higher than the background level of precipitation, but the scattering is not
effective enough to provide j‖ ≈ j⊥. For the energy range ∈ [100, 700] keV, the precipitating fluxes depend only
weakly on energy, whereas the trapped fluxes increase as energy decreases. This gives the overall trend of j‖/j⊥
going down with decreasing energy.

To gain further insight into the moderately efficient but statistically significant precipitation in the hundreds of
keV range in the presence of strong precipitation at highly relativistic energies >1 MeV, the full statistical data set
(∼180 events with ∼500 electron spectra) of ELFIN observations of EMIC‐driven electron precipitation is used
(including the data set in Angelopoulos et al., 2023, plus one more ELFIN season in year 2022). Figure 7 shows
the average (trapped, loss, and precipitating) electron fluxes, and the average precipitating‐to‐trapped flux ratio
〈jprec/jtrap〉 of this data set. The average electron loss flux (the average precipitating flux minus the average back‐
scattered flux, see details in Mourenas et al., 2021) shows almost the same spectrum as the average precipitating
flux. So the latter can be used as a good proxy of actual losses. In the energy range ∈ [0.3, 1.5] MeV, the flux ratio
rises from ∼0.15 at 0.3 MeV to ∼1 at 1.5 MeV, and can be approximately fitted as 〈jprec/jtrap〉 ≈ 0.065 × γ2. The
flux ratio stays at a high value ∼0.75 at energies >1.5 MeV. The flattening of 〈jprec/jtrap〉 at energies above
1.5 MeV, as well as the falloff of 〈jprec/jtrap〉 below 1.5 MeV, is consistent with the most common minimum
cyclotron resonance energy being >1 MeV (Kersten et al., 2014; Ni et al., 2015). The trend of the flux ratio at
lower energies <300 keV could be attributed to chorus‐wave driven precipitation (e.g., Mourenas et al., 2022).
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To investigate how the proposed model of electron scattering by EMIC waves explains the precipitation spectrum,
we first calculate the precipitating‐to‐trapped flux ratio for a given wave packet, taking nonresonant scattering
into account. The relationship between the flux ratio at selected pitch‐angles and the quasi‐linear diffusion rate at
the loss cone angle is given by quasi‐linear theory (Kennel & Petschek, 1966; Li et al., 2013). Simply averaging
the precipitating flux over pitch‐angles yields (Angelopoulos et al., 2023):

jprec

jtrap
≃ ∫

1

0
dx

I0 (z0x)/I0 (z0)

1 + (z0/20) I1 (z0)/I0 (z0)
, (33)

where I0 (⋅) and I1 (⋅) are the modified Bessel functions of the first kind, z0 = 2αLC/
̅̅̅̅̅̅̅̅̅̅̅̅
Dαατb

√
measures the diffu-

sion strength (z0 ≪ 1 and z0 ≫ 1 being the strong and weak diffusion, respectively), and αLC is the loss cone
angle. Note that the precipitating flux jprec has been averaged over the loss cone α < αLC. The trapped flux jtrap

is measured at the equatorial pitch angle αtrap = 1.05αLC, providing the factor ln (sin αtrap/sin αLC) ≈ 1/20
[see Equation (4.9) in Kennel and Petschek (1966)]. This small factor implies that for a moderate diffu-
sion rate Dαα > (αtrap − αLC)

2/ (2τb) = α2
LC/ (2 ⋅ 202τb) , one has z0 = 2αLC/

̅̅̅̅̅̅̅̅̅̅̅̅
Dαατb

√
< 20

̅̅̅
2

√
and thus

jprec/ jtrap1̃/ z0 > 1/ (20
̅̅̅
2

√
). The diffusion rate Dαα is given by Equation 30. We map between wave frequency and

electron energy using the cyclotron resonance condition combined with the cold plasma dispersion relation. In this
mapping, the energy of the maximum flux ratio (∼1.5 MeV) from ELFIN statistical electron precipitation mea-
surements corresponds to the frequency of the peak EMIC wave power (∼0.4ωci; ωci being the proton gyrofre-
quency) from Van Allen Probes statistical wave observations. It is first assumed below that the EMIC wave
spectrum is a Dirac delta function with only one frequency ω = 0.4ωci (note that frequency spectrum is used in this
work for convenient comparisons with spacecraft observations, although wavenumber spectrum is the more
directly relevant in the resonance condition). An ion composition of >94% protons is also assumed, as appropriate
for when hydrogen band waves are present (Angelopoulos et al., 2023; Kersten et al., 2014; Ross et al., 2022). In this
case, the mapping gives the wavenumber kdi = 0.52 and the ratio of plasma frequency to electron gyrofrequency
ωpe/ωce = 21.8. For the purpose of demonstration, the wave amplitude Bw /Beq = 0.005 and the Gaussian wave shape
g(z) = e− z2/(2L2

z ) are used. Figure 8 shows the precipitating‐to‐trapped flux ratio for three packet sizes kLz = 5, 15,
30. The value of kLz characterizes the number of wave periods in a wave packet. The falloff of the flux ratio below
the minimum resonance energy is captured by considering nonresonant interactions. As the packet size decreases
from kLz = 30 to kLz = 5, the lower‐bound energy of significant precipitation extends from ∼1.25 to ∼1 MeV. This
figure shows how a single frequency (monochromatic) EMIC wave accounts for a narrow energy range of the

Figure 7. Statistical observations of electron precipitation by ELFIN. The average fluxes for trapped, precipitating, and loss
electrons are shown in solid red, dashed dark red, and dashed red, respectively. The electron loss flux is calculated by
subtracting the back‐scattered electron flux from the precipitating electron flux. The loss‐to‐trapped flux ratio and its fitting
are shown in black and blue, respectively. This figure is replotted using the same data set as analyzed by Angelopoulos
et al. (2023).
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precipitation burst, whereas the inclusion of nonresonant effects may extend
the effective energy width of the precipitation burst.

To account for the average jprec/jtrap seen in the ELFIN statistics, it is
necessary to use an ensemble of wave packets. The probability distribution of
wave packets, P (l, Bw, ω), is a function of packet size l, amplitude Bw, and
frequency ω of peak wave power in the packet. Averaging the diffusion rate in
Equation 30 over (l, Bw, ω), we obtain

Dαα =
e2ωce,eq

4(γ2 − 1) m2c4 cos2αeqωce (zc)τb
∫ dω ∫ dBw

∫ dl B2
wG(l,ω)P(l,Bw,ω).

(34)

On the one hand, one can construct P (l, Bw, ω) based on statistical wave
measurements from equatorial spacecraft (such as Van Allen Probes),
calculate Dαα and further obtain jprec/jtrap to compare with statistical precip-
itation measurements from low‐altitude spacecraft (such as ELFIN). This is a
forward problem, requiring the empirical construction of P (l, Bw, ω). On the
other hand, given the measured jprec/jtrap, in principle, one can infer P (l, Bw,
ω) by minimizing the cost function

C(l,Bw,ω) = ∑
M

i=1
[(

jprec

jtrap
)

theory
(γi; l,Bw,ω) − (

jprec

jtrap
)

measure
(γi)]

2

= ∑
M

i=1
r2

i , (35)

where γi and ri are the Lorentz factor and the residual flux of the ith energy channel, respectively, and M is the total
number of energy channels. The theoretical jprec/jtrap is calculated by coupling Equations 34–33. This is a
nonlinear least square optimization problem, that is, an inverse problem. In this study, we solve the inverse
problem of inferring the statistical wave distribution based on the measured flux ratio. The forward problem will
be treated in a separate study accompanied by a statistical analysis of spacecraft observations of EMIC waves
providing P (l, Bw, ω).

In the present inverse problem, it would still be difficult to find P (l, Bw, ω) without observational constraints from
equatorial spacecraft, because of the large, three‐dimensional parameter space (l, Bw, ω) and non‐unique solution.
For the purpose of demonstration, we assume P(l,Bw,ω) = δ(l − Lz)δ(Bw − Bw(ω)) , which simplifies the integral
in Equation 34 as ∫ dω B2

w(ω)G(Lz,ω) . Thus, we need to find the magnetic power spectrum B2
w(ω) for a given

packet size Lz so that the theoretical jprec/jtrap is as close to the measured jprec/jtrap as possible.

In finding the optimized B2
w(ω), unlike the one‐to‐one mapping between frequency and energy for resonant in-

teractions, a single frequency is mapped to a range of energies for nonresonant interactions [Figure 8]. The
Levenberg–Marquardt algorithm (Madsen et al., 2004; Moré et al., 1980) is used to minimize the cost function
[Equation 35] and to find the optimized B2

w(ω). The optimization details are given in Appendix C. Figure 9 shows
the inferred magnetic power spectra and the resulting precipitating‐to‐trapped flux ratio for three packet sizes
kLz = 5, 15, 30. The case of kLz = 30 is an approximation for the limit of resonant interactions without strong wave
modulations (e.g., An et al., 2022). The strong precipitation near 1.5 MeV is caused by the dominant wave power
at frequencies ∼0.4 ωci, and the progressively weaker precipitation at lower energies is caused by higher fre-
quencies with lower power. Comparing the results for different packet sizes, it is noted that, for shorter wave
packets we may include a significant power for only the low‐frequency part of the spectrum (almost mono-
chromatic wave with ∼0.4 ωci) and some small power (a factor of <10− 2) for the higher frequency part of the
spectrum (>0.5 ωci), whereas for longer wave packets we should consider a wave spectrum smoothly decreasing
away from the main frequency ∼0.4 ωci [which is consistent with Figure 8]. Based on the residual plot [Figure 9b],
shorter packets give a better agreement of the best fit with the observed jprec/jtrap at sub‐MeV energies (due to the
higher power present at higher frequency). Because the precipitation caused by nonresonant scattering for a lower
frequency can overlap the precipitation caused by resonant scattering for a higher frequency, the effect of
nonresonant scattering may be overshadowed by resonant scattering in this statistical picture. Nevertheless, some

Figure 8. The precipitating‐to‐trapped flux ratio for a single frequency (ω/
ωci = 0.4) wave packet with three different packet sizes kLz = 5, 15, 30. The
statistical measurements of electron precipitation from ELFIN, jprec/jtrap ≈
0.065γ2, is plotted as a reference.
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portion of the precipitation at sub‐relativistic energies can be attributed to nonresonant scattering, which may be
more significant in individual cases.

Comparing the observed wave spectrum for ωpe/ωce > 15 with the inferred ones, the EMIC wave power needed to
explain observations of electron precipitation at low energy via nonresonant scattering is lower than the average
EMIC wave power observed in the 12–16 MLT range. This indicates that the spatially narrow wave packets (with
significant wave power at high k values) needed for nonresonant scattering of low‐energy electrons are likely
present only part of the time during each event.

5. Conclusions
We study the nonresonant electron scattering by EMIC waves using a combination of theory, numerical simu-
lations, and spacecraft observations. The main results are summarized as follows.

1. The theoretical model of nonresonant scattering is verified for realistic wave‐packets derived from self‐
consistent simulations.

2. Using δf‐PIC simulations, realistic EMIC wave packets are generated by hot, pitch‐angle anisotropic ions
through cyclotron resonant instability in a dipole field. By tracking test electrons moving through these wave
packets, it is shown that significant nonresonant scattering occurs well below the resonance energies. The
nonresonant scattering rate from test particle simulations agrees well with the theoretical model of non-
oresonant scattering.

Figure 9. Inferred magnetic power spectra of EMIC waves and the resulting precipitating‐to‐trapped flux ratios. (a) The
theoretical precipitating‐to‐trapped flux ratios for kLz = 5, 15, 30. The theoretical ones are obtained by optimizing the wave
power spectrum B2

w(ω) so that the difference between the theoretical and measured precipitating‐to‐trapped flux ratios is
minimized. The statistical measurements of electron precipitation from ELFIN, jprec/jtrap ≈ 0.065γ2, is plotted as a reference.
(b) The residual between the theoretical and measured precipitating‐to‐trapped flux ratios. The residual is calculated using
Equation 35. (c) The optimized wave power spectra for kLz = 5, 15, 30. The Van Allen Probes statistical observation of EMIC
wave spectrum (see Figure 19 from Angelopoulos et al., 2023) for MLT 12–16 and the plasma‐to‐electron gyrofrequency ratio
ωpe/ωce > 15 is plotted as a reference. The observed wave power spectrum is normalized as B2

w (ω = 0.4ωci)/ B2
eq = 10− 4. Note

that the energy of maximum flux ratio ∼1.5 MeV from ELFIN statistics (Angelopoulos et al., 2023) corresponds to the peak
EMIC wave power at ∼0.4 ωci from Van Allen Probes statistics (Zhang et al., 2016). The EMIC frequencies that interact
effectively with the energy range <1.5 MeV are >0.4 ωci.
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3. The precipitating‐to‐trapped flux ratio is calculated including nonresonant scattering, and is compared to
ELFIN observations. Shorter EMIC wave packets can provide a wider range of moderate precipitating fluxes
below the resonance energies. Moreover, the wave power spectra parameterized by the packet size are inferred
from the measured flux ratio by solving a nonlinear least squares problem. With shorter wave packets, we can
recover the precipitating fluxes below the resonance energies by using a significant power for the low‐
frequency part of the wave spectrum and a small but finite power (two orders of magnitude or more
smaller than the peak wave power) for the high‐frequency part of the wave spectrum.

These results suggest that nonresonant scattering by strong, short EMIC wave packets can account for moderately
intense precipitating fluxes below the minimum resonance energy. The formulation of nonresonant scattering can
be used in radiation belt modeling to yield a more complete understanding of sub‐relativistic electron precipi-
tation driven by EMIC waves. Such modeling work should be preceded by a theoretical reconstruction of
diffusion rates (at both resonance and nonresonance energies) from integrating a statistical distribution of wave
packets (Shi et al., 2023) over packet sizes, amplitudes and frequencies, which is the next step for this line of
work.

Appendix A: Calculation of the Phase Integral
For resonant interactions, we calculate the phase integral along the contour in Figure 2a as the following:

∫

Ψu

Ψl

dΨ
Ψ̇(z̃)

eiΨ =
1

(2Ψ̈0)

1
2

eiΨ0 (∫
CL

+ ∫
C0

+ ∫
CU

)
dΨ

(Ψ − Ψ0)
1
2
ei(Ψ− Ψ0). (A1)

The integral around Ψ0 (i.e., along the contour C0) is 0 as this contour becomes infinitesimally small. Transform to
the new variable χ = Ψ − Ψ0 for the branch CL, which gives χ = e− 2πi (Ψ − Ψ0) for the branch CU. Thus the
integral is evaluated as

∫

Ψu

Ψl

dΨ
Ψ̇(z̃)

eiΨ =
1

(2Ψ̈0)

1
2

eiΨ0 (∫

0

∞

dχ
χ1

2
eiχ + ∫

∞

0

dχ
− χ1

2
eiχ)

= − (
2

Ψ̈0
)

1
2

eiΨ0 ∫

∞

0

dχ
χ1

2
eiχ

= − (
8

Ψ̈0
)

1
2

eiΨ0 ∫

∞

0
dyeiy2

= − (
2π
Ψ̈0

)

1
2

e
i(Ψ0+π

4), (A2)

where we have made the substitution y =
̅̅̅
χ

√
and used the Fresnel integral.

For nonresonant interactions, using the Cauchy integral theorem, we evaluate the phase integral along the path
shown in Figure 2b:

∫

Ψu

Ψl

dΨ
Ψ̇(z̃)

eiΨ = −
eiΨ0

(2Ψ̈0)

1
2

(∫
C1

+ ∫
C2

+ ∫
CU

+ ∫
C0

+ ∫
CL

+ ∫
C3

+ ∫
C4

)
dΨ

(Ψ − Ψ0)
1
2
ei(Ψ− Ψ0). (A3)
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The integral along C0 is 0 as the contour becomes infinitesimally small, and the integrals along C1, C2, C3, and C4

are 0 as the contours go to infinity. Transform to the new variable iχ = Ψ − Ψ0 for the branch CU, which gives
iχ = e2πi (Ψ − Ψ0) for the branch CL. We have

∫

Ψu

Ψl

dΨ
Ψ̇(z̃)

eiΨ = −
1

(2Ψ̈0)

1
2

eiΨ0 (e
πi
4 ∫

0

∞

dχ
χ1

2
e− χ + e

πi
4 ∫

∞

0

dχ
− χ1

2
e− χ) = (

2
Ψ̈0

)

1
2

e
i(Ψ0+π

4)
∫

∞

0

dχ
χ1

2
e− χ = (

2π
Ψ̈0

)

1
2

e
i(Ψ0+π

4)
. (A4)

The result of this phase integral has the same form as that in the resonant case except for a phase factor − 1.

Appendix B: Implementation of the δf‐PIC Method
The full Vlasov equation reads

df
dt

=
∂f
∂t

+ ẋ ⋅
∂f
∂x

+ ṗ ⋅
∂f
∂p

= 0, (B1)

where x and p are the position and momentum coordinates, respectively, ẋ = v = p/ (γm) is the velocity, and ṗ
denotes the force on the particles. In the δf method, the total phase space density is separated as

f = f0 + δf , (B2)

where f0 and δf are the equilibrium and perturbed distribution functions, respectively. Note that the perturbed part
does not necessarily have to be small. The equilibrium part is consistent with the electromagnetic fields (E0, B0)
and satisfies.

∂f0/∂t = 0, (B3)

v ⋅
∂f0
∂x

+ ṗ0 ⋅
∂f0
∂p

= 0, (B4)

Where ṗ0 is determined by the equilibrium fields

ṗ0 =
q
m

(E0 +
1
c

v × B0). (B5)

The evolution of δf is

dδf
dt

= −
df0
dt

= − (v ⋅
∂f0
∂x

+ ṗ ⋅
∂f0
∂p). (B6)

Here (v,ṗ) is along the exact orbits, determined by both the equilibrium and perturbed electromagnetic fields.
Noting that ṗ = ṗ0 + δṗ, we subtract Equation B4 from Equation B6 and obtain

dδf
dt

= −
df0
dt

= − δṗ ⋅
∂f0
∂p

, (B7)

where

δṗ =
q
m

(δE +
1
c

v × δB). (B8)

In the initialization of δf method, aside from sampling particles' (x0, p0) from f0 as in full‐f simulations, we assign a
weight wi = δf/f to the ith particle, uniformly distributed at [− ɛ, ɛ], where ɛ is a small number (e.g., ɛ = 10− 5 in our
simulations). The weight is updated as
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dwi

dt
= − (1 − wi)(δṗ ⋅

∂ lnf0
∂p )

x=xi ,p=pi ,t
, (B9)

where the identity 1/f = (1 − wj)/f0 is used in deriving this equation, and δṗ and ∂ ln f0/∂p are evaluated at the exact
particle orbits. We notice that: (a) δṗ is evaluated using Equation B8; (b) ∂ ln f0/∂p only needs to be computed
once on appropriate (x, p) grids at the beginning of simulation, and its values at the exact particle orbits are
interpolated from the grids as simulation proceeds. In the deposition of charge and current densities, the perturbed
distribution is represented by

δf (x,p,t) = ∑
i

wiS(x − xi)δ(p − pi), (B10)

where S (⋅) is the particle shape function. The charge and current densities are then computed using the perturbed
distribution, based on which the perturbed fields δE and δB are calculated using Maxwell's equations.

Appendix C: Optimization of the Wave Power Spectrum

We discretize the wave power spectrum at N frequencies (ω1, ω2, …, ωN) as B2
j = ∫

ωj+
δω
2

ωj −
δω
2

dωB2
w (ω = ωj) , where

j = 1, 2, …, N indexes over frequencies, and δω is the frequency spacing between two adjacent frequencies.
Because B2

j is constrained as 0 < B2
j / B2

eq < 1, we transform it to

xj = ln(
B2

j /B2
eq

1 − B2
j /B2

eq
), (C1)

which is used to replace B2
j as the independent variable since xj is unconstrained (i.e., − ∞ < xj < + ∞). Once xj is

determined, B2
j can be obtained through the logistic function:

B2
j

Beq2
=

1
1 + e− xj

. (C2)

We aim to minimize the cost function

C(x) = ∑
M

i=1
|ri(x)|2, (C3)

where the residual ri is a nonlinear function of x as defined in Equation 35, and each component of the parameter
vector x is given in Equation (C1). The number of parameters N (i.e., the number of wave frequencies in this
application) is required to be less than the number of measurements M (i.e., the number of energy channels in this
application). In general, nonlinear least square problems do not admit closed‐form solutions and must be solved
through iterative methods. In each iteration, the nonlinear problem is approximated by a linear problem locally
(e.g., through the Taylor expansion), which admits a closed‐form solution. This solution to the linear problem is
then used to update the estimate for the nonlinear problem. After a certain number of iterations, the estimate may
converge to a local minimum (depending on the initial guess) of the cost function. Different iterative methods
(e.g., Newton, Gauss‐Newton, Levenberg–Marquardt) mainly differ in what the step size and direction are chosen
to update the estimate (Madsen et al., 2004), but the basic idea is the same.

Our initial guess is motivated by the observed spectrum, which may be approximately modeled as (Zhang
et al., 2016)

B2
j ∝ ω− 3

j . (C4)

In each iteration of the Gauss‐Newton method, the residual is linearized around the current estimate x̄:
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ri(x) ≈ ri (x̄) + Ji ⋅ δ, (C5)

where δ = x − x̄ and Ji = ∂ri/∂x|x=x̄. The jth element of Ji is

Jij =
∂ri

∂xj
=

∂ri

∂z0

∂z0

∂Dαα

∂Dαα

∂Bj

∂Bj

∂xj

= −
z0

2
Dαα,j
Dαα

(1 −
B2

j

Beq2
)

×∫

1

0
dx

xI1 (xz0) [I0 (z0) +
z0

20
I1 (z0)] − I0 (xz0) [(

21
20

−
z0

40
) I1 (z0) +

z0

20
I0 (z0)]

[I0 (z0) +
z0
20I1 (z0)]

2 ,

(C6)

where Dαα,j is the diffusion rate contributed by the waves at frequency ωj, and Dαα is the total diffusion rate. The
minimization of the linearized residual ∑

M
i=1|ri (x̄) + Ji ⋅ δ|2 admits a closed‐form solution

δ = − (JT (x̄)J(x̄))
− 1JT (x̄) r(x̄), (C7)

where J(x̄) and r(x̄) are formed by stacking Ji (x̄) and ri (x̄) , respectively. The current estimate x̄ is then replaced
by x̄ + δ.

The Levenberg–Marquardt method is a modification of the Gauss‐Newton method by adding a weighted diagonal
term when solving the linear system (JT (x̄) J(x̄) + λI)δ = − JT (x̄) r(x̄), where λ is a weight to be adjusted ac-
cording to a set of rules (see details in Moré et al., 1980). This modification can provide robustness to the solution
of nonlinear least squares problems. To this end, we optimize the wave power spectrum using the Levenberg–
Marquardt method from MINPACK (https://netlib.org/minpack/). The inputs to the program are the initial
guess specified in Equation C4, and the Jacobian matrix specified in Equation C6. The program is stopped when
the estimate x̄ converges to a local minimum of the cost function.

Data Availability Statement
ELFIN data is available at https://data.elfin.ucla.edu/. Data analysis was done using SPEDAS V4.1 (Angelo-
poulos et al., 2019), available at https://spedas.org/. The computation software and data are available at https://
doi.org/10.5281/zenodo.8122490 (An et al., 2023).
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