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Abstract

Various coordinate rings of varieties appearing in the theory of Poisson Lie
groups and Poisson homogeneous spaces belong to the large, axiomatically defined
class of symmetric Poisson nilpotent algebras, e.g. coordinate rings of Schubert
cells for symmetrizable Kac-Moody groups, affine charts of Bott-Samelson varieties,
coordinate rings of double Bruhat cells (in the last case after a localization). We
prove that every symmetric Poisson nilpotent algebra satisfying a mild condition
on certain scalars is canonically isomorphic to a cluster algebra which coincides
with the corresponding upper cluster algebra, without additional localizations by
frozen variables. The constructed cluster structure is compatible with the Poisson
structure in the sense of Gekhtman, Shapiro and Vainshtein. All Poisson nilpotent
algebras are proved to be equivariant Poisson Unique Factorization Domains. Their
seeds are constructed from sequences of Poisson-prime elements for chains of Poisson
UFDs; mutation matrices are effectively determined from linear systems in terms
of the underlying Poisson structure. Uniqueness, existence, mutation, and other
properties are established for these sequences of Poisson-prime elements.
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CHAPTER 1

Introduction

1.1. Cluster algebras and coordinate rings

Cluster algebras comprise a large, axiomatically defined class of algebras, in-
troduced by Fomin and Zelevinsky [16]. They play a key role in representation
theory, combinatorics, mathematical physics, algebraic and Poisson geometry. We
refer the reader to the books [21,37] and the papers [14,33,35,45] for overviews
of some of the applications of cluster algebras.

A cluster algebra (of geometric type) is defined by iteratively mutating gener-
ating sets of a rational function field F in N variables over a base field K. The
generating sets (y1,...,yn) of F are called clusters, and the process depends on
a mutation matrix B associated to an initial cluster. The cluster algebra A(E)K
(namely, the integral cluster algebra A(B)z with scalars extended to K) is the
K-subalgebra of F generated by all cluster variables (both mutable and frozen),
none of which are automatically inverted. We will write A(E ,inv)g for the local-
ization of A(E)K obtained by inverting a subset inv of the frozen variables. By
the Fomin-Zelevinsky Laurent Phenomenon [17], the algebra A(B)k is a subalge-
bra of the upper cluster algebra ﬁ(é)K, obtained by intersecting in F the mixed
polynomial /Laurent polynomial rings of all clusters, in which the cluster variables
are inverted but the frozen variables are not. The analogous intersection of poly-
nomial/Laurent polynomial rings in which a set inv of frozen variables is inverted
will be denoted X(g, inv)g. One of the main goals of the program of Fomin and
Zelevinsky [16] is

PROBLEM A. Prove that the coordinate rings K[V] of algebraic varieties V' that
appear in Lie theory have canonical cluster algebra structures, i.e., K[V] = A(B)g
or, more generally, K[V] = A(B, inv)x.

The more general use of A(E ,inv)g is necessary due to the concrete properties
of the varieties V' in question. The consequences of this are that one can apply the
cluster algebra structure of K[V] to the study of the totally nonnegative part of V'
and the canonical basis of K[V], in the cases when they are defined. After the work
of Berenstein, Fomin and Zelevinsky [2], it became clear that another desirable
property of cluster algebras is their equality with upper cluster algebras (when it
holds), thus prompting

PrROBLEM B. Classify the coordinate rings K[V] from Problem A for which
the corresponding cluster algebras have the property A(B)x = A(B)g or, more
generally, A(B,inv)x = A(B,inv)g for the same set inv that is used in the solution

of Problem A (equality of cluster and upper cluster algebras).

1
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2 1. INTRODUCTION

Here is an illustration of Problems A and B: Berenstein, Fomin and Zelevinsky
[2] proved that the coordinate rings of all double Bruhat cells G*»* in complex sim-
ple Lie groups G possess upper cluster algebra structures: C[G"""] = j(é, inv)g.
The problem of whether C[G*"*] = A(B, inv)x, or equivalently of whether Problem
B has a positive solution in this case, was left open.

Gekhtman, Shapiro and Vainshtein [20,21] proved that under mild assumptions
a cluster algebra A(E)K has a Poisson algebra structure with respect to which all
clusters are log-canonical, which means that

{vui} = Mgy, Ay € K

for the cluster variables yi,...,yy in each cluster of A(E)K. Gekhtman, Shapiro
and Vainshtein set up a program of proving that the coordinate rings of Poisson
varieties V' in Lie theory possess natural cluster structures by constructing suffi-
ciently many log-canonical clusters on V' (connected by mutations) and using their
coordinates as cluster variables [21,22]. This has had remarkable success, and led
to the construction of compatible upper cluster algebra structures for the Belavin-
Drinfeld Poisson structures on GL,, and their doubles, [22,23]. However, similarly
to [2], the methods of [20-23] rely on codimension 2 arguments and only show
that certain K[V]’s are isomorphic to upper cluster algebras rather than to cluster
algebras.

There are three instances of positive solutions to Problem B. For acyclic cluster
algebras this was shown in [2]. Muller [39] proved that Problem B has a positive
solution for the larger class of locally acyclic cluster algebras, but only in the form
A(B,inv)x = A(B,inv)g where inv includes all frozen variables. (This extra
localization does not allow to deduce that the coordinate rings of double Bruhat
cells of type A,, are cluster algebras.) Geiss, Leclerc and Schréer [18] proved that the
coordinate rings of Schubert cells in symmetric Kac-Moody groups possess cluster
algebra structures such that A(B)g = A(B)x, using the representation theory of
the related preprojective algebra.

1.2. Overview of results

The results obtained in this paper and the sequel [30] are as follows:

(I) In the present paper we show that, modulo a mild condition on scalars,
every Poisson algebra R in the very large axiomatically defined class of symmetric
Poisson nilpotent algebras possesses a natural cluster algebra structure and for it
R = A(B)x = A(B)k. For each such cluster algebra we construct a large family of
clusters and explicit mutations between them.

(IT) In the sequel [30], we prove that the coordinate rings of all Schubert cells
and double Bruhat cells for a symmetrizable Kac-Moody group, equipped with
their standard Poisson structures, are symmetric Poisson nilpotent algebras or lo-
calizations thereof. We then establish that, for the double Bruhat cells of every
complex simple Lie group, the Berenstein-Fomin-Zelevinsky cluster algebras equal
the corresponding upper cluster algebras. We also prove such a result for the
upper cluster algebra structures on the double Bruhat cells of all symmetrizable
Kac-Moody groups, constructed by Williams [44].

Compared to the approaches in [18,20-22] to Problems A and B, our general
results do not rely on concrete initial combinatorial data and apply to algebras
coming from symmetrizable Kac-Moody groups, not only symmetric Kac-Moody
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1.3. POISSON NILPOTENT ALGEBRAS AND MAIN THEOREM 3

groups. Compared to [39], the above results prove equalities of cluster algebras
and upper cluster algebras without an additional localization by frozen variables.

1.3. Poisson nilpotent algebras and Main Theorem

Fix a base field K throughout, with char K = 0, and consider everything to be
done over K. In particular, the term “algebra” will always mean a K-algebra, all
automorphisms are assumed to be K-algebra automorphisms, and all derivations
are assumed to be K-linear.

The Poisson nilpotent algebras (or Poisson-CGL extensions) with which we
work are iterated Poisson-Ore extensions B[z;0,0],, where B is a Poisson algebra,
Blz;0,6], = B[z] is a polynomial ring, ¢ and ¢ are suitable Poisson derivations on
B, and

{z,b} = o(b)x +4(b), Vbe B

(see §2.2). For an iterated Poisson-Ore extension
R :=Kz1]plwe; 02,02]p - [Tn; 0N, ON]p
and k € [0, N], denote

Rk = K[.’L‘l, P ,Jik] = K[l‘l]p[wg; g9, 52]p e [,Tk;; O'k,(sk}p.

DEFINITION. An iterated Poisson-Ore extension R as above will be called a

Poisson-CGL extension if it is equipped with a rational Poisson action of a torus
‘H such that

(i) The elements z1, ...,z are H-eigenvectors.
(ii) For every k € [2, N], the map dj on Rj_; is locally nilpotent.
(iii) For every k € [1, N], there exists hy € LieH such that o = (hx')|r,_,
and the hg-eigenvalue of xy, to be denoted by Ag, is nonzero.

There is a unique choice of H, maximal among tori acting faithfully and rationally
on R by Poisson automorphisms such that the above conditions hold, as we prove
in §6.2.

We say that the Poisson-CGL extension R is symmetric if it has the above
properties (with respect to the same torus action) when the generators z1,...,zN
are adjoined in reverse order. (This condition is of a different nature than the
symmetry condition for Kac-Moody groups; all symmetrizable Kac-Moody groups
give rise to symmetric Poisson CGL extensions in different ways.)

Poisson-CGL extensions are semiclassical analogs of the Cauchon-Goodearl-
Letzter extensions, appearing in the theory of quantum groups. They have been
extensively studied in recent years beginning with the papers [8,26,34]. CGL
extensions provide a natural axiomatic framework for quantum nilpotent algebras:
deformations of universal enveloping algebras of nilpotent Lie algebras at nonroots
of unity [27, p. 9697]. Because of this, we view Poisson-CGL extensions as an
axiomatic framework for Poisson nilpotent algebras, i.e., Poisson algebra structures
on polynomial rings which are semiclassical limits of quantum nilpotent algebras.
We note that a Poisson CGL extension is not a nilpotent Lie algebra itself under
the Poisson bracket (Poisson algebras with such a property are very rare in the
theory of Poisson Lie groups and Poisson homogeneous spaces).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



4 1. INTRODUCTION

Coordinate rings of varieties that appear in the theory of Poisson Lie groups
and Poisson homogeneous spaces provide numerous examples of Poisson-CGL ex-
tensions, see for example [13] for coordinate rings of Schubert cells and affine charts
of Bott-Samelson varieties. The coordinate rings of such varieties are semiclassi-
cal limits of quantized algebras of functions and the above axioms are Poisson
incarnations of the Levendorskii-Soibelman straightening law for quantum groups
[5, Proposition 1.6.10]. A simple example of such a Poisson algebra, which is used
as a running example through the paper, is the coordinate ring of the matrix affine
Poisson space M, ,(K) of m x n matrices over K. It is the polynomial algebra

O(Mmn(K)) =K[t;; |1 <i<m, 1 <j<n
with the Poisson bracket
{tij, tra} = (sign(k — 4) + sign(l — 7)) tute;,

see Example 5.3 for details. This Poisson structure arises when the space M, ,(K)
is identified with the open Schubert cell of the Grassmannian Gr(m, m+n) equipped
with the standard Poisson structure, [6,20].

The next theorem summarizes the main result of the paper:

MAIN THEOREM. Fvery symmetric Poisson-CGL extension R with the property
that \i/A; € Qs for all 1,j has a canonical structure of cluster algebra which
coincides with its upper cluster algebra.

A detailed formulation of this result is given in Theorem 11.1. Additional
features of the full formulation of the theorem are:

(1) For each such Poisson-CGL extension R, the theorem constructs a large
family of explicit seeds and mutations between them.

(2) The Poisson structure on R is compatible with the cluster structure in the
sense of Gekhtman, Shapiro and Vainshtein.

(3) The cluster variables in the constructed seeds are the unique homogeneous
Poisson-prime elements of Poisson-CGL (sub)extensions that do not be-
long to smaller subextensions.

(4) The mutation matrices of the constructed seeds can be effectively com-
puted using linear systems of equations, coming from the Poisson struc-
ture.

(5) For each generator zy, an appropriate rescaling of it is a cluster variable in
one of our seeds. In particular, the cluster variables in our finite collection
of seeds generate the cluster algebra in question.

(6) The above features also hold for the localization of R with respect to any
set inv of frozen variables; in particular, R = A(E, inv)g = .71(1?, inv)g.

1.4. Poisson-prime elements, Poisson-UFDs and proof of the Main
Theorem

Our proofs rely on arguments with Unique Factorization Domains in the Poisson
algebra setting. Let R be a noetherian Poisson domain (i.e., a Poisson algebra which
is a noetherian integral domain). An element p € R is called a Poisson-prime
element if any of the following equivalent conditions is satisfied:

(1) The ideal (p) is a prime ideal and a Poisson ideal.
(2) pis a prime element of R (in the commutative sense) such that p | {p, —}.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1.4. POISSON-PRIME ELEMENTS, POISSON-UFDS, PROOF OF MAIN THEOREM 5

(3) [Assuming K = C.] p is a prime element of R and the zero locus V (p) is
a union of symplectic leaves of the maximal spectrum of R,

see §4.1 for details. The importance of the third formulation is that one can use
Poisson geometry to classify Poisson-prime elements.

Recall that by Nagata’s lemma, a noetherian integral domain R is a UFD if
and only if every nonzero prime ideal contains a prime element. We call a Poisson
domain R a Poisson-UFD if every nonzero Poisson-prime ideal contains a Poisson-
prime element. If R is equipped with a Poisson action of a group H, we say that
R is an H-Poisson-UFD if every nonzero H-Poisson-prime ideal of R contains a
Poisson-prime H-eigenvector. In the case of a K-torus H acting rationally on R, the
‘H-eigenvectors are precisely the nonzero homogeneous elements of R with respect
to its grading by the character group of H, and we will use the second terminology.

Our proof of the Main Theorem is based on the following steps. The results in
the individual steps are of independent interest and often admit wider generality
than that of the Main Theorem.

STEP 1. Let B be a noetherian H-Poisson-UFD for a K-torus H, and Blz; 0, 4],
a Poisson-Ore extension with ¢ and ¢ satisfying the properties (i)-(iii) in the defi-
nition of a Poisson-CGL extension. We prove that B[z; 0, 0], is also a noetherian
‘H-Poisson-UFD and give an explicit classification of its homogeneous Poisson-prime
elements in terms of those of B. These results appear in Theorems 4.7 and 4.13.

Section 4 contains other details on the Poisson-UFD properties of the extension
B C Blz;0,0]p.

STEP 2. For each Poisson-CGL extension R and k € [1, N], we prove that
the Poisson algebra Ry has a unique (up to rescaling) homogeneous Poisson-prime
element y; that does not belong to Ry_;. For the sequence

(1.1)  wv1,...,yn of homogeneous Poisson-prime elements of
the algebras in the chain Ry C ... C Ry,

we prove that each y, is linear in z; with leading term y;x) for some j < k if
O0x # 0, and y, = xy if 0 = 0. These facts are proved in Theorem 5.5 and Section
5 contains additional facts for the sequences of Poisson-primes (1.1).

STEP 3. Let R be a symmetric Poisson-CGL extension. Each permutation in
the set

(1.2) En:={7 € Sy | 7([1,k]) is an interval for all k € [2, N]}

gives rise to a presentation of R as a Poisson-CGL extension with the generators of
R adjoined in the order z,(1), ..., z-(n). The associated sequence of Poisson-prime
elements from Step 2 will be denoted by

(1.3) Yr,15- -3 Yr,N-
For a symmetric Poisson-CGL extension R and j, k € [1, N], the “interval subalge-
bra”
is an H-stable Poisson subalgebra of R which is a Poisson-CGL extension in its
own right with respect to the same torus action of H.

In Theorem 8.3 we express the elements of each sequence (1.3) in terms of
certain “final Poisson-prime elements” of the interval subalgebras Rj; x). Sections 6

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



6 1. INTRODUCTION

and 8 contain further facts on symmetric Poisson CGL extensions and their interval
subalgebras.

STEP 4. Next we link the clusters from the previous step by mutations. In The-
orems 7.2 and 7.3 we prove that if a Poisson-CGL extension has two presentations by
adjoining the generators in the orders z1,...,xx and 1, ..., Tr—1, Tk+1, Tk, Tht2,
..., N, then the corresponding sequences of Poisson-prime elements (1.1) are ei-
ther a permutation of each other or a one-step “almost mutation” of each other,
meaning that the new elements y are given by a mutation formula in terms of the
old ones where the coefficient of one of the two monomials is not necessarily 1 but
a nonzero scalar.

In Theorem 9.5 we prove that the generators xi,...,zx of any symmetric
Poisson-CGL extension can be rescaled so that the sequences of Poisson-prime
elements (1.3) corresponding to any pair 7,7’ € En such that 7/ = 7(i, 7 + 1) are
either a permutation or a one-step mutation of each other. One of the upshots of
Steps 2 and 4 is that the rescaling of each of the generators xj; equals the cluster
variable y, 1, for all 7 € ZE5 with 7(1) = k. Sections 7 and 9 contain further details
on the rescaling and mutations.

STEP 5. In Section 10 we describe a method to control the size of the involved
upper cluster algebras from above. In Theorems 10.3 and 10.5 we prove that the
intersection inside the fraction field of R of all mixed polynomial/Laurent polyno-
mial rings associated to the clusters indexed by Zy (without the frozen variables
inverted) equals R.

STEP 6. Using the mutations from Step 4, we upgrade the clusters (1.3) to
seeds of cluster algebras and prove that the corresponding mutation matrices can
be effectively computed using linear systems of equations, coming from the Poisson
structure (Theorem 11.1(a)). Using Steps 3-5 and the Laurent Phenomenon [17]

we get the chain of inclusions for the constructed cluster algebras A(B)x
RC A(B)x C A(B)k C R,
which forces the equalities R = A(B)g = A(B)g; this is carried out in Section 11.

One of the consequences of the Main Theorem is that every symmetric Poisson-
CGL extension with A\;/); € Qs possesses a canonical quantization given by the
quantum cluster algebra [3] associated to the constructed Poisson cluster algebra.
Recently, Y. Mi [38] independently constructed a quantization of each integral
symmetric Poisson CGL extension that is a symmetric CGL extension, and proved
that in a certain sense this quantization is unique. (Here integrality means that the
elements hy in the definition in §1.3 belong to the cocharacter lattice of H.) The
two quantizations can then be linked by the quantum cluster algebra structure on
the latter constructed in [29, Theorem 8.2].

We note that, although the main results in this paper resemble the quantum
results in [29], the proofs use substantially different methods based on Poisson
algebra and related geometric structures.

1.5. Notation and conventions

We write X (#) for the (rational) character group of a K-torus #, and we
view X (H) as an additive group. Rational actions of H on an algebra R are

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1.5. NOTATION AND CONVENTIONS 7

equivalent to X (H)-gradings [5, Lemma I1.2.11], and we will use the terminology
of gradings whenever convenient. In particular, when R is equipped with a rational
‘H-action, its homogeneous elements (with respect to the X (#)-grading) are the
‘H-eigenvectors together with 0. The degree of a nonzero homogeneous element
r € R will be denoted x,; this is just its H-eigenvalue.

For any positive integer N, we view the elements of Z" as column vectors, and
we write {e1,...,en} for the standard basis of Z". The row vector corresponding
to any f € Z" is the transpose of f, denoted f. If f = (m1,...,mn)7, denote

N N
(1.4) [f]+ = Zmax(mj,())ej and [f]- = Zmin(mj,())ej.

We identify permutations in Sy with their corresponding permutation matrices in
GLN(Z), so that each 7 € Sy acts on Z¥ by 7(e;) = er(), for all i € [1, N]. Corre-
sponding to any skew-symmetric matrix q = (qx;) € My (K) is a skew-symmetric
bicharacter

(1.5) Qq:ZN xZN - K, given by Qq(ex,e;) = qrj, V4, k € [1, N].
Given f = (my,...,my)T € Z" and an N-tuple x = (z1,...,7x) of elements
from a commutative ring, we denote
N
(1.6) x/ = Hacjm]
j=1

We recall definitions and establish some auxiliary results for Poisson algebras
and cluster algebras in Sections 2 and 3, respectively. Here we just mention that
since our aim is to produce cluster algebra structures on K-algebras, we build clus-
ter algebras A(X, E)K over the field K directly, rather than first building cluster
algebras over an integral (semi)group ring and then extending scalars to K. More-
over, we work exclusively with cluster algebras of geometric type, as semiclassical
limits of quantum cluster algebras are of geometric type, and as the cluster algebra
structures we construct on Poisson nilpotent algebras are of geometric type.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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CHAPTER 2

Poisson algebras

2.1. Poisson algebras and Poisson ideals

We recall that a Poisson algebra is a commutative algebra R equipped with
a Poisson bracket {—, —}, that is, a Lie bracket which is also a derivation in each
variable (for the associative product). For a € R, the derivation {a,—} is called
the Hamiltonian associated to a. The Poisson bracket on R induces unique Poisson
brackets on any quotient of R modulo a Poisson ideal, meaning an ideal I such that
{R,I} C I, and on any localization of R with respect to a multiplicative set (e.g.,
[36, Proposition 1.7]). A Poisson automorphism of R is any algebra automorphism
which preserves the Poisson bracket. We use the term Poisson action to refer to
an action of a group on R by Poisson automorphisms.

EXAMPLES 2.1. A Poisson-Weyl algebra is a polynomial algebra Kz1, ..., 2o,
equipped with the Poisson bracket such that

{i,2;} = {znti, onyy} = 0 and {@i, wy ;) = 655, Vi, j € [1,n].
Given any skew-symmetric matrix (gx;) € My (K), there are compatible Poisson
brackets on the polynomial algebra K[z, ...,z x] and the Laurent polynomial alge-
bra ]K[xlﬂ, . ,xﬁl] such that {x, x;} = qu;zre; for all k, j. The Poisson algebras
K[zy,...,zn] and K[xlﬂ, . ,xﬁl} are known as a Poisson affine space algebra and
a Poisson torus, respectively.

The Poisson center of a Poisson algebra R is the subalgebra
Zy(R):={z€ R|{z,—} =0}
Its elements are sometimes called Casimirs, in which case Z,(R) is denoted Cas(R).
An element ¢ € R is said to be Poisson-normal if the principal ideal Rc is a Poisson

ideal, that is, if {¢, R} C Re. If also ¢ is a non-zero-divisor, then {¢, —} determines
a derivation 0. on R such that

(2.1) {¢,a} = 0.(a)c, Ya € R.
Moreover, it follows from the Jacobi identity for {—, —} that
9c({a,b}) = {0:(a),b} + {a,0:(b)}, Va,b € R,

so that 0. is also a derivation with respect to the Poisson bracket.

Given an arbitrary ideal J in R, there is a largest Poisson ideal contained in
J, which, following [7], we call the Poisson core of J; we shall denote it P.core(J).
The Poisson primitive ideals of R are the Poisson cores of the maximal ideals of R
(in [41], these are called symplectic ideals). A Poisson-prime ideal is any proper
Poisson ideal P of R such that (IJ C P = I C P or J C P) for all Poisson ideals
I and J of R. The above concepts are related by the following Poisson version of
[24, Lemma 1.1]; we repeat the short arguments for convenience.

9
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10 2. POISSON ALGEBRAS

LEMMA 2.2. Let R be a Poisson algebra.

(a) P.core(P) is prime for all prime ideals P of R.

(b) Every Poisson primitive ideal of R is prime.

(¢) Ewvery prime ideal minimal over a Poisson ideal is a Poisson ideal.

(d) If R is noetherian, every Poisson-prime ideal of R is prime.

(e) If R is affine over K, every Poisson-prime ideal of R is an intersection of
Poisson primitive ideals.

REMARK. If R is a noetherian Poisson algebra, Lemma 2.2(d) implies that the
Poisson-prime ideals in R are precisely the ideals which are both Poisson ideals
and prime ideals; in that case, the hyphen in the term “Poisson-prime” becomes
unnecessary.

PRrROOF. (a) Since P.core(P) is the largest ideal contained in P and stable under
all the derivations {a, —}, this follows from [11, Lemma 3.3.2].

(b) and (c) are immediate from (a).

(d) Let @ be a Poisson-prime ideal of R. There exist prime ideals Q1,...,Qn,
minimal over @ such that Q1Q2---Q, C Q. The @, are Poisson ideals by (c), so
the Poisson-primeness of ) implies that some @Q; = Q.

(e) Let @ be a Poisson-prime ideal of R. Since @ is prime (by (d)), the Null-
stellensatz implies that @ is an intersection of maximal ideals M;. Consequently,
Q =, P.core(M;). O

If K = K and the Poisson algebra R is the coordinate ring of an affine algebraic
variety V, then V may be partitioned into symplectic cores [7, §3.3] parametrized
by the Poisson primitive ideals of R, where the symplectic core corresponding to a
Poisson primitive ideal P is the set

{z € V| P.core(m,) = P}.

(Here m, denotes the maximal ideal of R corresponding to z.) In case K =
C, the variety V is a union of smooth complex Poisson manifolds and, as such,
is partitioned into symplectic leaves (see [7, §3.5]). In this case, it follows from
[7, Lemma 3.5] that the Zariski closure of any symplectic leaf L of V' is a union of
symplectic cores. In fact, the lemma shows that the defining ideal I(L) is a Poisson
primitive ideal P, equal to P.core(m,) for any = € L. Consequently, L is the union
of the symplectic cores corresponding to the Poisson primitive ideals containing P.

These observations lead to geometric ways to verify that certain ideals are

Poisson ideals, as follows.

PROPOSITION 2.3. Let K = C and R the coordinate ring of an affine algebraic
variety V. Suppose R is a Poisson algebra and I is a radical ideal of R. Then I is
a Poisson ideal if and only if the subvariety V(I) is a union of symplectic leaves,
if and only if V(I)is a union of Zariski closures of symplectic leaves.

PROOF. Suppose first that V' (I) is a union of closures of symplectic leaves L;.
By [7, Lemma 3.5], I(L;) is a Poisson ideal of R, and therefore I = N; I(L;) is a
Poisson ideal.

Now assume that I is a Poisson ideal. By Lemma 2.2(e), I equals the inter-
section of the Poisson primitive ideals P; that contain I. If 2 € V(I), then from
m, D I we get P.core(m,) O I, whence P.core(m,) = P; for some j. By [7, Lemma

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



2.1. POISSON ALGEBRAS AND POISSON IDEALS 11

3.5, the closure of the symplectic leaf L containing z satisfies I(L) = P;, whence
L CV(P;) CV(I). Therefore V(I) is a union of symplectic leaves.

Finally, if V(I) is a union of symplectic leaves, then, being closed in V, it is

also a union of closures of symplectic leaves. O

A version of Proposition 2.3 over more general fields, with symplectic leaves
replaced by symplectic cores, is available under additional hypotheses, such as un-
countability of the base field, as we now show.

LEMMA 2.4. Let T be an affine Poisson algebra. Assume that K is uncountable,
T is a domain, and Z,(FractT) = K. Then there is a countable set S of nonzero
Poisson prime ideals of T' such that every nonzero Poisson prime ideal of T' contains
a member of S.

PROOF. Let § be the set of those nonzero Poisson prime ideals of 7" which do
not properly contain any nonzero Poisson prime ideal. Due to the descending chain
condition on prime ideals in T, every nonzero Poisson prime ideal of T contains
a member of §. The argument in the proof of [1, Theorem 3.2] shows that S is
countable. (The assumption K = C in that theorem is not used in this part of the
proof.) O

The key argument of the following result was communicated to us by Jason
Bell; we thank him for permission to include it here.

LEMMA 2.5. If R is an affine Poisson algebra and K is uncountable, then

(2.2) P= ﬂ {m € max R | P.core(m) = P}, V Poisson primitive ideals P of R.

PRrROOF. It suffices to consider the case where the Poisson primitive ideal P is
zero. Hence, there is a maximal ideal mg of R such that P.core(mg) = 0.

Set T := R ®x K, which is an affine Poisson K-algebra, identify R with its
image in T, and observe that T is integral over R. We will use several standard
results about prime ideals in integral extensions, such as [32, Theorems 44, 46, 48].
In particular, since R and T have the same finite Krull dimension, it follows that
any non-minimal prime ideal of T has nonzero contraction to R.

There is a prime ideal Qg of T such that Qo N R = 0. After possibly shrinking
Qo, we may assume that it is a minimal prime, and thus a Poisson prime (Lemma
2.2(c)). Hence, the domain T := T /Qy is an affine Poisson K-algebra. We identify
R with its image in T'.

There is a maximal ideal m{§ € max T such that m§N R = my. Since P.core(mf)
is a Poisson prime ideal of T, the contraction P.core(m{)N R is a Poisson prime ideal
of R contained in mg, whence P.core(m) N R = 0. Consequently, P.core(mf) = 0,
and so 0 is a Poisson primitive ideal of T

By [41, Proposition 1.10], 0 is a Poisson-rational ideal of T', meaning that the
Poisson center of Fract T is (algebraic over) K. Hence, Lemma 2.4 provides us
with a countable set {Q1,Q2, ...} of nonzero Poisson prime ideals of T" such that
every nonzero Poisson prime ideal of 7' contains some ;. Moreover, the ideals
P; := Q; N R are nonzero Poisson prime ideals of R.

We claim that any nonzero Poisson prime ideal P of R contains some P;. There
is a prime ideal @ of T lying over P, and after possibly shrinking (), we may assume
that @ is minimal over PT'. Since PT is a Poisson ideal, so is (). Then @ 2 @; for
some j, whence P O P;, validating the claim.
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12 2. POISSON ALGEBRAS

Choose a nonzero element f; € P; for each j, let X be the multiplicative set
generated by the f;, and set R’ := R[X!]. Since R’ is a countably generated
K-algebra and K is uncountable, R’ satisfies the Nullstellensatz over K (e.g., [5,
Proposition I1.7.16]). This means that the Jacobson radical of R’ is zero and R’ /m’
is algebraic over K for all m’ € max R’. Consequently, m’ N R € max R for any
m’ € max R’. Moreover, m’ N R cannot contain any P;, and so the Poisson prime
ideal P.core(m’ N R) must be zero. Since (J{{m' N R | m’ € maxR'} = 0, (2.2) is
proved. (Il

The condition (2.2) also holds if R is affine and all Poisson primitive ideals of
R are locally closed points of the Poisson-prime spectrum of R. This follows from
the proof of [24, Theorem 1.5].

PROPOSITION 2.6. Let K =K and R the coordinate ring of an affine algebraic
variety V. Suppose R is a Poisson algebra satisfying (2.2), and let I be a radical
ideal of R. Then I is a Poisson ideal if and only if V(I) is a union of symplectic
cores.

PROOF. Suppose first that I is a Poisson ideal. By Lemma 2.2(e), I equals the
intersection of the Poisson primitive ideals P; that contain I. Obviously any point
in the symplectic core C; corresponding to P; lies in V/(I). Conversely, if z € V (1),
then from m, D I we get P.core(m,) D I, whence P.core(m,) = P; and = € C, for
some j. Thus, V(I) =, C;.

Now asume that V() is a union of symplectic cores C; corresponding to Poisson
primitive ideals P;. Then

I= ﬂ(m{mw |z e Cj}).
J
Because of (2.2), ({{m, [z € C;} = P; for all j. Therefore I = () P;, whence I is
a Poisson ideal. O

2.2. Poisson polynomial rings

DEFINITION 2.7. A Poisson derivation on a Poisson algebra B is any K-linear
map o on B which is a derivation with respect to both the associative multiplication
and the Poisson bracket, that is,

(2.3) o(ab) =oc(a)b+ac(b) and o({a,b}) ={o(a),b} + {a,o(b)}, Va,b e B.

For instance, the maps . defined in (2.1) are Poisson derivations.

Assume that o is a Poisson derivation on B. Following the terminology of
[12, §1.1.2], a Poisson o-derivation on B is any derivation ¢ (with respect to the
associative multiplication) such that

(2.4) 0({a,b}) = {d(a),b} + {a,0(b)} + o(a)d(b) — 6(a)o(b), Ya,b € B.
For any c € B, the map
aw {c,a} —o(a)c, Va € B,

is a Poisson o-derivation, and we refer to the ones of this form as inner Poisson
o-derivations of B.
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2.3. DIFFERENTIALS OF TORUS ACTIONS 13

LEMMA 2.8. [42, Theorem 1.1] Let B be a Poisson algebra, o a Poisson deriva-
tion on B, and § a Poisson o-derivation on B. The Poisson bracket on B extends
uniquely to a Poisson bracket on the polynomial algebra Blz| such that

(2.5) {z,b} = o(b)x + 6(b), Vb € B.

DEFINITION 2.9. Suppose that B is a Poisson algebra, o a Poisson derivation
on B, and § a Poisson o-derivation on B. The polynomial algebra B[z], equipped
with the Poisson bracket of Lemma 2.8, is just called a Poisson polynomial ring in
[42]. Here we will say that Blx] is a Poisson-Ore extension of B, as in [12]. The
Poisson bracket on B[z] extends uniquely to one on the Laurent polynomial algebra
Blz*!], and we will call the latter Poisson algebra a Poisson-Laurent extension of
B. To express that B[r] and B[z*!] are Poisson algebras of the types just defined,
we use notation analogous to that for Ore and skew-Laurent extensions, namely

Blx;0,6], and Blzt';o,d],.
In case § is identically zero, we omit it from the notation, writing just B|x; 0], and
Blz*;0],.

The converse of Lemma 2.8 is worth noting; it may be phrased as follows: If
a polynomial ring R = B[z] supports a Poisson bracket such that B is a Poisson
subalgebra and {z, B} C Bz + B, then R = B|z; 0, d], for suitable ¢ and .

Basic examples of iterated Poisson-Ore extensions of the form

Klz1][xo; 02,02]p - - [TN; 0N, ON]p

are Poisson-Weyl algebras and Poisson affine space algebras (Examples 2.1).

2.3. Differentials of torus actions

Suppose that R is an algebra equipped with a rational action of a torus H
(by algebra automorphisms). The differential of this action provides an action of
h := LieH on R by derivations, as discussed in [25, §1.2], where it is also noted
that the H-stable K-subspaces of A coincide with the h-stable subspaces. It follows
from this discussion and [25, Lemma 1.3] that

(2.6) The H-eigenspaces of R coincide with the h-eigenspaces;
(2.7) The H-eigenvectors in R coincide with the h-eigenvectors;
(2.8) The h-action on R commutes with the H-action;
(2.9) h.a =0, ¥V homogeneous a € A of degree 0.

LEMMA 2.10. [25, Lemma 1.4] Suppose a Poisson algebra R is equipped with a
rational Poisson action of a torus H. Then Lie H acts on R by Poisson derivations.
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CHAPTER 3

Cluster algebras and Poisson cluster algebras

In this chapter, we collect basic definitions and notation concerning cluster al-
gebras and compatible Poisson structures on them, together with some auxiliary
results. We consider exclusively cluster algebras of geometric type, recall [16, Def-
inition 5.7], and we do not invert frozen variables unless specifically indicated.

3.1. Cluster algebras

Fix positive integers n < N and a subset ex C [1, N] of cardinality n. The
indices in ex are called ezchangeable, and those in [1, N]\ ex frozen. Matrices
indexed by [1, N] x ex will be called N x ex matrices. Fix a purely transcendental
field extension F D K of transcendence degree N. We define cluster algebras
over K directly, rather than first defining them over Z and then extending scalars.
Moreover, we follow [16] rather than [2] in that frozen variables in cluster algebras
are not automatically inverted. In our notation, we combine the mutation matrices
for cluster and frozen variables as in [16, p. 515] and [2, p. 6].

DEFINITION 3.1. A seed (of geometric type) in F is a pair (X, B) where
(i) x = (z1,...,zn5) € FN such that {zy,...,zy} is algebraically indepen-
dent over K and generates F as a field extension of K.
(i) B = (bi;) is an N x ex integer matrix.
(iii) The ex x ex submatrix B of B is skew-symmetrizable: there exist d; € Zs
such that d;b;; = —d;b;; for all i,j € ex.
Note that (iii) implies by = 0 for all k € ex.
The set x := {z; | j € ex} C X is a cluster, and its elements are cluster
variables. Elements of X \ x are frozen variables. The submatrix B of B is the
principal part of B , and is called the exchange matriz of the seed (X, f?)

For quantum cluster algebras and cluster algebras with compatible Poisson
structure, the matrix B is automatically of full rank, see Proposition 3.10 below for
the Poisson case and [3, Definition 4.5 and Proposition 3.3] for the quantum case.

DEFINITION 3.2. Let (X, E) be a seed, with x = (x1,...,2n). For k € ex,
define
bik —bik
4 ;" + 1], T,
(31) l‘;c — Hbzk>0 i Hb,,k<0 i cF
T
and p(X) := (21,...,&k—1, ), Thit, .-, N ). (Then pi(X) is another sequence of

algebraically independent elements generating F over K.)

15
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16 3. CLUSTER ALGEBRAS AND POISSON CLUSTER ALGEBRAS

DEFINITION 3.3. Let (X, B) be a seed, B = (bi;), and k € ex. Define B =
pe(B) = (bi;) by
—bij ifi:k‘OI‘j:kJ
(3.2) bi; = |bir|brj + ik | bk
bij +
2
The matrix i, (B) is the mutation of B in direction k.

If the principal part of B is B, then the principal part of uk(N) is pg(B).
Moreover, pu (B) preserves the condition from Definition 3.1 that its prlnmpal part
is skew-symmetrizable [16, Proposition 4.5]. If B has full rank, then ju;(B) also
has full rank [2, Lemma 3.2].

The mutation of (X, B) in direction k is the seed pug(X, B) := (ju(X), px(B)).
Mutation is involutive: s (pk (X, B)) = (%, B).

In general, seeds (%, B) and (X, B') are mutation-equivalent, written (X, B) ~

(X', B'), if (X', B') can be obtained from (%, B) by a finite sequence of seed muta-
tions. Mutation-equivalent seeds share the same set of frozen variables.

otherwise.

DEFINITION 3.4. Upper bounds and upper cluster algebras associated to the
seed (X, B) are intersections of mixed polynomial-Laurent polynomial algebras gen-
erated by the variables from some cluster along with inverses of some of them. For
any set inv C [1, N] \ ex of frozen indices, let us define

(3.3) TAX, B,inv) := K[z; | i € [1,N]\ (ex LI 1nv)][37:jil | j € exUinv].
The upper bound for (X, B,inv) is
(34) UK B,inv)g = TA%, B,inv) N (| TA(u(X), i (B),inv),

kecex
and the corresponding upper cluster algebra is
(3.5) A(%, B,inv)g := (| TAE, B inv).

(%',B") ~ (%,B)

The proof of the following theorem can be found in [2, Corollary 1.9] and
[23, Theorem 4.1 and Lemma 4.3].

THEOREM 3.5. If the exchange matriz B has full rank, then U(xX, B,inv)g =
A(x, B, inv)x for any seed (%, B) in F and any inv C [1, N] \ ex.

Following this result, we refer to U (i,B,inv)K as the upper cluster algebra
corresponding to (X, B, inv).

DEFINITION 3.6. The cluster algebra associated to a seed (%, B) in F is the K-
subalgebra A(X, B)k of F generated by the cluster and frozen variables from all the
seeds mutation-equivalent to (X, B). More generally, for any set inv C [1, N]\ ex,

we define B B
A(%, B,inv)g = A(X, B)g[z; ! | | € inv].
These algebras are also called cluster algebras.

The Laurent Phenomenon for cluster algebras may be expressed as follows; see
[2, Corollary 1.12] for the version in terms of upper cluster algebras.
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THEOREM 3.7. [16, Theorem 3.1] Every cluster algebra is contained in the
corresponding upper cluster algebra: A(X,B,inv)g C U(X, B,inv)k for all seeds
(%, B) in F and all inv C [1, N]\ ex. Equivalently,

A(x, B,inv)x C TA(X, B, inv)
for all (%, B) and inv.

If G is a group acting on F by automorphisms, we denote by F¢ the fixed field
(or Galois subfield) of this action. For a G-eigenvector u, we denote its G-eigenvalue
by Xu, or by x[u] in case w is a lengthy expression. The character lattice X (G) is
viewed as an additive group.

The following equivariance of mutations of seeds is probably well known, but
we could not locate a reference. Recall (1.6) for the notation x*’.

LEMMA 3.8. Let G be a group acting on F by K-algebra automorphisms, and
let (%, E) be a seed in F. Assume that all entries of x are G-eigenvectors, and that
%Y € FC for all columns b of B. Then all seeds (X', B') mutation-equivalent to
(%, E) have the same properties.

PROOF. It suffices to prove the lemma when (X, B') = ux(X, B) for some
k € ex. Denote the entries of X, X/, B, and B’ by xj, o, bij, and by, respectively,
and denote the columns of B’ by (b)J.

We may write %*" in the form

S [ g 1 g

(recall (1.4)). As %"+ are G-eigenvectors and X[f{bk] = 0 by hypothesis, we see
that

AEP] = X (&,
Rewriting (3.1) in the form
x) = a:,;l (i[bk“ + xf[bk]—)7
we find that x}, is a G-eigenvector with
~[pk ~ Ik
(3.6) Xlak] = —xlan] + X% ] = —xfaa] - xZ10).
Of course, z’; = x; is a G-eigenvector for all j # k, by assumption.

Turning to the second condition, we have (X’ )(b/)k = %" because b, = 0
and by = —by; for i # k, whence (&))" € FY. Now let j # k. If by; = 0,
then (') = b7 and (x)®)" = %Y yielding (¥')®)" € FC. Finally, if by; # 0, set
e = sign(by;), and observe from (3.2) that

(b)) = b + ebp;j[b"]e — 2bkjer.
Since the k-th entry of b7 + eby;[b¥]c — by ey is zero,
(i’)(b’)j _ ib”rebkj[bk]e*bkjek (x%)*bkj7

and using (3.6) we obtain

XEYET = X% + ebryx[R1] = bryxln] — bry (—xla] + ex %)) =0,
completing the proof. O
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18 3. CLUSTER ALGEBRAS AND POISSON CLUSTER ALGEBRAS

3.2. Compatible pairs

Fix n, N, ex, and F as in §3.1. We use a slight generalization of the notion of
compatible pairs from [3, Definition 3.1].

DEFINITION 3.9. Let B = (bi;) € Myxex(Z), and let r = (r;;) € My(K) be
a skew-symmetric scalar matrix. We say that the pair (r, B) is compatible if the
following two conditions are satisfied:

N
(3.7) > biri; =0, Yk €ex, j€[I,N], k#j and
=1
N
(3‘8) Zbik’m‘k 75 0, Vk € ex.
=1

Note that the scalars appearing in (3.7) and (3.8) are just the entries of the matrix
BTr. Moreover, due to the skew-symmetry of r and the bicharacter ), associated
to r as in (1.5), we have

N
(3.9) D biri; = (V¥ ¢;) Vk € ex, j € [1,N],
i=1

where b* denotes the k-th column of B.

ProroSITION 3.10. If the pair (r,g) is compatible, then B has full rank, and
the nonzero scalars By, := (BTt satisfy

(310) Bkbkj = —ﬂjbjk, Vk,j € ex.
PRrROOF. This is proved just as [3, Proposition 3.3]. O
Unlike the case in [3, Proposition 3.3], compatibility of (r, E) does not in general

imply that the principal part of Bis skew-symmetrizable. The next lemma describes
an instance when this condition appears naturally.

LEMMA 3.11. Assume that B = (by;) € Myxex(Z) and v € My(K) form a

compatible pair, and set By = (ETr)kk for k € ex. If there exist positive integers
dy, for k € ex, such that

(311) djﬁk = dkﬂj7 Vj,k € ex,

then the principal part of B is skew-symmetrizable via these dy, that is, dpby; =
—djbj for all k,j € ex.

Proor. By Proposition 3.10, Biby; = —B;b;k for all j, k € ex. Combining this
with (3.11) leads to

diBibrj = djBrbrj = —d;B;bjk.
Thus dibg; = —d;b,i because of (3.8). a

REMARK 3.12. The condition (3.11) is satisfied if and only if there exists ¢ € K*
such that each 8 = myq for some my € Z~o. Then one can set di := my.

We define mutations of compatible pairs as in [3, Definition 3.5].
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DEFINITION 3.13. Let (r, E) be a compatible pair, with B= (bij) € Mnxex(Z),
and let k € ex. By [2, Eq. (3.2)], the mutated matrix pu(B) can be expressed as

1x(B) = E.BF.,

for both choices of sign € = £, where E, = E?”C and F, = Ff’k are the NV x N and
ex X ex matrices with entries given by

dij, ifj#£k
(Ee)ij = —1, if ¢ :j =k
max(0, —eb;r), ifi#£j=k
(3.12) ( k) #J
8ij, ifi #k
(Fg)ij = —1, le:j:k

max(0, eby;), ifi=k#j.
We define the mutation in direction k of the matrix r by

(3.13) ur(r) == EX'rE..

PROPOSITION 3.14. Let (r, E) be a compatible pair and k € ex.
(a) The matriz pg(r), defined in (3.13), does not depend on the choice of sign

e = =+. It is skew-symmetric, and the pair (ux(r), ur(B)) is compatible.

(b) Assume also that the principal part of B is skew-symmetrizable. Then the
principal part of ug(B) is skew-symmetrizable, and

(3.14) pi(B)" i (r) = B,

We define the mutation in direction k € ex of the compatible pair (r, E) to be

the compatible pair (g (r), pur(B)).

PROOF OF PROPOSITION 3.14. Part (a) is proved as [3, Proposition 3.4].

(b) The principal part of uy(B), namely pp(B), is skew-symmetrizable (for
the same choice of positive integers d;, j € ex as for B), by the observations in
[15, Proposition 4.5].

We have

(B e (r) = FTBTETETvE, = FT B rE..
The second statement in Proposition 3.10 and the fact that for all 7, j € ex, b;; and
—bj; have the same signs (which follows from the skew-symmetrizability assump-
tion) imply
BTrE, = FETETr.
Therefore iz (B)T pg(r) = FTBTrE, = BTr. O
3.3. Poisson cluster algebras

Continue with n, N, ex, and F as in §3.1. We first slightly extend two concepts
from [20, Introduction and §1.3], [21, §4.1.1].
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DEFINITION 3.15. Suppose we have a Poisson K-algebra structure on F. An
N-tuple X = (x1,...,2n5) € FN is log-canonical (with respect to the given Poisson
structure) if {z;,2;} € Kayz; for all [,j € [1, N]. We say that a cluster algebra
A%, B)g C F is Poisson-compatible in case X' is log-canonical for all seeds (X', B')
mutation-equivalent to (%, B). The same terminology is used with the localized
cluster algebras A(X, ]§, inv)g. In the Poisson-compatible case, the upper cluster
algebra U(%, B, inv) is a Poisson subalgebra of F.

PROPOSITION 3.16. Fiz a K-algebra Poisson bracket on F. Let (X, B) be a seed

in F and k € ex, and write X = (z1,...,2n) and pp(X) = (21,...,2y). Suppose
that r € My (K) is a matriz such that (r, B) is a compatible pair. If

(3.15) {z1,2;} = Qe(er, 5)zxy, VI, j € [1,N],

then

(3.16) {ap, 2%} = Qp, 0y (€1, €5) 22, V1,5 € [1,N].

PROOF. Let v’ := p(r) = EIrE,, where E, = Eeévk. Then
(3.17) Qv (f,9) = fTEI'vE.g = Qu(E.f, Ecg), Vf,g € ZN, e = +.

Write b% for the k-th column of B. From the definitions (3.12) and (3.1), we see
that

Beey=e, Ye==+, l€[L,N], | £k
(3.18) Eiep = —ep — [0F]
E_e, = —e + [bk]+7

and so
(3.19) wy = xPen  xPeer,

If I,j € [1,N] with [,j # k, then (3.17) and (3.18) imply that Q,/(e;,e;) =
Qr(er, €5), whence

{25} = {z, 25} = Qe(er, ej) w125 = Qoo (1, €5) 7).

When [ # k, we have Q, (e, ex) = Qp(er, Ecey) for e = £, and so, taking account
of (3.19), we have

{z}, 2} = Qler, E_er)mXE=% + Qp(er, Byep)mXE+% = Qu (e, e ) )},

The remaining cases of (3.16) follow via the skew-symmetry of {—, —} and Q. O

THEOREM 3.17. Suppose that F is a Poisson K-algebra. Let (X, E) be a seed in
F, and inv C [1, N]\ex. Assume there ezists a skew-symmetric matrizr € My (K)

such that (v, B) is a compatible pair and the entries x; of X satisfy
{z1,2;} = Qe(er, e5)125, VI, 5 € [1,N].
Then the cluster algebra A(X, g, inv)g is Poisson-compatible.

PROOF. It suffices to prove the theorem in the case inv = @.
Let T denote the collection of all triples (X/, B’,r’) such that (X, B’) is a seed
in F and (r/, B’) is a compatible pair. For any such triple and any k € ex, we have

a mutated seed (ug(X'), ux(B')) and a mutated compatible pair (u(r'), ux(B’)) (by
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Proposition 3.14), so that ug (X', B, r') = (ur(X'), pr(B'), e (r')) is another triple
in 7. This defines mutation operations uj on T.

Let Ty be the collection of all triples in T mutation-equivalent to (X, B, r). It
follows from Proposition 3.16 that for each (X’ .B',r' ) € To, the entries x} of X/
satisfy

{a), 2%} = Qu (er, €5)y2y, VI, 5 € [1,N].
In particular, X’ is log-canonical.

For any seed (X', B') = puy,, - - - i, (X, B) mutation-equivalent to (X, B), we have
a matrix v/ := - - - i, (r) such that (X', B',r') € Tp, and thus X' is log-canonical.
Therefore A(X, B) is Poisson-compatible. O
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CHAPTER 4

Poisson-primes in Poisson-Ore extensions

4.1. Equivariant Poisson unique factorization domains

Let R be a Poisson domain (i.e., a Poisson algebra which is also an integral
domain). A Poisson-prime element of R is any Poisson-normal prime element
p € R, that is, p is a nonzero Poisson-normal element and R/(p) is a domain
(where (p) denotes the principal ideal Rp). It follows from Proposition 2.3 that for
every affine Poisson domain R over C, the following are equivalent for p € R:

(1) p is a Poisson-prime.
(2) The ideal (p) is a prime ideal and a Poisson ideal.
(3) pis a prime element of R and the zero locus V(p) is a union of symplectic
leaves of the spectrum of R.
(4) p is a prime element of R and V(p) is a union of Zariski closures of
symplectic leaves of Spec R.
In the special case when the spectrum of R is smooth, the equivalence of (1) and
(3) was proved in [40, Remark 2.4(iii)]. In case K is uncountable and algebraically
closed, Lemma 2.5 and Proposition 2.6 show that p is Poisson-prime if and only if

(5) pisa prime element of R and V (p) is a union of symplectic cores of Spec R.

We shall say that R is a Poisson unique factorization domain, abbreviated
Poisson-UFD or P-UFD, if each nonzero Poisson-prime ideal of R contains a
Poisson-prime element. The hyphen is important here — a Poisson algebra which
is also a UFD need not be a P-UFD. For example, equip the polynomial algebra
R = C[z, y, z] with the Poisson bracket such that

{I,y}zo, {Z’y}:I_FyQa {va}ZQy'
As shown in [31, Example 5.12], (z,y) is a Poisson prime ideal of R which does not
properly contain any nonzero Poisson prime ideal. Hence, (z,y) does not contain
any Poisson-prime element.

We shall also need an equivariant version of this concept, as in [28,29]. Suppose
that R is a Poisson domain equipped with a Poisson action of a group H. On
replacing “Poisson ideal” by “H-stable Poisson ideal” in the definition of a Poisson-
prime ideal, we obtain the definition of an H-Poisson-prime ideal of R. We shall
say that R is an H-Poisson unique factorization domain, abbreviated H-P-UFD, if
each nonzero H-Poisson-prime ideal of R contains a Poisson-prime H-eigenvector.
The arguments of [28, Proposition 2.2] and [46, Proposition 6.18 (ii)] are easily
adapted to give the following equivariant Poisson version of results of Chatters and
Jordan [9, Proposition 2.1], [10, p. 24].

PrROPOSITION 4.1. Let R be a noetherian H-Poisson-UFD. FEvery Poisson-
normal H-eigenvector in R is either a wunit or a product of Poisson-prime H-
etgenvectors. The factors are unique up to reordering and taking associates.

23
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24 4. POISSON-PRIMES IN POISSON-ORE EXTENSIONS

REMARK 4.2. A Poisson version of [34, Proposition 1.6 and Theorem 3.6], as
adapted in [28, Theorem 2.4], shows that if R is a noetherian #H-Poisson-UFD
where H is a K-torus acting rationally on R by Poisson automorphisms, then R is
a Poisson-UFD. We will not need this result, however.

The next lemma clarifies the picture of H-Poisson-prime ideals in the case of a
rational torus action.

LEMMA 4.3. Let R be a noetherian Poisson algebra, equipped with a rational
Poisson action of a torus H. Then any prime ideal of R minimal over an H-stable
Poisson ideal is itself an H-stable Poisson ideal, and the H-Poisson-prime ideals of
R are exactly the H-stable, Poisson, prime ideals of R.

PRrROOF. The first statement follows from [24, Lemma 1.1(d)] and [5, Proposi-
tion I1.2.9]. Obviously H-stable, Poisson, prime ideals are H-Poisson-prime. Con-
versely, let P be an H-Poisson-prime ideal of R. Since R is noetherian, there are
prime ideals @1, ..., Q,, minimal over P such that @1Qs--Q,, C P. Each Q; is
an H-stable Poisson ideal. The H-Poisson-primeness of P thus implies that some
Q; € P, whence Q; = P. Therefore P is a prime ideal. O

Lemma 4.3 allows a shortening of terminology: In the setting of the lemma,
(4.1) {H-Poisson-prime ideals of R} = {Poisson H-prime ideals of R}.

This is immediate from the lemma together with the fact that the H-prime ideals
of R coincide with the H-stable prime ideals [5, Proposition I1.2.9].

4.2. Poisson-Cauchon extensions

In this section, we study a Poisson analog of the Cauchon extensions defined
in [34, Definition 2.5], and develop a version of [34, Proposition 2.9] which allows
us to prove that suitable Poisson-Cauchon extensions are H-P-UFDs.

DEFINITION 4.4. A Poisson-Cauchon extension of a Poisson algebra B is a
Poisson-Ore extension R = B[z;0, ], which is equipped with a rational Poisson
action of a torus H such that

(i) The subalgebra B is H-stable, and x is an H-eigenvector.

(ii) ¢ is locally nilpotent.

(iii) There is some h, € h = Lie H such that o = (ho-)|p and the ho-eigenvalue

of x, to be denoted )., is nonzero.

Condition (iii) relies on x being an h-eigenvector, which follows from (i) and (2.7).
(This definition is not a precise parallel to [34, Definition 2.5], since we have not
assumed that B is a noetherian domain, while we have restricted H to being a
torus.)

Whenever we refer to a Poisson-Cauchon extension R = Blz;0,0],, we take
the associated torus and its Lie algebra to be denoted H and § unless otherwise
specified.

Since H-stable subspaces of B are also h-stable (§2.3), it follows from (iii) that

(4.2) Every H-stable subspace of B is o-stable.
Our assumptions also imply that

(4.3) cod=4d0(o0+ N)

(4.4) (h-)|god = xz(h)do (h)|p, Yh e M.
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Namely, for b € B and h € H we compute that
o6(b) = ho - ({z,b} — a(b)x) = {Xoz, b} + {z,0(b)} — 0*(b)x — o (b) Ao
= X0 (b)x 4+ A8(b) + 0%(b)z + 5o (b) — o?(b)x — o(b) Aoz = 6(0(b) + Aob)
h-6(b) =h-({z,b} — o(b)z) = {xa(h)z,h - b} — h- o (b)xa(h)x
= Xe(h)({z,h- b} —o(h-b)x) = Xa(h)5(h - b),

where we have used (2.8) to commute (h-)|p and o. Further, this commutativity,
together with (4.4), implies that for any nonzero homogeneous element b € B, the
elements o(b) and d(b) are homogeneous, with

(4.5) Xob) = Xb if o(b) # 0, and x5y = Xb + Xz if 6(b) # 0.

There is a Poisson version of Cauchon’s derivation-deleting map [8, Section 2],
as follows.

PROPOSITION 4.5. Let R = Blx;0,6], be a Poisson-Cauchon extension.
(a) There is a Poisson algebra isomorphism 6 : Bly*'; o], — R := Blz*1;0,4],
such that 6(y) = = and

1 -1\" n —-n
(4.6) 0(b) :nzzjo p <A—> §™(b)z~", Vb € B.

(b) {z,0(b)} = 0c(b)x for allb € B.

(c) The given H-action on B extends uniquely to a rational action of H on
B[yil;a]p by Poisson automorphisms such that x, = Xz. With respect to this
action, the isomorphism 0 is H-equivariant.

PROOF. Parts (a) and (b) are proved in [25, Lemmas 3.4, 3.6, Theorem 3.7].

(c) Tt is clear that the H-action on B extends uniquely to a rational action of
H on Bly*!; 0], by K-algebra automorphisms such that y, = x..

Any h € H already acts on B by Poisson automorphisms. Moreover, (h-)|p
commutes with (he-)|p = o by (2.8), whence

h-{y, b} = h-(o(b)y) = a(h-b)xy(h)y = xy(M){y,h-b} = {h -y, h-b}, Vb e B.
It follows that h acts on B[yT!; 0], by a Poisson automorphism.

The H-action on Bly*!; o], has been chosen so that O(h-y) =h-z = h-0(y)
for any h € H. From (4.4), we obtain (h-)|gd™ = x.(h)™6"(h-)|p for all h € H and
n € Z>q, and consequently h - (6" (b)z~™) = 6" (h-b)x~" for all b € B. This implies
that i - 6(b) = 6(h-b) for all b € B, and we conclude that (h-)§ = 6(h-). O

COROLLARY 4.6. Let R = Blx;0,0]p, 0, and R be as in Proposition 4.5.

(a) 0 restricts to a Poisson algebra isomorphism of Bly; o], onto the subalgebra
0(B)x; alp of R, where o is the Poisson derivation on 0(B) such that af(b) = 6o (b)
forbe B.

(b) a = (ho")|g(m)y and O(B)[x; o], is a Poisson-Cauchon extension of §(B).

(c) R= 0(B)[z*;al, is a Poisson-Laurent extension of 0(B).

(d) Every H-stable Poisson prime ideal ofﬁ is induced from an H-stable Pois-
son prime ideal of (B).

PRrOOF. (a) Obviously # must map the polynomial ring B[y] isomorphically
onto a polynomial ring 6(B)[6(y)] = 6(B)[z]. In view of Proposition 4.5, (B) is a
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Poisson subalgebra of R, and {z,a} = a(a)z for all a € 6(B), by definition of «.
Thus, 0(B)[z] is a Poisson-Ore extension of the form 6(B)[z; a],.

(b) It is clear that the subalgebra T := 6(B)[z; ], is H-stable, and that the
H-action on T is rational. Once we show that a = (ho-)|g(p), we will have that T
is a Poisson-Cauchon extension.

If b € B is homogeneous and nonzero, then 6(b) is homogeneous of the same
degree, so b and 6(b) lie in the same H-eigenspace of R. Since this ‘H-eigenspace
is also an h-eigenspace, b and 6(b) are h-eigenvectors with the same h-eigenvalue.
Hence, there is some p € K such that ho - b = pb and ho - (b) = pé(b), and
consequently

he - 0(b) = 6(ub) = 0o (b) = ab(b).
Therefore (ho-)|g(p)y = @, as required.

(c) This is clear from the isomorphism 6 and part (a).

(d) Since a = (ho")|g(py and ho - & = Aoz with A\, # 0, part (d) follows from
[25, Lemma 1.1]. O

THEOREM 4.7. Let R = Blz;0,0], be a Poisson-Cauchon extension. If B is a
noetherian H-Poisson-UFD, then so is R.

PROOF. Let 6 and R be as Proposition 4.5 and « as in Corollary 4.6. Set
A :=0(B) and T := A[z;al,, and recall from Corollary 4.6(c) that R = Alz*!; alp.
Since B is an ‘H-P-UFD, so is A. We first establish the following

Claim: Suppose u is a homogeneous Poisson-prime element of A and s > 0 is
minimal such that v := ux® € R. Then v is a homogeneous Poisson-prime element
of R.

Homogeneity of v is clear from the homogeneity of u and z. Now u = 6(ug)
for some homogeneous element ug € B, and ug is an h-eigenvector by (2.7), hence
also a o-eigenvector. Thus, u is an a-eigenvector, and so {z,u} = a(u)x € Kux.
Since u is a Poisson-normal element of A, it follows that u is a Poisson-normal
element of T. Moreover, T'/uT = (A/uA)[x], which is a domain. Therefore u is a
homogeneous Poisson-prime element of T'.

Since the Poisson H-prime ideal T of T does not contain x, we see that uR is
a Poisson H-prime ideal of R. But uR = vﬁ, so I := vRN R is a Poisson ‘H-prime
ideal of R. We show that I = vR, which yields the claim.

Obviously vR C I, so consider an element w € I. Then w € vR. Choose
t > 0 minimal such that wz! € vR, and write wa! = vr with » € R. Suppose
t > 0, whence z | vr in R. We cannot have r = riz with r1 € R, since that
would imply wz'~! = vr; € vR, contradicting the minimality of ¢. Thus z { r in
R, and consequently = | v in R. If s > 0, this would imply uz®~! = va~! € R,
contradicting the minimality of s. Hence, s = 0, and so u € R with x | u. On the
other hand, since u € 6(B), (4.6) then implies v € B. This is impossible, because
u # 0 and z | u in R. Therefore ¢ = 0 and w € vR, completing the proof of the
claim.

To prove that R is an H-P-UFD, consider a nonzero Poisson H-prime ideal J
of R. R

If x ¢ J, then J is disjoint from {z™ | n € Z>¢}, and so JR is a nonzero Poisson
‘H-prime ideal of ﬁ, with JRN R = J. In view of Corollary 4.6(d), JRNAisa
nonzero Poisson H—prime ideal of A. Since A is an H-P-UFD, J RN A contains
a homogeneous Poisson-prime element u of A. Let s > 0 be minimal such that

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



4.3. POISSON-PRIME ELEMENTS IN POISSON-CAUCHON EXTENSIONS 27

v :=uz® € R, and note that v € JRNR = J. By the Claim, v is a homogeneous
Poisson-prime element of R, so we are done in this case.

Now assume that « € J. If 6 = 0, then we are done because z is a homogeneous
Poisson-prime element of R, so we may assume that ¢ # 0. Since §(b) = {z,b} —
o(b)x for b € B, we see that §(B) C J. Consequently, J N B # 0.

Note that we have an H-equivariant Poisson algebra homomorphism

YA B g L Ry
Hence, J' := kert is a Poisson H-prime ideal of A. Since J N B # 0, we see
that J’ # 0. Thus, J’ contains a homogeneous Poisson-prime element u of A. Let
s > 0 be minimal such that v := ux® € R. Then v is a homogeneous Poisson-prime
element of R, and we will be done if v € J.
Set z := 0~!(u) € B, and let d > 0 be maximal such that 6%(z) # 0. Then

im0 =3 2 (;—:)né"(z)w—ﬂ

n=0

quo

and since §%(2) # 0 we see that s = d. Consequently,

d n
(4.7 v=uz?= Z l' (;1) 8" (2)zd ™,
n! \ Ao
n=0

As u € kert), we have z € J. Since also §(B) C J, we conclude from (4.7) that
v € J. This completes the proof. O

4.3. Poisson-prime elements in Poisson-Cauchon extensions

LEMMA 4.8. Let R = Blz;0,0], be a Poisson-Cauchon extension, where B is
a noetherian H-Poisson-UFD. Let E C B be the multiplicative set generated by all
homogeneous Poisson-prime elements of B, and assume there exist proper nonzero
H-stable Poisson ideals in R[E~]. Then there exists a unique homogeneous element
d € B[E™] such that d = 0 or d has the same degree as x and

(4.8) 5(b) = {d,b} — o(b)d, Vb€ B[E™"].
Moreover, R[E~Y|(z — d) is the unique nonzero Poisson H-prime ideal of R[E~1].

PROOF. Lemma 4.3 ensures that R[E~!] has at least one nonzero Poisson H-
prime ideal P. Now P N B is a Poisson H-prime ideal of B, disjoint from E. Since
B is an H-P-UFD, PN B =0, whence PN B[E~!] = 0.

Following the proof of [25, Proposition 1.2], we obtain an element d € B[E~!]
such that h-d = x,(h)d for all h € H and (4.8) holds. Now R[E~!] = B[E~![y; o],
where y := x —d. Since B[E~!][y*!; 0], has no nonzero Poisson H-prime ideals (by
[25, Lemma 1.1]), we conclude that P = R[E~!]y. Thus, R[E~!]y is the unique
nonzero Poisson H-prime ideal of R[E1].

If d’' is any homogeneous element of B[E~1!] satisfying the stated properties
of d, then R[E~!] = B[E7!|[x — d';0], and P = R[E~!](z — d'). Consequently,
d—d' € P, and therefore d — d’ = 0. O

COROLLARY 4.9. Let R = Blx;0,8], be a Poisson-Cauchon extension, where
B is a noetherian H-Poisson-UFD. Then all homogeneous Poisson-prime elements
of R have degree at most 1 in x. Up to taking associates, there is at most one
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homogeneous Poisson-prime element of R which does not lie in B (i.e., has degree
1in z).

PRroOF. If v is a homogeneous Poisson-prime element of R such that v ¢ B,
then Rv is disjoint from the multiplicative set E of Lemma 4.8. Consequently, v
is a homogeneous Poisson-prime element of R[E~!], and so R[E~!]v is a nonzero
Poisson H-prime ideal of R[E~!]. Hence, there exists d € B[E~!] as in Lemma 4.8,
and v is an associate of the prime element x — d € R[E~!] (as prime elements of
R[E~1]). This implies that v has degree at most 1 in x. Since Rv is a prime ideal
of R disjoint from FE, we have

Rv= (RIE"'v)NR = (R[E""|(z —d)) N R.
If w is any other homogeneous Poisson-prime element of R that is not in B,

the same argument as above shows that Rw = (R[E~'](z — d)) N R, and therefore
Rw = Rv. g

For an ideal @ of a polynomial ring R = B[z], denote the ideal of its leading
coefficients

1e(Q) :={b€ B | Ja € Q, m € Z>¢ such that a — bx™ € Bx™ ' + ... + B}.

LEMMA 4.10. Let R = Blz;0,0], be a Poisson-Cauchon extension, where B is
a noetherian H-Poisson-UFD, let 0 : Bly™; olp — R be the Poisson isomorphism
of Proposition 4.5, and let J be a Poisson H-prime ideal of B. If J is a height one
prime ideal of B, then 1c(6(J)R N R) =J, and 0(J))YRN R is a Poisson H-prime
ideal of R as well as a height one prime ideal of R.

PROOF. Set Q := H(J)}A% N R, and note that @ is a nonzero prime ideal of R.
Since 0 is an H-equivariant Poisson isomorphism, we see that @ is H-stable and
that {6(b), 8(J)R} C 6(J)R for all b € B. Moreover, {z,0(.J)} C 8(.J)z because of
Proposition 4.5 and (4.2). It follows that H(J)}/i is a Poisson ideal of R, whence Q
is a Poisson ideal of R. Thus, @ is a Poisson H-prime ideal of R.

We have J = uB for some homogeneous Poisson-prime element v € B, and so

O(J)R=0(u)R =" 0(u)Bz".
neL
Since 0(u) € u+ Y., o Ba', it is clear that lc(Q) = uB = J.
Because R is an H-P-UFD (Theorem 4.7), @) contains a homogeneous Poisson-

prime element p of R, and hence it contains the nonzero Poisson H-prime ideal
P :=pR. Obviously z ¢ Q, since 1 ¢ J =1c(Q). As a result, we have prime ideals

(4.9) 0C PRCQR=06(J)R
in R. By Corollary 4.6(d), PR = P'R for some nonzero Poisson {-prime ideal P’
of §(B), and (4.9) implies that P’ C §(J). But 8(J) is a height one prime ideal of

6(B), so we must have P’ = 6(J), whence PR = QR We conclude that @ = P,
and therefore ) has height one. O

LEMMA 4.11. (a) Let B be a domain of characteristic zero and 6 a locally
nilpotent derivation on B. If a € B and §(a) € aB or §(a) € Ba, then §(a) = 0.

(b) Assume that R = Blz;0,0], is a Poisson-Cauchon extension of a domain
B, and that 0 is inner as a Poisson o-derivation, that is, there exists ¢ € B such
that 6(b) = {c,b} — o(b)c for allb € B.
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Then 6 = 0. If, in addition, ¢ is a homogeneous element of B of the same
X (H)-degree as x, then ¢ = 0.

PROOF. (a) is proved by the argument of [43, Lemme 7.2.3.2], as follows. Sup-
pose that §(a) = ab for some b € B and that §(a) # 0. Let m,n € Z~( be minimal
such that 0™ (a) = d™(b) = 0. By the Leibniz Rule,

m+n—2

5m+n—1(a) _ 6m+n—2(ab) — Z (m+?72)6m+n—2—i(a)5i(b)
i=0
= (") @) (0) # 0,

because §'(b) = 0 for i > n and 6™+ " 27(a) = 0 for i« < n — 2. This forces
m+n—1<m—1and so n =0, contradicting our assumptions. Thus, d(a) = 0.

(b) Write ¢ = ¢g + - - - + ¢, where the ¢; are homogeneous elements (possibly
zero) of B with distinct X (H)-degrees p; and pg = xz. If b € B is homogeneous of
degree p, then §(b) is homogeneous of degree x, + p by (4.5). On the other hand,
each {¢;,b} — o(b)c; is homogeneous of degree p; + p, so 6(b) = {co, b} — o(b)co.
Since this holds for all homogeneous b € B, it holds for all b € B.

The elements ¢y and z lie in the same H-eigenspace of R, so they also lie in
the same h-eigenspace by (2.6). Hence, o(cy) = ho - co = Aocg. Now d(cp) =
{co,co} — a(co)co = —Aoc3. Part (a) implies that §(co) = 0, and so ¢g = 0. Thus,
6 = 0 and the lemma is proved. O

THEOREM 4.12. Let R = Blz;0,0], be a Poisson-Cauchon extension, where B
is a noetherian H-Poisson-UFD. Let u be a homogeneous Poisson-prime element

of B, and let pu € K such that
o(u) = ho - u = pu.

Then exactly one of the following two situations occurs:

(i) The element u remains a Poisson-prime element of R.

In this case, {u,x} = —puzx and é(u) = 0.

(ii) There exists a unique element ¢, € B such that v := ux — ¢, is a ho-
mogeneous Poisson-prime element of R (in particular, u t ¢;). Moreover, co is
homogeneous.

In this case, § is given by

(4.10) 5(b) = {u"teo, b} — o (b)(uteo), Vb€ B,
and {v,—} is determined by
(4.11) {v,z} = —pav, {v,b} = (Oy + o) (b)v, Vb € B,
where Oy is the derivation on B given in (2.1). Furthermore,
{u,co} = —(1 + Ao)cou, d(u) = Aoco # 0, d(es) = 0.

We note that by Corollary 4.9, the situation (ii) cannot simultaneously occur
for two homogeneous Poisson-prime elements v of R, since such elements v must
be associates of each other.

PRrOOF. We first show that d(u) = 0 in situation (i) while §(u) # 0 in situation
(ii), and so the two situations cannot occur simultaneously.
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In situation (i), u is Poisson-normal in R, whence the element {z,u} = pux +
0(u) is divisible by u in R. Consequently, 6(u) is divisible by u in B, and so 6(u) = 0
by Lemma 4.11(a).

In situation (ii), the element {z,v} is divisible by v in R, and we obtain

(pux 4+ 6(u))x — (o(co)x + 6(co)) = {z, v} = (azx + b)(ux — ¢o)
for some a,b € B, whence
av = pu, beo = 0(co), bu — aco = d(u) — o(co).
Then a = p and b = §(co) = 0 by Lemma 4.11(a), so
0(u) = o(co) — pco.

Since v and ux are homogeneous, they have the same H-eigenvalue, and ¢, is homo-
geneous with that H-eigenvalue. Hence, by (2.7), v, ux, and ¢, are ho-eigenvectors
with the same ho-eigenvalue, namely 1+ Ao, and so o(co) = ho - ¢o = (pt + Ao)co.
Thus,

0(u) = Aoco # 0.
This verifies that situations (i) and (ii) are disjoint.

We now show that the cases §(u) = 0 and §(u) # 0 lead to situations (i) and
(ii), respectively. Let 6 : B[y™!; ] p— R be the Poisson isomorphism of Proposition
4.5.

If §(u) = 0, then {z,u} = puz, and the Poisson-normality of u in B implies
that u is Poisson-normal in R. Moreover, #(u) = u, whence

9(uB)RN R = uB[z*'] N Blz] = uB|z] = uR.

Lemma 4.10 now implies that uR is a prime ideal of R. Therefore u is a Poisson-
prime element of R, and situation (i) holds.

Assume that §(u) # 0 for the remainder of the proof. By Lemma 4.10, the set
G(UB)J/?: N R is a height one Poisson H-prime ideal of R, and by Theorem 4.7, R is
an H-P-UFD. Therefore there exists a homogeneous Poisson-prime element v of R
such that

9(uB)RN R = vR.
Denote the leading coefficient of v (as a polynomial in B[z]) by «’. Then Lemma
4.10 implies that
uB =lc(§(uB)RN R) = lc(vR) = u'B.
Consequently, u’ is a homogeneous Poisson-prime element of B which is an associate
of u (in B). Thus, after multiplying v by a homogeneous unit of B we can assume
that
u = u.

By what we proved at the beginning, v # u, since that would imply §(u) = 0.

On the other hand, v has degree at most 1 in x, by Corollary 4.9. Therefore

V= UL — Co

for some ¢, € B. Uniqueness of ¢, holds by the comment ahead of the proof.

We are now in situation (ii), and it remains to verify the associated conditions
stated in the theorem. We have already seen that d(c,) = 0 and J(u) = Aoco # 0,
while {z,v} = pav.
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For any b € B, the element
{v,b} = Oy (b)uzx + u(c(b)x + 5(b)) — {co, b}
is divisible by v in R, whence
{v,b} = (0u(b) + & (b))v and ud(b) — {co,b} = —(0u(b) + a(b))co.

The first equation gives us the remainder of (4.11), and the second equation together
with a straightforward calculation yields (4.10).
We saw above that o(c,) = (1 + Ao)co. Applying (4.10) to ¢o, we obtain

0=0(co) = {u "o, o} — a(co)uteo = = {u, coteo — o(co)uteo,

and consequently {u, ¢} = —o(co)u = —(u+ Ao )cou. This completes the proof. O

THEOREM 4.13. Let R = Blz;0,0], be a Poisson-Cauchon extension, where B
is a noetherian H-Poisson-UFD, and let {u; | i € I} be a list of the homogeneous
Poisson-prime elements of B up to taking associates. Then there are the following
three possibilities for a list of the homogeneous Poisson-prime elements of R up to
taking associates:

(i) {u; |t €I, i #igtU{vi, == ujyx—co}, for someig € I and ¢o € B such that
u; "Co is a nonzero homogeneous element of B[u;ol} with the same X (H)-degree as

x.
(ii) {w; | i € I} U {x}.
(iii) {u; | i € I}.
Before proving Theorem 4.13, we record the following information for the three

cases of the theorem. This proposition is a direct consequence of Theorem 4.12.

PROPOSITION 4.14. Assume the setting of Theorem 4.13. Fori € I, let u; € K
such that o(u;) = ho - u; = piu;.
(a) In case (i) of Theorem 4.13, we have

§(b) = {uy "o, b} — o (b)(uy'co), Vb € B,

6(U1) = O7 VZ S I\ {’l:o}, 6(”@0) = )\oco ;ﬁ O7
6(00) =0, {Uio, Co} = _(/iio + )\o)CoUio~
Furthermore,

{uj, 2} = —pyusz, Vi€ I\ {ip}, {Vig, T} = — iy Vi T,
{vi,, b} = (87% +0)(b)vs,, Vb€ B.

(b) In case (ii) of Theorem 4.13, we have § =0,
{z,b} = o(b)z, Vb€ B, and {us, z} = —pux, Vi eI
(¢) In case (iii) of Theorem 4.13, we have 6 # 0,

S(u;)) =0 and {u;,x} = —puz, Vi€ .
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ProOOF OF THEOREM 4.13. Corollary 4.9 implies that there is at most one
index ¢ € I for which w, falls into situation (ii) of Theorem 4.12. Thus, we have
two cases:

(1) For all i € I, the element u; remains Poisson-prime in R.
(2) There is an index ig € I such that u; remains Poisson-prime in R for all
1 # 1y and there exists ¢, € B such that v;, := u;,x — ¢, is a homogeneous
Poisson-prime element of R.
Note that it is possible that I = @, in which case (1) holds.

Case (1). In this case, 6(u;) = 0 for all 4 € I, by Theorem 4.12. Any homoge-
neous Poisson-prime element of R which has degree 0 in x is clearly Poisson-prime
in B and so is an associate of one of the elements u;. If there are no other homo-
geneous Poisson-prime elements in R, we are in the situation (iii).

Suppose that R has a homogeneous Poisson-prime element v that is not an
associate of any of the u;. By Corollary 4.9, v has degree 1 in x and any homoge-
neous Poisson-prime element of R is an associate of either v or one of the u;. Write
v = ux — ¢, for some homogeneous elements u, ¢, € B, with u # 0. For any b € B,
the element

{v,b} = {u, b}z + u(o(b)x + (b)) — {co, b}
is divisible by v in R, whence {u, b} + uo(b) is divisible by u in B, and so {u, b} is
divisible by u. Thus, u is a Poisson-normal element of B.

By Proposition 4.1, v = wu’ where w is a homogeneous unit in B and u’ is
either 1 or a product u;, u;, - - - u;,, for some i; € I. After replacing v by w™tv, we
may assume that u = u'. Since 6(u;) = 0 for all ¢ € I, we now have §(u) = 0. Let
i1 € K be such that o(u) = ho - u = pu, and observe that v is an he-eigenvector
with eigenvalue p + Ao, whence o(co) = ho - ¢o = (1t + Ao)co. Now the element

{z,v} = o(u)2? — o(co)x — 6(co) = pua? — (1 + Xo)cow — 0(co)

is divisible by v in R, and hence
puz® — (4 Xo)cox — 0(co) = (ux — ¢o)(px + ¢)

for some ¢ € B. Consequently, —A,c, = uc and so u | ¢, in B, whence u | v in R.
It follows that w must be a unit in B. By our choices above, u = 1.

Therefore v =  — ¢,. The homogeneity of v implies x., = x». For any b € B,
the element

{v,b} = a(b)x + 6(b) — {co, b}
is divisible by v, whence {v,b} = o(b)(z — ¢,) and consequently
0(b) = {co, b} — o(b)co.

Lemma 4.11(b) implies that ¢, = 0 and § = 0. Therefore v = z, and we are in the
situation (ii).

Case (2). As before, any homogeneous Poisson-prime element of R which has
degree 0 in z is an associate of one of the elements u;. By Corollary 4.9, any
other homogeneous Poisson-prime element of R is an associate of v;,. It follows

from Theorem 4.12 that u;, cannot be Poisson-prime in R, since the cases in that
theorem are mutually exclusive. Thus, in this case we are in situation (i). O
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CHAPTER 5

Iterated Poisson-Ore extensions

We now introduce the class of iterated Poisson-Ore extensions that we call
Poisson nilpotent algebras, and we classify the homogeneous Poisson-prime elements
in such algebras.

5.1. Poisson nilpotent algebras

We focus on iterated Poisson-Ore extensions
(5.1) R :=K[z1]plze;02,82]p - [N; N, ON]p,

where it is taken as implied that K[z1], = Klz1;01,01], with o1 = §; = 0. The
integer N will be called the length of the extension R. For k € [0, N], set

Ry =Klz1,...,zk] = Klz1]plze; 02, 02]p - - - [@k; Ok, Ok p-

In particular, Ry = K.
The Poisson analog of the concept of a CGL extension introduced in [34, Def-
inition 3.1] is defined as follows.

DEFINITION 5.1. An iterated Poisson-Ore extension (5.1) is called a Poisson
nilpotent algebra or a Poisson-CGL extension (abbreviated to P-CGL extension) if
it is equipped with a rational Poisson action of a torus H such that

(i) The elements z1,...,zy are H-eigenvectors.
(ii) For every k € [2, N], 0y is a locally nilpotent Poisson oj-derivation of the
algebra Rj_1.
(iii) For every k € [1, N], there exists hy, € h = Lie H such that oy, = (h-)|r,_,
and the hg-eigenvalue of x, to be denoted by Ay, is nonzero.

Note that each xy is an h-eigenvector, by virtue of (i) and (2.7).

Whenever we refer to a Poisson-CGL extension R, we take the associated torus
and its Lie algebra to be denoted H and bh unless otherwise specified. For any
iterated Poisson-Ore extension (5.1), there is a canonical (and maximal in a suitable
sense) choice of a K-torus acting rationally on R by Poisson automorphisms such
that the variables xj, are eigenvectors. (See §6.2.)

Conditions (i) and (iii) above imply that

(5.2) ok(xj) = hi - xj = Mgz for some A € K, V1 < j <k < N.
We then set Ay = 0 and Aj, = —Ay; for j < k. This gives rise to a skew-
symmetric matrix A := (A\g;) € My (K) and the corresponding skew-symmetric

bicharacter Qy : ZY x ZN — K from (1.5).

33
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34 5. ITERATED POISSON-ORE EXTENSIONS

For each k € [1, N], the algebra Ry is a Poisson-Cauchon extension of Rj_1.
In particular, it follows from (4.3) and (4.4) that
(53) Uk05k25k0(0k+)\k), Vk€[27N]
(54) (h")le—l 00 = X (h)ék o (h.)‘Rk—l’ VheH, ke [27N]'

By induction on Theorem 4.7, we obtain

THEOREM 5.2. Fvery Poisson-CGL extension R is a noetherian H-Poisson-
UFD.

Any Poisson affine space algebra R = K[z1, ..., zy] (Examples 2.1) is a Poisson-
CGL extension with all §; = 0, relative to the standard action of H = (K*) on
R. Many examples of Poisson-CGL extensions occur as semiclassical limits of non-
commutative CGL extensions, as shown, for instance, in [25, §§2.2-2.7, 4.1-4.6].
The semiclassical limit of the standard (uniparameter) quantized coordinate ring
of m x n matrices yields the following.

EXAMPLE 5.3. For positive integers m and n, let O(M,, ,,(K)) be the ring of
polynomial functions on the matrix variety M, ,,(K), written as a polynomial ring

O(Mm’n(K)) = K[tij ‘ 1 S 7 S m, 1 S j S n]
There is a standard Poisson structure on O(M,, ,(K)) such that

{tij trs} = tijtes, for i < k,
{tij, ta} = tijta, for j < I,
{tij,ti} =0, fori <k, j>1,
{tij, i} = 2taty;, fori <k, j<lL.

This Poisson algebra is an iterated Poisson-Ore extension

O(My 1 (K)) = Klz1]p[xe; 02, 02]p - - - [Tn; 0N, ON]ps

where N = mn and z(,_1)n4c = tre. It is easy to write explicit formulas for the
maps o and dx, and to check that each d; is locally nilpotent. For later reference,
we note that the scalars Ay; are given as follows:

sign(r’ —r), ife=7¢,
)‘(rfl)n+c,(r’71)n+c/ = Sign(cl - C), if r= T/7 vr, e [17 mL &) d e [17 n]

0, otherwise,

There is a rational Poisson action of the torus H = (K*)™*" on O(M,, ,,(K))
such that

(Ela o afm-i—n) : trc = fré};ictrc
for all (&1,...,&m+4n) € H, r € [1,m], ¢ € [1,n]. Define
hpe :=1(0,...,0,-1,0,...,0,1,0,...,0) € b = Kmtn = Lie H,

where the entries —1 and 1 reside in positions r and m + ¢, respectively. Then
Or—1ynte = (hrer) and Ay - tpe = —2t,.. In other words, for k = (r — 1)n + ¢ we
have hy = hy. and the hy-eigenvalue of xj is Ay, = —2. Thus, O(M,, »,(K)) is a
P-CGL extension.
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5.2. Poisson-prime elements in Poisson-CGL extensions

The next theorem describes the homogeneous Poisson-prime elements of a
Poisson-CGL extension R = Ry iteratively from those of Ry_1. It shows that
the situation (iii) from Theorem 4.13 never arises in the framework of Poisson-CGL
extensions. Note that the group of units of R is reduced to scalars. Thus, two
prime elements of R are associates if and only if they are scalar multiples of each
other.

THEOREM 5.4. Let R be an arbitrary Poisson-CGL extension of length N as
in (5.1).

(a) Let {u; | i € I} be a list of the homogeneous Poisson-prime elements of
Ry _1 up to scalar multiples. There are two possibilities for a list of the homoge-
neous Poisson-prime elements of R up to scalar multiples:

(i) {u; | i€ I\ {io}} U{uixn — co} for someig € I and co € Ry_1 such
that u;olco is a nonzero homogeneous element of RN,l[u;Ol] with the same
X (H)-degree as xn.
(b) Let 6 be a locally nilpotent derivation on R. If

(5.5) 0(u) =0 for all homogeneous Poisson-prime elements u of R,

then 6 = 0.

The proof of Theorem 5.4 will be given in section 5.3. We next derive a number
of consequences from part (a) of Theorem 5.4.

It follows from Theorem 4.13 (or Theorem 5.4) that a Poisson-CGL extension
R has only a finite number of pairwise nonproportional homogeneous Poisson-prime
elements. We will call this number the rank of R. It also equals the number of
Poisson H-prime ideals of height 1 in R. For each k € [1, N], Theorem 5.4 in
combination with Proposition 4.14 implies that rank Ry = rank Ry_1 if 5 # O,
while rank Ry = rank Ry_1 + 1 if §; = 0. Thus,

(5.6) rank Ry, = |{j € [1,k] | §; = 0}

, Vk € [1, N].

Using Theorem 5.4, we can describe the homogeneous Poisson-prime elements
in each stage of any Poisson-CGL extension R, as follows. The statement of the
result involves the standard predecessor and successor functions, p = p,, and s = s,

for the level sets of a function 7 : [1, N] — Z, defined as follows:

p(k) = max{j <k [n(j) = n(k)},
s(k) = min{j > k | n(j) = n(k)},

where max@ = —oo and min@ = +oo. Define corresponding order functions
O:t : [LN] _>ZZO by

O_ (k) :=max{m € Z>¢ | p™ (k) # —oo},
O4 (k) :== max{m € Z>¢ | s (k) # +o0}.

(5.7)

(5.8)

THEOREM 5.5. Let R be a Poisson-CGL extension of length N as in (5.1).
There exist a function n: [1, N] = Z and homogeneous elements

¢k € Ri—1 for all k € [2, N] with p(k) # —c0
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such that the elements yi1,...,yn € R, recursively defined by

- {yp(k)évk: —ck, if pk) # —o0

(5.9) T, if p(k) = —o0,

are homogeneous and have the property that for every k € [1, N,
(5.10) {yj [ 7 €1k, s(5) >k}

is a list of the homogeneous Poisson-prime elements of Ry up to scalar multiples.
In particular, y, is a homogeneous Poisson-prime element of Ry as well as a prime
element of R, for all k € [1, N].

The elements y1,...,yn € R with these properties are unique. The function n
satisfying the above conditions is not unique, but the partition of [1, N| into the dis-
joint union of the level sets of n is uniquely determined by R, as are the predecessor
and successor functions p and s. The function p has the property that p(k) = —oo
if and only if 6 = 0.

The uniqueness statements in the final paragraph of the theorem are dependent
on the given P-CGL extension presentation (5.1) of R, not on R as an algebra.
Typically, R will have many different P-CGL extension presentations, as we discuss
in section 6.1.

Uniqueness of the elements yi, k € [1, N], and of the level sets of 7, follows at
once from Theorem 5.4. This uniqueness immediately implies the uniqueness of p
and s. From the final statement of the theorem together with (5.6), we see that
the rank of R is given by
(5.11)

vank R = [n([1, N))| = [{j € [1, N] | p(j) = —o0}| = |{j € [1, N] | s(j) = +oc}.

PROOF OF THEOREM 5.5. We define 7 : [1,k] — Z and elements ¢x € Ri—1
(when p(k) # —o0) for k =1,..., N. At each step, the new function n will be an
extension of the previous one, and so the corresponding new predecessor function
will also be an extension of the previous one. However, the successor functions may
change, so we will write s for the successor function going with 7 on [1, k].

To start, set n(1) := 1. Note that p(1) = —oo and s1(1) = +oo. Moreover,
y1 = x1 is the unique homogeneous Poisson-prime element of R; up to scalar
multiples. This relies on the fact that the homogeneous elements of R, are just the
scalar multiples of the monomials z7*, which follows from (2.7) and the assumption
that the hi-eigenvalue of x; is nonzero.

Now let 1 < k < N, and assume that n has been defined on [1, k — 1], together
with elements ¢; € R;_q for j € [1,k — 1] with p(j) # —oo and homogeneous
elements y; € R; for j € [1,k — 1] such that (5.9) and (5.10) hold. In particular,

{yj |]€ [Lk_ 1}7 Skfl(j) > k}

is a list of the homogeneous Poisson-prime elements of Ry_1 up to scalar multiples.
There are two cases to consider, corresponding to situations (i), (ii) of Theorem
5.4(a).

In the first case, there is some jo € [1,k — 1] such that s;_1(jo) > k and some
homogeneous c; € Ry_1 such that

(5.12) {yj ljelkE=1], j # jo, sk—1(j) = k} U{yjoxr — cx}
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is a list of the homogeneous Poisson-prime elements of Ry up to scalar multiples.
In this case, we extend n to a function [1,k] — Z by setting n(k) = n(jo). Since
sk—1(jo) > k, we see that p(k) = jo, and so yi = yj,xr — ck. It is easily checked
that the set (5.12) equals (5.10).

In the second case, {y; | j € [1,k — 1], sg—1(j) > k} U {zx} is a list of the
homogeneous Poisson-prime elements of Ry up to scalar multiples. In this case,
we set n(k) equal to any integer not in n([1, k¥ — 1]) and readily check the desired
properties.

It remains to verify the final statement of the theorem. If k£ € [1,N] and
p(k) = —oo, then x = yi is a Poisson-prime element of Rj. Consequently, the
elements oy (b)zy + 0r(b) = {x,b} are divisible by zj, for all b € Rj_1, which
forces 6 = 0. On the other hand, if we have d; = 0, then x; is a homogeneous
Poisson-prime element of Ry, whence y, must be a scalar multiple of x;. That
is not possible when p(k) # —oo, by (5.9), so we must have p(k) = —oo. This
concludes the proof. O

To illustrate Theorem 5.5, we continue Example 5.3.

EXAMPLE 5.6. Let R = O(M,, ,,(K)) be the P-CGL extension in Example 5.3.
For any two subsets I C [1,m] and J C [1,n] of the same cardinality d, let A; ;
denote the d X d minor in R with row index set I and column index set J. The
sequence of homogeneous Poisson-prime elements of R from Theorem 5.5 consists
of solid minors; more precisely,

Yor—1)n+c = A[rfmin(r,c)Jrl,r],[cfmin(r,c)Jrl,c]7 Vr € [17 m]7 cEe [Ln]
Furthermore, the function 7 : [1, N] — Z can be chosen as
n((r—n+c):=c—r, ¥r €[1,m], c € [1,n].

It is easily checked that for the P-CGL extension presentation of R in Example 5.3,
we have o = 0 if and only if k£ € [I,n] or k = (r — 1)n + 1 for some r € [2,m)].
Hence, rank R = m +n — 1, by (5.6).

The next result provides a constructive method for finding the sequence of
Poisson-prime elements y1, ..., yy for a given Poisson-CGL extension R. Note that
the elements yj, in the statement of the proposition are not a priori assumed to be
prime.

PROPOSITION 5.7. Let R be a Poisson-CGL extension of length N. Assume

that yi,...,yN and i, ..., cy are two sequences of elements of R such that
(i) ¥i,-..,Y are homogeneous Poisson-normal elements of Ry,..., Ry, re-
spectively.

(ii) ¢}, € Ri—1, for all k € [1,N].
(iii) For every k € [1, N], either y), = x — ¢}, or there exists j € [1,k — 1] such
that yj, = yjxr — ).
(iv) If k € [1,N] and p(k) = —oo, then the first equality in (iii) holds.
Then yi, ..., Yy is precisely the sequence y1,...,yn of homogeneous Poisson-prime
elements from Theorem 5.5, and the function p satisfies p(k) = j if the second
equality in (iii) holds and p(k) = —oo otherwise.

PROOF. The given assumptions imply that ¢j € K and y] = 21 — ¢}. Since ¢}
is homogeneous, we must have y{ = z1 = y;.
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Now let k € [2, N]. We will prove that if y; = y; for all i € [1,k — 1], then
Y, = Yr. This implies the first statement of the proposition by induction. By
Proposition 4.1 and Theorems 5.2, 5.5,

v = E[THw™ i € [L K], (i) > k)

for some £ € K* and m; € Z>o. Comparing the coefficients of z; and using the
form of y, from Theorem 5.5, we obtain that my = 1.

The xj-coefficient of y;, is either 1 or y;-, hence either a unit or a prime element,
by induction. Thus, one of the following three situations holds:

(a) yx =z and y, = Eyp.-

(b) yx =z and y), = &y;yx, for some j € [1,k — 1].

(€) Yk = YpkyTr — cx and y;, = EYg.
Because of assumption (iv), the situation (b) cannot occur. In the situation (a), we
have £ =1, ¢}, = 0, and y}, = yx. In the situation (c), we obtain £ =1, j = p(k),
¢, = ¢k, and y;, = y. This argument also proves the second statement of the
proposition. O

We next pin down the scalars involved in certain leading coefficients and Poisson
brackets. Assume that R is a Poisson-CGL extension of length N, with elements
Y1,-.-,yn as in Theorem 5.5.

The algebra R has the K-basis

(5.13) {f = (z1,...,2n) | f € Z]ZVO
(recall (1.6)). Denote by < the reverse lexicographic order on Z;; namely,
(my,...,m)T < (m,...,mn)T <= 3j€[l,N]such that
m; < mj and my, =my Yk € [j +1,N].

We will say that b € R\ {0} has leading term 1t(b) := &x/, where ¢ € K* and
fe Z>07 if

b=tal+ > gt

9€z2%,, 9=f

for some ¢, € K. It follows from (5.2) that

li({af,a?'}) = (kam Ak)xf”’:m(f,f’)x“ft

(5.14) k>j
Vf=(mi,....mn)", f=(mh, ... m)" €ZL,

recall (1.5). Denote

O_ (k)
(5.15) Ei= D ey, V€[N,

=0

Equation (5.9) implies
(5.16) It(yx) = 2°, Vk € [1, N].
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For k,j € [1, N, set

O—_(@j)

(517) Ay = Q)\ ek,ej Z )\/,C 0™ (5 ,
O_ (k)O (4)

(518) qrkj ‘= Q)\ ek,ej Z Z )\ L(k),p™ ,
=0 m=0

(5.19) Ok, —00 = Qk—oc0 = 0.

It will also be useful to set

(5.20) Yoo = L.

Since A is a skew-symmetric matrix, so is q = (gx;) € My (K). It follows from
(5.16), the homogeneity of y;, and (2.7) that

(5.21) o (z9) = agjz® and or(y;) = ar;y;, V1 <j <k <N.
PROPOSITION 5.8. Let R be a Poisson-CGL extension of length N. The ele-
ments Y1, ...,yn from Theorem 5.5 are algebraically independent over K, and
(5.22) Kyi,..,yn] € RCK[yf ..y C Kz, ..., on) = Ky, - - yn)-
The algebras Klyi,...,yn] and KyE!, ..., yﬁl] are Poisson algebras, with
(5.23) {Yk:v5} = arjy59%, Yk, j € [1,N],
and the inclusions in (5.22) are inclusions of Poisson algebras.
PRrROOF. Algebraic independence of y1, . .., yy is clear from the fact that each yy
is a polynomial in Kz1, ..., x| of degree 1 in xy. For k € [1, N], either z; = y; or

T = y;(}c)(yk + ¢i) with ¢, € Ri—1. By induction, we obtain Ry C ]K[ylﬂ, e ,y]j\t,l]
for all k € [1, N], which yields the second inclusion of (5.22). The first and third
inclusions are clear, and the final equality follows.

From Theorem 5.5 and equations (5.14), (5.16), we obtain

lt({yk,yj}) = qkj 1t(yjyk)a vja ke [17 N}
On the other hand, using Theorem 5.5 and Proposition 4.14 (or Proposition 5.9
below), we see by induction on k that {yx,y;} is a scalar multiple of y;y; for

1 < j <k < N. Therefore, (5.23) holds for 1 < j < k < N. The remaining cases
follow because of the skew-symmetry of the matrix (gx;). O

Applying Proposition 4.14 to the situation of Theorem 5.5 leads to the following
facts.

PROPOSITION 5.9. Keep the assumptions and notation of Theorem 5.5. Let
k€ [2,N].
(a) If p(k) = —o0, then 0 = 0, and the derivations of Ry corresponding to its
homogeneous Poisson-prime elements are determined by
{yj, en} = —anjyjan, Vi€ [l,k—1], {yr,a} = or(a)yr, Va € Rp_1,

together with the actions of 0y, on Rp_y for j € [1,k — 1] such that s(j) > k
(obtainable by recursion).
(b) If p(k) # —o0, then the derivation 0y is nonzero and is given by

Or(a) = {y;(i)ck, a} — ak(a)y;(}c)ck, Va € Rp_1.
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This derivation also satisfies

Ok (Yp(k)) = Akcr # 0, Ok (ck) =0,

5.24
(5:24) 0k(y;) =0, Vj € [1,k — 1] such that s(j) > k.

The derivations of Ry corresponding to its homogeneous Poisson-prime elements
are determined by
{yj, z1} = —ag;y;zr, Vi € [1,k— 1] such that s(j) > k,
(5.25) {Uks Tk} = —Qhp(e) Yr Tk
{yka a} = (ayp(k) + Uk)(a)ykv Va € R,

together with the actions of 0y, on Ry_y for j € [1,k — 1] such that s(j) > k
(obtainable by recursion). Furthermore, the components y,y and cy of yr satisfy

{WUpeys ek} = = (Qp() + M) CkYp (k) -

COROLLARY 5.10. If R is a Poisson-CGL extension of length N, then every
homogeneous Poisson-prime element of R quasi-Poisson-commutes with x1,...,xN.
More precisely,

(5.26) {yj, 1} = —ag;y;2r, Vi, k € [1,N] with s(j) > k.

PRrOOF. We proceed by induction on [ € [1, N], to prove that (5.26) holds for
J,k €[1,1]. The case l =1 is clear, since y; = 1 and a1 = A3 = 0.

Now let [ > 1, and assume (5.26) holds for j, k € [1,1 —1]. If j € [1,I — 1] and
s(j) > I, then both cases of Proposition 5.9 yield {y;,z;} = —ayjy;z;. Hence, it
just remains to consider {y;, —}.

If p(l) = —o0, then y; = z; and §; = 0. In this case,

{yi, 21} = ou(zr)yt = Mwyizr = —ayie

for k € [1,1 — 1], while {y;, z;} = —apyiz; because oy = Ay = 0. Finally, suppose
that p(l) # —oo, and note that ay = Ay + oy ,0) = ). Hence, it follows
from Proposition 5.9(b) that {y;,x;} = —anyix;. Since s(p(l)) = I, our induction
hypothesis implies that {y,q), 2} = —ouw payyp@yzr for k € [1,1 —1]. Appealing
again to Proposition 5.9(b), we conclude that
v, ok} = Oy, +01)(@e)yr = (—ap) + k) YiTe = =y Ty,

for k € [1,1 —1].

This completes the induction. |

From the first equation in (5.24), we immediately obtain the following.

COROLLARY 5.11. Keep the assumptions and notation of Theorem 5.5. The
homogeneous Poisson-prime elements yi are explicitly given by

e — {xk if p(k) = —o0

(5.27) _ .
Yp(k) Tk — AL 15k(yp(k)) if p(k) # —o0

for k € [1,N]. O
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5.3. Proof of Theorem 5.4

For any positive integer L and statement X about Poisson-CGL extensions, we
denote by X[L] the validity of the statement X for all Poisson-CGL extensions R
of length at most L. The work of section 5.2 shows that

(5.28) Theorem 5.4(a)[N] = Theorem 5.5[N] and Proposition 5.8[N].

The proof of Theorem 5.4 will be completed once the following implications are
established:

(5.29) Theorem 5.4(b)[N — 1] = Theorem 5.4(a)[N],
(5.30) Theorem 5.4(a)[N] = Theorem 5.4(b)[N].

PROOF OF THE IMPLICATION (5.29). We apply Theorem 4.13 to the Poisson-
Ore extension R = Ry_1[xn;0n,dn]. All we need to show is that in this setting,
the situation (iii) of Theorem 4.13 can never occur. Suppose to the contrary that
situation (iii) does obtain. Then by Proposition 4.14, d # 0 but dn(u) = 0 for
all homogeneous Poisson-prime elements u of Ry_1. However, this contradicts

Theorem 5.4(b)[N — 1]. O
Our proof of (5.30) involves some analysis of derivations on the Laurent polyno-

mial ring 7 := K[yfd, e, yﬁl} For f = (my,...,my)T € ZV, define the Laurent

monomial

(5.31) yf = yrteyny €T,

The algebra T is Z"-graded, with
degy’ == f, Vf e ZN.

We will say that a K-linear map ¢ : T — T is ZY-homogeneous of degree g €
ZN if o(yf) € Ky/*9 for all f € ZV, where we use the term Z™-homogeneous
to distinguish the above condition from homogeneity with respect to the X (#)-
grading. Given a general K-linear map ¢ on 7T, there are unique Z"-homogeneous
K-linear maps 9 of degree g on T such that

o= ¢
geZN

If 6 is a derivation of 7, then each component §9, for g € Z", is a derivation of 7.
Since T is a finitely generated algebra, 69 # 0 for at most finitely many g € Z.

Let < be the reverse lexicographic order on Z~ (defined as it was above on
ZY,). Any nonzero element u € 7 can be uniquely written in the form

(5.32)  w=Cylt -+ Gyl where fi <o < £, in ZY and ¢4, ..., ¢ € K"

We will say that ¢,.yf" is the leading term of u and denote it 1t7(u), to distinguish
it from our previous usage of leading terms. For future reference, observe that

(5.33)  lig(age +b) = lir(alys, Yk € 2 N], a,be Ky, .. yl], a#0.
If § is a nonzero derivation of 7, we have

(5.34) § =089 4+ 69 with g < --- < gy in ZV, all 9 # 0.
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For m > 0 and w as in (5.32), the component of §™(u) in degree f. + mg; is
¢-(69t)™ (yfr). Hence,

(5.35) 0M(u)=0 = (69)"(Itr(u)) =0

for all m > 0 and nonzero u € T .

LEMMA 5.12. Let T be a domain of characteristic zero and § a derivation on
T. Suppose y € T is a unit such that 5™ (y) = 6™(y~') = 0 for some m > 0. Then
é(y) = 0.
PROOF. Let r,5 > 0 be maximal such that 6"(y) # 0 and §°(y~1) # 0. Then
r+s
Sy =D (T e ) = ()6 () (v ) # 0.
1=0
Since §(1) = 0, we must have r + s = 0. Hence, r = 0, and therefore d(y) =0. O

PROOF OF THE IMPLICATION (5.30). Let R be a Poisson-CGL extension of
length N. By (5.28), the statements of Theorem 5.5 and Proposition 5.8 hold
for R. Let 0 be a locally nilpotent derivation of R satisfying (5.5), and suppose
that § # 0. The assumption (5.5) implies

(5.36) d(yx) =0, Vk € [1, N] such that s(k) = +oo.

Continue to denote by § the canonical (unique) extension of § to a derivation
of the quotient field K(z1,...,zy). Set T := K[ylﬂ, e ,yf,l] as above. Since
d(yr) € RC T forall k € [1, N], we see that §(7) C 7. Now view J as a derivation
of T, and decompose ¢ as in (5.34). Since 09t # 0, we must have 09 (y;) # 0
for some j € [1, N]. Moreover, d(y;) # 0, and so s(j) # +oo. We will prove the
following implication:

(5.37) if 69 (yx) = 0 for some k € [1, N] with p(k) # —oo, then §%* (y,x)) = 0.
By (5.36) and (5.35), 09t(y;) = O for all k € [1,N] such that s(k) = +o00. A
downward recursive application of (5.37) leads to §9 (y;) = 0 for all k € [1, N],
contradicting the fact that 69 (y;) # 0. This contradiction proves the implication
(5.30).

We are left with proving (5.37). Assume that 69 (y;) = 0 for some k € [1, N]
with p(k) # —oo. There exists m > 0 such that

0= 5m(xk) = 5m(yp_(}g)yk + y;(i)ck)-

Since ¢, € Rp_1, the elements ¢, and y;(}c)ck belong to K[yfl, . ,y,cifl]. Observa-
tions (5.33) and (5.35) then imply (59‘)m(y;(}c)yk) = 0. But 69 (yx) =0, so
(538) 0= ()" () = (7)™ (ks de., (7)™ (k) = 0.

On the other hand, the restriction of § to R is locally nilpotent. Hence, 5m (Yp(r)) =

0 for some m/ > 0. It follows from (5.35) that (69¢)™ (Yp(k)) = 0. We combine this
and the last equality in (5.38), and apply Lemma 5.12 to obtain 69 (y,)) = 0, as
required. O
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CHAPTER 6

Symmetry and maximal tori for Poisson-CGL
extensions

We first introduce symmetric Poisson-CGL extensions, which are ones that also
have a Poisson-CGL extension presentation with the variables in reverse order. We
then analyze the torus action on an arbitrary Poisson-CGL extension R, and show
that there is a unique torus which is maximal among tori acting faithfully on R by
rational Poisson actions.

6.1. Symmetric Poisson-CGL extensions

If R =K]zy,...,zy] is a polynomial ring, with the variables fixed in the order
r1,...,TN, we denote
(6.1) Rpju =Kz | j <i < k|, Vj, k€ [1,N].

SO7 R[j,k] =K ifj f k.

DEFINITION 6.1. We call a Poisson-CGL extension R of length N as in Defini-
tion 5.1 symmetric if the following conditions hold:
(i) Ox(wj) € Rpjyr,p—1), forall 1 <j <k <N.
(ii) For all j € [1, N], there exists h} € b such that

h; C T = —Aijk = )\jkflfka Vk € [j + 1,N]

and h} - z; = Ajz; for some nonzero \j € K.
Under these conditions, set

o; = (h}-), Vj € [1,N —1].

Then o7} is a Poisson derivation on R, and there is an inner Poisson o7-derivation
0% on R given by 05 (a) := {z;,a} — oj(a)z;. The restriction of 65 to R 1 N is
determined by

07 (zr) = {zj, 21} — Njpajor = —0x(x;), VEk € [j +1,N].

For all 1 < j < k < N, the maps o} and dy preserve Rj;; 1}, and o} and 07
preserve R[; 1 n]. This gives rise to the Poisson-Ore extensions

(6.2) R[j,k] = R[j,k:fl] [xk; Ok, 6k]p and R[j,k:] = R[jJrLk] [xj; o (5*]10.

] )
In particular, it follows that R has an iterated Poisson-Ore extension presentation
with the variables zj in descending order:

(6'3) R= K[xN]p[xN—1§ O'j\/—lﬁ 5?\7—1}? T [xl; UT? 6;]177

which is the reason for the name “symmetric”. The presentation (6.3) is, in fact, a
Poisson-CGL extension presentation of R; we will record this as part of Proposition
6.4.

43
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EXAMPLE 6.2. For example, the Poisson-CGL extension O(M,, ,(K)) of Ex-
ample 5.3 is symmetric. It is clear that in this example, condition (i) of Definition
6.1 holds. Condition (ii) can be verified for the following elements i} € . Given
j €[1,N], write j = (r — 1)n + ¢ for some r € [1,m] and ¢ € [1,n], and take

ht:=(0,...,0,1,0,...,0,~1,0,...,0)

where the entries 1 and —1 reside in positions r and m+-c, respectively. In particular,
b - x; = 2x;, so that A} = 2.

DEFINITION 6.3. Denote the following subset of the symmetric group Sy:
Ey:={reSy|7(k)=max 7([1,k—1])+ 1 or

(6.4) (k) = min 7([1,k — 1]) — 1, V& € [2, N]}.

In other words, =y consists of those 7 € Sy such that 7([1,k]) is an interval
for all k € [2, N]. For each 7 € Ep, we have the iterated Poisson-Ore extension
presentation

(6.5) R =Kz 1)]p[Tr(2); 07 (2): 07 2)|p [ ()3 07 vy O () s

where o7\ = o) and 07 = O, if 7(k) = max 7([1,k — 1]) + 1, while
0 k) = OF ) and 67y i= 67,y if 7(k) = min 7([1,k — 1]) — 1.

The following proposition is straightforward.

PROPOSITION 6.4. For every symmetric P-CGL extension R of length N and
T € Ey, the iterated Poisson-Ore extension presentation (6.5) of R is a Poisson-
CGL extension presentation for the same choice of torus H, and the associated
elements h’T’(l), .. .,h’T’(N) € b required by Definition 5.1(iii) are given by h’T’(k) =
he(ky if 7(k) = max 7([L,k=1])+1 and h ) = h7 ) if 7(k) = min 7([1,k—=1]) - 1.

Theorem 6.8 implies that the group Hyax(R) does not change in passing from
the Poisson-CGL extension presentation (5.1) to (6.5), modulo identifying (K*)¥
with the copy obtained by permuting coordinates with 7. Consequently, the the-
orem shows that the rank of R does not depend on the choice of Poisson-CGL
extension presentation (6.5).

When describing permutations 7 € Sy as functions, we will use the one-line
notation,

1 2 ... N
(6.6) 7= [(1),7(2),...,7(N)] :== 1) 72) - (V)
A special role is played by the longest element of Sy,
(6.7) we :=[N,N—1,...,1].

The corresponding Poisson-CGL extension presentation described in Proposition
6.4, namely (6.3), is symmetric, while the ones for the other elements of =y do not
possess this property in general.

6.2. Maximal tori

Let R be a Poisson-CGL extension of length N as in (5.1). Equip R with the
rational action of the torus (K*)" by K-algebra automorphisms such that

(6.8) (a1,...,an) - x; = aux;, Vi € [1,N].
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The differential of this action is the derivation action of KV = Lie (K*)Y on R
given by
(6.9)

N
(Biy-oy BN) - (22N = <Zmi6i>x11nl @YY, Y(ma, .. my) € 25,
i=1

The given action of H on R factors through the above (K*)N-action via a
morphism (of algebraic groups) H — (K*)¥. Since nothing is lost by reducing H
modulo the kernel of its action, we may assume that the action of H is faithful and
then identify H with its image in (K*)"V. Thus,

(6.10) Without loss of generality, H is a closed subgroup of (K*)V.

For the fact that the image of H in (K*)™ must be closed, see, e.g., [4, Corollary
1.4].
Next, set
(6.11)
G = {y € (KN | (), acting as in (6.8), is a Poisson automorphism of R},

and observe that G is a closed subgroup of (K*)V. Since G is diagonalizable, its
connected component of the identity, G°, is a torus (e.g., [4, Corollary 8.5]). This
subgroup is the unique maximal torus of G, and so it contains H. Let us set

(6.12) Honax (R) = G°.

(The definition of this torus, and its position within (K*)", depend on the Poisson-
CGL extension presentation (5.1) of R. However, we do not indicate this depen-
dence in the notation.) Since Hmax(R) contains H, the algebra R is also a Poisson-
CGL extension with respect to Hpax(R). We shall prove that G is connected and
S0 Hmax(R) = G.

The torus Hmax(R) is unique (up to isomorphism) because of the following
universal property, assuming that we fix the Poisson-CGL extension presentation
(5.1). If H; is any torus with a rational Poisson action on R such that (R, H;) is
Poisson-CGL for the presentation (5.1), then the action of H; on R factors uniquely
through the action of Hy,ax(R), via an algebraic group morphism H; — Hpax(R).

Analogously to G and G°, define the Lie subalgebra
(6.13)

Bmax(R) := {t € KV | (), acting as in (6.9), is a Poisson derivation of R},

and observe that h = LieH C hyax(R). We shall prove that G is connected and
Lie G = hpax(R). To do so, we first pin down hyax(R).

LEMMA 6.5. Let R be a P-CGL extension of length N as in (5.1). For any
J € [1,N] with 6; = 0, there exists t € hmax(R) such thatt-z; =x; andt-x, =0
forallkel,j—1].

ProoF. By Theorem 5.5, p(j) = —oo. There is some [ € [1, N] with s(I) = +o0
and p@- (1) = j. Then y, is Poisson-normal in R, and we have a Poisson derivation
0y, on R (recall (2.1)) such that {y;,a} = 9y, (a)y; for all a € R. In view of Corollary
5.10, Oy, (zx) = —auyxy, for all k € [1, N].

Set 0 := —0,, + Eg;(ol)(hpm(l)-). Since 6 is a Poisson derivation of R for which
all the x), are eigenvectors, 6 = (t'-) for some t' € hmax(R). Since hymy - 71 =
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Apm (), k%k When k < p™(l), we find that ¢’ -z, = 0 for k < j and t' - z; = A\jz;.
Thus, the element ¢ := )\j_lt’ of Bmax(R) has the desired properties. |

PROPOSITION 6.6. Let R be a Poisson-CGL extension of length N and rank n
as in Definition 5.1, and define hmax(R) as in (6.13). Set

D":={k€[2,N] |6 #0} = {k € [2, N] | p(k) # —oo}.
For each k € D', choose jy, € [1,k—1] such that 8 (;,) # 0, and choose f, € ZE;*
such that the monomial x' appears in dx(x;,) when Ok (x;,) is expressed in the
basis (5.13). Then
k—1
(6.14) Bunax (R) = {€ € KN | & = =L + > fuili, Yk € D'},
i=1

and dim hyax(R) = n.

PROOF. Let h; denote the subspace of KV described on the right hand side
of (6.14), and note that dimb; = N — |D'| = n. For j € [1,N]\ D’, Lemma 6.5
provides us with an element t; € Bmax(R) such that t;-x; = x; and t; -2 = 0
for all k € [1,j — 1]. These t; are obviously linearly independent, and therefore
dim bpax (R) > n.

For any £ € hmax(R), the assumption that (£-) is a Poisson derivation implies

& Azp xj } = {&hen, 2} + {on, w5 ) = (6 + &) (Mn gz + O (25,)
for K € D’. On the other hand,

§ ’ {‘Tk’ Ijk} = 6 ’ (Ak7jkxjkxk + 5k(xjk)) = /\ka (€Jk + gk)xjkxk + 6 ’ 6k(‘rjk)7
from which we see that & - dx(z;,) = (& + &, )0k(xj,), and hence & + &, =
Zi:ll fr:i&;. Since this holds for all k € D’, we conclude that £ € b;.

Thus, hmax(R) C h1. Comparison of dimensions then forces hax(R) = b1 and
dim hpax (R) = n. |

In order to establish an analog of Proposition 6.6 for H,.x(R), we will need to
transport Poisson properties from h,.x(R) to a torus whose Lie algebra is hpax(R).
The following lemma accomplishes this.

LEMMA 6.7. Let R be a Poisson algebra equipped with a rational action of a
torus H by K-algebra automorphisms, and let h = Lie H act on R by the differential
of the H-action. Then H acts on R by Poisson automorphisms if and only if b acts
on R by Poisson derivations.

PROOF. We have already noted, in Lemma 2.10, that if H acts by Poisson
automorphisms, then h acts by Poisson derivations [25, Lemma 1.4]. Now assume
that b acts by Poisson derivations.

The algebra R is graded by the character group X (), which we will write
additively in this proof. We may assume that H = (K*)" and h = K", where
n :=rank H. Then X (H) is naturally identified with Z", so that

w(h) = KU hY2 - B Vu = (uy, ..., up) €Z", h=(hy,...,hy) € H.

For u = (u1,...,u,) € Z"™, let R, denote the H-eigenspace of R for the H-eigenvalue
u, and define u’ € h* by

Ul(ﬁ) - ulfl + +un€n7 vg = (517"'7571) S h
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The map u +— o’ is an injective group homomorphism Z" — h*.

Recall from (2.6) that the H-eigenspaces of R coincide with the h-eigenspaces.
As indicated in [25, Lemma 1.3], the action of h on the H-eigenspaces of R is given
by

(6.15) E-a=u'(8a, VEED, a€ Ry, ueL™.

Let h € H. To prove that (h-) is a Poisson automorphism of R, it is enough
to show that it preserves Poisson brackets of homogeneous elements. Thus, let
u,v € Z" and a € R,, b € R,. Then

{h-a,h-b} ={u(h)a,v(h)b} = u(h)v(h){a,b}.

If {a,b} = 0, then immediately h - {a,b} = {h - a,h - b}, so we may assume that
{a,b} # 0. For any £ € bj, we have

(6.16) §-{a,b} ={¢-a,b} + {a, & b} = (w'(§) + ' (§)){a, b}

Then {a,b} is an h-eigenvector, hence also an H-eigenvector, so {a,b} € R, for
some w € Z"™. Moreover, it follows from (6.15) and (6.16) that w’ = v’ 4+ v, whence
w = u + v. Therefore

h-{a,b} = w(h){a,b} = u(h)v(h){a,b} = {h-a,h- b},
as required. (Il

THEOREM 6.8. Let R be a Poisson-CGL extension of length N and rank n as
in Definition 5.1, and define the group G C (K*)Y as in (6.11). Then

Hmax(R) = G, rank Hpax (R) = n, and Lie Himax(R) = hmax(R).

Now set D' :== {k € [2,N] | 0 # 0} = {k € [2,N] | p(k) # —oo}. For each
k € D', choose jy, € [1,k—1] such that oy (xj,) # 0, and choose fi, € Zg_ol such that

the monomial x/* appears in Sy (x;,) when 0k (x;,) is expressed in the basis (5.13).
Then

k—1
(6.17) Humax(R) = {¥ € (KN | e = ;' [] w!*, vk e D'}
=1

PROOF. Throughout the proof, assume that H = Hpax(R). Let Ga denote the
closed subgroup of (K*)¥ described on the right hand side of (6.17), and note that
G is a torus of rank N —|D’| = n, recalling (5.6). We shall prove that H = G = G»
and Lie G3 = hnax(R).

By construction, H C G. Let ¢ € G, and let k € D’. On applying the Poisson
automorphism (¢-) to the relation

{zr, 75} = Mg + Ok (5.,
we see that ¢ -0k (xj, ) = Vi, 0k(xj, ). Consequently, all the monomials appearing
in the expansion of §x(z;, ) in the basis (5.13) must have y-eigenvalue ¥51);, . One
of these monomials is 2+, whose ¢-eigenvalue also equals Hf;ll %f ¥ Hence, ¢ =
wj;l Hf;ll ’(/Jlfk This proves that H C G C Gbs.
Write L := O((K*)V) as a Laurent polynomial ring L = K[Zif,... ZE,
where Zj, is the k-th coordinate projection (K*) — K. The standard identification
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of KV with the Lie algebra of (K*)¥ is via the map

.9
(1o €0) = D g
k=1 e
where e := (1,...,1). Now O(G2) = L/I; where
k—1
L= (Z,—Z;' [ z]* | ke D).
i1

Observe that a point derivation 25:1 Sk% |e vanishes on I if and only if

k-1
& +8&, — > fri&i=0,VkeD.
i=1
Thus, Lie Go = bhpax(R), by (6.14).

By definition of hax(R), we now have that Lie G5 acts on R by Poisson deriva-
tions. Lemma 6.7 then implies that G5 acts on R by Poisson automorphisms.
Therefore G5 C G. Since G5 is a torus, it follows that H = G = (G5. This verifies
(6.17), and also yields Lie H = Bpax(R). Finally, rank H = dim hpax(R) = n by
Proposition 6.6. O

EXAMPLE 6.9. In the case of R = O(M, »(K)) (Example 5.3), Theorem 6.8
can be applied as follows. First, D' = {(r — I)n+c | r € [2,m], ¢ € [2,n]}. For
k= (r—1)n+ce€ D', we can choose ji, := 1 and fi = €. + €(;—1)n41. Then

HmaX(R) = {w S (K*)mn | w(rfl)nJrc = ¢f1¢c¢(r71)n+1 Vr € [27m]a ce [2a n]}
The relation of this torus to the torus H = (K*)™*" of Example 5.3 is as follows.
There is a surjective morphism of algebraic groups 7 : H — Hmax(R) given by

T(&) (r—1)nte = ng';L}i-c’ Vr € [1,m], c € [1,n],
and 7 transports the given action of H to that of Hyax(R), that is, 7(§) -7 =& - r
forall (¢ € H and r € R.
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CHAPTER 7

One-step mutations in Poisson-CGL extensions

In this chapter we obtain a very general way of constructing mutations of
potential cluster variables in Poisson-CGL extensions. The key idea is that, if an
algebra R has two different P-CGL extension presentations obtained by reversing
the order in which two adjacent variables x; and xy4; are adjoined, then the
corresponding sequences of Poisson-prime elements from Theorem 5.5 are obtained
by a type of mutation formula. This is realized in §7.1. In Chapter 9, we treat more
general mutations. One problem arises along the way: In the mutation-type formula
(7.15) for the current situation, the last term has a nonzero coefficient which does
not equal 1 in general. For a one-step mutation such a coefficient can be always
made 1 after rescaling, but for the purposes of constructing cluster algebras one
needs to be able to synchronize those rescalings to obtain a chain of mutations.
This delicate issue is resolved in the next two sections.

We investigate a P-CGL extension

(7.1)  R:=Klz1]p[za;02,02]p - - [Tk; Ok, Oklp[@ht1; Okt1, Ont1lp - -~ [N 0N, ON]p
of length N as in Definition 5.1 such that, for some k € [1, N — 1], R has a second
P-CGL extension presentation of the form
(72) R:=Kzi]plzs;02,02]p - [wh-1;0k—1, 0k—1]p

(k413 0% Okl k3 Thgrs Oy 1lp[Th2s Ohg, Oralp - [Tns o, ON]-
Corresponding to the presentation (7.2), we write y; for the elements from Theorem

5.5, Ny, @ qp; for the scalars from (5.2), (5.17), (5.18), and h;, A} for the elements

of h and K* from Definition 5.1(iii).

7.1. A general mutation formula

LEMMA 7.1. Assume that R is a P-CGL extension as in (7.1), and that R has
a second P-CGL extension presentation of the form (7.2). Then 0y and 6;_, map
Ry to itself, and

/ /
O) = Ok+1| Ry, 0 = Ok+1l Ry
(73) / _ 6/ — 6
0k+1|Rk—1 =0k k+1‘Rk—1 = Vk-
Moreover,
(7.4) Th1 (Tht1) = Mok +1Th41 41 (Thr1) = —Opt1(zk)-

ProoF. Note first that Ry_; is stable under ox1; and 0';6_’_1. For a € Ri_1,
we have {zy41,a} = o}(a)zry1 + 0)(a) with o) (a),d)(a) € Riy—1. Comparing
this relation with {zx41,a} = ort1(a)zr41 + dkx+1(a), and using the fact that 1,
xp41 are linearly independent over Ry, we conclude that o) (a) = op41(a) and
05.(a) = 0k41(a). Thus, Rj_; is stable under 6,1, and the first line of (7.3) holds.

49
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50 7. ONE-STEP MUTATIONS IN POISSON-CGL EXTENSIONS

By symmetry (since we may view (7.2) as the initial P-CGL extension presentation
of R and (7.1) as the second one), Ry is stable under d; , ;, and the second line
of (7.3) holds.

Now {@g, Tr11} = ANy g pTh+12k + 0) 1 (Th41), and so we have

N1 kThTht 1 — O (Thg1) = {Zhg1, T} = Mg 1 ,kZrTrr1 + Opg1(2h),

with 62+1($k+1) S R;c = @?io Rk?*lxic-i-l and 6k+1(l‘k) € R, = @?io Rk,1$§€.
Moreover,

(7.5) Ryy1 is a free Ri_1-module with basis {xﬁjmé"_ﬁ | Ly let1 € Z>o}-
Hence, we conclude that _)\;c+17k = Xeg1k and =0y (2py1) = Opra(wn) € Ry,
from which (7.4) follows. (I

THEOREM 7.2. Assume that R is a Poisson-CGL extension of length N as
in (7.1), and k € [1, N — 1] such that 0p41(zx) € K. Denote by y1,...,yn and
1 :[1,N] = Z the sequence and function from Theorem 5.5. Assume that R has
a second Poisson-CGL extension presentation of the form (7.2), and let yi, ...,y
be the corresponding sequence from Theorem 5.5.

(a) If n(k) #n(k + 1), then y; = y; for j # k,k+1 and y;, = Y41, Y11 = Yk

(b) If n(k) =n(k+1), then

ykyk — Yp(k)Yk+1
is a homogeneous Poisson-normal element of Ry_1, recall (5.20). It Poisson-
normalizes the elements of Ry_1 in exactly the same way as ypxyyx+1. Further-
more,

(7.6) yi =vj, Vi €[L,N], j#k.
In both cases (a) and (b), the function ' : [1,N] — Z from Theorem 5.5
associated to the second presentation can be chosen to be ' = n(k,k + 1), where

(k,k + 1) denotes a transposition in Sy. In particular, the ranges of n and 7’
coincide and the rank of R is the same for both CGL extension presentations.

REMARK. The assumption 041 (zx) € K holds in case R is a symmetric P-CGL
extension, as part of condition (i) in Definition 6.1. In any case, it is equivalent to
Opr1(®rhy1) € Kin view of (7.4).

PROOF. Let R be the j-th algebra in the chain (7.2) for j € [0, N]. Obviously
R; = R; for j # k and y; = y; for j € [1,k— 1], and we may choose 7'(j) = n(j) for
j € [1,k—1]. Since Ry1 is a free Ry_1-module with basis as in (7.5), and Ry and R,
equal the Rj_i-submodules with bases {xfj | Iy € Z>o} and {xijﬁ | k41 € Z>o}
respectively, we have

(77) Riy N Rz = Ry_1.

In particular, v, ¢ Rg.

Denote by L the number of homogeneous Poisson-prime elements of Ry11 that
do not belong to Rj_1, up to taking associates.

(a) The condition n(k) # n(k + 1) implies L = 2 and thus 7'(k) # ' (k + 1).
Moreover, y;. and y; ,, are scalar multiples of either y. and yx41 or yry1 and yg.
Since y;, ¢ Ry, we must have y; = {payps1 and y, . = Epyr for some g, Epyr €
K*. Invoking Theorem 5.5 and looking at leading terms gives &, = &x4+1 = 1 and
allows us to choose 7'(k) = n(k +1) and 7' (k + 1) = n(k). It follows from R = R;
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for j > k + 1 that y; = y; for such j, and that we can choose 7'(j) = n(j) for all
j >k + 1. With these choices, ' = n(k,k + 1).

(b) In this case, L = 1 and y;,,, is a scalar multiple of yx11. Furthermore,
7' (k) and n'(k + 1) must agree, and they need to equal 7' (p(k)) if p(k) # —o0, so
we can choose 1'(k) = n'(k+ 1) = n(k) = n(k + 1). By Theorem 5.5,

YTk — e, if p(k) # —o0 _
Y = . Yk+1 = YeTh4+1 — Ck41
Tk, if p(k)=—-00
(7.8)
1 ) Yp(k)Th+1 — C?c) if p(k) # —00 / o /
Y = . Y = YTk — C
’ {karla if p(k) = —o0 etk et

for some cy, ¢}, € Ry_1, cpy1 € Ry, and ¢, € Rj. Write the above elements in
terms of the basis in (7.5). The coefficients of zxzk41 in yrp+1 and y;_H are both
equal to yp(x), recall (5.20). Since y;_; is a scalar multiple of yj 1, we thus see
that
(7.9) Y1 = Yh+1-
Eq. (7.6) and the fact that we may choose 7'(j) = n(j) for j > k + 1 now follow
easily from Theorem 5.5. In particular, n’ = n = n(k, k + 1).

Next, we verify that
(7.10) Ykl — Yp(k)Yk+1 € Ri—1.
Assume first that p(k) = —oco. By (5.24), cx41 is a nonzero scalar multiple of
Ok+1(xk), and so cx+1 € K* by hypothesis. Then from (7.8) we obtain
(7.11) YrYk = Yp(k)Yh+1 = TxTrt1 — (TpTri1 — Cpi1) = 1 € KT

This verifies (7.10) (and also shows that YY), —Yp(k)¥k+1 is a homogeneous Poisson-
normal element of Rj_1) in the present case.
Now assume that p(k) # —oc. First, we obtain
(7.12) Yk — Yp(k)Yk+1 = Yk (Up(k)Thr1 — C&) — Yp(k) (UkTh1 — Cht1)
. = —YrCl, + Up(k)Cht1 € Ri.

Using (7.9), we obtain

Ykl — Yy Yk+1 = WUp() Tk — )Yk — Yp(k) Wrh — Chy1)
= —CkYk T Yp(k) Chy1 € Ri-
This equation, combined with (7.12) and (7.7), yields (7.10).

We now use (7.12) to verify that yxy; — Yp(k)¥r+1 is homogeneous. Note first
that yrcj, and y,r)ck1 are homogeneous. By (5.24), ¢, and cj41 are scalar mul-
tiples of 6}, (Yp(k)) = Ok+1(Ypk)) and dxy1(yw), respectively. Hence, it follows from
(5.4) that

X(H) 'deg(ykcgﬂ) = Xy + Xzpt1 + Xypy = X(H) 'deg(yp(k)CkJrl)'
Thus, —yrc), + Yp(k)Cr+1 is homogeneous, as desired.

Finally, whether p(k) = —o0o or not, it follows from (5.25) that

{ryr 75} = —(agr + )z (yrys),

(7.13)
Wotyk+1, 25} = — () pr) + 5 k+1) 25 (Yp(k) Yrt1),

Vjel,k—1].
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Since
O_(k)
Qjk + Oé;»k = Z ()‘j,pm(k) + A;’,pm(k:))
m=0
O_ (k) O_(k)
= At D Aty F D Ajpm(e) = Qb1 F Qe

m=0 m=1

we obtain {yryy — Yp( k1, 25} = — (% p) + k)25 (YkYh — Yp(iyYrt1). This
shows that Yy, — Yp(k)Yk+1 is a Poisson-normal element of Rj_; which Poisson-
normalizes the elements of Rj_; in exactly the same way as y,)yr+1, and com-
pletes the proof of the theorem. O

Our next result turns the conclusion of Theorem 7.2(b) into a cluster mutation
statement. We define
(7.14) P(k):={j€[1,k]|s(j) >k}, Yk € [1,N].

Then {y; | j € P(k)} is a list of the homogeneous Poisson-prime elements of R,
up to scalar multiples, and |P(N)| = rank R (5.11).

THEOREM 7.3. In the setting of Theorem 7.2(b), there exist K € K* and a
collection of nonnegative integers {m; | i € P(k —1), i # p(k)} such that

(7.15) Y =Y (yp(k)yk+1 +5 11 y{”i)-
ieP(k—1), ip(k)

If p(k) = —o0, then all m; = 0.

ProOF. By Theorem 7.2(b), yryj, —¥p(k)¥r+1 is @ homogeneous Poisson-normal
element of R;_1. Applying Proposition 4.1 and Theorems 5.2, 5.5, we obtain

YeYk — Up(k)Ukt1 = K H Y
ieP(k—1)
for some k € K and a collection of nonnegative integers {m; | i € P(k—1)}. Recall
from (7.11) that if p(k) = —oco, then yry), — Yp(k)Yr+1 is a nonzero scalar. Hence,
k # 0 and m; = 0 for all ¢ € P(k — 1) in this case. We need to prove in general
that x # 0, and that my ) = 0 if p(k) # —oo.
Suppose that x = 0. Then
YkYr — Yp(k)Yk+1 = 0,

which is a contradiction since ygy1 is a prime element of Ry, which does not divide
either yj or y. (for yry1 1y, recall (7.8)).

Now suppose that p(k) # —oo and myx) # 0. Then y,) is a prime element
of Ry_1 and

YkYk — Yp(k)Yk+1 € Yp(i) Ri—1-
Hence,
YiYk € Yp(k) Rot1.
Furthermore, by Theorem 5.5, yx = ypk)2r — ¢ and yj, = yp(k)Tr41 — ¢}, for some
Ck, Cj, € Ry such that y,) does not divide ¢, or ¢j. But since
CrCl = YrVk — Yp(k)TkYk + CkYp(k) Tht1 € Yp(k) R 1 N Re—1 = Yp(iy Rie—1,
this contradicts the fact that y,) is a prime element of Rj_1. O
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7.2. Almost cluster mutations between Poisson-CGL extension
presentations

Let R be a K-algebra with a P-CGL extension presentation as in (7.1). It is
easy to see that the assumption that (7.2) is a second P-CGL extension presentation
of R is equivalent to the following condition:

(i) dxt1(xj) € Rp—y for all j € [1, k], and there exists h}_, € LieH satisfying
Pipq - ok = Nypyox for some A, € K* and hj | - x; = Az for all
jelk=1uU{k+1}.
The rest of the data for the second P-CGL extension presentation of R (K-torus
H', scalars A}, € K, and elements hj € LieH’) is given by Lemma 7.1 and the
following:
(ii) The torus H' acting on the second P-CGL extension presentation can be
taken as the original torus . The corresponding elements h; € LieH are
given by (i) for j = k+ 1 and b, = h; for j # k + 1.

(iil) o341 = (Ayyy1)|Ry, Where Rj is the unital K-subalgebra of R generated

by z1,...,2r—1 and Tg11.
(iv) ALj = Ak k+1) @) (kkr1) () for 1,5 € [1, N].
Here and below, (k,k + 1) denotes a transposition in the symmetric group Sy,
and Sy is embedded in GLy(Z) via permutation matrices.
We continue with the hypotheses and notation of Theorems 7.2, 7.3. Define
maps Y, Y’ : Z¥ — Fract(R) by
N N

(7.16) V()= ]vl and Y'(£) = [TWD", Vf = (fr,-. fn)T € ZV,
i=1 i=1

We also adopt the convention that

(7.17) €0 = €0 :=0.

THEOREM 7.4. Assume the setting of Theorem 7.2.

(a) If n(k) # n(k + 1), then y; = Y rtr); for all j € [L,N], ie, YV’ =
Y(k,kE+1).

(b) If n(k) =n(k +1), then Y'(e;) = y; = y; = Y(e;) for all j # k and

(7.18) Y'(ex) = yj, = Y(—e€x + epr) + €ht1) + KY( — ek + Z miei)
i€P(k—1),i#p(k)

for the collection of nonnegative integers {m; | i € P(k — 1), i # p(k)} and the
scalar k € K* from Theorem 7.3.

ProoF. This follows from Theorems 7.2 and 7.3. O

7.3. Scalars associated to mutations of Poisson-prime elements

Next, we derive formulas for certain scalars which will appear in the seeds which
we construct in Section 11.

Recall the skew-symmetric matrix q = (qx;) € Mn(K) from (5.18), and define
the corresponding skew-symmetric bicharacter Qg : ZV x Z¥ — K by (1.5), so that

(719) Qq(ek,ej) =(qk; = Q)‘(Ek,éj), Vi, k € [1,N]
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In view of Proposition 5.8, we have

(7.20) Y(£).Y(9)} =Q(f.9)Y ()Y (9), ¥f.g e Z".

Recall from §1.5 that for an H-eigenvector u € R, x, € X(H) denotes its
eigenvalue.

THEOREM 7.5. Assume the setting of Theorem 7.3. Then
(7.21) Qg (e,,(k) Foepp1 — S me, ej) —0, Vji£k
i€ P(k—1), i#p(k)
and
(7.22) {lq (ep(k) + ek — Z mici, €k) = —Xet1 = Ny
1€P(k—1),1#p(k)

for the collection of nonnegative integers {m; | i € P(k — 1), i # p(k)} from Theo-
rems 7.3 and 7.4(b).

PROOF. Denote for brevity the elements
g = Z m;e; and g:= Z mg€; in ZV.
i€P(k—1), i#p(k) i€ P(k—1), i#p(k)

For j € [1, N] with j # k, we have y; =y by (7.6), and so

¥k = iy (Y (—er + epgry + ers1) + £Y (—ex + 9))y;
Geyni = (W vi} = {Y (—en + ey + erpr) + 5Y (—er + 9), 45}
= Qq(—ek + epr) + ert1, )Y (—er + epr) + ert1)y;
+ kQq(—ex + g,€;)Y (—er + 9)y;.
Consequently,
Qq(—ex + epry + err1,¢5) = Q(—ex + g, ¢5) = 415,
which implies (7.21).
Applying (7.21) for j = k + 1 leads to
Qq(ep)t ert1 — g, €x)
= Qqlepr) + ert1 — g,ex) — Qqlepr) + k1 — g5 xr1)
(7.23) = OA(@Cpr) + i1 — G k) — QA(Epk) + Cry1 — G, Cry1)
= —Ox(@pr) +Crt1 — Frhr1) = — W (Epr) + Ek — G €ht1)-

Since y;, is an H-eigenvector, it follows from (7.15) that Y (e, + ex41) and Y(g)
have the same X (#)-degree, whence XY (epiy+erii—g) — U- Using the fact that

XY (epgiytenii—g) = XY (epy+ex—g) T Xapyrr W obtain
Pis1-(Y (ep(r) + €k — g)k11) =0
from (2.9). Eq. (5.21) and the definition of Ak then yield
0=apt1,pk) + Okt1k — Z MiQpy1,5 + A1
i€P(k—1), ip(k)
= Qx(ert1,Epk) T €& — ) + Ay1-
Combining this with (7.23) proves the first equality in (7.22).
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It follows from (7.21) and (7.20) that

{Y(epny +err1 —9),y5} =0, Vi # k,
whence Y (e,(r) +er+1 —g) Poisson-commutes with Y (g), and so Y (ep(x) +ex+1—9)
also Poisson-commutes with Y (e, + €xt1) = Ypr)Ur+1. Since yry;, is a linear
combination of ) yr+1 and Y (g), we get

(7.24) {Y(epr) + exs1 — 9)s Yeyy} = 0.
By (7.20) and the first equality in (7.22),
{Y(epny +eht1 — 9), Uk} = —Mer1Y(€pr) + €rv1 — )Yk

Interchanging the roles of the P-CGL extension presentations (7.1) and (7.2) and
using the symmetric nature of the assumptions of Theorem 7.2(b) shows that

{Y'(epr) + b1 — 9), Yt = —New1 Y (€pr) + €41 — 9) Y-
Since Y'(ep) + €rt1 — 9) = Y (epr) + €x+1 — g), we obtain
{Y(epr) + err1 = 9)s ukyr} = —(Meg1 + Ney1)Y (€pr) + €hv1 — 9)YnYi-

Therefore A\g11 + Aj,; = 0 because of (7.24), which proves the final equality in
(7.22). O
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CHAPTER 8

Homogeneous Poisson-prime elements for
subalgebras of symmetric Poisson-CGL extensions

Each symmetric Poisson-CGL extension R of length N has many different P-
CGL extension presentations given by (6.5). They are parametrized by the elements
of the subset =y of Sy, cf. (6.4). In order to phrase Theorem 7.3 into a mutation
statement between cluster variables associated to the elements of =5 and to make
the scalars k from Theorem 7.3 equal to one, we need a good picture of the sequences
of homogeneous Poisson-prime elements y1, . .., yy from Theorem 5.5 associated to
each presentation (6.5). This is obtained in Theorem 8.3. Theorem 8.1 contains a
description of the homogeneous Poisson-prime elements that enter into this result.
Those Poisson-prime elements (up to rescaling) comprise the cluster variables that
will be used in Chapter 11 to construct cluster algebra structures on symmetric
P-CGL extensions. Along the way, we explicitly describe the elements of =y and
prove an invariance property of the scalars A\; and Aj from Definitions 5.1 and 6.1.
Theorem 8.13, which appears at the end of the section, contains a key result used
in the next section to normalize the generators x; of symmetric P-CGL extensions
so that all scalars k in Theorem 7.3 become equal to one.

Throughout the section, 7 will denote a function [1, N] — Z satisfying the con-
ditions of Theorem 5.5, with respect to the original P-CGL extension presentation
(5.1) of R, and p and s will denote the corresponding predecessor and successor
functions. We will repeatedly use the one-line notation (6.6) for permutations.

8.1. The elements y; ;m ()

Recall from §6.1 that for a symmetric P-CGL extension R of rank N and
1 <j <k <N, R} denotes the unital subalgebra of R generated by z;, ..., zy. It
is a Poisson-Ore extension of both Ry; ;1) and Ryj41 4 (6.2). All such subalgebras
are (symmetric) P-CGL extensions and Theorem 5.5 applies to them.

For i € [1, N] and 0 < m < O4 (i), recall (5.8) (i.e., s (i) € [1, N]), set

(8.1) €li.am (i) = € + sy oo+ eam(p) €LV
The vectors (5.15) are special cases of these:
e = e[pof(k)(k)yk], Vk € [1,]\”.

We also set ey := 0. The next theorem treats the Poisson-prime elements that will
appear as cluster variables for symmetric CGL extensions. It will be proved in §8.4.

THEOREM 8.1. Assume that R is a symmetric Poisson-CGL extension of length
N, and i € [1,N] and m € Z>q are such that s™ (i) € [1,N], i.e., s™(i) # +o0.
Then the following hold:

57
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(a) All homogeneous Poisson-prime elements of Ri; ym iy that do not belong to
Ry; sm(iy—1) are associates of each other.

(b) All homogeneous Poisson-prime elements of Rj; ym(;y) that do not belong
to Rjjy1,em(iy) are associates of each other. In addition, the set of these homoge-
neous Poisson-prime elements coincides with the set of homogeneous Poisson-prime
elements in part (a).

(¢) The homogeneous Poisson-prime elements in (a) and (b) have leading terms
of the form

ExCl= O = £ () - - Tym(s)
for some £ € K*, see §5.2. For each £ € K*, there is a unique homogeneous
Poisson-prime element of Rj; gm ;) with such a leading term. Denote by yj; sm (s)] the
homogeneous Poisson-prime element of Rj; gm(iy) with leading term x;x gy . . Tgm (s -
Let yg 1= 1.
(d) We have

Yliysm ()] = Yli,sm=2(0)]Tsm (i) ~ Clism(0)—1] = TilY[s(i),sm ()] ~ Cl[i+1,sm(i)]

fm" SOME Clj sm (i)—1] S R[i s™(i)—1] and Cfi-‘rl s7(9)] S R [i+1,5™ (3)] -
(e) For all k € [1,N] such that p(i) < k < s™*1(i), we have
{Wii,sm @) T} = Qa(€fi,sm (6)]> €k ) TrY[i,sm (3)] -

The case m = 0 of this theorem is easy to verify. In that case, yj; ;) = 24, and
statement (e) follows by applying (5.26) in Rpmini k},max{i,k}]-

EXAMPLE 8.2. In the case of R = O(M,, ,(K)), the elements y; sm ;)] of Theo-
rem 8.1 are solid minors, just as in Example 5.6. More precisely, if i = (r —1)n+¢
for some r € [1,m] and ¢ € [1,n] and s'(i) # +o0, then s'(i) = (r+1—1)n+c+1
with r +1 <m and ¢ +1 < n, and yj o)) = Aprrii),fe,c+)-

The following theorem describes the y-sequences from Theorem 5.5 associated
to the P-CGL extension presentations (6.5) in terms of the Poisson-prime elements
from Theorem 8.1. It will be proved in §8.4. Recall that for every 7 € Zn and
k € [1, N], the set 7([1,k]) is an interval.

THEOREM 8.3. Assume that R is a symmetric Poisson-CGL extension of length
N and 7 an element of the subset =y of Sn, cf. (6.4). Let yr1,...,y- N be the
sequence in R from Theorem 5.5 applied to the P-CGL extension presentation (6.5)
of R correspondmg tor. Let k € [1,N].

(a) If (k) > 7(1), then Yrk = Yppm (r(k)).r (k)] Where

(8.2) m =max{n € Z>o | p"(7(k)) € 7([1,k])}.
(b) If T(k) < 7(1), then Yrk = Yr(k),sm(r(k))], Where

(8.3) m = max{n € Z>o | s"(7(k)) € 7([1, k])}.

In both cases, the predecessor and successor functions are with respect to the original
P-CGL extension presentation (5.1) of R.

8.2. The elements of =y

In this and the next section, we investigate the elements of the subset =y of Sy
defined in (6.4). It follows from (6.4) that every element 7 € Zx has the property
that either 7(IN) = 1 or 7(N) = N. This implies the following recursive description
of EN.
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LEMMA 8.4. For each T € Ey, there exists T € En_1 such that either
7(i)=7'(i), Vie [I, N-1] and 7(N)=N
or
T(i)=7'"(i)+1, Yie[l,N—-1] and 7(N)=1.
For all 7" € Zn_1, the above define elements of Ep .
Given k € [1, N] and a sequence k < jp < --- < j; < N, define
(8.4) TGprngn) = (R(E+1) . ) ... (23...42)(12...41) € Sn,

where in the right hand side we use the standard notation for cycles in Sy. Using
Lemma 8.4, the elements of =y are easily characterized as follows.

LEMMA 8.5. [29, Lemma 5.4] The subset Ex C Sy consists of the elements of

the form 7(j, .. ), where k € [I, N] and k < j, <---<j; < N.

The representation of an element of Ey in the form (8.4) is not unique. As
observed in [29], one way to visualize 7(;, . ;) is that the sequence 7(1),...,7(N)
is obtained from the sequence 1,..., N by the following procedure:

() The number 1 is pulled to the right to position ji (preserving the order of
the other numbers), then the number 2 is pulled to the right to position jo — 1, ...,
at the end the number k is pulled to the right to position j —k + 1.

For example, for k = 2 the following illustrates how 7;, ; ) is obtained from
the identity permutation:

[@7@7374a"'7j2aj2+17"'7j17j1+1a"'?N] =
[@7374a"'7j27j2+17"'5.j17®7.j1+15"'aN] =
[3747"'7j27®7j2+17"'5j17®7j1+15"'aN]7

where the numbers that are pulled (1 and 2) are circled.

If we perform the above procedure one step at a time, so in each step we only
interchange the positions of two adjacent numbers, then the elements of Sy from all
intermediate steps will belong to Zx. For example, this requires factoring the cycle
(1,2,....71) as (L71)(1,j1 — 1)+ (1,2) rather than as (1,2)(2,3)--(j1 — 1,51)-
This implies at once the first part of the next corollary [29, Corollary 5.5(a)].

COROLLARY 8.6. Let R be a symmetric Poisson-CGL extension of length N
and T € ZN.

(a) There exists a sequence 79 = id,T1,...,7, = T in En such that for all
Le[l,n],

7= (n—1(ke), =1 (ki + 1)1 = 11 (kg by + 1)

for some k; € [1, N — 1] such that 11 (k;) < 1—1(ki + 1).

(b) If n : [1, N] = Z is a function satisfying the conditions of Theorem 5.5 for
the original P-CGL presentation of R, then

(8.5) nr=n7:[l,N] > Z

satisfies the conditions of Theorem 5.5 for the n-function of the P-CGL extension
presentation (6.5) of R corresponding to T.
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The sequence described in part (a) of the corollary for the element 7(;, ;) €
Zn has length n = j; + -+ 4+ jx — k(k + 1)/2. The second part of the corollary
follows by recursively applying Theorem 7.2 to the P-CGL extension presentations
(6.5) for the elements 7;,_; and 7;. Corollary 8.6(b) gives a second proof of the fact
that the rank of a symmetric P-CGL extension does not depend on the choice of
P-CGL extension presentation of the form (6.5), see §6.1.

COROLLARY 8.7. Assume that R is a symmetric Poisson-CGL extension of
length N and n: [1, N] = Z is a function satisfying the conditions of Theorem 5.5.
Then for all 1 < j <k < N, the function ny;x: [1,k — j+ 1] = Z given by

n[j,k](l) = 77(] +1- 1)7 Vi e [Lk -Jj+ 1]
satisfies the conditions of Theorem 5.5 for the symmetric P-CGL extension Ry 1.

Thus, the n-functions for “interval subalgebras” of symmetric P-CGL exten-
sions can be chosen to be restrictions of the original n-function up to shifts.

Proor. Apply Corollary 8.6(b) to
r=0,...kj—1,...,L,k+1,...,N] €=y
and consider the (k — j 4 1)-st subalgebra of the corresponding Poisson-Ore exten-
sion, which equals Rj; ;. (]
8.3. A subset of =y

We will work with a certain subset I' ;v of =5 which was introduced in [29, §5.3]
and which will play an important role in Chapter 11. Recall (6.7) that w, =
[N,N —1,...,1] denotes the longest element of Sy. For 1 <i < j < N, define the
following elements of =y

(8.6) mii=li+1,....4ij+1,...,Ni—1,i—2,... 1 €Zy.
They satisfy
Tlvlzid, Ti,N = Tit+1,i+1, Vi € [1,N—1], TN,N = Wo-

Denote by I'y the subset of 2y consisting of all 7; ;s and consider the following
linear ordering on it

8.7 I'yi={id=m1<... <A N=T2<...<ToyN =T33 < ... <
< T3 N =T44a < ... <TN—2,N =TN—1,N—1 =< TN—1,N = TN,N = Wo }.
In the notation of (8.4), the elements of I'y are given by
Tij *= T(j,N,..,N), Where N is repeated i — 1 times, V1 <7 < j < N.

The sequence of elements (8.7) is nothing but the sequence of the intermediate steps
of the procedure () from §8.2 applied to the longest element w, € Sy (in which
case k=N —1and j; =jo=---=jny_1 = N). Note that

Ti7l+1ZTi)l(l—I-Q—i,l—l-l—i), V1<i<l<N.

Assume that R is a symmetric P-CGL extension. To each element of I'y, Propo-
sition 6.4 associates a P-CGL extension presentation of R. Each two consecutive
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presentations are associated to a pair 7; j,7; 11 € EnN for some 1 < i < j < N.
They have the forms

55) R=Klzilp - [25505,0ilpli; 07, 67 |p[zj 150541, 61]p -

. [xN; ON, 5N]:D[xi—1§ oi_1, 5;—1]10 T [.131; UT) 5T]p

and
(8.9)
R=Klzislp- - [25:05, 65lplrjt1: 0541, 0jalp[wi 07, 07 plw 425 0512, Gjpalp -
[ZNn;oN, ONlplTim15 00 1,6 1]p - 21307, 0],

respectively. These two presentations satisfy the assumptions of Theorem 7.2. Re-
call from Definitions 5.1 and 6.1 that o = (h;-), of = (h}-) and h; - & = Ny,
hf -z = Nz with hy, hf € LieH and A, A € K*. By Corollary 8.6(b), the 7-
function for the P-CGL extension presentation (8.8) can be taken to be 17 ;. In
particular, the values of this function on j+1—4 and j+2—¢ are (i) and n(j + 1),
respectively. If n(i) = n(j + 1), then Eq. (7.22) of Theorem 7.5 applied to the
presentations (8.8) and (8.9) implies

(8.10) A+ Ajy1 = 0.

PROPOSITION 8.8. Let R be a symmetric Poisson-CGL extension of length N
and a € 7 be such that |n~1(a)| > 1. Denote

n(a) = {Ls(D), ..., s (D)}
where 1 € [1,N] and m = O4+(l) € Zso. Then
(8.11) N =Xy = = Mmoagy = —he) = —Ae) = - = —Agm()-
PrROOF. It follows from (8.10) that
)\:ml(l) = —Agmaqy, YO <my <my<m

which is equivalent to the statement of the proposition. O

8.4. Sequences of homogeneous Poisson-prime elements

We proceed with the proofs of the two theorems formulated in §8.1.

PRrROOF OF THEOREM 8.1. As already noted, the case m = 0 is easily verified.
Assume now that m > 0.
(a) Consider the P-CGL extension presentation of R associated to

(812) T(s™m(i)—1,8™(),..., sm (1)) =
[i 4+ 1,...,8™(i) —1,4,8™(i),i —1,...,1,8™(i) +1,...,N] € Ep,

where s™(7) is repeated ¢ — 1 times. The (s™(i) — i)-th and (s™(i) — ¢ + 1)-st
algebras in the chain are precisely R[; gm(;)—1) and R[; gm(;)). Theorem 5.5 implies
that the homogeneous Poisson-prime elements of R[; sm(;y that do not belong to
Ry; ¢m(iy—1) are associates of each other. Denote by z|; sm ;) one such element. Set
zg = 1. (One can prove part (a) using the simpler presentation of R associated to
the permutation

[ii+1,...,8"(),i—1,...,1,s™(@)+1,...,N] € En
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but the first presentation will also play a role in the proof of part (b).) The equiv-
ariance property of the n-function from Corollary 8.6(b) and Theorem 5.5 imply
that

(8.13) Zli,sm(8) = Gi,m (2, sm=1(8)] Tsm (i) = Clism (i) —1])
for some cp; gm(i)—1) € R[j,sm(i)—1) and &; m € K*.
(b) Now consider the P-CGL extension presentation of R associated to

(814) T(sm(5),...,s™ (i) = [Z +1,.. .,Sm(’i),’i, ceey 1,Sm(i) +1,.. ,N] € =N,

where s™(4) is repeated ¢ times. The (s™(¢) —4)-th and (s (i) —i+1)-st algebras in
the chain are Rj; 1 ¢m(;)) and R ¢m(;y). Theorem 5.5 implies that the homogeneous
Poisson-prime elements of R[; ¢m(;)) that do not belong to R[;;1,4m ;) are associates
of each other. They are also associates of z[; ym ;). This follows from Eq. (7.6) of
Theorem 7.2(b) applied to the P-CGL extension presentations of R associated to the
elements (8.12) and (8.14). The fact that these two P-CGL extension presentations
satisfy the assumptions of Theorem 7.2(b) follows from the equivariance of the 7-
function from Corollary 8.6(b). This equivariance and Theorem 5.5 applied to the
presentation for (8.14) also imply that

(8.15) Zi,sm (D) = € (Ti20s(0),5m (5)] — Clig1,sm (i)
for some Cfi+1,s7n(i)] € Rjit1,4m@iy and &, € K*.

Parts (c) and (d) follow at once by comparing the leading terms in Egs. (8.13)
and (8.15), and using the fact that the group of units of an iterated Poisson-Ore

extension over K is reduced to scalars.
For part (e)a we apply (526) in R[min{k,i},max{k,sm(i)}] with j = Sm(z) O

PROOF OF THEOREM 8.3. We first show that in situation (a), y,x is a scalar
multiple of y[pm(f(k)),*r(k)]~

For k € [0, N], denote by R\, the k-th algebra in the chain (6.5). Since 7([1, j])
is an interval for all j < k,

7([1,k]) = [r(¢), 7(k)] for some i € [1,k].

Therefore R, = Rir¢i),rx) and Ry -1 = Ri7(),r(k)—1)- For m € Z>q given by
(8.2) we have
(i) <p™(7(k)) < 7(k).

Theorem 5.5 implies that yp,m (- (x)),7(k)) is @ homogeneous Poisson-prime element of
Ri7(i),7(k)) = Rr k- It does not belong to R; x—1 = R[;(;),7(k)—1) because of Theorem
8.1(c). It follows from Theorem 5.5 that the homogeneous Poisson-prime elements
of R, that do not belong to R, ;_1 are associates of y, ;. Hence, y, ;. is a scalar
multiple of y[pm(f(k)),‘r(k)]~

Analogously, in situation (b), y,x is a scalar multiple of yi (k) sm (r(k))]-

To prove the stated equalities, we proceed by induction on k. The case k =1
is clear, since yr1 = Tr(1) = Y[r(1),r(1)]- Now assume that k > 1, and suppose we
are in situation (a). If m = 0, then y,, = ZTr(k) = Y[r(k),w(k)], SO We may assume
that m > 0.

Let [ € [1,k — 1] be maximal such that n(7(1)) = n(7(k)), and note that

p(7(k)),....p" (7(k)) € 7([1,1]).
By construction of y, , and Theorem 8.1(d), we have

(8.16) Yrk =yriZrry —C  ADd Ypm(r(k)),r(k)] = Yipm (r(k)),p(r (k)| Tr(k) — €
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for some ¢,¢’ € Ry 7(xy—1). If 7(1) > 7(1), then 7([1,1]) C [1,7(1)], whence 7(I) =
p(7(k)) and

m —1=max{n € Zso | p"(7(1)) € 7([1,1])}.
By induction, yr; = Ypm-1(r1)),r(1)] = Ypm(r(k).p(r(k))]- On the other hand, if
7(1) < 7(1), then 7([1,1]) C [r(I), 7(k) — 1], whence 7(I) = p™(7(k)) and

m —1=max{n € Z>o | s"(7(1)) € 7([1,1])}.

In this case, induction yields Yrl = Ylr@),sm=1(r(1)] = Ypm(r(k)),p(r(k))]: In both
cases, we conclude from (8.16) and the equality y-i = Ypm (r(k)),p(+ (k)] that yrx =

Yiprm (7 (k)7 (k)] -
Situation (b), when 7(k) < 7(1), is analogous and is left to the reader. O

COROLLARY 8.9. If R is a symmetric Poisson-CGL extension of length N and
i,j € [1,N], m,n € Z>q are such that

i<j<s"(j) <5 <N,
then
{Yii,sm s Yig.sm G = Qa(efi,sm )]s €1,5m ()] VL7 (D) Yl (0)]-

ProOF. Apply Theorem 8.3 to the P-CGL extension presentation of R associ-
ated to

=15...,8"0(),5—1,...,1,8™()+1,...,N] € Exn
and then use (5.18), (5.23). For this permutation, Theorem 8.3 implies that
Yzt s (j)—j+1 aNd Yrr gm(5y—i11 are equal to yp; sn(jy) and yp sm (s, respectively. [
8.5. An identity for Poisson-normal elements
For 1 <j <I< N, set
(8.17) O (1) = max{m € Zzo | p™ (1) 2 j}.
The following fact follows directly from Theorems 5.5 and 8.3.

COROLLARY 8.10. Let R be a symmetric Poisson-CGL extension of length N
and 1 < j<k<N. Then

z‘e',k,si>k}
{0,000y | 1€ iR 50
is a list of the homogeneous Poisson-prime elements of Ry; ) up to scalar multiples.

COROLLARY 8.11. Assume that R is a symmetric Poisson-CGL extension of
length N, and i € [1, N] and m € Z~q are such that s™(i) € [1, N]. Then

(8.18) Uli,sm (8)] *= Yi,sm =1 (0)]Y[s(d),sm ()] — Yls(i),sm =1 (0)]Yli,sm (0)]

is a nonzero homogeneous Poisson-normal element of Ry;y1 sm(s)—1) which is not a
multiple of ys(i),sm—13iy) if m = 2. It Poisson-normalizes the elements of the algebra
Riit1,sm(i)—1) in exactly the same way as yYisi),sm-1(i))Y[i,sm (s)] does. Moreover,

(8.19) sy =9 [ o™

i1
pep 7= kK

where 1 € K*,
(8.20) P = Py gmay = {k € [i,s™ ()] \ {i,5(2),...,8™(0)} | s(k) > s™(i)},
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and the integers my, are those from Theorems 7.3, 7.4. Consequently, the leading
term of up; ¢m ;) has the form

,(/}:L.ni+1€i+l+"'+ns”"(i)—1€s""(i)—l
Jor some nii1,. .. ,ngm—1 € L>o such that ngy) = ... =ngm-1; =0 and nj = mn

foralli+1<j<Il<s™()—1 withn(j) =n().

PrOOF. Consider the P-CGL extension presentations (6.5) of R associated to
the elements

Tism@)y—1 = [0+ 1,...,8™ (@) = 1,4,5™(i),s™(4) + 1,...,N,i = 1,...,1]
Tiam(i) = i+ Loy 8™(6) = 1, 8™(0),4,8™(0) + 1, ., Nyi— 1,..., 1]
of Zxn. Applied to these presentations, Theorems 7.3, 7.4, and 8.3 yield all but the

last statement. That statement follows from (8.19), due to the choice of leading

terms for the elements y _i+1 . ([l
R OF

Since yg = 1 and y[; j = 24, the case m = 1 of the corollary states that
(8.21) Ui s(i)] = TiTs(i) = Ylis(i)] = Clis(i)—1] = Clit1,5(0)]

is a nonzero homogeneous Poisson-normal element of R 1 4)—1), cf. Theorem
8.1(d). We set
u[i,’i] = 1.

EXAMPLE 8.12. In the case of R = O(M,, »(K)) (Example 5.3), the result of
Example 8.2 shows how to express each uj; ;) as a difference of products of solid
minors. In particular, if i = (r — 1)n + ¢ with s(i) € [1, N], then r < m, ¢ < n, and
(8.22) Ul s()] = Tils(i) — Yi,s (i) = brebrate41 — Dprrt1]fe,et1]
= tr,chlt'r‘Jrl,c = T(r—1)n+c+1Trn+c-

More generally, if i = (r — 1)n + ¢ and [ € Z>q with s!(i) # 400, one can calculate
that

Ul4,sL ()] = A[7",1”+l— 1],[e+1,c+1] A[7”+1,7“+l] Je,e+l—1]-

The next result, which is the main result in this section, describes relationships
among the Poisson-normal elements in Corollary 8.11. It will play a key role in
normalizing the scalars k from Theorem 7.3. Recall §5.2 for the definition of leading
terms 1t(—).

THEOREM 8.13. Let R be a symmetric Poisson-CGL extension of length N.
For alli € [1,N] and m € Z~q such that s™*1(i) € [1, N,

(8.23) We(ugs(iy,sm (@) ufi,sm i @) = (Ui, om @] s(0),0m1.(0)])-
ProoFr. Consider congruences modulo the ideal
Win = Yis (i), sm (i) B, sm+1(0)
of Rpj ¢m+1(;y). By the definition of the elements uf, .,
Uls(),sm ()] = Ys(i),sm =1 ()] Y[s2 (i), (4)] Uli,sm 1 ()] = Yli,sm ()] Y[s(4),sm+1 (3)]
Uli,sm(i)] = ~Y[s(),sm (@] Ylis™ (@) U[s(d),sm (i) = T Y[s2(5),s™ ()] Y[s(i),5m 1 (4)]
modulo W,,, whence

Uls(5),5m (3)] Ufi,sm+1 ()] = Ufi,sm (i) Ufs(i),sm 1)) mod Wi,
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Consequently,

(8:24) Ul (i), (0)] Ui, (D) = Uiy (D] Us ()54 ()] T+ Yls(),sm ()T

for some 1 € Ry; ym+1(;)). Since we are done if 7 = 0, we may assume that r # 0.
Note that the leading term of y4(;) sm(s)r has the form ¢zl where € € K*

and f = Z;:;l(i) nie; with ng;) > 1. On the other hand, the last statement of

Corollary 8.11 implies that the leading terms of the other two products in (8.24)

do not contain positive powers of z,(;). Hence, neither of these leading terms is a

scalar multiple of 27. The validity of (8.23) follows. O
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CHAPTER 9

Chains of mutations in symmetric Poisson-CGL
extensions

For a given Poisson-CGL extension R one has the freedom of rescaling the
generators x; by elements of the base field K. The prime elements y; from Theorem
5.5 obviously depend (again up to rescaling) on the choice of ;. In this section we
prove that for each symmetric P-CGL extension R its generators can be rescaled in
such a way that all scalars x in Theorem 7.3 become equal to one. This implies a
mutation theorem, proved in Section 11, associated to the elements of =y via the
sequences of prime elements from Theorem 8.3.

Throughout this section we will assume that R is a symmetric P-CGL extension
of length N.

9.1. The leading coefficients of the elements uj; ym(;)

Recall (8.18). For i € [1, N] and m € Z>( such that s™ (i) € [1, N], let

s (i)—1
Tli,sm(i)] € K* and f[i’snl(i)] S Z ZZO e; C N
j=i+1
be given by
(9.1) lt(u[i,sm(i)]) = W[i)sm(i)]l‘f“'sm(m .

Note that 7j; ;) = 1 and f; ; = 0, because uj; ;) = 1.
From (8.23), we obtain

s (@),s™ (D] T i,sm 1 ()] = Ti,s™ ()] T[s(2),s™+1 (4)]

(9.2)

fistsmn + fismer @) = fism @) + fis)sme @)

for i € [1,N] and m € Z~q with s™*1(i) € [1, N]. A quick induction then shows
that

Ti,sm (D] = Mi,s(D)] " Tsm=1(3),8™(4)]

fism@) = Jis@) 1+ flsmr@,5m )

for i € [1, N] and m € Zso with s™(i) € [1, N]. Consequently, we have

(9.3)

LEMMA 9.1. If mj; ) = 1 for all i € [1,N] such that s(i) # +oo, then
Ti,sm(iy) = 1 for alli € [1, N] and m € Z>q such that s™(i) € [1, N]. O

9.2. Rescaling of the generators of a symmetric Poisson-CGL extension

For v = (71,...,yn) € (KN and f := (n1,...,nn) € ZV set

A=A AR e KR
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68 9. CHAINS OF MUTATIONS IN SYMMETRIC POISSON-CGL EXTENSIONS

Given v € (K*)"V, one can rescale the generators x; of R,
(9.4) zj x4, Vi € [1,N],

by which we mean that one can use 121, ..., yNZN as a new sequence of generators
and express R as a P-CGL extension of the form

R = Knz1]p[yex2; 02, 7202y - - - [YyNTN; 0N, YNOIN]p-

This change of generators obviously does not effect the H-action and the matrix X,
but one obtains a new set of elements yx, y[; sm (i), U[i,sm ()] Y applying Theorems
5.5, 8.1 and Corollary 8.11 for the new set of generators. (Note that this is not
the same as substituting (9.4) in the formulas for y; and yj; sm(;)); those other kind
of transformed elements may not be even prime because (9.4) does not determine
an algebra automorphism.) The uniqueness part of Theorem 8.1 implies that the
effect of (9.4) on the elements yj; om(;)) is that they are rescaled by the rule

Yli,sm () Y Oy sm )] = (WYs(@) - - Vs (0))Yli,sm ()]

for all ¢ € [1, N], m € Z>¢ such that s™ (i) € [1, N]. Hence, the effect of (9.4) on
the elements uf; sm ;) is that they are rescaled by

U sm(iy) > YU OO D gy o iy] = (YV2(3) « - Vom—133) Ve (3) ) Ui, sm ()]

It follows from (9.1) that the effect of (9.4) on the scalars m; ym () is that they are
rescaled by

) . N €fi,sm ()] T ai), am—1(s)] ~Te.sm ()] - N —
7-‘—[1757”(1/)] ’Y [ ( ) ( )] T‘—['LVS‘"L (Z)]
2er iy sm—1 (i1~ fli,s™m
YiYsm (i)Y [s(4),s () dt ( )]W[i,sm(i)]-

(Note that the rescaling (9.4) has no effect on the integer vector f; ¢m(;)).) This
implies at once the following fact.

PROPOSITION 9.2. Let R be a symmetric CGL extension of length N and rank
tk(R). Then there exist N-tuples v € (K*)N such that after the rescaling (9.4) we
have

(9.5) Ti,s(iy] = 1, Vi € [1, N] such that s(i) # +o0.

The set of those N -tuples v is parametrized by (K*)rk(R) and the coordinates 1, . . .,
N of all such N-tuples are recursively determined by

v; is arbitrary if p(i) = —oco
and
(96) Vi = 7}:(1),-),]0[;)(7‘,),1‘,]7%;(11_)71_]’ ’pr(l) # —00,

where on the right hand side the w-scalars are the ones for the original generators
z1,...,zN of R.

Note that the product of the first two terms of the right hand side of (9.6) is a
product of powers of vy, .-, Yi—1 since fipi),iq € Z>o0€p(iy+1 + -+ + L>0€i—1-

EXAMPLE 9.3. In the case of R = O(Mp, »(K)), (8.22) shows that the elements
uf;, sy all have leading coefficient 1, and so no rescaling is needed in this case.
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9.3. Mutations in symmetric Poisson-CGL extensions
Continue to let R be a symmetric P-CGL extension of length N. Let 1 < j <
[ < N, and recall the definition (8.17) of the function O’ . By Corollary 8.10,

{y[po{(k)(k),k] ke [.7;”7 S(k) > l}

is a list of the the homogeneous prime elements of Rj;;; up to scalar multiples.

Let i € [1, N] and m € Z~q be such that s™ (i) € [1, N], and consider the P-CGL
extension presentation of R[; sm ;)] associated to the following order of adjoining the
generators:

(97) J?H_l,...,J}Sm(i),l,l‘i,l‘sm(i).
The intermediate subalgebras for this presentation of Rj; ym ;) are
Riiv1iv1)s - -5 Rip1,sm iy —1)» Bliysm iy —11s Bliysm i)
We identify 75" () —it1 =~ Ze, .. “+Zegmy C Z" , and we define a homomorphism
L s (1) —it1 *
}/[i7sm(i)] 17 (1) —it — (Fract(R[i7Sm(i)]))

by setting

y[poij—l(k)(k),k], ifkeli+1,s™()—1]
(9-8) Ef[i,sm(i)](ek) = Y Yi,sm—1(0) if k=1

Yi,sm ()] if k= s™(q).

Recall the definition (9.1) of the vectors fj; sm (). It follows from Corollary 8.11
that there exists a unique vector

(9.9) Gli,sm(i)] = Z{mkek | k € Pism)} € zs" Ot
such that
Fri,sm iy = Z{mke[pozﬂm(k)’k] k€ Plismia }
where the integers my, are those from Theorems 7.3, 7.4.
Set ¢ := s (i) — i+ 1. As above, we identify Z' with Ze; + - - - + Zegm ;), that

is, with the sublattice of Z" with basis e;, j € [i,s™(i)]. Define o € M(Z) by

€00 ifkeli+1,sm() —1]
(910) U(ek) = €[i,sm=1(3)]5 ifk=1

e[i7sm(i)], if k= Sm(l)
for all k € [, s™(4)]. Tt is easy to check that

o is invertible and o(Z%,) C Z%,.

This choice of o ensures that

(9.11) o (gti,sm(@)]) = fiism @)
The definition of Y|; ym(;)) also implies that
(9.12) 1t (Y sm (i) (ex)) = 7)) V& € [i, s™ ().

LEMMA 9.4. For all g € ZY,,
It (Vi om()(9)) = 279,
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PRrOOF. This is immediate from (9.12), since Y[; ¢m(;;; and o are homomor-
phisms. ([l

THEOREM 9.5. Let R be a symmetric Poisson-CGL extension of length N.
Assume that the generators x1,...,xn of R are normalized so that the condition
(9.5) is satisfied. Then for alli € [1,N] and m € Z~q such that s™ (i) € [1, N],

Yls(@).sm ()] =

(9.13) Yiis(i(€sqiy = €i) + Yiis(iy) (9la,s(i)) — €i), ifm=1

Y'[i’sm(i)] (esm—l(z‘) + esm(y) — 6i) + }/[Z"Sm(i)] (g[i7sm(i)] — ei), ifm> 1.

PrOOF. Lemma 9.4 and Eq. (9.11) imply
1t (Yii,sm (] (9fi,om (1)) = @m0,

By Eq. (8.19), uj;,sm (i) is a scalar multiple of Y[; gm(iy(9ji,sm (1)), and so we find
that
(9.14) Up sm ()] = Yii,sm ()] (9li,sm (i)])
taking account of (9.5) and Lemma 9.1.

In case m > 1, we observe using (9.14) that

Yls(i),sm ()] — Yii,sm (i) (€sm—1(3) + €sm () — €;)
—1
= Yls(@),sm (@) T Ypi,sm—1(0)1YIs(8),sm =1 ()] Y[i, 5™ (0))

= Y sm—1(i) Ylirsm ()] = Yi,sm () (Gli,sm ()] — €i)-
A similar argument shows that
Yis(i),s(i)] — Yiis () (€s(i) — €5) = o7 i siy) = Yiis() (95,50 — €1)
in the case m = 1. O

REMARK 9.6. Because of Theorem 8.1, all instances when Theorem 7.4 is ap-
plicable to a symmetric P-CGL extension with respect to the P-CGL extension
presentations associated to the elements of the set =5 are covered by Theorem 9.5.
We refer the reader to Proposition 11.8 for details.
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CHAPTER 10

Division properties of mutations between
Poisson-CGL extension presentations

We prove in this chapter that every symmetric Poisson-CGL extension is equal
to the intersection of appropriate localizations with respect to sets of y-elements.
This plays a key role in Chapter 11 where we prove that every symmetric P-CGL
extension is a cluster algebra which equals the corresponding upper cluster algebra.
In the process, we introduce auxiliary permutations 7,, for 7 € =5, which are used
to re-order our sets of cluster variables.

10.1. One-step mutations

In this section we describe the intersection of the localizations of a P-CGL
extension R by the two sets of y-elements in the setting of Theorem 7.2(b).

Assume now that R is a P-CGL extension of length N as in (5.1). Let
Y1,---,yn € R be the sequence of elements from Theorem 5.5. For all I C [1, N],
the set

(10.1) Ej = K*{Hy;’”

jel

m; € Z>0}

is a multiplicative set in R. Set E := Ej n). We will say that y"* ...yx" is a
minimal denominator of a nonzero element v € R[E1] if

mN

— g, -
v=y; t.oyy Vs

for some s € R such that y; { s for all j € [1, N] with m; > 0.
For the rest of this section, we assume the setting of Theorem 7.2(b). Then for
all I’ C [1, N], the set

(10.2) E} = K*{ I

JEI

m; € Zzo}

is another multiplicative set in R. Recall from Theorem 7.2(b) that y; =y, for

j # k. Hence, E}, = E it k ¢ I'. Denote E' := E[’LN].

LeMMA 10.1. For any distinct j,l € [1, N], we have y; 1 y; and y; { y;. More-
over, y; ty;. and y. 1 y; for all j € [1,N].

Proor. If 1 < j <1 < N, then y; t y; because y; and y; are elements of R;
with x;-degrees 1 and O respectively. Since y; and y; are prime elements of R, it
follows that y; t y; as well.

On replacing the y; by the y, we have y} { y; and y; { y; for all j # I, which
yields y; 1y, and y;, { y; for all j # k. Since y; and yj, are elements of Ry with
xj41-degrees 0 and 1 respectively, we conclude as above that v { yr and yr {y;,. O
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LEMMA 10.2. For all I,1I' C [1, N],
(103) E] ﬂ EI/ E(Iﬂ[’)\{k} Iﬂ]’)\{k}

PROOF. Let e € Ef N E},, and write

N N
e=8]1v" =5 11w)"
j=1 j=1

for some 3, 8" € K* and m;,m/; € Z>o such that m; = 0 for j ¢ I and m} = 0 for
j ¢ I'. Since the y; and y; are prime elements of R, with y; = yé for all j # k, it
follows from Lemma 10.1 that

mp =my, =0 and m;=mj, Vje[l,N], j#Ek,
which then imphes e c E([ﬂ]l)\{k} = (Iﬂl’)\{k}' O

The next theorem implies that each nonzero element of R[E~!] has a unique
minimal denominator. It was inspired by [19, Theorem 4.1].

THEOREM 10.3. Assume the setting of Theorem 7.2(b). Let

7 m !
yi'toynYy and Yt YT (yk)mkyk i1 ynNTN

be two minimal denominators of a nonzero element v € RIE~Y| N R[(E')~Y] (with
respect to the two different localizations). Then

mp =my =0 and m;=m}, Vje[l,N], j#k.
In particular,
R((Er)~ N RI(E}) ™ = RI(Er N Ep) ™ = RI(Egar )]
for all I,I' C[1,N].

ProoOF. Write

/ U ’

4 ’
_ ., -myN . _ ,,—M M1 o1 N—m Tkt —mpy ./
v=y "y s =y ey W) M Yy S
for some nonzero elements s,s’ € R. Then

’
N

(10.4) yrtypNs = yl i, y;n I (yk)mkyk el YnNs.
If j € [1, N]\{k} and m; > 0, then y; { s, so it follows from Lemma 10.1 and the

primeness of y; that m; < m] The reverse inequality holds by symmetry, whence

o/
mj—mj

Equation (10.4) now reduces to y/™s' = (y},)™s. Since yx 1 s if my > 0, and
Yk 1y, (by Lemma 10.1), we must have mj = 0, and similarly m) = 0.
The final statement of the theorem follows. |

10.2. Permutations 7,

If R is a symmetric P-CGL extension, then for each 7 € Z5 we have a P-
CGL extension presentation (6.5) for R and corresponding y-elements by applying
Theorem 5.5 to this presentation. We label these y-elements ¥y, 1,...,y-n; they
will become a set of cluster and frozen variables in our main theorem. In order
to connect these various sets of variables via mutations, we need to permute the
order of each set of variables. This is done by applying a composition of 7 and a

permutation 7, € [,z Sy-1(a), Where n: [1, N] — Z is a function satisfying the
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conditions of Theorem 5.5 for the original P-CGL extension presentation of R. Note
that all terms in the above product are trivial except for the terms coming from
the range of . For a in the range of 1, denote for brevity |a| := [np~1(a)|. Write
the set n~*(a) in the form

(10.5) nHa) = {r(k1),.... (ko) | k1 <+ < kja}

and order its elements in ascending order. Define 7, € Sy by setting 7o (7(k;)) to
be equal to the i-th element in the list (for all choices of @ and 4). In other words,

(1e) For 1 € [1,N], let n=in(l) = {t1 < -+ < t;} and

1:= |771777177(l) N [1,7’71(1)”.
Then 74(1) :=t;.
Thus, for each level set L of n, the permutation 7,7 gives an order-preserving
bijection of 771(L) onto L.

The point of applying 7 is to match the indexing of the y-elements with that
of the x-elements in (6.5). (Note that the order of the z-elements in (6.5) is
Tr(1),---,Tr(n).) The application of 7, then rearranges the n-preimages 7(k1),. ..,
7(kjq) from (10.5) in ascending order. This is needed because in the setting of
Theorem 7.2(b) the element yj, (not yi4+1) gets mutated. Clearly, 7o preserves the
level sets of 7.

Recall that P(N) = {k € [1, N] | s(k) = +o00} parametrizes the set of homoge-
neous Poisson-prime elements of R, i.e.,

(10.6) {yx | k € P(N)} is a list of the homogeneous Poisson-prime elements of R
up to associates. Define
(10.7) ex = [1, N]\ P(N) ={k € [1,N] | s(k) # +o0}.

Since |P(N)| = rk(R), the cardinality of this set is |ex| = N — rk(R).
Some properties of the permutations 7,7 are given in the following lemma
[29, Lemma 8.16].

LEMMA 10.4. (a) For any T € Ey, the permutation (Te1) ™"

onto the set {k € [1,N] | s;(k) # +o0}.

(b) Suppose 7,7 € Ey and 7 = 7(k,k + 1) for some k € [I,N —1]. If
nt(k) = nr(k+ 1), then T,7" = 747

(c) Suppose 7,7" € En and 7" = 7(k,k + 1) for some k € [1,N —1]. If
n7(k) #nr(k+ 1), then i7" = o1 (k, k + 1).

(d) Let j € ex. Then there exist T,7' € T'y such that 7/ = 7(k,k + 1) for some
ke [l,N —1] withnt(k) =nm(k+1) and Te7(k) = j.

maps ex bijectively

10.3. Intersections of localizations

Throughout this section, we will assume that R is a symmetric P-CGL extension
of rank N as in Definition 6.1, and we fix a function 7 : [1, N] — Z satisfying the
conditions of Theorem 5.5. For each 7 € Z, there is a P-CGL presentation

R = K[$T(1)][$r(2);alr/(2)v 5,7/(2)} T [JCT(N); U/T,(N)#S/TI(N)]

as in (6.5). Let p, and s, denote the predecessor and successor functions for the
level sets of 1, := n7, which by Corollary 8.6(b) can be chosen as the 7-function
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for the presentation (6.5). Let yr1,...,yrn be the corresponding sequence of
homogeneous Poisson-prime elements of R from Theorem 5.5, and denote

A, := the K-subalgebra of R generated by {y, | k € [1,N]}

T: := the K-subalgebra of Fract(R) generated by {yf}c | k € [1,N]}
E. := the multiplicative subset of A, generated by

K*u {yT,k | ke [LN]a ST(k) 7£ +OO}

By Proposition 5.8, 7, is a Poisson torus with corresponding Poisson affine space
algebra A..
Recall the subset I'y of Zn and its total ordering from (8.7).

THEOREM 10.5. Let R be a symmetric Poisson-CGL extension of length N.

(a) A, C RC A, [E;Y C T, CFract(R), for all T € .
(b) R is genemted as a K-algebra by {y, | 7 € TN, k € [1,N]}.
(c) RIEZY] = AL [ESY], for all T € Zn.
( ) R = ﬂTGFN [Eil] = mTEFN AT[E;l]
(e) Let inv be any subset of {k € [1, N] | s(k) = +4oo}. Then
Ry ' | k € inv] = mR v, ' | k € inv].
T€lN

PRrOOF. (a) The first, third, and fourth inclusions are clear. For the second, it
suffices to show that ;) € A-[E; ] for all k € [1, N], which we do by induction
on k. The case k = 1 is immediate from the fact that z.) =y 1.

Now let k € [2, N]. If p,(k) = —oo, then z,) = yrx € A [ES Y. If pr(k) =
| # —oo, then | < k and y,x = Yr1%-(k) — Cr for some element c; in the K-
subalgebra of R generated by z.(1,...,2;(x—1). By induction, ¢, € A [E71).
Further, y,; € E; because s, (I) = k # +o00, and thus

:I:‘r(k) = y;ll (yT,k + C‘r,k) S AT [E-,—_l]

in this case also.

(b) For each j € [1, N], we have 7;; € I'y with 7; ;(1) = j, and so y,, ;1 = ;.
Thus, in fact, R is generated by {y,1 | 7 € T'n}.

(c) This is clear from part (a).

(d) The second equality follows from part (c), and one inclusion of the first
equality is obvious.

Let v € N R[E-!] be a nonzero element. For each 7 € I'y, let

M|
H Yri

l€[1,N]

Tl N

be a minimal denominator of v with respect to the localization R[E 1], where all
My € Z>o and m,; = 0 when s.(l) = +oo. We first verify the following
Claim. Let 7,7’ € I'y such that 7" = 7(k,k + 1) for some k € [1, N — 1].
(1) M (747)=1(5) = Mt/ (r17/)=1(j)s for all 5 € [1,N]
(2) If nr(k) = n7(k + 1), then m, , = 0.
If nr(k) = nr(k + 1), then (1) and (2) follow from Lemma 10.4(b), Theorem
10.3, and Theorem 7.2(b). If n7(k) # n7(k + 1), we obtain from Theorem 7.2(a)
that Yr'k = Yrk+1 and Yr' k+1 = Y1k while Yrrg = Yl for all [ 7é k,k+ 1. As
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a result, £, = E, and we see that m, , = m; 41 and My py1 = m,k, while
mqyr = mq for all I # k, k + 1. In this case, (1) follows from Lemma 10.4(c).

Since all the permutations in I'y appear in the chain (8.7), part (1) of the claim
implies that

(108) Mo (0e0)=1(j) = Mt (re7)~1(j)> Vo,Tr€l'y, j€ [1,N]
For any j € ex, Lemma 10.4(d) shows that there exist 7,7’ € I'y such that 7/ =
7(k,k+1) for some k € [1, N — 1] with n7(k) = nr(k+1) and 7,7(k) = j. Part (2)
of the claim above then implies that m, -, -1(j) = 0. From (10.8), we thus get
Mg (5q0)~1(5) = 0, Vo e T'y, j € ex.

In particular, miq; = 0 for all j € ex, whence miq,; = 0 for all j € [1,N] and
therefore v € R, which completes the proof of part (d).

(e) Let v € N ery RIE7Y[y; ' | k € inv]. For each 7 € I'y, we can write v as
a fraction with numerator from R[E '] and denominator from the multiplicative
set Y generated by {yx | & € inv}. Hence, choosing a common denominator, we
obtain y € Y such that vy € R[E-!] for all 7 € I'y. From part (d), we conclude
that vy € R, and thus v € R[y; ' | k € inv], as required. O
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CHAPTER 11

Symmetric Poisson nilpotent algebras and cluster
algebras

In this chapter we prove that every symmetric Poisson nilpotent algebra, i.e.,
Poisson-CGL extension, possesses a cluster algebra structure under a mild addi-
tional assumption on the scalars A;. The cluster algebra structure is constructed
in an explicit fashion. We furthermore prove that each of these cluster algebras
equals the corresponding upper cluster algebra.

Concerning notation: We continue to use z1, ...,z y to denote polynomial vari-
ables in P-CGL extensions, and our cluster and frozen variables will be denoted vy,
for various indices ¢.

11.1. Statement of the main result

Fix a symmetric P-CGL extension R of length N and rank rk(R) as in §6.1.
Recall the map Y : ZY — Fract(R) from (7.16), and note that Y can be viewed as
a group homomorphism from Z~ to Fract(R)*. Set

(11.1) ¥ = (Y(e1),...,Y(en)) = (y1,...,yn) € Fract(R)",

and recall from Proposition 5.8 that y is a sequence of algebraically indepen-
dent elements generating Fract(R) over K. Recall also the skew-symmetric ma-
trices A, q € My (K) from Definition 5.1 and (5.18), and the corresponding skew-
symmetric bicharacters Qy, Qg from Definition 5.1 and (7.19).

Consider an arbitrary element 7 € Zy C Sy, recall (6.4), and the associated
auxiliary permutation 7, from §10.2. By Proposition 6.4, we have the P-CGL
extension presentation

(11.2) R =Kz, 1)]p[Tr(2); 07 (2): 0 ) lp - [T () 07 vy O (o
with o7/ ) = (R ") where b\ € H, Vk € [1,N] and

T = By 07y = 05y, if T(k) =min 7([1,k—1]) — 1.
The A-matrix of the presentation (11.2) is A, := 77!\ (where as before we use the
canonical embedding Sy < GLy(Z) via permutation matrices). In other words,
the entries of A, are given by ()\T)lj = Ar),r(5)- Let yr1,...,yr N be the sequence
of homogeneous Poisson-prime elements from Theorem 5.5 for the presentation

(11.2).
Let g, € My (K) be the skew-symmetric matrix with entries

OZ (k) OZ(j)
(qT)k] = (AT)p"T(k:)J);"(j)v Vkvj S [1aN]7

s
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where OT denotes the order function corresponding to p,, and let Q. be the
skew-symmetric bicharacter on Z" obtained from q, as in (1.5). Then g, is the
skew-symmetric bicharacter corresponding to Q4 (recall (7.19)) for the presentation
(11.2). Set
rr = (TOT)qT(ToT)ilv
and let . be the skew-symmetric bicharacter on Z" obtained from r, as in (1.5).
Finally, define group homomorphisms Y., }N/,. : ZN — Fract(R)* such that

(113) Y-,—(ek) =Yk and ?T(ek) = Yr(rer) (k) Vk € [17N],
and set

(114) 577- = (Y,.(el), ey YT(CN)) = (y7.7(7..7.)—1(1), R ,y7.7(7..7.)—1(N)) S Fract(R)N.
It follows from Theorem 10.5(a) that y, is a sequence of algebraically independent
elements generating Fract(R) over K. Since ids = id, we have }Nfid =Y andyiq =y,
as well as rig = qiq = q.

For a subset X C ex, by an N x X matrix we will mean a matrix of size N x | X|
whose columns are indexed by the set X. The set of such matrices with integral
entries will be denoted by My« x(Z).

The next theorem contains the main result of the paper.

THEOREM 11.1. Let R be a symmetric Poisson-CGL extension of length N and
rank tk(R) as in Definition 6.1. Define ex C [1, N] by (10.7). Assume also that
there exist positive integers d;, i € range(n) such that

(11.5) dn(j))‘z( = dn(l))‘;a vi,l € ex,

recall the equality (8.11). Let the sequence of generators x1,...,xnx of R be nor-
malized (rescaled) so that (9.5) is satisfied (recall Proposition 9.2).

Then the following hold:

(a) For all T € Zy (see (6.4)) and | € ex, there exists a unique vector bl € ZN
such that X, (b)) = 0 and

(11.6) Qp, (b e;) =0, Vi €[I,N], j#1 and Q. (bl e) =)\
Denote by ET € My xex(Z) the matriz with columns blT, | € ex. Let B:= f?id.

(b) For all T € E, the pair (y,,B,) is a seed for Fract(R) and (r,, B;) is a
compatible pair. The principal part of ET is skew-symmetrizable via the integers
dn(k)> k € ex.

(c) All seeds as in (b) are mutation-equivalent to each other. More precisely,
they are linked by the following one-step mutations. Let 7,7 € Zn be such that

7= (r(k),7(k+ 1)1 = 1(k,k + 1)
for some k € [1,N —1]. If n(r(k)) # n(r(k + 1)), then (., By) = (¥5,B,). If

n(r(k)) = n(r(k+1)), then (3, By') = px, ¥+, Br), where ke = 77 ().
(d) We have the following equality between the P-CGL extension R and the

cluster and upper cluster algebras associated to (y,B):
R= A(S’,é)K = u(3~’7§7®)K-

In particular, A(y,E)K is affine and noetherian, and more precisely A(y,E)K is
generated by the cluster and frozen variables in the seeds parametrized by the subset
Iy of En, recall (8.7).
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(e) The cluster algebra structure on R = A(y, E)K is compatible with the given
Poisson structure on R. Namely, the N-tuple of variables in any seed of Fract(R)
mutation-equivalent to (X, E) 18 log-canonical. In particular, for each T € Zp, the
variables Yr(e;) in the seed (§., B,) satisfy

{Yr(er), Y2(e)} = Q. (e1, ) Yr(e1)Yo(e)), Vi, j € [1,N].
(f) Let inv be any subset of the set P(N) of frozen indices, cf. (10.6). Then
Ry | k € inv] = A(y, B,inv)g = U(3, B, inv)x.

Moreover, this cluster algebra structure is compatible with the given Poisson struc-
ture on Rly; ' | k € inv].

Theorem 11.1 is proved in §11.5-11.7. The strategy of the proof is summarized
in §11.4. In §11.2 we derive an explicit formula for the cluster variables of the seeds
that appear in the statement of Theorem 11.1.

EXAMPLE 11.2. Let R = O(M,, »(K)) with the Poisson-CGL extension pre-
sentation as in Example 5.3. Define n for R as in Example 5.6 and ex as in (10.7).
Then

ex={(r—1)n+c|re[l,m—-1], ce[l,n—1]}
As shown in Example 6.2, the P-CGL extension presentation of R is symmetric,
and all A = 2. Hence, (11.5) is trivially satisfied with d; := 1 for all 7 € range(n).
Finally, Example 9.3 shows that condition (9.5) holds.

Therefore all hypotheses of Theorem 11.1 are satisfied, and the theorem yields
a cluster algebra structure on R compatible with the given Poisson structure. The
initial mutation matrix B = (b;;) for R is easily computed:

+1, if r=7,c=c+1
b B orc=c,r=r+1 Yr,r' € [1,m)],
(r=nte, (r'=L)nte’ = orr=7'+1,¢=¢+1, ¢c €[l,n].
0, otherwise

From Theorem 11.1(f), we also get Poisson-compatible cluster algebra struc-
tures on coordinate rings of various open subvarieties of M, , defined by non-
vanishing of certain minors. For instance, assume m < n, choose

inv={rn|re[l,m}u{(m—1)n+c|cell,m]},

and let R’ := Ry, ' | k € inv]. From Example 5.6,

Yrn = Al inti-rn] (T ELMD), Ym-nte = Dmii—em) g (¢ €[1,m]).
It follows that R’ is the coordinate ring of the generalized double Bruhat cell

Bfwi B N B, wyB,
in My, ,, where B,f are the standard Borel subgroups of GLg(K) and wy, ws are
the partial permutation matrices
wy = [w(’,” Omm_m] , Wy 1= [Omm_m wg"]

with w?* the (matrix of the) longest element of S,,. To see that

Brui By N BrweBy = {p € My | Ay ] fnt1-rn)(p) # 0, Vr € [1,m]

and Apyi1-c,m, (1,4 () # 0, Ve € [1,m]},

one can use [6, Proposition 4.1].
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REMARK 11.3. The property (11.5) requires that for any particular j, € ex, all
the scalars A} for | € ex are positive integer multiples of A} /dy(jo)- Conversely, if
there is some A\§ € K* such that A € Z~o A§ for all | € ex, then (11.5) is satisfied by
choosing d,, ;) := \; /Aj for | € ex, which we can do because \j; = Aj for all k,[ € ex
with n(k) = n(l) (Proposition 8.8). This holds, of course, if all A} € Qs, which
is the case for many P-CGL extensions, such as semiclassical limits of standard
uniparameter quantum algebras.

Examples in which non-integer scalars appear among the Aj include semi-
classical limits of multiparameter quantum symplectic and euclidean spaces (e.g.,
see [25, §82.4, 2.5]). For instance, there are symmetric P-CGL extensions (from
[25, §2.4], rewritten in symmetric form) in which N = 2n and ex = [1,n — 1] for
an integer n > 2, and A, ..., A} _; are arbitrary nonzero scalars. When n > 3 and
A5 /AT ¢ Qso, property (11.5) fails.

REMARK 11.4. For applications, it is useful to determine the exchange matrix
B before the generators xj have been rescaled to satisfy (9.5). This is possible
because the rescaling does not change B , as we next note.

Assume R is a symmetric P-CGL extension satisfying all the hypotheses of
Theorem 11.1 except (9.5). Let the elements y; and the map ¥V = §~/id be as
above. Now suppose that we rescale the xj according to Proposition 9.2, say
with new generators z7,...,2y, to make (9.5) hold. Build new y-elements from
Theorem 5.5 with respect to these generators, and call them yi,...,y). Each yj
is a scalar multiple of y;. Since the scalars Ay; and gi; do not change, neither do
the bicharacters 2 and Qq. Define Y’ analogously to Y, using the y;. in place of
the yi. For any vector b € Z, the element Y’ (b) is a scalar multiple of Y (b), and
thus xy+s) = Xy @) Finally, the same elements hy, hj € b which enter into the
symmetric P-CGL conditions for the original generators are used with respect to
the new generators, which means that the scalars A and A} do not change under
the rescaling.

Thus, the conditions in Theorem 11.1(a) which uniquely determine the columns
of B = By are the same before and after rescaling. Therefore B does not change
under the rescaling.

11.2. Cluster and frozen variables

The next result gives an explicit formula for the cluster and frozen variables
that appear in Theorem 11.1.

PRrROPOSITION 11.5. Assume the setting of Theorem 11.1.
(a) For T € Ey and k € [1, N],
¥ (ep) = V- onmrwn 7o (k) = 7(1)
Y1, 00ty (7 (k) S 7(1)),

where the predecessor and successor functions are computed with respect to the
original P-CGL extension presentation (5.1) of R.

(b) The cluster and frozen variables appearing in the tuples y, for T in En or
in I'n are exactly the homogeneous Poisson-prime elements yj; ;1. More precisely,

{Vi(er) | 7€ 2N, k€ [1,N]} = {Yr(er) | 7 €Tw, k €[1,N]}
={yj) 1 1<i<j <N, n(i) =n(j)}
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REMARK 11.6. Theorem 11.1(d) and Proposition 11.5 imply that the cluster
algebra R = A(y, B)k coincides with the subalgebra of Fract(R) generated by the
cluster and frozen variables from the (finite) set of seeds {(y,,B;) | T € I'n}.

PROOF OF PROPOSITION 11.5. (a) Recall that Y, (e},) = Yr (rer)~1(k)- Setm =
O_(k) and m, = Oy (k), and let L := n~1(n(k)) be the level set of n containing
k. Then

L={p™k)<p™ k)< - <k<s(k)<---<s™(k)}.
Now set k' := (1o7)71(k); then 7(k') = 7,1(k). Since (o7)7! restricts to an
order-preserving bijection of L onto the level set 7=1(L) of 1., we see that
L) = {pT(K) < - <K < s, (K) < < s (K]

Consequently,
(11.7)

m+1={j" € LK n(") =n-(K)} = {5 € 7([(LK]) [ n(F) = n(r(K))}-

If 7(k') > 7(1), then 7([1, ¥ ]) [ (#"),7(k")] for some i’ € [1,k'], and it follows
from (11.7) that m = max{n € Z>o | p"(7(K¥")) € 7([1,k'])}. Theorem 8.3 then
shows that

Yr(er) = Yrb = Yopm (r(k),7 (6] = YpO— ) (271 (k)), 7 ()
in this case. The case when 7(k") < 7(1) follows similarly.

(b) The first two of the displayed sets are contained in the third by part (a),
and the second is contained in the first a priori. It remains to show that the third
is contained in the second.

Thus, let 1 <4 < j < N with n(¢) = n(j). Then i = p™(j) where

m = max{n € Zxo | p"(j) € [i,j]}.

Set k' :=j — i+ 1, and choose 7 € T'y as follows:

ma—id (if i = 1)

7_ fr—

Tocrg =l gi—1j+1,. . Nyi—1,....1 (ifi>1).

Then 7(1) =4 < j = 7(K') and 7([1,k']) = [i, j]. Consequently,
m = max{n € Z>o | p"(7(K')) € 7([1,K']) },
and Theorem 8.3 shows that
Yrk' = Ylpm(r(k")),r (k)] = Ylig]-

Therefore yj; j) = Yr,(rer)-1(k) = ?T(ek) where k := 147 (K'). |

EXAMPLE 11.7. Let R = O(My, »(K)) have the Poisson-compatible cluster
algebra structure from Theorem 11.1 as in Example 11.2. Proposition 11.5 and
Example 8.2 show that the cluster and frozen variables appearing in Theorem 11.1
are exactly the solid minors within [1, m] x [1,n]. For if| € Z>¢ and r,r+1 € [1,m],
¢,c+1€[l,n], then

A i) Je,crl] = Yji,si (i), Where i = (r—1)n+c

(recall Example 8.2), and the y[; ;i(;) are exactly the cluster and frozen variables
Y, (ey) for 7 € 2y and k € [1, N].
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11.3. Auxiliary results

In this section we establish two results that will be needed for the proof of
Theorem 11.1. The first one uses Theorems 9.5 and 8.3 to construct mutations
between pairs of the tuples y, for 7 € Zx5. The corresponding mutations of seeds
(Theorem 11.1(c)) are constructed in §11.5-11.6.

For g = Zj gjej € ZN set

supp(g) := {j € [1, N] | g; # 0}.

PrOPOSITION 11.8. Let R be a symmetric Poisson-CGL extension of length N.
Assume that the generators of R are rescaled so that the condition (9.5) is satisfied.
Let 7,7" € En be such that
= (r(k),7(k+1))7 = 7(k,k+1)

for some k € [1, N — 1] such that 7(k) < 7(k+1).
(a) If n(r(k)) # n(r(k +1)), then rr =, and Y, = Y.
(b) Let n(r(k)) =n(r(k+1)), and set ke := Te7(k). Then ke = 7,7/ (k) and

_ N }Nf"_(ej)7 if j # ke
(11.8) Yo (ej) = {ﬁ(ep(k.) +eake) — €ka) F Yo (g —er)s if j=ke

for some g € ZIZVO such that supp(g) Nn~1n(ke) = @ and |supp(g)Nn~t(a)| <1 for
all a € Z. Furthermore, the vector epr,) + €sk,) — 9 € ZN satisfies the identities

(11.9) Q. (€p(ke) + €s(ke) — 95 €5) = 0, Vj # ka,
(11.10) Qp, (ep(k.) + €ske) — 9 er,) = )\Z.v

and

(1111) X?T(ep(k.)'i‘es(k.)_g) =

Note that the condition 7(k) < 7(k+1) is not essential since, if 7(k) > 7(k+1)

and all other conditions are satisfied, then one can interchange the roles of 7 and

T

PROOF. (a) That Y, = Y, follows from Theorem 7.2(a) applied to the P-CGL
extension presentation (11.2) of R associated to 7, using that 7,7’ = 77 (k, k + 1)
(Lemma 10.4(c)). Now

A= ()N = (kb + D)7 Ar(k b+ 1) = (k, b+ DA (k& + 1),
from which it follows that q,» = (k,k + 1)q,(k,k + 1). Using 7,7’ = 7e7(k, k + 1)
again, we conclude that
vy = () (rie) ™ = (7)o k o+ D (b, k4 1) (7))
= (TeT)qr (TeT) ' = 1.

(b) In this case, 7,7" = 747 by Lemma 10.4(b). Since 7([1, j]) is an interval for
all j < k+1and 7(k) < 7(k+1), we have 7/([1, k+1]) = 7([1, k+1]) = [7(¢), 7(k+1)]
and 7([1,k]) = [7(4), 7(k 4+ 1) — 1] for some i € [1,k]. On the other hand, the set

(LK) =7'([LE+ I\ (B + D} =7([LE+ 1)\ {7(k)}
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must be also an interval, so 7(k) = 7(¢) and i = k. Therefore,

(11.12) 7 ([Lk+1) =7(1,k+1]) = [r(k),7(k + 1)],
7([1,k]) = [r(k),7(k+1)—1] and 7'([1,k]) = [r(k)+1,7(k+ 1)].
This implies that
7(k+ 1) = s™(7(k)) for some m € Zsg
and

(11.13) = (7 (k) N (L, k +1]) = {7(k), s(r(k)), ..., s™(r(k)) = 7(k + 1)}

From the assumption n(7(k)) = n(r(k + 1)) and the fact that 7(j) = 7/(j) for
j # k,k+ 1 we infer

i gr (k) = (7) T (g (k).
By the definition of the permutations 7, and 7,
ke = 1o (k) = 7L7 (k) = s (7(k)).

From Theorem 7.4(b) we have y..; = y,; for | # k. Eq. (11.8) for j # k.
follows from this.
The identities in (11.12) and Theorem 8.3 give

(11.14)

Y.k = Y[r(k),sm=1(r(k))]> Y7 k+1 = Ylr(k),s™(1(k))]> Yr' .k = Yls(r(k)),s™ (T (k)]
Recall the definition of the maps Y[; ym ;) from (9.8). We will construct an isomor-
phism 1 from ZF*! to Lerk) + -+ + Legm(r(k)) such that Y () sm(rx))w and Y;
agree on suitable e;.

Recall the definition of the set Pp- (i) sm (r(x)) from (8.20), set

A = n(Plr(ry,sm(re) = 0(7([L k4 1)) \ {n(7(k))}
Q:={jel,k=1]|n(r(j) #n(r(1), VL€ [j+1,k+1]},
and note that n7 restricts to a bijection of @) onto A. Thus,

(11.15) QI = |A] = |Ppr(ry,sm (rep |-
The definition of @) also ensures that
(11.16) {t € [r(k), s™(T(k)] | n(t) = n((j))} € 7([1,5]), Vj € Q.

If j € Q and 7(j5) > 7(1), then 7([1,j]) = [7(¢;), 7(j)] for some i; € [1, ], and
we observe that 7(j) € Pir(k),sm(r(k)))- Moreover, the integer m; corresponding to
j in Theorem 8.3 equals OT(k)H(T(])), and hence we obtain

(AL17) yrj = Yy (r (). = Yir(o)sm (i) (€2(): Vi € Q with 7(j) = 7(1),
On the other hand, if 7(j) < 7(1), then 7([1,5]) = [7(j),7(¢;)] for some i; €
[1,7 —1]. Let m; denote the integer corresponding to j in Theorem 8.3, and
observe that s™i(7(j)) = 7(j7) € Pir(k),sm(+(k)) for some j~= € [1,j]. Moreover,
mj = Oz(k)-H(T(j*)), and so
(11.18)

Yrg = Yps (1)) = Vet (k)] (€ri))s Vi € Q with 7(j) < 7(1).
Note also that since n7(j~) = n7(j) and n7|q is injective, 7(j~) # 7(¢7) for all
i€ Q\{j} with 7(i) < 7(1), while 7(57) # 7(¢) for all i € Q\ {j} with 7(¢) > 7(1).
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In case m > 1, we set

t == max(r~{s(r(k)),. “Hr(R)})
= max{j € [1,k — 1] | 77( ( ) = n(7(k))} = p-(k)
(see (11.13)). Then either 7(¢t) = s 1(7(k)) or 7(t) = s(r(k)), and Theorem 8.3
yields
(AL19) Yt = Ylsr(o),sm=1 ()] = Yirth)sm (e (o)) (€sm=1(r(ap), 1 m > 1.
Now choose a bijection w : [1,k + 1] — [r(k), s™(7(k))] such that

w(k +1) = s"(7(k))

w(k) = 7(k)

w(t) = s r(k)), if m>1

w(j) =7(5), Vj € Q with 7(j) > 7(1)
w(j) =7(7), Vi € Q with 7(j) < 7(1),

and let ) denote the isomorphism fron Z**! onto Ef:T(E—;gC)) Ze; such that w(e;) =

ew(;) for j € [1,k +1]. In particular, nw(j) = n7(j) for j € Q, so nwl|q is injective.
By construction, w(Q) € Pir(k),sm(r(k))], and so we conclude from (11.15) that

(1120) ’LU‘Q : Q — P[T(k),sm(T(k))] is a bijection.

Combining Egs. (11.14) and (11.17)—(11.19) with the definition of w, we see that
VieQU{t,k,k+1} (m>1)
VieQU{kk+1} (m=1).

The next step is to apply Theorem 9.5. We do the case m > 1 and leave the
case m = 1 to the reader. (In the latter case, p(ks) = —o0 and ey (,) = 0.) Observe
that (11.21) implies that

Thus, taking account of (11.14), (11.20), and (11.21), Theorem 9.5 implies that
Yrrk = Yr(er +epy1 —er) + Yo (g —en),

where ¢’ := wil(g[T(k),sm(T(k))]), recall (9.9). Since

(11.21) Y2(e;) = Yrj = Yir(h).sm(r(k)))@(€5), {

SUPP(Gir (k) sm (r(k))]) S Flr(k),sm (k) = w(Q),
we have supp(¢’) C Q. By the definition of 7o and Eq. (11.13),
ToT(t) = TeT(pr(k)) = p(ke) and Te7(k + 1) = s(ks).
Therefore,

Y‘r’ (ek.) = Y‘r’ (ek) =Yrk = Y‘r(ep(k.) + es(k.) - ek.) + Y‘r (7—07—(9/) - ek.)>
which implies the validity of (11.8) for j = ke, where g := 7e7(g’).

Finally, the identities (11.9)—(11.10) follow from Theorem 7.5 (applied to the
P-CGL presentation (11.2)), the definition of r;, and the fact that R, xy1 =
Riz(k),sm(r(k))), see (11.12). We note that n(ke) = n(7(k)) and s(7(k)) # +oo,

s(ke) # 400, which follow from the definition of 7, and Eq. (11.13). Because of
this and Proposition 8.8, A7, 1) = A7) = Aj, . The identity (11.11) follows from
the fact that y. ; and y, ; are H-eigenvectors for all j € [1, N] and Eq. (11.8). O
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Our second auxiliary result relies on a strong rationality property analogous
o [5, Theorem 11.6.4]. Given a ring A equipped with an action of a group H by
automorphisms, we write A* for the fixed subring {a € A | h-a = a for all h € H}.

THEOREM 11.9. Let R be a Poisson-CGL extension of length N, and P an
‘H-Poisson-prime ideal of R. Then

(11.23) Z,(Fract R/P)" = K.
PROOF. We induct on N, the case N = 0 (when R = K) being trivial. Now
let N > 0, and assume the theorem holds for Ry_1.

The contraction ) := PN Ry_; is an H-Poisson-prime ideal of Ry_; and is
stable under o and oy. Hence, R/QR is a Poisson polynomial ring of the form

R/QR = (Rn-1/Q)[zn; 0N, On]p,
where we have omitted overbars on cosets and induced maps. Let S be the local-
ization of Ry_1/Q with respect to the set of all H-eigenvectors in Ry_1/@Q, and
note that S has no nonzero proper H-stable ideals. The induced action of H on
Rn_1/@Q extends to a Poisson action on S, and since Fract Ry_1/Q = Fract S, our
induction hypothesis implies that

Zy(Fract 5)" =

Our choice of S ensures that the H-action on S is rational. There are unique
extensions of on and 6y to a Poisson derivation on on S and a Poisson opn-
derivation dy on S. The differential of the H-action gives an action of LieH on S,
the action of (hy-) on S extends that on Ry_1/Q, and (hy-) = oy on S. Finally,
R/QR extends to a Poisson polynomial ring

ﬁ = S[.’[N; ON, 5N]p;
and the H-action on R/QR extends to a rational Poisson action on R. The ideal

P/QR induces an H-Poisson-prime ideal P of R and there is an ‘H-equivariant
Poisson isomorphism Fract R/P = Fract R/ P, so it suffices to prove that

(11.24) Z,(Fract R/P)* = K.

There are two situations to consider, depending on whether R has any proper
nonzero H-stable Poisson ideals. Assume first that it does not; in particular, P=0.

Consider a nonzero element u € Z,(Fract R)", set I := {r e Rlrue E}, and
observe that I is a nonzero H-stable Poisson ideal of R. Our current assumption
implies I = IAE, whence u € R. Similarly, u=! € ]TZ, forcing u € S. Thus, u €
Z,(Fract $)" = K.

Now assume that R does have proper nonzero H-stable Poisson ideals. As
in the proof of [25, Proposition 1.2], dn is an inner Poisson opy-derivation of S,
implemented by a homogeneous element d € S with xg4 = Xz, and the only H-
Poisson-prime ideals of R are 0 and zR where z := xny — d. Moreover, R =
Slz;0n]p. There is an H-equivariant Poisson 1somorphism }A%/zfi = S, and so
Zp(Fract R/zR)H = K. This establishes (11.24) when P=zR.

The case P = 0 remains. Consider a nonzero element u € Z, (Fract R)H. As
above, I := {r € R | ru € R} is a nonzero H-stable Poisson ideal of R. If T #* R
any prime ideal minimal over I is an H-Poisson-prime ideal (Lemma 4.3) and so
must equal zﬁ7 in which case VI = zR. Whether or not I = }A{, it follows that
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2" € I for some n > 0. Hence, u = vz~"™ for some homogeneous element v € R.
Note that {z,u} = 0 implies {z,v} = 0. Write v = vy + v1z + - - - + v;2" for some
v; € S. Now
0=1{zv}={z,vo}+{z,v1}z+ -+ {z,v:}2"
=on(v)z +on(v1)2® 4+ +on(v) 2"
whence hy - v; = on(v;) = 0 for i € [0,¢]. Then, since v = uz"™ and hy - u = 0 by
(2.9), we get
ANV = hy -0 = ANU1Z + - - - + EAyv 2t
Since Ay # 0, it follows that v; = 0 for all ¢ # n, and so u = v, € S. Therefore
u € Zy(Fract S)* =K, yielding (11.24) in the case P = 0. O

The next lemma proves uniqueness of integral vectors satisfying bilinear iden-
tities of the form (11.9)—(11.10).
For 7 € 2, applying (7.20) to the P-CGL extension (11.2) yields

{Y:(f).Y=(9)} = Qq, (£, 9)Y-(f)Y+(9), Vf,9 € L7,

and consequently

(11.25) {)A}T(f)ai}T(g)} = Qrf(fv g)f@(f)f@(g), Vg€ zN.

LEMMA 11.10. Assume that R is a symmetric P-CGL extension of length N.
For any 7 € 2N, 0 € X(H), and &1,...,En € K, there exists at most one vector
be ZN such that x5 ) = 0 and Q. (b,ej) =& for all j € [1,N].

PROOF. Let by,by € ZN be such that X?T(bl) = X?-,—(b2) =60 and er (bl;ej) =
Qy, (b2, ¢j) =& for all j € [1, N]. Taking account of (11.25), we find that

{Y2(b1 = b2), Y- (e5)} = 0, Vi € [1,N],
This implies that 177 (b1 — b2) belongs to the Poisson center of Fract R, because by

Theorem 10.5(a), Y, (e1),..., Y, (en) generate the field Fract R over K. Further-
more,

XT. (b —by) = s
so that Y; (b — by) is fixed by H. By Theorem 11.9, Y, (b; — by) € K. This is only
possible if by = by, because Y;(e1),...,Y;(en) are algebraically independent over
K. |

11.4. An overview of the proof of Theorem 11.1

In this section we give a summary of the strategy of our proof of Theorem 11.1.

In §11.1 we constructed N-tuples ¥, € Fract(R)" associated to the elements
of the set Ey. In order to extend them to seeds of Fract(R), one needs to construct
a compatible matrix ET € Mpxex(Z) for each of them. This will be first done
for the subset I'y of Zx in an iterative fashion with respect to the linear ordering
(8.7). If 7 and 7’ are two consecutive elements of I'y in that linear ordering, then
7' = 7(k,k + 1) for some k € [1, N — 1] such that 7(k) < 7(k+ 1). If n(v(k)) #
n(7(k+1)) then y,» = y, by Proposition 11.8(a) and nothing happens at that step.
If n(7(k)) = n(r(k + 1)), then we use Proposition 11.8(b) to construct b¥s and b*s
where ko := (747)(k). Up to + sign these vectors are equal to ey, ) + €s(ky) — 95
where g € ZY, is the vector from Proposition 11.8(b). Then we use “reverse”
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mutation to construct b% for o € I'y, 0 < 7 in the linear order (8.7). Effectively
this amounts to starting with a cluster algebra in which all variables are frozen and
then recursively adding more exchangeable variables.

There are two things that can go wrong with this. Firstly, the reverse mutations
from different stages might not be synchronized. Secondly, there are many pairs of
consecutive elements 7, 7’ for which k, is the same. So we need to prove that b’;' is
not overdetermined. We use strong rationality of P-CGL extensions to handle both
via Lemma 11.10. This part of the proof (of parts (a) and (b) of Theorem 11.1) is
carried out in §11.5.

Once Biq is (fully) constructed then the B, are constructed inductively by
applying Proposition 11.8 and using the sequences of elements of =y from Corollary
8.6(a). At each step Lemma 11.10 is applied to match columns of mutation matrices.
This proves parts (a) and (b) of Theorem 11.1. Part (c¢) of the theorem is obtained
in a somewhat similar manner from Proposition 11.8. This is done in §11.6. Once
parts (a)—(c) have been proved, we will obtain the algebra equalities in parts (d) and
(f) of Theorem 11.1 from Theorem 10.5 and the Poisson-compatibility statements
in parts (e) and (f) from Theorem 3.17 and Proposition 3.16. This is done in §11.7.

11.5. Recursive construction of seeds for 7 € I'y

Recall the linear ordering (8.7) on I'y C Zx. We start by constructing a chain
of subsets ex, C ex indexed by the elements of I'y such that

exig =9, eXy,, =ex and ex, Cex,, Vo,7€l'ny, 0 <T.

This is constructed inductively by starting with exjq = @. If 7 < 7' are two
consecutive elements in the linear ordering, then for some 1 <7 < j7 < N,

!/
T=T;-1and 7" =1 ;

(recall (8.6) and the equalities in (8.7)). Assuming that ex, has been constructed,
we define

o = 4 e UAp()} i p(i) = o0, (i) = n(j)
" ex,, otherwise.

It is clear that this process ends with ex,, = ex.

The following lemma provides an inductive procedure for establishing parts (a)
and (b) of Theorem 11.1 for 7 € I'y. In the proof, we allow seeds whose exchange
matrices are empty.

LEMMA 11.11. Assume that R is a symmetric P-CGL extension of length N
satisfying (11.5). Assume also that the generators of R are rescaled so that the
condition (9.5) is satisfied.

Let T € I'y. For all o € 'y with o =< 7, there exists a unique matrix EU,T m
My xex, (Z) whose columns bl, . € ZN satisfy
(11.26)

X?ﬂ(bl&’f) =0, Qrg(bir,'mej) =0, Vje[l,N], j#1l and Q, (bfr,‘rvel) =X\

for all l € ex,. The matriz EU,T has full rank, and its principal part is skew-

symmetrizable via the integers d,y, k € ex;. Moreover, (vo, B, ;) is a compatible
pair, for all o < 7.
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PrOOF. The uniqueness statement follows at once from Lemma 11.10. If a
matrix B, . with the properties (11.26) exists, then, in view of (3.9), (r,, B, ) is
a compatible pair. The scalars 8" := (BZ  r,)y satisfy

N N
77 =Y (Bo)i(ro)it = Y (Bor)itu, (eire1) = D, (b 1) = A, VI € ex.

i=1 i=1

Consequently, the principal part of é(m is skew-symmetrizable via the integers
dy(ky by Lemma 3.11 and the condition (11.5). Moreover, Proposition 3.10 implies

that B, . has full rank. Thus, (¥, EU,T) is a seed in F.

What remains to be proved is the existence statement in the lemma. It trivially
holds for 7 = id since exjq = @.

Let 7 < 7’ be two consecutive elements of I'y in the linear ordering (8.7).
Assuming that the existence statement in the lemma holds for 7, we will show that
it holds for 7/. The lemma will then follow by induction.

As noted above, for some 1 < i< j < N wehave 7 =7, ,_1 and 7’/ = 7;,;. In
particular, 7/ = (ij)r =7(j —d,j—i+ 1D and 7(j —i) =i < j=7(—i+ 1), so
Proposition 11.8 is applicable to the pair (7,7'), with k := j —i. Note that 7(k) =i
and 7(k+ 1) = 7.

If n(é) # n(j), then ex,, = ex,, and }7}/ = }7} and r,» = r,; by Proposition
11.8(a). So, Q,_, = Q. These identities imply that the following matrices have
the properties (11.26) for the element 7/ € T'y: Ba,r/ = Egﬁ for 0 < 7 and
BT’,T’ = BT,T‘

Next, we consider the case 7(i) = 7(j). This implies that j = s (i) for some
m € Zso. This fact and the definition of 7, give that the element 747(j — i) equals
the m-th element of 7*(n(i)) when the elements in the preimage are ordered from
least to greatest. Therefore this element is explicitly given by

(11.27) Te7(j — i) = sm1pO-(D(4).
Now set
ke := TeT(j — 1)
as in Proposition 11.8(b). There are two subcases: (1) p(i) # —oo and (2) p(i) =
—00

Subcase (1). In this situation ex,, = ex,, so we do not need to generate an
“extra column” for each matrix. Set B, , := B, for 0 € 'y, 0 < 7. Eq. (11.26)
for the pairs (o,7') with o < 7 follows from the equality ex, = ex..

Next we deal with the pair (o,7") = (7, 7). Applying the inductive assumption
(11.26) for B, , and Proposition 11.8(b) shows that the vector g € ZIZVO has the
properties

XY, (bke,) = 0= XY, (ep(he)tesihe) —9)
and
Qp, (b’ﬁ}, er) = Qe (ep(ry) + €she) — 9> €t), ¥t € [1,N].
Lemma 11.10 implies that e,,) + es,) — 9 = bﬁ:T. It follows from this and Eq.
(11.8) that
Yy (e;) = Yr(e; , Vj # ke,
. Tole) =Ty Gt b k
YT' (eko) = YT(_eko + [b‘r,.T]"r) + YT(_eko - [bT:T]_)7
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whence y‘r’ :N,ufk. (y‘r) _ _ _

We set By . = ug,(Brr), so that (y.,Br ) = pg,(¥-, Br+). Since the
columns of §T7T satisfy (11.26) and the entries ?T(ej) of y, are H-eigenvectors,
Lemma 3.8 implies that the columns of ET/J/ have the property Xv,w, )= 0 for

alll € ex, = ex,.
According to (11.25),

(1129) {?T(el)7i}7'(ej)} = QI‘T (617 6]')}77—(6[))77—(6]‘), Vi, j € [17 NL
(130)  (Forler), Po(e3)} = O, (60, e) T (e0) Vo), Vo € [1, V],

On the other hand, since the Y;(e;) and Y, (e;) are the entries of y, and y,» =
bk, (¥-), it follows from (11.29) and Proposition 3.16 that

(1131) {?T/(el),?T/(ej)} = Q#k.(rr)(el, ej)f/T/ (el)f@(ej), Vl,j S [1, N]
Comparing (11.30) and (11.31), we see that Q, , = Q,, (r,), and therefore
(1132) rr = Ui, (I‘T).

Now Proposition 3.14(b) implies that ETT,)T,I'T/ = EZTrT. Consequently,
Qr, (! ej) = e?gf,ﬁ/r,./ej = e?EITrTej = Q. (b e) =6

7./7,,./ 5 T,T?

for all [ € ex, and j € [1,N]. Thus, the columns of ET/’T/ satisfy the condi-
tions (11.26), which completes the proof of the inductive step of the lemma in this
subcase.

Subcase (2). In this case, ke = s™71(i) = p(j) and ex,» = ex, L {k,}. Define
the matrix gm./ by

T L i1 # ke
- epke) T Cs(ke) — 9 1f 1 = ks,

where g € Z¥, is the vector from Proposition 11.8(b). Applying the assumption
(11.26) for gm. and Proposition 11.8(b), we obtain that the matrix Em,/ has the
properties (11.26). We set ET/)T/ = g, (§T7T/).

As in subcase (1), using Lemma 3.8 and Propositions 3.14(b) and 3.16, one
derives that ET/J/ satisfies the properties (11.26).

We are left with constructing Egﬂ,/ € Myxex,,(Z) for 0 € 'y, 0 < 7. We
do this by a downward induction on the linear ordering (8.7) in a fashion that is
similar to the proof of the lemma in the subcase (1). Assume that o < ¢’ is a pair
of consecutive elements of I'y such that ¢’ < 7. As in the beginning of the section,
we have that for some 1 <i¥ < j¥V < N,

o=y v_1and o’ =T jv,
S0
=i =71 -V, Y —iV +1).
Assume that there exists a matrix Eg/,T/ € Mpxex,, (Z) that satisfies (11.26). We
define the matrix E(,’T/ € Mnxex,, (Z) by

= {Ew if n(i) # ;")
Mk:/ (BU,T’)v if ﬂ(lv) = 77(.7 ),

<
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where
ky = oea(5¥ —iY).
Analogously to the proof of the lemma in the subcase (1), using Propositions 11.8

and 3.14(b) and Lemmas 11.10 and 3.8, one proves that the matrix B, .+ has the
properties (11.26). This completes the proof of the lemma. |

REMARK 11.12. It follows from Lemma 11.10 that the matrices EU’T in Lemma
11.11 have the following restriction property:
For all triples 0 < 7 < 7" of elements of Ty,

b, =b, ., VlEex,.

o,
In other words, EJ,T 1s obtained from EJ,T/ by removing all columns indexed by the
set ex,\eX,.

This justifies that Lemma 11.11 gradually enlarges a matrix f?g’,, € Mnxex, (Z)
to a matrix Ea,wo € Mnxex(Z), for all 0 € T'y. In the case of o = id, we start
with an empty matrix (ex;q = &) and obtain a matrix f?id,wo € Mpyyxex(Z) which
will be the needed mutation matrix for the initial cluster variables y.

PrROOF OF THEOREM 11.1(a)(b) FOR 7 € I'y. Change 7 to o in these state-
ments. These parts of the theorem for the elements of I'y follow from Lemma
11.11 applied to (o, 7) = (0, w,). For all ¢ € I'y we set B, := By, and use that

eX,, = eX. |

11.6. Proofs of parts (a), (b) and (c) of Theorem 11.1

Next we establish Theorem 11.1(a)(b) in full generality. This will be done by
using the result of §11.5 for 7 = id and iteratively applying the following proposition.

ProOPOSITION 11.13. Let R be a symmetric Poisson-CGL extension of length
N satisfying (11.5). Assume also that the generators of R are rescaled so that the
condition (9.5) is satisfied. Let 7,7" € Zn be such that

= (r(k),7(k+ 1) =7(kk+1)
for some k € [1,N — 1] with 7/(k) < 7'(k + 1) and n(7(k)) = n(r(k + 1)). Set
ke := To7 (k).
Assume that there exists an N x ex matrix B, with integral entries whose
columns bL. € ZN | | € ex satisfy

(11.33) Xg. ) =0, Qe (bp,e;) =0, Vi€ [LN], j#1 and Qo (0 e) = Af
for all | € ex. Then its principal part is skew-symmetrizable and the columns
v, € ZVN, j € ex of the matriz uy, (B;) satisfy
(11.34)

Xv, ) =0 Qe (Ur,e5) =0, Vi€ [LN], j#I and (0 e) =Af

for alll € ex. Furthermore,

(11.35) r = g, (rr)
and
(11.36) bre = —bﬁ,' = €p(ky) T Cs(ks) — 9>

where g € Zgo is the vector from Proposition 11.8.
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REMARK 11.14. The statements of Lemma 11.11 and Proposition 11.13 have
many similarities and their proofs use similar ideas. However, we note that there
is a principal difference between the two results. In the former case we have no
mutation matrices to start with and we use Proposition 11.8(b) to gradually add
columns. In the latter case we already have a mutation matrix for one seed and
construct a mutation matrix for another seed.

PROOF OF PROPOSITION 11.13. The fact that the principal part of B, is skew-
symmetrizable follows from Lemma 3.11 and the condition (11.5), since (r,, B;) is a
compatible pair by (11.33). The assumptions on B, and Proposition 11.8(b) imply

XY, (05%) T XV (ep(rar+es(re) —9)
and
Qr, (V*,€5) = Do, (ep(ha) + €sira) — 95€5), Vi € [1,N].

By Lemma 11.10, bke = €p(ke) T €s(ke) — g- The mutation formula for py, (ET)
also gives that blj,‘ = —bF* so we obtain (11.36). Analogously to the proof of
(11.32), one establishes (11.35). Finally, all identities in (11.34) follow from the
general mutation facts in Proposition 3.14(b) and Lemma 3.8. O

PROOF OF THEOREM 11.1(a)(b) FOR ALL 7 € E. Similarly to the proof of
Lemma 11.11, the uniqueness statement in part (a) follows from Lemma 11.10.
We will prove the existence statement in part (a) by an inductive argument on 7.
Once the existence of the matrix ET with the stated properties is established, the
fact that the principal part of B, is skew-symmetrizable follows from Lemma 3.11
and the condition (11.5), and the compatibility of the pair (r,, B,) follows from
(11.6) and (3.9). Hence, (¥,, B,) is a sced and this yields part (b) of the theorem
for the given 7 € Zy.

For the existence statement in part (a) we fix 7 € Ey. By Corollary 8.6(a),
there exists a sequence 79 = id, 71,...,7, = 7 in =5 with the property that for all
l€[1,n],

= (n-1(k), (ki + 1)1 = 11 (ky, by + 1)
for some k; € [1, N — 1] such that 7,_1(k;) < 7i—1(k; +1). In §11.5 we established
the validity of Theorem 11.1(a) for the identity element of Sy. By induction on
[ we prove the validity of Theorem 11.1(a) for 7. If n(m—1(k;)) # n(7i(k)), then
Proposition 11.8(a) implies that Y;, = Y;,_, and we can choose B,, = B, ,. If
n(7i—1(k;)) = n(71(k;)), then Proposition 11.13 proves that the validity of Theorem
11.1(a) for 7;_; implies the validity of Theorem 11.1(a) for 7;. In this case B, :=
M(kl)o(gﬂ—l)7 where (k1)e = (7k,)eTr, (ki). This completes the proof of Theorem
11.1(a)(b). O

PrOOF OF THEOREM 11.1(c). The one-step mutation statement in part (c) of
Theorem 11.1 and Corollary 8.6(a) imply that all seeds associated to the elements
of Zx are mutation-equivalent to each other.

In the rest we prove the one-step mutation statement in part (c) of the theorem.
If n(7(k)) # n(r(k + 1)), then the statement follows from Proposition 11.8(a).

Now let n(7(k)) = n(7(k+1)). We have that either 7(k) < 7(k+1) or 7/(k) =
T(k+1) <7'(k+1) = 7(k). In the first case we apply Proposition 11.13 to the pair
(r,7") and in the second case to the pair (7/,7). The one-step mutation statement
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in Theorem 11.1(c) follows from this, the uniqueness statement in part (a) of the
theorem, and the involutivity of mutations of seeds. O

11.7. Completion of the proof of Theorem 11.1

Recall the setting of §10.3. For all 7 € =, define the multiplicative subsets
B i={aV;() [0 €K", f€ Y Znoes | C R.
jEex

In view of Lemma 10.4(a) and the definition of Y;, we sce that E, is generated (as
a multiplicative set) by

K* U {y‘r,k ‘ ke [LN]v S-,—(k) 7& +OO}7
matching the definition used in §10.3.

Proor OF THEOREM 11.1(d)—(f). By Theorem 11.1(c), for all 7 € ZEx the
seeds (¥, ET) are mutation-equivalent to each other. For each j € [1, N], we have
755 € 'y with 7;;(1) = 7, and so Yr, ;1 = YUj) = ¢j by Theorem 8.3. Thus,
each generator x; of R is a cluster or frozen variable for a seed associated to some
7 € I'y. Hence,

(11.37) RC A(y,B)k.
The Laurent phenomenon (Theorem 3.7) implies that
(11.38) A(¥,B)x CU(y, B,2)x.
For all 7 € Zy, we have U(y,é, D)k U(yT,BT,G)K in view of part (C)
of the theorem and Theorem 3.5. Moreover, U(y,, By, @)k C T A+, Br, ?)x

R[E; '] because y,; € R for all i € [1, N] and Yr(rer)-1 (k) € By for all k € ex.
Consequently,

(11.39) Uy,B,2)x € (| RIE
Tel'n
Combining the inclusions (11.37), (11.38), (11.39) and Theorem 10.5(d) leads to
RC Ay, B)x CUF.B,2)x C ()| RIE
Tel'N

which establishes all equalities in Theorem 11.1(d).
For part (f) we obtain inclusions

Rly, ' | k € inv] C A(y, B, inv)g
CU(Y,B,inv)x € () Rly,' | k€ inv][E; ]

Tl N

(11.40)

in the same way as above. Theorem 10.5(e) and (11.40) imply the validity of the
first statement in part (f) of the theorem.
It remains to verify the Poisson-compatibility statements in parts (e) and (f).
By part (b) of the theorem, (r,, ET) is a compatible pair, for each 7 € Zx. In
particular, (q,é) = (rid,éid) is a compatible pair. Eq. (5.23) in Proposition 5.8
says that

(11.41) {vi,y;} = Qqler, ej)uy;, Vi, j € [1,N].
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Consequently, Theorem 3.17 implies that the cluster algebras A(S/,E,inv)K are
Poisson-compatible.

Given any 7 € En, we again appeal to Corollary 8.6(a) to obtain a sequence
70 = id, 71,...,7n = 7 in Ex with the property that for all i € [1,n],

7 = (Tic1 (ki) ica (ki + 1)) 721 = Tiz1 (ki ks + 1)

for some k; € [1, N — 1] such that 7,_1(k;) < 7;_1(k; + 1). We prove by induction
on i € [1,n] that
(11.42) (Ve (1) Yo (e)} = e, (er¢)¥r (e1) Vr, (e5), WL, j € [1N].
The case ¢ = 0 is just (11.41). Now let ¢ > 0. If n(m_1(k;)) # n(7i(k;)), then
r;, =r, , and Y;, =Y, | by Proposition 11.8(a), and so the case i of (11.42) is
immediate from the case i — 1. If n(7;_1(k;)) = n(7i(ks)), then v, = p,y, (rr,_,)
by Proposition 11.13 and }7” = u(ki).(f@FI) by statement (c) of Theorem 11.1.

In this case, Proposition 3.16 shows that the case ¢ — 1 of (11.42) implies the case
i. O

The chain of embeddings (11.40) and Theorem 10.5(e) also imply the following
description of the upper cluster algebra in Theorem 11.1 as a finite intersection of
mixed polynomial-Laurent polynomial algebras.

COROLLARY 11.15. In the setting of Theorem 11.1,
U(y,B,inv)g = (| TAX,, B,,inv)
TEA
for every subset A of I'y which is an interval with respect to the linear ordering
(8.7) and has the property that for each k € ex there exist two consecutive elements
T="Tj-1 =T =T, of A such that n(i) = n(j) and k = 1e7(j — 1), recall §11.5.
In particular, this property holds for A =T'n.
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