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ARTICLE INFO ABSTRACT

Keywords: This work is devoted to a class of stochastic infectious disease models, namely, stochastic SIRS
SIRS model models under imperfect vaccination. Because of the inclusion of the vaccination, the underlying
Vaccination models are more difficult to analyze than that of the previously considered in the literature. Our
Persistence

main effort is devoted to overcoming the difficulties and deriving a complete characterization
of longtime behavior of systems. Numerical examples are provided to present computational
evidence. These examples also provide insight that the discrete event process (the random
switching) can reverse persistence to extinction, and vice versa.

Extinction
Regime-switching system

1. Introduction

Motivations. Because of the importance, in the past decades, much attention has been devoted to modeling epidemic systems,
analyzing their dynamic behaviors, and predicting the future. In the human history, infectious diseases have been making significant
impacts on the health, economics, and social life of the population. At the forefront of scientific research, the compartment-type
models introduced by Kermack and McKendrick [1,2] have received much attention. These models have been developed substantially
and used widely for epidemic systems in recent years. The rational is that the population will be divided into several non-overlapping
classes. For example, the so-called SIR epidemic model divides population into susceptible, infected, and recovered classes, which is
suitable for diseases with permanent immunity such as rubella, whooping cough, measles, smallpox, etc. However, for some diseases
such as common colds, influenza, etc., an infected individual can be reinfected again after recovery (that is, the individual returns to
the susceptible class after recovery). This leads to the so-called SIRS model, in which the term SIRS refers for the cycle “susceptible
(S) — infected (I) — recovered (R) — susceptible (S) again” in the dynamics. SIRS-type model has been recognized as one of the
most important models in epidemiology and mathematical biology; see [3-8] and the references therein.

To control the spread of diseases, it is important to develop vaccines and investigate the efficiency of the vaccinations. In recent
years, there is a resurgent effort in the study of epidemic models with vaccination; see [9-14] and the references therein. From
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a different angle, it has also been well-recognized that the so-called hybrid systems are more versatile and more appropriate for
describing dynamic systems. Such systems feature the coexistence of continuous dynamics and discrete events and their interactions.
They may be considered as a two component processes. One of the components describes the continuous dynamics and the other
component depicts the discrete events. This added discrete component can be used to model factors such as the changes due to
seasons, infection status with other diseases, health history, etc. A class of models that has become popular is the so-called regime-
switching diffusion models, in which the continuous dynamics are given by diffusion processes whereas the discrete events are pure
random jump processes. Suppose that the discrete environment (the switching process) has a finite number of configurations or
regimes. Denote the totality of the discrete configurations by M = {1,...,my}. At any given instance, the system resides in one of
the states : € M. The corresponding continuous component is a diffusion with drift and diffusion coefficients depending on :. Then
a random event trigged a jump from : to £ # 1. The corresponding continuous component follows another diffusion with drift and
diffusion coefficients depending on #. A description of such a behavior can be found in [15, Chapter 1.3, pp. 4-5]; see also the
applications [16,17] and references therein. Taking these factors into consideration, we study the following SIRS with vaccination,
termed regime-switching SVIRS epidemic model:

ds@ = | (1=FE0) AEO) - IOSO + V0, 10),60) = (aEw) + FED) S
+ @ EORO +rEOV O | di+0,ESOAW, ),
dv (o) = [FEDAED) + FEOISO)  (apE) + rEw))V ©)]ar
+ 0y (EOV (Nd W, (1), 1.1
410 = [T0g(SO + BV O, 10),E0) = (ap(ED) + @ E0) + a5 EO) 10| ar
+ o3 EOT(HAW; (1),
AR = [ &0 = (a6(ED) + @ EW)) RO|dt + 0, EOIROIWL0),
SO0)=s>0, 1I0)=i>0, VO)=v>0, Rt)=r>0, £&0)=keM,

In the above, S(¢) denotes the number of susceptible individuals who are infection-prone, I(¢) denotes the number of the infected
individuals who have already contracted the disease, V (¢) is the number of the individuals who are vaccinated, R(r) denotes the
number of individuals recovering from infection, {W;(#)}, i = 1, ..., 4, are independent standard Brownian motions representing the
white noise, &(r) is a finite-state continuous-time Markov chain that is independent of the Brownian motions W;(f) and that has
state space M = {1,...,mg}. In the model, there are a number of parameters: g is a fraction of vaccinated newborns; A is an input
of new members into the population; 1 — g is the efficiency of vaccination (i.e., g is the proportion of vaccinated individuals for
who the vaccination fails to protect); p is the proportional coefficient of vaccinated for the susceptible; y is the rate for immunity
loss of vaccines after some time; «; is the nature death rate of the population; «; is the disease-related death rate; a, is the rate of
recovered individual becoming susceptible again; a; is the rate of recovery from infection; o;, i = 1,2, 3,4 are intensities of the noise.
All these constants are assumed to be positive and depend on &(f). The rate (in time) of how many individuals in susceptible group
get infected is represented by a function named “incidence rate function”. Numerous types of incidence rates have been modeled

1
and considered in the literature such as the bilinear functional response k(ST (see [18]), the nonlinear functional response %
1
(see [19,20]), and the Beddington-DeAngelis functional response _koSL__ (see [21,22]), etc. It is clear that if there is no infection

14k S+ky
in the population, then there is no disease transmission and then, the incidence rate function will be 0. As a result, the incidence
rate in general can also be factorized by I(r). Because of this, and also for the convenience of stating results later, we will write the
incidence rate function in the form Ig for some function g(-, -, -).

Our goal in this paper is to provide a complete characterization of longtime behavior of (1.1) so as to answer one of the most
important questions: What is the sufficient and necessary condition that guarantee the infected class of individuals to be extinct
eventually. To answer this question, we introduce a real-valued threshold A, and prove that if 1 is negative, the disease will die out
together with the extinction rate of the disease. On the other hand, if 1 is positive, the disease becomes endemic. We shall show that
the system has an invariant probability measure, and the transition probability of the solution process converges to the invariant
measure. Our method to determine the thresholds is from a dynamical system theory point of view, which is interesting in its own
right. This methods can be generalized to deal with many other models. The algebraic representations of the thresholds are given
that is easily computable. In addition, simulation studies and numerical examples are given to illustrate our results.

Our contributions. The contributions and novelties in this work can be summarized as follows.

+ In the literature, much effort has been devoted to the study of SIR epidemic models with vaccination, namely, SVIR, which
are suitable for disease with permanent immunity after recovery from infection. However, the study of SIRS models with
vaccination, which are valid for disease without permanent immunity, is relatively scarce. It is worth noting that the model
of SIRS-type models are more difficult and require more effort than that of SIR-type models. For many dynamical systems,
to establish a complete picture of longtime behavior, the higher dimensional problems require much more efforts. Even in
some cases, from two-dimensional problems to there-dimensional problems, there is a big gap; see [23] for the difference in
competitive-type models in mathematical biology. Some of the reasons are that the comparisons of solutions are not generally
extendable to higher dimensional systems, and that the behaviors of solution and ergodic measures are much richer. More
importantly, to date, there is no complete characterization of SVIRS models, not to mention the associated regime-switching
models. In this paper, we provide a satisfactory answer to the open question.
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» We also use novel and systematic approaches. Our methodology (using the Lyapunov exponents from dynamical systems theory
to define the thresholds) is general and systematic that can be generalized for other models. Although a similar approach has
been developed in [24] for stochastic systems with switching, those results are not applicable because we are considering
higher dimensional problems. In addition, the returning to susceptible group from recovered individuals, and the effects of
vaccination component V() make the dynamics of the underlying SVIRS system is much different from the existing works. As
a result, new methods and techniques are required. From a dynamic system point of view, we take advantage of examining the
boundary behavior of systems to facilitate the study Lyapunov exponents. In [24], and many other works in the literature, the
boundary behavior can be handled by considering an one-dimensional stochastic equation. However, for the SVIRS problem
considered in this work, one needs to examine a two-dimensional problem. As a result, the study of stationary distribution and
how the systems interact (be attracted or repelled) with these distributions are much more difficult. In addition, SVIRS-type
equations are highly coupled introducing additional difficulties. The complexity leads to significant challenges in understanding
when the extinction happens. To overcome the difficulty, we consider auxiliary perturbed systems to understand how small
changes in infected groups affect to the whole systems.

Organization of the paper. The rest of the paper is organized as follows. Section 2 presents our main result. Specifically, Section 2.1
establishes preliminary results for system (1.1), Section 2.2 introduces the ideas and states main results, and Sections 2.3 and 2.4
are devoted to the proofs. Section 3 gives numerical examples. Finally, Section 4 provides additional discussion and interpretation.

2. Main results
2.1. Preliminary results for (1.1)

Let (2, F, {F,},50.P) be a complete filtered probability space. W, (r), W,(1), W;(t), and W,(z) are independent standard Brownian
motions, and &£(7) is a finite-state continuous-time Markov chain that is independent of the Brownian motions W;(r),i = 1,...,4 and
that has a finite state space M = {1,...,my}. Assume that the generator Q = () mgxmg of &(1) is irreducible; see e.g., [15]. As a
result, it has a unique invariant probability measure z. Note that by definition,

P{&(r + 4) = jl&() = i, &), u <t} = q;;A+0o(4) if i # j and

P{E@+ A) =ilé(t) =i, &), u <t} =14 g;4+ o(4). @D

R = {(s0ir) € R © s > 0,i > 0,0 > 0,r > 0} with interior R}° = {(s.,0.i,r) € R* 5 > 0,i > 0,0 > 0,r > 0},

Ri,* = {(s,v,i,r) € RY @ i > 0}. Moreover, to simplify notation, we denote z := (s,v,i,r) and Z(-) = (S(-),V(-),I(-), R(-)). We
will denote P, , and E, , the probability and expectation corresponding to the initial condition S(0) = s, I(0) =i, V(0) = v, R0) =r,
£(0) = k, respectively.

Throughout the paper, we denote R2 = {(s,v) € R*> : s > 0,0 > 0} with interior Ri“’ = {(s,v) € R? : s > 0,i > 0},

Assumption 2.1. We impose the following assumption through out the paper.

* g(u,i, k) is locally Lipschitz and bounded by C(1 + u) for some constant C > 0 on Ri X M.
* g(u,i, k) is continuous at i = 0 uniformly in (u, k), that is

lim sup {|g(,i,k)—gu,0,k)|} =0.
M

i=0% >0 ke
» g(u,0,k) is increasing in u € [0, oo) for each k € M.
Remark 2.1. We note that almost all of the incidence rate functions used in the literature as mentioned in the introduction (such

as the bilinear incidence rate, the Beddington-DeAngelis incidence rate, the Holling type II functional response, etc.) satisfy these
conditions. Recall that the incidence rate in our setting is I g rather than g.

To proceed, we first establish the existence, uniqueness, and basic properties of the solution process of (1.1).
Theorem 2.1. For any initial value (z, k) € Rj‘er, there exists a global solution (Z(1), £()) to (1.1) such that P, , {Z(¢) € R, Vi>0}=1.
Moreover, for all z = (s, v,i,r) with i =0 and s,v,r > 0,
P, (1) =0, V1 20} =P, {S() >0, V(1) > 0, R(t) > 0, Vi > 0} = 1,
and for all z = (s,v,i,r) with i > 0,5 > 0,0 > 0,r > 0,
P, {Z(t) € R}, Vi >0} = 1,
We also have that the joint-process (Z(t), &(t)) is a Markov—Feller process on Rj‘r X M.
Remark 2.2. Together with well-posedness property of the underlying equation, the results show the positivity property of the

solution. That is, all components are always non-negative provided if they start from non-negative initial conditions. Moreover,
1(t) =0 for all ¢ if started at i = 0, and always positive if started at i > 0; while all other components are always positive.
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Proof. The proof is rather standard and therefore is omitted here. We can refer to [25, Theorem 2.1], or [26, Theorem 1] for similar
proofs. [

Next, we establish the boundedness in probability and boundedness in moment of the solution process.

Lemma 2.1. For any q > 0 sufficiently small, there exist C, > 0 and D, > 0 such that

: 1+q C
B, (S()+ V(@) + (1) + R@)'™ < w + 2L vz 2.2)
eq q

As a result, for any H >0, € >0, T > 0, there is a constant My . 7 > 0 such that

IP’z’k { sup {SO+ V(@) + 1)+ R@®)} < MH,e,T} >1-¢, V(z,k)€]O0, H]4 X M. 2.3)
1€[0,T]

Proof. Denote by £ the operator associated with the solution process of (1.1). It is well-known that for a function U of (z, k) that
is twice differentiable with respect to z = (s, v, i, r), we have

LU(z, k) =U,(z, k) ((1 = G(k)A = ig(s + pv,i, k) = (ag(k) + B(k))s + ay(k)r + y (k)v)
+ U;@)(ig(s + Bu,i, k) — (ag(k) + a3 (k) + oy (k))i)
+ U, (2. k)(qlk) A(k) + B(k)s — (ag(k) + y(k)v)
+ U,.(z, k)(a3(k)i —ay(k)r — az(k)r)
+ %Um(z, kot (k)s? + %U,,U(z, ko2 (k)v* + %U,.i(z, ko2 (k)i + %U,r(z, ko2 (kr
+ ) quU@D).

IeM
Therefore, by direct computations for U = (1 + s + v 4 i 4+ r)!*9, we have
LA+s+v+i+r)Te
=1+ +s+v+i+r) ((1 — qlk)NA —ig(s+ pu,i, k) — (ap(k) + P(k))s + ap (k)r + y(k)v)
+ A+ +s+v+i+r)?(igls+pv,i k) — (ayk) + az(k) + a;(k))i)
+(l+qU+s+v+i+r)? (E(k)A(k) + plk)s — (ag (k) + y(k))u)
+(l+qU+s+v+i+r)? (a3(k)i —ay(kr — az(k)r)

1
+ W(l Fstotitni! (af(k)sz + 2007 + o2(k)i + aj(k)ﬂ)

=A+(+s+v+i+ r)’I(A — ay(k)s — ap(k)v — (g (k) + ey (k)i — ao(r))

n —q(12+ D1 gstotitr (0'12(1{)52 + 2007 + o2(k)i* + a}(k)rz)

5(1+q)(1+s+v+i+r)q(2A—&(1+s+u+i+r)+q8(1+s+v+i+r)>,

where & := ming ,{ A, ay(k), a;(k)} > 0, and & := %maxke Mi=1234102(K)} < co. Now, for any ¢, 0 < ¢ < 213 we have
LA+s+o+i+nNT<C =D (I+s+v+i+n)',

for D, = —(12")’3, and
C,= sup {(1+q)(1+s+v+i+r)"(2A—5(1+s+u+i+r))} < oo.
5,0,i,r>0 4

Therefore, as an application of It6’s formula, one can obtain (2.2) and (2.3); see [27] or [28] for this well-known argument. []
2.2. A complete characterization of longtime behavior

In this section, a threshold 4 will be introduced. This 4 will completely characterize the longtime property of system (1.1). The
threshold 4 will be determined from the dynamics of the system on the boundary, that is, when I(r) = R(¢) = 0, in which, (S(@), V (¢))
follows the system

ds() = [ (1= qEm)) AC®) = (apEm) + BED)) SO)
+rE@OV () ] dt + 0 (§(D)SOAW, (1),

4V = [TEOAED) + BED)SO) ~ (o) + &) Vo ar
+ 0, (EMV (AW, (1).

2.4
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As alluded to in the introduction, to examine the boundary behavior, we need to look at 2-dimensional problems, which presents
an added difficult. The returning to susceptible group from recovered and vaccinated individuals is also another challenge. To ease
the difficulty, we consider a perturbed system of (2.4). For each 6 € [-1, 1], let (5(t), V(1)) be solution to

ds%) = [ (1= GE@)) ACEWD) — (agE®) + BE@)) S8
+7(EOVO (1) ] dt + By (E(1)dt + o, (EO) SO (AW (1),

a7 = [AEAE) + BENS 0 ~ (&) + 1) P ]as
+ 0, EOV (AW (0).

(2.5)

Denote by L, the operator associated with the solution process of (2.5), i.e., for twice differentiable function U ((s, v), k) (with respect
to (s,v))

LoU((s,0), k) =U((s,v), k)((l — k) A — (ag(k) + P(k))s + ay (k)r + y(k)v + Haz(k))
+ Uy ((5,0), K (G AGK) + B(K)s — (ag(k) + 7 (K)v)

1 1
+ 3 Uss((5: 0. 001 ()% + S Uy (5, 0), K)oy (ko +12 4 U((s,0).k).
=
Analogous to Theorem 2.1 and Lemma 2.1, we can easily show that for each initial value ((s,v),k) € ]R%r X M, there exists a
global solution (S¢(r), V¢(1)) to (2.5) and that (5¢(), V0()) € Ri’° for all ¢ > 0 almost surely and that

I+q < (+s+ov)+  C,

By (E"(t) + 17%)) +=h w20 (2.6)

Dt
for some small ¢ > 0, and constants 54, 5q > 0, which can be taken uniformly for any 0 € [-1,1].

Since the diffusion in (2.5) is nondegenerate on Ri’“‘ X M, there exists uniquely an invariant probability distribution v, of
(8@, Vo)), @) on Rff x M. Due to (2.6) and [29, Lemma 3.4], we have

C
> / (s + )" vy(ds, dv, k) < = < oo.
kemM Ri Dq

Thus, we can define the following A, which is a “perturbed” growth rate of I(r) as its density is small:
o2(k

] 5 (k)
Ay = Z /R2 8(5,0.k) = (@g(k) + a3 (k) + @1 (k) = —— | vy(ds. dv.k)
kem +

o2(k)
= E / g(s+ pv,0,k)vy(ds,dv, k) — E ay(k) + ay(k) + ay (k) + — .
R2 2

KemM keM
The equality above follows from the fact that  is the marginal distribution of the third component in v,, which is because = is the
unique invariant measure of &(r). In particular, when 6 = 0, we denote

2

o2(k)
Ai=dg= Y /Rz g(s + Bv,0, k) — (ag(k) + a3 (k) + a; (k) — = vo(ds, dv, k). 2.7
kemM +

2

This 4 will be shown to be the threshold that characterizes the longtime behavior of the disease. Note that, when 0 = 0, (2.5) is the
solution to (2.4). Thus, we can consider v, as the unique invariant measure of ((S(t), V(¢), I(1), R(t)), £(t)) on the boundary Ri‘* X M
(by embedding R2 x M to R} x M).

Lemma 2.2.

lim Ay = Ay = A.
91_13(1)9 0

Proof. Owing to (2.6), the family {v,, 0 € [-1, 1]} is tight. As a result, for any sequence 6, that converges to 0 as n goes to co, we
can find a subsequence, still denoted by {6, }7? | for simplicity such that v, converges weakly to a probability measure, denoted by
Vv, as n goes to oo.

On the other hand, because v, is the unique invariant measure of (2.5), for any (s, v)-twice differentiable function U((s, v), k)
with compact support, we have

z / | LoU((s,0). k)vo(ds. dv.k) = 0.
R+

kem

Because of the weak convergence of {vg, 1o, to v, we have

lim )’ / L U((s,0). kv (ds.dv,k) =0, (2.8)
kemM Ri

n—oo
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for any (s, v)-twice differentiable function U((s, v), k) with compact support.
Note that Ly U((s,v), k) = LU((s, 0), k) + 0,a,(k)U((s, v), k) which implies

z / LU((s, v), k)v(ds, dv, k)

kem Ri
= lim Y / LU((s.v), k)vy (ds.dv, k)
n_mokeM Ri

=lim Y / Ly U((s.0). kv (ds,dv.k) (2.9)
kem /RS

n—0oo
~lim Y / 0,0, (k)U (5. V), k)vy (ds,dv, k)
" e IR !
=0.

The last equality is due to (2.8), the boundedness of U,(s, v, k) and the fact that lim,_,, 6, = 0.
Because

2 / LU((s,v), k)v(ds,dv, k) = 0
B}

kem

for any (s, v)-twice differentiable function U((s,v), k) with compact support, v must be an invariant measure of (2.4). Due to the
uniqueness, v is identical to v. Therefore, we have showed that any weak limit of v, as & — 0 must be v. This and the tightness
of {vy,0 € [-1,1]} implies that v, converges weakly to v as # — 0. As an application of [29, Lemma 3.4], the desired result
“limy_,( 49 = A” follows directly from this convergence together with (2.6) and the linear growth rate of g(s + fv,0,k). [

Now, we state our main results.

Theorem 2.2. If A > 0, there exists a unique invariant measure v* of (Z(1), (1)) on Ri’° X M. In addition, the transition probability
converges to the unique invariant measure exponentially fast. That is, there is a constant m > 0 such that

lim e[| P(t, (2,0.) = V' Olly = 0. ¥ (2, k) € R X M,

where P(t,(z, k), ) is the transition probability of the joint-process (Z(t), &(1)).
Theorem 2.3. If 1 <0, I(t) converges to 0 exponentially fast and R(t) converges to 0 almost surely. More precisely,

P m

In addition, (S(1),V (1)) converges (weakly) to the solution of (2.4).

InI(f)

=1, and tlirn R(@) = 0} =1. (2.10)

Algebraic representation of 1. Before proving the main results, let us provide some computable representation of the threshold A.
When g(s + fv,0, k) is a linear function, that is, g(s + fv,0, k) = b(k)(s + fv) with b(-) : M — (0, 0), we will construct an algebraic
representation for A. This representation is very useful from a computational point of view since we can compute 4 by solving a
system of linear equations.

Lemma 2.3. Assume function g is a linear function, i.e., g(s + pv,0,k) = b(k)(s + pv). Let C := (cl(l),c1(2), s eq(mg), e (1), 65(2), ...,
cz(mo))T be the unique solution to the linear system:

b(k) = (ag(k) + B(k)) €1 (k) + Pk (k) + Z rrer() =0,

lem (2.11)
Bb(k) + y(k)ey (k) — (ag(k) + y(K)) ca(k) + Z () =0, k=1,2,...,m.
lemM

We have:

_ 3
A= Z c (k)1 = qk)A(k) — | ag(k) + az(k) + ay(k) + — .

kem 2

Proof. The system (2.11) can be written in the following form
AC = B, (2.12)
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where B = (b(1), b(2), ..., b(mg), fb(1), fb(2) ..., Bb(my)) ", and

A=
M+ =y “Vim, —p() 0
“Vmg1 e ag(mg) + plmg) = ¥ym, 0 —p(mg) (2.13)
-y 0 oD +yM)—ry - ~im, i
0 —y(mgy) V1 o ag(mg) +7(mg) = Vi m,

Since —y;; = ¥, v;j» it is obvious that matrix A = [a;;15,x2m, is diagonally dominant, i.e., |a;| > Zj;"?j:] la;;| for any i = 1,...,m.

It is well-known that a diagonally dominant matrix is non-singular. Thus, there exists a unique solution C to (2.12).
Denote by L, the operator associated with the solution process of (2.4) and (S°, V9 be the solution to (2.4). It is readily seen
that if we let U((s, v), k) = ¢, (k)s + c,(k)v then

LoU((s, 0), k) =¢; (k) [(1 = GURO)YAK) + a3 (k)0 — (ao(k) + B(K)) s + y(k)v]
+ o3 (k) [ ACK) + Blk)s — (ag(k) + y(k)) o]
+ (Z }/k,c,(l)>s + (Z yk,c2(1)>v
=c, (k) [(1 — Gk A(K)] — b(k)s — pb(k).
Then, by Dynkin’s formula [30], we have
Eqox US 0. V0@0).£0)) — U(S°(0). V0(0)).£0))
= Eguk /0 LU, PO, £ 2.14)

t

= B /0 e1(&w) [(1 = GEWNAE@)] du =By 45 /0 bew) (3w + p7°w)) du.

Moreover, one has

1 ! - -
,1_1{g ?]E(S,u),k/o ¢ (E@w) [(1 - q(ﬁ(u)))A(ﬁ(u))] du= Z e (k)1 = qlk) A(k)my, (2.15)
kem
t
lim LB, / bEW)) (§°(u)+ﬁ17°(u)) du=Y / bk)(s + Bu)v(ds, dv), (2.16)
ot T o rem RS
E,, s US@), VO0), £(t)) — U(S0(0), VO(0), £
tlirn .ok U ST @), VE@), &G i) (S57(0), V7(0), £(0)) _o. (2.17)
Plugging (2.15), (2.16), and (2.17) in (2.14), we have
PIRAGHEFGIGEAEY / b(k)(s + Bv)vo(ds, dv, k),
keM kem/BL
which and the formula (2.7) of 1 imply
~ o3 (k)
A=dg= Y ()1 = GUNARm = Y | apk) + as(k) + e (k) + — ) me
KeM KeM
The proof is complete. []
2.3. Proof of Theorem 2.2
Since g(u, i, k) is continuous at i = 0 uniformly in u, there exists §; > 0 such that
sup g i, k) - g(u,0.k)] < A (2.18)
u>0,kEM,0<i<8, 4
Since the function g(u,0, k) is increasing in u, and
G%(k)
Z / g(s + pv,0, k) — (ap(k) + az(k) + a; (k) — v(ds,dv, k) = A,
kemM Ri 2
there exists H; > 0 such that
O’g(k)
Z | g(H,0,k) = (ap(k) + ay(k) + ay (k) — >
kemM (2.19)
) o) 3
:ulznffl1 kgA:A 7 ( 8 0.8) = (k) + a3 (k) + oy () = == | > S 4.
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In view of (2.18) and (2.19), we have

2
. 1 - . . o2(k)
kz hyry 2 5 4 where y ::MZH:%I;_SEI <g(u,t,k)—(ao(k)+a3(k)+a](k))— — ) (2.20)
emM
Let
~ 1 ~
=3 Y ey (2.21)

kem

Because ), . M(3}A~1 - ﬁk)fr,( =0, we deduce from the Fredholm alternative that there exist ¢, > 0,k € M such that

Y el =33 —hy. (2.22)
rem

We have the following lemma.

Lemma 2.4. For any p, € (0, 1) satisfying

2
o5 (k) PO
o < 32 (1= p,&) + (=34, +hk)> <1and % <1-pG, fordlkeM, (2.23)
define
Vi(i, k)= (1= pcp)i1.

We have the following conclusions.

« [LV (2. k) < —py A, V3 (i, k) for any z = (s,v,i,r) with s > H,, i < §,.

P 30 A 4%
» Let ¢) := maxcy, § do(k) + a3(k) + a (k) + - +2Y sen el o5 then [LV)](z. k) < py€ V(i k) for any (z.k) € RT" x M. As a

result, &, , V1(I(7), E(r))e naT < Vi(i, k) for any initial condition (z,k) € Ri* X M and any bounded stopping time .

Proof. We have the following estimate:

o3 (k)
(LY@, d0) == p Vi k) [ 8(s + Bo,i, k) = (@) + a5 (k) + a1 (k) = =5

730

+ A5G R+ f§4 AR (2.24)
ag(

2

<= Vi k)b + p? Vi k) + Y g Vi 0),

reM
where 7zk is defined as in (2.20). Note that
Y G Vi)=Y gl = p )i

CeEM reEM

=—pi” s
erM (2.25)

=(=34; + hp)pyi
=(=32) + h)p Vi (i, k) + (=34, + hy)p2i 1.
Plugging (2.25) into (2.24) and applying (2.23), we get

2

2k . R
(LV))(2,K) < 2 ( (= p1E)+ (30 + hm) i =370y Vi (G k)

<D =35, VG, k) (2.26)

~ 1
<hm(y o
= P1c

=33, k)

< —p, 1 Vi(i. k) for any z = (s,i,v,r) with s > H,,i < §,.

Therefore, the first assertion is proved.
On the other hand, because

) 1=piC . .
2w = Y T = ViR <2 Y a6k,
reM reM —Picr reM

it follows from (2.24) that
[LV}1(z. k) < py &V, (i, k) for any (z,k) € RY* x M. (2.27)

1291



N.T. Hieu et al. Journal of the Franklin Institute 361 (2024) 1284-1302

We deduce from (2.27) and Dynkin’s formula that
E, V1 (7), 5(1))6—913” < V,(,k) for any (z,k) € ]Ri’* X M and any bounded stopping time 7. (2.28)
The proof is complete. []
Let n* > 0 be such that &, — (n* — 1)A, < 0, where &, is as in Lemma 2.4 and 7, is defined in (2.21).

Lemma 2.5. For any H > 0, the set By := [0, H> x [H™',H] x [0, H] X M is petite with respect to the Markov chain
{(Z(nn*T*), E(mn*T*)),n € Z_.}. That is, there exists a nontrivial measure u on R** x M and a nonnegative sequence {a,}2, such that

©

Y a,=1and Y a,P,, {(ZnT*),&mn*T") € A} > u(A),
n=1

n=1

for any Borel set A C Ri"* x M and (z,k) € By.
Proof. The proof is omitted because it is very similar to the proof of [31, Lemma 5.4]. []

Lemma 2.6. There are T* > max;¢ % sufficiently large and p, > 0, 8, > 0 sufficiently small such that for any z = (s,v,i,r) € ]Ri
With0<i<é,, 0<s+pv<H,

1
E, Vi(I(T),&T) < e 3"V (i, k), VT € [T*, n*T*];

where V) is defined as in Lemma 2.4.

Proof. To simply notation, let

2 k)
h(s + pv,0,k) 1= g(s + pv,0, k) — (ay(k) + az(k) + a;(k)) — 0-32( s (2.29)

Because of

A= Z /}R2 h(s + pv,0, k)vy(ds, dv, k),
+

kem
there exists H, > 0 such that

Y / Toa(s + 0,0, v (ds, dv, k) > S A, (2.30)
kem Ri 4

where
hy(s + o, i k) := Hy A h(s + po,i, k).

Define the occupation measure in Ri XM

] ’
m,,0) = ;Ez.k/o L@ .esne)ds: (2.31)

then [29, Lemma 3.4] claims that for a bounded sequence {z,} C ]Ri, and sequence {k,} C M and an increasing unbounded sequence
{t,}, we have that any weak limit of {I'[;” « }asn— comust be an invariant probability measure of {(Z(¢),£(r))}. Then, from (2.30),

by a simple contradiction argument (e.g., see the details in [29, Lemma 4.1]), we can find T* = T"(H) > max;¢ 8% such that for
any T > T*, we have that for any z € R‘fr with0<s+pv<H,,i=0,and k e M,

T
Ez,k% /0 hy(S®) + BV (1), I (1), E(t))dt > %z.

Because the process {(Z(t),&(r))} is a Markov—Feller process on Ri X M, we can find 6, € (0,8,) such that for any z € Ri with
0<s+pv<H,0<i<éy, keM,and T € [T*, n*T*],

T
E,,~ / (S + BV (1), 1), Dt = 2. (2.32)
T 0 4
Consider Y(T) := — [T hy(S() + BV (), 1(1), E0)d1 — [T 03(E1)dW;(1). We have
E,,Y(T) < —in for any 0 < s,0 < H,0 <i < 65,k € M,T € [T*,n*T*]. (2.33)

Since the function /fzz is bounded, we have from a property of the Laplace’s transform ([29, Lemma 3.5]) that
dInE, ;er¥D d>InE, e/

1
=E,, YT)<--ATand0 < —————— <K, ,,
dp 7,k ( )— 4 a = dp2 = B2,
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for some constant K, » uniformly in z with 0 < s+ fv < H,0<i < &y, k € M, and T € [T*,n*T*]. By Taylor’s expansion, we have
that for all z € R} with 0 <s+pv < H,,0<i <6, k€ M, and T € [T*,n*T*]

InE, e <0 - %m; + Ky 0t < ‘ZIMT’” (2.34)

g
8Ky T
Now, pick out a p; > 0 satisfying (2.23) and

whenever p <
A
< —.
P1= 8Ky T
We have from (2.34) that for all z € R with 0 <s+pv < H,,0<i <6, k€ M, and T € [T*,n*T*]
E,e ") < exp(~iTp,).
Subsequently, one has

7@ o (= Jg MS @AY .16 Ewndu- [ o3E@aWs @)
=k

7,k
Ap T
SEz,kepl Y(T) < exp{ _pTl ).
On the other hand, we have
it AT

(I=pig)=e 8 if 5 > C.
Therefore, we deduce that
_ — Ap T
E, V1 U(T),5(T) <E, ( I~P(T) <i™" eXp{—T}
(2.35)
~\p An T ) i T
<(1 = py)i™" exp{—T} = Vl(l,k)CXP{—TL

for all z € ]Ri with0<s+pv<H|,0<i<é), ke M,and T € [T*, n*T*]. The proof is complete. []

Now, we are ready to prove Theorem 2.2.

Proof of Theorem 2.2. Define n; =inf{t >0 : S@)+ V() < H } An*T* and n, =inf{r >0 : I(t) = 6,} An*T*.
Let p; and V| be as in Lemma 2.6. By the Markov-Feller property of {(Z(t), &(1))} and Lemma 2.6, we have the following estimates.
First,

Ezaln <yncue—vr ViU (07T, E(*T™))

A
<E,, [CXP {—%(”*T* - 711)} 1, <ry Vi (ny), E(my ))]
Y
<exp {_%T* } IEz,k [1(;11 <myA(n*=1)T*} Vl (I(rll )s 6(’7] ))] (236)
Y
<exp {—%T* } E,x [l(nlgnzA(n*—l)T*)V] I (my), E(m ))]

<exp {—%T* } E,. [exp {l’l}»\l(’h A 112)} Ly, <ppntnr =17 Vl(l(m),i(m))] .
Second, due to the strong Markov property of Z(r)
E, 1y anyz -1y Vi " T%), £ T™))
=E, [l(mAﬂzZ(n*—l)T)]E<Z(mAnz)é(m/\ﬂz))[Vl(I(”*T* =1 Amp), EW T =iy A ’12))]] ;
and due to (2.27) and as a consequence of Dynkin’s formula
[V gzt 171 Bt st ey VA AT = Ao). €07 =y w )]
<E, [exp {l’la("*T* -mA '12)} L Az —nymy Vil (m Am), E(ny A 'Iz))]
<exp {MET"} By [z —om Vit Ao, €0 An)|
<exp {(81 —(n* = )A)p T* } E, [1{,,]A,,22(,,*_1)T,e"lzl"lNth Ly A ), Eny A ;12))] .
Therefore,
Ey i g sz —yry Vi B T), E*T™))

R R ~ (2.37)
<exp {@ = 0" = DADAT* Y By [ Ly 1 @82V 0y A ). 2 Ao
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Third, we have

Ep i iy, <ore—nyr=) Vi (0" T), Em*T™))

s R (2.38)
Sy i1y, <re—1y7+) €XP {n*T* =} ViI (), €(np)) < exp(n*T 185"
On the other hand, we have
Bk [(1(n1srle(n*—l)T*} + l(nlAnzz(n*—l)T*}) exp {01/11('11 A ’Iz)} Vi@ Amp), € A ’Iz))] 2.39)

<Ey [exo {1 s wm) P Vi Gy Ay, £ Ao | < Vi),

where the last inequality is due to (2.26) and an application of Dynkin’s formula. Since 2 = {#; <, A(W* = DT*} U {n, Ay >
(n* = DT} U {n, <" — DT*}, putting

K = max {exp {—%T* } ,exp {(a — (= DA, T }} <1,

we have from (2.36), (2.37), (2.38) and (2.39) that
E T T), 60" T™) =E, 11y, <y aore—yry Vi 0T, E0*T™))
+ By Ly a1y Vi), EG*T)
+ Byl -y Vi (0" T™), E*T™))
KB (L zmani vy 50 { o1 410 A | V(T O Ay, €y )| (2.40)

+ B, [l(r]l/\nzz(n*—l)T*} exXp {/71;1(711 A ”Iz)} Vil (ny Amp), E(my A ”Iz))]
+ ]Ez,kl(nzs(n*—l)T* W I (n*T™), EM*T™))
<kVy(i, k) + exp{n*T*}6)".

The Lyapunov-type inequality (2.40) together with Lemma 2.5 will imply the desired result. Similar arguments to obtain the
exponential convergence in total variation can be found in the proof of [29, Theorem 4.1]. []

2.4. Proof of Theorem 2.3

By Lemma 2.3, it is readily seen that 4, is continuous in ¢. Therefore, there exists 6, > 0 such that

Ay A
Ao < — = =. 2.41
0o 2 2 ( )
It is noted that we are considering the case 4 <0, so 45 <0.
We will establish the following lemma, which shows that if the solution starts from initial points very close to the boundary,

I(t) — 0 (exponentially fast) and R(r) — 0 with high probability. To keep the flow of presentation, its proof is postponed to Appendix.

Lemma 2.7. Let 6, > 0 be as in (2.41). For any £ > 0, H > 0, there is a constant 6, > 0 such that

P, { lim 12 f D _ i <0and lim R = o} > e, Yz, k) € [0, HP % (0, 0,2 X M. (2.42)

t—oco

Proof of Theorem 2.3. Because of Lemma 2.7, the process {(Z(r), (1))} is transient in Ri’" x M. This fact leads to that the process
has no invariant probability measure in Ri'" X M. As a result, v is the unique invariant probability measure of {(Z(),&(r))} in
[0, 0)? % {0}2 X M. Let H > 0 be sufficiently large such that v(({s,v € (0, H)}) > 1 — . On the other hand, the process {(Z(), £(1))} is
tight (due to (2.2)). Therefore, for any initial condition (z, k) € Rj‘r X M the family of occupation measures IT ;,k(')’ which is defined
in (2.31), is tight in Ri X M. Since any weak-limit of IT ;,k as t — oo must be an invariant probability measure of (Z(t), £(t)), we have
that 17 ;’k converges weakly to v, as r - oo. As a result, for any 6 > 0, there is a constant T > 0 satisfying that

7, (0. HY X (0.5 X M) > 1 —&,
or equivalently,

T
é/ P, {(Z(1),&1) € (0, H)* X (0,8)* x M}dt > 1 —&.
T Jo

Therefore,
P {l<T)>1-¢
where

E: inf{r >0 : (Z(@t), &) € (0, H)? X (0,6)> x M}.
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15 I(t) in fixed state 1 s I(t) in fixed state 2 14 I(t) of the switched system
18
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1.4 1
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t t t

Fig. 1. Sample paths of I(r) in Example 3.2. From left to right: in system with &(r) = 1, in system with &(r) = 2, and in the switched system, respectively.

We obtain from the strong Markov property and Lemma 2.7 that

P

Because ¢ > 0 is arbitrary, we obtain (2.10). The proof of Theorem 2.3 is complete. []

In ()

=4<0and lim R(t)=0} >1-¢ Y(z.k) € RY* x M.
—00

3. Numerical examples

In this section, we present some numerical examples to illustrate our theoretical results. These examples will also demonstrate
interesting effects of discrete events process £(¢). It will be shown that random switching can reverse persistence to extinction, and
vice versa.

Example 3.1. We examine system (1.1) with two switching states M = {1,2}. Suppose g(s + pv,i,1) = 4(s + 0.0lv) and
g(s + pu,i,2) = 8(s + 0.01v). The other parameters are g(1) = 0.8, g(2) = 0.4, A(1) = 2.5, AQ2) = 1, qp(1) = 1, ay(2) = 0.5, p(1) = 1,
P2) =03, a;(1) = 02, ¢,(2) = 3, ;(1) = 0.1, a5(2) = 0.2, (1) = 0.2, 7(2) = 0.5, 6,(1) = 0.2,61(2) = 1,a5(1) = 0.1, 23(2) = 3,05(1) =
0.2,03(2) = 2,05,(1) = 02,0,(2) = 1,0,4(1) = 6,(2) =0.1.

In this example, if there is no random switching, the thresholds for the system in state 1 (i.e., &(f) = 1 for all ) and in state 2
(i.e., &) =2 for all v) are 4, = 0.5800 and 4, = 1.4077, respectively. It then follows that without switching, the disease will persist
in either fixed state. However, with switching rates y;, = y,; = 20, we have 4 = —0.3087 for system (2.2), which implies that the
disease will eventually disappear. This example shows that the random switching can reverse persistence into extinction, see Fig. 1.

With the algebraic representation of 4, we can view 4 as a function of the parameters. For example, with y;, = y,; = y and
g(1) = g(2) = x while the other parameters receive values as above, we have Fig. 2 for 1 as a function of x,y and Fig. 3 for 1 as
a function of x or y given some fixed values of the other. We will discuss biological interpretation of these relationship later in
Section 4.

Example 3.2. Consider system (1.1) with two random switching states M = {1,2}. Suppose g(s + puv,i,1) = 5(s + 0.02v) and
g(s+ Pv,i,2) = (s +0.02v). The other parameters are g(1) = 0.8,4(2) = 0.8, A(1) = 1.2, AQ2) = 5, ap(1) = 0.8, a((2) = 0.8, p(1) = 0.5, p(2) =
0.5, a;(1) = 2,0,(2) = 2,7(1) = 0.2,7(2) = 0.5,a5(1) = 0.1, a3(2) = 0.1, a5(1) = 0.11,23(2) = 0.11,6,(1) = 6,(2) = 63(1) = 05(2) = 6,(1) =
6,(2) =0.1.

In this example, the system in state 1 (i.e., £(7) = 1 for all ¢) and the system in fixed state 2 (i.e., &(r) = 2 for all 1) are 4, = —1.0010
and 4, = —0.5442. Thus, when switching is not involved, the disease will die out in each of the two fixed states. However, with
switching rates y;, = y,; = 20, we have A = 1.0261, which implies the disease persists; see Fig. 4.

With y;, = 7,; = y and g(1) = g(2) = x while the other parameters taking values as above, we have Fig. 5 for 4 as a function of
x,y and Fig. 6 for 4 as a function of x or y given some fixed values of the other.

4. Discussion and interpretation

From our analysis, we can explore the effect of vaccination to the disease. Recall that our theoretical results show that threshold
A given by (2.7) will determine whether or not the pandemic will go away. In fact, we have shown that if 1 < 0 then the pandemic
will end in the future and if 1 > 0 the disease always persists. As an application to real world problems, to control the disease, we
would try to reduce 4 as much as possible. In this section, we will consider the dependence of 1 on parameters in epidemic systems,
e.g., vaccinated rate in newborns and susceptible groups, etc. From these interpretations, we can answer some questions such as
how much vaccination is sufficient to control the disease, and what percentage of newborns should get the vaccine, etc.

1295



N.T. Hieu et al. Journal of the Franklin Institute 361 (2024) 1284-1302

A as a function of (x,y)

20
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X
Fig. 2. 1 as a function of (1) =g(2) =x and y;, =7, = y.
338 A as a function of y as x=0.1 12 A as a function of y as x=0.9 4 A as a function of x as y=1
3.36 125
3.34 3
-1.35
332
14
< 33 =< <
-1.45
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15
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3.24 16
322 -1.65 3
o 2 4 6 8 10 12 14 16 18 20 o 2 4 6 8 10 12 14 16 18 20 0 01 02 03 04 05 06 07 08 09 1
X
Fig. 3. From left to right: the graphs of A(x =0.1,y), A(x =0.9,y), and A(x,y = 1), respectively.
12 I(t) in fixed state 1 12 I(t) in fixed state 2 12 I(t) of the switched system
1 1 1 1 1
08 0.8 1 08 1
Zo6 Zos 1 Zose 4
04 0.4 1 0.4 ]
0.2 k 0.2 1 02 1
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0 10 20 30 40 5 60 70 80 90 100 0 10 20 30 40 50 60 70 8 90 100 0 10 20 30 40 50 60 70 8 90 100

Fig. 4. Sample paths of I(r). From left to right: in system with &) = 1, in system with £(r) =2, and in the switched system, respectively in Example 3.1.

First, to have more concrete discussion, we consider the case that the incidence rate is linear. In this case, by Lemma 2.3 we
have the following explicit formula for 4

o3 (k)

3

A= 2 e ()1 = g Ak) — | ap(k) + a3(k) + ay (k) +
kem

.

This shows that 4 depends “linearly” on g, the proportion of vaccinated newborns. Moreover, if g = 1, 1 < 0; if g is increasing then
4 is decreasing. This observation coincides with the natural intuition that the more newborns are vaccinated, the higher chance
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A as a function of (x,y)
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Fig. 5. 4 as a function of (1) =4(2) =x and y;, =7, = y.
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Fig. 6. From left to right: the graphs of A(y) with x = 0.1, A(y) with x =0.9, and A(x) with y =1, respectively.

of ending the pandemic we have. If all newborns are vaccinated (i.e., § = 1), the disease will eventually disappear in the future.
However, getting ¢ = 1 is often impossible because of many reasons such as religion, economics, budgets, etc. One would like to
find the best possible g that still guarantees to end the pandemic in the future. From our formula of A, we can easily to find this
best value for g. If we assume that there is no random switching, i.e., M has only one value, then the best § making 4 < 0 is

ay+ a3+ a; +0'§/2
A

g>1-

(It is noted again that £(¢) can be used to represent the changes in discrete event such as season, infection status of other diseases,
etc. The discussion of the effects of such random switching are presented in numerical examples in Section 3.)

The effects of p, the rate of vaccination of susceptible group is similar to g, but less straightforward. Note that p influences A
through ¢, (k), which is the solution of (2.11). For simplicity of computation, let us assume that there is no switching. In this case,
solving (2.11) gives us

b(PB+ag+7)
A=z 5.
Py + ay + agy

Therefore, % =(p- l)b(ag +a0y)(§a0+a§ +ay7)™% < 0 due to § < 1. That means increasing 5 will decrease c;, and thus, will decrease
A. As a result, better rate of vaccination for the susceptible community gives us higher chance for ending the disease in the long
future. The dependence of A on p is illustrated numerically in Figs. 7 and 8.

Example 4.1. We revisit Examples 3.1 and 3.2. Since 4 depends explicitly on g through algebraic representation of 4 and that is
also illustrated in Section 3, we will not simulate this relationship. Fig. 7 shows the dependence of A on p in the case that other

1297



N.T. Hieu et al. Journal of the Franklin Institute 361 (2024) 1284-1302

A as a function of z = (1) = ¢(2) when 712 =721 = 20 A as a function of z = (1) = §(2) when y10 =721 =1
T T T T T T T T 25 T T T T T T T T T

25 T

15 \ \ \ \ \ \ \ \ \ 15 \ \ \ \ \ \ \ \ \
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
z z
Fig. 7. From left to right: the graphs of A(z) with p(1) = p(2) = z; 7, =7, =20 and y;, = y,, = 1 respectively. The other parameters have values in Example 3.1.

X as a function of z = §(1) = ¢(2) when 12 = 751 =20

Aasa
3 T T T T T T

function of z = ¢(1) = G(2) when v =71 =1

Fig. 8. From left to right: the graphs of A(x) with p(1) = p(2) = x; y;, = 15y =20 and y,, = y,; = 1 respectively. The other parameters have values in Example 3.2.

parameters have values as in Example 3.1; and Fig. 8 shows the dependence of 1 on p in the case that other parameters have values
as in Example 3.2.

Second, if the incidence rate does not have linear forms, but is a general function, it is difficult to provide a rigorous discussion in
how p, ¢ influence A as we could not provide explicit calculations. We provide some numerical examples about relationship between
A and g, p (see Fig. 9).

s+0.020
0.54+s+0.02v

A=25a0=1,a,=2,00=01,7y=2,0,=.2,a3 =.1,05 =.2, 0, =02, 6, = 0.1 Since the incidence rate g is not linear, we
do not have an explicit formula for A. Therefore, we run stochastic simulation to approximate the value 4. The figures below show
approximately the graph of A as a function of ¢ and p. The curves are rough due to the randomness of the approximation.

Example 4.2. In this example, we assume that three is no switching. Suppose g(s + v, 1) = . The other parameters are
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Appendix. Proof of Lemma 2.7

Proof of Lemma 2.7. We obtain from the ergodicity of (S% (), V%(1), £(t)) that

t
Jim % / (S W) + pV %), 0, Ewu))du = 2 / | h(s + pu.0.kyvy, (ds. dv. k) = Ay, ass. . (A1)
- 0 kem R+
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A as a function of p when §=0.8 A as a function of § when p=1
1.3 T T T T T T T T T 1.8 T T T T T T T T T

0.6 . . . . . . . . . 0 . . . . . . . . .
0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200

p p

Fig. 9. From left to right: the graphs of A(p) when §= 0.8 and A(g) when p = | respectively.

where 4 as in (2.29), and

2

1! 0, (E@W) o4(k) N

lim = / ao(EW)) + a(EW) + = du= " (ay(k) + ay(k) + —=—=)m; =2 . (A.2)

1= t fo 2 P/ 2
By the strong law of large numbers for martingales,

t

’lim %/ o,(EW)dW,(u)=0 ¢ =1,2,3,4. (A.3)

—00 0
Now, denote

A~ .1 1

Iy = min{glg,|. 380 (A.4)
It follows from (A.1) that for any & > 0, there exists a T; = T|(H, ¢) > 0 such that Py mx(2) 21~ %, where

1" ~ ~ ~ ~
Q = {a) : ?/0 h(s(";;ﬂ)’k(u) +ﬂV(i‘;’H)’k(u), 0.&@)du < 4g, + 4, < ~84,, forall 1> T, } ) (A.5)

In the above, the subscript in Py ) (ie,?,, D> 17(‘33 ) shows the initial value of (5% 7), V%), &(t)).

Because of the comparison theorem [30], we have S, ,(u) < 5(9& u).k(“)’ Vo) < 17( W, Y0 < u < 7 almost surely if

0
H.H),
z = (s,v,i,r) satisfies s < H,v < H. This and (A.2), (A.3) deduce that there exists Tz = Tz(s) > 0 such that P(€2,) > 1 - § and
P(R;)>1- g where

1
Q, = {w €eqQ: % ‘/ o, (EW)dW,w)| < Ay, £=1,2,3,4 forallt> Tz}, (A.6)
0

and

Q= {a) €EQ:8-1y< %/ (ao(.f(u) + oy (E(w))) + w> du<& +7, forallt>T, } . (A7)
0

Let T = max{]N"l,Tz}. On the finite interval [0, T], thanks to (2.3), we can find a sufficiently large M > 0 satisfying that

P(2y) > 1= 5, if (k) € [0, H* X [0, 11 X M where

t
/ o, EWIW,wdu

0

t€[0,T),/=3,4

T
Q= {w €. / h(S )+ pV (), I(u), E(u))du + sup < M} . (A.8)
0 o

It is noted that £, (and other ;) depends on initial values of the solution, and it would be labeled as Qi’k to indicate the

corresponding initial values. However, to simplify notation, we will remove this superscript. Moreover, Doob’s inequality allows
us to choose M sufficiently large such that

t
P(Qs)>1- g where Q5 = {w €N ‘/ o, (EW)W,(u)du| < % forallt €[0,7T] and ¢ = 1,2,3,4} . (A.9)
0
Denote
y = k) and ¢; := k k oi(k)
y = Eg.i)\)/(laS( )and ¢3 = l{ré%{ao( )+ ay(k) + ) }.
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Since h(u, i, k) = g(u, i, k) — (ap(k) + az(k) + a;(k)) — ﬁ is continuous at i = 0 uniformly in u, we can pick 6, € (O, m)
7 M e
such that
|h(u, i, k) — h(u,0,k)| < 7, whenever 0 <i < 6,. (A.10)

-1
Next, we pick 0, satisfying 0 < 6, < min {Q]e Mg, <1 + 4/1 ) }
CZ_ 2

Combining the second equation of (1.1), (A.9), and (A.8) implies that for all w € 25, we have

1

'
1(t) =1(0) exp{/o h(S) + pV (), I(u), E(u))du + /0 (A1)

03(5("))‘”"’3(“)}
<I(0)eM < 0,eM < 0, for any ¢ € [0, T, if 1(0) < 6.
On the other hand, by a variation of constants formula for linear stochastic differential equations (e.g., [32, Chapter 3]), we have
t
R = d)l() <R(0) +/ 013(5("))@(11)1(1!)0'"), (A.12)

where
! o7 (Ew) !
(1) = exp / (ao(z:(u))+az(é(u))+ 3 )du— / AEONLAOE
0 0

Provided (z, k) € [0, H]> X [0, 1]* x M, for t < T and w € 2,, we have from (A.8) that % < M (where M is defined as in (A.8)) and

®(t) < M e, which in combination with (A.11), (A.12), and the definition of 0, implies

R() < M(r+ Me”‘TV/O l(u)du) < M@©, + M&TT0,) < 6. (A.13)
Define the stopping time

C:=inf{r>0:R®)26yor [(1)>6,}. (A.14)
Because of (A.11) and (A.13),

C>Tif (z,k) € [0, HP X [0,0,]> x M, and w € Q,. (A.15)

It is noted again that S, ; () < §f1(;,11)k(t) o) <V (H H)k(t) for any ¢ < I3 given that z = (s, v,i,r) with s SNH, v < H (thanks to the
comparison theorem [30]). Thus, from (A.11), (A.10) and non-decreasing in u property of h(u, x, k), if t < {, one has

h(S(1) + BV (1), 1(0), £()) < h(S(1) + BV (1),0, é(t)) + 7
SRS O+ BV 1 (0,0,60) + 1,

given the initial value of (Z(t), &(¥)) is in [0, H]? X [0,6,] X [0, 00) X M. As a result,

t t
1() <I(0) exp{ / (h(S(H @+ BT @0, 5(u))) du+ Ayt + /0 63(§(u))dVV2(u)}. (A.16)
Combining (A.5), (A.6), (A.11), (A.15) and (A.16) for @ € (}_, 2; and (z. k) € [0, HI2 X [0,6,> x M, we have { > T and that
t t
I(H) < 1(0) exp { /O 80 @+ BV 0,0, 6@)du + Tyt + / 63(§(u))dI/V3(u)} a1
< I(0)exp {—SIZr + 2@} < 1(0) exp{—67yt} < 8y, 1 € [T 0).
We also have that for any T < < ¢ and » € ﬂf=l Q; and (z,k) € [0, H]* X [0, 6,]* x M that
e@—ziz)z <o) < e(€2+222)r’
which implies
1 t
R®) =20 <R(0) + /0 as(é(u))ép(u)l(u)du)
Se(—32+271)1 <r +7 /7 e(EZ+2712)ul-e—622udu>
0 (A.18)

Se(*?zﬂjz)f 0, + 92#6(?2*422”
o —24,

592 + 92/\;,\ < 00.
c —4i
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Thanks to (A.17) and (A.18), we must have E = forall w € ﬂf=] Q;, (z,k) €10, H1? % [0,6,]* X M. Because of E = o0, we have
from (A.17) and (A.18) again that
. ~ N 5
I(t) < I(0)e 5% and R(t) < 0242401y 4 i%e—%’, forany 1> T,w € ()2, 1(0)=i<6,.
c —44, j=1
This clearly implies that lim,_,, I(¢) = lim,_, o, R(t) =0 Vo € njzl Q;, provided (z, k) € [0, H]> X [0,6,]* X M.
Next, we define a randomized occupation measure

~ 1 [
t .
I, () = 7/0 Lzweauwe)duw. 1> 0,

in which, the subscript in I ; O indicates the initial condition. As an application of Lemma 2.7 and the comparison S(t) <

SOV < VG 1
of IT ;’k(-) as t — oo must have a support that is on [0, 00)? X {0}2 X M. On the other hand, with probability 1, any weak-limit of
bis ;’k(-) as t — oo is an invariant probability measure of the process {(Z(z), (1))} on Ri X M; see e.g., [29,33]. Moreover, it is readily
seen that v, when regarded as an invariant measure of {(Z(¢), &(1))}, is the unique invariant probability measure on [0, 00)2x{0}2X M.
Therefore, for almost every w € n§= %2 ﬁz’,k(-) converges weakly to v, as t — 0. As a result, we obtain from the weak convergence

that

(0,1 > 0, the family of measures {IT IGw),t > 0,0 € n;= Q;} is tight in RY x M and any weak limit

t
lim 1 / h(S@W) + pV (u), I(u),E(w))du = Z / h(s + pv,0,k)vy(ds,dv, k) = A, (A.19)
t—oo t 0 R2

kem +

for almost every w € 015:1!2 ;- It is noted that the limit (A.19) is valid because of the weak convergence and the uniform integrability

t t
lim sup 1 / (S@) + V@) *Pdu < lim 1 / (S% @) + Vo)) +Pdu
t—»o0 I Jo t—o0 t o

= Z (s + v)*Pv, (ds,dv, k) < co for some small p > 0;
kem JRY ’

see e.g., [29, Lemma 5.6]. By (A.11), one has

t t
20 - [ s+ pv.0.cdus 1 [ oxcaawi. (A.20)

Therefore, letting t — oo in (A.20) and because of (A.3) and (A.19), we have that for almost every w € nleﬂ s

. InI(®)
lim ——=

=00 t

= Aand lim R(?) =0.
=0

As a result, by noticing that ]11’(015.:1.(2 )= 1-¢, the lemma is proved. []
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