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ABSTRACT

Accurate determination of high strain rate (>103 1/s) constitutive properties of soft materials remains a formidable challenge. Albeit recent
advancements among experimental techniques, in particular inertial microcavitation rheometry (IMR), the intrinsic requirement to visualize
the bubble cavitation dynamics has limited its application to nominally transparent materials. Here, in an effort to address this challenge and
to expand the experimental capability of IMR to optically opaque materials, we investigated whether one could use the acoustic signature of
the time interval between the bubble’s maximum radius and first collapse time point, characterized as the bubble collapse time, to infer the
viscoelastic material properties without being able to image the bubble directly in the tissue. By introducing a modified Rayleigh collapse time
for soft materials, which is strongly dependent on the stiffness of the material at hand, we show that, in principle, one can obtain an order of
magnitude or better estimate of the viscoelastic material properties of the soft material under investigation. Using a newly developed energy-
based theoretical framework, we show that for materials stiffer than 10 kPa the bubble collapse time during a single bubble cavitation event
can provide quantitative and meaningful information about the constitutive properties of the material at hand. For very soft materials (i.e.,
shear modulus less than 10 kPa), our theory shows that unless the collapse time measurement has very high precision and low uncertainties,
the material property estimates based on the bubble collapse time only will not be accurate and require visual resolution of the full cavitation
kinematics.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0179368

I. INTRODUCTION

Recent advances in clinical and biomedical procedures involving
laser and ultrasound-based modalities rely on accurate representations
of the underlying material tissue properties to mitigate collateral and
unwanted damage.1–7 Similarly, emerging designs of personal protec-
tive equipment are beginning to model the human–material inter-
face,8,9 once again requiring accurate material models of the
underlying tissue and material properties. In many of these cases, the
type of material properties sought is the constitutive behavior at high
strain-rates (> 103 1/s), which until recently was challenging to acquire
experimentally due to the complex and compliant nature of these
materials.10 Perhaps, one of the most promising, and minimally inva-
sive experimental techniques that recently emerged to address this
need is inertial microcavitation rheometry (IMR). IMR is an inertial

cavitation-based technique, specifically designed for the determination
of the nonlinear viscoelastic constitutive properties of soft materials at
high to ultra-high strain rates (> 103 1/s).10–16

While this approach works well in transparent hydrogels and
translucent tissues,10,12,14–16 this approach has proven challenging in
denser and more opaque materials, such as most tissues, due to its
inherent requirement to optically resolve at least the first growth and
collapse of the cavitation bubble. To circumvent that need, we asked
whether the unique acoustic signature,17–22 derived from radially ema-
nating shock waves during laser initiation and collapse of the cavitating
bubble, could be leveraged to inform about the material properties at
hand. Specifically, the detection of the characteristic collapse time of

the bubble, also known as the Rayleigh collapse time, t
Rayleigh
c , can be

achieved by deploying far-field transducers or hydrophones, thus
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removing the need to see inside the material. The classical Rayleigh
collapse time is defined as the time it takes for the bubble to collapse in
a given liquid, which can be derived from the continuity equation and
the integration of the energy equation23 as

tRayleighc ¼ 0:914 68Rmax

ffiffiffiffiffiffiffiffiffiffi

q=pa
p

; (1)

where q denotes the mass density of the surrounding liquid and pa
denotes the ambient pressure. The proportionality constant 0.914 68 is
known as the Rayleigh factor.

While the Rayleigh model and Rayleigh collapse time have histor-
ically been used to express the collapse time of a bubble within
liquids,24 recent experimental investigations of inertial cavitation in
soft solids (i.e., hydrogels and biological tissues) have pointed toward
the possibility of a similar characteristic Rayleigh collapse time within
solids.

To investigate this, we carried out a theoretical study utilizing
recently published laser-induced inertial cavitation (LIC) experimental
data.12,14,16 We found that a bubble’s collapse time depended not only
on the induced bubble size, mass density of the surrounding medium,
and ambient pressure, similar to cavitation in a fluid, but also on the
intrinsic viscoelastic properties of the surrounding solid. By deriving
an energy-based framework for predicting the Rayleigh collapse time
in various soft hydrogels, we were able to successfully estimate the vis-
coelastic material properties of these materials. The advantage of our
new experimental-analytical framework presented here is that it lends
itself for the estimation of the high-strain rate, viscoelastic material
properties in nominally opaque materials as long as the characteristic
collapse time and the maximum bubble radius can be experimentally
measured or inferred. In cases where only tc can be measured, we out-
line an empirical approach for a variety of commonly used hydrogels
to determine the maximum bubble radius.

II. INERTIAL CAVITATION IN A VISCOELASTIC SOFT
MATERIAL

A. Theoretical analysis of energy and bubble dynamics

As shown in Fig. 1(c), here we consider an ideal model of an iner-
tial bubble oscillation in an infinite surrounding material such that the

velocity in the far-field is zero. For an ideal, non-condensible gas inside
the bubble, its potential energy is

EPE ¼

ð

Vb

p1 � pbð Þ dV; (2)

where Vb ¼ 4pR3=3 is the bubble volume; pb is bubble internal pres-
sure; and p1 is the far-field hydrostatic pressure.

The surrounding material is assumed to be incompressible and
spherically symmetric whose deformation mapping follows

r r0; tð Þ ¼ r30 þ R3 tð Þ � R3
0

� �1=3
; (3)

where r and r0 are the current and reference radial positions. R(t) is the
time-dependent bubble radius, and R0 is the radius of bubble at equi-
librium. The velocity field outside the bubble can be calculated as the
time derivative of Eq. (3),

v ¼
_RR2

r2
; (4)

which is also spherically symmetric.
The kinetic energy of the surrounding material is

EKE ¼

ð

Vs

1

2
qv2dV ¼ 2pq _R

2
R3; (5)

where Vs is the volume of the surrounding material.
We assume that the temperature change in the surrounding

material is small enough such that the change in internal energy can
be neglected.

The stored surface energy at the bubble wall is

ESFE ¼ Sbr ¼ 4pR2r; (6)

where Sb is the bubble surface area and equals 4pR
2 for a spherical cav-

ity. r is the surface tension coefficient at the bubble wall.
By modeling the elastic contribution of the surrounding material

as a neo-Hookean (NH) hyperelastic material, its stored elastic energy
can be calculated as

FIG. 1. (a) The experimental setup of a pulsed-laser-induced inertial cavitation (LIC) event created within a hydrogel sample. (b) A typical experimentally measured bubble R
vs t curve for a LIC event in a soft 3% polyacrylamide hydrogel sample. The bubble growth time tg is defined as the time between the bubble initiation and its maximum radius
(red dot), and the bubble collapse time tc is defined as the time between the maximum radius and the first collapse time point (blue dot). (c) Twenty selected frames in the LIC
event in subfigure (b) were captured by the high-speed camera. (d) The illustrated model is for an inertial cavitation bubble occurring within a bulk soft material modeled as a
neo-Hookean Kelvin–Voigt (NHKV) viscoelastic material.
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EElastic ¼

ð

Vs

WNH dV : (7)

WNH is the neo-Hookean strain energy density,

WNH ¼
G

2

r0

r

� �4

þ 2
r

r0

� �2

� 3

" #

; (8)

where G is the shear modulus of the surrounding material. For each
material point whose reference position is r0 and time-dependent posi-
tion is r(t), we introduce a stretch ratio parameter k :¼ r=r0.
Therefore, Eq. (7) can be further simplified as (detailed derivation steps
are summarized in Appendix)

EElastic ¼ 2pG R3 � R3
0

� � 2

3
�
R0

R
þ

R2

R2 þ RR0 þ R2
0

 !

: (9)

We also assume that the surrounding material has a Newtonian
viscosity. The spatial velocity gradient tensor is defined as

L ¼ rv ¼

�
2R2 _R

r3
0 0

0
R2 _R

r3
0

0 0
R2 _R

r3

2

6

6

6

6

6

6

4

3

7

7

7

7

7

7

5

: (10)

The rate of deformation tensorD is the symmetric part of L,

D ¼
1

2
Lþ L>ð Þ: (11)

The viscous dissipation can be calculated in the following form:

DVisc ¼

ð

Vs

lD : D dV ¼ 8plR _R
2
; (12)

where l is the Newtonian viscosity coefficient.
The Lagrangian for the inertial cavitation system can be further

defined as

L ¼ EKE � EPE � ESFE � EElastic: (13)

Following the principle of least action, we derive the Euler–
Lagrange equation as25–27

d

dt

@L

@ _R

� �

�
@L

@R
þ
@DVisc

@ _R
¼ 0: (14)

Using Eqs. (2)–(12) in Eq. (14), we recover the modified
Rayleigh–Plesset equation to describe inertial cavitation bubble
dynamics in an infinite, Kelvin–Voigt-type viscoelastic soft material
where the surrounding material is modeled as a hyperelastic neo-
Hookean branch in parallel with a linear (Newtonian) viscous dash-
pot [see Fig. 1(d)],10

€RRþ
3

2
_R
2
¼

1

q
pb �

2r

R
� p1 þ Sint

� �

; (15)

where Sint is the stress integral of the following form:

Sint ¼ �
G

2
5�

R0

R

� �4

�
4R0

R

" #

�
4l _R

R
: (16)

If accounting for compressibility effects in the surrounding mate-
rial is desired, a modified Keller–Miksis equation [see Eq. (17)] can be
applied to account for first order compressibility effects. The modified
Keller–Miksis equation (17) will reduce to the modified Rayleigh–
Plesset equation (15) at the limit c ! 1,

1�
_R

c

� �

R€R þ
3

2
1�

_R

3c

� �

_R
2

¼
1

q
1þ

_R

c

� �

pb � p1 �
2c

R
þ Sint

� �

þ
1

q

R

c
pb �

2c

R
þ Sint

� �

:

: (17)

Following Estrada et al.,10 the bubble’s internal gas composition
is modeled as a mixture gas of water vapor and non-condensible, ideal
gas, whose pressure is

pb ¼ pg0
R0

R

� �3k

þ pv;sat Tbð Þ; (18)

where k equals the specific heat capacity ratio if we assume the bubble
internal gas to be adiabatic. Then, Tb is the effective averaged bubble
internal temperature. pv;sat Tbð Þ is the saturation pressure of water
vapor at temperature Tb. pg0 is the partial pressure of the non-
condensible gas at equilibrium satisfying

pg0 ¼ p1 � pv;sat T1ð Þ þ
2r

R0
: (19)

Equations (15)–(19) are implemented using a fifth-order explicit
Dormand–Prince Runge–Kutta method with adaptive step-size control
to evolve the governing equations forward in time.28,29

B. Theoretical analysis of the collapse time

in an infinite viscoelastic material

To develop an analytical expression for the bubble collapse time,
tc, we use an energy-based approach making the following assump-
tions.30We constrain ourselves to the time period up to the first bubble
collapse, where we describe the dynamics of the cavitation bubble to be
inertially and elastically dominated.10,12,14 Thus, we disregard the
effects of viscosity, the bubble’s internal gas contents, and temperature
changes in the surrounding material, and we also assume that the total
energy is conserved before the first violent collapse. Non-negligible
acoustic radiation energy transfer and viscous dissipation occur pri-
marily after the first bubble collapse, and in particular, for violent col-
lapses [i.e., Mach number> 0.1 (Refs. 12 and 29)]. Given our
assumptions, the total energy, E, is then defined as

E ¼ EKE þ EPE þ ESFE þ EElastic

¼ 2pq _R
2
R3 þ

4

3
pR3 p1 � pbð Þ þ 4pR2r

þ 2pG R3 � R3
0

� � 2

3
�
R0

R
þ

R2

R2 þ RR0 þ R2
0

 !

; (20)
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where the contributions of the bubble’s internal pressure pb and vis-
cous dissipation are further neglected due to our above-mentioned
model assumption. When the bubble reaches its maximum radius, i.e.,
R ¼ Rmax; _R ¼ 0, we also have

E ¼
4

3
pR3

maxp1 þ 4pR2
maxr

þ 2pG R3
max � R3

0

� � 2

3
�

R0

Rmax
þ

R2
max

R2
max þ RmaxR0 þ R2

0

 !

:

(21)

Combining Eqs. (20) and (21), we can solve an explicit form
for _R,

_R
2
¼

2

3

p1

q

R3
max

R3
� 1

� �

þ
2r

qR

R2
max

R2
� 1

� �

þ
G

q

R3
max

R3
�
R3
0

R3

� �

2

3
�

R0

Rmax
þ

R2
max

R2
max þ RmaxR0 þ R2

0

 !

�
G

q
1�

R3
0

R3

� �

2

3
�
R0

R
þ

R2

R2 þ RR0 þ R2
0

 !

: (22)

Equation (22) can be rearranged for a differential equation for R,

�

�

�

�

dR

dt

�

�

�

�

¼
2

3

p1

q

R3
max

R3
� 1

� �

þ
2r

qR

R2
max

R2
� 1

� �

"

þ
G

q

R3
max

R3
�
R3
0

R3

� �

2

3
�

R0

Rmax
þ

R2
max

R2
max þ RmaxR0 þ R2

0

 !

�
G

q
1�

R3
0

R3

� �

2

3
�
R0

R
þ

R2

R2 þ RR0 þ R2
0

 !#1=2

: (23)

If R0=Rmax � 1, we can further integrate (23) from t : tmax ! tc
on the left-hand side where tmax and tc correspond to the time at maxi-
mum bubble radius and the time at first bubble collapse, respectively,
i.e., R : Rmax ! R0 � 0 on the right-hand side to obtain the approxi-
mated collapse time tc. Furthermore, the left-hand side of Eq. (23) can
be simplified as �dR=dt since the radial velocity of the bubble surface
is negative as the bubble is collapsing,

tc ¼
2

3
þ
5

3

G

p1

� ��1
2
ð1

0

n3=2
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� n3
p dn

" #

Rmax

ffiffiffiffiffiffi

q

p1

r

;

¼
2

3
þ
5

3

G

p1

� ��1
2

0:747Rmax

ffiffiffiffiffiffi

q

p1

r

: (24)

One particular limit case is when the surrounding material is
water, i.e., G ! 0, (24) will recover the classic Rayleigh collapse time
as shown in Eq. (1).23

Finally, to facilitate comparison and analysis for each type
of material, we introduce the non-dimensionalized collapse time,
w, as

w ¼ tcR
�1
max q=p1ð Þ�1=2: (25)

III. RESULTS

In this section, we estimate the viscoelastic properties of three
commonly used hydrogels using our newly derived modified Rayleigh
collapse time approach based on (i) the knowledge of tc and Rmax or
(ii) solely the measurement of the bubble collapse time, tc. The general
work flow of estimating the material properties is given by Algorithm
1. In all instances, the overall goal is to define a loss function that
minimizes the least squares difference between the estimated and
experimentally measured (or informed) non-dimensional collapse
time, w.

Since the modified Rayleigh collapse time (24) requires knowl-
edge of Rmax, its value must be supplied in order to calculate w exp. If
Rmax is not known, it can be deduced either from the data shown in
Fig. 2 relating tc with Rmax for the hydrogels presented here, found else-
where in the literature or compiled by the user themselves. For semi-
opaque or thinner cross section opaque samples, cavitation generation
is still possible via laser nucleation, where Rmax and tc can be experi-
mentally measured to establish their relationship, as shown in Fig. 2.
For fully opaque tissues, recent developments using ultrasound focus-
ing can induce inertial cavitation events and measure tc.

22,32 It is also
possible to measure Rmax values for fully opaque samples using high-
speed x-ray phase-contrast imaging.33 However, it still remains
extremely challenging to directly measure Rmax for opaque samples. If
the bubble equilibrium radius R0 can be measured after pulsed inertial
cavitation using optical coherence tomography (OCT)34,35 or magnetic
resonance imaging (MRI),36 we can write Rmax as a function of the sur-
rounding material’s shear modulus G using the maximum circumfer-
ential stretch ratio, as shown in supplementary material Eqs. (S1) and
(S2), and extract surrounding material’s properties using Algorithm 1.

In our case and for the materials presented here (Fig. 2), we quan-
titatively measured the bubble collapse time for each laser-induced
inertial cavitation (LIC) event by analyzing the fitted R vs t curve. The
experimental measurements obtained from LIC events in polyacryl-
amide (PAAM),12 agarose,14 and gelatin16 hydrogels are shown in
Fig. 2 and summarized in Table I.

ALGORITHM 1: Extracting unknown material viscoelastic properties
using the bubble’s collapse time.

Data: tc, Rmax (if known), initially guessed shear modulus Gi

Result: Viscoelastic material properties: G, l

if Rmax is unknown then

Estimate Rmax from Fig. 2;

Or measure equilibrium radius R0 and write Rmax as a function
of shear modulus G using the maximum circumferential
stretch ratio as shown in Eqs. (S1) and (S2)

end

Calculate w exp ¼ tcR
�1
max q=p1ð Þ�1=2;

Initialize Loss > e, G¼Gi ;

while Loss > e do

Calculate w using (26);

Update Loss ¼ jw� w exp j
2;

Update G using pattern search optimization scheme;

end

Calculate estimated viscosity l using (31) or (32);
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FIG. 2. Summary of experimentally measured laser-induced inertial cavitation (LIC) collapse times in various bulk soft materials: (a) and (b) 3% and 8% polyacrylamide
(PAAM); (c)–(f) 0.5%, 1.0%, 2.5%, and 5.0% agarose hydrogels; and (g)–(i) 6%, 10%, and 14% gelatin hydrogels.

TABLE I. Summary of the utilized viscoelastic material properties and their maximum and equilibrium bubble radius and maximum circumferential stretch ratios (kmax) in LIC
experiments in Sec. III.12,14,16 All these material properties are also summarized and discussed in Bremer-Sai et al.31

Material G (kPa) l (Pa � s) Rmax (lm) kmax

PAAM 3% 8.316 0.43 0.0936 0.073 301.726 26.87 10.36 0.91

PAAM 8% 15.096 4.35 0.2096 0.180 330.266 30.36 7.16 0.65

Agarose 0.5% 27.826 8.56 0.176 0.09 260.366 24.88 7.546 0.30

Agarose 1.0% 58.126 9.38 0.306 0.09 218.576 10.44 6.576 0.17

Agarose 2.5% 114.646 4.85 0.116 0.05 185.556 19.45 4.326 0.08

Agarose 5.0% 282.376 22.83 0.506 0.07 184.416 11.84 3.016 0.15

Gelatin 6% 12.786 3.69 0.0276 0.022 184.06 18.2 3.296 0.36

Gelatin 10% 29.856 6.20 0.0556 0.061 175.96 21.1 2.996 0.36

Gelatin 14% 101.506 4.01 0.1666 0.208 171.06 28.2 2.606 0.19
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To facilitate comparison and analysis across all types of material,
we non-dimensionalize all experimentally measured collapse time data
points from Fig. 2 by using the non-dimensional parameter w (25).
The non-dimensionalized data points are plotted in Fig. 3, where the
black line represents (24) and serves as a reference for comparison.
Additionally, we performed direct numerical simulations for Eq. (17)
with different values of Rmax, which are depicted as dashed lines with
corresponding values of Rmax.

The overall shape and trend of our predictions agree well with
the experimental observations, demonstrating that the collapse time of
cavitation bubbles is influenced not only by their size (Rmax), the mass
density, and ambient pressure of the surrounding material, but also by
the mechanical properties of the material itself. Specifically, we predict,
consistent with experimental measurements, that a stiffer surrounding
material with a higher shear modulus (G) results in a shorter collapse

time as long as the shear modulus is sufficiently large (> 10 kPa). As
the shear modulus drops below 10 kPa, the collapse time approaches
the classical Rayleigh collapse time asymptotically and becomes nearly
independent of the material’s shear modulus. When the ratio
G=p1 � 1, as indicated by Eq. (24) and Fig. 3, the collapse time in a
gel material follows the classic Rayleigh collapse time expressed in Eq.
(1).

However, as can be clearly seen from Fig. 3, our expression for
the modified Rayleigh collapse time in Eq. (24) consistently underesti-
mates the experimental measurements. This discrepancy arises due to
additional factors such as material viscosity, internal gas dynamics
within the bubble, and the radiation of acoustic waves, all which slow
down the bubble dynamics, and lead to a prolonged first collapse time.
In comparison, direct numerical simulations accurately predict the first
collapse time for various hydrogel types, except for the gelatin 10%
and 14% hydrogels. To address this deviation from our prediction, we
introduce a new modified Rayleigh collapse time, tcorrectedc , with an
empirically derived correction factor h accounting for some of the
above-mentioned effects. Its non-dimensional version, wcorrected, can be
seen in Fig. 3 dot-dash curve and forms the basis for estimating the
material properties shown in Table II using Algorithm 1,

tcorrectedc ¼ h Rmax; lð Þ
2

3
þ
5

3

G

p1

� ��1
2

0:747Rmax

ffiffiffiffiffiffi

q

p1

r

; (26)

where non-dimensional parameters h1 and h2 are for static, i.e., low
polymer chain bond mobility, and dynamic, i.e., high polymer chain
bond mobility, crosslinks hydrogels, respectively,

h1 ¼ a1 þ b1 tanhc1 log10l� d1
� �� 	

; (27)

h2 ¼ a2 þ b2 tanhc2 log10l� d2
� �� 	

; (28)

where l is in the unit of Pa � s; fa1; b1; c1g ¼ f1:362; 0:335; 2g and
fa2; b2; c2g ¼ f1:589; 0:562; 1:75g are two sets of constants for static
and dynamic crosslinks gels, respectively. Variables d1 and d2 are func-
tions of maximum bubble radius, which are fitted using quadratic
equations as

d1 ¼ �1:13 log10Rmax

� �2
� 7:572 log10Rmax � 12:83; (29)

FIG. 3. Comparison of numerically simulated and experimentally measured bubble
collapse times in bulk gel systems.

TABLE II. Estimated viscoelastic material properties using only collapse time tc and the maximum bubble radius (Rmax) in LIC experiments.

Fitted material properties using ftc;Rmaxg Fitted material properties using ftcg only

Material w ¼ tcRmax�1ðq=p1Þ�1=2 G (kPa) l (Pa � s) G (kPa) l (Pa � s)

PAAM 3% 0.9256 0.013 1.626 1.17 0.02336 0.0156 1.466 0.21 0.02306 0.0027

PAAM 8% 0.9046 0.017 3.986 2.30 0.04686 0.0205 3.926 1.66 0.04796 0.0124

Agarose 0.5% 0.7956 0.063 22.726 14.09 0.1316 0.0395 21.706 6.62 0.13366 0.0187

Agarose 1.0% 0.7056 0.051 45.976 14.08 0.1896 0.0289 44.266 7.51 0.18806 0.0145

Agarose 2.5% 0.5576 0.017 120.886 15.30 0.2826 0.0133 120.546 11.93 0.28186 0.0100

Agarose 5.0% 0.4276 0.017 270.046 28.75 0.3726 0.0129 268.596 6.060 0.37146 0.0027

Gelatin 6% 1.0186 0.052 0.1016 0.0014 0.00266 2.34 � 10�5 0.1006 0 0.00266 0

Gelatin 10% 0.7296 0.096 58.826 37.25 0.09926 0.0202 52.1056 12.785 0.09896 0.0098

Gelatin 14% 0.8306 0.064 22.466 16.48 0.06816 0.0241 300.8986 46.570 0.16286 0.0052
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d2 ¼ �0:2641 log10Rmax

� �2
� 1:74 log10Rmax � 3:356; (30)

where Rmax is in the unit of m.
Finally, it should be noted that our predictions indicate that

smaller bubbles exhibit higher values of w, and there is a non-
monotonic trend in w vs G when the bubble size is smaller than 80lm
(see supplementary material Sec. S3). These deviations might be due to
the increasing role of surface tension for smaller bubbles for cases
when Rmax is no longer significantly greater than R0, which is an
implicit assumption in the derivation of Eq. (24). As this warrants a
deeper investigation beyond the purpose of our initial study here, we
limit the applicability of our modified Rayleigh approach to larger bub-
bles with nominal radii above 80lm.

A. Estimation of viscoelastic material properties using

the modified Rayleigh collapse time

As described in Algorithm 1, the material shear modulus G is
estimated via a least squares minimization procedure of the non-
dimensional collapse time, w (steps 1–11), after which the material vis-
cosity is calculated using the following two equations obtained by fit-
ting the data presented in Fig. 4 for statically (i.e., PAAM and agarose)
and dynamically (i.e., gelatin) crosslinked hydrogels, respectively (step
12),

lFit1 ¼ 20:70� 10�9:48= log10 Gþ156:96ð Þ; (31)

lFit2 ¼ 656:15� 10�18:09= log10 Gþ1287:81ð Þ: (32)

Material properties l and G are in the units of Pa � s and Pa,
respectively. Using the experimentally measured collapse time and
Rmax values shown in Table I, all estimated material properties using
our new modified Rayleigh collapse time approach (i.e., Algorithm 1)
are summarized in Table II for the case (i) when both tc and Rmax are

known and (ii) if only tc is available but Rmax can be deduced from a
prior database or correlation as presented in Fig. 2.

IV. DISCUSSION AND CONCLUSION

Laser-induced cavitation (LIC) affords the user the flexibility of
generating micrometer to centimeter-sized bubbles in a spatially con-
trollable and repeatable fashion. Estimating the material properties
using LIC such as with IMR requires the optical resolution of the
resulting bubble kinematics, which limits its current application to
nominally transparent materials. The emanation of two clearly distin-
guishable acoustic shocks, one at bubble initiation and one at first bub-
ble collapse, allows recording of a well-defined bubble collapse time,
which we have shown is strongly dependent on the stiffness of the sur-
rounding material and can be cast in the form of a modified Rayleigh
collapse time (24). The large amplitude of both of these pressure waves
allows them to be easily recorded in the far field, which makes this
approach, as described by Algorithm 1, attractive for estimating high
strain rate material properties of optically opaque materials.

We find that the estimated viscoelastic properties of three com-
monly used hydrogels are similar whether using the knowledge of tc
and Rmax, or solely using the measurement of the bubble collapse time
tc. When comparing the results obtained via Algorithm 1 to the mate-
rial properties obtained from IMR as a ground truth estimate, we find
that the results are close except for 6% and 14% gelatin hydrogel cases.
This is to be expected since the 6% and 14% gelatin concentration
results also deviate from our theoretical predictions in Fig. 3. We also
find that the relative errors of the estimated material properties are less
for stiffer hydrogels. In general, when the shear modulus is
G > 10kPa, the relative errors of the shear modulus G and viscosity l
are less than 20% and 40%, respectively.

Finally, we conclude with a few limitations and observations.
First, estimating a material’s mechanical properties based on its char-
acteristic Rayleigh collapse time is most accurate for larger (i.e.,
Rmax > 80 mm) bubbles in stiffer materials (shear modulus> 10 kPa).
For smaller bubbles, the scaling behavior is more complex (Fig. 3) as
predicted by Eq. (24) and will require additional treatment beyond the
scope of this work. Furthermore, if the material is softer than 10 kPa,
the modified Rayleigh collapse time approaches the collapse time in
water and becomes nearly independent of the shear modulus of the
materials, significantly limiting our model’s ability to provide mean-
ingful material information. Second, when G=p1 ! 0; w ! 0:915 in
the Rayleigh–Plesset equation (15) and w ! 0:933 in the Keller–
Miksis equation (17) (see supplementary material Fig. S5). Compared
to the RP equation, the KM equation solved collapse time has been
elongated about (0.933–0.915)/0.915� 1.97%, which implies the
effects of compressibility on collapse time. Third, our current energy-
based framework does not explicitly account for the effect of material
viscosity and dissipation but rather offers an empirical solution via a
correction factor and a phenomenological fit for its determination.
Future studies can improve upon this by potentially accounting for
this within the framework itself.37,38 Finally, the choice of a hyperelas-
tic neo-Hookean solid for the elastic contribution of the material
model can be modified by the user to perhaps more appropriately rep-
resent the material. As can be seen from Fig. 3, that this particular
choice in constitutive model agrees reasonably well with the three
hydrogels examined here.

FIG. 4. Fitted material viscosity (l) vs shear modulus G from laser-induced inertial
cavitation (LIC) experimental measurements.12,14,16 Fit1 and Fit2 are for static (i.e.,
PAAM and agarose) and dynamic (i.e., gelatin) crosslinks hydrogels, respectively.
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In summary, we derived and presented a new modified Rayleigh
collapse time, tc, for soft solids analogous to what has been derived for
pure fluids. As tc strongly depends on the shear modulus of the sur-
rounding material, we showed that knowledge of tc along with an esti-
mate of Rmax, the maximum bubble radius, during laser-induced
inertial cavitation, can provide a meaningful estimate of the underlying
high strain-rate material properties.

SUPPLEMENTARY MATERIAL

See the supplementary material for (i) a summary of all used laser
induced inertial microcavitation (IMR) experimental data points, (ii)
fitted empirical relation between maximum circumferential stretch
ratio and the surrounding material’s shear modulus, (iii) comparison
of numerically simulated and experimentally measured bubble collapse
times in bulk gel systems, (iv) fitted coefficient h to include all other
effects due to viscosity and bubble size, and (v) effects of compressibil-
ity on collapse time.
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APPENDIX: DERIVATION OF EQ. (9)

After introducing stretch ratio parameter k :¼ r=r0 and using
Eq. (3), we can rewrite r and dr in terms of k,

r ¼ R3 � R3
0

� �1=3
k k3 � 1ð Þ�1=3

; (A1)

dr ¼ � R3 � R3
0

� �1=3
k3 � 1ð Þ�4=3

dk: (A2)

Equation (7) can be further simplified as

EElastic ¼

ð1

R

4pr2
G

2

r0

r

� �4

þ 2
r

r0

� �2

� 3

" #

dr;

¼ 4p R3 � R3
0

� �

ðR=R0

1

k2WNH kð Þ

k3 � 1ð Þ2
dk;

¼ 2pG R3 � R3
0

� � 2

3
�
R0

R
þ

R2

R2 þ RR0 þ R2
0

 !

: (A3)
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