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Abstract—In this paper, we consider sequential dy-
namic team decision problems with nonclassical informa-
tion structures. First, we address the problem from the
point of view of a “manager” who seeks to derive the
optimal strategy of the team in a centralized process. We
derive structural results that yield an information state for
the team which does not depend on the control strategy,
and thus it can lead to a dynamic programming decompo-
sition where the optimization problem is over the space of
the team’s decisions. We, then, derive structural results for
each team member that yield an information state which
does not depend on their control strategy, and thus it can
lead to a dynamic programming decomposition where the
optimization problem for each team member is over the
space of their decisions. Finally, we show that the solution
of each team member is the same as the one derived by the
manager. We present an illustrative example of a dynamic
team with a delayed sharing information structure.

Index Terms— Team theory, decentralized control, non-
classical information structures, Markov decision theory.

|. INTRODUCTION
A. Motivation

EAM theory [1]-[3] is a mathematical formalism for
decentralized stochastic control problems [4] in which
a “team,”’ consisting of a number of members, cooperates
to achieve a common objective. It was developed to provide
a rigorous mathematical framework of cooperating members
in which all members have the same objective yet different
information. The underlying structure to model a team decision
problem consists of [3] (1) a number of K € N members
of the team; (2) the decisions of each member; (3) the
information available to each member, which is different; (4)
an objective, which is the same for all members; and (5) the
existence, or not, of communication between team members.
Team theory can be applied effectively in applications that in-
clude informationally decentralized systems such as emerging
mobility systems [5], and in particular, optimal coordination of
connected and automated vehicles at traffic scenarios [6]-[11],
networked control systems [12], [13], mobility markets [14],
smart power grids [15], [16], power systems [17], cooperative
cyber-physical networks [18]-[20], social media platforms
[21], cooperation of robots [22], [23], and internet of things
[24]-[26].
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B. Related Work

Team theory was established with the seminal work of
Marschak [1], Radner [2], and Marschak and Radner [3] on
static team problems, and with Witsenhausen [27], [28] on
dynamic team problems. In static team problems [29], [30], the
information received by the team members is not affected by
the decisions of other team members [31], while, in dynamic
team problems, the information of at least one team member
is affected by the decisions of other members in the team [31].
If there is a prescribed order in which team members make
decisions, then such a problem is called a sequential team
problem. If, however, the team members make decisions in an
order that depends on the realization of the team’s uncertainty
and decisions of other members, then such a problem is
called a non-sequential team problem. Formulating a well-
posed non-sequential team problem is more challenging as we
need to ensure that the problem is causal and deadlock free
[32]-[34]. Teneketzis [35] presented several results and open
questions for non-sequential teams by using the framework of
Witsenhausen’s intrinsic model [36]. In this paper, we restrict
our attention to sequential dynamic team decision problems.

The information structure in a sequential team decision
problem designates who knows what about the status of the
team and when [37], [38]. The information structure may des-
ignate the complexity [39]-[41] of the problem, and can lead to
computational implications [42]. Witsenhausen [43] discussed
several information structures and asserted some optimality
results for team decision problems. Ho [44] investigated
information structures within the context of team decision
theory using a simple thematic example of a team consisting
of two individuals who need to coordinate a meeting. More
recently, Mahajan et al. [45] provided a tutorial paper with a
comprehensive characterization of information structures.

Information structures are classified [37] as (1) classical,
(2) partially nested (alternatively also called overlapping, or
quasiclassical), and (3) nonclassical. In classical information
structures, all team members receive the same information
and have perfect recall [46]-[49]. If there is only one team
member, then such information structures are called strictly
classical resulting in team decision problems that are typical
centralized stochastic control problems [50], [51]. In partially
nested information structures, there are some team members
who have a nonempty intersection of their information struc-
tures while they have perfect recall. Any information structure
that is not classical, or partially nested, is called nonclassical
and can be further classified [45] as (1) n-step delayed-
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sharing, n € R, where each team member has access to the
information, i.e., observations and decisions, of other members
after an n-step symmetric delay, i.e., same for all members
[52], or asymmetric delay [53]; (2) periodic sharing [54],
where each team member has access to the information, i.e.,
observations and decisions, of the other members periodically;
(3) delayed observation (or state [55]) sharing information,
where each team member has access to the observations (or
states if completely observable) of other members after an
n-step symmetric, or asymmetric, delay; (4) delayed control
sharing information, where each team member has access to
the decisions of other members after an n-step symmetric, or
asymmetric, delay [56]; and (5) no sharing information, where
the team members do not share any information.

Sequential dynamic team problems with nonclassical infor-
mation structures impose the following technical challenges
[57]: (1) the functional optimization problem of selecting the
optimal strategy is not trivial as the class of strategies is
infinitely large, and (2) the data increase with time causing
significant implications on storage requirements and real-time
implementation. In centralized stochastic control theory, these
difficulties are addressed by finding sufficient statistics to
compress the growing data without loss of optimality [58]
using a conditional probability of the state of the team at time
t given all the data available up until time ¢. This conditional
probability is called information state, and it takes values
in a time-invariant space. Using this information state can
help us derive results for optimal control strategies in a time-
invariant domain. Results based on data which, even though
they increase with time, are compressed to a sufficient statistic
taking values in a time-invariant space are called structural
results (see [59], p. 203).

In centralized stochastic control, structural results can help
us establish an information state, which does not depend on
the control strategy, and thus they are related to the concept
of separation between estimation and control. An important
consequence of this separation is that for any given choice of
control strategies and a realization of the team’s variables until
time ¢, the information states at future times do not depend
on the choice of the control strategy at time ¢ but only on the
realization of the decision at time ¢ (see [50], p. 84). Thus,
the future information states are separated from the choice of
the current control strategy. The latter is necessary in order
to formulate a classical dynamic program [60]-[62], where
at each step the optimization problem is to find the optimal
decision for a given realization of the information state [50].

Several structural results have been reported in the literature
to date for team decision problems with nonclassical infor-
mation structures [43], [52], [53], [63]-[68]. However, these
results can lead to a sequential decomposition of the optimiza-
tion problem over a space of functions [52], [69], [70] instead
of a space of decisions to derive optimal strategies. This
is due to the absence of separation between estimation and
control which prevents the formulation of a classical dynamic
program. There are three general approaches currently in the
literature that, in conjunction with these structural results, can
be used to derive optimal strategies in sequential dynamic
team problems with nonclassical information structures: (1)
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the person-by-person approach, (2) the designer’s approach,
and (3) the common information approach.

The person-by-person approach aims to convert the problem
into a centralized stochastic control problem from the point
of view of each team member. Namely, we arbitrarily fix
the strategies for all team members except for one, say team
member k € K, K = {1,...,K}, K € N. Then, we derive
the optimal strategy for k£ given the strategies for all other
members. We repeat this process for all team members until
no member can improve the performance of the team by
unilaterally changing their strategy. Thus, the resulting strate-
gies are person-by-person optimal [44]. Other research efforts
have taken a different approach using Girsanov’s change of
probability measure to transform the dynamic team problem
to a static problem, in which the information structure is
not affected by the members’ decisions, and then applied
the stochastic maximum principle to derive necessary and
sufficient optimality conditions for both team and person-by-
person strategies [71]-[75]. An optimal strategy of the team
is necessarily person-by-person optimal (see [76], p. 195).
However, the converse is not in general true. In addition, if
the team payoff function is concave polyhedral, i.e., piecewise
linear and concave, then the person-by-person approach is
not generally sufficient to determine an optimal strategy (see
[76], p. 191), although the problem can be reduced to a
linear programming problem. Ho [77] showed that for a
Gaussian team if the observation functions are linear and
the cost function is quadratic, then affine control strategies
are optimal. The person-by-person approach has been used
in teams with broadcast information structures [78], in real-
time communication using encoders and decoders [79]-[84], in
quickest detection problems [85]-[88], and networked control
systems [89], [90].

The designer’s approach was first introduced by Witsen-
hausen [28], as a standard form for sequential stochastic
control with a nonclassical information structure, and extended
later by Mahajan [91] and Yiiksel [92]. This approach ad-
dresses the team decision problem from the point of view of
a “designer” who knows the team’s dynamics and statistics
of all sources of uncertainties. Although sequential dynamic
team decision problems are informationally decentralized, the
designer’s approach transforms the problem into a centralized,
open-loop planning problem from the designer’s point of
view where the objective is to derive the strategy of the
team before the team starts evolving. Therefore, no data are
observed by the designer, and thus this approach leads to a
dynamic programming decomposition over a space of func-
tions instead of decisions imposing significant computational
implications [57]. The person-by-person approach has been
used in conjunction with the designer’s approach in real-
time communication [80], [93], [94], and networked control
systems [89], [90].

The common information approach [70], [95] was first
presented for problems with partial history sharing [52], where
the team members share a subset of their past observations and
decisions to a shared memory accessible by all members of
the team. The solution is derived by reformulating the problem
from the viewpoint of a “coordinator” with access only to the

from IEEE g(plore. Restrictions apply.

hts/index.html for more information.



This article has been accepted for publication in IEEE Transactions on Automatic Control. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TAC.2022.3195126

shared information (the common information), whose task is
to provide prescription strategies to each team member. At
each time ¢, the prescription strategies of the team members
map their private history of observations and decisions to their
optimal decisions at t. The common information approach
has been used in problems with control-sharing information
structure [96], in stochastic games with asymmetric infor-
mation [97], and in teams with mean-field sharing [98].
There are also some earlier papers that used similar ideas to
analyze specific information structures, or structure of the team
decision problem, e.g., teams with sequential decompositions
[99], teams with partially nested information and common
past [100], teams with delayed state sharing [55], teams with
periodic sharing information structure [54], and teams with
belief sharing information structure [101].

C. Contributions of This Paper

In this paper, we provide structural results and a classical
dynamic programming decomposition of sequential dynamic
team decision problems. We first address the problem from the
point of view of a “manager” who seeks to derive the optimal
strategy of a team in a centralized process. Then, we address
the problem from the point of view of each team member, and
show that the solution of each team member is the same as
the one derived by the manager.

The contributions of this paper are the induction of: (1)
structural results for the team from the point of view of a
manager, i.e., through a centralized process, that yield an in-
formation state which does not depend on the control strategy
of the team (Theorem 1), and thus it leads to a classical
dynamic programming decomposition where the optimization
problem is over the space of the team’s decisions (Theorem
2 and Theorem 3); and (2) structural results for each team
member that yield an information state which does not depend
on their control strategy (Theorem 5), and thus it leads to
a classical dynamic programming decomposition where the
optimization problem is over the space of the decisions of each
team member. In addition, we show that the solution of each
team member is the same as the one derived by the manager
(Theorem 7), and therefore, the team members do not need a
centralized intervention.

D. Comparison with Related Work

The one feature which sharply distinguishes previous ap-
proaches, reported in Section I-B, from that undertaken here
is that, in this paper, we derive structural results aimed at
establishing an information state that does not depend on the
control strategy, and thus we can institute separated control
strategies that can lead to a classical dynamic programming
decomposition. More specifically, the results in this paper
advance the state of the art in the following ways.

First, in contrast to the person-by-person optimal strategy
[78]-[90], which is not always an optimal strategy of the team
(see [76], p. 195), our structural results for each team member
(Theorem 5) guarantee that their optimal control strategies are
also optimal for the team (Theorem 7).
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Second, while our structural results from the point of view
of a manager impose a centralized process, they yield an in-
formation state which does not depend on the control strategy
of the team (Theorem 1), and thus it can lead to a classical
dynamic programming decomposition where the optimization
problem is over the space of the team’s decisions (Theorem
2 and Theorem 3). The designer’s approach [28], [91], on
the other hand, transforms the problem into a centralized,
open-loop planning problem where the objective is to derive
the strategy of the team before the team starts evolving.
Therefore, no data are observed by the designer, and thus this
approach leads to a dynamic programming decomposition over
a space of functions instead of decisions which has significant
computational implications [57].

Finally, in contrast to the common information approach
[52], [70], where the coordinator’s problem is a centralized
stochastic control problem [102] that leads to a dynamic
programming decomposition where the optimization problem
is over a space of functions, i.e., the prescription functions of
the team members, our structural results from the manager’s
point of view lead to a dynamic programming decomposition
where the optimization problem is over the space of the
team’s decisions (Theorem 2 and Theorem 3). In addition, our
structural results for each team member yield an information
state that leads to a dynamic programming decomposition for
each team member resulting in a solution of each team member
which is the same as the one derived by the manager (Theorem
7), and thus, the team members do not need a centralized
intervention.

E. Organization of This Paper

The remainder of the paper proceeds as follows. In Section
II, we provide the modeling framework, information structure,
and the optimization problem of a team. In Section III, we
derive structural results for the team from the point of view of
a manager, and a dynamic programming decomposition where
the optimization problem is over the space of the team’s deci-
sions. In Section IV, we derive structural results for each team
member, and a dynamic programming decomposition where
the optimization problem is over the space of the decisions of
each team member. In Section V, we present an example of
a dynamic team with a delayed sharing information structure
consisting of two members. This example was used by Varaiya
and Walrand [63] to show that Witsenhausen’s structural result
asserted in his seminal paper [43] is suboptimal. Finally, we
provide concluding remarks and discuss potential directions
for future research in Section VI.

II. PROBLEM FORMULATION
A. Notation

Subscripts denote time, and superscripts index subsys-
tems. We denote random variables with upper case letters,
and their realizations with lower case letters, e.g., for a
random variable X;, x; denotes its realization. The short-
hand notation X}® denotes the vector of random variables
(th, X2, ... ,XtK), o1 denotes the vector of their realiza-
tion (zf,x7,...,2f), and h{¥(-,-) denotes the vector of
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functions (hi(-,-),...,hi (-,-)). The expectation of a random
variable is denoted by E[], the probability of an event is
denoted by P(-), and the probability density function is de-
noted by p(-). For a control strategy g, we use E8[-], P8(.),
and p8(-) to denote that the expectation, probability, and
probability density function, respectively, depend on the choice
of the control strategy g. For two measurable spaces (X, 2")
and (V,%), £ ® & is the product o-algebra on X x )
generated by the collection of all measurable rectangles, i.e.,
XYW =c{AxB:Aec Z,Be#%}). The product of
(X, Z) and (), %) is the measurable space (X' x), Z'@%).

B. Modeling Framework

We consider a team of K € N members with a measurable
state space (X, 23), where X is the set in which the team’s
state takes values at time ¢t = 0,1,...,7 — 1, T € N,
and 2, is the associated o-algebra. The state of the team
is represented by a random variable X; : (Q,.%) — (X4, 2%),
defined on the probability space (2, #,P), where ) is the
sample space, .% is the associated o-algebra, and P is a
probability measure on (Q,.%#). The decision of each team
member k € K, K ={1,..., K}, is represented by a random
variable U} : (Q, F) — (UF, %), defined on the probability
space (£2,.%#,P), and takes values in the measurable space
UF,%F), where Uf is team member k’s nonempty feasible
set of actions at time ¢ and %" is the associated o-algebra.
Let UFK = (U},...,UK) be the team’s decision at time .
Starting at the initial state X, the evolution of the team is
described by the state equation

Xpor = fi (X, USE W), (1)

where W, is a random variable defined on the probability space
(Q,.Z,P) that corresponds to the external, uncontrollable
disturbance to the team and takes values in a measurable
set W, %), ie, Wy : (O, F) - OV, #). {W : t =
0,...,7 — 1} is a sequence of independent random variables
that are also independent of the initial state X,. At time
t = 0,1,...,7 — 1, every team member k € K makes
an observation Y}¥, which takes values in a measurable set
(Vk, %*), described by the observation equation

Y = hi(Xy, Z)), )

where ZF is a random variable defined on the probability space
(Q,.%,P) that corresponds to the noise of each member’s
sensor and takes values in a measurable set (Z*, 2%), ie.,
ZF o (,F) = (Zk . {ZF t=0,...,T - 1;k =
1,..., K} is a sequence of independent random variables that
are also independent of the initial state X, and {W; : t =
0,...,7—1}

C. Nonclassical Information Structures

The team has a nonclassical information structure that can
be:
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1) n-step delayed information sharing: In this case, at time
t, team member k € C observes Y/k, and the n-step, n € R,
past observations Y;iX ~and decisions UZX, of the entire
team. Thus, at time ¢, the data available to member k consist

of the data A; available to all team members, i.e.,
Ay = (Yv()ltl—(m UOlzztIin)v (3)

where Y01t1—<n = {Yz)l:t—n7 tet 7Y01§—n}’ U(%tlin = {U(}:t—nv
..., UE_.}, and the data A¥ known only to member k € I,
ie.,

Af3 = (Ytk—n-s-ma Uf—n-‘rl:t—l)' 4)

The n-step delayed information sharing can also be asymmet-
ric [53], i.e., for each member k € I, Y;’ink, Utk,nk, where
ni € R, is constant but not necessarily the same for each k.

2) Periodic information sharing with period w > 1: In this
case, fora =1,2,... and aw < t < (@ + 1)w, the pair of A,
and A¥, k € K, becomes

Av: = (Youw Upiaw): 5)
Af: = (Yjw+1:(a+1)w? U(i:erl:(aJrl)w)' (6)

3) n-step delayed observation sharing: In this case, A; and
AF, k € K, become

A = (ifoltl—(n)’ )
Af: = (}/tlc—n—',-l:t? U(éc:t—l)' (8)

4) n-step delayed control sharing: In this case, A; and A¥,
k € K, become

At: = (UOltIEn)7 (9)
Af: = (YE)’ft’ UtkfnJrlztfl)' (10)

5) No sharing information: In this case, A; and AF, k € K,
become

(1)
12)

Atl = @,
Af5 = (Y()]?ta Ug:t—l)-

The collection {(A,A¥); k € K;t = 0,...,T — 1}, is
the information structure of the team and captures who knows
what about the status of the team and when.

In our exposition, we consider that the team imposes an n-
step delayed information sharing, which can be deemed as the
general case of a nonclassical information structure. However,
in what follows, the results hold for any special case (2)-(5)
above and corresponding n.

D. Optimization Problem

Let (Dy, %) and (LF, ZF),k € K, be the measurable
spaces of all possible realizations of A; and A¥, respectively,
where Z; and £} are the associated o-algebras. Each team
member k£ makes a decision

UF = gr (A}, Ay), (13)

where gf is a control law of k € IC, which is a measurable
function gF : (L¥ x Dy, LF ® 2,) — (UF, %). The control
strategy of team member k € K is g& = {gF; t =0,...,T —
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1},g¥ € G*, where G* is the feasible set of the control
strategies for k. Thus the set of feasible decentralized control
strategies is GP°¢ = xcxGF, ie., g = {g!,..., g5} e gPee
If g € G is a centralized control strategy then G =: (ﬁ% X
X LE XD, Ll w0 LE @ D).

Problem 1. The problem is to derive the optimal control
strategy g* of the team that minimizes the expected total cost

T-1

J(@) =EF | > a(X, US) + er(Xr)|
t=0

(14)

where the expectation is with respect to the joint probability
distribution of the random variables X; and UK designated
by the choice of g, ¢; (X, UF) : (X x[Tec UF, 220U @
... ® %K) — R is the team’s measurable cost function, and
er(Xr) : (Xp, 27) — R is the measurable cost function at
T.

The statistics of the primitive random variables X, {W; :
t=0,...,T—1},{ZF : ke K; t=0,...,T — 1}, the state
equations {f; : t = 0,...,T — 1}, the observation equations
{h¥ k€ K; t =0,...,T — 1}, and the cost functions
{et:t=0,...,T} are all known.

[1l. STRUCTURAL RESULTS FOR THE TEAM

We start our exposition by addressing Problem 1 from the
point of view of a manager who seeks to derive the optimal
strategy g € G of the team.

A. Information State — Team

The first step is to identify an appropriate information state
for the team that can be used to formulate a classical dynamic
programming decomposition for Problem 1.

Definition 1. An information state, II;, for the team described
by the state equation (1) (a) is a function of (A;, A}¥), and
(b) II;11 can be determined from II;, Y}, and U}¥.

The notation is simpler if we consider densities for all
probability distributions. Let g € G be a control strategy
and (A, AFE) be the information structure of the team. To
proceed, we first need to prove some essential properties of
the conditional probability densities related to the observations
of the team members and team’s state.

Lemma 1. For any control strategy g € G of the team,
PPOVES | Xogr, A, AFRUNE) = p(VIE | Xig), (15)
forallt=0,1,...,T —1.

Proof. The realization of V¥ is statistically determined by
the conditional distribution of ;% given X;,1 in (2), hence

PPOVET | Xegn, A, APRUSR) = pR(VAET | Xiga). (16)
However,

PP | Xen) = p8(ZE € ] BY | Xeva),
ke

a7
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where B¥ € 2% k € K. Since, {ZF : k=1,....K; t =
0,...,T — 1} is a sequence of independent random variables
that are independent of X1,

Pz e [ B¥ | Xep) =p(Z85 € [ B, a®)
kek kek
Thus,
pg<YtlJ;I1( | Xit1) :p(Ytlﬁ( | Xig1). (19)
The result follows from (16) and (19). ]

Lemma 2. For any control strategy g € G of the team,
PE(Xep1 | X A, AF5 USRS = p(Xign | X, UFT),
(20)
forallt=0,1,...,T — 1.
Proof. The realization of X, is statistically determined by

the conditional distribution of X ; given X; and Utl‘K , l.e.,
by p&(Xi11 | X¢, UFE). From (1), we have

PE(Xeg1 | X, USF) =pp(We € A | X, USF),  (2D)

where A € #. Since, {W; :t=0,...,T — 1} is a sequence
of independent random variables that are independent of X,
and UK,

PE(W; € A | Xy, UFE) = p(W, € A). (22)
Next,
PE(Xer1 | X Ay, A5 USE)
=pE(Wi € A | Xy, Ay, AP USR) = p(Wy € A). (23)
The result follows from (21), (22) and (23). ]
Lemma 3. For any control strategy g € G of the team,
PA(Xe | A, AFF) = p(Xe | Ay, AP, (24)
forallt=0,1,....,T — 1.
Proof. We have
PE(Xe | A, AFT)
= (X | A A YET Y UG U (25)

However, the realization of X; is statistically determined by
the conditional distribution of X; given X;_; and Utl;lf , which
does not depend on the control strategy g (Lemma 2), so
we can drop the superscript in (25), and thus (24) follows
immediately. O

Remark 1. As a consequence of Lemma 3, and since X; does
not depend on U} X, we have

pg(Xt | At>A%:K7Ut1:K) :p(Xt ‘ AtaA%:K>- (26)

Given that the manager can observe the data (A, AFE) of
the team, our hypothesis is that we can compress these data
to a sufficient statistic of the state of the team. This statistic
is the probability density function p(X; | A;, AFX). The next
result proves our hypothesis and shows that such information
state does not depend on the team’s control strategy.
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Theorem 1 (Information State — Team). For any control
strategy g € G of the team, the conditional probability
density p8(X; | Ay, AFE) does not depend on the control
strategy g. It is an information state T1;(Ay, A ) (Xy), ie.,
Ht(At,Atl:K>(Xt) = p(Xt | AhA%:K) with f%t Ht(At,
AFEY(Xy)dX; = 1, that can be evaluated from A, AFK.
Moreover, there is a function 6, which does not depend on
the control strategy g, such that

M1 (Aegr, A (Xeg)

= 0, [TL (A, AVT) (X)), Y, UME], @7)
forallt=0,1,...,T —1.
Proof. See Appendix A. O

Note that the information state IT;1 (A1, AF) (Xey1) =
p(Xit1 | Apy1, ALE) of the team is the entire probability
density function and not just its value at any particular
realization of (Ayy1,A}f). This is because to compute
i1 (Apyr, AP )(Xy41) for any particular X1, we need
the probability density functions p( - | Ay, AFE ULE) and
p( - | Ay, AFK). This implies that the information state
takes values in the space of these probability densities on the
measurable space (X;, Z), which is an infinite-dimensional

space.

B. Optimal Control Strategy of the Team

In what follows, to simplify notation, the information state
I (Ay, AFE) of the team at ¢ is denoted simply by IT,. We
use its arguments A; and A}'X only if it is required by our
exposition.

Definition 2. A control strategy g = {¢g;; t =0,...,7 — 1}
is said to be separated if g; depends on A; and A}¥ only
through the information state, i.e., U = gy (I, (A4, A} ).
Let G° C G denote the set of all separated control strategies.

In implementing a separated control strategy, we first need
to compute the conditional probability TT;(A;, AF¥), and then
choose the control, since the task of estimation and control
are separated. Next, we use the information state to define
recursive functions which are analogous to the comparison
principle (see [50], p. 74).

Theorem 2. Let Vi(IL;(Ay, AFK)) be functions defined re-
cursively for all g € G° by

Vi (T (Mg, AFX)) == B er(Xr) | Tir = 72],  (28)

Vt(Ht(At’A%:K)) = 1,Keilz[lf uk
Uy ke Y

+ Vi (0 [T (A, A7), VI USR] | 1L =y,

1:K 1:K
U;" = },

]Eg [Ct(Xt7 UtLK)

(29)

where c7(Xr) is the cost function at T, and wr, T, ur'™ are

the realizations of Ilp, 1;, and U}X, respectively. Then, for
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any control strategy g € G,
T-1
V(I (A, AFF)) < Ji(g) = Eg[ a(X, UMR)

=t

Yer(Xrp |At,At1:K}, (30)

where Ji(g) is the cost-to-go of the team at time t correspond-
ing to the control strategy g € G.

Proof. We prove (30) by induction. For t =T,
Jr(g) = B [er(Xr)| Az, AFH]
= [ et (A AF ) axr, G
Zr

and so (30) holds with equality.
Suppose that (30) holds for ¢ + 1. Then,

T-1

Julg) = BE[ 3 (X0, UF) + e (Xr) | Ay, AFH]
=t
T—1
_ E® {ct<xt,Ug:K)+ 3 alX, Ul
I=t+1

+er(Xr) | Ay, AFE]

=[E® {Eg [Ct(Xh Utl:K)

T-1
+ 37 alXe, UFR) + or(Xr) | A MK, USK]
I=t+1

| At,A%:K:|

> k8 {Eg [Ct(Xm UtlzK)
+ ‘/;H»l (915 [Ht(Ata A%:K)v Y—t]}{f» Utl:K}) | Ht(Atv A%:K)v

Utlsz| IAt,A%:K]

=E® [V;(Ht(At,AiﬁK)) | Ap, AFR| = Vi(Te(Ag, AFF)),
(32)

where, in the inequality, we used the hypothesis and, in the
last equality, we used (29). Thus, (30) holds for all ¢. O

In view of Theorem 2, we show that an optimal strategy
of the team is separated and obtain a classical dynamic
programming decomposition where the optimization problem
is over the space of the team’s decisions.

Theorem 3. Let

Vi (IL (A, AFEY)) = inf
t( (A, Ay )) R
+ ‘/H-l (Ot [Ht(Afm A}K)v }/t{&-{(7 Utl:K]) | Ht = T,
Utl:K _ U%K:|
and let g € G° be a separated control strategy that achieves
the infimum in (33). Then g € G® is optimal and

V;S(Ht(AhA%:K)) = Ji(g),

E# [ct(Xt7 ULK)

(33)

(34)
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with probability 1.
Proof. We first prove (34) by induction. For ¢t =T,

Jr(®) = E¥[er(Xr) | Ar, AFY]
:/gr CT(XT)HT(AT,A%K)(XT)CZXT. (35)

Suppose that (33) holds for ¢ + 1. Then

T—-1
Lonf EELS T a(X0, UPF) 4 en(Xr)| A AFK]
up' €] Tpex Us I—t
T-1
= inf Eg[ct(XhUl:K)—i- (X, UFK)
up K el ex UF ! l;l :

+or(Xr) | A, AFE]

= inf
up K el Tex UE
T-1

+ > alX, USS) + en(Xp)| Ay, AFK UK
I=t+1

| At’A%:K:|

RS {Eg [ct (X, UEK)

= inf
up K el e UF

+ ‘/t-‘rl (9t [Ht(At7At1:K)7ni{(7Utl:K}) | Ht(Athtl:K)a
UtlzK:| |At,A%:K:|

o {Eg [ct(Xt, UL

— B [Vt (Ie(Ar, AFF)) | At,A}:K} = V(I (A, AFF)),
(36)
where, in the third equality, we used the hypothesis and, in the
forth equality, u}* achieves the infimum. Thus, (33) holds for
all ¢.
For t = 0, (34) yields Jo(g) = Vo (Io(Ao, AF™)). Taking
expectations

J(8) = B[ Jo(g)] = BE Vo (To(20, AFF)) . 37)

By Theorem 2, it follows that for any other g’ € G,
J(g) = BE [V (T (A0, AF)) | (38)
O

The following results are derived by using ideas from [103],
[104].
Lemma 4. Let V,(IL,(Ay, Af5)) be functions defined recur-
sively for all g € G° by

VT (HT(AT,A%K)) = [E# {CT(XT) | HT = WT}, (39)

Vt(Ht(At,AtliK)) — k2 |:Ct(Xt7Ut1:K)

inf
up K€l e UF
+ ‘/t+1 <6t [Ht(At7A%:K)a}/t£{(7 UtLK]) | Ht = T¢,

Utl:K _ u%:Ki|7 (40)
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where cr(Xr) is the cost function at T, and 7r, m, upf

are the realizations of Ilp, II;, and Utl’K, respectively.
Then, for all t = 0,...,T, Vt(Ht(At,Atl:K)) is positive
homogeneous, i.e., for any p > 0, Vt(p Ht(At,AiiK)) =
p Vi (I (A, AFF).

Proof. See Appendix B. O
Theorem 4. Let

W(Ht(At’A%:K)) = 1:1’<ei]lr[lf uk
Uy kex Yt

+ Vi1 (00 [TIe (A, AFF), VI USR] | T =

1:K _ 1:K
Ut = Uy }7

E# [ct(Xt, ULK)

41
where cr(Xr) is the cost function at T, and 7y, 7;, uf are
the realizations of Ilp, I1;, and Utl‘K, respectively. Then, for
all t = 0,...,T, V,(IL,(A,, A}K)) is concave with respect
to Ht(At, A%K)

Proof. See Appendix C. O

IV. STRUCTURAL RESULTS FOR THE TEAM MEMBERS

In this section, we address Problem 1 from the point of view
of a team member k € K who seeks to derive their optimal
strategy g = {gF; k € K; t = 0,...,7 — 1} which will
constitute the team’s strategy g = {g',..., g%} € gPec.

A. Information State — Team Members

We first identify an appropriate information state for mem-
ber k € K that can be used to formulate a classical dynamic
programming decomposition for Problem 1.

Definition 3. An information state, Hf , for member k € IC of
a team described by the state equation (1) (a) is a function of
(A¢, AF), and (b) 1T}, | can be determined from II}, V1K |
U1, Y, and UF.

To proceed, we first need to prove some essential properties
of the conditional probabilities densities related to the obser-
vation of team member k£ € K and the team’s state.

Lemma 5. For any control strategy g = {g",...,g%} of the

team,
PPV | Xewr, A, AP UF) = p(ViEy | Xisn),
forallt=0,1,..., T — 1.

(42)

Proof. The realization of Yt’fH is statistically determined by
the conditional distribution of Yﬁ_l given X;41 in (2), hence

PPOYVEL | X1, A, AL UF) = p(YE | Xegr). (43)
However,

PPV | Xen) = p8(ZF € BY | Xipa), (44)

where B¥ € Z*. Since, {ZF : t = 0,....T — 1;k =

1,..., K} is a sequence of independent random variables that

are independent of X;,;, we have
P§(Zf, € B | X¢1) = p(Zf, € BY). (45)
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8
Thus, Lemma 7. The information state of the team
1 (A1, AEE)(Xy11) is a function of the information
g vk _ k t+1(Be41, Mg ) (A
PP(Yiis | Xevr) = p(YVily | Xiey)- @0 srate I (Apyr, AFL ) (X)) of each team member k € K,
The result follows from (43) and (46). O Avyr, and AL forallt =0,1,...,T — 1.
Lemma 6. For any control strategy g = {g",...,g%} of the Proof. By applying Bayes’ rule, for all t = 0,1,...,T — 1,

team, (X i1 | Avy1, AF, UF) does not depend on the control
strategy g* of member k. It depends only on the strategy g =% =

(g',....g" L, gl ..., g5), of the other team members, i.e.,

P(Xepr | Depn, AFUF) = p8 " (Xopa | Avp, AF,UP),
(47)

forallt=0,1,...,T — 1.

Proof. Since X[, = fu(X;, UM W) and Af: =
(}/;]in+1:t7 UtkfnJrl:tfl)’ and Y? = hzl‘?(Xt’ Zf) we have

PA(Xeg1 | Avyr, AT, US)

=pE(W, € A,U%, ZF € BF | Apq, AF,UF)

=pE(Wi € A | Apyr, AFUE) - pB (U | Ay, AL UE)
p8(Z) € BF | Apyr, AFUY)

=p(Wi € A | Apyr, AL US) - p*H(U7F | Avpa)

'p(ZiIC € Bk I At-‘rl,Af’Uf)’ (48)

where A € #, B*¥ ¢ Z* and U/ % = (U},...,U™ 1,
Ut’““7 ..., Uf). In the last equality, the second term depends
only on g~* while we dropped the superscript g in p(W; €
A | Ay, AR UF) and p(ZF € BY | Ayyq, A, UF) since
both W; and ZF are two sequences of independent random
variables, and the evolution of their probability measure does
not depend on the control strategy. O

Theorem 5 (Information State — Team Members). For any
control strategy g = {g',...,g5%} € GP of the team, the
conditional probability density p(X; | Ay, AF) does not depend
on the control strategy g* of member k. It depends only on
the strategy g% = (g',...,g" 1, g"t1, ... g%) of the other
team members. It is an information state of the team member
k, ie, TIF(AL ARY(X,) = p& " (X, | Ay, AF), that can be
evaluated from A; and AF. Moreover, there is a function 0F,
which does not depend on the control strategy g* of member
k, such that

P (A, AP ) (Xegn)

= OF [I (A0, AP)(X0), Apgr, Afy ], (49)
forallt=0,1,...,7T —1.
Proof. See Appendix D. O

Note that the information state ITf ; (Ayy1, AF, 1) (Xpy1) =
p(Xi1 | Agyr,Afy ;) of member k is the entire probabil-
ity density function and not just its value at any particu-
lar realization of (A1, Af ;). This is because to compute
7, (Apy1, AF, 1) (Xesq) for any particular X, q, we need
the probability density functions p( | A, AR UF) and
p( - | Ay AF). This implies that the information state
takes values in the space of these probability densities on the
measurable space (X;, Z;), which is an infinite-dimensional
space.
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we have

e (A, M) (Xeg1) = p(Xesr | Avrr, ALR)
PO | Xeqa, Avpn, AT ) p(Xg | Avgr AF)
'p(AtH,Afﬂ)

p(At-i-l’ A%—I—q)
P | Xoga, Apr, ARy ) T (A, AT ) (X)
p(Apy1, Afyy)
p(Arp1, AFE) ’
(50)

where A; % = (A},..., AF"1 AFTL . AK). Thus, for each
team member k € K, we can select an appropriate function
9F such that

1 (A, AES) (Xega)

= ¢y (M (Aern, A ) (X)), Aepn, AES)

(S
O

Corollary 1. For each team member k € K, the function ﬁf 1
is increasing with TIF, | (Api1, AF, ).

Proof. The function 19,’?“ is continuous and differentiable
in [0,1], while the variation of ¥} , with respect to
7, (Apy1, AF, ) is positive. O

B. Optimal Control Strategy of the Team Members

In view of Theorem 5, we show that the optimal sep-
arated control strategy g&¥ = {g&,...,¢% |}, ie, U} =
gF(ITF(A¢, AF)), derived by each team member k € K
yields the same solution as the one by the manager’s optimal
separated control strategy g € G° (Theorem 7), and thus, the
team members do not need a centralized intervention. We
obtain a classical dynamic programming decomposition for
member k € K over the space of their decisions.

Lemma 8. Let g° be a separated control strategy of team
member k € K and g = {g*,...,g%} be the team’s control
strategy. We fix g% = (g',...,g" L, g"1 ... g%), and let
VF (L (A, AY)) be functions defined recursively for all g by

VE(Tr(Ar, A5)) = B [er(Xr) | T = k], 52)

VI (I(Ag, AF)) = inf EF {Ct(Xt’Utkat_k) + VA (M

ufeul
(At+17A?+1)) | Hf = Wf’At = 6t’A1]5€ = >‘1]5€7 Utk = Uf)],
(53)

where cr(Xr) is the cost function at T, and 7rf, ¢, )\f, uf
are the realizations of Hf, JAVS Aff, and Utk, respectively. Then,
VE( (A, Af)) is positive homogeneous, i.e., for any p > 0,
VAL (A AD) = p V(T (Ar, AB)).
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Proof. The proof is similar to the proof of Lemma 4. [

Theorem 6. Let g* be a separated control strategy of team
member k € K and g = {g",...,g%} be the team’s control
strategy. We fix g% = (g',...,g" L, g1, ..., g%), and let
v (Ht(At, Af)) be functions defined recursively for all g by

‘/tk (Ht(At,Af)) = gnkag |:Ct(Xt, Utk, Ut_k)

uy €U

+ Vti1<nt+1(At+17Az’t€+1)) ‘ Hf = Wf7 Ay = 6y,

AF =2} UF = ub)], (54)

where Wf, ¢, )\f, uf are the realizations of Hf, Ay, Af,
and U, respectively. Then, V¥ (I1;(A,, AY)) is concave with
respect to TI;(Ay, AF).

Proof. The proof is similar to the proof of Theorem 4. O

Theorem 7. Let V,(II,(Ay, A}5)) be functions defined re-
cursively by

VT (HT(AT,A;K)) = K8 {CT(XT) | HT = WT}, (55)

Vi (I (A, AFF)) = inf

up K el e UF
+ Vi1 (Ht+1(At+17 A%fi)) | Iy = my, UtLK = U%:K}
(56)

F# [ct(Xt, ULK)

where m;, ut'X are the realizations of 1, and U}E, respec-

tively, and let g* € G° be the manager’s optimal separated
control strategy which achieves the infimum in (55)-(56) for all
t=0,1,....,T—1. Letg=(g',...,g" 1, g" gl ... g%)
be the team’s strategy, where g& = {gk ... g% |} is a
separated control strategy of member k € K such that
Uf = gF(IIF (A, AF)). Let ViF(IIf(Ay, AF)) be functions
defined recursively by each team player k € K after fixing

gik = (glﬂ M 7gk71’gk+17 tre ’gK)7 by

VE (I (A, A5)) =B [er(X) | T =7k, (57)
and
VE(ITE (A, AD)) = Jnf Re" {Ct(Xt, Uk U
+ Vt]fH(waLl(At+17A7]5€+1)) | Hf = Wf,At = 0t,
A = XU = )] (58)

where U % = (U},...,UF" U, ... UK), and =f, &,
)\f, uf are the realizations of Ik, A, Af, and Utk, respec-
tively. Then, the solution of the manager in (55)-(56) is the
same as the solution derived by each player k in (57)-(58) for
allt=0,1,...,T — 1.

Proof. See Appendix E. O

V. EXAMPLE

We present an example of a delayed sharing pattern team
consisting of two members (K = 2). This example was used
by Varaiya and Walrand [63] to show that Witsenhausen’s
structural result asserted in his seminal paper [43] is subopti-
mal.
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A. Problem Formulation

In this example, the team evolves for a time horizon T' = 3
while there is a delay n = 2 on information sharing between
the two team members. The state X; = (X}, X?), t = 1,2,3,
of the team is two-dimensional, and the initial state (primitive
random variable), X, = (X}, X2), of the team is a Gaussian
random variable with zero mean, variance 1, and covariance
0.5.

The team’s state evolves as follows:

Xo = (X5, X3), (59)
X1 = (X1, X7) = (Xg + X3,0), (60)
Xo = (X3, X3) = (X{,U3) = (Xo + X5, U3), (61
X3 = (X3,X3) = (X3 — X3 — U3,0)
= (Xg+ X2 U2 -Ul0). (62)
The observation equations are
Yi=XxF | k=1,2t=1,23. (63)

Each team member’s feasible sets of actions U} are specified
by

uk R, if (k,t) =(1,3) or (2,2),
t = .
0, otherwise.

Thus a control strategy g = {gF; k =1,2; t =1,2,3},g € G,
of the team consists only of the pair g = {g3, g3} since gf =0
for the remaining (k, t). Given the modeling framework above,
the information structure {(A, AF); k=1,2; t =1,2,3} of
the team is

(64)

Al = @7 AQ = (2)7
Az = {Yllaylz} - {Xéng}
Note that since gf = 0 and g? = 0, the realizations of U] and
U? are zero, and thus A3 includes only the observations in
(66). The data Af, k = 1,2, available to the team member k

for the feasible control laws are

Ag = {Y127Y22} = {ngXlz} - {Xg}v (67)
(68)

The problem is to derive the optimal control strategy g* =
{g4*, 93"} which is the solution of

J(g) =

(65)
(66)

1
: _E® Xl 2_|_ Ul 2
e [(X3)* + (U3)?]
1
SE® (X + X3 —UF = Us)* + (Ug)?] .

(69)

= min
uel2, uieldl

B. Optimal Solution
The feasible set G of control strategies of the team consists
of all g = {g3(A3, A3), 95(A3, Ag)}, e,
g5: Ao x A3 = U2, or g3: X2 =R,
gr: A3 x AL = U3, or gi: {X}, X2} =R

(70)
(71)

The problem (69) has a unique optimal solution (see [63])

1

1 1
U22:§X37 U31:§(X(}+X§)—ZX3. (72)
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C. Solution Given by Theorem 3

Varaiya and Walrand [63] adopted the notation used by
Witsenhausen [43] to describe chronologically the evolution
of the team in their example, which proceeds as follows: The
initial state X of the team is generated at ¢ = 0. Then, at the
next time step ¢ = 1, each team member & = 1,2 observes
Y = X, and makes a decision UF = gF(A;,A}). The
transition of the team to the next state occurs at the same time
t=1,1ie., X; = f1(Xo,U}¥), and the process is repeated
until ¢ = T. Given that the decision of each team member &
at time ¢ depends on A, and A¥, and that the state of the team
evolves after the realization of Utl‘z, to be consistent, from a
notation point of view, with the state equation (1) in Section
II-B, the evolution of the state of the team needs to be revised
as follows:

Xo = (Xp, X5), (73)
X1 = (X1, X7) = (X5, X3), (74)
Xs = (X5, X3) = (X5 + X5, 0), (75)
X3 = (X3, X3) = (Xg + X3, U3), (76)
Xy :( i,Xf) = (X§ —Xg—U;},O)

= (Xg+ X2 - U2 -UL,0), (77)

where we essentially included a degenerate transition at ¢ = 1.
Given the modeling framework presented in Section II-B, the
information structure {(A;, AF); k = 1,2;¢t = 1,2,3} of the
team is

AL =0, Ay =10, (78)
Az = {Y017Y023Y117Y12} = {X&anlelelz} = {X(}ﬂXg}
(79

Since g} = 0 and g7 = 0, the realizations of U] and U} are
zero, and thus Aj includes only the observations in (68). The
data AF k = 1,2, available to the team member k for the
feasible control laws are

A% = {Y027Y127}/22} = {X37X127X22} = {Xg}7 (80)
Ay ={¥5, Y5} = {Xg + X3, Xg + X3} = {Xg + X3}
8D
We solve problem (69) by using the structural results
presented in Section III considering the control strategies
g8 = {gF; k=1,2; t =0,1,2,3} for each team member
k, where the control law is of the form gf (II(A¢, AF)) =
gf(IP’(Xt ‘ At»A?))'
For ¢ = 3, the manager formulates the dynamic program

V3(Il3)

= min
uZ€UZ ul €Ul

+(UD)? | s (Ag, AY), U3

1_1
SEF (X3 + X2 - U - U3)?

1
in RS {(Xg + X2 U2 - UL

= m
u3eU2 uleul
+(UD)? | P(X3 + X3, U3 | X3, X3, X3 + X3), U3 |,
(82)
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where, for any given realization of ((X} + X2),U3) in the
information state II3, the manager selects U; to achieve the
lower bound in (82). Thus,

1 1
Ul = 5(Xg +X3) - 5U§. (83)
Substituting (83) into (82) yields
1 Xt 4+ x2-102)?
Va(lls) =  min  —Ef {( o+ X9 — U3) |
u2e2uleul 2 2
P(X)+ X3, U3 | X3, X3, X0+ X3).U3]. 84

For t = 2, the manager formulates the following dynamic
program

Va(IL)
]. 2 [
=  min  -E[V(IL) | Hg(Ag,A%),UQQ}

uF €U uleu} 2

1 -
= min_ SEF|Va(Ila) | P(X§ + X3 | X3), U]

w2eUZuleul 2

1 .0 (XE+x2-U2)°

= min -Ef (X0 + X5 3) | (X3 + X2 |
u2el2uleul 2 L 2

X§)7U§] (85)

Since
Us = g5 (P(Xs | Ag,A3)) = g5 (P(Xg + X5 | X3)), (86)

the problem of the manager in (85) is to choose, for any
given XZ, the estimate of (X} + X¢) that minimizes the mean
squared error (X§ 4+ X¢ — U22)2 in (85). Given the Gaussian
statistics, the optimal solution is

1
Ui = §Xg. 87
Substituting (87) into (83) yields
1 1
Us = 5(Xo +X5) = X6 (88)

Therefore, the control laws of the form gy (II(A,, A})) =
g7 (P(X; | Ay, AF)) yield the unique optimal solution (72) of
problem (69).

VI. CONCLUDING REMARKS AND DISCUSSION

In this paper, we provided structural results and a classical
dynamic programming decomposition of sequential dynamic
team decision problems. We first addressed the problem from
the point of view of a manager who seeks to derive the
optimal strategy of a team in a centralized process. Then,
we addressed the problem from the point of view of each
team member, and showed that their solutions is the same
as the ones derived by the manager. The key contributions
of the paper are (1) the structural results for the team from
the point of view of a manager that yield an information
state which does not depend of the control strategy of the
team, and (2) the structural results for each team member
that yield an information state which does not depend on
their control strategy. These results allow us to formulate two
dynamic programming decompositions: (a) one for the team
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where the manager’s optimization problem is over the space of
the team’s decisions, and (b) one for each team member where
the optimization problem is over the space of the decision of
each member. Finally, we showed that the solution of each
team member is the same as the one derived by the manager.
Therefore, each team member can derive their optimal strategy,
which is also optimal for the team, without the manager’s inter-
vention. One particular limitation of the proposed approach is
that the solution of the dynamic programming decompositions
might become computationally intensive since the cost-to-go
functions are defined on an infinite dimensional space. This
a typical challenge in problems of partial observed Markov
decision processes. However, given the characterization of the
value functions (Theorem 4 and Theorem 6) computationally
efficient algorithms can be found.

A potential direction for future research should explore the
intersection of learning and control for team decision problems
with nonclassical information structures. For example, cyber-
physical systems, in most instances, represent systems of
systems with informationally decentralized structure. In such
systems, however, there is typically a large volume of data
with a dynamic nature which is added to the system gradually
and not altogether in advance. Therefore, neither traditional
supervised (or unsupervised) learning nor typical model-based
control approaches can effectively facilitate feasible solutions
with performance guarantees. These challenges could be cir-
cumvented at the intersection of learning and control [105].
Given that the control strategies presented here are separated,
a similar separation could be established between learning and
control, and thus, combine the online and offline advantages
of both traditional supervised (or unsupervised) learning and
typical model-based control approaches.
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APPENDIX A
PROOF OF THEOREM 1

By applying Bayes’ rule, we have

PE(Xen | Arr, AER)
PPOYVET | Xogr, Dgyr, AP U
p8(Xyg1, Apyr, AFE UK
PE(Avy1, ALR)

p(YEE | Xeg1) p8( X1, Apyr, AFE UFE)
PE(Ar1, AFE)
PV | Xig1) pP(Xegn | Agyr, AP, UFE)
. pg(AtJrh A%:K’ UtLK)

= : , (89)
PE(App1, AL

where in the second equality we used Lemma 1.
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Next,
PR(A1, AT = pR(Apn, AR, VT UK

= / pg(Xt+17At+17A%:K7mﬁ{(,Utl:K) dXt+1
Ziv1

:/ PEOVET | Xega, Avgr, AR, USF)
Lt
PE(Xig1, A, AR UST) dX
:/ PPV | Xowr, Apgr, AR USE)
L1
PE(Xig1 | Apgr, AT UST)
PR Ay, AfF U d Xy,
where by Lemma 1, the last equation becomes
PA(Av1, ALS)
— [ PO Xe) B | A AR UK
Xy
PE( Ay, AFR, UFR) d Xy (90)

Note that pg<Xt+1 I At+1a A%:K,Utl:K) = pg(Xt+1 | At,
AFE UFKY since YVE | and UEE | are already included
in Atl:K , hence we can write (90) as

PE(Asy1, Atliﬁ)
= [ B ) PO | A A U)
t+1
'pg(AH_l,A%:K,UtIIK) dXt+1. (91)
Substituting (91) into (89), we have
PA(Xip1 | Avpr, AES)
_ VAT [ X)) p8(Xaq [ A, APE, USE)
S, POVET [ X)) P2 (X [ Ay, AFF,
UtlzK) dXt—H

92)

which we can write as

PE(Xip1 | Apgr, AVS)

= ¢t [pg(. | Ath%:K’ UtLK)aY;iIl{] (Xt+1>7 (93)

with the function ¢; chosen appropriately.
Next,

pg(Xt-‘rl | Ath%:KaUtLK)
_ / P (X1 | Xy A, ANK U1K

t

.pg(Xt | AtaAtl:K,Utl:K) dXt (94)

By Lemma 2 and Remark 1, (94) becomes
pg(Xt+1 | Ay, Atl:Kv Utl:K>

= / (X | X, UNE) p(Xo | A, AR dXe, (95)

t

which we can write as
1:K 1:K
PE( X1 | Ay, AT U )

=y [p( | A, Atl:K), UtLK] (Xt+1>> (96)
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12
with the function v; chosen appropriately. APPENDIX C
Substituting (96) into (93) yields PROOF OF THEOREM 4
pg(Xt+1 | At-‘,-laAtl-:l,-Ii) We start with (41)
=t [% [p( | Ath%:K)a UtltK]vytill(] (Xt41)- O7) Vt(Ht(AuA%:K))
Therefore p&(X;11 | Avy1,Af) does not depend on the = inf [/ ce(Xe, UFE) T (A, AFE) (X)) dXy
control strategy g, so we can drop the superscript. Moreover, up M elliex Ut L 2
we can choose appropriate function 6; such that n /@ /9/ /g{ Vi (Mt (Arsr, ALK))
P(Xign | Avgr, ALS) = T (Arga, A (Xe1a) e o LK LK
. . . p(Yiid | Xegr) p(Xegr | Xo, U ™) p(Xe | A, A7)
= 0, [TL (A, AFF) (X,), VEI UFE]. (98) gL ! !
dX; dXiqq dy;ﬁ‘], (103)
APPENDIX B
PROOF OF LEMMA 4 where %11 = Qe Z*.
Obviously, for t = T, Choosing
K .

Vr(p Ur(Ar, AZM)) p:/ / (V5T | Xig)

- X7) p Mp(Ag, AVE) (X 7) dX Fen

= [y, rXr) p T (A, AFT)(Xr) dXr (Ko | X, UM p(Xy | Ay, AFF) dXy dXopr, (104)

= p Vr(r(Ar, AFY)). (99)

we can use the positive homogeneity of V; (II;(A;, AFK))
For t = 0,...,T7 — 1, by assigning II; = p II; [recall (Lemma 4) to write the second part of (103) as follows
p(X; | Ay, AFE) =TI, (A, AFE)], (40) becomes

. Virr (e (A, AF))
‘/t<p Ht(At;A%'K)) ~/6J/t+1 /%t+1 ‘/%t

. YI:K X X X ,Ul:K X A ,AI:K
_ nf [/ (X0, USEY p (g, AFE)(X,) dX, p(YeT | t+i')Kp( 41 | X, U ™) p(Xe | Ay, A7)
u%:KEer)C utk- 2, dXt dXt+1 dYt+1

+/ / / Vi1 (p Miga (A, ) :/ Vigr (p Mega (Argr, AER)) aVHE
D1 J X1 J 2y W41
. Yl:K X X X Ul:K X A Al:K ) )
p(YiiT | Xewr) p(Xewr | Xe, Up™) p p(Xe | Ay, Ay :/ Vi1 p(YflJrIf | Xii1) / p(Xis1 | XhUtl‘K)
Xy dX 41 AV } (100) P .
p(X: | Ay, AFF) dXt> Ay, (105)

where %11 = QpexZ*.

Next, from (27), where, in the last equality, we substituted (104) and (27).

. Thus, we can write (103) as

p g1 (Apr, AER) (109

PR | Xe1) [, p(Xiir | Xy UFR) 0 p(Xe | Asy Vi (IL(A, AFF))

AFE) dX, [/
= ; : , = inf e ( Xy, UMY T (A, AVE) (X)) dX
f(%ﬂ p(Ytﬂ-ll( | Xt-i—l) f,%”tp(Xt-'rl | Xt7Ut1'K) U%JKGer;cutk 2, t( t t ) t( t t )( t) t
R (X | A, AFF) dXy dXypa / < 1K / 1K
) + Vi Y, X X X, U
=Ht+1(At+17At1f§)- (101) i 1| PVt | Xeg) %tp( i1 | X, U™
Substituting (101) into (100), we have p(X; | AhAtliK) dXt) dyth_lf] (106)

Vt(ﬂ T (A, A%:K))
The remainder of the proof follows by induction. Suppose

= inf {/ ct(Xe, UFE) p (A, AFE)(Xy) dX; that Vigy (TTe1 (Agy1, AEL)) is concave. Since
i

1: K k
Uy Eer)C Uu;

+/ / / Vi1 (I (Apyr, AGH)) Vit (P(Ytﬁf | Xtt1) / p(Xeq1 | Xi, UFF)
g1 J Xipr I 24 g

t

PV | Xop1) p(Xeqa | Xo, UFR) p p(Xy | Ay, AP p(Xy | Ay, ANE) dXt), (107)

dXy dXpy1 dYVRNE } , . . . -
is the composition of a concave function and increasing linear
= p Vi(IL(Ag, AFT)). (102) function, it follows that it is concave. However, concavity is
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preserved by integration (see [106], p. 79), hence

Vis1 <P(Ytl+f1( | Xit1) / p(Xes1 | X, USF)

Pt t

p(X, | A, ALK dXt) 4y (108)

is concave. Since the pointwise infimum of concave functions
is concave, (106) is concave.

APPENDIX D
PROOF OF THEOREM 5

By applying Bayes’ rule, we have

PA(Xeq1 | Avpr AFL)
PEOYE L | Xigr, Avgr, AF, UF)
'pg(Xt-‘rl’ At+17Ai€7 Utk)
PR(Ap, AYyy)
(VAL | Xiqr) pP(Xep1, Avyr, AF, UF)
a PR(Ag1, AFLy)
p(YE L | Xevr) P2(Xegr | Aggr, A, UF)
'pg(AtH,Afa Utk)

= ., (109)
Pe(Avy1,AFy)

where in the second equality we used Lemma 5.
Next,

PE(Api1, AFL ) = pB(Ar, AR YA UF)

= / PE(Xpa1, A1, AP Y UF) dXpgq
Lt

/ PPV | Xign, Avpa, A, UY)
Li+1
'pg(Xt-FlaAt-‘,-l,Af,Utk) dXt+1

= PEOYE L | Xir, Avgr, A, UF)
Zig1

'pg(Xt—H | At+17Af7Utk) pg(At+1,Af7Uf) dXiy1,
(110)

where by Lemma 5, the last equation becomes
Pg(AtJrlvAfH)
:/ (Y | Xigr) p8(Xega | Avgr, A, UE)
Zit1
PE(Agir, AR UF) dX iy 1. (111)
Substituting (111) into (109), we have

PA(Xeg1 | A1 AF)
_ PV | Xev1) P2(Xeqr | Aggr, A, UF)
S PV | Xeg1) 2 X | Aegr, AFUF) dXoi

(112)
which we can write as
PE(Xesr | Aegr, A, UF)
= ¢F [P5(Xes1 | Dot AR U YE ] (Xagr),  (113)

with the function ¢ chosen appropriately.
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By Lemma 6, p8(Xi;11 | Ay, AF,UF)
only on the control strategy g ¥,
%
pg (Xt+1 ‘ At_;,_l,Af,Utk). Next,

depends
SO Wwe can write

P (X | Apr AL UP)
- /gr PE (X | Xo, Argr, AR, UF)
| P (X | Apir, AR, UF) dXe, (114)
where the last term in (114) can be written as
P2 (X | A ARLUF) = 8 (X | A VR UER

—k _ A
Af) =p* (X; | At%ﬁHvUtiH,Af)
—k —k _ _
:pg (Xt | Ath?) _pg (Y;S—]Z-',-I’Ut k+1 | At7A1]f€)7

—n
(115)
kol k—1 k41 K
where Y?nﬂ = (Y;‘,—n—',-la . 7}/’%7?+17 Y;tcjrqﬂa ce YtEn-H)’
J— _ 1 J—
and U, 4 = (Uit Ui Ui as - - Uit i)

In the second equality, we dropped Y;* ., U} ., from
conditioning since they both are included in AF. Substituting
(115) into (114) yields

—k —k
P® (Xt+1 \ At+1,AfaUtk) :/ P8 (Xt+1 | XtaAt-Ha

P
—k —k

Af>Utk) .pg (Xt ‘ At7A?) _pg (Yt:]:LJrhUtiknJrl ‘ AhA?)
—k . . )
~dXy = /£ pg (Xt+1 ‘ Xt7At’Y;€1;Ir§+17Ut1;Iri+17A?7 Utk)

(X | A AR B (YL UZE | A AR dX

(116)

Substituting (116) into (113) yields

PA(Xipr | Avpn, Af)
= ¢i€ |:1/Jf [pg7 ( | At’ Af)v Y;:E{z{+1v Utliingl? At’ Af’ Utk] )

v (X, (117)

Therefore, p&(X;41 | Ayg1, Af,;), does not depend on the
control strategy g¥ of the team member &, so we can adjust the
subscript accordingly. Moreover, we can choose appropriate
function 6F such that

—k
pg (Xt+1 | At+17Af+1) = H§+1(At+17Af+1)(Xt+1)
ef [Hf(Ata Azltc)(Xt)? }/tl—:In(-&-h Utlilfz-&-la At7 Af) }/tﬁ-lz Utk]
0 [T (A, AP)(X4), Ay, Afyy ). (118)

APPENDIX E
PROOF OF THEOREM 7

xk—1 gk wk+1
) ).

Let g = {g*!,....g gk g .., g5 be the
optimal separated control strategy of the manager which
achieves the infimum in (55)-(56). Starting with (56), we have
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inf
upFelTpex U

+ Vt+1(Ht+1(At+h t+1)) | II, = 7Tt,U1 K= Utl K}

Vi (I (A, AFF)) = B (X0, UFE)

= inf inf
k k —k 7
uf €U uy V€l e ey (ay Us

+Vina (Ht+1(At+1aAt+1)) | I, = Wt»Utl:K = U% K}

Eg* |:Ct(Xt7 Utk, Ut_k)

= inf inf
k
uy eu! Uy EHLE)C\{]C}

AFF)(Xy) dXy

{/ Ct(Xt,UtkyUfk) IL (A,
X

+ B {‘/75+1(Ht+1(At+1; t+1)) | I, = 7y, Ul K= U% KH
(119)

The function Vi (IT; (A, AFK)) is concave with respect
to Ht(At7 K (Theorem 4) for all t = 0,1,...,7. Since
I (A, AF ) is increasing with IT¥ (A4, AF) for all k (Corol-
lary 1), it follows that Vt(Ht(At,At K)) is also increasing
with respect to IT¥(A;, AF) for all k. Thus, the manager can
solve (119) for each member k € K separately by fixing
u® = (ul, .. ufT T uk). By substituting (51)
into (119) and for any arbitrary u; ~, we have
Vi (e(Ag, AFF)) = inf U c (X, UF, UTF)

ufeul | Ja,

0% (T (A, AF) (X)), Ay, AP dX,
+ & {Vt-&-l('ﬂt+1< erl(At-&-laAf+1)(Xt+l)7At+laA%:+I§)) ‘
)le Ut ufH

I =7k, Ay = 6, AFE (120)

where 7F, 6;, AFE, and U = ul are the realizations of IIF,
A;, AFE and UF, respectively. Given that the function 9%
is increasing with TIF (A, A¥) for all k£ and ¢ (Corollary 1),
from (120), it follows that at t =T — 1 and for any u;’il

. k —k
arg inf [/ er—1(Xr-1,Ur_1,Ur"))
uf_ €Uy, Zr-1

) 19T—1 (HT—l(AT—la A§—1)(XT—1)7 Ap_y, A%ﬁ) dXr_1

+/ er(Xr) - 9% (5 (A, A5 (X7r), Ar, AFF) dXT]
Zr

: k —k
= arginf [/ er—1(Xr—1,Ur_1,Ur"y)
uf_ EUF_, 2T

Gy (Ap—1, AS ) (Xr—1) dXpoy
+/ er(Xr) - T (Agp, A}) (X7) dXT],
Zr

or, alternatively, from (55)-(56) and (57)-(58), (121) can be
written as

(121)

arginf
uk,_ euk
T—1 T—1

[VT_I(an(AT_l,A%ﬁ))}

= arginf (122)

k k
T71€MT71

{fol (51 (Ap—, A?l))]

u
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Continuing backward in time, it follows that for all ¢t =

0,1,...,7T, and for any ut_k,

arg inf {/ co(Xe, UF,UTF) 05 (TIF (A, AF)(X0), Ay, AFE)
X

ubeuf

-dX, +EF |:V;f+1 (1915+1( P (A1, AP ) (Xeg1), A,

t+1 ) ‘H —Wf,At:(st,A%:K:)\%:KvUtk:uf:|:|

= arginf
ukeul

+E® [Vt+1( P (A, AF ) T TF = mf, Ay = 6y,

/ c( Xy, UF, UTF) TIF (A, AF) (X)) dX,
X

AF = \FUF = uf)} (123)

Therefore, the solution of the manager in (55)-(56) is the
same as the solution derived by each member £ in (57)-(58)

forallt=0,1,...,7T — 1.
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