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ABSTRACT

Graphene oxide (GO) has attracted attention in materials science and engineering due to its large aspect ratio and dispersibility in polar
solvent including water. It has recently been applied to direct-ink-writing (DIW) printing to realize the fabrication of three-dimensional
structures, suggesting a wide variety of potential applications. Without post-processing, DIW printing requires yield stress fluids to fully build
three-dimensional objects. The key properties of these inks are the yield stress and the viscoelastic properties during yielding. DIW ink rheol-
ogy has therefore received significant interest in materials science, as well as mechanical and chemical engineering. Despite this interest, the
yielding process has not been clearly elucidated and understanding yielding remains an outstanding problem. In this study, we discuss the
yielding behavior of GO colloids via oscillatory rheology by decomposing the total strain into the recoverable and unrecoverable parts
through iterative experimental techniques. The recoverable and unrecoverable responses represent viscoelastic solid and plastic properties,
respectively, and they are used to determine the averaged storage and dissipation of energies. By mapping these contributions, we more
clearly elucidate the yielding behavior of the GO colloids and suggest guidelines for energy efficiency. Beyond the specific lessons learned
regarding the DIW-relevant rheology of GO colloids, our study contributes to an evolving development of material-centric and energy-
focused methods for understanding the out-of-equilibrium rheological physics associated with the yielding of soft materials.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0156022

I. INTRODUCTION

Graphene oxide (GO) has been widely exploited in materials sci-
ence and engineering due to its ability to form large-area alignments
and a wide range of rheological properties,1–4 which are controlled
with lateral size,5,6 concentration,7,8 and adding polymer or salt.9–11

The excellent dispersibility and ease of controlling the rheological
properties allow GO to be prepared as a colloidal system, and GO col-
loids can be used in various processes involving shear force such as
bar/blade coating,12–14 spinning,15–18 and 3D printing.9,19–21 Among
these processes, direct-ink-writing (DIW) printing has recently
attracted attention to realize the fabrication of complex three-
dimensional (3D) structures from the GO colloids, suggesting poten-
tial applications in soft robotics, batteries, or sensors. In DIW printing
with yield stress fluids (YSFs), the key properties are the yield stress
and the post-yielding viscosity that lead to the rheological transitions
called yielding and unyielding. During yielding, the material behavior
changes from that of a viscoelastic solid to that of a fluid. Unyielding is
the reverse process. During the printing process, DIW inks experience

both yielding, as the ink is extruded, and unyielding as the stresses
drop below the yield stress once a filament has left the nozzle.22–24 The
yielding transition is typically thought of as being dependent on the
applied shear force and is a direct result of the inherent colloidal inter-
actions and allows the material to be extruded as a fluid,25,26 but to
then resolidify to support weight.27,28

Ink rheology has been highlighted in materials science, mechani-
cal, and chemical engineering.22–33 Many studies on nonlinear rheol-
ogy of soft materials in general and DIW printing with GO or
graphene-based inks, in particular, have established routine shearing
protocols. Flow curves, in which the steady-state stress or viscosity is
plotted against the shear rate, are commonly collected to determine
the yield stress, which is related to the ability to support the weight of
the 3D structure. Flow curves are also used to confirm that YSF inks
exhibit shear-thinning behavior, which is often said to be required
when the ink is extruded from the nozzle. A simple argument shows
this line of reasoning to be flawed, because any YSF will be shear thin-
ning simply by the presence of the yield stress. Take, for example, the
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case of the simple inelastic Bingham model, for which the flow stress is
the sum of a yield stress and a flow rule:

rBingham ¼ ry þ gB _c;

where ry is the yield stress, gB is the Bingham viscosity, and _c is the
shear rate. The viscosity is the ratio of the stress to the shear rate,
which for the Binghammodel is

gBingham ¼ rBingham
_c

¼ ry
_c
þ gB:

At low rates, the Bingham viscosity is dominated by the ry= _c
term, which enforces shear thinning with a slope of the viscosity vs
shear rate curve of�1. The presence of the yield stress therefore enfor-
ces shear thinning.

Another protocol in common use to distinguish viscoelastic
properties is oscillatory shear testing. Oscillatory rheology is most
commonly characterized by the storage (G0) and loss (G00) moduli.
The storage modulus in the linear regime, G0

LVR, is typically frequency
independent in YSF and is believed to represent the ability to retain
the shape of the extruded ink and its architecture. The value of G0

LVR

is often compared across various ink systems.9

Despite ink rheology being emphasized and shear protocols being
established, there is still a lack of clear understanding regarding how
inks yield. Effective guidelines for process conditions are therefore also
missing, and trial-and-error is still used to find shear conditions when
printing with new materials or different compositions. Additionally,
an incomplete understanding of yielding and unyielding leads to criti-
cal issues, such as unexpected manufacturing of low-quality products
and waste of materials and energy. Avoiding these problems requires a
fundamental understanding of rheological transitions.

To understand yielding behavior, oscillatory shear testing ranging
from small to large amplitudes allows us to interpret the rheological
properties at a given flow strength and timescale.34–36 The amplitude
sweep results are usually interpreted by comparing the magnitude of
G0 and G00, which are traditionally interpreted as the elastic and vis-
cous properties, respectively. For example, YSFs typically show a larger
G0 than G00 at small amplitudes, while G00 becomes larger than G0 as
the amplitude increases. The point where G0 and G00 intersect has been
referred to as the flow point and is one of many definitions in use to
describe yielding conditions.21,37–40 Oscillatory shear testing is also
often used as a tool to relate the stiffness or yield point of the materials
by comparing G0

LVR and the flow point, but these measures still lack
clear understanding regarding their physical meanings. It can be said
that our inability to clearly define accurate yielding measures reflects
our incomplete understanding of how materials yield.

A recently introduced experimental technique, recovery rheology,
was used to show that G00 is a composite parameter, consisting of com-
ponents relating to the dissipation of energy from recoverable and
unrecoverable processes.41–44 This indicates that the common inter-
pretation of G0 and G00 as elastic and viscous properties, respectively, is
an oversimplification, and that the yielding behavior of materials is
more nuanced and must be understood in terms of the measurable
energetic terms.

The key concept of recovery rheology is the experimental decom-
position of strain into recoverable and unrecoverable strains. The idea
of recoverable and unrecoverable strains originated with the studies of
Weissenberg45 and Reiner.46 The two components can be determined

during any protocol by adding a zero-stress step immediately after the
deformation of the material. The recoverable strain (crec) is the amount
of strain that recovers when the stress is removed, while the unrecover-
able strain (cun) is the amount that remains without fully returning to
its initial state. The recoverable and unrecoverable components can be
interpreted as the contributions from the viscoelastic solid and plastic
properties, respectively.

Within the recovery rheology framework, the dynamic moduli
are clearly interpreted only in terms of energetic contributions and can
be used to describe the large amplitude oscillatory shear (LAOS)
behavior of the material by decomposing G00 into two parameters
obtained from recoverable (viscoelastic solid) and unrecoverable (plas-
tic) components. Donley et al. elucidated in 2020 that the G00 over-
shoot, a typical behavior of YSFs, is due to a continuous transition
from recoverable to unrecoverable acquisition of strain from small to
large amplitudes.42 From the decomposition of recoverable and unre-
coverable components, the Kamani–Donley–Rogers (KDR) model
was proposed in 2021.43 The KDR model can accurately predict the
rheology of simple yield stress fluids, demonstrating that yielding is a
continuous behavior. In the following year, Griebler et al. studied non-
linear rheology of yield stress foods using both recovery rheology
experimental techniques and also the KDRmodel.44

In this study, we elucidate how the GO colloids yield during oscil-
latory shear testing via experimental strain decomposition and suggest
effective process guidelines for the extrusion during DIW printing. We
present the amplitude sweep results for GO colloids using recovery
rheology and provide a deep understanding of material deformations
from small amplitude oscillatory shear (SAOS) to LAOS. We also
compare the rheological transitions of two types of GO colloid, noting
that the yielding and LAOS behaviors are strongly dependent on the
microstructure and interaction of GO sheets. The details to prepare
two types of GO colloids, a suspension and a gel, are discussed in Sec.
IIA. Both GO colloids exhibit almost identical G0 and G00 in the LVR
but different G00 trends as shown in Sec. IIIA: GO suspension and gel
are classified as LAOS type I and type III,47 respectively. As shown in
Fig. 1, the difference between types I and III is the presence or absence
of overshoot in G00. In Sec. III B, their rheological transitions are exam-
ined through the decomposed moduli. In Sec. III C, we investigate the
contribution from the viscoelastic solid component from SAOS to
LAOS and suggest a method of describing the energy efficiency for the
process. Our method is general and can be applied to a wide range of

FIG. 1. Typical strain amplitude sweeps, with type designations from Hyun et al.
(a) Type I (strain thinning) and (b) type III (weak strain overshoot).
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materials. In Sec. IIID, we analyze the yielding of GO colloids by com-
paring the viscoelastic solid and plastic deformations and also propose
an energetic Deborah number to describe the material deformation.

II. MATERIAL AND EXPERIMENTAL METHODS
A. Graphene oxide colloids

Graphene oxide (GO) suspension was supplied from
STANDARD GRAPHENE. The concentration of the GO stock sus-
pension dispersed in de-ionized water is 1wt%. The GO has a lateral
dimension of 8lmwith an approximate thickness of 1 nm. To prepare
the high-concentration of GO suspension (4.7wt%), the desired
amount of water was removed using a centrifuge (15 000 rpm, 6 h).
The salt stock solution was prepared by pouring calcium dichloride
(CaCl2) at 5wt% into de-ionized water and mixing for 2min using a
vortex.

A sample diluted only with de-ionized water in the high-
concentration of GO stock suspension is referred to as the “GO sus-
pension.” In contrast, a sample prepared by adding the salt solution to
a GO stock suspension is referred to as the “GO gel.” The divalent cat-
ion (Ca2þ) in this study acts as a cross-linker to form hydrogel through
a coordination interaction with oxygenated functional groups of GO
sheet in the supplementary material (Fig. S1).9,48–50 All samples were
mixed with a Thinky mixer running at 2000 rpm for 30min. We per-
formed amplitude sweep tests of GO suspension and gel samples of
various compositions in the supplementary material (Fig. S2). Among
them, the representative samples exhibiting almost identical G0 and G00

were selected to demonstrate that yielding behavior cannot be
explained by the linear VE properties solely. The representative sam-
ples used in this study are the GO suspension at a concentration of
4.2wt% GO and the GO gel at a concentration of 0.86wt% GO and
0.12wt% salt.

B. Rheometry

Rheological measurements were performed on an MCR-302 rhe-
ometer from Anton Paar using a 2� cone-plate geometry with a
50mm diameter at 25C. In some cases, additional evaporation

protection was provided by humidifying the air in the evaporation
blocker via a water bubbler. The frequency sweep tests before and after
each main measurement were compared to confirm that there was no
critical issue in solvent evaporation. To distinguish between experi-
mental paradigms, we refer to “traditional rheology” as being charac-
terizations based on total strains and rates, while “recovery rheology”
characterizes behavior in terms of recoverable and unrecoverable
strains and rates. The traditional characterization in Fig. 3 was per-
formed using standard functions inside the RheoCompass software.

C. Iterative recovery tests for recovery rheology

The recovery rheology experiments were performed by using the
list function inside the steady strain measurement option in
RheoCompass. Each data point of oscillation is imported to the soft-
ware with a resolution of 512 points per period and frequencies of
1 rad/s. Each recovery test begins with four full periods of oscillation to
allow for the steady alternating state to be reached, followed by a par-
tial period of oscillation and then immediately by a zero-stress recov-
ery step lasting 42 s. The ultimate recoverable strain is obtained by
subtracting the strain value at the end of the recovery interval from the
total strain right before the application of zero stress. A graphical
description of this process is shown in Fig. 2. The partial period of
oscillation changes where the zero-stress step begins, depending on
where the period is being examined. The recovery points were located
at intervals of every 8 points out of a total of 512 points per period,
resulting in a resolution of 64 points per period.

Through iterative recovery tests, the total strain is decomposed
into the recoverable and unrecoverable strains, and their numerical
derivatives are the strain rates of each component. Strains and strain
rates are used to calculate moduli and viscosities. The decomposed
strain can be used to define more informative descriptions of the
dynamic moduli that reflect the storage of energy and the rate of
energy dissipation.42,51 The storage and loss moduli that are used tra-
ditionally can be calculated based on the total strain and strain rate as
follows:

FIG. 2. (a) Graphical description of recov-
ery tests. (b) The decomposed strain
through iterative recovery tests resulting in
a resolution of 64 points per period. (c)
Jeffreys model that supports recovery
rheology.
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G0ðxÞ ¼ 4 WsðxÞ½ �avg
c02

¼ 2 cðtÞrðtÞ½ �avg
c02

; (1)

G00ðxÞ ¼
2 _WdðxÞ
� �

avg

xc02
¼ 2 _cðtÞrðtÞ½ �avg

xc02
: (2)

Using recovery rheology, the dynamic moduli are also decom-
posed into recoverable and unrecoverable portions. The work of
Donley et al. defined three dynamic moduli, including two loss moduli,
using decomposed strains as follows:

G0
solidðxÞ ¼

4 Ws;solidðxÞ
� �

avg

c02
¼ 2 crecðtÞrðtÞ½ �avg

c02
; (3)

G0 0
solidðxÞ ¼

2 _Wd;solidðxÞ
� �

avg

xc02
¼ 2 _crecðtÞrðtÞ½ �avg

xc02
; (4)

G0 0
fluidðxÞ ¼

2 _Wd;fluidðxÞ
h i

avg

xc02
¼ 2 _cunrecðtÞrðtÞ½ �avg

xc02
: (5)

The subscripts “solid” and “fluid” relate to recoverable and unre-
coverable strains, respectively. These decomposed dynamic moduli
show that there is one storage modulus, and that it is associated with
the acquisition of recoverable strain G0

solid, while the loss modulus is a
composite parameter that can be recast as the sum of two terms that
are associated with the rates at which strain is acquired recoverably
and unrecoverably, G00

solid and G00
fluid.

Consideration of the Jeffreys model is helpful to understand
the concepts of recovery rheology. The Jeffreys model consists of a
spring and dashpot connected in parallel and a dashpot connected
separately in series, where the parallel/series parts represent the
recoverable/unrecoverable components, as shown in Fig. 2(c). In
the Jeffreys model, the spring is related to the recoverable storage of
energy, while the dashpots connected in parallel or series are related
to the recoverable or unrecoverable rates of energy dissipation,
which in turn lead to retardation and relaxation effects.52 Thus, the
recoverable component can represent the viscoelastic solid proper-
ties, while the unrecoverable component can represent the plastic
properties.

III. RESULTS AND DISCUSSION
A. Traditional rheological characterization

Traditional rheological characterizations include a measurement
of the steady-shear flow curve, frequency sweeps, and amplitude
sweeps to observe the dynamic moduli from SAOS to LAOS. We
show in Fig. 3(a) the flow curves of both the GO suspension and gel.
They are well described by the Herchel–Bulkley model with dynamic
yield stresses close to 80 and 40Pa, respectively. That the yield stress of
the suspension is higher than that of the gel means that the GO sus-
pension slumps less and is able to support more mass before slumping,
as shown in the inset of Fig. 3(a). Since both samples are yield stress
fluids, in the linear regime their dynamic moduli are almost indepen-
dent of the frequency, with the storage modulus being much larger
than the loss modulus, as shown in Fig. 3(b).

The amplitude sweep results are shown in Fig. 3(c). The moduli
of both GO suspension and gel are similar at small and large ampli-
tudes, but they show different behaviors at intermediate amplitudes.
In traditional amplitude sweep tests, only the gel sample exhibits sig-
nificant overshoot in the loss modulus. The two GO colloids can be
classified according to the scheme of Hyun and coworkers47 into dif-
ferent LAOS types depending on the presence or absence of the over-
shoot in the loss modulus: the GO suspension is categorized as type-I
(no overshoots in dynamic moduli), while the GO gel is categorized as
type-III (overshoot in G00 only).

B. Recoverable and unrecoverable moduli

The decomposed moduli, obtained from recoverable and unre-
coverable strains, are presented in Fig. 4. As shown in Fig. 4(a), the
moduli associated with viscoelastic solid behavior, G0

solid and G00
solid,

of the GO suspension remain constant at small amplitudes but start to
decrease as the amplitude increases. The modulus associate with unre-
coverable acquisition of strain, G00

fluid, exhibits an overshoot with a
gradual increase up to around a strain amplitude of 0.65 and then
decreases at larger amplitudes. The GO suspension, which does not
present an overshoot in the traditional loss modulus, G00

trad, was classi-
fied as a type-I material. Despite this categorization on the basis of the
total strain response, it has a clear overshoot in G00

fluid, which is
masked by the balance of G00

solid and G00
fluid.

FIG. 3. Traditional rheological characterization for GO suspension (gray symbol) and gel (red symbol). (a) Steady-shear flow curves with the Herschel–Bulkley fit are shown in
dashed lines. The insets show the stacked ink for two GO colloids. (b) Linear regime frequency sweeps at a strain amplitude of 0.1%. (c) Traditional amplitude sweep results
for GO suspension and gel at a frequency of 1 rad/s.
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In contrast, the gel that was classified as a type-III material
because of the overshoot in G00

trad exhibits overshoots in both the
decomposed moduli shown in Fig. 4(b). The G00

trad overshoot of the
gel comes at smaller amplitudes from the influence of G00

solid followed
by the larger amplitude influence of G00

fluid. Both sets of observations
are consistent with the study of Donley et al. that revealed that the
yielding is a continuous transition from viscoelastic (VE) solid to plas-
tic contribution.42

Since the traditional loss modulus is a composite parameter that
can be decomposed into VE solid and plastic acquisitions, it suggests
that LAOS type-I and type-III can be further subdivided according to
the decomposed moduli, G00

solid and G00
fluid [details are in the supple-

mentary material (Fig. S3)].
The recovery rheology moduli allow us to qualitatively compare

the yielding behavior of the two GO colloids, which display noticeable
differences, especially at intermediate amplitudes. The GO gel shows a
previously unreported overshoot in G00

solid in addition to the broad
overshoot in G00

fluid observed by Donley et al. for a variety of yield
stress fluids. The different yielding behaviors can be attributed to the
microstructural differences of the two GO colloids. The GO gel, which
has a network structure9,48–50 because the GO sheets are crosslinked
by Ca2þ, can compress and extend its network structure like a sponge
before fully yielding. At large amplitudes, the GO gel finally behaves
like a fluid and can flow, indicating that the network structure has bro-
ken, perhaps into small agglomerates. These behaviors collectively
contribute to the overshoot in G00

solid at intermediate amplitudes and
the sudden drop of G00

solid at large amplitudes. In the GO suspension,
the GO sheets are densely dispersed without chemical bonding and
form an ordered nematic liquid crystal structure due to the negative
charge on the surface of the GO sheet.3,8,11 Thus, at large amplitudes,
the yielding behavior can result from the rearrangement of GO sheets
along the shear direction,14,16,53–55 exhibiting gradually decreased
G00

solid.
Although the two GO colloids have different yielding behaviors,

they share some common phenomenology because both GO colloids
are yield stress fluids. Both GO colloids show overshoots in G00

fluid,
implying an increased contribution of the plastic component to dissi-
pated energy. This behavior, rather than an overshoot in G00

trad, can be
interpreted as being typical of yielding.

As the amplitude increases, G00
fluid passes through two intersec-

tions. One is the intersection of the two loss moduli (G00
fluid and

G00
solid), cdiss, which is located around strain amplitudes of 0.1 and 0.02

in the suspension and gel. The other intersection is where G0
solid and

G00
fluid meet, cc, which, because of the magnitude of G00

solid at large
amplitudes, is equivalent to the traditional G0-G00 crossover point. This
crossover of moduli has been referred to as the flow point.21,37–40 In
the suspension and the gel, the flow point lies near strain amplitudes
of 0.6 and 0.15.

The G00
fluid-G00

solid intersection indicates the point where the
dominant contribution of the dissipated energy of the material
response passes from the VE solid to the plastic, while the G0

solid-
G00

fluid intersection represents the point at which the energy stored
elastically begins to become less than the energy dissipated plastically
divided by the angular frequency [see Eqs. (3) and (5)]. Both intersec-
tions of the gel are found at lower amplitudes than those of the suspen-
sion, implying that the gel yields at small perturbations compared to
the suspension. The details will be discussed in Sec. IIID and Fig. 5.

The amplitude sweeps can be divided into three regimes based
on cdiss and cc: (i) small, (ii) intermediate, and (iii) large amplitudes.
Each regime has noticeable features for the GO suspension and gel as
follows:

(i) When c0 < cdiss, G0
solid > G00

solid > G00
fluid.

(ii) When cdiss < c0 < cc, G0
solid > G00

fluid > G00
solid.

(iii) And when c0 > cc, G00
fluid > G0

solid > G00
solid.

FIG. 4. Decomposed amplitude sweeps
for (a) GO suspension and (b) gel at
1 rad/s.

FIG. 5. Decomposed strain amplitude for (a) the GO suspension and (b) gel. The
black solid line represents the total strain amplitude as a function of y¼ x. The hori-
zontal and vertical dashed lines indicate the amplitude value at the flow point (G’
and G00 crossover points in Fig. 4).
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It is noteworthy that there is no amplitude at which any of the
moduli are zero or even unmeasurably small over all amplitudes we
have explored. Rather, there are always measurable quantities of recov-
erable and unrecoverable strains even at the smallest amplitudes we
probed. This supports the idea that yielding is not a digital behavior, as
is assumed in the Oldroyd–Prager formalism, but is rather a continu-
ous transition.56,57

C. Stored energy from VE solids in LAOS

To compare the contributions from the VE solid and plastic
deformation, we show in Fig. 5 the recoverable and unrecoverable
strain amplitudes as a function of the total strain amplitude (c0). At
small amplitudes, almost all of the strain is recoverable and c0;rec � c0.
As the total amplitude increases, the recoverable and unrecoverable
strains gradually increase until the flow point (cc), when the recover-
able and unrecoverable amplitudes become equal, c0;rec ¼ c0;un, and
the recoverable strain amplitude saturates. The recoverable strain
amplitude does not exceed beyond cc, implying that cc is the maxi-
mum value of the recoverable strain at a given frequency. That is,
recovery rheology presents a clear physical interpretation of the strain
amplitude at which the dynamic moduli cross, cc: it is the maximum
amount of recoverable strain acquired by the system.

The saturated recoverable strain amplitude indicates that the
stored energy from VE solid is always present even when the material
“flows” at large amplitudes and that even at further high shear forces,
its value levels off. However, as shown in Fig. 4, G0

solid does not level
off and continues to decrease as the amplitude increases. The moduli
G0

solid, G00
solid, and G00

fluid are normalized by the total strain amplitude
and are therefore suitable for comparing against the traditional mod-
uli, which are normalized in a similar way as shown in Eqs. (1)–(5).
However, given that recovery rheology takes the perspective that strain
is separable, it is more effective to normalize the component moduli
by their respective component strain amplitudes, such as

G0
solid;raw ¼ 4Ws;solid

c0;rec2
¼

2 r tð Þcrec tð Þ
� �

avg

c0;rec2
: (6)

To investigate the contribution of VE solid response at the
material scale during yielding, we plot in Fig. 6 G0

solid,raw and com-
pare it with G0

solid, reflecting the difference from total and recover-
able strain amplitudes. The amplitude sweep results are divided into
the same three regimes as used in Fig. 4. Both GO colloids show sim-
ilar trends for each regime: (i) G0

solid, raw is equivalent to G0
solid

because the contribution in VE solid deformation accounts for most
of the total material response at small amplitudes; (ii) at intermedi-
ate amplitude, the decreasing slope of G0

solid is slightly steeper than
that of the G0

solid, raw. As the contribution from plastic deformation
becomes prominent, the total amplitude is no longer accounted for
by the recoverable deformation only, and acquisition of unrecover-
able strain begins to dominate; and (iii) at large amplitudes above
the point at which G0 ¼G00, the recoverable strain amplitude remains
constant, and thus G0

solid,raw levels off. This result is consistent with
the discussion of Fig. 5.

The data of Figs. 6(c) and 6(d), which show the elastic Lissajous
curves in which the stress is plotted parametrically vs the total strain,
allow for a simple way to get G0

solid,raw without the iterative recovery
rheology tests. While G0

solid,raw represents the average energy stored

elastically normalized by the recoverable strain amplitude, the elastic
Lissajous curve allows us to interpret the instantaneous modulus at a
given frequency and amplitude. G0

solid,raw is equal to the instantaneous
slope of the elastic Lissajous curve at zero stress, as indicated by the
black solid lines in Figs. 6(c) and 6(d). The instantaneous slope at zero
stress was defined as the apparent cage modulus, Gcage¼ @r=@cjr¼0,
by Rogers in 2011.58 In highly concentrated colloidal systems, the
mobility of colloids is hindered by their nearest neighbors that form
an effective cage. When the colloidal system is sheared, the cage is
deformed, showing linear elastic properties, and at larger strains, the
cage eventually breaks, causing yielding and flow. The apparent cage
modulus represents the cage elasticity as follows:

G0
solid;raw ¼ dr=dcjr¼0 ¼ Gcage: (7)

Therefore, the elastic properties at the material scale (G0
solid, raw)

can be equated to the cage elasticity, which can be obtained as an
instantaneous slope of the elastic Lissajous curve at zero stress without
iterative recovery rheology tests.

The equivalence between G0
solid,raw and Gcage allows us to con-

firm that the VE solid contribution is always present, even in the
LAOS regime. The saturation of G0

solid,raw indicates that there is an
upper limit to the amount of energy storable elastically, as shown in
the supplementary material (Fig. S4). In this case, therefore, imposing
high shear forces and larger total strains does not result in more defor-
mation at the scale responsible for recover, e.g., polymer chain confor-
mation, agglomerates breaking, or particle alignment, implying that
more processing energy may be wasted.

FIG. 6. The G’solid and G’solid,raw for (a) GO suspension and (b) gel. The three
regimes marked with different colors are divided based on the intersections, cidss
and cc. Elastic Lissajous curves for (c) GO suspension and (d) gel. The slope of
the lines represents the G’solid,raw equal to the apparent cage modulus,
Gcage¼ @r=@cjr¼0.
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D. Dissipated energy competition: VE solid vs plastic
deformation

The dissipated energy can be decomposed into contributions
from VE solid and plastic deformations acquired from recoverable
and unrecoverable strain rates, respectively. Therefore, the material’s
behavior can be interpreted as the stress responses from the three
components, as shown in Fig. 7.

The decomposed strain allows us to create three new Lissajous
curves by plotting the stress against the recoverable strain [Figs. 7(a)
and 7(d)], recoverable rate [Figs. 7(b) and 7(e)], and unrecoverable
rate [Figs. 7(c) and 7(f)], which can be interpreted as energy stored in
VE solid, energy dissipated in VE solid, and energy dissipated in plas-
tic deformation, respectively.

The GO suspension and gel have different magnitudes of the
recoverable strain/rate and the unrecoverable rate at a given amplitude,
but they have the same trends where the three components gradually
increase as the amplitude increases. The recoverable elastic Lissajous
curves in Figs. 7(a) and 7(d) show the ellipsoid, which have a linear
slope corresponding to the G0

solid, raw. As the amplitude increases, the
ellipsoid expands symmetrically around the slope (G0

solid, raw), but there
is a limit to the expansion along the recoverable strain axis, as indicated
by the dashed line. This is consistent with the discussion of Fig. 5.

As the amplitude increases, the recoverable viscous Lissajous
curves [Figs. 7(b) and 7(e)] distort, while the unrecoverable viscous
Lissajous curves [Figs. 7(c) and 7(f)] gradually decrease in slope. In
Figs. 7(c) and 7(f), the dotted line indicates the slope, which is equiva-
lent to the viscosity (gflow ¼ 2 rðtÞ _cunðtÞ½ �avg= _c0; un

� �2 ffi G
00
unrec=x).

The decreasing slope in both GO colloids indicates shear-thinning
behavior. Further details can be found in the supplementary material
(Fig. S6).

The recoverable strain reaches a limit at a certain point, but the
recoverable/unrecoverable rates continue to increase, expanding their
viscous Lissajous curves in two dimensions. This suggests that the VE
solid (recoverable) and plastic (unrecoverable) deformation are in
competition as the amplitude increases, and their results affect yielding
and flowing. Therefore, interpreting the response of a material with a
clear distinction between recoverable and unrecoverable components
can lead to a deeper understanding of the yielding behavior.

We show in Fig. 8 the recoverable and unrecoverable viscous
Lissajous curves divided into the same three regions as in Fig. 4. The
stress varies with component rates during the oscillation cycle, indicat-
ing that the stress is influenced by the different amounts that each
component rate acquires instantaneously.

At small amplitudes (Fig. 8-i), the stress is maximum when the
unrecoverable rate is zero, implying that the flow viscosity is close to
infinity and plastic deformation is negligible instantaneously. In con-
trast, at intermediate amplitudes (Fig. 8-ii), the unrecoverable rate at
maximum stress moves away from zero, indicating that plastic defor-
mation is getting predominant as the strain increases. While the recov-
erable rate is predominant below cc (at small and intermediate
amplitudes), in Fig. 8-iii, the unrecoverable rate is larger than the
recoverable rate above cc (at large amplitudes), suggesting that plastic
deformation is dominant.

The traditional and new Lissajous curves are plotted as the stress
vs strain or rate, so the material’s behavior is interpreted by focusing
on the stress response. Considering that all components share a com-
mon stress response, the 3D curves consisting of two rate components
and stress are created in Figs. 9(a) and 9(b). A new projection of 3D
curve is displayed in Fig. 9(b) composed of recoverable and unrecover-
able rates; the component rate Lissajous curve was introduced by
Kamani and Donley et al.49

FIG. 7. New Lissajous curves containing
decomposed strain and strain rate for (a)–
(c) GO suspension and (d)–(e) gel: stress
vs [(a) and (d)] recoverable strain, [(b) and
(e)] recoverable rate, and [(c) and (f)]
unrecoverable rate. The traditional
Lissajous curves containing total strain
and total rate are in the supplementary
material (Fig. S5).
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The component rate Lissajous curves provide a clear way for us
to understand the transient yielding behavior by comparing the contri-
butions from VE solid and plastic responses. The shaded area where
the recoverable rate is greater than the unrecoverable rate is inter-
preted as exhibiting solid-like deformation, while the white area is
interpreted as fluid-like deformation.

The component rate Lissajous curves for the GO suspension and
gel at each regime are shown in Fig. 10. All curves of both GO colloids
at small amplitude (Fig. 10-i) span the solid-like deformation indicated
as a shaded regime. As the strain increases, the curves in Fig. 10-ii pass
to the fluid-like deformation regime, while most of the curves in Fig.
10-iii are in the fluid-like deformation regime. Plastic flow is easily
identified as being the region where the unrecoverable rate steeply
changes and the recoverable rate is close to zero, as indicated by the
red arrow in Fig. 10-iii. The presentation of the component rate curves

provides further support that yielding occurs through a continuous
transition from solid-like to fluid-like deformation.

The component rate Lissajous curves allow us to interpret and
compare the transient yielding behavior for the GO suspension and
gel. Both GO colloids exhibit more solid-like deformation predomi-
nantly at small amplitudes and more fluid-like deformation at large
amplitudes. Their different microstructures are reflected at intermedi-
ate amplitudes, where distinct trajectories of the component rate
Lissajous curve are exhibited.

When reading the trajectories shown in Fig. 10, gradual yielding
is observed when the material response moves from the recoverable
rate to the unrecoverable rate axis,59 while gradual unyielding is inter-
preted when the response moves from the unrecoverable rate to the
recoverable rate axis. The yielding and unyielding are repeated within
the oscillation cycle.

FIG. 8. Lissajous curves plotting by the stress against [(a) and (c)] recoverable rate and [(b) and (d)] unrecoverable rates for [(a) and (c)] GO suspension and [(b) and (d)] gel.
The three regimes, (i)–(iii), are divided based on the intersections, cidss and cc: (i) small amplitude, c0 <cdiss; (ii) intermediate amplitude, cdiss< c0 < cc; and (iii) large ampli-
tude, cc <c0.
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The GO gel response, marked as the green arrow in Fig. 10(b-ii),
shows that the recoverable rate reduces but the unrecoverable rate
remains almost constant. This implies that the instantaneous yielding
and unyielding simultaneously occur at intermediate amplitude. The
crosslinker Ca2þ in the GO gel allows it to form a network structure
composed of GO agglomerates, which can be broken at high shear
forces. As long as the strain is insufficient to completely break the net-
work structure, the agglomerates can be partially broken and also
reformed at the same time, exhibiting the local yielding behavior.

At large amplitudes, the network structure of the GO gel can be
broken down from large to small agglomerates, and finally, plastic
flow is possible as indicated by the red arrow in Fig. 10-iii, whereas the
GO suspension without chemical bonds allows plastic flow as the GO
sheets are gradually reoriented along the shear direction.14,16,53–55

In Fig. 11, all curves, representing large, intermediate, and small
amplitudes, show the same slope in the shaded area as indicated by the
black solid line. This implies that the transient yielding can initiate

FIG. 10. The component rate Lissajous curve for (a) GO suspension and (b) gel. The shaded regimes in the component rate Lissajous curve represent that the deformation is
instantaneously more solid-like. The black arrow indicates the direction of the trajectory. The graphs at both ends are the same amplitude sweep graphs as in Fig. 4, with each
amplitude regime indicated by different colors.

FIG. 9. (a) 3D Lissajous curve showing relationships in stress and unrecoverable/
recoverable rates. The curve represents the result for GO suspension at a strain of
45%. (b) The new component rate Lissajous curve plotting by two decomposed
strain rates. On the basis of the diagonal solid lines, the material response is
divided into solid-like and fluid-like regimes, shown in gray and white triangles,
respectively.
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even at small amplitudes, though it is not allowed to go to completion
by the restricted application of strain. Therefore, in an oscillatory
shearing test, the materials can always exhibit some features of tran-
sient yielding behavior regardless of the magnitude of the amplitude.

The observation that yielding initiates at small amplitudes but is
not allowed to progress to completion indicates that the common
interpretation of binary yielding, that a material either flows or not,
can be misleading. Rather, a quantitative description of how slowly or
quickly the material flows is required. Furthermore, considering that
materials’ yielding is a continuous transition, it is necessary to quantify
the material deformation into solid-like or fluid-like behaviors under
shear forces at a given timescale.

The Deborah number, De, is defined as the ratio of the material’s
relaxation time to the experimental observation time.60,61 The
Deborah number is used to describe how solid-like or liquid-like a
material response may be. If the Deborah number is greater/less than
1, it is interpreted that the material exhibits solid-/fluid-like behaviors.

In oscillatory tests, the experimental observation time in Reiner’s
definition of the Deborah number is typically taken to be the inverse
of the frequency, so that De ¼ kx, where k is the relaxation time and
x is the angular frequency. However, the relaxation time of any yield
stress fluid, including GO colloids, is too long to measure with a rhe-
ometer. Additionally, although the relaxation time of a material can be
measured, it is typically determined in the linear viscoelastic regime, so
the traditional definition of De should be avoided in amplitude sweeps
where the material response exhibits nonlinear behavior and changes
from being elastically dominated at small amplitudes and to viscously
dominated at larger amplitudes for yield stress fluids. Using the

traditional definition applied to oscillatory tests, both the small and
large amplitude behaviors would be assigned the same Deborah num-
ber, even though the physics of the two extremes is clearly different.

To avoid these issues, attempts to redefine the Deborah number
have been proposed using recovery rheology, particularly focusing on
the transient behavior. In 2021, Singh et al. suggested a new dimen-
sionless number that meets Reiner’s goals for defining the Deborah
number.62 Reiner’s original suggestion was that the Deborah number
should (1) be defined as the ratio of two timescales and (2) be able to
describe the relative extent of elastic and viscous effects expected in the
behavior of solids and fluids. Thus, Singh et al. (re)defined the
Deborah number as the ratio of recoverable and unrecoverable strain
rates in an instantaneous manner as follows:

Det tð Þ ¼ _crec tð Þ
_cunrec tð Þ

: (8)

This proposed definition can represent the instantaneous mate-
rial behaviors for steady-shear startup and creep tests, but it leads to a
variation during oscillatory shearing from 0 to1 twice per period.

Solving this limitation, Kamani et al. developed an instantaneous
definition of the Deborah number that describes the materials’
response to oscillatory shearing as follows:59

Det tð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_crec tð Þ€crec tð Þ

_cunrec tð Þ€cunrec tð Þ

s
: (9)

Their study contributed to understanding the intracycle nonlin-
ear behavior by showing the transient Pipkin space described in terms
of instantaneous dimensionless groups.

Here, we propose a dimensionless number that provides similar
information to the Deborah number and is based on the rates at which
energy is dissipated in recoverable and unrecoverable processes as
follows:

Esolid=fluid ¼
_Wd;solid

_Wd;fluid
¼

r tð Þ _crec tð Þ
� �

avg

r tð Þ _cun tð Þ� �
avg

: (10)

Each dissipated energy is proportional to the area of one of the
recovery rheology Lissajous curves as shown in Fig. 12. At a given fre-
quency and amplitude, two dissipated energies share the same stress
response and have different strain rates, implying that the ratio of two
dissipated energy rates (Esolid/fluid) represents a comparison between
acquisitions from recoverable and unrecoverable components.

Using this definition, we observe that at small amplitudes, when
the recoverable component is dominant, Esolid/fluid > 1, while at large
amplitude, when most of the material’s response is unrecoverable,
Esolid/fluid< 1.

We show in Fig. 13 the energetic Deborah number, Esolid/fluid, for
the GO suspension and gel during the oscillation cycle (see the supple-
mentary material Fig. S7 for each dissipated energy ratio). The two
GO colloids show similar behaviors at small and large amplitudes but
exhibit different behavior at intermediate amplitudes, as in the case of
the traditional amplitude sweep metrics. As the amplitude increases,
the Esolid/fluid decreases and becomes less than 1 at intermediate ampli-
tude as marked by the green area in Fig. 13. The GO suspension exhib-
its a gradual decrease in the Esolid/fluid, while GO gel remains around 1
at intermediate amplitude and then decreases almost discontinuously.

FIG. 11. The component rate Lissajous curve [(a) and (b)] at large and intermedi-
ate amplitudes and [(c) and (d)] at intermediate and small amplitudes. The black
solid lines indicate the slope in the shaded area. The slope is the same at all ampli-
tudes. The black arrow indicates the direction of trajectory.
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We attribute this difference in Esolid/fluid to the microstructures of the
GO suspension and gel. As discussed in association with Figs. 4 and
10, the GO gel shows local yielding behavior due to the Ca2þ, while
the yielding behavior of the GO suspension comes from the rearrange-
ment of the GO sheets.

The energetic description via strain decomposition allows us to
replace the ratio of two dissipated energy rates with the Deborah num-
ber of yield stress fluid during the oscillation cycle. The Esolid/fluid is a
dimensionless number that describes which rate of energy dissipation
is dominant on average during an oscillation cycle. At any amplitude,
a material may yield either completely or incompletely, and contribu-
tions of the recoverable and unrecoverable components are always
present, but the contribution varies quantitatively with amplitudes.
Thus, the trend of the Esolid/fluid with increasing amplitude can explain
how the GO suspension gel yields: a continuous transition from the
recoverable and unrecoverable acquisition of strain.

IV. SUMMARY AND CONCLUSION

This study investigates the yielding behavior of a graphene oxide
(GO) suspension and gel using recovery rheology. While traditional
rheology interprets the loss modulus, G00, as a viscous property that
represents liquid-like behavior, recovery rheology shows that G00 is
composite and can be decomposed into components that relate to the
rates at which strain is acquired recoverably and unrecoverably. Based
on the decomposition of strain and moduli, recovery rheology pro-
vides more information about the material’s deformation as recover-
able (viscoelastic solid) and unrecoverable (plastic) responses. From
the results, the contribution of recovery rheology to understanding
yielding behavior can be summarized as follows:

1. Decomposition of G00 and LAOS type. In a traditional amplitude
sweep, the GO suspension is classified as type-I (no overshoot in
dynamic moduli), while the GO gel is classified as type-III (over-
shoot in G00 only). However, once recovery rheology decomposes
G00 into recoverable (G00

solid) and unrecoverable (G00
fluid) compo-

nents, in Fig. 4, the GO suspension is shown to have an over-
shoot in G00

fluid, while the gel has overshoots in both G00
solid and

G00
fluid. These observations indicate an increased contribution of

the plastic component to dissipated energy. Yielding may there-
fore always be associated with an overshoot in G00

fluid, regardless
of whether the traditional loss modulus overshoots or not. Our
results, which include the decomposed moduli, also suggest that
the LAOS type, which was previously determined based on G0

and G00 alone, can be further subdivided according to the decom-
posed moduli in the supplementary material (Fig. S3).

2. The physical meaning of G0-G00 intersection. The amplitude
dependence of the recoverable and unrecoverable contributions
has shown a clear physical meaning of the G0-G00 intersection,
which some have referred to as the yield point, while others have
called the flow point. The amplitude at which the moduli cross is
the maximum amount of recoverable strain acquirable by the
system. In Fig. 5, the recoverable strain does not exceed beyond
the amplitude of G0-G00 crossover.

3. Guidelines for energy efficiency. As a result, the energy stored
elastically levels off, while the amount of energy dissipated keeps
increasing with a further increase in the amplitude over the G0-
G00 intersection. The amount of energy that can be recovered is
therefore finite, and at high shear forces, only the dissipated
energy increases. This means that larger shear forces result in
lower energetic efficiency of the processing and also that the
application of large forces does not completely fluidize the sys-
tem. Even at the highest rates and largest forces, we continued to
measure significant recoverable strain, indicating that if the goal
is to erase previous flow memories, one needs to also remove the
recoverable strain.63,64 Hence, a high shear force is not always
ideal for the extrusion of inks, because it reduces the energy effi-
ciency of the printing. It is energetically favorable, though not
always fastest, to apply the lowest shear force at which the ink
extrusion begins to reduce the processing energy waste.

4. Yielding as a continuous energy transition. The decomposed
strain provides three energetic descriptions of energy stored
from viscoelastic solid and energy dissipated from viscoelastic
solid and plastic properties. From small to large amplitude, all
three energetic contributions are always present, but their contri-
butions depend on amplitude. This indicates that (1) energy is

FIG. 12. (a) The same 3D Lissajous
curve as in Fig. 9(a). The stress plotted as
a function of (b) recoverable rate and (c)
unrecoverable rate. The blue/red area is
proportional to the solid/fluid dissipated
energy.

FIG. 13. The ratio of two dissipated energy rates (Esolid/fluid) for (a) GO suspension
and (b) gel.
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being stored elastically even when the material flows at large
amplitudes and (2) the material yields via a continuous transi-
tion from viscoelastic solid to plastic contribution as shown in
Sec. III D. Interpreting that “materials flow after the yield point”
is an oversimplification.

5. Energetic Deborah number (Esolid/fluid). Beyond the oversimplifi-
cation of the yield point, we propose and show the utility of
a dimensionless number that quantifies the material’s deforma-
tion as solid-like and fluid-like by comparing the time-averaged
energies acquired from recoverable and unrecoverable rates dur-
ing the oscillation. The ratio of two dissipated energy rates
(Esolid/fluid), in Fig. 13 can quantitatively describe the deformation
of the GO suspension and gel as solid-like and fluid-like
deformations, and its interpretation is equivalent to that of the
Deborah number. The GO suspension exhibits a gradual
decrease in Esolid/fluid, indicating the gradual rearrangement of
the GO sheets, whereas the GO gel shows that Esolid/fluid stays
around 1 at intermediate amplitudes and then steeply decreases
at large amplitudes, implying that yielding occurs as the agglom-
erates break.

The GO suspension and gel used in this study have similar G0

and G00, and there is no significant difference in their linear behav-
iors. However, two GO colloids have different limits of the stored
energy, which is related to the phenomenon of mechanical mem-
ory, and yield through different pathways. These findings provide
more abundant information that the current approaches for the
ink characterization focusing on the linear viscoelastic properties.
This study emphasizes that effective guidelines for DIW printing
can be established through a clear understanding of how materials
yield. Furthermore, the way to understand yielding behavior
through recovery rheology proposed in this study can be applied
to various yield stress fluids, not only GO colloids, and thus can
be used generally for processes involving yielding such as extru-
sion, squeeze, and spread.

SUPPLEMENTARY MATERIAL

See the supplementary material for the following details: ampli-
tude sweep results for various GO concentrations in the suspension
and gel series samples; schematic illustration of the GO suspension
and gel; decomposition of the LAOS type; stored energy as a func-
tion of amplitude; traditional Lissajous curve; correlation between
G00

fluid,raw and the steady-shear viscosity (gflow); and dissipated
energy ratio as a function of amplitude.
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