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Abstract In planetary radiation belts, the Kennel-Petschek flux limit is expected to set an upper limit on
trapped electron fluxes at 80-600 keV in the presence of efficient electron loss through pitch-angle diffusion by
whistler-mode chorus waves generated around the magnetic equator by the same 80-600 keV electron
population. Comparisons with maximum measured fluxes have been relatively successful, but several key
assumptions of the Kennel-Petschek model have not been experimentally tested. The Kennel-Petschek model
notably assumes an exponential growth of chorus waves as the trapped electron flux increases, and a fixed
maximum wave power gain of about 3. Here, we describe a method for inferring the near-equatorial wave power
gain using only measurements of trapped, precipitating, and backscattered electron fluxes at low altitude. Next,
we make use of Electron Losses and Fields Investigation (ELFIN) CubeSats measurements of such electron
fluxes during two moderate geomagnetic storms with sustained electron injections to infer the corresponding
chorus wave power gains as a function of time, energy, and equatorial trapped electron flux. We show that wave
power increases exponentially with trapped flux, with a wave power gain roughly proportional to the theoretical
linear convective gain, and that the maximum inferred gain near the upper flux limit is roughly 10, with a factor
of 2 uncertainty. Therefore, two key theoretical underpinnings of the Kennel-Petschek model are borne out by
the present results, although the strong inferred gains should correspond to higher flux limits than in traditional
estimates.

1. Introduction

Resonant interactions between whistler-mode chorus waves and electrons are known to play an important role in
the dynamics of electron fluxes in the radiation belts of the Earth and of other planets (e.g., see Thorne et al., 2013;
W. Li & Hudson, 2019). Prolonged disturbed periods during geomagnetic storms or successive substorms
frequently lead to the formation of a growing peak of MeV electron phase space density (PSD) at L ~ 4.5 — 5.5
outside the plasmasphere of the Earth, suggesting a key role of chorus wave driven electron acceleration in
producing such localized peaks (Boyd et al., 2018; Hua, Bortnik, & Ma, 2022; Tang et al., 2017; Turner
et al., 2013).

Chorus waves are excited near the magnetic equator during geomagnetic storms and substorms by unstable
populations of energetic electrons injected from the plasma sheet (Tsurutani & Smith, 1974; W. Li et al., 2010;
Tao et al., 2011). Nonlinear chorus wave growth takes over above some threshold wave amplitude allowing
electron trapping and leads to the formation of intense quasi-parallel lower-band (between 1/10 and 1/2 of the
electron gyrofrequency Q.,) chorus elements with characteristic rising tones during their propagation from the
magnetic equator to higher latitudes (Demekhov, 2011; Demekhov & Trakhtengerts, 2008; Nogi & Omura, 2023;
Nunn et al., 2009; Omura, 2021; Omura et al., 2008; Tao et al., 2020). Each nonlinearly growing rising tone
chorus element consists of several wave packets (often called “subpackets” in this case), and the amplitude of
each wave packet is theoretically limited by the optimum wave amplitude maximizing nonlinear wave growth,
although this optimum/maximum wave amplitude is not the same for each wave packet (Katoh et al., 2018;
Omura & Nunn, 2011).

Spacecraft observations and numerical simulations show that different chorus waves, excited at the same or
different times and locations with different frequencies and wave-normal angles, are often superposed, leading to
the ubiquitous formation of short wave packets characterized by important and random wave frequency and phase
jumps between (but also within) packets and relatively moderate peak amplitudes ~100 — 200 pT (Mourenas,
Zhang, et al., 2022; Zhang, Agapitov, et al., 2020; Zhang et al., 2021; Zhang, Mourenas, et al., 2020). Since such
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superposed chorus waves usually nearly satisfy the Chirikov criterion for resonance overlap (Mourenas, Zhang,
etal., 2022; Shapiro & Sagdeev, 1997), a further growth of their amplitude would lead to resonance overlap and a
stochastization of electron motion, quenching their nonlinear growth (Mourenas, Zhang, et al., 2022), especially
in the presence of an increasing geomagnetic field inhomogeneity toward higher latitudes that increases the
stochastization of electron motion (Albert, 1993, 2001; Shklyar, 1981; Solovev & Shkliar, 1986). As a result,
resonant interactions between trapped electrons and short chorus wave packets usually remain in a regime close to
quasi-linear diffusion (Allanson et al., 2020; An et al., 2022; Artemyev, Mourenas, et al., 2022; Gan et al., 2022;
Mourenas, Zhang, et al., 2022; Zhang, Agapitov, et al., 2020).

The Kennel-Petschek flux limit is expected to be imposed by a net loss of trapped electrons through precipitation
into the atmosphere via quasi-linear pitch-angle diffusion by whistler-mode waves generated by the same electron
population (Kennel & Petschek, 1966; Summers et al., 2009). The linear growth rate of chorus waves is pro-
portional to the flux J,,,, of trapped electrons in cyclotron resonance with the waves at high equatorial pitch-
angles (Kennel & Petschek, 1966; Mourenas, Zhang, et al., 2022; Summers et al., 2009; Tao et al., 2017) and the
nonlinear growth rate can be &~ 2 — 10 times larger than the linear growth rate (Shklyar & Matsumoto, 2009;
Summers et al., 2011, 2013). The convective wave power gain G = yAs/v, is proportional to the linear (and
nonlinear) growth rate y, to the distance As of wave growth along a magnetic field line, and inversely proportional
to the wave parallel group velocity v, (Summers et al., 2009). Accordingly, the Kennel-Petschek flux limit as-
sumes the generation of waves of exponentially higher magnetic wave power B2/ va’ kp = €Xp[G(Jyqp)
—Gy] = exp[(Jyap/ Jkp — 1) Gy as the trapped electron flux J,,, increases above the Kennel-Petschek flux

rap
limit Jp (which corresponds to a gain G, and a wave power Bi’ xp)» leading in the weak diffusion regime to
exponentially faster electron loss and preventing a significant increase of J,,, above Jgp (Kennel & Pet-
schek, 1966). A fixed wave power gain G (J,,,,, = Jxp) = Gy = 3 at the Kennel-Petschek limit is deemed sufficient
for the needed fast electron loss (Kennel & Petschek, 1966; Summers et al., 2009). Summers et al. (2009) assumed
a fixed linear gain G, = 3 over As = LR;/2 (with R the Earth's radius), equivalent to a total linear and nonlinear
gain Gy = 3 over As ~ LR;/10 — LR,/5 consistent with the statistical increase of chorus wave power up to
magnetic latitudes A =~ 6° — 10° at 4-14 MLT when Kp > 3 (Agapitov et al., 2018) and with theoretical estimates
of the latitudinal extent of the chorus wave source region (Demekhov et al., 2003, 2017; Trakhtengerts
et al., 2004).

The Kennel-Petschek flux limit has been successfully compared with measured maximum fluxes of
~100 — 300 keV electrons in the Earth's outer radiation belt, as well as in other planetary radiation belts, and it
has been widely used for predicting maximum electron fluxes in the radiation belts (Chakraborty et al., 2022;
Kennel & Petschek, 1966; Mauk & Fox, 2010; Olifer et al., 2021, 2022; Schulz & Davidson, 1988; Summers
etal., 2009; Summers & Shi, 2014). However, recent works have shown the existence of a second, different upper
limit on trapped electron fluxes, due to a dynamical equilibrium in the presence of injections and both chorus
wave-driven electron acceleration and loss, which is also in good agreement with measurements during strong
injection events (Hua, Bortnik, & Ma, 2022; Mourenas, Artemyev, et al., 2022; Mourenas et al., 2023). This
second upper limit may also correspond to a chorus wave power gain proportional to J,,,,,,.
driven electron acceleration (explicitly neglected in the Kennel-Petschek mechanism) can lead to an increase of
electron flux up to a steady state and suppress, above ~100 — 300 keV, the net electron loss needed in the Kennel-

But in this case, wave-

Petschek flux limitation mechanism (Hua, Bortnik, & Ma, 2022; Mourenas, Artemyeyv, et al., 2022; Mourenas
et al., 2023). This raises the possibility that the Kennel-Petschek flux limit might not always be relevant in the
radiation belts.

To assess the actual role played by the Kennel-Petschek flux limit in determining maximum electron fluxes
reached during strong and prolonged disturbances, it is therefore essential to check its main assumptions. In the
present paper, we use the ELFIN dual CubeSat mission's (Angelopoulos et al., 2020, 2023) low-altitude mea-
surements of trapped, precipitating, and backscattered electron fluxes at ~80 — 600 keV during geomagnetic
storms, combined with quasi-linear diffusion theory, to check whether two key assumptions of the Kennel-
Petschek model, namely, a fixed maximum chorus wave power gain G, ~ 3 at the upper flux limit and an
exponential increase of wave power with trapped flux J,,,,,, are valid in the outer radiation belt of the Earth. In
Section 2, we first provide the detailed methodology and equations for inferring the chorus wave power gain as a
function of time and trapped energetic ~80 — 600 keV electron flux based on low-altitude spacecraft mea-
surements combined with quasi-linear theory in the weak diffusion regime. Next, this methodology is applied in
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Section 3 to examine the validity of the above key assumptions of the Kennel-Petschek model during two
moderate storms, and the results are discussed in Section 4.

2. Methodology for Inferring Wave Power Gain During Geomagnetic Storms and
Substorms From Low-Altitude ELFIN CubeSat Data

2.1. Generalities

In the Earth's outer radiation belt at L ~ 4.5 — 6.5, whistler-mode lower-band chorus waves are excited near the
magnetic equator by unstable anisotropic populations of energetic electrons injected from the plasma sheet (W. Li
et al., 2010) and later grow non-linearly up to relatively large amplitudes (Nogi & Omura, 2023; Omura
etal., 2008). In the present section, we provide a detailed method for determining the evolution of the chorus wave
power gain G(¢) during the course of a geomagnetic storm as a function of the trapped electron flux J,,,,,(1),
making use of low-altitude ELFIN CubeSat measurements of trapped, precipitating, and backscattered electron
flux (Angelopoulos et al., 2020) combined with quasi-linear diffusion theory in the weak diffusion regime
(Kennel & Petschek, 1966; Summers & Shi, 2014).

As will appear below, this method requires energy-resolved measurements of trapped electron fluxes J,,,, at
pitch-angles just above the loss cone (for ELFIN data, at ay ~ 1.05 o, ; - Where a, and a ; - denote the equatorial
pitch-angle and loss cone angle, respectively), and energy-resolved data of both precipitating electron fluxes J,,...
meas Measured above ELFIN within the local bounce loss cone and backscattered (by the atmosphere) electron
fluxes J,,, measured below ELFIN within the local anti-loss-cone (see examples of measured trapped, precipi-
tating and backscattered fluxes in Figure 1 from Mourenas et al., 2023), sufficiently well resolved in pitch-angle,
to allow an accurate determination of the average (over local pitch-angles) effective net flux J,,.. ~ J,,..
meas — Jup OF €lectrons precipitated by whistler-mode waves within the loss cone (Mourenas et al., 2023). The low-
altitude ELFIN CubeSats precisely provide the needed electron flux data with a good resolution in pitch-angle
within the loss cone (Angelopoulos et al., 2020, 2023). An absence of measurements of backscattered electron
flux or a too low pitch-angle resolution of the precipitating flux in the loss cone would significantly increase
potential errors in the determination of the inferred wave power gains, even during active times (Mourenas

et al., 2021).

2.2. Event Selection

First of all, we focus on moderate storms with a minimum Dst comprised between —49 and —65nT at L ~4 — 6,
such as the 16-18 April 2021 storm. Such events with high time-integrated AE and ap indices (Hua, Bortnik, Chu,
et al., 2022; Mourenas, Artemyeyv, et al., 2022; Mourenas et al., 2019) are characterized by strong injections of
energetic ~30 — 300 keV electrons from the plasma sheet (Xiong et al., 2018), allowing strong chorus wave
generation and chorus wave-driven electron acceleration and precipitation into the atmosphere (Horne
et al., 2005; Omura et al., 2008; Summers et al., 1998; Thorne et al., 2013), often leading to an increase of
~0.1 — 2 MeV electron fluxes at L ~ 5 up to their highest recorded levels (Hua, Bortnik, Chu, et al., 2022; Hua,
Bortnik, & Ma, 2022; Mourenas, Artemyev, et al., 2022; Mourenas et al., 2019; Mourenas et al., 2023). The
maximum electron fluxes reached during these events with high time-integrated AE and ap indices are apparently
close to an upper limit, from ~80 keV to ~2 MeV, set either by the Kennel-Petschek flux limit (Kennel &
Petschek, 1966; Olifer et al., 2022; Summers et al., 2009; Summers & Shi, 2014) or by a dynamical equilibrium in
the presence of injections and both chorus wave-driven energy and pitch-angle diffusion (Hua, Bortnik, &
Ma, 2022; Mourenas, Artemyeyv, et al., 2022; Mourenas et al., 2023).

The present method applies only during active periods with strong and sustained injections, such that the trapped

. 1s not too close to the instrument

electron flux is steadily and significantly increasing, the precipitating flux J,, ...

noise level (~100 e/cm?/s/st/MeV), and Jprecdirap 18 DOt too low and also significantly increasing, to keep un-
certainties on inferred wave power gain values within reasonable bounds. During quiet times without strong and
sustained injections, the measured trapped electron flux just above the loss cone is not increasing, but decreasing
with significant fluctuations in MLT and universal time, and J,,,.. is usually near the noise level and even more
strongly fluctuating (e.g., see Mourenas et al., 2021), which would lead to very large uncertainties and fluctu-
ations in estimated wave power gains. For instance, the presence or absence of only one intense chorus wave
packet can affect much more strongly a small J,,,/J,,,, ratio than the higher J,,,,./J,,,,, ratios observed during

active times. In addition, to investigate regions at L < 6 and 4-14 MLT (see below) where the chorus wave power
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latitudinal distribution is well known and weakly varying with geomagnetic activity (Agapitov et al., 2018), we
must focus on active periods with AE > 150 nT or Kp > 1.6 during which such regions are located outside the
plasmapause (Agapitov et al., 2019; O’Brien & Moldwin, 2003).

2.3. Analysis of Electron Fluxes

We exclude ELFIN measurements in the South Atlantic Anomaly sector and only examine electron energies
~0.08 — 0.6 MeV at times when there is no peak of the precipitating to trapped flux ratio J,,,,/J,,,, > 0.5 above
1 MeV, to exclude EMIC wave-driven precipitation (Angelopoulos et al., 2023). This energy range,
~0.08 — 0.6 MeV, corresponds to the main population of cyclotron resonant electrons with equatorial pitch-angles
ay > 60° efficiently generating parallel chorus waves of mean normalized frequency w/Q.,, ~ 0.2 — 0.25
(Agapitov et al., 2018; W. Li et al., 2016) for a typical plasma frequency to gyrofrequency ratio Q,,,/Q.o ~ 4.5
near L ~ 5 during disturbed periods (Agapitov et al., 2019; Mourenas et al., 2023; Mourenas, Zhang, et al., 2022).

To have sufficient statistics, we average ELFIN data over ~20 — 30 spacecraft spin periods (each spin period

lasting 3 s) in the same L-shell domain, keeping all the available data (if is of the order of noise level, it is put

J rec
to 0; see details in Angelopoulos et al., 2023). We focus on the ~4 — 14 1\};ILT sector where chorus wave power is
strong up to the middle latitudes where cyclotron resonance with 80-600 keV electrons near the loss cone occurs,
leading to their precipitation into the atmosphere (Agapitov et al., 2018; Meredith et al., 2020). Moreover, we only
use ELFIN data in a fixed, narrow range of MLT (and longitude) during each storm, because the trapped or quasi-
trapped electron flux measured there above the loss cone during periods of significant wave-driven pitch-angle
diffusion varies in time smoothly and coherently with the trapped equatorial electron flux (Mourenas
et al., 2021; Shane et al., 2023), in agreement with quasi-linear theory (Kennel & Petschek, 1966). Finally,
electron fluxes measured at low altitude are averaged over AL ~ 1, to take into account the typical equatorial size,
AL =~ 0.5, of an active region of chorus waves at ~4 — 16 MLT and L € [4.5, 6.5] (Agapitov et al., 2021) and the
spreading of chorus rays along their propagation, by up to AL ~ 0.5 at middle latitudes (Chen et al., 2013).

To estimate the effective precipitating flux J,,,..(f) due to chorus wave-driven pitch-angle diffusion, the electron
flux J,,,..(t) backscattered into the loss cone by the atmosphere in the conjugate region along the same field line
has to be subtracted from the total measured precipitating flux J,,,.. ueqs(f)- As in previous work (Mourenas
et al., 2021), this is done using the backscattered flux J,,(#) measured by ELFIN within the anti-loss-cone as an
estimate of J,,..(?) in the conjugate region on the same field line (assuming symmetry over time scales much
longer than an electron bounce period), giving J,,,.o(?) = Jprec. meas(t) — J,,p(0)- Note that J,,,.oc. eas(®), J,,(7), and

Jprec(t) are averaged over the loss cone and anti-loss-cone.

Two different versions of the time-averaged precipitating-to-trapped electron flux ratio J,,,/J,

prec'Y trap can be
calculated, using the trapped or quasi-trapped electron flux J,,,,, measured by ELFIN CubeSats just above the

rap

loss cone:
172
Jprecl — <J;rec> Jprec2 — <Jprec> ( 1)
Jtmp <Jtrup > Jtrap <Jtrup >

where each average is performed over roughly 30 ELFIN spins. In Equation 1, we build on the fact that J,,,,, is
usually only moderately varying over such short averaging periods, whereas J,,,,. and J,,,,./J,,,,, can strongly vary
in the presence or absence of particularly intense chorus wave bursts (Mourenas et al., 2021; Mourenas, Zhang,
etal., 2022). In addition, taking the time-averages of J,,,.. and J,,,,, prior to taking their ratio should result in robust

/4, due to the limited

estimates of that time-averaged ratio, mitigating potential time-aliasing effects on J, trap
resolution in spacecraft spin-phase and the larger number of spin-phase sectors in the loss-cone than outside it

prec

(Angelopoulos et al., 2023). In Section 2.4, we will show that the chorus wave power gain G(f) can be inferred
based on the measured time-averaged J,,,./J,,,,, given in Equation 1 and we will discuss the usefulness of the root-
mean-squared and plain average versions of this flux ratio.

2.4. Using Quasi-Linear Theory to Infer Wave Power Gain

A basic result of quasi-linear diffusion theory is that the wave-driven electron pitch-angle diffusion rate near the
loss cone, D, is proportional to the magnetic wave power B2 (Kennel & Petschek, 1966; Lyons et al., 1971).

MOURENAS ET AL.

4 of 21

a ‘T $T0T ‘TOY6691T

:sdyy woiy papeoy

:sdiy) suonIpuo)) pue suud I, Ay 238 “[$70T/€0/€0] U0 Areiqry dutjuQ A1 ‘a8uy s - BIUIO[ED) J0 ANSIAIN Aq €61TEOVIETOT/6T01 01/10p/ w0 Kd1m:

5001 SUOWWI0N) 2ATER1) d[qEardde oY) Aq POTLIOAOS oI SAOIIE V() 508N JO SN 10§ ATRIQIT SUIUQ) AD[IAL UO (SUONIPUOD-PUE-SULIa) W0 AA[IAY"



MID
ADVANCING EARTH
AND SPACE SCIENCES

Journal of Geophysical Research: Space Physics 10.1029/2023JA032193

This fundamental result of quasi-linear theory, based on the two assumptions of low wave amplitudes and
incoherent waves, has been verified in test particle simulations for realistic, not too high wave amplitudes (Tao
et al., 2012), and it remains approximately correct in an intermediate regime between quasi-linear and non-linear
wave-particle interaction, corresponding to most of the short and intense chorus wave packets observed in the
Earth's outer radiation belt (An et al., 2022; Artemyev, Mourenas, et al., 2022; Gan et al., 2022; Mourenas, Zhang,
et al., 2022; Zhang, Agapitov, et al., 2020). Therefore, the increase of wave power gain G from time ¢; to time 7, ;
can be simply written as:

@)

G(li+1) - G(ti) =1In (M)'

Daa (ti)

Quasi-linear theory further indicates that J,,,/J,,,, is approximately proportional to the square root of D,,
(Kennel & Petschek, 1966; Mourenas et al., 2021, 2023). Therefore, the quantity (J,ec1/ J,mp)2 obtained from

Equation 1 can theoretically provide a better estimate of wave power va than (Jpeco/ J,,ap)2 when the time-
averaging interval (or equivalently, the number of data points) is sufficiently large. But using both J,,,..1//,,4,
and J,,,, o/}, can provide upper and lower bounds to the actual electron precipitation rate and wave power (see

Section 2.5).

To estimate the wave power gain G(#) and its relationship to the equatorial trapped electron flux J,
based on ELFIN CubeSat measurements, we need to calculate J,,.1/J,

rap (@ = 90°)
and J,,.2/J,, at different successive

rap rap

times ¢; during each storm. Assuming a quasi-equilibrium pitch-angle electron distribution at 0.08 — 0.6 MeV (as
justified by previous works, see Mourenas et al., 2021; Shane et al., 2023), quasi-linear theory (Kennel & Pet-
schek, 1966; W. Li et al., 2013) shows that the average precipitating to trapped flux ratio measured at ELFIN
CubeSats can be approximately written as J,, o/ Jyyqp = 1.3/ (zo + 23/ 200) (Mourenas et al., 2023), equivalent to:

J 1/2
0 (104 + 260 J) — 100, 3)

prec
with <25% error when J,,. /J,,,, < 0.8, where zg = 2aq ¢/ (Dyatp)"?, 75 (E, L) is the electron bounce period and
the wave-driven pitch-angle diffusion rate D, (E, 1) is calculated at the loss-cone angle ag ; ~(L).

The relationship between the average quasi-equilibrium trapped electron flux at a given equatorial pitch-angle
ay > ag e and its level at a, = 90° is also given by quasi-linear theory (Kennel & Petschek, 1966; Mourenas
et al., 2023):

11 (z0)) 1
Jtrap ((xO = 900) ~ 1 + <Z0>1(])<<§g )hl(Si““o,Lc)
)

)
~ , 4)
J Q 1 ({z i
@)1 GotEn()
where (z,) (roughly proportional to the average J,,,// .. in the investigated domain 0.004 < J,,,,/J,,,, < 0.8) is

given by Equation 3 using J,,,.. = J,,,.> from Equation 1, and where I, denotes the modified Bessel function of the
first kind. Substituting J,
the equatorial trapped flux J,

(ap = 1.05 oy ;) measured just above the loss-cone by ELFIN into Equation 4 gives
(ag=90° E, 1).

rap
rap
The electron flux pitch-angle anisotropy s for a distribution of the form J,,,,,, (a) = sin*a, (Summers et al., 2009)
for ap = 10°-90° (i.e., for most of the electron population providing the free energy for chorus wave growth, see
Omura et al., 2008; Tao et al., 2017; Mourenas, Zhang, et al., 2022) can be similarly estimated based on quasi-
linear theory (Mourenas et al., 2023), giving:

Jrap(10°) 1
s=in (J,mi(%")) ' (2 1n(sin<10°)))’ ®)

(10°) given by Equation 4 based on the previously obtained J,,,, (90°).

with J

trap

MOURENAS ET AL.

5 of 21

a ‘T $T0T ‘TOY6691T

:sdyy woiy papeoy

:sdiy) suonIpuo)) pue suud I, Ay 238 “[$70T/€0/€0] U0 Areiqry dutjuQ A1 ‘a8uy s - BIUIO[ED) J0 ANSIAIN Aq €61TEOVIETOT/6T01 01/10p/ w0 Kd1m:

5001 SUOWWI0N) 2ATER1) d[qEardde oY) Aq POTLIOAOS oI SAOIIE V() 508N JO SN 10§ ATRIQIT SUIUQ) AD[IAL UO (SUONIPUOD-PUE-SULIa) W0 AA[IAY"



MID
ADVANCING EARTH
AND SPACE SCIENCES

Journal of Geophysical Research: Space Physics 10.1029/2023JA032193

Besides, the relativistic theoretical gain Gth has been calculated by Summers and Shi (2014). Fitting numerical
results in their Figure 3 for Q,./Q ., ~ 4.5 (a typical value at L ~ 5, see Agapitov et al., 2019), gives a Kennel-
Petschek trapped flux limit J,»(90°) ~ 5 Go/(s°L*E) e/lcm®/s/st/MeV, with E in MeV, G, = 3 the expected gain at
the Kennel-Petschek limit, n ~ 2.6 X 10® e/cm?/s/sr for linear wave growth over a distance As = LRy, and the
exponent B of anisotropy s in this formula of Jp(90°) is given by B = max ((0.4/E [MeV])*4, 1) from 0.1 to
0.8 MeV for a typical pitch-angle anisotropy s ~ 0.25 — 0.5 during strong injections of energetic electrons at L ~ 5
(Mauk & Fox, 2010; Olifer et al., 2022). The increase of exponent B as E decreases is due to an approach to the
minimum energy for cyclotron resonance, which increases Jy for smaller E and s (Summers & Shi, 2014).
Accordingly, the theoretical relativistic linear convective wave power gain G, is approximately proportional to
irap (90°)sPLE for a fixed ratio Q,/2,, ~ 4.5.

At this point in our derivation, it is worth noting that the gain increase from ¢, to t,, , denoted AG =G (t;,,) — G
(), depends only, through Equation 2, on the ratio of the two J,,,,/J,,,,, values obtained from measurements at ¢,
+ap (it depends only on the ratio of resonant
Therefore, the Kennel-Petschek assumption of a

and ¢, ;. Since this ratio of two J,,,.../J,

prec'Y trap

values is independent of J,
wave powers at these two times), AG is also independent of J,,.,,,.
wave power gain G increasing linearly with the theoretical linear wave power gain G,;,, which is proportional to
Jraps can be tested by comparing at various times the inferred AG with AG,,. If AG increases roughly linearly

trap»

with AG,,, it will mean that G increases roughly linearly with the theoretical gain G,

However, this does not yet provide us an estimate of the absolute value of G(¢) at a given time. To derive such an
estimate, it is reasonable to assume that the actual wave power gain G will be proportional to the theoretical linear
convective wave power gain G, as in the derivation of the Kennel-Petschek flux limit (Kennel & Petschek, 1966;
Shklyar & Matsumoto, 2009; Summers & Shi, 2014), giving G (t;,,)/G (t;) = G, (t,,.1)/G,;, (t;). This immediately
yields G (t;,.,) — G (t;) = (G, (t;11)/Gy, (t;) — 1)G (¢;). Combining this relationship with the preceding equations,
for a fixed E and a fixed L, the wave power gain G at each time ¢, is given by:

-1

_ 2o (%) g ) Jirap (907, 7i+1)s(fi+1)B _ )
G() = In [(Zo(ti+l)) ] ( Sy O0°, 1) S(ti)B 1),

2
G(tiy1) = G(1) +ln[< 20 (%) ) ],

(6)

20(tis1)

where values of zg, J,,4,»
JPVL’C = ‘]prec
To calculate G(¢) at fixed L and E, we only keep times ¢; and ¢, ; such that the following inequalities are satisfied:

G (ti11) > G (1), Iy (90°, ti 1) > J gy (90°, 1), and Jyy, (90, 111) s(8i4 DE > J1rap (90°,1;) (1), We calculate G
(E, L, 1) from E > 0.1 MeV up to some energy E < 0.6 MeV, and only when J,,,... (t;) > 100 elem*/s/st/MeV, J,
(90°, ;1) > 1.5 J,,,, (90°, t,), and z, (#,)/zy (t;;) > 1.2, to ensure a good accuracy.

s, and B at fixed E and L are used. In Equation 6, z, is given by Equation 3 using either

orJ whereas J,

prec = prec2s

wrap (90°) and s are given by Equations 4 and 5 using always J,,,.. = J,,co-

rap

rap

Let us emphasize that wave power gains are inferred only by pairs (G (¢;), G (#,,.,)). For example, we can infer a
first pair P, of gains G (t,, P,) and G (t,, P,) from measurements at ¢, and ¢, and, separately, another pair P, of
gains G (t,, P,) and G (3, P,) from measurements at #, and #;. These two pairs of gains are partly independent of
each other, because measurements at #;, and #; are independent of each other. Based on the assumption, used to
derive Equation 6, that G is proportional to G, and J,
G, and J,

rap (90°), we will necessarily get a linear increase of G(¢) with

(¢) for each pair of gains. However, Equation 2 indicates that AG (P,) = G (t,) — G (t,) only depends
on the variation of J,,,../J,,,, and, consequently, is independent of AG (P,) and of the absolute levels of J,,,,,, (90°,
1) and G,,(7). Therefore, when examining the above-discussed two successive pairs P, and P, of inferred gains, the
variation of G(#) from ¢, to #3 as J,,,,, and G, increase, given by Equation 6, may not be a monotonous increase,
and the final gain G (t3) = AG (P,) + AG (Py)/(G,;, (t3)/Gy, (t,) — 1) can even become smaller than the initial gain
G (t)) = AG (PG, (,)IG,, (1) — 1) for a sufficiently small AG (P,), corresponding to a sufficiently weak
increase of J,,,,./J,

prec'Vtrap
G as a function of G,, for three or more independent pairs (G (t;), G (#;,,)) obtained at different times (or at

rap

from 1, to #; compared with its increase from ¢, to #,. This means that plotting the variation of

different energies E or L-ranges) should indicate the actual dependence of the measured gain G on the theoretical
gain G, and J,
limit Jgp.

It can also help to verify the Kennel-Petschek assumption of a maximum gain G, = 3 at the flux

rap*
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The chorus wave power gain G(¢) near the magnetic equator can be estimated using Equations 1-6 based only on
low altitude ELFIN CubeSat measurements of precipitating, backscattered, and trapped electron flux, without any
wave measurement. It is worth noting that, in deriving Equation 6, we made use of normalized z, (¢;) and flux
values. An advantage of this method, previously used for electromagnetic ion cyclotron (EMIC) waves (Ange-
lopoulos et al., 2023), is that such a normalization leads to a cancellation of all parameters in z, that remain
approximately constant during the examined time interval, such as the plasma frequency to gyrofrequency ratio or
the wave frequency to gyrofrequency ratio (Mourenas et al., 2023). As a result, the wave power gain near the
magnetic equator can be inferred from low-altitude measurements alone, without additional plasma or wave
measurements in the equatorial and mid-latitude regions where wave generation and electron precipitation take
place.

2.5. Main Assumptions and Quantification of Uncertainties

The present method, like the Kennel-Petschek model (Kennel & Petschek, 1966; Summers et al., 2009), assumes
that electrons in a given energy range ~ E + AE/2, with AE/E =~ 40% the full width of ELFIN energy channels
(Angelopoulos et al., 2020) and E € [80, 600] keV, are providing (via their high a > 60° part) the free energy for
chorus wave growth near the magnetic equator and are subsequently progressively precipitated into the atmo-
sphere (at low o) mainly through cyclotron resonance at middle latitudes with the same waves (of similar fre-
quencies w). Averaging over the finite width AE of energy channels should make this approximation even more
reasonable.

Based on known dependencies of z, and D,, on wave and plasma parameters (Mourenas et al., 2014), we need to
assume that the equatorial plasma frequency to gyrofrequency ratio, €2,.0/Q..o ®# 4 — 5 at L ~ 5, remains roughly
constant over the investigated time interval, in agreement with statistical observations at 4—14 MLT during events
with AE € [100, 1,000] nT (Agapitov et al., 2019; Sheeley et al., 2001), and that the wave power distribution as a
function of normalized frequency w/€2.,, remains approximately constant during the same time interval.

In addition, we must assume that the wave power ratio Bi,(t,-H)/ va(t,-) at latitudes 4 ~ 10°-30° of cyclotron-
resonant electron precipitation is approximately the same as at 4 < 10° where chorus wave growth takes place.
This reasonable requirement is equivalent to assuming a similar Landau damping of the waves at ¢; and ¢, | along
their propagation to middle latitudes, consistent with statistical observations at L =4 — 6 and 4-14 MLT showing
a similar latitudinal distribution of chorus wave power from Kp = 3 to Kp = 6 (Agapitov et al., 2018).

Finally, we wish to eliminate any bias related to random temporal fluctuations of J,,,,,, and J,,,.../J,,,» produced by
sub-second chorus wave bursts, and to smooth out flux variations due to the spacecraft's relatively low sampling
rate compared with physical phenomena (Zhang et al., 2022). Therefore, we need to average the measured

electron fluxes over as much data as possible.

Nevertheless, a finite level of natural fluctuations of all physical quantities is unavoidable and we need to estimate
the corresponding uncertainties on the inferred G. Based on the uncertainties AJ,,,,, and AJ,,,.. on the measured
average fluxes, the uncertainty AG on the gain given in Equation 6 is:

AG 2 (AJprec AJtrap ) + A‘Itmp (ti+1 ) (7)

G~ (GU) =G\ Jpree ™ Tuap ) Ty (ti0) - %Jm(;i)'
The relative variations of the trapped electron flux measured by ELFIN CubeSats are much less important than the
relative variations of the much weaker precipitating electron flux (Mourenas et al., 2021; Mourenas, Zhang,
et al., 2022). Since we usually have (J,q, (fi11) — (5(2,)/5(ti41 ))BJ,,ap (1)) > Jiyap (ti41) (G(t:1.1) — G(1,))/ 20, this
gives AGIG ® 2 (AJ,,,0cld e )/(G (141) — G (1)) to first order. Accordingly, a reasonable estimate of the un-
certainty AG is given by the difference between the two values of G obtained by using the two different versions,
JprectM irap a0 J 5,0 ol 1y, OF the average precipitating to trapped flux ratio given in Equation 1, corresponding to
two different averages of J,,,,.

/

rec

Based on Equation 3, D, (a ;) is roughly proportional to J pzm within the investigated domain 0.004 < J,
J,

trap

< 0.8. Consequently, for a sufficiently large and representative time-averaging interval, Jpzml =(J pZm

should theoretically provide a more accurate estimate of the time-averaged D,,(ag ;) and G(f) than
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Jpzm2 = (Jprec)?. Using ‘]/72;*902 should generally provide somewhat underestimated values of the time-averaged

D, (@ 1), but also of G(?), because the ratio D, (t;,)/D,,(t;) is prone to a stronger increase based on (B2)
(each va value corresponding to a ~3 s spin of ELFIN) than based on (B,,)?> when the high-intensity tail of chorus
wave bursts increases (Zhang et al., 2019). On the other hand, for a realistic, limited time-averaging interval of
~20 — 30 ELFIN spins, J, pzm_l can be more affected than Jpzm2 by the presence of an outlier in the data, corre-

sponding to an exceptionally intense wave burst (see examples of such ELFIN spectra in Tsai et al., 2023; Zhang

2

etal., 2022). Sometimes, this can make J, .| less representative of the actual wave power distribution than J, 2

prec2®

leading to temporal fluctuations of the inferred G(r) and giving less reliable estimates than J 2_,. In Section 3, the

prec2*
two estimates of G(¢) obtained from J 2

ect and Jp2
inferred G(¢).

eco Will be plotted, to provide the uncertainty range of the

2.6. Usefulness

This method allows to infer both the equatorial trapped electron flux J,,,,, (90°) and the equatorial wave power

rap
gain G from low-altitude electron flux data, based on quasi-linear theory. It provides the means for checking two
key assumptions of the Kennel-Petschek model (Kennel & Petschek, 1966; Summers et al., 2009): (a) the

exponential increase of the chorus wave power Bﬁ, with J,,,
electrons of energy E near the loss cone, equivalent to a linear increase of the wave power gain G with J,,
and (b) the existence of a fixed maximum gain, G, = 3, reached when J,

a geomagnetic storm.

(90°) at a given latitude of cyclotron resonance with

rap (900)7
(90°) attains its maximum level during

rap

This method only requires low-altitude energy and pitch-angle resolved measurements of electron fluxes. But it
can be supplemented by conjugate measurements near the magnetic equator or at middle latitudes on the same
magnetic field line. For instance, chorus wave power gains G(¢) and diffusion rates D, (a ;) inferred from
ELFIN's measurements can be compared with other spacecraft measurements of chorus wave power around the
equator.

In addition, one can use the (/€. ratio from an empirical plasma density model (Sheeley et al., 2001) at L ~ 5
during moderate geomagnetic storms, and w/Q_,, as a function of latitude from another statistical model
(Agapitov et al., 2018), to estimate from the variation of J,,,/J,,,, as a function of E the wave power B2 asa
function of the latitude of resonance with electrons of different energies near the loss cone. This could give an
indication of the strength of Landau damping (Bell et al., 2002; Bortnik et al., 2007), which may partly
compensate in G(#) the convective wave growth produced by J,,,,,, at low latitudes.

rap

3. Applications to Moderate Geomagnetic Storms

First, we examine the moderate 16—18 April 2021 geomagnetic storm, with minima of Dst and Sym — H indices of
—54 and —61 nT, respectively, at 05 UT on 17 April, and an average Kp of 4 from 18 UT on 16 April to 13 UT on
18 April (see Figure 1). Such conditions typically correspond to strong and prolonged injections of energetic
~50 — 150 keV electrons from the plasma sheet (Birn et al., 1998; Gabrielse et al., 2014; X. Li et al., 1998; Turner
et al., 2015) and sustained chorus wave-driven electron energization and precipitation into the atmosphere at L ~
4.5 — 6.5 (Agapitov et al., 2018), leading to a strong increase of ~0.1 — 2 MeV trapped electron flux up to some
upper limit (Hua, Bortnik, Chu, et al., 2022; Hua, Bortnik, & Ma, 2022; Mourenas, Artemyev, et al., 2022;
Mourenas et al., 2023; Olifer et al., 2022). Using the SuperMag SME index as a good proxy for AE (Gjer-
loev, 2012) in an empirical plasmapause model based on AE (O’Brien & Moldwin, 2003) indicates that the
plasmasphere remained at L < 4 over 5-7 MLT during the whole period displayed in Figure 1.

Figure 1b shows a strong increase, from 16 April (18 UT) to 18 April (13 UT) 2021, of the trapped or quasi-
trapped 240 keV (black) and 500 keV (blue) electron flux J,,,,, measured at an altitude of ~450 km by
ELFIN A and B (filled and empty circles, respectively) at L € [4.5, 5.5] near 6 MLT. The corresponding

precipitating to trapped flux ratio J,,,, /M ,p = JprecalJirap» displayed in Figure lc, can fluctuate much more than
J,

1rap OVET short time scales (as near 17 UT on 17 April or near 20 UT on 16 April), due to the presence or absence
of high intensity chorus wave bursts at middle latitudes and microbursts (Chen et al., 2022; Zhang et al., 2022), or
due to occasional bursts of highly oblique chorus waves (Artemyev, Zhang, et al., 2022). In the following, we use

ELFIN A data (filled circles) at 17:35 UT on 16 April, at 18:30 UT on 17 April, and at 13:10 UT on 18 April
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Figure 1. (a) Kp (black) and Sym — H (red) indices from 16 UT on 16 April to 14 UT on 18 April 2021. (b) Trapped (or quasi-
trapped) 240 keV (black) and 500 keV (blue) electron flux J,,,, measured at low altitude by ELFIN A (filled circles) and

trap

ELFIN B (empty circles) at L =4.5 — 5.5 and 5 — 7 MLT. (c¢) Precipitating-to-trapped 240 keV (black) and 500 keV (blue)
electron flux ratio J . /J, J measured by ELFIN A (filled circles) and ELFIN B (empty circles) at L=4.5 — 5.5

y = ol
prec!Yirap = prec2 trap
and 5 — 7 MLT. Vertical dashed green lines on 16, 17, and 18 April indicate the selected data used in the following figures.

(times indicated by vertical dashed green lines in Figure 1), which correspond to near-median trapped fluxes and
precipitating-to-trapped flux ratios around those times, and exhibit increases in those quantities at 240 keV from
16 to 17 to 18 April.

Figures 2a, 2f, and 2k show the average precipitating to trapped electron flux ratio J,,,..1/J,,, from Equation 1 at
L=35-650n16,17,and 18 April 2021, measured by ELFIN A near 6 MLT, as a function of electron energy.
Figures 2b, 2g, 21, and 2c, 2h, 2m show the chorus wave-driven electron quasi-linear pitch-angle diffusion rates
rap A0 J) 0000y, TESPECtivEly.
Figures 2d, 2i, and 2n show the equatorial trapped electron fluxes J,,,,, (g = 90°) inferred using Equation 4, and

D, near the loss cone, inferred using Equation 3 from the measured J,,,,.1//,

Figures 2e, 2j, and 20 show the pitch-angle anisotropy s estimated based on Equation 5.

Figure 2 shows that the precipitating to trapped flux ratio J,,.c1/Jsqp
angle diffusion rate D, near the loss cone evaluated based on J,,,..1//,

the chorus wave-driven electron pitch-
or JprecZ/ Jt
trapped flux J,,,, (90°) progressively increased from 16 to 18 April, above 150 keV at L = 4.5 — 5.5 and at

and the equatorial

rap rap®

~80 — 300 keV at L = 5.5 — 6.5. The observed increase of D,, indicates a strong increase of chorus wave
power concomitant with the observed increase of trapped electron flux, in agreement with previous results that
showed a statistical relationship between 80 keV electron flux and chorus wave power measured near the
equator at L ~ 5 by the Van Allen Probes during geomagnetic storms (Chakraborty et al., 2022). The trapped
flux J,,, (90°) increased much less between 17 and 18 April than between 16 and 17 April, indicating a
probable approach to a flux limit. On 18 April, J,,,,, (90°) was indeed within a factor of ~2 of the upper flux
limit observed during storms in 2013-2018 at ~100 — 600 keV and L ~ 5.0 — 5.5 (Hua, Bortnik, & Ma, 2022).
A previous, more limited investigation of the 16—18 April 2021 storm at L ~ 5 has shown that the trapped flux
Jirap (90°, E) reached on 18 April an energy spectrum shape at ~100 — 600 keV very similar to an upper flux
limit J; (E) corresponding to a dynamical equilibrium with steady-state attractor in the presence of sustained
injections and both pitch-angle and energy diffusion by chorus waves (Mourenas et al., 2023). This upper flux
limit J,;(E) corresponds to a balance between the total number of injected and precipitated electrons per
second; its functional shape versus energy is often close to the shape of the Kennel-Petschek flux limit Jxp(E)
at 100 — 500 keV (Mourenas et al., 2023).
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rap

Jprec from Equation 1 at L = 3.5 — 6.5 on 16 April 2021 (near 18 UT), based on ELFIN CubeSat

low-altitude electron flux measurements near 6 MLT, as a function of electron energy. (b) Chorus wave-driven electron pitch-angle diffusion rate D,,, near the loss cone

inferred using Equation 3 and J,

prec

W,

rap*

(c) Same as (b) using J ,,..»/J,,,, from Equation 1. (d) Equatorial trapped electron flux estimated based on Equation 4. (e) Pitch-

angle anisotropy s inferred using Equation 5 during the same period as in (a,b,c,d) (f)-(j) and (k—o0) Same as (a)—(e) based on ELFIN measurements on 17 April (near 18
UT) and on 18 April 2021 (near 13 UT), respectively.

Figures 2e, 2j, and 20 further show that the pitch-angle anisotropy s decreased from ~0.3 to ~0.2 — 0.25 from
16 to 18 April, as expected in the presence of stronger pitch-angle diffusion (Kennel & Petschek, 1966; Olifer
et al., 2022). Pitch-angle diffusion is found to be stronger at higher L-shells, consistent with statistical chorus
wave models (e.g., see Agapitov et al., 2018). The relatively low pitch-angle anisotropy s ~ 0.25 on 18 April
is close to the level s ~ 0.3 usually recorded when the trapped flux has increased up to the Kennel-
Petschek limit Jip» (Mauk & Fox, 2010; Olifer et al., 2022). This confirms that J,,,, (90°) was probably
close to Jgp at ~100 — 300 keV at the end of this event, as during various similar events in 2016-2017
(Olifer et al., 2022).

Next, we focus in Figure 3 on the 180 — 300 keV energy range where the three inequalities J,,,,, (90°, 7,,1) 2 1.5
Jirap (90, 1), I e > 100 e/em?/s/st/MeV, and z, (£,)/zo (#;1.1) > 1.2 are usually satisfied, which should correspond
to more reliable estimates of the chorus wave power gain G(f) than at other energies (see Section 2). Figure 3
shows the temporal variation of G(¢) during this storm at 180 keV, 240 keV, and 300 keV, within two L-shell
ranges (4.5 — 5.5 and 5.5 — 6.5), inferred from ELFIN measurements using either J,,,.i/J,,,,, (circles linked by
solid lines) or J,,,, 5/, (triangles linked by dashed lines). Such G(7) values are calculated using Equation 6 over
the periods 16-17 April (red), 17-18 April (blue), and 16-18 April (black), giving different estimates on each day.
Note that G() values are calculated and plotted only when the above-listed three inequalities are satisfied, to
remove unreliable estimates.

For 90% of the G(2) values in Figure 3, the two different estimates of G, G| = G (1) and Gy = G (J,5,02), are
both simultaneously available and correspond to an uncertainty AG/G = 1G; — G,I/([G; + G,]/2) smaller than
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Figure 3. (a) Chorus wave power gain G(f) at L =4.5 — 5.5 on 16-18 April 2021, inferred from ELFIN low-altitude electron
flux measurements at 180 keV near 6 MLT. The different G(¢) values obtained using J,,,,.; and J,,., are shown by circles
(linked by solid lines) and triangles (linked by dashed lines), respectively. The periods 16—17 April (red), 17-18 April (blue),
1618 April (black) are examined separately, providing different G(f) estimates at each time. (b),(c) Same as (a) for 240 and
300 keV, respectively. (d,e,f) Same as (a,b,c) at L =5.5 — 6.5.

40%, lending credence to these estimates. In addition, the different G estimates obtained at a given time, energy,
and L, by analyzing different periods (16-17, 17-18, or 16-18 April) of the same event, usually differ by a
factor = 2 or less. This suggests that wave and plasma parameters other than wave power probably varied weakly
during this event (see Section 2.5).

Figure 3 directly shows that G (E, f) steadily increased over the course of this storm at all energies E € [180, 300]
keV and L ~ 4.5 — 6.5, although the stronger increase of G(¢) on 16—17 April (red lines) than on 17-18 April (blue
lines) in Figures 3a—3c indicates a saturation of G on 17-18 April. These results therefore confirm the presence of
a steep increase of chorus wave power as the trapped electron flux increased during the storm, in agreement with
the assumption made in the Kennel-Petschek model.

Regrouping all G(¢) values from Figure 3 on each day further shows that the median and mean values of G(f)
increased from ~1.7 and ~2.5 on 16 April, to ~5 and ~7 on 17 April, up to ~8 and ~13 on 18 April,
respectively. This corresponds to a steep, exponential increase of the average chorus wave power
B2 ()~ exp[G(f)]. However, it is worth emphasizing that at the start of this event, on 16 April, the median
and mean inferred G ~ 1.7 — 2.5 were already close to the maximum gain G, = 3 assumed at the Kennel-
Petschek flux limit (Kennel & Petschek, 1966; Summers et al., 2009; Summers & Shi, 2014). The median
and mean inferred G strongly increased during the storm, reaching G ~ (1.7-2.3) X 3 on 17 April and ~
(2.74.3) x 3 on 18 April. These results suggest that the actual chorus wave power gain G significantly
exceeded the maximum gain G, = 3 usually assumed at the Kennel-Petschek flux limit J,,,, ~ Jxp (Kennel &
Petschek, 1966; Summers et al., 2009) during roughly one day, from 17 to 18 April 2021. Accordingly, the
actual Kennel-Petschek flux limit Jgp, which is proportional to G (Kennel & Petschek, 1966; Summers
et al., 2009; Summers & Shi, 2014), could have been ~3 times higher during this storm than usual estimates
relying on a maximum level max(G) = G, = 3.

By construction, Equation 6 assumes a linear variation of the inferred G with the theoretical linear convective
chorus wave power gain G, % J,,,,, (90°)s®°L*E/n (Summers & Shi, 2014), with 7 a constant, between two times f;
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Figure 4. (a) Chorus wave power gain G(¢) inferred from ELFIN low-altitude electron flux measurements at L =4.5 — 5.5 and
180 keV, as a function of J,__ (90°, 1)s® at fixed E and L on 16-17—18 April 2021 (with J, _ in e/cm?/s/st/MeV). G(f) is

trap trap

obtained using J,,,., (circles) and J,,,,., (triangles), over periods 16-17 April (red), 17-18 April (blue), and 16-18 April
(black). A dotted green line shows the theoretical trend corresponding to a constant ratio G(1)/(J,,,,,, (90°, Hs?), and a solid
green line shows a least squares power-law fit. (b),(c) Same as (a) for 240 and 300 keV, respectively. (d) Same as (a) for
240 keV at L =5.5 — 6.5.

and t;,, corresponding to two same symbols of same color in a same panel of Figure 3. However, both G
(t;+1) — G (¢;) and the inferred G (z,) can freely vary from one time interval (¢;, ¢,, ;) to another, corresponding to
different colors in each panel of Figure 3, or from one energy E to another or from one L-range to another,
corresponding to different panels in Figure 3. Plotting a best least squares fit to 3 or more of such independent
groups of data points can therefore reveal the actual dependence of G on J,,,, (90°)s®L*E.

rap

rap (90°)s® for fixed E and L, we first show in Figure 4 the inferred gain G as a
(90°)s® for separate (L, E) pairs, each of which corresponds to 12 available estimates of G

Since G, is proportional to J,
function of J,,,,
representing 3 independent quadruplets of points. The results in Figure 4 are roughly consistent with a linear
rap (90°)s” at fixed E and L, with
best least squares fits (solid green lines) G = - [J,mp(90°)s3 ]a with # a constant and a ~ 1.03, 1.38, 1.1 for
240 keV at L = 5.5 — 6.5 and 240 and 300 keV at L = 4.5 — 5.5, respectively, and a ~ 2 for 180 keV at

L=45-55.

increase of the inferred gain G with the theoretical gain G,,, which varies like J,

Next, all the data in Figure 3 (except for two points in Figure 3f of unknown uncertainty without estimates based
on J,,..1), corresponding to 16 independent quadruplets of points, are used together in Figures 5a and 5b. First,
Figure 5a shows G as a function of J,,,,,, (90°)sBL*E (with Jirap I e/cm?/s/st/MeV and E in MeV). It demonstrates
that the inferred gain G increases approximately linearly with the theoretical gain, with a best least squares fit
G = f+ [J1p(90°)sPL*E/108]" with B = 1.7, @ = 0.97, and 68% confidence intervals 0.83 < a < 1.11 and
1.1 < # < 2.3. Although the Pearson correlation coefficient is weak, R = 0.23, this linear correlation is statistically
significant at a 93% confidence level (Press et al., 2007). The Spearman rank-order correlation coefficient,
R, = 0.56, confirms the presence of a statistically significant monotonic relationship between inferred and
theoretical gains at a 93% confidence level.

rap
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Figure 5. (a) Chorus wave power gain G as a function of J,,,, (90°)s®L*E (with Jirqp 10 e/cm?/s/sr/MeV and E in MeV) on 16-18 April 2021 inferred from ELFIN low-

altitude electron flux measurements at 180 — 300 keV and L ~ 4.5 — 6.5. G is obtained using J,,,,; (circles) and J ., (triangles), over 16-17 April (red), 17-18 April

(blue), and 16-18 April (black). The solid green curve shows the best least squares power-law fit, G = 1.7 - (],ml,(90°)sBL4E/ 108)0'97. (b) AG as a function of A(J,,
(90°)s®L*E) on 16-18 April, with the best least squares linear fit AG = 1.07 -A(J
lower right corner, the best fit becomes AG = 1.3 -A(J,
values most consistent with each other, at 300 keV and L ~ 5 and 240 keV and L ~ 6. The best least squares linear fitis AG = 1.12 -A(J,

(solid green line).

rap
wrap (90°)s® L*E/10%) with R = 0.337 (dashed green line). After excluding two outliers in the
(90°)s®L*E/10®) with R = 0.6 (solid green line). (c) Same as (b) but keeping only (E, L) pairs in Figure 3 with G
(90°)s®L*E/N0®%) with R = 0.87

rap

rap

A second estimate of the relationship between G and J,,,,,, (90°)s®L*E during this storm is obtained in Figure 5b,
which shows the variation AG of G between #; and ¢, as a function of the variation A(J,,,, (90°)s®°L*E) of the
theoretical linear gain. All 32 values displayed in Figure 5b are directly inferred from ELFIN measurements using
only Equations 2-5, without any assumption on the variation of G(#) with trapped flux between ¢; and ¢, ;. The
best least squares linear fit (dashed green line) is equivalent to a scaling G = 1.07 - irap (9O°)sBL4E/ 108) similar
to the scaling in Figure 5a, with a correlation coefficient R = 0.337. The Student #-test value for this correlation,
t=mn-2)""R/(1- Rz)l/2 = 1.96 for n = 32 points, implies that there is a significant linear relationship be-
tween G and J,,,,, (90°)sPL*E at a confidence level of 94% (Press et al., 2007). Moreover, 2 points in the lower
right corner of Figure 5b, which are located far away from all the other points, are identified as outliers at a ~75%
confidence level using the one-tail generalized Extreme Studentized Deviate test (Rosner, 1983) on the right-
hand-side of the best fit. After excluding these 2 probable outliers, we get a best least squares linear fit
G=13yy (90°)sPL*E/10%) (solid green line), with a significant correlation coefficient R = 0.6. This best fit is
very close to the best fit in Figure Sa.

As in the case of the two outliers in Figure 5b, shown by red symbols in Figure 3d, there are sometimes significant
discrepancies between inferred G(z) values for a given (E, L) pair in Figure 3. Consequently, we plot again AG as a
function of A(J,,,,, (90°)s®L*E) in Figure 5c, but here we keep only the (E, L) pairs from Figure 3 with inferred G
values most consistent with each other (based on their respective uncertainties given by the difference between
G values inferred using J,,,..c1/J,,p a0d J 02/ 1q,), 2t 300 keV and L ~ 5 and at 240 keV and L ~ 6. Such inferred
G values are expected to be the most reliable, since each of them has been obtained in two different ways, using
two different pairs of electron flux measurements. This yields a best least squares linear fit G = 1.12 -A(J,,,,, (90°)

rap.

sPL*E/10%) with a high correlation coefficient R = 0.87 (solid green line), close to the best fits in Figures 5a and
5b. Therefore, the results in Figure 5 are consistent with the Kennel-Petschek assumption (Kennel & Pet-
schek, 1966; Summers & Shi, 2014) of a wave power gain G proportional to the theoretical linear convective gain
G, up to the upper flux limit when J,,,, (90°)s’L*E < 7.5 x 10® and J,,,, (90°) < 2.5 x 107 e/cm?/s/st/MeV at

180-300 keV and L = 4.5 — 6.5.

rap rap

However, one cannot exclude a saturation of G at higher J,,,,,, (90°) values. A trapped flux J,,,,,, (90°) = 5 X 107
e/em*/s/sr/MeV, higher than on 18 April 2021, has been measured at 180 keV and L ~ 5 by the Van Allen Probes
at the end of two similar events, on 29 September and 27 October 2016 (Hua, Bortnik, & Ma, 2022; Mourenas
et al., 2023). A sufficiently high trapped flux J,,,, (90°) may allow a simultaneous growth of chorus waves at
various distant frequencies (Katoh & Omura, 2016; Kuzichev et al., 2019; Tao et al., 2020; Zhang et al., 2021),
leading to wave resonance overlap and the formation of mainly short wave packets with saturated peak amplitudes
B,, pear < 0.2 nT (Mourenas, Zhang, et al., 2022), as for the majority of chorus wave packets in the inner
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Figure 6. (a) Kp (black) and Sym — H (red) indices from 5 UT on 5 March to 5 UT on 6 March 2022. (b) Trapped (or quasi-trapped) 180 keV (black circles) and 240 keV

(blue circles) electron flux J

trap

measured at low altitude by ELFIN B at L =4.5 — 5.5 and 14-16 MLT. (c) Precipitating-to-trapped 180 keV (black circles) and 240 keV

(blue circles) electron flux ratio J ,,, /J,,, = Jpreco!J o measured by ELFIN B at L = 4.5 — 5.5 and 14-16 MLT. Vertical dashed green lines indicate the data used in the

following figure.

magnetosphere (Zhang et al., 2019; Zhang, Mourenas, et al., 2020). This effect, or a sufficiently strong reduction
of anisotropy s as J,,,,,, (90°) increases, might result in a saturation of G at very high trapped fluxes.

Next, we investigate a second, shorter event, the moderate 5—6 March 2022 geomagnetic storm, with a minimum
Dst of =56 nT and a minimum Sym — H of —60 nT at 21 UT on 5 March, and an average Kp of ~4.3 from 9 UT on
5 March to 5 UT on 6 March (see Figure 6). Using the SME index as a proxy for AE in an empirical plasmapause
model based on AE (O’Brien & Moldwin, 2003) shows that the plasmasphere remained at L < 4 over 14-16 MLT
during the period displayed in Figure 6. At the three selected times (denoted by vertical green dashed lines) in
Figure 6, there was no peak of the precipitating-to-trapped flux ratio J,,./J,,, > 0.5 above 1 MeV in ELFIN B
dataat L =4.5 — 5.5 and 14-16 MLT. This indicates that EMIC waves, which can sometimes be present in a high-
density plume, were absent in the 14—16 MLT sector at these times (Angelopoulos et al., 2023). Figure 6 shows
that the trapped 180-240 keV electron flux J,,, measured at low altitude by ELFIN B at L =4.5 — 5.5 and 14-16
MLT increased and reached a high level near 4 UT on 6 March. The corresponding measured flux ratio J,,,,/J,,,
was also much larger at 4 UT on 6 March than before, following a 9-hr-long peak of Kp =~ 5 indicative of strong
injections (ELFIN data at MLT later than 14-16 or earlier than 4 is discarded due to statistically much lower
chorus wave power at middle latitudes, see Agapitov et al., 2018, and Section 2).

In Figure 7a, the chorus wave power gain G is inferred, using Equation 6, from the variation of 180, 240, and
300 keV electron fluxes measured by ELFIN B at 14-16 MLT and L = 4.5 — 5.5 during the 5-6 March 2022

storm, between the times indicated by vertical dashed green lines in Figure 6. Although Figure 7a contains much

less data than Figure 5a, the best least squares fit G ~ 2.9 - (J,,,(90°)s®L*E/ 108)0'9986 shows a similar, linear

scaling of the inferred chorus wave power gain G with the theoretical linear gain G,,. A second estimate of the
(90°)s®L*Ely during this storm is provided in
(90°)s”L*E) and the best least

relationship between the inferred wave power gain G and G, ~ J,

rap

Figure 7b using only Equations 2-5. Figure 7b shows AG as a function of A(J

trap
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Figure 7. (a) Chorus wave power gains G as a function of J,
180 keV (black), 240 keV (blue), and 300 keV (red) electron flux measurements by ELFIN B at L = 4.5 — 5.5 and 14-16 MLT. Such G values are inferred using J,
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(90°)s®L*E (with J,__in e/cm?/s/st/MeV and E in MeV) on 5—-6 March 2022, inferred from low altitude

trap trap

precl

(circles) or J,,,.., (triangles) during the time interval from 5 March (6 UT) to 6 March (3:40 UT) in Figure 6. The solid green line shows the best least squares power-law

fitG ~ 2.9- (_]tmp(goo)SBthE/108)09986

SBL4E/108) with R = 0.33 (green line).

. (b) AG as a function of A(/,

(9O°)sBL4E) on 5-6 March 2022, with the best least squares linear fit AG = 2.8 -A(J,

trap

(90°)

trap

squares linear fit, equivalent to G = 2.8 - (J,,,,, (90°)s®L*E/10%), with a correlation coefficient R = 0.33. These
results are again consistent with the Kennel-Petschek model.

4. Discussion of Results

The chorus wave power gains G(?) inferred in Section 3 usually reach ~3 times higher values at the time of
maximum trapped ~100 — 300 keV electron fluxes during geomagnetic storms than the assumed maximum level
G, ~ 3 at the upper flux limit in the Kennel-Petschek model (Kennel & Petschek, 1966; Summers et al., 2009).
This could simply correspond to short time intervals during which trapped fluxes could briefly exceed the Kennel-
Petschek flux limit during a dynamical evolution toward an equilibrium state. However, the measured trapped
~80 — 500 keV electron fluxes were not particularly elevated during the 16—18 April 2021 event. They were
rather consistent with, or somewhat lower than, the typical maximum trapped fluxes recorded for tens of hours
around the end of such strong injections events (Hua, Bortnik, Chu, et al., 2022; Hua, Bortnik, & Ma, 2022;
Mourenas, Artemyeyv, et al., 2022; Mourenas et al., 2023). The inferred gain G was also significantly higher than 3
from 17 to 18 April 2021. This suggests that the maximum inferred gains G = 10 probably correspond to the
actual wave power gain G, at the upper flux limit.

Part of the discrepancy between the Kennel-Petschek estimates and observations probably stems from the
presence of stronger nonlinear wave-particle interactions at higher trapped flux. The Kennel-Petschek model is
based on quasi-linear diffusion theory, while numerical simulations and observations have demonstrated that
nonlinear interactions can become significant for high wave amplitudes exceeding the threshold for electron
trapping in the wave potential (Albert et al., 2013; Artemyev et al., 2016; Demekhov et al., 2017; Omura
etal., 2007, 2008; Summers et al., 2011). However, in the presence of a typical population of chorus wave packets
representative of statistical observations during active periods, consisting of mostly short and intense wave
packets with random frequency and phase jumps (Mourenas, Zhang, et al., 2022; Zhang, Agapitov, et al., 2020;
Zhang et al., 2021; Zhang, Mourenas, et al., 2020), the actual precipitation rates of 100-500 keV electrons can still
be approximately described via the quasi-linear approach (Artemyev, Mourenas, et al., 2022; Gan et al., 2022;
Mourenas et al., 2021; Mourenas, Zhang, et al., 2022; Zhang, Agapitov, et al., 2020), although nonlinear effects
can lead to up to ~1.5 times faster electron diffusive-like pitch-angle transport, on average, at low equatorial
pitch-angles than in pure quasi-linear diffusion (Artemyev, Mourenas, et al., 2022). A slightly faster increase of
the total (quasi-linear and nonlinear) effective diffusion rate than the quasi-linear diffusion rate as wave amplitude
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increases could therefore account for a ~10% to ~20% increase of the gain G inferred from Equation 6 at the

highest J,,,, compared to G inferred at the lowest J,

rap rap*

It is worth emphasizing that in the proposed method, the inferred wave power gains depend, via Equation 2,
on the ratio of pitch-angle diffusion rates D,, near the loss cone at two different times and also, in
Equation 6, on the ratio of theoretical wave power gains G, at these two different times. Therefore, the
inferred gains G do not depend on the absolute level of D,, or G,,, but only on the relative variation of such
quantities over time. This is a key advantage of this method. It means that the actual D,, and G, do not
need to be identical to the quasi-linear diffusion rate and to the linear convective gain, respectively, to obtain
accurate estimates of G: the actual D,, and G,, only need to vary in time approximately proportionally to
the quasi-linear D,, and to the linear G,;,, respectively. In other words, nonlinear effects may increase the
actual pitch-angle diffusion rates and wave power gains by constant factors compared to their quasi-linear
and linear counterparts without affecting the accuracy of our G estimates. However, we caution that if
the magnitude of such nonlinear amplification factors would significantly vary in time, then our G estimates
could become biased.

The notion of a maximum gain value G, = 3 was introduced by Kennel and Petschek (1966) under the assumption
that roughly ~5% of the generated whistler-mode waves could be reflected along field lines, yielding G, = In (1/
0.05) = 3 to ensure a balance between wave generation and partial wave loss, allowing to maintain a quasi-
equilibrium level of wave power. However, later studies have found that there is probably only a marginal
reflection of < 0.1% of the average power of excited quasi-parallel chorus waves, which are usually strongly
damped along their propagation to the high latitudes where partial reflection occurs (e.g., see Parrot et al., 2003;
Chen et al., 2013; Agapitov et al., 2018; Meredith et al., 2020). Since this may partly correspond to wave
reflection and propagation from other L-shells and/or other MLTs, such estimates of the reflection rate are
probably valid only globally, over a substantial range of L-shells and MLTs. In the presence of such marginal
wave reflection rates, reaching the high average amplitudes B,, ~ 50 pT of chorus waves measured at low latitudes
A~ 10° and 4-14 MLT during strong injections with Kp > 4 (Agapitov et al., 2018; Meredith et al., 2020) would
require wave power gains G, > 7 (as first noticed by Summers et al., 2009), consistent with our inferred wave
power gains G =~ 10 near the upper flux limit.

Besides, Van Allen Probes measurements during geomagnetic storms at L =~ 5 in 2013-2018 suggest the presence
90°) ~ 5 x 107 e/cm?/s/st/MeV at 180 keV (Hua, Bortnik, & Ma, 2022). This
empirical upper limit may correspond to the Kennel-Petschek limit J»(90°) for G, ~ 10 and s ~ 0.25, if the total,

of an upper flux limit J,,,,
linear and nonlinear wave power gain G is ~15 — 30 times larger than the linear gain G, over a realistic distance
As = LR;/10 — LR/5. This is roughly compatible with the highest nonlinear to linear gain ratio obtained by
Summers et al. (2011) at L = 4 for s = 0.3 and trapped electrons with a ~150 keV ring velocity distribution.

5. Conclusions

In this paper, we described a method, based on quasi-linear diffusion theory, allowing us to use low-altitude
energy and pitch-angle resolved measurements of electron fluxes during geomagnetic storms leading to strong
increases of trapped electron flux at ~100 — 500 keV, for inferring the wave-driven electron diffusion rate near
the loss cone, the pitch-angle anisotropy of the electron population, the equatorial trapped electron flux and,
finally, the wave power gain G(f) over the course of these events. An advantage of this method is that only low-
altitude electron flux measurements are needed, provided that quasi-linear theory is applicable and average
plasma parameters are weakly varying during each examined time interval (typically of the order of one day or
less). This method allowed us to check whether two crucial assumptions of the Kennel-Petschek model, namely,
the existence of a fixed maximum chorus wave power gain G, ~ 3 near the upper flux limit and a linear increase of

the wave power gain G with trapped flux J,,,,,, are justified in the Earth's outer radiation belt.

rap»

We showed that chorus wave power gains G(¢) inferred from ELFIN CubeSat low-altitude measurements of
~180 — 300 keV electron fluxes steadily increase over the course of moderate geomagnetic storms at
L =4.5 —6.5. More importantly, we found that the inferred wave power gain G(¢) is roughly proportional to the
theoretical convective linear gain G, ~ J ., (90°)sL*Eln (Kennel & Petschek, 1966; Summers & Shi, 2014), as
assumed in the Kennel-Petschek model, over a wide range of J,

rap (90°)s®L*E, corresponding to a wide range of

trapped electron flux.
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Chorus wave power gains G(#) inferred from the selected low-altitude measurements of electron fluxes during
geomagnetic storms regularly reach ~3 times higher values at the time of maximum trapped ~100 — 300 keV
electron fluxes than their assumed level G, ~ 3 at the upper flux limit in the Kennel-Petschek model (Kennel &
Petschek, 1966; Summers et al., 2009). Since the measured trapped ~80 — 500 keV electron fluxes were
consistent with, or slightly lower than, the typical maximum trapped fluxes recorded for tens of hours around the
end of strong injection events (Hua, Bortnik, Chu, et al., 2022; Hua, Bortnik, & Ma, 2022; Mourenas, Artemyev,
et al., 2022; Mourenas et al., 2023), and since the inferred gains G remained much higher than 3 from 17 to 18
April 2021, such maximum inferred gains G ~ 10 likely correspond to the actual chorus wave power gain G at the
upper flux limit. This would be equivalent to a ~3 times higher Kennel-Petschek flux limit than usually assumed
(Kennel & Petschek, 1966; Mauk & Fox, 2010; Olifer et al., 2022; Summers et al., 2009; Summers & Shi, 2014).

The proposed method for inferring wave power gains is based, like the Kennel-Petschek model, on quasi-linear
diffusion theory. Recent works have shown that the quasi-linear approach remains approximately correct in the
presence of a typical population of mostly short and intense chorus wave packets during active periods, even when
additional nonlinear effects at high wave amplitudes are taken into account (Artemyev, Mourenas, et al., 2022;
Zhang, Agapitov, et al., 2020). Moreover, the inferred gain G depends on the ratio of two successive diffusion
rates, and on the ratio of two successive theoretical wave power gains. Consequently, if actual diffusion rates, or
theoretical wave power gains, are increased by some constant factors compared with quasi-linear or linear es-
timates, the accuracy of our inferred gains G should not be affected. The high inferred chorus wave power gains
G = 10 near the upper flux limit have been attributed to the presence of a marginal high-latitude reflection rate of
only ~0.01 — 0.1% of the power of quasi-parallel waves generated near the equator. Such a marginal wave
reflection rate contrasts with the Kennel-Petschek assumption of a high reflection rate of ~5%, but it is in better
agreement with available observations and ray-tracing simulations in the presence of a strong Landau damping
along wave propagation to high latitudes during disturbed periods (Agapitov et al., 2018; Chen et al., 2013;
Meredith et al., 2020; Parrot et al., 2003).

Therefore, the present study provides empirical evidence in support of the Kennel-Petschek flux limit. Although a
quasi-stable trapped electron flux requires a balance between the total number of electrons injected from the
plasma sheet per second and the total number of electrons precipitated by the waves into the atmosphere per
second near the upper flux limit (Etcheto et al., 1973; Mourenas et al., 2023) rather than merely a balance between
wave generation and loss, the observed exponential increase of wave power with trapped flux and the high
inferred wave power gain G =~ 10 near the upper flux limit corroborate the theoretical underpinnings of the
Kennel-Petschek limit.

Notwithstanding, variations of wave Landau damping (Chen et al., 2013; Ke et al., 2021) and geomagnetic field
configuration may modify the effective wave reflection rate and net power gain. This can probably lead to a
variation of the maximum wave power gain G, at the upper flux limit by up to a factor of ~2 about its mean value
G, =~ 10, in agreement with the observed variance of G for a fixed trapped flux in the present study. Finally, if
wave-driven electron acceleration (Horne et al., 2005; Summers et al., 2002) becomes sufficiently strong to
overcome wave-driven electron loss in a given energy range, the Kennel-Petschek flux limit, which explicitly
assumes negligible energy diffusion and a net electron loss (Kennel & Petschek, 1966), may be replaced by
another upper flux limit, corresponding to a dynamical equilibrium in the presence of electron injections and both
pitch-angle and energy diffusion (Hua, Bortnik, & Ma, 2022; Mourenas, Artemyev, et al., 2022; Mourenas
et al., 2023; Summers & Stone, 2022).

In their landmark study, Kennel and Petschek (1966) predicted the existence of an upper limit for trapped
>100keV proton fluxes, similar to the Kennel-Petschek limit for electrons, but due to a self-limitation through the
generation of EMIC waves that efficiently scatter these protons into the atmosphere. Subsequently, Summers
et al. (2017) used a relativistic reformulation of this limit in a cold multi-ion population and showed that proton
fluxes measured at L ~ 4 during two geomagnetic storms approximately reached this limit. Accordingly, the
present method could also be applied to infer EMIC wave power gains during strong ion injections in the dusk
sector (Yahnin et al., 2021). This would similarly require energy and pitch-angle resolved measurements of
trapped, precipitating, and backscattered proton fluxes, and sustained substorm ion injections leading to a pro-
gressive increase of proton flux and EMIC wave power, in the weak diffusion regime. As for chorus waves, a
superposition of various intense EMIC waves may allow a diffusive-like proton transport toward the loss cone
(Shoji & Omura, 2014).
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