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1. Introduction

We present lattice QCD results for ŕavor diagonal nucleon charges 𝑔
𝑢,𝑑,𝑠

𝐴,𝑆,𝑇
extracted from the

matrix elements, within ground state nucleons, of axial, scalar, and tensor quark bilinear operators,

𝑞Γ𝑞with the Dirac matrix Γ = 𝛾𝜇𝛾5, 𝐼, 𝜎𝜇𝜈 , respectively. The calculations were done using Wilson-

clover fermions on eight ensembles generated using 2+1+1-ŕavors of highly improved staggered

quarks (HISQ) by the MILC collaboration [1]. The motivation for these calculations and much of

the methodology used has already been published for 𝑔
𝑞

𝐴
in Ref. [2], 𝑔

𝑞

𝑇
in [3] and the the pion-

nucleon sigma term, 𝜎𝜋𝑁 = 𝑚𝑢,𝑑 × 𝑔
𝑢+𝑑
𝑆

, in [4]. A review of these quantities calculated until 2021

by various lattice collaborations has been presented in the latest FLAG report 2021 [5]. Here, we

focus on the progress since Lattice 2022 [6], in particular the full nonperturbative determination of

renormalization factors including ŕavor mixing used to get 𝑔
𝑢,𝑑,𝑠

𝐴,𝑆,𝑇
in the MS scheme at scale 2 GeV.

2. Nonperturbative renormalization

We calculate the renormalization constants for the ŕavor diagonal bilinear operators O 𝑓
=

𝜓̄ 𝑓
Γ𝜓 𝑓 with Dirac matrix Γ and the ŕavor index 𝑓 = {𝑢, 𝑑, 𝑠} in the 𝑁 𝑓 = 3 theory. The general

relation between renormalized, O𝑅, and bare, O, operators including mixing between ŕavors is given

by O
𝑓

𝑅
=
∑

𝑓 ′ 𝑍
𝑓 𝑓 ′

Γ
O 𝑓 ′ . We determine 𝑍

𝑓 𝑓 ′

Γ
nonperturbatively on the lattice using the regularization

independent (RI) renormalization scheme [7] in which the renormalized vertex function is set to its

tree-level value. The calculation is done with the gauge őelds őxed to the landau gauge.

2.1 Flavor mixing in the RI scheme

We start with the amputated vertex function Γ
𝑓 𝑓 ′ (𝑝1, 𝑝2) deőned as,

Γ
𝑓 𝑓 ′ (𝑝1, 𝑝2) = ⟨𝑆 𝑓 (𝑝1)⟩

−1⟨𝜓 𝑓 (𝑝1)O
𝑓 ′𝜓 𝑓 (𝑝2)⟩⟨𝑆

𝑓 (𝑝2)⟩
−1 (1)

where 𝜓 𝑓 and 𝑆 𝑓 are the quark őeld and the propagator with ŕavor- 𝑓 , and each ⟨· · · ⟩ is color

traced. The three-point function ⟨𝜓 𝑓 (𝑝1)O
𝑓 ′𝜓 𝑓 (𝑝2)⟩ has both connected and disconnected dia-

grams shown in Fig. 1. With the wave function renormalization 𝑍
𝑓

𝜓
deőned by (𝑍

𝑓

𝜓
)1/2𝜓 𝑓

= 𝜓
𝑓

𝑅
,

the renormalized amputated vertex function is

Γ
𝑓 𝑓 ′

𝑅
(𝑝1, 𝑝2) =

𝑍
𝑓 ′ 𝑓 ′′

Γ

𝑍
𝑓

𝜓

Γ
𝑓 𝑓 ′′ (𝑝1, 𝑝2) , (2)

which deőnes the renormalization (including mixing) matrix 𝑍Γ. Next we do a spin trace using

a projection operator P chosen appropriately depending on the Dirac structure and momentum

of 𝑂 to give the projected amputated vertex function Λ
𝑓 𝑓 ′ ≡ Tr

[
P Γ

𝑓 𝑓 ′
]
, and the RI condition

Λ
𝑓 𝑓 ′

𝑅
≡ Tr

[
P Γ

𝑓 𝑓 ′

𝑅

]
= 𝛿 𝑓 𝑓 ′ őxes it to its tree-level value. Lastly we absorb 𝑍𝜓 by deőning

Λ̃
𝑓 𝑓 ′′ ≡ (𝑍

𝑓

𝜓
)−1

Λ
𝑓 𝑓 ′′ and get a simple form for the 𝑁 𝑓 × 𝑁 𝑓 ŕavor renormalization matrix,

𝑍
𝑓 𝑓 ′

Γ
=

[
(Λ̃𝑇 )−1

] 𝑓 𝑓 ′
. (3)

The determination of 𝑍
𝑓

𝜓
connecting Λ and Λ̃ is done using two methods discussed later.
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(a) The connected vertex Γconn (𝑚, 𝜇
2) (b) The disconnected vertex Γdisc (𝑚 𝑓 , 𝑚 𝑓 ′ , 𝜇

2)

Figure 1: The amputated vertex diagrams deőned in Eq. (1)

The amputated vertex function Γ
𝑓 𝑓 ′

= Γconn(𝑚
𝑓 , 𝜇2)𝛿 𝑓 𝑓 ′ − Γdisc(𝑚

𝑓 , 𝑚 𝑓 ′ , 𝜇2) gets contribu-

tions from both the connected and disconnected diagrams shown in Fig. 1. The (-) sign in Γdisc

is due to the anticommuting nature of the fermion őelds, i.e., it accounts for the quark loop. The

projected amputated vertex functions 𝑐 𝑓 and 𝑑 𝑓 𝑓 ′ , including the factor (𝑍
𝑓

𝜓
)−1, are given by

𝑐̃
𝑓

Γ
=

1

𝑍
𝑓

𝜓

Tr
[
PCΓconn(𝑚

𝑓 , 𝜇2)
]
=
𝑐
𝑓

Γ

𝑍
𝑓

𝜓

𝑑
𝑓 𝑓 ′

Γ
=

1

𝑍
𝑓

𝜓

Tr
[
PCΓdisc(𝑚 𝑓 , 𝑚 𝑓 ′ , 𝜇

2)
]
=
𝑑
𝑓 𝑓 ′

Γ

𝑍
𝑓

𝜓

. (4)

For the 𝑁 𝑓 = 2 + 1 isospin symmetric theory relevant to this work, the determination of 𝑍 𝑓 𝑓 ′

requires calculating the following 6 quantities,

𝑐𝑙
Γ
, 𝑐𝑠

Γ
, 𝑑𝑙𝑙

Γ
, 𝑑𝑙𝑠

Γ
, 𝑑𝑠𝑙

Γ
, and 𝑑𝑠𝑠

Γ
. (5)

Working in the ŕavor basis 𝑓 ∈ {𝑢 + 𝑑, 𝑢 − 𝑑, 𝑠}, 𝑍Γ becomes block diagonal:

𝑍Γ =

©­­
«
𝑍
𝑢−𝑑,𝑢−𝑑
Γ

0 0

0 𝑍
𝑢+𝑑,𝑢+𝑑
Γ

𝑍
𝑢+𝑑,𝑠
Γ

0 𝑍
𝑠,𝑢+𝑑
Γ

𝑍 𝑠𝑠
Γ

ª®®
¬
=

©­­
«
𝑐̃𝑙
Γ

0 0

0 𝑐̃𝑙
Γ
− 2𝑑𝑙𝑙

Γ
−2𝑑𝑠𝑙

Γ

0 −𝑑𝑙𝑠
Γ

𝑐̃𝑠
Γ
− 𝑑𝑠𝑠

Γ

ª®®¬

−1

. (6)

2.2 RI-sMOM scheme

Calculation of 𝑍Γ is done in the RI-sMOM scheme [8] in which the 4-momentum of the external

legs {𝑝1, 𝑝2} satisőes the symmetric momentum condition 𝑝2
1
= 𝑝2

2
= (𝑝1 − 𝑝2)

2
= 𝜇2 with 𝜇2

deőning the renormalization scale. We őnd that the matrix 𝑍RI-sMOM(𝜇) is close to diagonal with

𝑐𝑙
Γ
∼ 𝑂 (1) and 𝑑

𝑓 𝑓 ′

Γ
at most a few percent at 𝜇 ≳ 2 GeV. This is illustrated in Fig. 2 for the scalar

charge (largest mixing) for 3 disconnected projected amputated Green’s function 𝑑
𝑓 𝑓 ′

Γ
, including

𝑓 ′ = charm, calculated at various 𝜇. The value decreases as the quark mass in the loop is increased

from light to strange to charm, becoming subpercent for charm for 𝜇 ≳ 2 GeV. To get a signal

for such small mixing, we use the momentum source method and choose the momenta {𝑝1, 𝑝2} to

minimize 𝑂 (4)-symmetry breaking. An example is 𝑝1 = (1, 1, 1, 1) and 𝑝2 = (1, 1, 1,−1).

2.3 Matching and RG running

At each value of the scale 𝜇2
= 𝑝2

𝑖 = 𝑞
2, the renormalization factors (mixing matrix elements)

in RI-sMOM scheme are matched perturbatively [9] to MS scheme, 𝐶RI-sMOM→MS(𝜇) =
𝑍RI (𝜇)

𝑍MS (𝜇)
.
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Figure 2: Disconnected projected amputated Green’s function 𝑑
𝑓 𝑓 ′

Γ
with quark ŕavors 𝑓 and 𝑓 ′ for a scalar

bilinear operator 𝑂
𝑓 ′

𝑆
at 𝑀𝜋 = 220MeV ensemble. Here, 𝜇2

= 𝑝2
= 𝑝′2 = (𝑝 − 𝑝′)2 in the RI-sMOM

scheme.

One of the advantages of using RI-sMOM scheme for the scalar channel is the better convergence

in the perturbative series of the conversion factor compared to the RI-MOM scheme [8, 10].

Flavor nonsinglet axial current is conserved and therefore there is no matching from RI to MS

scheme nor RG running due to the Ward identity. On the other hand, conservation of the ŕavor

singlet current is broken by the chiral anomaly, and the renormalization constant becomes nontrivial

at the two-loop level. Here, we use the 3-loop anomalous dimension [11] for the RG running. On

the other hand, the matching to MS is 1 + O(𝛼2) [12, 13] and we drop the two-loop contribution

that is expected to be subpercent. For scalar and tensor operators, two-loop conversion to MS [9]

and three-loop running [10, 14] is used.

Remaining dependence on the RI-sMOM scale is removed by őts using the quadratic ansatz,

𝑍MS(2 GeV; 𝜇) = 𝑍MS(2 GeV) + 𝑐1𝜇
2 + 𝑐2𝜇

4. We do not have enough data points at small 𝜇2 where

non-perturbative effects can be large. So we make őts with a large lower value of 𝜇, and no longer

include a 1/𝜇2 term in the ansatz as was done in Refs. [15, 16].

2.4 Renormalization Strategies Z1 and Z2 based on 𝑍
𝑞

𝜓

The renormalization constants for the isovector bilinear operators in the RI scheme is given by

𝑍Γ |RI(𝑝) =
𝑍𝜓 (𝑝)

𝑐Γ (𝑝)
, where

√︁
𝑍𝜓 is the renormalization constant for the fermion őeld and 𝑐Γ is the

projected amputated connected 3-point function calculated in Landau gauge and deőned in Eq. (4).

We calculate 𝑍𝜓 in two ways, which deőne the two renormalization strategies 𝑍1 and 𝑍2:

• Z1: 𝑍𝜓 is calculated from the projected bare quark propagator, 𝑍𝜓 (𝑝) =
𝑖

12𝑝2 Tr[𝑆−1
𝐵
(𝑝) ̸ 𝑝]

• Z2: We use 𝑍VWI
𝜓

(𝑝) = 𝑐𝑉 (𝑝)/𝑔𝑉 , where 𝑐𝑉 is the projected amputated connected 3-point

function with insertion of the local vector operator within the quark state while the isovector

vector charge 𝑔𝑉 is from insertion of the vector current within the nucleon state. Using the

vector Ward identity (VWI) 𝑍𝑉𝑔𝑉 = 1 implies 𝑍Γ |Z2
= 𝑐𝑉/𝑐Γ.

These two strategies were used in Ref. [15, 16] for isovector bilinear operators of light quarks,

i.e., 𝑔Γ𝑍Γ and 𝑍Γ/𝑍𝑉 × 𝑔Γ/𝑔𝑉 . Later, they were called Z1 and Z2 in Ref. [17]. In Ref. [15, 16] we

showed that they have different behavior versus 𝑞 as the various discretization effects are different

in 𝑍𝜓 and 𝑍VWI
𝜓

obtained from 𝑆𝐵 (𝑝) and 𝑐𝑉 (𝑝)/𝑔𝑉 , respectively. Our data show

• For both the light and strange quarks, 𝑍𝑉 |Z1
× 𝑔𝑙,bare

𝑉
→ 1 as 𝑎 → 0, however the deviation at

a given 𝑎 increases for 𝑚𝑙 → 𝑚𝑠 (a signiőcant mass effect due to discretization) as shown in

4
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Figure 4: 𝑍Γ in MS at 2 GeV and quadratic extrapolation in 𝜇2, calculated on a06m310 ensemble. The

results from two different strategies, 𝑍1 (blue) and 𝑍2 (red) are being compared. Each column represents

axial, scalar, tensor and vector operator, respectively. Each row represents one of the 5 nonzero matrix

elements of 𝑍 in {𝑢 − 𝑑, 𝑢 + 𝑑, 𝑠} in Eq. (6).

holds for all charges 𝑔
𝑢,𝑑,𝑠

𝐴,𝑆,𝑇
. Similarly, results from the two excited state őt methods, ‘standard’ and

𝑁𝜋 are consistent for 𝑔
𝑢,𝑑,𝑠

𝐴,𝑇
, however, there is a signiőcant difference between the ‘standard’ and

𝑁𝜋 results for the scalar charges 𝑔
𝑢,𝑑,𝑠

𝑆
. Note that the ESC őts to the current data do not distinguish

between the two on the basis of 𝜒2/𝑑𝑜 𝑓 but give different estimates. The large enhancement in

𝑔
𝑢,𝑑

𝑆
due to 𝑁𝜋 state contribution is discussed in Ref. [4]. For the strange charges 𝑔𝑠

Γ
, we do not

expect a large contribution from multihadron states since the lowest state is Σ𝐾 , which has a large

mass gap (> 𝑁 (1440)), so we consider the ‘standard’ analysis more appropriate than ‘𝑁𝜋’.

4. Conclusions

We have now determined all the nucleon ŕavor diagonal charges, 𝑔
𝑢,𝑑,𝑠

𝐴,𝑆,𝑇
, removing previous

approximations in renormalization and ESC őts made in Ref. [2, 3], which are shown to be negligible.

Further details will be provided in a paper under preparation. A key issue with the ES analysis is

6
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Standard Method for removing ESC 𝑁𝜋 method

𝑞 𝑔
𝑞

𝐴
𝑔
𝑞

𝑇
𝑔
𝑞

𝑆
𝑔
𝑞

𝐴
𝑔
𝑞

𝑇
𝑔
𝑞

𝑆

u 0.794(29) 0.789(27) 6.48(66) 0.784(34) 0.788(37) 8.8(1.3)

d -0.385(26) -0.203(11) 6.09(73) -0.416(36) -0.188(17) 8.69(89)

s -0.051(11) -0.0016(11) 0.38(12) -0.066(12) -0.0016(11) 0.67(16)

u 0.784(30) 0.778(28) 6.45(68) 0.777(34) 0.780(37) 8.9(1.4)

d -0.381(26) -0.201(12) 6.09(75) -0.414(37) -0.185(17) 8.75(91)

s -0.053(11) -0.0015(12) 0.36(13) -0.069(13) -0.0015(12) 0.67(17)

Table 1: Preliminary results for ŕavor diagonal charges of proton (for neutron interchange 𝑢 ↔ 𝑑) with the

two strategies used to remove ESC, "standard" and 𝑁𝜋. The top three rows give the results obtained using

the 𝑍1 renormalization method, and the bottom three with the 𝑍2 renormalization method.
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Figure 5: Each column shows the CCFV extrapolation for 𝑔𝑢
𝐴

versus 𝑎, 𝑀2
𝜋 and 𝑀𝜋𝐿 with the other 2

variables set to their physical point values. The rows give the 4 different analyses done: (i) {standard, 𝑍1},

(ii) {standard,𝑍2}, (iii) {𝑁𝜋,𝑍1} and (iv) {𝑁𝜋,𝑍2}.

the need for a data driven method to distinguish between the ‘standard’ and ‘𝑁𝜋’ őts, particularly

for 𝑔
𝑢,𝑑

𝐴,𝑇
. To address this limitation, we are increasing the statistics on two physical 𝑀𝜋 ensembles.
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