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Although perception is an increasingly dominant portion of the overall computational cost for
autonomous systems, only a fraction of the information perceived is likely to be relevant to the current
task. To alleviate these perception costs, we develop a novel simultaneous perception-action design
framework wherein an agent senses only the task-relevant information. This formulation differs from
that of a partially observable Markov decision process, since the agent is free to synthesize not only

Keywords: its policy for action selection but also its belief-dependent observation function. The method enables
Perception and sensing the agent to balance its perception costs with those incurred by operating in its environment. To
Planning obtain a computationally tractable solution, we approximate the value function using a novel method

Optimization under uncertainties of invariant finite belief sets, wherein the agent acts exclusively on a finite subset of the continuous
belief space. We solve the approximate problem through value iteration in which a linear program is
solved individually for each belief state in the set, in each iteration. Finally, we prove that the value
functions, under an assumption on their structure, converge to their continuous state-space values as

the sample density increases.
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1. Introduction

Evolution has driven biological organisms to strike a balance
between the conflicting desire of utilizing all available informa-
tion in order to make a decision and the desire of minimizing
the cost of perceiving that information from the environment.
Such perception costs are not negligible: studies of the human
brain, for instance, have shown that it constitutes 20% of our
resting energy consumption rate, of which 50% is associated with
signaling (Attwell & Laughlin, 2001). In order to optimally utilize
only a portion of the available information, it is believed that
organisms have evolved to strategically perceive only the task-
relevant information from their environment (Berry et al., 1999;
Egner & Hirsch, 2005). The mammalian visual cortex, for example,
is sensitive to only particular features over a small region of the
visual field (Hubel & Wiesel, 1968).

Perception costs have likewise become a bottleneck in many
engineering applications. For example, experimental results have
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shown that over 94% of the computational time in autonomous
driving is allocated to perception (Lin et al,, 2018). Although state-
of-the-art accelerator platforms like GPUs are effective for latency
reduction, their power consumption is significant enough to de-
grade a vehicle's driving range. To alleviate these issues, Censi
et al. (2015) argues that sensor hardware should extract only
task-relevant information. Although intuitively appealing, such an
idea is difficult to implement, as what constitutes “task-relevant”
information is difficult to define.

To provide a methodological foundation for task-relevant
sensing, we propose a simultaneous perception-action design
(SPADE) framework based on the standard Markov decision pro-
cess (MDP) formulation (Puterman, 2014) with a novel inform-
ation-theoretic perception cost. The perception cost penalizes
information flowing from the sensor to the down-stream
decision-making unit. This framework allows for the synthesis of
a sensing mechanism that extracts the minimum amount of task-
relevant information from the underlying state of the controlled
Markov chain.

The use of information theory to model perception costs has
previously been studied. Viewing an agent as a communication
channel, Sims (2003) proposes a model penalizing the mutual
information between the state of the environment and the agent’s
action. Likewise, Sims (2016) proposes using rate-distortion the-
ory to characterize perception costs. The analogy between the
perception-action cycle and a communication channel was also
studied in Tishby and Polani (2011), where algorithms to syn-
thesize the optimal trade-off between the cost-to-go and the
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information-to-go are proposed. Alternatively, Ortega and Braun
(2013) studied the problem of rational inattention through the
lens of thermodynamics, where information processing costs are
characterized through differences in free energy. Rational inat-
tention was also studied in Shafieepoorfard et al. (2016), which
provides theoretical results connecting controllers subject to in-
formation constraints to rate-distortion theory. Following Massey
(1990), we use the information-theoretic concept of directed in-
formation to model the agent’s perception costs. The directed
information measures the information flow between a pair of ran-
dom processes, such as from the environment to the observations
made about the environment. To our knowledge, this paper is
the first to apply directed information to the study of optimal
perception.

The proposed SPADE framework is reminiscent of active per-
ception (Aloimonos, 2013; Bajcsy et al., 2018). In active perception
problems, an agent (or group of agents, as in Spaan, 2008) seeks to
take actions that lead to desired observations, such as those that
reduce the uncertainty in its underlying state (e.g., Araya et al,,
2010; Ghasemi & Topcu, 2019). As opposed to existing works
on active perception, the SPADE framework allows an agent to
instead synthesize its own sensing mechanism, rather than acting
in such a way as to exploit a prespecified sensing mechanism. In
Section 5, we use this theoretical, synthesized sensing mechanism
as the basis for a dynamic sensor selection strategy, a common
problem in the field of active perception (e.g., Hashemi et al.,
2018; Hibbard et al., 2020; Spaan & Lima, 2009).

The proposed SPADE framework allows more flexibility for an
agent compared to a partially observable MDP (POMDP) (Kael-
bling et al., 1998), with Fig. 1 highlighting three key distinctions.
First and foremost, our formulation includes the perception strat-
egy P as a decision variable, rather than using a sensing mecha-
nism fixed a priori. In effect, the agent is capable of choosing what
to observe. Furthermore, we allow for a belief-dependent percep-
tion mechanism, as shown in the lower left block in Fig. 1(b).
This generalization is biologically plausible, e.g., eye movement
can be controlled, and is crucial in developing a computationally-
tractable synthesis of optimal perception and action strategies.
Finally, in order for such a generalization to be meaningful, the
SPADE framework incorporates a perception cost for the agent,
denoted I(s.r — z1.7) in Fig. 1(b). As we discuss in Section 2.3,
this quantity is the directed information, a statistical measure
of information flow, between the state sequence {s{,...s;} and
the observation sequence {z, ..., z:}. The inclusion of this term
is critical, since full-state measurement is always optimal in the
absence of a perception cost.

Mathematically, our problem is closest to stochastic opti-
mal control with directed information constraints, as studied
in Tanaka et al. (2017, 2021). In Tanaka et al. (2017), the problem
is studied in the linear-quadratic-Gaussian (LQG) regime, where
it is shown that an optimal policy consists of linear perception
and action units, whose combined structure is similar to Fig. 1(b).
In the LQG case, the simultaneous perception-action synthe-
sis problem can be reformulated as a computationally-efficient
semidefinite programming problem. Likewise, the finite-state
counterpart of the problem was studied in Tanaka et al. (2021),
where an alternative solution method based on the so-called
forward-backward Arimoto-Blahut algorithm is proposed. How-
ever, the synthesized strategy does not admit the perception-
action separation structure, and the algorithm suffers due to the
nonconvexity of the cost function. The SPADE framework is in
part motivated to overcome these difficulties.

We first show the SPADE problem is solvable, in principle,
through a backward-in-time dynamic programming algorithm
over the belief space. In each iteration, each belief state value
function is updated by solving a nonconvex optimization prob-
lem. However, such an approach is impractical, as the value
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Fig. 1. Visualization of the differences between the standard POMDP framework
and the SPADE framework. Note the inclusion of feedback between the action
and the perception unit.

functions must be evaluated over the entirety of the continuous
belief space. To circumvent this difficulty, we propose a novel
method of invariant finite belief sets for approximating the value
functions, wherein we enforce that the agent operates exclusively
on an invariant finite subset of the belief simplex. We do so
by restricting the space of admissible perception strategies in
such a way that the subsequent belief state always belongs to
the invariant finite subset. We show this restriction is equivalent
to imposing a set of linear constraints on the set of admissible
perception strategies, and that each value function update on the
invariant finite belief set can be obtained through the solution
of a linear program, allowing the synthesis of an optimal simul-
taneous perception-action strategy through a computationally
tractable and parallelizable value iteration. The idea of value
function updates over sampled belief states is reminiscent of
point-based value iteration for POMDPs (Pineau et al., 2003). Our
approach is fundamentally different since, by construction, the
synthesized perception strategy renders a user-specified set of
sampled belief states invariant, allowing for exact value iteration
over this set. For general POMDPs with fixed observation func-
tions, exact value iteration is not possible. Furthermore, we show
that as the cardinality of the invariant finite belief set increases,
the linear constraints on the sensing strategies become less bind-
ing, yielding better approximations of the continuous belief space
solution. Finally, as the sample density of the invariant finite
belief set increases, we prove that the value functions of the
sampled belief states converge to their continuous counterparts,
under an assumption on the structure of these value functions.

Notation. We use uppercase symbols to denote sets and low-
ercase, bold symbols to denote random variables. For a set X,
A(X) denotes the set of all probability distributions over X. The
probability a random variable x takes a value x € X is denoted by
Pr(x = x). We denote a sequence {xq, ..., x;} of length k by x1.
For a vector v € R", let diag(v) € R™" be a diagonal matrix of
the elements of v. We compactly express the summation over a
set X by ) ., where the corresponding set is clear by the notation
used.
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Fig. 2. Interplay between the underlying state process and the prior and posterior belief states of the agent.

2. Simultaneous perception-action design

We now formulate the simultaneous perception-action design
(SPADE) problem of the agent.

2.1. Perception model

We use a perception MDP M = (S,A, T, C,Z, y) to model the
environment of the agent, where s € S is a finite set of states,
a € A is a finite set of actions, T : S x A — A(S) is a transition
function mapping state-action pairs to probability distributions
over successor states, C : S x A — R > 0 is a cost function,
z € Z is a set of observations, and 0 < y < 1 is a discount
factor. Following the formulation of Shafieepoorfard et al. (2016),
we assume the agent has access to an observation alphabet Z with
infinite cardinality. The rationale behind this assumption will be
discussed at the end of this subsection. We refer to the probability
of transitioning to state s’ after taking action a in state s by Tyqs.
Likewise, we refer to the cost of taking action a in state s by Cs 4
and the entire cost matrix by C € RISIXIAl

Due to imperfect information, an agent must estimate its cur-
rent state s, € S through its history of observations. Specifically,
the agent maintains a belief state b, = [b;s : s € S]T € A(S)
at each time step t, where, for all s € S, by Pr(s;
s|z1.t—1) denotes the probability the agent believes it resides in
state s at time t given the sequence of observations zy.;_1. In our
formulation, the agent maintains a parallel set of belief states.
We refer to the first of these belief states as the prior belief
state b, as defined previously. Particularly, the prior belief state
characterizes the agent’s belief prior to making an observation at
time step t. The second belief state the agent maintains is referred
to as the posterior belief state b, = [b;s : s € S]T € A(S), where
each Bt‘s is defined according to B[,S = Pr(s; = s|zq.¢), which is
the belief state of the agent after making an observation about
its underlying state s; (but, we stress, before taking an action at
time step t). Thus, the prior belief state captures the available
information when choosing its perception strategy (i.e., its belief-
dependent observation function), while the posterior belief state
captures the available information when choosing an action. The
differences between these parallel belief states are formalized in
Section 2.2.

In our formulation, the agent is free to design both its action-
selection strategy and a belief-dependent observation function.
We refer to this joint process as a simultaneous perception-action
strategy, which consists of both its action strategy .4 and its per-
ception strategy P. The agent’s action strategy is a sequence A =
{A1, ..., A, ...}, where A; @ A(S) — A(A). The action strategy
maps a posterior belief b at time t to a probability distribution
over action selection. We denote the probability of taking action
a in the posterior belief state b, at time t as A; . Likewise, the
perception strategy is a sequence P = {Py,..., P, ...}, where

Pe 1 A(S)xS — A(Z). The perception strategy prescribes a belief-
dependent observation function for the agent at each time step.
We denote the probability of making observation z about state s
while in the prior belief b, at time t as Py p,.

Remark 1. Since the agent is able to synthesize its own percep-
tion strategy P, our assumption that Z has infinite cardinality
provides the agent the greatest freedom in this synthesis prob-
lem. However, as shown in Shafieepoorfard et al. (2016), there is
no advantage to using a set Z with cardinality greater than that
of A(S). In the main problem (4) that we formulate, we assume
Z = A(S) without loss of generality, and assign each observation
to a unique belief state.

2.2. Relation between prior and posterior belief states

Fig. 2 details the relation between the prior and posterior
beliefs. Given a posterior belief b,, the agent first selects an action
strategy A - Once selected, the agent then predicts the unique
prior belief that it transitions to by

bt+1.s = Z Z Ts\a,s’Aaﬁ,tBt,s’-
s’ a

When the action strategy is deterministic, i.e., there exists an
action a € A such that Aa“;t = 1, we can write a = A, and
more succinctly express (1) as

bii1s = E TSIAEt,s’bt,s/~
S/

(1)

(2)

Once the agent has transitioned to the prior belief state by, it then
chooses its perception strategy P;s . With probability Pr(z,
Z) = Y Prsp.bes, the agent then makes an observation z; = z
and updates to the posterior belief state Bt according to the set of
Bayesian updates

Bt,s = (les,bt bt,s)/(z Pz|5’,btbt,s’)

s

(3)

for each s € S. Note the transition to the posterior belief Br occurs
with probability Pr(z; = z). Furthermore, when Z is a countable
set, the structure of (3) implies that, for any b, € A(S), b is a
collection of point masses of weight Pr(z; = z). We adopt b7 to
denote the unique posterior belief obtained when observation z
is made while in prior belief state b,. Similarly, we denote b{;,
as the unique prior belief obtained when action a is chosen in
posterior belief state bZ.

2.3. An information-theoretic perception cost

In the absence of perception costs, it is always optimal to
select a noiseless, full-state measurement (i.e.,, Z =S and z; = s;)
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as the perception strategy, although such measurements are often
unrealistic. To make the perception design problem meaningful,
it is necessary to introduce a metric to model the cost of infor-
mation acquisition. Although the SPADE framework is general
enough to support a variety of perception costs, we focus on
a model where these costs are quantified by the information-
theoretic concept of directed information. Directed information
(Massey, 1990), sometimes referred to as transfer entropy
(Schreiber, 2000), is a nonnegative quantity characterizing the in-
formation flow between random processes. For a pair of random
processes sq.7 and z,.1, the directed information from s1.7 to z;.1 is

;
I(s1.1 — z1.7) & Zl Stits ZelZ1e—1),

t=1

where I(Sq.¢; Z;|21..—1) is the conditional mutual information
(Cover & Thomas, 2012), explicitly written as

Y Prlsie, 21 log
S1:t521:t

In the SPADE model, the random processes si.r and z;.r repre-
sent the state and the observation sequences, respectively. The
directed information is closely related to the information traffic
from the perception unit to the action unit (the lower left and
right blocks of Fig. 1(b), respectively), and is a suitable metric
to capture perception costs as, for our model, it is equivalent to
the summation of the stage-additive information gains. A formal
analysis providing the directed information with a Shannon-
theoretic operational meaning is provided in Appendix A. For
mathematical convenience, we introduce the discounted directed
information:

Pr(si., Z|z1:0-1)
Pr(s1.clz1.c—1)Pr(z¢|Z1:-1)

A

L(sir — z17) & (ste; Ze|Z1:e-1)

Y U(se: 2|21 1),

Mg ||M8

,.,
Il
-

2.4. Main problem

In the SPADE problem, the objective of the agent is to min-
imize the discounted sum of its perception and environmen-
tal costs. The agent accomplishes this objective by optimally
choosing its perception and action strategies, which we express
through the objective function

min E
Pt, At V

where /3 is a parameter weighting the relative cost of information.
We seek to formulate (4) in terms of a dynamic programming
problem over the belief simplex A(S). To this end, consider a prior
belief state with b; s = Pr(s; = s|zy._1). The stage-wise mutual
information for b; is

Y(BI(se; Z¢|z1:—1) + E [Csa, ), (4)

I(s; Z¢ |21 1)
b N
= Z[Pz|5 b, b slog 5 PZ\‘S/ ; b 2Ry, - (5)
z|s’,bt Pt,s

Note that for a fixed b;, the stage-wise mutual information in (5)
is convex with respect to the perception strategy 7, since it is
the weighted sum of relative entropies.

From the definitions of Ry, », and Cj, 4,, we can decompose the
objective function in (4) into a set of recursive Bellman equations,
where the value function is given by

Wb inf (BRo 7, + En" "(Csa, + ¥V} (6)
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for each prior belief state b, at time t. The notation Eﬁ”"
emphasizes that these expectations are evaluated under the joint
distribution defined by b;, P; and A;. From a prior belief state
b, recall that the agent first transitions to a posterior belief
state b, through the update Eq. (3) with probability given by
Pr(z; = z). Once in by, the agent then transitions to a prior belief
state b;y; through the predict Eq. (1). Through this evolution,
we can decompose (6) into the perception and action stages,
respectively:

Vib) = inflBRs 5, + Z fz PonbesV(B)dz] (7a)
V(b?) = min [Z b7 (Corae + V(BT )} : (7b)

for each z € Z. In (7a), we have explicitly written the expectation
by noting that, for a given prior belief state b, the posterior belief
state b7 is a random variable realized with a probability Pr(z; = z)
and a state distribution given by the update Eq. (3). To obtain (7b),
recall for a posterior belief state b?, each action a yields a unique
transition to the prior belief state b? f] given by the predict Eq. (2).
In (7b), miny, is replaced with min, since it is straightforward to
show the optimal action strategies are deterministic.

The combined set of recursive Bellman equations given by
(7a) and (7b) suggests the use of dynamic programming to solve
our main problem (4). Namely, denote by B(A(S)) the space of
functions V : A(S) — R such that ||V|[syp £ suppeqs V(D) <
~+00. Now, define the operator T by

(VYD) 2 inf(BRy.p + By 7 [Coa + V(B ). (®)

Using T, the Bellman Eq. (6) can be written as V = TV. The
following theorem states that T is a contractive mapping from
B(A(S)) to itself and that the corresponding value iteration is
convergent.
Theorem 1. The following results hold for the operator T:
(a) For any V € B(A(S)) and V' € B(A(S)),
”TV - TV,”sup f V”V - V/”sup-

(b) For an arbitrary Vo € B(A(S)), define a sequence of functions

(Vidk=1.2.... Vi € B(A(S)), by Vi = T*Vy, k = 1,2, .... Then,
we have

lim ”Vk - V*”sup =0,

k— 00

where V* € B(A(S)) is the unique solution to V* = TV*.

Proof. (a) Let g 2 ||V — V'||syp. Then,
V(b)—q < V'(b) < V(b) +q

for every b € A(S). Applying the operator T to each side of the
inequality, we have that, for each b € A(S),

TV(b) — yq < TV'(b) < TV(b) + vq,
where we have made use of the fact that
VE; P IV(6?) + q] = yE; T V(5] + vq

in (8). The result then follows.

(b) The space B(A(S)) equipped with the sup norm | - |sup
is a complete metric space. Since T is a contractive mapping
from B(A(S)) to itself, we apply the Banach fixed-point theo-
rem (Khamsi & Kirk, 2011) to obtain the result. O

Unfortunately, the value iteration V;, = TV, is computation-
ally intractable as V(-) must be evaluated everywhere on the
continuous belief simplex A(S).
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Fig. 3. As a visualization, consider the set 5, which consists of the uniformly
sampled belief states (black dots) drawn from the belief simplex shown at left.
In turn, the set B of belief states is obtained by applying (1) to each belief state
in B for each action a € .A. Note that the representative belief states in both 3
and B shown above remain invariant over repeated predict and update steps.

Remark 2. It is possible to express our main objective (4) in
terms of the standard POMDP paradigm described in Fig. 1(a) by
augmenting the space of actions with the space of perception
strategies; i.e., Aag = (P, A). Suppose that we then discretize
the space of perception strategies such that A,ug, disc = (Pdisc, A)
contains only a finite number of actions. By doing so, we have
converted the problem into the standard form of a POMDP, for
which we can use off-the-shelf POMDP solvers. However, this
approach introduces two layers of approximation. One must first
approximate the continuous space P of observation functions by
a finite set Pgjsc. The second approximation is due to the inherent
hardness of POMDPs; standard PBVI provides a universal scheme
to approximately solve a POMDP by discretizing the belief space.
It is not clear how to cleverly perform both discretizations to
achieve the best computational performance.

3. Method of invariant finite belief sets

Due to the continuity of both A(S) and Z, exactly solving for an
optimal simultaneous perception-action strategy is computation-
ally intractable. We now focus on approximating (7a) and (7b)
by developing a novel method in which the agent operates on an
invariant, finite subset of the continuous belief simplex. We refer
to this set as an invariant finite belief set (IFBS). We then show
that, as the number of sampled belief states approaches infin-
ity, the value functions converge to their continuous state-space
counterparts, under an appropriate assumption. For notational
clarity, we omit the time index t of all variables.

3.1. Method of invariant finite belief sets

To construct a model approximating (7a) and (7b), we first
pick a representative sample B C A(S) of posterior belief states.
The set B consists of a finite number of elements that must be
chosen such that the following assumption is met.

Assumption 1. The set 3 contains all extreme points of the belief
simplex.

Recall from Remark 1 that we set Z = A(S) without loss of
generality for the continuous problem. Similarly, for the method
of invariant finite belief sets, we set Z = B without loss of
generality. Thus, we have that |Z| 1B] 2 M. Based on the
selection of B, we can apply the predict Eq. (2) for each b e Band
each a € A to obtain the corresponding set of prior belief states,
which we refer to as B C A(S). Since the subsequent prior belief
state b given a posterior belief state b and action a is unique, we
have |B| = M - |A|.

Given the sets B and B, we now seek conditions under which
they are invariant; i.e., over repeated predict and update steps
using (2) and (3), the agent remains in B and 3, as illustrated in
Fig. 3. By the construction of B, the predlct Eq. (2) trivially yields
prior beliefs exclusively in B for any b e Band any action a € A.
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It remains to show we can restrict the update equation such that
the resulting posterior belief state remains in B. This condition
requires that, for each prior belief b € B and any observation
z € Z, the resulting posterlor belief state is guaranteed to exist in
the set 3; i.e., b* € B, where b is the posterior belief state that
results from making observation z while in prior belief state b.
Recalling the update Eq. (3), the individual probabilities b? are

by = les,bbs/(z Pys.bby) Vs eS. (9)

s

To ensure that the posterior belief state b* obtained by (9) re-
mains in our invariant set B, we seek to impose restrictioqs on
the set of admissible perception strategies P such that b* €
B is guaranteed for all possible observations z € Z. Recalling
Remark 1, such restrictions can readily be imposed since the sets
B and Z have equal cardinalities, as well as the fact that the
perception strategy is belief-dependent.

We now show these restrictions are linear constraints on P
and are algorithmically straightforward to incorporate. To start
with, recall the prior and posterior belief states are the vectors
b=1[bs:seS]"andb = [bs : s € S]", respectively. We now
introduce P, € R! for each observation z € Z and prior belief
state b € B to denote the vector [P, : s € S]T € RS!. Using this
notation, we introduce

Olé £ sz\s,bbs = bTPz\:.b
s

to encode the probability of observing z when in the prior belief
state b and the perception strategy P is applied. Eq. (9) implies
o and P, , have the linear relation

af b* = diag(b)Pyy. b (10)

We use (10) to ensure that the updated posterior belief state
remains in the set 3 as follows. For a fixed prior belief state b,
since the cardinalities of both the set 3 and Z are equal, ‘we can
assign each z in (9) to a unique posterior belief state b e B

Explicitly writing Bas 8 = {b, ..., b"},and Z as Z = {1, ..., M},
we can alternatively express (10) as
o b™ = diag(b)Pp.y Ym=1...M, (11)

where we have assigned, without loss of generality, the mth
observation to update the prior belief state b to the mth posterior
belief state b™ through (9). Rearranging terms in (11) and writing
it foreachm =1, ..., M, we obtain

diag(b) 0 ,—b 0
: |:77D:7|:,b{| _ |:70\§\M7><1{| . (12)
0 diag(h): o _pm |l 1jsx1
lisp---Iis | Opsixm
where P, = [731 e m‘ sl = [of....,e}'1", and

the lower set of constramts encodes that the perceptlon strategy
must be a valid probability distribution; i.e., Y, P, = 1 for
each s € S. Since valid probability distributions must have
nonnegative elements, we impose that

[Prof] =0, vm=1,....M, (13)

entry-wise. Assuming the number of observations is greater than
the number of states; i.e, M > |S]|, (12) is an underdetermined
linear system with (M - |S| + M) variables and (M - |S| + |S])
constraints, so there exist infinitely many solutions to (12)-(13).
We note that in realistic scenarios, we typically have M > |S|.
We now state the following lemma.

Lemma 1. Under Assumption 1, (12)-(13) admit a feasible solution.
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Proof. See Appendix B. O

In what follows, we denote P,_, 4 as the subset of P satisfying
the linear constraints (12)-(13).

3.2. Dynamic programming revisited

We now propose a method to approximate the dynamic pro-
gramming formulas (7a) and (7b) using our invariant finite belief
set. For the user-defined set of posterior belief states 3 satisfying
Assumption 1, denote its associated set of prior belief states as B.
For each b € B, we modify (7a) to

V(b)=_min [BRyp + ) PrssbsV(H)]. (14)

Pe
b—1B 5,z

We have modified (7a) by including the additional constraint
P € P,_, g Which ensures that the perception strategy causes the
agent to remain on the IFBS. Furthermore, recalling that we have
set |Z| = |B| = M, we have replaced the integral operator in (7a)
with a summation in (14). Notably, (14) is a convex optimization
problem and can be further simplified. In the following lemma,
we show that (14) can be reduced to an equivalent linear program
(LP).

Lemma 2. For a given prior belief state b, define
S(b) 2 {s € S| bs # 0}
M(b) 2 {m | supp(b™) S supp(b)}.

Then, introducing the notation b[S(b)] £ col, g {b(s)} and bIS(b)] 2
colseg(b){E(s)}, (14) is equivalent to the LP:

min Faol! (15a)
ap>0 —
meM(b)
st Y afb"[S(b)] = bS(b)] (15b)
meM(b)
o' =0 Vm ¢ M(b), (15¢)
where
n = BD(D™ || b) + V(b™),
D™ || b) = me log(b™ /bs). (16)

Proof. See Appendix B. O

We introduce C., € RPF! to denote the column of the cost
matrix C corresponding to a given action a € A. Then, for each
b™ € B, we can express (7b) as

vib™ = mi/{l[CI]B’" + V(™). (17)

For a given IFBS, both (15) and (17) are computationally tractable.
Furthermore, (15) is parallelizable for each b € B. Based on
this discussion, the following backward dynamic programming
problem is suggested for each b € B, solve (15), while for
each b € B, solve (17). Applying (17) to V followed by (15)
is equivalent to applying the operator T : RM — RM defined
according to

VX6 =, mip

b—B

{BRy» +E; T [Csal

[V(b™)]}. (18)

For an initial bounded vector Vo € RM, the value iteration
procedure Vy = T*V, can be viewed as an approximation of
the original value iteration V, = TV, in Theorem 1. Similar
to Theorem 1, the convergence of the modified value iteration
procedure is formalized as follows.

+ yIE{f‘P
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b(2)

Fig. 4. Prior belief state value functions plotted on the 3D belief simplex for an
increasing number of sampled belief states.

Theorem 2. The following results hold for the operator T:
(a) For any bounded vectors V € RM and V' € RM,
ITV =TV lloo < ¥ IV = V']l

(b) For an arbitrary bounded vector Vo € RM, define a sequence of
bounded vectors {Vi}i—12... by Vi = T"Vo k=1,2,... Then,
we have

lim V, = V*,
k—o00
where V* € RM is the unique solution to V* = TV*.

Proof. The proof follows that of Theorem 1 and is omitted. O

To limit computation time, it is advantageous to construct B
using as few belief states as possible. However, doing so may yield
value functions in (15) and (17) that poorly approximate the true
value functions in (7a) and (7b). Thus, it is desirable to possess
some method for improving the approximation. To this end, we
present the following lemma.

Lemma 3. Let B be a set of posterior belief states with the corre-
sponding set of prior belief states B found through the solution of (2)
for each b € B and a € A. Denote their respectlve value functlons by

V(-) and V(-). Consider a new set B = BUbwhereb ¢ B;ie, B
is formed by adding a sample belief state b to B. For B, denote its
associated set of prior belief states by B’ and their value functions
by V'() and V'(.), respectively. Then, V(b) > V'(b) for all b € B and
V(b) = V'(b) for all b € B; i.e., the value functions are monotonically
non-increasing as |B| increases.

Proof. See Appendix B. O

Following from Lemma 3, if it is believed that (15)-(17) yield
poor approximations, then one can add sample beliefs to 5B, and
recompute. Recall, by Assumption 1, that increasing the cardinal-
ity of B likewise requires increasing the cardinality of the obser-
vation alphabet such that |8| = M. In this sense, Lemma 3 implies
an agent with a larger observation alphabet can do no worse
than an agent with a smaller one when synthesizing its percep-
tion strategy. Fig. 4 illustrates that the fixed point V(b) of the
value iteration is monotonically non-increasing in M for a simple
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three-state example. Additional information on this example is
provided in Appendix D.

3.3. Approximation of value functions

Theorem 1 implies the value function V* for the main problem
(4) can be obtained by the value iteration V, = T*V,. Although
such a procedure is computationally intractable, we showed an
approximation V* of V* can be obtained through the modified
value iteration Vk =Tk Vo, which is performed exclusively on the
IFBS. We now study how the gap between V* and V* depends
on the IFBS sample denSIty, characterized as follows: for each
be A(S), denote by m; € B the nearest element to b in B whose

support is contained in the support of b. That is,
1 = b™ (19)
s.t.  supp(b™) C supp(b).

LA iNer
mj, £argmingm 3

The constraint that supp(B'") - supp(B) will be necessary for the
proof of Lemma 4 below. Using 7, define

& 2 max;_ . 1b — 73l (20)
as a sampling density parameter. How well the function V* can be
approximated also depends on the “regularity” of V*. We define

the regularity parameter § > 0 such that
V*(b) — V¥(b')| < (21)

holds for all b, b’ € A(S) such that ||b — b'||oc < €|S|. The main
result of this subsection critically relies on the following lemma,
which provides an upper bound on the difference between the
operators T and T applied to the same function V. For a given
function V € B(A(S)), denote by V|z € RM the restriction to the
set B; i.e., V|g is the function V evaluated only at points in the
set B.

Lemma 4. Suppose that a function V € B(A(S)) satisfies

[V(b) — V(D) < (22)
forall b, b’ € A(S) such that ||b — b'||s < €|S|. Then,
I(TV)I5 — T(VI8)lloo < e, (23)
€2 y5+éB|loge S|+ e

(B loghs| + Y Ceal). (24)

Proof. See Appendix C. O

The main result of this subsection is summarized as follows:
Theorem 3. Let B and B be fixed, and define & by (20). Let Ve
B(A(S)) be the unique function satisfying V* = TV*, and define_ § by
(21). Define the sequence Vi € RM, k = 1,2,... by V;, = TV,

where Vo € RM is an arbitrary bounded vector. Then, for the €
defined by (24),

lm supy_, o V¥ |5 = Villoo < €/ (1 —y). (25)

Proof. Notice that

IV*15 = Virlloo

= I(TV*)ls — TVilloo

= (TV*)ls — T(V*|5) + T(V*|5) — TVillw

< IT(V*5) = TVilloo + I(TV)|5 — T(V*[5)llo

< yIVFs = Vil + €. (26)
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Algorithm 1 Method of invariant finite belief sets.

Require: S, A, C, T, y, 8, B, tol > 0
B« 0
forbeB acAdo
b < (1) for fixed b,a; B <« BU {b}
V(b),V(b) < Oforallbe B, beB
while err > tol do

V/(b), Py < (15)¥b € B; V'(b), A(b) < (17)Vb e B
€IT « max{max |V(b) — V/(b)|, pax\v( ) — V' (b))}
beB ben
V(b) < V'(b)Vbe B, V(b) <« V' (b)VbeB
The first equality is obtained by invoking V* = TV* and \N/kﬂ =

TVi. In the last step, we used the fact that T is contractive
(Theorem 2) and the result of Lemma 4. Define a sequence e of
positive numbers by

€1 = Vek + €, (27)
taking eqg = ||V*|5 — \70||oo. Then,
limy ook = €/ (1= 7). (28)

Combining the results of (26), (27), and (28), it is straightforward
to show by induction that

IV¥lg — Villoo <€ Vk=0,1,...,

from which (25) follows. O

Notice the constant € in (25) depends on ¢ and $. Since the
optimal value function V* is not known in advance, it is in
general not possible to compute §. However, in circumstances
where V* is known to be uniformly continuous, for each § >
0, the condition (21) can always be guaranteed by choosing a
sufficiently small € > 0, i.e, by making the set B sufficiently
dense in A(S). In such cases, V* can approximate V*|z arbitrarily
well by increasing the sample density of B in A(S). It is currently
not known under what conditions the uniform continuity of V*
is guaranteed. Obtaining these conditions remains the subject of
future work.

3.4. Algorithmic implementation

The pseudocode for solving the SPADE problem via the method
of invariant finite belief sets is shown in Algorithm 1. Given an
initial sample B of posterior belief states, the first step is to com-
pute the corresponding set of prior belief states 5 by propagating
each b € B through the transition function T for each a € A, as
given in the predict equation (2). Once both sets are constructed,
the value functions are initialized to zero. These value functions
are then updated until the maximum error between subsequent
iterations is below a threshold value. In each iteration, the value
functions of all states in 8 and 3 are updated. Note that each of
the M posterior belief state value function updates has a time
complexity of O(|S| - |A]), yielding a total time complexity of
O(M -|S| - |A|). Similarly, each of the M - |A| prior belief state value
function updates involves solving an LP with a time complexity
of O(M3) (Gonzaga, 1989), yielding a total time complexity of
O(M* - |A]). Combining these results, the time complexity of each
iteration is O(M - |S| - |A| + M* - |A]).

4. Numerical example: Mars rover
Consider a Mars rover that must maneuver from its initial

position to a target position as shown in Fig. 5, where the blue
state is the initial position, the green states are the target position,
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Fig. 5. Mars gridworld environment considered. The blue state is the initial
position, the green states are the target position, and the red, dashed states are
the dangerous, rocky region to be avoided.

and the red, dashed states are the dangerous, rocky region to
be avoided. To reach its target position, the rover must avoid a
dangerous section in the center of its environment. To accomplish
this objective, the rover can take one of two possible paths: a
more direct but dangerous path that travels along the bottom of
the environment, or a longer but safer path around the top of
the rocky area. In this example, we study the relation between
the relative cost of perception and the resulting trajectory of the
rover. In this context, the notion of “task-relevant” information
pertains to observations identifying the rover’s underlying state.
In each state, the rover can choose between one of 4 avail-
able actions: move one step left, right, up, or down. Due to
stochasticity, however, the rover may either remain in its current
state or slip into one of the other surrounding states, each with
probability 0.05/g, If the rover were to transition to a state outside
the environment, it instead transitions to the closest state still
within the environment. In Fig. 5, the green and red-dashed states
are absorbing; i.e., if the rover reaches any of its target states
or one of the rocky states, it remains there. Furthermore, for all
non-target states, the rover incurs a cost of 1 for taking any action.
We sample six posterior belief states for each state s € S.
We start by sampling the extreme points of the belief simplex,
satisfying Assumption 1. For each s € S, we then set b; = 0.5 and
by =05/s for all s, s # s in the 3 x 3 square centered around s.
For the third posterior belief state, we repeat the previous using
bs = 0.75. We then follow a similar process considering the 5 x 5
square centered around s. First, we set b; = 0.5, by = 05/16 for
the eight states s’ in the 3 x 3 square around s, and by» = 0.5/32 for
the remaining sixteen states in the 5 x 5 square. We repeat this
process using by = 0.35 and by = 0.20. If this procedure allocates
non-zero probability mass to a state outside the environment, it
is instead allocated to the closest state within the environment.
This procedure yields a set of 864 posterior belief states, which
subsequently yields a set of 3456 prior belief states using (2).
We use a discount factor of y = 0.95 and consider values of
B = 0and B = 20, where 8 = 0 corresponds to the case where
the rover incurs no perception cost. Considering an infinite time
horizon, we perform value iteration until convergence for each
value of 8, wherein we solve (15) for each prior belief state and
(17) for each posterior belief state at each iteration. To solve each
LP, we use the Gurobi LP solver (Gurobi Optimization, 2022).
To discuss the qualitative differences between the synthesized
joint perception-action strategies for the values of 8 considered,
we examine the sample trajectories they generate. Fig. 6 plots
the expected state residence averaged over 1000 trials for each
value of B. In the case B = 0, we see that the rover takes the
shorter path underneath the rocky obstacles to reach its target,
since, in the absence of perception costs, it is strictly focused
on minimizing environmental costs. The rover is able to follow
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this path as it has perfect state knowledge. Because it incurs no
perception costs, the synthesized perception strategy will always
uniquely indicate the true underlying state of the rover. The rover
is thus able to leverage this perfect state information towards
taking a more direct path to reach the target states.

For B = 20, perception costs drive the rover to exhibit
different behavior. In most simulations, the rover takes the longer
path around the top of the rocky area. Intuitively, the synthe-
sized perception strategy drives the rover to maintain a diffuse
belief state, as such belief states correspond to lower perception
costs. Thus, to balance perception and environmental costs, the
rover remains in belief states that are diffuse yet have a low
probability of residing in a rocky state. In some cases, the rover
initially slips several states in the opposite direction of the safe
path. Once in such a state, the environmental costs associated
with following an even longer trajectory dominate the perception
costs. In these cases, the rover follows trajectories similar to those
of B = 0. Through this example, we see how the relative costs
associated with perception and the agent’s environment can yield
significantly different behavior.

5. Numerical example: Dynamic sensor selection

A common problem in the field of active perception is that
of dynamic sensor selection (Spaan & Lima, 2009). Often, due to
power or computational constraints, it is infeasible for an agent
to simultaneously use all available sensors to make observations,
and the agent must instead synthesize a strategy for selecting
a subset of the sensors to use at each time step. Here, we use
the output of (15)-(17), namely, the perception strategy P, to
synthesize a dynamic sensor selection strategy. We consider the
ring environment in Fig. 7, where the agent must estimate the
state of an uncontrolled target. As shown in Fig. 7 for state sy,
the uncontrolled dynamics are described by a Markov chain in
which the target transitions to the same state with probability
1/2, to a neighboring state with probability 1/s, and to a state
two steps away with probability 1/12. The goal for the agent is to
minimize its total maximum a posteriori (MAP) estimation error
of the true target state, which we encode using the set of actions
A ={a, ..., ag} and the cost function C = 1g,g — Ig, where 1g,g
is an 8 x 8 matrix of ones. The action a; corresponds to picking
state s; to be the true state of the target.

The agent can use a set of 8 sensors, with one centered on
each state, labeled S’ fori = 1,..., N, as shown in Fig. 7 for
the sensor centered on state s,. Associated with each sensor &'
is an observation function P’ that maps each state to a proba-
bility distribution over 6 possible observations. We provide the
observation function for the sensor centered on state s4 in Table 1,
where the observations correspond to observing the target in
state s, S3, S4, S5, Sg, Or simply making “no observation”, respec-
tively. Note the probability that the sensor makes the correct
observation increases as the true target state moves closer to sy.
The remaining observation functions are constructed similarly.

The dynamic sensor selection strategy is constructed as fol-
lows. To start, let b ; = [b{ , ,....b[, 1" be the belief
state of the agent at time step t — 1, and let b{" be the belief
state obtained after propagating B{L] through the transition dy-
namics (1). Using the propagated belief state b7, define b* 2
minyes ||b—bl||,, i.e., b* is the closest sampled prior belief state to
the agent’s current belief state. We now select a subset of sensors,
denoted St C {S, ..., 8%}, such that their combined observation
function, denoted P!, is closest to the synthesized observation

function P 2 P,s.p+. For a given belief state b, we use the
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Fig. 6. Expected rover state residences averaged over 1000 trials for 8 = 0 (upper row) and B = 20 (lower row) plotted at various time steps. The shading of each
state corresponds to the fraction of the trials that occupied that state at the given time step. When 8 = 0, the rover incurs no perception costs and is able to take
a more direct path to the goal state. For 8 = 20, the rover faces prohibitive perception-related costs and instead favors a longer path around the rocky obstacle.

Fig. 7. Visualization of the ring environment considered.

Table 1
Probabilities 7’;\5 for the sensor centered on state s4.
Z1 Zy Z3 Zy4 Zs Z6

S1 0.068 0.034 0 0 0 0.898
Sy 0.384 0.085 0.043 0 0 0.488
S3 0.107 0.480 0.107 0.053 0 0.253
Sy 0.067 0.133 0.600 0.133 0.068 0
S5 0 0.053 0.107 0.480 0.107 0.253
Sg 0 0 0.043 0.085 0.384 0.488
s7 1] 0 0 0.034 0.068 0.898
Sg 0.027 0 0 0 0.027 0.945

following metric, denoted d(P', P?|b), to define how “close” a
pair of observation functions P! and P? are:

d(P', P?|b) £ E[ || E[bayes(b, z)|P']—
E[bayes(b, z)|P*1 |1 | b 1, (29)

where, for a given P, bayes(b, z) denotes the standard Bayesian
update given by b, = (Pysbs)/(Y y Pyyby) for each s € S.
Intuitively, d(P', P?|b) measures the distance between the ex-
pected belief states obtained by each of the observation functions
given a fixed ground-truth state, weighted by the probability that
the state is the ground-truth state. Note that using this metric
requires checking 28 sensor combinations at each time step. For
systems with a larger number of sensors, one could alternatively
implement a greedy approach to minimize d(P*, P*" |b}').

We sample a total of 193 posterior belief states, beginning
with the extreme points of the belief simplex and iteratively add
increasingly diffuse belief states centered on each of the 8 states.
Furthermore, since the dynamics of the target are a Markov chain,
the set B likewise consists of 193 belief states. We use a discount
factor of y = 0.95 and vary the values of 8 from 0.3 to 0.8,
solving the value iteration procedure (15)-(17) for each. After
completing this value iteration for a given value of 8, we then
simulate the proposed dynamic sensor selection strategy, starting
with a uniform belief state b’f = [Vs, ..., Ys]T. The resulting
sensor selections over a horizon of 50 times steps are shown
in Fig. 8 for each value of 8. For values of g below 0.3, our
proposed algorithm always picks all available sensors, whereas
if the value of B is greater than 0.8, it almost always picks no
sensor. As expected, as the value of 8 increases, so too does the
number of sensors picked at each time step. In Fig. 9, we further
plot the cumulative MAP estimation error for each value of 8
considered. As B increases, the algorithm trades off an increase in
the estimation error with the use of fewer sensors. Note that, due
to the construction of each P/, even selecting all sensors yields
nonzero estimation error.

As a comparison, we implement the work of Spaan and Lima
(2009), which uses a PBVI-based approach in which the set of
POMDP actions consists of the actions {a, ..., ag} and the set of
all possible sensor selections 2{51:++58} In this method, the sens-
ing constraint is directly imposed as a cardinality constraint on
the number of sensors that can be chosen at each time step. We
refer the reader to Pineau et al. (2003) for additional information
on PBVI. For each cardinality constraint considered, we begin with
a sample of 73 belief states and perform 5 rounds of belief set
expansion, backing up the a-vectors 25 times per iteration. Note
that, although the PBVI approach starts with fewer belief states
than our algorithm, the belief expansion step nearly doubles the
cardinality after each round.

Table 2 displays the comparison between this approach and
our proposed algorithm. The simulations are run on a 1.8 GHz
Intel Core i7-8550 CPU with 16 GB RAM (note we have not fully
optimized either implementation). When the average cardinali-
ties of the chosen sensor subsets are similar, (e.g., in the case
k = 2 and B = 0.7), the PBVI-based approach outperforms our
algorithm in both the average time required per online iteration
and in minimizing the cumulative MAP estimation error. Since
at runtime the PBVI output is simply finding the minimizing
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Fig. 8. Comparison of the sensor selection at each time step for various values of S.
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Fig. 9. MAP estimation error as a function of B.

hyperplane, it is significantly more efficient than the exhaustive
search our algorithm performs at each iteration. Furthermore,
since the offline portion of the PBVI-based approach explicitly
incorporates the sensors {S!, ..., 8%}, it is unsurprising that the
resulting cumulative MAP error is less than that of our algorithm.
However, the offline portion of PBVI quickly becomes intractable
as the cardinality constraint increases. Although each iteration of
PBVI can be done in polynomial time, it requires constructing
a prohibitively large set of a-vectors at each backup step, as
one vector is required for each of the exponential number of
observations for a combinatorial number of sensors. On the other
hand, the offline portion of our algorithm is sensor agnostic and
only sees a slight change in the offline runtime due to varying B.
Another benefit of this agnosticism is that changing the number
or the specific observation functions of the sensors at runtime
does not require resolving the offline portion, whereas doing so is
required for PBVI. Thus, our algorithm shows promise for use in
large sensor networks for which the offline solution of PBVI-based
methods is prohibitively expensive, and sensors may be added or
updated at runtime.

10

Clockwise from top left are the plots for 8 = 0.3, 8 = 0.4, 8 = 0.5, 8 = 0.6,

Table 2

Comparison of the PBVI-based approach and our algorithm’s offline solution
times, online solution times, cumulative MAP estimation error, and average
number of chosen sensors.

Method Offline [s] Online [s] Error IS
PBVI, k=1 24.95 8.1 x 1074 23.6191 1.00
PBVI, k =2 8.6 x 10° 6.0 x 1074 15.84 2.00
PBVI, k = 3 1.5 x 10* 7.1 x 1074 11.4284 3.00
PBVI, k = 4 TO - - -

B =03 39.75 0.98 551 7.96
B =04 42.73 0.95 5.96 7.19
B =05 46.44 1.05 10.62 491
B =06 50.43 1.15 16.33 3.18
B=07 50.37 1.14 2157 2.12
B =038 54.13 1.13 2523 1.35

6. Conclusion and future work

We consider a simultaneous perception-action design prob-
lem wherein the perception costs are modeled using the di-
rected information. The agent’s objective function is decomposed
into two coupled sets of recursive Bellman equations, allowing
a tractable, approximate solution through a novel method of in-
variant finite belief sets to be obtained. The proposed method
restricts the agent to operate exclusively on a finite subset of
the continuous belief space. An optimal simultaneous perception—
action strategy is then obtained using a dynamic programming
approach wherein a linear program is solved for each prior belief
state at each iteration.

Several natural extensions of the SPADE framework are as
follows. To start with, once the optimal perception strategy is
obtained, the next step is to select, or develop, a sensor that
“physically realizes” the perception strategy. The types of ad-
ditional constraints that must be imposed on the perception
strategy to allow for such a sensor remains the subject of fu-
ture work. Furthermore, for the tabular algorithm we propose
in Egs. (15) and (17), naively constructing the posterior belief
set B yields an impractical cardinality for realistic, large-scale
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Fig. A.2. Perception through bitpipe.

problems. Developing methods to cleverly construct 3 remains an
important direction for future study. An alternative direction for
mitigating computational costs is to generalize the state space in
terms of a set of features, as in the case of tile or Kanerva coding
in the reinforcement learning literature (Sutton & Barto, 2018)
and to solve the SPADE problem on this feature space.

Appendix A. Details on information-theoretic perception cost

We now provide a rationale for using the directed information
to model perception costs. To this end, notice that

T
I(s1r — zur) = Y I(S1:6; ztlz121) (A1a)
t=1
T
=Y I(st; zdlzre 1)~ I(S1a-1: Zelse, Zia 1) (A.1b)
t=1
T
= ZI(St; Z|Z1; ) (A.1c)
t=1
T
= ZH(SI|11:[—1) — H(s¢|Z1:). (A.1d)
t=1

The second term in (A.1b) is zero as our model assumes z; is
independent of s;;_; given s;, as in Fig. 1(b). Therefore, the
directed information is equivalent to the summation of the stage-
additive information gains; i.e., the difference in entropy of the
state variable before and after incorporating z,. We interpret this
information gain as the minimum number of information bits
that must be delivered from the perception unit to the action
unit in each time step. The set of SPADE parameters that min-
imize I(s;.r — z;.r) are advantageous, since an optimal source
coding (i.e., data compression) scheme can potentially reduce
the data traffic from the perception unit to the action unit to
I(s;.y — z1.7) bits. We now present a formal analysis pro-
viding the directed information a Shannon-theoretic operational
meaning wherein we model the communication channel from
the perception unit to the action unit as a noiseless bitpipe,
through which the message z; is delivered in the form of a
variable-length, uniquely-decodable binary code. Specifically, let
Ps, Py, P, and P, be conditional probability distributions with
the structures shown in Fig. A.1. Given an initial distribution
Py(s1), let s1.7, my.7, Z1.7 and a;.; be random processes defined by
the feedback diagram in Fig. A.1. Then, we obtain the following
lemma.
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Lemma 5. Given the Feedback system shown in Fig. A.1, the follow-
ing inequalities hold:

I(s1.7 — ay.r) < I(s1.7 = Z1.7) < I(my.1 — Zy.7),

I(s1.7 — ayr) < I(myr —agr) < I(myg — zp7).

Proof. See, e.g., Derpich and @stergaard (2021). O

To provide the directed information a Shannon-theoretic op-
erational meaning, assume messages from the perception unit to
the action unit are communicated through a noiseless bitpipe, as
shown in Fig. A.2, and that delivering an individual bit incurs
a unit cost. This formulation provides a meaningful model to
estimate the cost of communication in applications where sensor
data is transmitted over a digital communication channel. In
time step t, the perception unit produces a uniquely decodable
variable-length binary code m; € {0, 1}%, where ¢; is the length
of the code. The message m; is decoded in the action unit to
reproduce the observation signal z; € Z. Since communication
is costly, the design goal of the simultaneous perception-action
system, including message encoder and decoder, is to minimize

T
> EIC ]+ ELL],

t=1

(A2)

where E[{;] is the expected codeword length. Although it is
difficult to evaluate E[£,] directly, it can be approximated using
directed information, as shown in the following lemma.

Lemma 6. For the communication system in Fig. A.2

T
I(s11 — z17) < ) EIA]. (A3)
t=1
Proof. The following inequalities establish the claim:
I(slzt - Zl:t) = I(m1:t - Zl:t) (A-4a)
T
= Zl(m1:t§ Z¢|Z1: 1)
t=1
T
= Zl(mt§ Z¢|Zyeq) — 1(M¢_q; Z Mg, Z1p 1)
t=1 0
T
= ZH(mr|ler—1) — H(m¢|zq,)
———
t=1 >0
T
<) H(m) (A4b)
t=1
T
<) ElL]. (A4c)
t=1

Lemma 5 is applied to obtain (A.4a). The inequality in (A.4b) holds
since conditioning can only reduce the entropy. Finally, (A.4c)
follows from the fact any uniquely-decodable code is a uniquely-
decodable code of itself, and thus its expected codeword length
is lower-bounded by its entropy, see, e.g., Theorem 5.3.1 of Cover
and Thomas (2012). O

Evaluating the tightness of the lower bound (A.3) is more chal-
lenging. However, it is reported (Kostina & Hassibi, 2019; Tanaka
et al., 2017) that the construction of source coders operating at
a rate close to this lower bound is possible under some special
circumstances, such as LQG settings.
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Appendix B. Proofs of Lemmas 1-3

Proof of Lemma 1. Starting with the constraint given in (11), we
sum over all m = 1...M to obtain

> apb™ =" diag(b)Pp..-
m m

Since diag(b) is present in each term, we can move it outside the
summation. Then, noting P must be a valid probability distri-
bution for each s € S; i, D>, Pmsp = 1, we must have that
Y i Pmisb = 1is)x1. Substituting into (B.1) yields

(B.1)

> afb™ = diag(b)s), (B.2)
m

which we can write more intuitively in matrix notation as

[b! M ][ a]" =b. (B.3)

Since we chose B such that Assumption 1 is satisfied, we can
express any b as a convex combination of extreme points of
A(S). Thus, there exist nonnegative coefficients o', m=1... M,
satisfying (B.3). Furthermore, in realistic applications, we will
often have that M >> |S|. By this condition, there exist infinitely
many solutions to (12)-(13). O

Proof of Lemma 2. Considering only states s € S(b), we use (10)
to parameterize the perception strategy variables as

Pris.p = (b /bs) (B.4)

for all 5 € S(b) and all m = 1,..., M. Since b and B’”, m =
1,..., M, are nonnegative vectors, and o' is constrained to be
nonnegative, the parameterized variables are likewise guaranteed
to be nonnegative. Substituting this parameterization into the
first set of linear constraints in (12) and multiplying each side
by diag(b[S(b)]), we obtain

Zocmb'" b)] = b[S(b)]

Now, substituting the parameterization for the perception strat-
egy variables into (]4) we see that

(B.5)

|sb

Z Z b5l log — +V(b™) (B.6a)
= Z DILHAC log(bg‘/bg) +V(b™) (B.6b)
= Za{f‘ Z bI( log(bT' /bs) + V(B™) (B.6¢)
= Zab (B Z b log(b /bs) + V(b™)). (B.6d)

By defining F,, and D(bm || b) as in (16), we can rewrite the
objective function in (B.6d) together with the constraints in(B.5)
to obtain the desired LP, completing the proof. O

Proof of Lemma 3. Consider a perception strategy P € P,_ 4
with observation probabilities P,ms ;,, where the observation al-
phabet has cardinality M. Now, consider a perception strategy 7’
with observation alphabet cardinality |Z'| = M + 1 constructed
as follows. For each z™, m=1,..., M, let P, misb = Pzmisb for all
S x B, and let all remaining ,P;m\s.b be arbitrarily chosen such that
P e 7> L Then, there is a one-to-one correspondence between
the expectatlons over successor states for both the prior and
posterior belief states in the sets B and B; thus, their respective
value functions are equal. Since we chose P arbitrarily, the value

12
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functions for each belief state when synthesizing a perception
strategy with an observation alphabet containing M + 1 elements
cannot be greater than the case of synthesizing a perception
strategy containing M elements; i.e.,

V(b)>V'(b) Vbe B, V(b)>V'(b), VbeB. O
Appendix C. Proof of Lemma 4
We will use the following basic lemma:

Lemma 7. Let p, q € A(S) be two probability distributions such that
Ilp — qlloo < € < 1/2. Then, it holds that

[H(p) — H(q)| < €|logellS].

Proof. The proof follows that of Theorem 17.3.3 of Cover and
Thomas (2012). Consider the concave function f(t) —tlogt.
Since f(0) = f(1) = 0, it follows that f(t) > 0 for all t € [0, 1].
The maximum absolute slope of the chord of f(t) fromt tot + ¢
is obtained at either end, where either t = 0 or t = 1 — €. Thus,
for0 <t <1 — g, it follows that

F(£) — f(t 4 €)] < max{f(e).f(1— €} = —€loge (C1)
since € < 1/2. Then,
IH(p) — H(@)| = | ) _(—p(s)log p(s)
+ q(s) log q(s))| 2a)
<Y | —p(s)logp(s) + q(s) log q(s)| (C.2b)
< Z —eloge = —elogelS|, (C.20)

N

where (C.2¢) follows from (C.1). O

_ To show (23), we need to prove the gap between (TV)(b) and
(TV|g)(b), given by (8) and (18), respectively, is bounded by ¢ for
each b € B. Let (A*, P*) be a minimizer for (8). If a minimizer
does not exist, one can instead consider an ep-suboptimal solu-
tion for a sufficiently small ¢, > 0. In this case, the following
proof can be adapted with only minor adjustments. Since P ‘s b

is unconstrained, the posterior belief b can take general values
in A(S). Particularly, j‘s , drives the prior belief b to a posterior

belief b* € A(S) with probability ap = > Py pbs. Foreachses
such that by # 0, it follows from Bayes’ rule (9) that

Plsp = 5(b7/bs). (C3)

Note (.A*, P*) may not be admissible for (18). Instead, we con-
struct an admissible (A*, 7*) for (18) (ie, P* € P, ) such
that (A", P*) is “close” to (A*, P*). We construct this perceptlon
policy P* € P,_, ;5 from P* as follows: for each bm € B, define
the neighborhood in Z as N(bm) (zeZ:my = bm} Clearly, we
have Z = [JY_, N(b™). Set

o = / widz, (C4)
N(b™)
for eachm =1, ..., M. Now, define P* as
B a"(b/bs)  for s such that b(s) ;s ©5)
mis.b arbitrary  for s such that b(s) = ’

foreachm = 1,...,M and s € S. Note P*lsb is well-defined

by the constraint supp(bm) - supp(b) in the definition of 7;
n (19). Specifically, if bs = 0, then by (C.3), it must hold that
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b = 0 as well. Then, under the constraint in (1
b'” = mj; ¢ = 0. Likewise, define A* as

9), it follows that

*

1 Z g% 3 m
‘Bm W‘fN@m)abAalﬁzd‘z if oy ;ﬁ 0
a

: (C.6)
arbitrary

ifaf' =0

for each a € A and b™ € B. Now, notice that under the percep-
tion strategy P*, an observation m is observed with probability
Y s Prssbs = Dby ‘= . Then, by Bayes’ rule (9), the
posterior belief becomes b™ when m is observed since, by the
construction of P*,

Prissbs (b /bdbs _ o
ZS/ 75:;1‘5,!bb5 Olg1 s

Therefore, P* € P,_ 5 as desired. We now compare the right
hand sides of (8) and (18) evaluated under (A*, P*) and (A*, P*),
respectively, term-by-term.

C.1. Comparison of R}, ,, and RE 5

Using (C.3), the perception cost R ,, is

Rip=>_ fz P55 108(P /0rf )dz
S

=> /agiag log(b? /bs)dz = /agD(BZ || b)dz (C7)
s z VA
On the other hand, the perception cost RZ 5 is
R* p me\s bb lOg( mjs, b/ab )
s,m
= Z a"b™ log(b™ /bs) (C.8a)
= Za D(b™ || b)
= Z / «ZD(b™ || b)dz (C.8b)
N(b™)
= Z f D (7, || b)dz (C.8¢)
= / aiD(ry, || b)dz (C.8d)
Z

Step (C.8a) follows by the construction of 7* in (C.5). The defini-
tion of o in (C.4) is used to obtain (C.8b). To obtain (C.8¢), recall
that 7, = b™ for each z € N(Bm). Finally, applying the fact that
UM_, N(b™) = Z yields (C.8d). Comparing (C.7) and (C.8d), we

obtain
sl =1 (1) -

< f \D(F 1) — Dy, )] dz
VA

eA Ik

|R;73 - D(n[,z||b))dz|

< max |D(b||b) —
beA(s)

The last expression can be upper bounded as follows:

ID(b||b) — D(r;lb)] = | Z —bs log(bs/bs)

+ Z s 5 log(7y 5/bs)| (C.9a)
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= |Z—Bglogf)§—|—2nb-lognbs
E E

+ ) (5 — bs) log b| (C.9b)
= |H(b) — H(r}) + Z(nﬁj—ﬁ;)log bs| (C9¢)
< |H(b) — H(m)| + | Z(ni,j — bs)log bs| (C.9d)
< |H(b) — H(mp)| + €| SZlog bs| (C9e)

é|loge||S|+e|Zlogb| (C.9f)

where (C.9b) follows from standard properties of logarithms,
(C9c) by the definition of the entropy, (C.9d) by the triangle
inequality, (C.9¢) by the fact ||b — m;llc < €, and (C.9f) from
Lemma 7. Recalling the relative entropy is summed over only S(b),
log b(3) is finite for all b € B and § € S(b).

C.2. Comparison of IE;;‘* P [Cs.al and Ef*’ﬁ*[Cs,a]

We now compare EBA’P[CS,a] in (8) and Ef*'ﬁ*[Cs,a] in (18).
Notice that

IE;‘*.P* [Gsal = Z (/Z (be*le b§d2> Cs.a- (C.10)
s,a
On the other hand,
B [Cal = ) o &2, BTG
s,a,m
- Z(/A oA d2)BTC g (C.11a)
s,a,m N(bm)
=2 / o5 A5 Tz 502)Cs.a (C.11b)
s,a,m N(bm
= /Z A 1 e (47)Coa (C.11¢)
s,a
Equality (C.11a) follows from the definition of A*. in (C.6).

alb™
Equallty (C.11b) then holds by recalling 7, = = b" forall z €

(b"’) The fact U bm) = Z is used to obtain (C.11c). Now,
comparing (C.10) and (C.11¢),

B P [Coal — B2 7 [Gsall

=13 i
s,a
-3 / oG A" o, M52 02)Col
s,a
< 2l f i 15— s 1)
s,a z
<ey IGal / ap AL 5 d2)
s,a
<Y 1Cal( [ ajdn) =€ Y il
s,a z s,a

5 bid2)Ceq
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E.A”P

C.3. Comparison of [V(b**)] and E[f P [V(b**)]

We now compare E;7[V(b*®)] in (8) and E;"”[V(b™2)] in

(18). Under (P*, A*), the random variables (z a) are realized ac—
cording to the probability distribution A*wz A*\bz > s Pyis.bss

while under (:P*, A*), the random variables (m, a) are realized
according to A* . ay". Thus,

albm
B Vib™ )] — B [Vi(b™ )]

= Z / AL g0 Vidb™ )z
Z
a

= D& et V™ )|
a,m

=1 / AL 5 0 Vidb™)dz
z
a

- Z/ A o Vi(b™ ). (C.12)
o Inm
To obtain (C.12), we again use the definition of .Zf* . in (C.6). De-

note by b™#-¢ the prior belief obtained when actlon a is selected
in 7., ie., i@ =, Tya g7 o It is noteworthy that for each
seSandz e Z,

|bz,a(s) _ bm(z),a(s)|
= ) Z Tsla,s/Bi/ - Z Ts\a,s’ﬂgzvs/

< ZTM #(s) — e | < €IS].

<é

Since b™@4 = pm for each z € N(b™), (C.12) can be upper
bounded as follows:

(C12) = ‘ /A*A V(b 9)dz
; ' albz b
a Y2
<> / A ooy [Vi(b™ ) = Vi(b™ )| dz
z
a

<8
532/2,4:'5% <34, (C.13)
a

where the first inequality in (C.13) is obtained using (22).
C4. Summary

Summarizing (i), (ii) and (iii) above, we obtain
[(TV)(b) — (T(V|5))(b)] < € for each b € B, completing the
proof. O

Appendix D. Additional information on three-state example

Consider the MDP in Fig. D.1, where the three actions ay, ay,
and asz have the given transition probabilities. The agent’s objec-
tive is to avoid s3, for which we set G, . = 1 and 0 otherwise.
To construct B, we uniformly grid the three-dimensional belief
simplex using three different spacings. For the uppermost plot in
Fig. 4, a spacing of 0.2 is used, producing a total of 21 posterior
belief states and 63 prior belief states. Similarly, for the center
plot in Fig. 4, a spacing of 0.1 is used, yielding 62 posterior belief
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Fig. D.1. 3-state environment considered.

states and 186 prior belief states. Finally, the lowermost plot in
Fig. 4 is produced using a spacing of 0.05, resulting in a total of
217 posterior belief states and a corresponding set of 651 prior
belief states. Considering an infinite time horizon, the plotted
values of prior belief states are obtained via value iteration using
values of y = 0.95 and B = 1, wherein we solve (15) for each
prior belief and (17) for each posterior belief at each iteration.
To solve each linear program, we use the Gurobi linear program
solver (Gurobi Optimization, 2022).
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