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Abstract

Empirical rules play a crucial role in industrial and experimental settings for efficiently determining the rheological properties of materials,
thereby saving both time and resources. An example is the Cox–Merz rule, which equates the steady-shear viscosity with the magnitude of
the complex viscosity obtained in oscillatory tests. This empirical rule provides access to the steady-shear viscosity that is useful for process-
ing conditions without the instabilities associated with experiments at high shear rates. However, the Cox–Merz rule is empirical and has
been shown to work in some cases and fail in others. The underlying connection between the different material functions remains phenome-
nological and the lack of a comprehensive understanding of the rheological physics allows for ambiguity to persist in the interpretation of
material responses. In this work, we revisit the Cox–Merz rule using recovery rheology, which decomposes the strain into recoverable and
unrecoverable components. When viewed through the lens of recovery rheology, it is clearly seen that the steady-shear viscosity comes from
purely unrecoverable acquisition of strain, while the complex viscosity is defined in terms of contributions from both recoverable and unre-
coverable components. With recovery tests in mind, we elucidate why the Cox–Merz rule works only in a limited set of conditions and
present an approach that could allow for universal comparisons to be made. This work further highlights the significance of recovery rheology
by showing how it is possible to extend beyond phenomenological approaches through clear rheophysical metrics obtained by decomposing
the material response into recoverable and unrecoverable components.© 2024 Published under an exclusive license by Society of
Rheology. https://doi.org/10.1122/8.0000811

I. INTRODUCTION

Efforts to generally interpret a material’s shear rheology
have been conducted with various experimental protocols
such as oscillatory, start-up, creep, and flow cessation tests.
Each protocol provides various material functions such as the
steady shear viscosity, the complex viscosity, and the stress
growth coefficient. There are several significant empirical
rules dealing with the relationships between these material
functions. These empirical rules are useful both industrially
and experimentally because they provide information for
designing materials and their processing conditions. Among
the most widely used empirical rules is the Cox–Merz rule,
which was proposed in 1958 [1] and links the steady shear
and oscillatory shearing responses.

The Cox–Merz rule, as indicated in Fig. 1, is an equality
between the steady shear viscosity, ηss( _γ), and the magnitude
of the complex viscosity, jη*(ω)j [1], when the angular fre-
quency, ω, is numerically the same as the shear rate, _γ,

jη*(ω)jω¼ _γ ¼ ηss( _γ): (1)

The steady shear viscosity is determined by imposing a
constant stress or constant shear rate and taking the ratio of
stress to shear rate once all transience has died away. For
example, in the start-up of the shear test, the stress growth

coefficient is defined as

ηþ(t, _γ) ¼ σþ(t, _γ)
_γ(t)

, (2)

where σþ(t) is the shear stress growth function. From the
stress growth coefficient, the steady-shear viscosity is deter-
mined when the material reaches a steady state exhibiting a
constant stress

ηss( _γ) ¼
σþ(t ¼ 1, _γ)

_γ(t)
¼ σss( _γ)

_γ
: (3)

In contrast, the magnitude of the complex viscosity is
determined from oscillatory tests and is defined as the ratio
of the stress amplitude to the strain rate amplitude [1,2]. It
can be expressed in terms of the components of the complex
viscosity or complex modulus,

jη*j ¼ σ0

_γ0
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(η0)2 þ (η00)2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G02 þ G002p

ω
, (4)

where σ0 and _γ0 are the amplitudes of the stress and strain
rate, η0 and η00 are the real and imaginary parts of the
complex viscosity, G0 is the storage modulus, G00 is the loss
modulus, and ω is the angular frequency. In general, the
oscillatory functions are frequency dependent, though we
have neglected this functional dependence for clarity.

a)Author to whom correspondence should be addressed; electronic mail:
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The Cox–Merz equality between steady and oscillatory
shear has been cited over 2000 times in the last 65 years and
has been reported to work with many polymeric melts [3–7]
and concentrated polymer solutions [8–10] with a wide range
of chemical structures and molecular weights [11–15]. The
advantage of the Cox–Merz rule is that it provides a method
for predicting the steady-shear viscosity, which is useful for
real-world processing, from a small amplitude oscillatory
shear (SAOS) test. It is, therefore, a connection between
linear and nonlinear measurements. This approach allows
researchers to avoid edge fracture or other instabilities that
may be observed in steady-shearing experiments at high
rates. While the Cox–Merz rule has been widely used
[1,16–18] and modified to work for various materials
[13,19–27], this empirical rule often fails for complex fluids
that exhibit shear-dependent alignment such as associating
polymers, liquid crystals, and anisotropic colloids [28–33],
and thixotropic or yielding behaviors observed in highly con-
centrated suspensions, hydrogels, and polymer composites
[34–36].

A modification of the Cox–Merz rule designed for use
in the study of yield stress fluids is referred to as the
Rutgers–Delaware rule [19]. Doraiswamy et al. reported
that the steady-shear viscosity of a yield stress fluid
equals the magnitude of the complex viscosity when the
amplitude of the shear rate in the oscillatory test is equal
to the steady shear rate in a sample that has yielded. The
Rutgers–Delaware rule (or modified Cox–Merz rule) is
not intended to work when the strain is too small to yield
the material.

The validity of the Cox–Merz rule depends on the shear
rates and materials being tested [28–40]. When the
Cox–Merz rule fails, the magnitude of the complex viscosity
can be larger than the steady-shear viscosity [13] or vice
versa [41]. Attempts have been made to explain why the
Cox–Merz rule fails. In terms of particle microstructure,
failure has been described as particle diffusion due to hydro-
dynamics and interparticle interactions [42,43], particle
migration and reorganization [44,45] due to the chaotic
nature of the hydrodynamic interactions [46,47], particle self-

diffusion [48], or particle collisions [49]. Nevertheless, there
is a lack of a universal interpretation that can account for all
material behaviors. The lack of a rheophysical understanding
of when the Cox–Merz rule applies and does not apply leads
to a degree of ambiguity of interpretation. Understanding
why this empirical rule works under limited conditions and
then finding universal relationships between different test
results would remove much of this ambiguity. Rathinaraj
et al. recently reported why the Cox–Merz rule works
under specific conditions from a mathematical point of
view [50,51]. They showed that the Cox–Merz rule is math-
ematically satisfied for materials with broad relaxation
spectra and sufficiently strong strain-dependent damping,
implying that the underlying physics could be explored
experimentally. Their mathematical expression was illus-
trated using experimental measurements with one specific
material which is well described by the assumed frame-
work. While Rathinaraj et al. positioned their study as
exploring what constitutive behaviors are required for the
Cox–Merz rule to work, we explore the possibility in this
work that a rephrasing of the Cox–Merz rule, taking mea-
surable rheophysical concepts into account, could lead to a
more general equating of a steady-shear and oscillatory
measures that is agnostic to particular features of constitu-
tive behaviors.

A recently introduced experimental technique, called
recovery rheology [52–63], starts from the decomposition of
strain, γ, into recoverable and unrecoverable components,

γ(t) ¼ γrec(t)þ γun(t): (5)

Traditional material functions derived from the total strain
or total strain rate are, therefore, composite parameters.

In recovery rheology, the recoverable and unrecoverable
components are interpreted as being associated with visco-
elastic solid and plastic (or fluid) properties under shear
[55–58], respectively. While similar language is used, these
ideas are distinct from how much material properties recover
after the imposition of a large deformation in the
three-interval thixotropy test (3ITT), which is often also
called recovery.

By experimentally decomposing strains and strain rates
into recoverable and unrecoverable components, recovery
rheology has begun to provide a clear understanding of rheo-
logical phenomena from an energetic perspective. The
studies of Donley et al. [55] and others [56–58] have
reported that the dynamic loss modulus, G00, traditionally
considered a singular viscous modulus, is related to the
average energy dissipated during an oscillation [64],

G00(ω) ¼ 2( _Wdiss(ω))avg
γ20ω

¼ 2[σ(t) _γ(t)]avg
γ20ω

, (6)

and is a composite parameter that can be decomposed into
contributions dependent on the rate of acquisition of recover-
able and unrecoverable strains. The loss modulus, therefore,
can be defined as a sum of two terms in recovery rheology,
one each from solidlike and fluidlike components of energy

FIG. 1. Cox–Merz rule proposed the equality between the magnitude of the
complex viscosity (jη*(ω)j) and the steady shear viscosity (η( _γ)) when the
angular frequency is the same as the shear rate.
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dissipation

G00
solid(ω) ¼

2( _Wdiss,solid(ω))avg
γ20ω

¼ 2[σ(t) _γrec(t)]avg
γ20ω

, (7)

G00
fluid(ω) ¼

2( _Wdiss,fluid(ω))avg
γ20ω

¼ 2[σ(t) _γun(t)]avg
γ20ω

: (8)

Since the strain rate is a sum of recoverable and unrecover-
able strain rates, the energy terms are too,

G00(ω) ¼ G00
solid(ω)þ G00

fluid(ω): (9)

The Cox–Merz rule is equivalence between viscosities
obtained from different protocols. By acknowledging the dis-
tinct nature of recoverable and unrecoverable strains and
rates, Singh et al. [63] showed that two viscosities can be
defined for an arbitrary experiment. One viscosity is related
to the rate at which strain is acquired recoverably, and one
related to the rate at which strain is acquired unrecoverably.
Given the clear connection between strain acquisition modes
and the behaviors of the Kelvin–Voigt and Maxwell visco-
elastic models, we refer to the two viscosities as the retarda-
tion viscosity and the flow viscosity, ηret(t) ¼ σ(t)/ _γrec(t) and
η flow(t) ¼ σ(t)/ _γun(t). In shear start-up tests, Singh et al.
showed that the stress growth coefficient, defined as the ratio
of the shear stress to the total rate, ηþ(t) ¼ σþ(t)/ _γ(t), is also
a composite parameter and can be decomposed into recover-
able and unrecoverable components. In the following year,
Griebler et al. [57] showed that the steady shear viscosity
equals the energy dissipation term normalized by the unre-
coverable strain during oscillation, implying that the steady
shear viscosity is associated with the acquisition of unrecov-
erable strain.

In this work, we reexamine the Cox–Merz rule through
the lens of recovery rheology. We study a variety of model
systems, one of which is polystyrene (PS), which was the
original material used in the first report of the Cox–Merz rule
[1]. Additionally, we have studied an entangled self-
assembled surfactant solution, a hydrogel that exhibits shear-
thickening behavior, a graphene oxide (GO) suspension, a
branched polymer system, and a model lithium-ion battery
anode slurry. The paper is laid out as follows. In Sec. II, we
introduce recovery rheology and the experimental techniques,
showing how the material functions can be obtained. In
Sec. III, we describe the sample preparation and the details
of the recovery rheology test including the iterative recovery
test and strain shift test. In Sec. IV, we show the experimental
measurements obtained from PS. The traditional rheological
characterizations including a measurement of the steady-
shear flow curve and frequency sweeps are presented in
Sec. IV A. In Sec. IV B, the transient flow behavior and the
oscillatory sweep test are examined through the lens of recov-
ery rheology. In Sec. IV C, we show how the rheological
physics behind the Cox–Merz rule can be understood and
how a comparison of flow viscosities can be used to predict
the steady shear viscosity in a potentially universal way.

II. RECOVERY RHEOLOGY METRICS

A. Material functions and recovery rheology

Prior to revisiting the Cox–Merz, it is important to be
clear about the material functions included in each empirical
rule. In this section, we examine the stress growth coefficient,
the steady shear viscosity, and the complex viscosity through
the lens of recovery rheology. Traditional rheology uses one
strain component, referred to here as the total strain, while
recovery rheology sees strain as a composite parameter made
of the recoverable and unrecoverable components as in
Eq. (5). Recovery rheology, therefore, allows for the decom-
position of material functions into recoverable and unrecover-
able components.

The complex viscosity is a complex function describing
the ratio of the oscillatory stress to the oscillatory strain rate.
It consists of real and imaginary components, η0 and η00, and
its magnitude is related to the dynamic moduli, G00 and G0, as
shown in Eq. (4). Considering that G00 is a sum of recover-
able and unrecoverable terms, G00

solid and G00
fluid , the magni-

tude of the complex viscosity can be expressed as

jη*(ω)j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G02 þ G00

solid þ G00
fluid

� �2
r .

ω : (10)

The dynamic viscosity, η0 ¼ G00/ω ¼ (G00
solid þ G00

fluid)/ω, is,
therefore, also related to both recoverable and unrecoverable
strain rates.

The stress growth coefficient defined in Eq. (2) can be
described in terms of the recoverable and unrecoverable com-
ponents of the strain rate

ηþ(t) ¼ σ(t)
_γ tot(t)

¼ σ(t)
_γrec(t)þ _γun(t)

: (11)

Decomposing the total strain rate into components, there-
fore, allows material functions to be defined in terms of the
retardation viscosity and flow viscosity [63]. The flow vis-
cosity is defined only in terms of the unrecoverable strain
rate as

η flow(t) ¼
σ(t)
_γun(t)

: (12)

The steady shear viscosity obtained when all transience
has died away will be the same whether Eq. (11) or Eq. (12)
is used because the recoverable strain saturates at a steady
state. The recoverable strain rate is, therefore, zero at a steady
state, and the steady shear viscosity comes from purely unre-
coverable deformation. The steady-shear viscosity, the stress
growth coefficient, and the flow viscosity are, therefore,
equal at the steady state.

The Cox–Merz rule provides a way to predict the steady
shear viscosity from the magnitude of the complex viscosity,
jη*(ω)j, or the dynamic viscosity, η0. However, the complex
viscosity and the dynamic viscosity contain both recoverable
and unrecoverable components, while the steady shear vis-
cosity comes from the unrecoverable response only. This

A REEXAMINATION OF THE COX–MERZ RULE THROUGH THE LENS OF RECOVERY RHEOLOGY 383
 21 M

ay 2024 16:19:53



implies that the traditional formulation of the Cox–Merz rule
should work when the recoverable response to oscillatory
shearing is small enough to be ignored, or when the unrecov-
erable response is dominant.

To predict the steady shear viscosity from the oscillatory
shear test in a general case, it is, therefore, necessary to
extract the unrecoverable response from the complex
viscosity.

The time-resolved flow viscosity is defined in terms of the
unrecoverable strain rate alone, as shown in Eq. (12). An
average flow viscosity can similarly be defined from the
oscillatory shear test in terms of an unrecoverable parameter.
Griebler et al. [57] proposed the dynamic flow viscosity as

η flow(ω) ¼
G00

fluid,raw

ω
¼ 2[σ(t) _γun(t)]avg

ωγ20,un
: (13)

The dynamic flow viscosity in Eq. (13) can be calculated
from data obtained in iterative recovery tests that provide the
time-resolved stress and strain components.

A new experiment that has come from studying recovery
rheology, called the strain shift test, also allows for a simple
determination of the flow viscosity. When a phase-shifted
oscillatory stress, σ(t) ¼ σ0sin(ωt þ ψ), is imposed, the
resulting strain response oscillates about a nonzero value
called the strain shift. The strain shift, γs, is attributed to the
acquisition of unrecoverable strain only [52,62] and, there-
fore, allows for a determination of the flow viscosity

η flow(ω) ¼
σ0

ωγscos(ψ)
: (14)

As ωγ0 represents the strain rate, ωγs is equal to the unre-
coverable strain rate. For simplicity, we use sinusoidal
stresses, so that ψ ¼ 0 and the strain shift is maximized.
Details for this derivation are in Appendix A.

As shown in Eqs. (10) and (11), the stress growth coeffi-
cient and the complex viscosity reflect both recoverable and
unrecoverable responses, indicating that the two material
functions are composite parameters. In contrast, recovery rhe-
ology allows us to isolate the unrecoverable response as
shown in Eqs. (12)–(14).

B. Relations between material functions

The magnitude of the complex viscosity is equal to the
magnitude of the complex modulus, jG*j, divided by the
angular frequency, jη*j ¼ jG*j/ω ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G02 þ G002 /ω

p
. A simple

expression of the magnitude of the complex viscosity is,
therefore,

jη*j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G02 þ G002

ω

r
¼ σ0

γ0ω
: (15)

The unrecoverable flow viscosity can be rewritten as

η flow ¼ G00
fluid,raw

ω
¼ σ0

ωγs cos(ψ)
¼ σ0

ωγs
, (16)

where ψ is the phase angle of the applied stress wave and
cos(ψ) ¼ 1 when a sinusoidal stress is applied [62]. Since
the magnitude of the complex viscosity is σ0/ωγ0, it can be
transformed to the flow viscosity by multiplying by the ratio
of the total strain and the strain shift

jη*j γ0
γs

¼ σ0

ωγ0

� �
γ0
γs

� �
¼ σ0

ωγs
¼ η flow: (17)

Therefore, a measurement of the strain shift, γs, can be
used to calculate the unrecoverable flow viscosity.

The comparison of the expressions for the magnitude of
the complex viscosity and the flow viscosity implies that the
Cox–Merz rule works when the strain shift, γs, which is a
measure of the unrecoverable strain amplitude, is approxi-
mately equal to the total strain (γ0 � γs ¼ γun,0). This is
equivalent to saying the Cox–Merz rule works when any
recoverable contribution to G” and η0 is small, or when most
of the strain is acquired unrecoverably. Furthermore, this line
of reasoning allows us to explain why the Rutgers–Delaware
rule works only when the sample is yielded [19]. In the
yielded state most of the strain is acquired unrecoverably
[57]. Thus, the magnitude of the complex viscosity at a rate
amplitude ωγ0 reflects the unrecoverable deformation, just as
the steady-shear viscosity does.

III. MATERIAL AND METHODS

A. Material preparation

PS was purchased from Sigma-Aldrich with
Mw = 192 000 g/mol and a softening point = 107 °C. PS
samples were prepared as disk-shape pellets by a hot-press at
193 °C. The pellets were 1 mm thick with diameters of
25 mm. The rheological properties were measured with a
plate-plate geometry of diameter 25 mm. To minimize oxida-
tion of polymer at a high temperature (130–190 °C), all tests
were carried out while flowing N2 gas.

The polyvinyl alcohol (PVA)–borax hydrogel was pre-
pared by mixing PVA of Mw 85 k–124 kg/mol, purchased
from Sigma-Aldrich, and sodium tetraborate (Borax,
Na2B4O7). For mixing, two stock solutions were prepared:
PVA was dissolved in de-ionized water at 4 wt. % concentra-
tion by magnetically stirring at 300 rpm at 95 °C overnight,
while a borax solution of 4 wt. % was also prepared by stir-
ring under the same stirring speed and temperature for 4 h.
The two stock solutions were then left at room temperature
for about a day and then poured into a centrifuge tube to
form a cross-linked PVA–borax hydrogel with a ratio of PVA
and borax solution of 2.75:1.75. The centrifuge tube contain-
ing the mixture with the desired amount of the two stock
solutions was thoroughly shaken until the mixture showed a
clear transparent hydrogel. The hydrogel was allowed to rest
for a day for a complete cross-linked gel. The PVA–borax
hydrogel was then centrifuged at 3000 rpm for 10 min and
this step was repeated until the trapped air bubbles in the
hydrogel were fully removed. The rheological properties
were measured with a cone-plate geometry of diameter
50 mm and angle 2° at 25 °C.
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The GO suspension was supplied from STANDARD
GRAPHENE. The concentration of the GO stock suspension
dispersed the de-ionized water is 1 wt. %. The GO has a
lateral dimension of 8 μm with an approximate thickness of
1 nm. The GO stock suspension is used as a model system of
anisotropic colloids and liquid crystal colloids. The rheologi-
cal properties were measured with a cone-plate geometry
(diameter 50 mm, angle 1°) at 20 °C.

The composite of graphite–carbon black–polymer binder
(Gr–CB–CMC composite) is used as a model system of the
lithium-ion battery anode slurry. The graphite was supplied
from Sigma-Aldrich. The graphite has a 20 μm diameter, a
density of 2.26 g/cm3, and molecular weight of 12.011 g/mol.
Carbon black with a density of 1.6 g/cm3 and specific surface
area of 62 m2/g was supplied from MTI Korea (Super C65).
As a polymeric binder, we used sodium carboxymethyl cellu-
lose (CMC; Sigma-Aldrich) with a molecular weight of
250 kg/mol. To prepare the composite, a CMC solution was
prepared with 2 wt. % concentration in de-ionized water.
Carbon black was then added to the CMC solution and dis-
persed using a rotor-state homogenizer. Finally, the graphite
was added to the carbon black–CMC paste and mixed using
an ARE-310 planetary centrifugal mixer. The prepared slurry
had 33 wt. % of graphite, 1.3 wt. % of carbon black, and
1.3 wt. % of CMC. The rheological properties were measured
with a cup-bob geometry with an inner diameter of 10 mm
and a cone-plate geometry of diameter 50 mm and 1° angle
at 20 °C.

The wormlike micelle (WLM) solution was composed of
3.58 wt. % of cetylpyridinium chloride (CPCl) purchased
from Spectrum Laboratory in a de-ionized water solution of
sodium salicylate (NaSal) purchased from Sigma-Aldrich
with a molar ratio of NaSal to CPCl equal to 0.65. The solu-
tion was prepared by first adding the desired amount of
NaSal to de-ionized water followed by adding CPCl. All the
contents were then shaken inside a bottle and left for at least
2 days for equilibration before rheometric testing. The rheo-
logical properties were measured with a cone-plate geometry
of diameter 50 mm and angle 2° at 23.5 °C.

The linear low-density polyethylene (LLDPE) was sup-
plied from Hanwha Solutions (LLD3126). The molecular
weight and softening point is 130 kg/mol and 103 °C, respec-
tively. LLDPE samples were prepared as disk-shape pellets
by a hot press. The pellet thickness was 1.2 mm, and the
diameter was 8 mm. The rheological properties were mea-
sured with a plate-plate geometry of diameter 8 mm. The
master curves were constructed with a reference temperature
of 155 °C.

B. Rheometry

Rheological measurements were performed on an
MCR-302 rheometer from Anton Paar and a DHR-3 rheome-
ter from TA Instruments using various geometries at varying
temperatures as mentioned in Sec. III A. Frequency sweep
tests were carried out before and after each measurement and
were compared to confirm that there was no critical issue in
oxidation or degradation of PS at a high temperature and in
water evaporation of solution systems.

C. Recovery rheology test

The main concept behind recovery rheology is that strain
is a composite parameter consisting of two measurable com-
ponents. To distinguish the recoverable and unrecoverable
strains, constrained recovery tests, where the shear stress is
set to zero and the material is allowed to recover, can be
carried out following any protocol. For instance, oscillatory
or steady shearing where the strain is controlled can be fol-
lowed by an imposition of zero-shear stress and some portion
of the total deformation can be seen to recover. The part that
recovers is called the “recoverable strain”, γrec(t), and the
remaining amount is called the “unrecoverable strain”, γun(t).
By iterating this process of performing constrained recovery
tests, time-resolved recoverable and unrecoverable strain can
be obtained, γ(t) ¼ γrec(t)þ γun(t). While the iterative recov-
ery test provides material functions and time-resolved infor-
mation, the average material functions can be obtained
simply through the strain shift test detailed in Sec. III C 2.

1. Iterative recovery test

When performing iterative recovery tests for the start-up
of shear, a zero-rate step was applied for a very short duration
of time, 0.04 s, immediately after the shearing step and just
before the recovery step. This was inserted to make sure that
the rheometer geometry did not move further after the shear-
ing step due to inertia. The duration of the quiescent step was
sufficiently longer than the instrument response time of
around 0.01 s, yet still short enough not to have any signifi-
cant effect on the material process. Each measurement of
recoverable strain is a separate test, which involves the appli-
cation of deformation up to a certain instant, followed by a
constrained recovery step where the applied shear stress is set
to zero. This process is iteratively performed to build a time-
resolved dataset, as shown in Fig. 2.

2. Strain shift test

In a stress-controlled oscillatory shear test, even if we
impose a stress wave function that starts at 0, the strain
response can end up oscillating about a nonzero value
referred to as the strain shift, γs, as shown in Fig. 3. The
strain shift is attributed to the acquisition of unrecoverable
strain [52]. The measurable strain shift, therefore, allows us
to calculate three moduli, G0

solid , G
00
solid , and G00

fluid, derived
from the recoverable and unrecoverable strains. The details
regarding these calculations can be found in Lee et al. [52]
and Griebler et al. [62]. In this section, we describe how to
calculate G00

fluid and G00
fluid,raw using the stress, strain ampli-

tude, and the strain shift.
The strain shift experiments were performed on a TA

Instruments DHR-3 torque-controlled rheometer using a par-
allel plate geometry with a 25 mm diameter at varying tem-
perature. Since the TRIOS software reports any strain
response data as oscillating about zero when using the
built-in oscillatory functions, strain shift experiments must be
performed under the “Arbitrary Wave” function in the
TRIOS software. The stress wave function was applied as
σ0sin(ωttest þ ψ), where σ0 is the stress amplitude, ω is the
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angular frequency, and ψ is the phase angle of the applied
stress wave. For simplicity, ψ ¼ 0 was selected so that sinus-
oidal stresses were applied to maximize the strain shift.
Zero-stress steps were added before and after the stress wave
function, each holding the shear stress at zero for twait and
trecover to compare all subsequent strain measurements with
the original starting position. Thus, a series of stress wave
functions for the strain shift test consists of (1) 0 Pa for twait,
(2) σ0sin(ωttest þ ψ) for ttest, and (3) 0 Pa for trecover. While
twait and trecover are determined as the time for the material to
recover sufficiently to exhibit at least 95% of the total recov-
erable strain, the testing time, ttest, is set so that 10 periods
are completed at a given angular frequency. A series of stress
wave functions is repeated three times in the forward, σ0 > 0,
and reverse, σ0 < 0, directions to account for possible instru-
ment drift. Then, the resulting strain wave functions are
obtained, γ(ttest) ¼ γs þ γ0sin(ωttest þ δ).

Using the parameters obtained from the strain shift test,
the contribution to the fluid component of the loss modulus,
G00

fluid, is calculated as

G00
fluid ¼

σ0γs
γ20cos(ψ)

: (18)

The total loss modulus, G00, can be easily obtained in
the traditional oscillatory test, but it can be also calcu-
lated using the parameters in the strain shift test. The
detailed equations to derive G00

solid , and G00
fluid are given in

Appendix A.
Since G00

fluid indicates the dissipated energy normalized by
the total strain amplitude, γ0, if we want to gain information
from the material perspective, it is more natural to use the
component moduli normalized with its respective component
strain amplitude [57,62]. In this study, G00

fluid,raw is used to

FIG. 2. Comparison between traditional rheology and recovery rheology in the start-up of the shear test. While the recovery rheology allows us to get
modulus, Grec, and two viscosities, ηret and ηflow, in this study, we only use the flow viscosity, ηflow, considering that the Cox–Merz rule deals with the steady
shear viscosity.

FIG. 3. Comparison between traditional rheology and recovery rheology in the oscillatory shear test. The three decomposed moduli (G0
solid , G

00
solid , and G00

fluid)
can be obtained from both the iterative recovery test and the strain shift test.
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interpret the material response as

G00
fluid,raw ¼ σ0

γscos(ψ)
: (19)

IV. RESULT AND DISCUSSION

In this work, we have focused our presentation on the PS
of Mw = 192 000 g/mol at a reference temperature of 180 °C
because PS was one of the original materials used in the first
publication reporting the Cox–Merz rule [1]. While Cox and
Merz reported only the results on polymer melts at high tem-
peratures (200–232 °C) above the melting temperature of the
polymer, we present the results at a wide range of tempera-
tures and frequencies using time-temperature superposition.
Additionally, to demonstrate that revisiting the empirical
rules is not limited to a specific material, we include other
examples including a surfactant system, a polymer hydrogel,
a GO suspension, and a model battery slurry.

A. Traditional rheological characterization

We performed the start-up of shear tests at 180 °C by
applying constant shear rates to the PS in the range of 0.01 to
2.51 s−1. The stress growth function and the stress growth
coefficient are presented in Figs. 4(a) and 4(b). At low shear
rates where the flow is weak, the stress growth coefficient,
ηþ(t), increases gradually up to the zero-shear viscosity, η0,
without overshooting. At high shear rates, where the flow is
strong, ηþ(t) exhibits an overshoot before reaching a plateau
at the steady-shear viscosity ηss , η0. The tests terminate at
the solid symbols shown in Figs. 4(a) and 4(b), which mark
whichever is earlier: 600 s or the point where edge fracture
initiates. The steady-shear viscosity, ηss, is taken as the value
of ηþ(t) at these points, and is shown as a function of the
applied shear rate in Fig. 4(c) up to a rate of 2.51 s−1.
Application of rates higher than this result in rapid edge frac-
ture of the sample before any steady state can be achieved, as
shown in the inset of Fig. 4(c).

The linear viscoelastic behavior of entangled PS in the fre-
quency range from 10−2 to 105 rad/s is shown in Fig. 5. The
time temperature superposition (TTS) master curves, shown

as moduli and the magnitude of the complex viscosity, are
constructed with a reference temperature of 180 °C. In
Fig. 5(a), at low frequencies, a terminal region is observed
with the usual scaling of G’∼ ω2 and G"∼ ω. The reptation
time, τrep, and the Rouse time of an entanglement strand, τe,
are determined by the intersection of the dynamic
moduli [65].

We show in Fig. 5(b) how the magnitude of the complex
viscosity is constant at the value of the zero-shear viscosity,
ƞ0, at low frequencies and starts to decrease above about
0.1 rad/s. The Cox–Merz rule is an equality between the
magnitude of the complex viscosity and the steady shear vis-
cosity when the frequency is numerically the same as the
shear rate. To examine this equality, in Fig. 5(c), the magni-
tude of the complex viscosity and the dynamic viscosity are
divided by the steady shear viscosity. At low frequencies, the
complex viscosity and the dynamic viscosity are the same as
the steady shear viscosity and Cox–Merz holds. However,
with increasing frequencies and shear rates, the complex vis-
cosity becomes significantly larger than the steady shear vis-
cosity, indicating that the failure of the Cox–Merz rule is
frequency and rate dependent. The magnitude of the complex
viscosity consists of elastic and viscous moduli, G0 and G00,
while the dynamic viscosity is related only to G00. It is, there-
fore, expected that the dynamic viscosity ought to be a better
approximation of the steady-shear viscosity, as is shown in
Fig. 5(c). As described in Eq. (9), the dynamic viscosity,
η0 ¼ G00/ω, consists of recoverable and unrecoverable compo-
nents. In Fig. 5(c), The dynamic viscosity, η0, also becomes
significantly larger than the steady shear viscosity as the fre-
quency increases. This implies that the failure of the
Cox–Merz rule lies in the composite nature of the dynamic
viscosity rather than simply the elastic component of the mate-
rial. Further details will be discussed in Secs. IV B and IV C.

B. Start-up of shear test and oscillatory shear test
with recovery rheology

In Fig. 6, we show a representative result of the start-up of
shear test using recovery rheology metrics at a shear rate of
0.251 s−1. Since we impose a constant total shear rate, the
total strain increases linearly. However, through the iterative

FIG. 4. Start-up of the shear test with traditional rheology at 180 °C. At given shear rates, (a) total stress and (b) the stress growth coefficient, η+, over time. (c)
Steady-shear viscosity, ηss, obtained from the plateau of (b). The inset of (c) shows the photo when the sample results in edge fracture at high shear rates.
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recovery tests, the strain can be decomposed into recoverable
and unrecoverable strains, which do not increase linearly in
time, as shown in Fig. 6(b). Therefore, the imposed total
strain rate is constant but the recoverable and unrecoverable
strain rates are not always, as observed in Fig. 6(c). In the
initial stages, the recoverable strain rate is equal to the
imposed shear rate while the unrecoverable strain is initially
zero. That is, recovery rheology shows that all strain is

initially acquired recoverably. Over time, the recoverable
strain rate decreases to 0 and the unrecoverable strain rate
increases to the imposed shear rate. The steady-shear viscos-
ity, therefore, reflects the purely unrecoverable response at
zero recoverable strain rate as shown in Fig. 6(c),

ηss( _γ) ¼
σss

_γ
¼ σss

_γun
: (20)

FIG. 5. Frequency sweep with traditional rheology. The master curves of (a) moduli and (b) complex viscosity for PS-192k constructed at a reference tempera-
ture of 180 °C. The temperature range is from 130 to 190 °C. Two relaxation times are presented τrep is the reputation time and τe is the Rouse time of an entan-
gled strand. Horizontal shift factors, aT, of TTS from PS-192k are in Appendix B. (c) The ratio of the complex viscosity and the steady shear viscosity and the
ratio of dynamic viscosity and the steady shear viscosity as a function of angular frequency. The steady shear viscosity in Fig. 4(c) is used.

FIG. 6. Start-up of the shear test with recovery rheology at 180 °C. (a) Total stress, (b) the decomposed total strain into the recoverable and unrecoverable
strains, and (c) their corresponding rates of acquisition for an applied shear rate of 0.251 s−1. Each data point was collected using the iterative recovery test.
(d)–(f ) The relaxation time and dimensionless groups defined with traditional rheology are presented by the lines, while those newly defined using recovery
rheology are presented by the symbols. (d) The relaxation time, (e) the Weissenberg number, and (f ) the Deborah number during start-up of shear.
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Moreover, the transition of the material acquiring strain
recoverably to unrecoverably can be interpreted as a transi-
tion in response from that of a viscoelastic solid to a viscous
fluid. This transition implies that flow strength from the
material perspective is not consistent during the test.

To characterize the flow strength, we turn to the use of
dimensionless groups. Two particular groups that quantify
dimensionless flow strength and a timescale of deformation
are the Weissenberg number and the Deborah number, which
represent the ordinate and abscissa of “Pipkin space” to
describe the material deformations in a universal way [66].

The Weissenberg number, typically denoted as Wi, was
first proposed by White [67] to describe the strength of the
flow. He described the Weissenberg number as being seen to
represent the amount of recoverable strain in the fluid. A
typical modern writing of the Weissenberg number is given
as λ _γ, where λ is the relaxation time and _γ is the applied
shear rate. The relaxation time today is usually taken to be
the longest relaxation time from the SAOS measurement. In
this case, the relaxation time is usually considered a constant
value in any shear protocol, so the Weissenberg number is
often interpreted as dependent only on the shear rate.

The Deborah number, typically denoted as De, was first
introduced by Reiner [68] to describe how solidlike or liquid-
like a material behaves. He suggested the Deborah number as
the ratio of the material relaxation time (λ) to the experimen-
tal observation time (tobs). Therefore, when the relaxation
time is constant, the Deborah number is proportional to the
reciprocal of the experiment time and is considered a dimen-
sionless number unrelated to the shear rate.

The traditional relaxation time and two dimensionless
numbers at a fixed shear rate of 0.251 s−1 are shown as solid
lines in Figs. 6(d)–6(f). While the traditional relaxation time
and the Weissenberg number exhibit constant values at all
times due to the fixed shear rate and the assumption of an
unchanging relaxation time, the traditional Deborah number
deceases as the reciprocal of time. The traditional approach
that determines the relaxation time from SAOS measurement
(λSAOS) makes an implicit assumption that the relaxation time
of the material is consistent under any shear protocol, even in
the nonlinear regime. In fact, the relaxation time can depend
on the flow strength, so using λSAOS to represent relaxation
processes at all times can lead to ambiguity in interpreting
the time-resolved nonlinear behavior.

To avoid this ambiguity, we return to White’s original pre-
sentation of the Weissenberg number [67]. He defined the
Weissenberg number as

Wi ¼ Jeω1U/L, (21)

where Je is the steady-state recoverable shear compliance,
Je ¼ γrec/σ, ω1 is White’s symbol for the viscosity defined
as ω1 ¼ η ¼ σ/ _γ [60,66], and U/L is the shear rate _γ, so that

Jeω1U/L ¼ γrec
σ

σ
_γ
_γ ¼ γrec, (22)

making clear his suggestion of the Weissenberg number as
the amount of recoverable strain in the fluid. If we take the

common modern interpretation of the Weissenberg number
as the product of the relaxation time and the shear rate,
Wi ¼ λ _γ, then,

λ ¼ Jeω1 ¼ γrec
_γun

: (23)

Therefore, the Deborah number can be (re)defined as

De ¼ λ

tobs
¼ γrec

_γun

1
tobs

: (24)

Once we acknowledge the recoverable and unrecoverable
components as being measurably separate from the total
strain, the relaxation time and dimensionless groups can be
(re)defined as time-resolved parameters reflecting the nonlin-
ear behavior as presented in Eqs. (22)–(24). These time-
resolved parameters at a shear rate of 0.251 s−1 are presented
in Figs. 6(d)–6(f ) as λt(t) ¼ γrec(t)/ _γun(t), Wit(t) ¼ γrec(t),
and Det(t) ¼ λt(t)/t. Additionally, the Deborah number can
be simplified as the ratio of recoverable rate and unrecover-
able rate, _γrec/ _γun, as reported in the study of Singh et al.
[63]. While λSAOS is independent of the observation time and
is always equal to 1/τrep, λt(t) initially increases with a scale
of t0.4 and levels off at a steady state. Similarly, Wit(t) is also
initially time-dependent with a scale of t0.8 before eventually
saturating at a steady state, whereas the traditional
Weissenberg number is independent of the time scale.

The traditional and time-resolved Deborah numbers start
from the same values, but their subsequent trends are signifi-
cantly different. At early times, when the recoverable
response is dominant, Det(t) decreases with a scale of t−0.6,
implying that the material yields more slowly than tradition-
ally expected. When the unrecoverable response becomes
dominant and reaches a steady state, Det(t) finally decreases
with a scale of t�1 and gets close to zero [69], suggesting the
fluidization of the material.

The decomposed strain also allows us to obtain the time-
resolved flow viscosity, η flow(t), by dividing the stress by the
unrecoverable strain rate as described in Eq. (12). In Fig. 7(a),
the flow viscosity is compared with the stress growth coeffi-
cient. The difference between their definitions is the denomi-
nator: η flow(t) ¼ σ(t)/ _γun(t) and ηþ(t) ¼ σ(t)/ _γ total(t): The two
metrics are, therefore, different by a factor of _γ total(t)/ _γun(t):
Given that the total rate is composite and is made of recover-
able and unrecoverable parts, this ratio can be written as
_γ total(t)/ _γun(t) ¼ ( _γrec(t) þ _γun(t))/ _γun(t) ¼ 1þ _γrec(t)/ _γun(t),
which, under conditions stated above, could be seen as
1þ De. That is, when elasticity plays a significant role,
making De . 1, the flow viscosity and stress growth coeffi-
cient will be significantly different.

Despite being a shear thinning material, as shown in
Fig. 4(c), as the imposed shear rate increases, the flow viscos-
ity, η flow(t), always starts from the zero-shear viscosity, η0, as
shown in Fig. 7(b). This behavior is consistent with the study
of Singh et al. [63] that revisited the definitions of transient
rheological material functions. Therefore, the transient stress
signal is encompassed by the components of the strain, rather
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than the material functions such as the stress growth coeffi-
cient. This implies that the decomposed strain allows for a
clearer interpretation of the rheological phenomenon.

C. Revisiting the Cox–Merz rule

As discussed in Sec. II.A, the complex viscosity is a com-
posite parameter consisting of recoverable and unrecoverable
responses, while the steady shear viscosity comes just from
unrecoverable deformation. The composite nature of the
complex viscosity may, therefore, be at the heart of the
failure of the Cox–Merz rule. Since η0 is consists of recover-
able and unrecoverable components, a fairer comparison is
between the unrecoverable component of η0 and the steady
shear viscosity.

Recovery rheology decomposes the loss modulus into
solid and fluid components, G00

solid , and G00
fluid. The subscripts

“solid” and “fluid” represent the material functions attributed
to the recoverable and unrecoverable strains.

We show in Fig. 8(a) the recoverable and unrecoverable
components of the loss modulus, G00

solid and G00
fluid. In the ter-

minal region, where G00 . G0, G00 is made up of mostly the
unrecoverable strain contribution, G00

fluid . G00
solid . In contrast,

in the rubbery region, where G0 . G00, G00
solid becomes larger

than G00
fluid , indicating that energy dissipation from the acqui-

sition of recoverable strain contributes significantly to the
material behavior.

A useful measure for whether Cox–Merz might be
expected to apply is therefore the ratio η0solid/η

0, which is the
same as the ratio G00

solid/G
00. As shown in Fig. 8(b), the contri-

bution of G00
solid becomes an increasingly larger fraction of

the total energy dissipated with increasing frequencies. By
the relations between dynamic moduli and viscosities, this
suggests that the dynamic viscosity, η0, results predominantly
from the contribution of the unrecoverable strain at low fre-
quencies, but from the recoverable strain at high frequencies.

The composite nature of the dynamic loss modulus and
dynamic viscosity implies that the complex viscosity
obtained from the traditional G00 is also a composite

FIG. 7. (a) Comparison between the stress growth coefficient, η+, and the time-resolved flow viscosity, ηflow(t), defined as the ratio of stress and unrecoverable
strain rate. (b) The time-resolved flow viscosity at varying shear rates. At all shear rates, the flow viscosity starts from zero-shear viscosity, η0.

FIG. 8. Frequency sweep with recovery rheology at a reference temperature of 180 °C. (a) The decomposed moduli. The solid line indicates G00 that can be
decomposed into the solid and fluid component of loss modulus. (b) The solid component of loss modulus divided by traditional loss modulus. The increase in
this value indicates that recoverable response becomes dominant at a given frequency. (c) Flow viscosity as shown in Eq. (14).
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parameter that includes both recoverable and unrecoverable
deformation of the material. Since G00

solid and G00
fluid are the

dissipated energy rates normalized by the total strain ampli-
tude, they are suitable for quantitative comparisons of
whether recoverable or unrecoverable deformation is domi-
nant. However, considering that recovery rheology takes the
perspective that strain is separable, it is more effective to nor-
malize the component moduli by their respective component
strain amplitudes, such as in G00

fluid,raw, which represents the
unrecoverable deformation of the material as shown in
Eqs. (13) and (14). Since G00

fluid,raw is the material function
obtained from the unrecoverable components, using G00

fluid,raw
gives the flow viscosity, η flow, rather than the complex vis-
cosity during the oscillatory shear test. In Fig. 8(c), the flow
viscosity of the PS is presented as G00

fluid,raw divided by the
frequency, η flow ¼ G00

fluid,raw/ω.
The steady-shear viscosity, ηss, reflects the response of a

material to acquisition of purely unrecoverable strain, while
the dynamic viscosity, η0, is a composite parameter that con-
tains both recoverable and unrecoverable contributions. The
magnitude of the complex viscosity cannot, therefore, always
correspond to steady shear viscosity. In Fig. 9(a), we show
that the magnitude of the complex viscosity and the steady-
shear viscosity of the PS gradually deviate more as the
frequency increases due to the larger contribution of the recov-
erable components as discussed above and shown in Fig. 8.

The difference between the magnitude of the complex vis-
cosity and the steady-shear viscosity, as seen in Eqs. (15)
and (20), is the denominator. The complex viscosity is
defined by the total rate, while the steady-shear viscosity is
defined by the unrecoverable rate. The two metrics are there-
fore different by a factor of the total strain rate over unrecov-
erable strain rate. If we expand the total rate as the sum of
recoverable and unrecoverable strain rate, the factor simplifies
to being less than or equal to _γrec/ _γun þ 1. Since the ratio of
rate components can represent the Deborah number as dis-
cussed earlier, the factor can be simplified as Deþ 1. This
means that the deviation between the magnitude of the
complex viscosity and the steady-shear viscosity depends on
Deþ 1. At low De, more strain is acquired unrecoverably

while at high De, more strain is acquired recoverably. Thus,
the Cox–Merz rule fails in the regime where the recoverable
response becomes dominant.

We show in Fig. 9(b) the viscosity comparison for the
steady shear viscosity, ηss, and the flow viscosity obtained
from oscillatory shearing, η flow ¼ G00

fluid,raw/ω, of the PS melt.
Both parameters are attributed to acquisition of unrecoverable
strain; thus, the steady shear viscosity is superposed to the
flow viscosity without limitation of the frequency or shear rate.

This relation is not limited to the specific polymer melt
we show in Fig. 9, but rather works for various systems. We
show in Fig. 10 the results for a hydrogel, an anode battery
slurry, anisotropic GO colloids, a self-assembled micelle
system, and branched polymers. The insets in each panel rep-
resent the traditional Cox–Merz measures and the results of
the frequency sweep for each material are in Appendix C.
Among the materials, a self-assembled micelle system in
Fig. 10(d) is one of the typical Maxwell fluid model systems
with only unrecoverable dissipated energy. The Cox–Merz
rule works for the material that either has no recoverable G00

or has a large contribution of unrecoverable dissipated
energy. In contrast, the agreement between the unrecoverable
metrics across all materials we have studied suggests a uni-
versality. Even when applied to a material that exhibits
shear-thickening behavior, shown in Fig. 10(a), in which the
Cox–Merz rule fails, the unrecoverable viscosity comparison
still works successfully.

The general formalism of the unrecoverable viscosity
comparison can be described as

ηss( _γ) ¼ η flow(ω)jωγun¼ _γ , (25)

where γun is the unrecoverable strain, which can be replaced
with strain shift, γs. While the traditional Cox–Merz rule is
limited in the SAOS regime and the Rutgers–Delaware rule
is limited in the large amplitude oscillatory shear (LAOS)
regime, the unrecoverable viscosity comparison in Eq. (25)
works in both SAOS and LAOS regimes. To predict the
steady-shear viscosity at high shear rates, there are two
approaches in oscillatory sweeps: increasing frequency or

FIG. 9. (a) Comparison between the steady-shear viscosity and the magnitude of the complex viscosity by accepting the traditional Cox–Merz rule of the PS
melt at a reference temperature of 180 °C. At high frequencies, the Cox–Merz rule fails showing that the magnitude of the complex viscosity becomes larger
than the steady-shear viscosity. (b) New relations between the steady-shear viscosity and the flow viscosity, η flow, obtained from unrecoverable strain.
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amplitude. Figures 10(a)–10(d) show the flow viscosity with
increasing amplitude at a fixed frequency, including SAOS
and LAOS regimes. In contrast, Figs. 9 and 10(e) show the
flow viscosity with varying frequencies in the SAOS regime.
The flow viscosity is all superposed on the steady-shear vis-
cosity, suggesting a universality of the unrecoverable viscos-
ity comparison.

Using recovery rheology, therefore, allows us to predict
the steady-shear viscosity from oscillatory shear testing by
extracting the unrecoverable information as described in
Eq. (25). We only need one additional piece of information
to decompose the parameter into recoverable and unrecover-
able parts. The strain shift test provides this extra information
while simultaneously unrecoverable flow viscosity as laid out
in Eqs. (16) and (17) keeps the benefits of the Cox–Merz
rule while overcoming the assumption that all strain is
acquired unrecoverably in oscillatory tests. It may, therefore,
be possible to predict the steady-shear viscosity from SAOS
and even LAOS data of all materials while avoiding the
issues of sample instability from the nonlinear properties in
the steady shear response.

V. SUMMARY AND CONCLUSION

In this study, we investigated the rheological physics
behind the empirical Cox–Merz rule using recovery

rheology. While this empirical rule is based on the total
strain, recovery rheology highlights the difference between
the steady-shear and complex viscosities. Recovery rheology,
therefore, provides parameters that allow us to clearly inter-
pret the material response across protocols. Our reexamina-
tion of the empirical Cox–Merz rule through the lens of
recovery rheology can be summarized by three major points,

1. A clear understanding of material functions. The
Cox–Merz rule compares the steady shear viscosity,
ηss( _γ), and magnitude of the complex viscosity, jη*(ω)j.
Recovery rheology thinking makes it clear that the steady
shear viscosity represents a purely unrecoverable response
while the complex viscosity contains contributions from
both recoverable and unrecoverable strains.

2. Why the empirical Cox–Merz rule fails or works. The
complex viscosity is a composite parameter consisting of
both recoverable and unrecoverable responses. The failure
of the Cox–Merz rule depends on the contribution of
recoverable response to the dissipated energy, G00. If the
dissipated energy acquired from the recoverable compo-
nent is dominant over that from the unrecoverable
response, the traditional Cox–Merz rule fails.

3. Predicting steady-shear viscosity in a universal way. The
steady-shear viscosity reflects a purely unrecoverable
response. It can be predicted from oscillatory

FIG. 10. Unrecoverable viscosity comparison of (a) PVA–borax hydrogel, (b) graphite–carbon black–CMC polymer composite as an anode slurry system, (c)
GO suspension, (d) WLM systems, and (e) LLDPE as a branched polymer system. Each material represents shear-thickening material, anode battery slurry,
anisotropic colloid, and surfactant system, respectively. The circle and hexagonal symbols indicate the steady-shear viscosity and the unrecoverable flow viscos-
ity, respectively. The inset of each figure is the result of the traditional Cox–Merz rule by comparing the steady-shear viscosity and the magnitude of the
complex viscosity. The diamond symbol indicates the magnitude of the complex viscosity. The results of frequency sweep are presented in Appendix C.
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shearing through the unrecoverable flow viscosity,
ηss( _γ) ¼ η flow(ω)jωγun¼ _γ , rather than the magnitude of the
complex viscosity. As shown in Figs. 9 and 10, a relation
between the steady shear viscosity and the unrecoverable
flow viscosity may be universal.

Our results also explain why the Rutgers–Delaware rule
works. When subjected to large amplitude oscillatory shear-
ing of sufficient amplitude, yield stress fluids acquire strain
nearly purely unrecoverably. The steady shear flow curve
similarly reflects unrecoverable acquisition of strain, and so
in the yielded region the magnitude of the complex viscosity
is dominated by the same unrecoverable components that are
probed in the steady shear tests.

Traditional empirical rules often fail, but when they work,
their use has significant advantages. By viewing the
Cox–Merz rule through the lens of recovery rheology, the
conditions under which it works and fails have been shown,
and a new relation has been proposed that may be universal.
As was the purpose of the traditional Cox–Merz rule, it is
still possible to bridge two material functions obtained from
different shear protocols. As long as material functions that
come from the same strain components are used, the steady
shear viscosity can be predicted from SAOS testing. This
study, therefore, emphasizes the significance of recovery rhe-
ology, which provides more information than traditional
testing alone, by decomposing the strain into recoverable and
unrecoverable components. The extra information allows us
to understand the connection between different metrics and
provides a straightforward way to elucidate the rheological
physics behind empirical rules.
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APPENDIX A: MODULI CALCULATION IN THE
STRAIN SHIFT TEST

To calculate G00
solid and G00

flulid, we begin by examining
storage and loss compliance in terms of energy dissipation
and storage,

J 0(ω) ¼ 4(Wstored(ω))avg
σ2
0

¼ 2[σ(t)γ(t)]avg
σ2
0

, (A1)

J 00(ω) ¼ 2( _Wdiss(ω))avg
σ2
0ω

¼ 2[σ(t) _γ(t)]avg
ωσ2

0

: (A2)

By acknowledging recoverable and unrecoverable strain
rates, the loss compliance can be decomposed into solidlike
and fluidlike components, as derived by Griebler et al. [62],

J 00solid(ω) ¼
2( _Wdiss,solid(ω))avg

σ2
0ω

¼ 2[σ(t) _γrec(t)]avg
ωσ2

0

, (A3)

J 00fluid(ω) ¼
2( _Wdiss,fluid(ω))avg

σ2
0ω

¼ 2[σ(t) _γun(t)]avg
ωσ2

0

: (A4)

This can now be applied directly to the case of our experi-
mental strain shift procedure. There is an equivalence in the
concepts addressed by Eq. (A4), which represents the portion
of the loss compliance that comes from unrecoverable dissi-
pation of energy, and the strain shift, which also only comes
from unrecoverable dissipation of energy. To develop a
formal expression that links the two measures, we begin with
the form σ(t) ¼ η _γun(t) for the unrecoverable strain rate and
our sinusoidal stress to calculate the fluid component of the
loss compliance from Eq. (A4). Since the average of any
squared sine wave for an integer number of periods is equal
to 1

2, we see

J 00fluid(ω) ¼
2

ωσ2
0

σ2
0sin

2(ωt þ ψ)
η flow

� �
avg

¼ (ωη flow)
�1: (A5)

We see from Eq. (A5) that the fluid component of the loss
compliance is equal to the inverse of the angular frequency
times the flow viscosity. This flow viscosity can be expressed
in terms of the strain shift as follows:

γs ¼
σ0

ωη flow
cosψ ¼ σ0

ωσ0

_γ0

cosψ ¼ γ0 cosψ : (A6)

Inserting Eq. (A6) into Eq. (A5), fluidlike loss compliance
can be simplified as

J 00fluid(ω) ¼
γs

σ0 cosψ
: (A7)

A similar process can be followed to calculate the connec-
tion between the flow viscosity and the fluid component of
the loss modulus. In this case, G00

fluid can be described as

G00
fluid(ω) ¼

2
ωγ20

σ2
0sin

2(ωt þ ψ)
η flow

� �
avg

¼ σ2
0

γ20
(ωη flow)

�1 (A8)

and the connection between the fluid component of the loss
modulus and strain shift as follows:

G00
fluid(ω) ¼

σ0γs
γ20 cosψ

: (A9)

We, therefore, have the link we sought between the strain
shift measure, γs, and the fluid component of the loss
modulus, G00

fluid . The solid component of the loss modulus
follows directly from the additive nature of the loss modulus
components shown in Eq. (9) by subtracting the fluid
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component from the total,

G00
solid ¼ G00 � G00

fluid: (A10)

The fluid component moduli normalized with its respec-
tive component strain amplitude (i.e., G00

fluid,raw) can be
obtained from Eq. (A6). Greibler et al. [57,62] reported that
the flow viscosity corresponds to the ratio of G00

fluid,raw and
angular frequency as

η flow ¼ G00
fluid,raw/ω: (A11)

Inserting Eq. (A11) into Eq. (A6), G00
fluid,raw is simplified as

G00
fluid,raw ¼ η flowω ¼ σ0

γscos(ψ)
: (A12)

These equations make it clear that if you apply a sinusoi-
dal stress to any material and obtain the raw strain response
including the strain shift, it is possible to distinguish between
the components of the dynamic loss modulus without any
extra experimentation.

APPENDIX B: SHIFT FACTOR OF PS-192 K

Figure 11 contains horizontal shift factors (aT) of TTS
from PS-192 k at Tref = 180 °C. To construct the master curve
in this work, we use aT as a function of measurement temper-
ature in Fig. 11. The temperature-dependence of the corre-
sponding aT is well fitted by the Williams–Landel–Ferry
(WLF) model

log (aT ) ¼ �C1(T � Tref )
C2 þ T � Tref

: (B1)

The WLF model is used to fit the data and is shown as a
dashed line. The WLF parameters are C1 = 4.5 and
C2 = 125.5 K.

APPENDIX C: FREQUENCY SWEEP TEST

Figure 12 contains the results of the frequency sweep test
for a hydrogel, an anode battery slurry, anisotropic GO col-
loids, a self-assembled micelle system, and branched
polymers.

FIG. 12. Frequency sweep for (a) PVA–borax hydrogel, (b) graphite–carbon black–CMC polymer composite as an anode slurry system, (c) GO suspension,
(d) WLM systems, and (e) LLDPE as a branched polymer system.

FIG. 11. Horizontal shift factors (aT) of TTS from PS-192 k at Tref = 180 °C.
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