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Abstract
Existence of global attractors for a structural-acoustic system, subject to restricted boundary
dissipation, is considered. Dynamics of the acoustic environment is given by a linear 3-D
wave equation subject to locally distributed boundary dissipation, while the dynamics on
the (flat) structural wall is given by a 2D-Kirchhoff-Boussinesq plate equation, subject to
linear dissipation and supercritical nonlinear restoring forces. It is shown that the trajectories
of the dynamical system defined on finite energy phase space are attracted asymptotically
to a global attractor. The main challenges of the problem are related to: (i) superlinearity
of the elastic energy of the structural component, (ii) Boussinesq effects of internal forces
potentially leading to a finite time blowing up solutions, (iii) partially-restricted boundary
dissipation placed on the interface only. The resulting system lacks dissipativity along with
the suitable compactness properties, both corner stones of PDE dynamical system theories
[1]. To contend with the difficulties, a new hybrid approach based on a suitable adaptation of
the so called “energy methods” [2, 3] and compensated compactness [4] has been developed.
The geometry of the acoustic chamber plays a critical role.
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1 Introduction

Weconsider an acoustic-structure interactionwhich comprises of acoustic waves propagating
in a three dimensional domain (an acoustic chamber �) and interacting with the elastic
vibrations on a part of the boundary ∂�. The acoustic chamber is surrounded by the elastic and
hard walls. The elastic wall is modeled by a nonlinear plate equation (Kirchhoff-Boussinesq)
defined on a two dimensional manifold �0 ⊂ ∂�. The remaining walls of the acoustic
chamber, denoted by �1, are hard walls. The interaction between two media occurs on the
interface between the chamber and the structure.Acousticwaves propagating in a 3Dbounded
medium can be forced by an external source affecting the chamber and the elastic wall
provides a feedback response to the medium in a form of vibrations. The goal is to study the
long time behavior of such interaction.

Structural acousticmodels have acquired a considerable attention in the literature. Physical
aspects of the modeling and related technological applications can be traced back to [5] and
more recently [6]. Control theoretic and PDE analysis of the coupled system can be found [7–
14] and references therein. Such models have a wide variety of applications which include:
noise reduction in the acoustic chambers, pressure reduction in a cockpit of a helicopter, sound
control in a musical chamber. Therefore, understanding and having an ability to control
the induced oscillations became so important. Good control of these interactions on the
common interface (structural wall), which is themain carrier of propagation of oscillations, is
fundamental to the phenomena described above. In the particular model under consideration,
the nonlinearity governing the elastic wall due to the restorative forces is supercritical, with
respect to the topology induced by the natural energy function. By supercritical, we mean
the property that the nonlinear term can not be controlled by the topology of the phase space.
On the other hand, this structure results from physical modeling of restorative forces which
involves p-Laplacian—intrinsically not bounded on H2(�0) → L2(�0), unless p = 2.
In addition, the Boussinesq effects, when left uncontrolled, may lead to finite time blow
up of solutions [15, 16]. Thus, controlling the interaction of these effects with the overall
behavior of the structure is of paramount interest. Of particular relevance are boundary control
actions which are easily accessible through the external manipulations. On the other hand,
mathematical aspects of control theory with restricted geometric support are challenging
[11, 13, 17, 18], particularly, from the point of view of controllability and stabilization. The
latter have been studied in the literature of the last two decades with main results pertinent
to linear models and dissipative interactions. The system under consideration in this work,
motivated by the applications, involves supercritical nonlinearity and lacks the dissipativity.
The aim put forward is to study long time behavior in the situations when stabilization may
not occur (the lack of dissipativity, multiple equilibria, potential blow ups of energy even in a
finite time). This leads naturally, to a study of attractors-invariant setswhich capture dynamics
asymptotically in time. The goal is to show that subject certain conditions, a feedback control
located only on the elastic wall, leads to an existence of global attractor.This is achieved
under: (1) the geometric assumption of convexity imposed on the non-dissipated part of the
boundary �1 -Assumption (G), along with the requirement that support of the boundary
acoustic dissipation contains the interactive part of the boundary �0 (point 2 in Theorem 1);
(2) non-explosion condition (i) in Theorem 2 imposed on the internal source f of the plate;
and (3): sufficiently large damping affecting the plate, as relative to the strength of Boussinesq
source-condition (ii) in Theorem 2 .

To our best knowledge, this is the first time such study is conducted within the context of
structural acoustic interaction with structural supercriticality and boundary restricted feed-

123



Journal of Dynamics and Differential Equations

back control. See [10, 18] for semilinear dissipative systems with internal/locally distributed
damping. The problem, as stated, brings aboard number of challenging mathematical aspects
within the realm of PDE dynamical systems of hyperbolic type. To appreciate this, we just
list features such as the lack of dissipativity and supercriticality along with the associated
loss of compactness—the corner stones of dynamical systems theories. In fact, solutions of
a single structural component may blow up in a finite time. This is prevented by applying
feedback control on the interface. Our final goal is to show that the overall dynamics is
captured asymptotically by an attracting set. This will be accomplished by developing new
tools in the theory of attractors which routed in compensated compactness are also capable
of handling non-cooperative interactions.

1.1 TheModel

Let � be a bounded and open subset of R3 with a smooth boundary � = ∂�, which consists
of two connected regions �0 and �1, with �0 ∩ �1 = ∅ and �0 is flat. We consider the
following acoustic-structural system, written in the variables {z, w}, which correspond to the
dynamics in the medium � and to the structural wall �0.
AcousticMedium.The acoustic dynamics in the variables (z, zt ) is given by thewave equation
with boundary dissipation on �0:

ztt − c2�z + f1 = 0, in Q ≡ � × (0,∞);

∂νz + l(x)zt =
{

−l0z, on �1 ≡ �1 × (0,∞);
wt , on �0 ≡ �0 × (0,∞);

z|t=0 = z0, zt |t=0 = z1, in �,

(1.1)

where ν stands for the outward unit vector to the boundary �, c > 0 and l0 ≥ 0 with the
support on�1, while l(x) is a non-negative function over the boundary� and f1 is a function
defined on � representing a possible source of noise inside the acoustic medium which may
be caused by the effects of a noise affecting the acoustic environment (for example coming
from the rigid walls).
Structural Elastic Wall. The dynamics of the elastic wall �0 is given by the following
Kirchhoff-Boussinesq plate equation with internal forces: restorative of supercritical nature
[related to p-Laplacian] and internal force due to a buckling.

wt t + �2w + kwt = div{|∇w|2∇w} + σ�{w2} − ρzt |�0 − f (w), in �0;
w = 0, ∇w = 0, on ∂�0 × (0,∞);
w|t=0 = w0, wt |t=0 = w1, in �0,

(1.2)

where k, ρ, σ ≥ 0 and f is a smooth function with f (w) acting on �0.

Remark 1 As a side note, one may notice that the plate model in (1.2) also arises within the
context of asymptotic analysis of Midlin-Timoshenko system [19–22] when taking the limit
with respect to the transverse shears and rotational inertia of filaments -[19].

Remark 2 Note that both wave (1.1) and plate (1.2) models do not account for any structural
damping (added terms such as �zt or �wt ) [23] and references within. These terms are
known to introduce regularizing [parabolic like] effects on the dynamics, thus lending a very
different analysis.
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Remark 3 The model under consideration is equipped with clamped boundary conditions
assumed for the plate equation (1.2). Free boundary conditions could also be considered,
but these lead to substantial technicalities even in the case of the wellposedness theory [24].
In studying attractors, the analysis of free boundary conditions [25], within the context of
structural acoustics, still needs some technical developments.

Remark 4 Connection with the dynamic output feedback. The system comprising of (1.1)
and (1.2 ) can be also viewed as a dynamic output feedback control system -see [26] for a
linear variant. To see this, one writes

ztt − c2�z + f1 = 0, in Q ≡ � × (0,∞);

∂νz + l(x)zt =
{

−l0z, on �1 ≡ �1 × (0,∞);
u, on �0 ≡ �0 × (0,∞);

z|t=0 = z0, zt |t=0 = z1, in �, (1.3)

wt t + �2w + kwt = div{|∇w|2∇w} + σ�{w2} − y − f (w), in �0;
w = 0, ∇w = 0, on ∂�0 × (0,∞);
w|t=0 = w0, wt |t=0 = w1, in �0, (1.4)

where the control u and output y are given by

u = wt , y = ρzt |�0 (1.5)

It is known that for the linear unperturbed structure ( f1 = 0),the boundary control-output
system with boundary control and boundary output feedback given in (1.5 ) is asymptotically
stable whenever l > 0 on some subportion of the boundary [13]. This follows from the
appropriate Unique Continuation properties known for hyperbolic dynamics [27]. The expo-
nential stability [of the linear problem] is also known, but under much stronger condition:
l(x) ≥ l1 > 0 with a support on a full boundary � or with interior localised damping [18]
where technically demanding Carleman’s estimates were used.. As a corollary of the present
work, the exponential stability result will be shown to hold with the support of l(x) reduced
to the elastic wall �0 only. This is possible owing to special geometric constructs of the flow
multipliers. Such result -see Remark 9 -is of independent interest in the output boundary
feedback control theory of structural acoustic systems [26].

Remark 5 The case when �0 is curved can be treated by using Riemanian metric which
reduces the model to variable coefficients case. Under suitable restrictions imposed on the
curvature one could extend the treatment of the present work to a general non-flat framework
by using Riemanian calculus developed for linear models [14, 14, 28] and most recently [29].

Although each component (acoustic and structural), when decoupled, have been treated
in the literature, the interface problem presents new phenomenological peculiarities, leading
to new effects emerging for the overall system. Just to give a glimpse: it is known that
the unforced wave equation alone can be stabilized with the boundary damping, provided
suitable geometric conditions are imposed [17, 30].However, the interaction on an elasticwall
�0 introduces unbounded perturbation induced by the plate with supercritical nonlinearity
which creates oscillations of the acoustic pressure. This provides a feedback in a form of
the acoustic pressure acting on the wall. The ultimate end behavior may be complicated and
certainly chaotic.

For all these reasons, the acoustic-structural models provide a plethora of interesting
problems due to their interaction and propagation effects taking place on the part of the
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boundary-an interface (see [12, 13, 18, 31]). In the case of the model under consideration,
the features of particular interest, challenge and novelty are the following: (1) dissipation
acts only on the interface �0 with hard walls [Neumann-Robin boundary conditions] on
the remaining part of the boundary �; (2) restoring force on the structure is supercritical
div[|∇w|2∇w] - outside of the phase space; (3) Bousinesq force �w2 may lead to a finite
time blow up. The latter leads to a non-dissipative structure of the dynamics-a challenge in
the theory of dynamical systems [1].

It is known that the behavior of boundary solutions of hyperbolic-like dynamical systems is
challenging and often requires estimates based onmicrolocal analysis which exhibits peculiar
behavior of the boundary traces, see for instance [31–33]. Indeed, under the assumption that
the boundary damping is active over the structural wall �0 only, “hidden regularity” of the
wave traces will be needed in order to for exhibit an existence of global attractors. In fact, this
configuration asks for a more delicate asymptotic analysis of boundary terms where previous
constructs based on flow multipliers are no longer applicable [34–38].

The main objective in this paper is to provide an analysis of long-time dynamics of energy
solutions corresponding to full interaction (1.1)–(1.2).More precisely, in spite of the presence
of a supercritical elastic source and of the “Boussinesq” forcing term, the existence of global
attractors will be established (see Sect. 1.4) for the corresponding flow subjected to restricted
boundary dissipation which is localised only on the interface �0. To our best knowledge,
this is a very first treatment of attractors for nonlinear structural acoustic models with the
dissipation taking place only on the interface. More on this will be said when discussing the
literature.

1.2 Notation

Denote H ≡ Hz × Hw the finite energy space, where Hz ≡ H1(�) × L2(�) and Hw ≡
H2
0 (�0) × L2(�0). Here Hs is the L2-based Sobolev space or order s ≥ 0. In addition, for

X = �,�, �0, �1, we denote (·, ·)X the inner product in L2(X). Furthermore,H is a Hilbert
space equipped with norm

‖{z0, z1, w0, w1}‖2H = ‖z0‖2H1(�)
+ ‖z1‖2L2(�)

+ ‖w0‖2H2(�0)
+ ‖w1‖2L2(�0)

,

for every {z0, z1, w0, w1} ∈ H.
Using this notation, we define the total energy functional E(t) ≡ E(u(t)) associated to a

solution u = {z, zt , w,wt } of (1.1)–(1.2) by

E(t) ≡ E(t) + σ

∫
�0

w|∇w|2 +
∫

�0

f̃ (w) +
∫

�

f1z (1.6)

where f̃ denotes anti-derivative of f and E(t) ≡ E(u(t)) = Ez(t) + Ew(t) with

Ez(t) = 1

2

∫
�

[|zt |2 + |∇z|2] d� + c2l0
2

∫
�1

|z|�1 |2d�1, (1.7)

Ew(t) = 1

2

∫
�0

[
|wt |2 + |�w|2 + 1

2
|∇w|4
]
d�0, (1.8)

stand for the corresponding positive energy in the medium and structural wall. Formally, the
energy functional satisfies the following energy balance equation

E(t) +
∫ t

s
D(τ )dτ = E(s) + σ

∫ t

s

∫
�0

wt |∇w|2, s ≤ t, (1.9)
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where D(t) ≡ D(u(t)) = k
∫

�0

|wt |2 + c2
∫

�

l(x)|zt |�|2 (1.10)

stands for the “damping” term. The above identity [written for the time being only formally]
shows that the total energy E(t) is not necessarily dissipative (σ > 0).

1.3 Well-posedness of the Dynamical System

We say that a pair of functions {z, w} is a weak solution on the interval [0, T ], for T > 0, if
{z, zt , w,wt } ∈ L∞(0, T ;H) and the following properties are satisfied:

(i) the map t ∈ [0, T ] 
→ {z(t), zt (t), w(t), wt (t)} ∈ H is weakly continuous and, in
addition, l1/2zt |� ∈ L2(0, T ; L2(�));

(ii) {z(0), zt (0), w(0), wt (0)} = {z0, z1, w0, w1};
(iii) the pair (z, w) is a distributional (in time) solution of the following equation

0 = d

dt

[
(zt , φ)� + (wt , ψ)�0 + ρ(z|�0 , ψ)�0

]
+ c2(∇z,∇φ)� + c2l0(z|�1 , φ|�1)�1 + (�w,�ψ)�0

+ c2(l
1
2 zt |�, l

1
2 φ|�)� + k(wt , ψ)�0 − c2(wt , φ|�0)�0 + ( f1, φ)� + G(w,ψ),

(1.11)

for all (φ, ψ) ∈ H1(�) × H2
0 (�0), where

G(u, v) ≡
∫

�0

[|∇u|2∇u · ∇v + σ∇{u2} · ∇v + f (u)v
]
d�0, (1.12)

for every u, v ∈ H2
0 (�0). Furthermore, we say that a weak solution {z, w} on the interval

[0, T ] is strong (or classical) if {z, zt , ztt } ∈ C(0, T ; H2−θ (�) × Hz), 0 < θ < 1, and
{w,wt , wt t } ∈ C(0, T ; H4(�0) × Hw).

Remark 6 The reason why 0 < θ < 1 in the definition of strong solution is due to the
fact that Robin boundary conditions with a potential jump in l(x) on � leads to slightly
compromised regularity of the displacement z [39]. If one assumes that l(x) is continuous
across the interface, the incremental loss of differentiability does not occur.

Existence, uniqueness and continuous dependence of of solutions of (1.1)–(1.2) has been
shown in [24]. The corresponding result is formulated below.

Theorem 1 (Existence-Uniqueness, Robustness andRegularity)With respect to the dynamics
of system (1.1)–(1.2), the following holds:

1. Existence of a strongly continuous semigroup in a weak topology of the phase space H.
Let f1 ∈ L2(�), and f ∈ C1(R) satisfies the following condition:

f̃ (s) =
∫ s

0
f (ξ)dξ ≥ −δs4 − β, for some δ ≥ 0 and β ∈ R. (1.13)

For every initial data u0 ≡ {z0, z1, w0, w1} ∈ H, there exists a unique weak solution
{z, w} in the class u ≡ {z, zt , w,wt } ∈ C([0, T ];H), for any T > 0. Furthermore, the
solutions generate a strongly continuous semigroup St with respect to weak topology in
H, given by the formula

Stu0 ≡ u(t), for every u0 ∈ H. (1.14)
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This is to say that continuous dependence of solutions on initial data is with respect to
weak topology ofH. The corresponding solutions satisfy the following energy inequality

E(t) +
∫ t

s
D(τ )dτ ≤ E(s) + σ

∫ t

s
(wt , |∇w|2)�0dτ, for s ≤ t . (1.15)

2. Energy identity and strong continuity with respect to the initial data. In the case when
�0 ⊂ supp{l}, the weak solution {z, w} must satisfy (1.15) where “≤” is replaced by
equality “=”. In addition, the nonlinear semigroup in part 1 becomes continuous with
respect to the strong topology of H.

3. Regularity. Assume that � is sufficiently smooth. Weak solutions in reference above
become strong provided that u0 ∈ H2−θ (�) × H1(�) × H4(�0) × H2(�0), 0 < θ < 1
satisfy the requisite compatibility conditions on the boundary.

∂νz0 + l(x)z1 =
{

−l0z0 on �1;
w1 on �0;

w0 = w1 = 0 and ∇w0 = ∇w1 = 0 on ∂�0.

Remark 7 The growth condition (1.13) yields to a lower estimate for total energy functional
E (see [21]), namely there are constants c1 > 0 and c2 ∈ R such that

c1E(u) − c2 ≤ E(u), for every u ∈ H. (1.16)

This estimate plays an important role in the analysis of system (1.1)–(1.2).

1.4 Main Results

Ourmain goal is to establish an existence of global attractor for the dynamical system {H, St }.
We begin by recalling needed definitions and properties [1, 40–42] and references therein.
A bounded closed subset A ⊂ H is said to be a global attractor for St if the following
conditions hold:

(1) A is an invariant set; that is, StA = A for t ≥ 0.
(2) A is uniformly attracting; that is, for all bounded set D ⊂ H, we have

lim
t→∞ dH{St D | A} = 0;

where dH{A | B} = supx∈A dH(x, B) is a Hausdorff semidistance.

In what follows we shall assume the following geometric assumption:

(G) Let �1 be star-shaped and convex. This is to say there exists x0 ∈ Rn such that (x − x0) ·
ν(x) ≤ 0 for x ∈ �1, �1 is convex and ν(x) is external normal direction to �1 at the
point x .

Our result is stated below:

Theorem 2 Existence of Global Attractor Assume that (G) holds and �0 ⊂ supp{l}. In
addition, assume that

(i) f ∈ C1(R) satisfies the non-explosion condition condition

lim inf|s|→∞
f (s)

s|s|2 ≥ 0 (1.17)
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(ii) The following relation holds

σ 2 <
k

4
min{1, k}. (1.18)

Then, the evolution operator St possess a weak compact global attractor onH. If, in addition,
σ = 0 the said attractor is strong on H.

Remark 8 One could assume much more general structure of the source function f1 to
be given as a Nemytski’s operator by a function f1(z, x) with appropriate growth (typi-
cally cubic) conditions [4, 10, 35]. However, in order to focus the attention on structural
nonlinearity-which is the main difficulty and novelty in the problem, we keep the exposition
simple by restricting the range of functions interpreted as a noise present in an acoustic cabin.

Remark 9 Assuming, in addition, that f1 = 0, σ = 0 and condition (1.17) holds for all
s ∈ R, all weak solutions converge exponentially to zero. This follows from the proof of
the first part in Theorem 2 after accounting for these additional hypotheses and using the
technique as in [17]

1.5 Methodology and DiscussionWithin the Context of the Literature

Over the last decade or so,there has been a resurgence of interest in the theory of struc-
tural acoustic interactions. Stimulated by physical/engineering applications, the new acoustic
models lend themselves to the study by analytical and computational methods. The area has
witnessed a broad range of new mathematical results and developments [23, 43].

Questions such as well-posedness of solutions, optimal control, stabilization and long
time behavior have been the topics of prime interest with many results already in place [7–9,
12, 13, 18, 28, 31, 32, 34, 44, 45]. However, the models of past analyses did not account
for either super-criticality of the structural sources, or destabilizing effects of the nonlinear
forces [46–51]. These are the game changers within the context of structural acoustic interac-
tion particularly with the dissipation reduced to the interface �0 only. Super criticality of the
structural forces, dictated by physical considerations within the framework of coupled struc-
tural interaction, is the focal point. Within this framework, one should mention [18] where
attractors for structural acoustic interactions with nonlinear dissipation-acting in � and on
�0 subject to nonlinear forcing were considered. This is a rather comprehensive structural
acoustic model, which however does not address super-criticality and the lack of dissipativity
on the elastic wall.

This prompts a natural question: what are the challenges in proving the main result which
states that boundary dissipation on an elastic wall alone leads to an overall stable nonlinear
dynamics with an attraction property? Since the structural interaction consists of hybrid cou-
pling between wave and plate dynamics, the results pertaining to these isolated dynamics are
of obvious relevance. Wave dynamics with critical nonlinearities in 3-D has been considered
in the past and a mechanism for handling the lack of compactness is in place—see [4, 52] and
references within. For quintic waves, with however a full interior linear damping, Strichratz
estimates [3] provide an effective tool. In the case of geometrically restricted damping, such as
localised [18, 53]—or boundary damping—potentially nonlinear [54], Carleman;s estimates
have been successfully employed. They allow to propagate the dissipation from geometri-
cally restricted area to the full domain. The developments in the area of the waves led to
several results obtained for structural acoustic models with non-compact nonlinearities, full
interior nonlinear damping placed on the wave and plate [10]. Geometrically restricted inte-
rior damping has been considered by exploiting Carleman’s estimates developed in [53] and

123



Journal of Dynamics and Differential Equations

used later in [18]. In all these works the overall system under consideration is a gradient [dis-
sipative] system. It is well known that the two main corner stones of the theory of attractors
are: dissipativity of the system and compactification of the nonlinear effects. Dissipativity
is used as an ingredient to assert existence of an absorbing ball. Compactness is needed in
order to establish strong convergence of trajectories to a bounded invariant set. Neither of
these properties are present in the model under consideration. Dissipativity is lost due to the
Boussinesq force σ > 0, so the system does not enjoy gradient property. The compactness
of trajectories, or even local Lipschitz continuity, in finite energy space is out of reach due
to supercriticality of restoring forces.

Methodology In order to show that the overall system is absorbing, in the case of of
dissipation restricted to the boundary or interface, it is necessary to "propagate" the dissipation
from the interface into the interior of the domain. This point becomes problematic when
dealing with wave dynamics. The wave dynamics, alone, is subject to Neumann’s boundary
datawhich are not fully dissipated (the presence of the hardwalls). As such, the boundary data
do not satisfy Lopatinski condition [55]. It is well known that in the absence of Lopatinski
condition there is a loss of 1/3 (one third) of derivative [33] (with respect to energy norm)
which provides for amajor predicament when studying long time dynamics of waves with the
so called "uncontrolled”Neumann boundary. To handle this part, very special flowmultipliers
[30] are applied which propagate the damping from �0 to �. The above construct allows to
propagate the damping modulo lower order terms ( terms below the topology of the phase
space). The latter are absorbed by special unique continuation type argument [35] which
allows to establish ultimate dissipativity. This leads to a construction of weak attractor in the
finite energy space—result stated in the first part of Theorem 2. The issue of improving weak
to strong is haltered by super-criticality in plate dynamics. The restorative force modeled by
p-Laplacian is not bounded as on the phase space. Super-criticality has been handled in the
literature [2, 3, 56] by using the so calledLyapunov energy identity. And this method is also
successfulwhendealingwith a single platemodel [21].However, the presenceof the boundary
absorbing component in the wave dynamics, and the resulting lack of time reversibility for
the entire structure, prevents from obtaining the Lyapunov energy identity for the overall
system (note that Energy identity is valid for the overall system see Theorem 1—due to the
cancelations occurring on the interface. But not the Lyapunov Energy identity where such
cancellations do not occur). This leads to a necessity of first asserting strong convergence of
the acoustic energy, without any reliance on the said "cancellations". The latter requires all
together different methodology- compensated compactness method based on the estimates
of the differences of solutions [18, 44, 53, 54]. However, this again, meets with the challenge
due to the super-criticality of the energy restorative term modeled by p-Laplacian—thus
creating a vicious circle effect.

To resolve this vicious circle, the idea is to exploit the validity of Lyapunov energy “equal-
ity” only for the elastic structure perturbed by boundary-interface acoustic pressure.The latter
is controlled by the hyperbolic "hidden trace" regularity. This will lead to strong convergence
of plate energy by energetic arguments inspired by [2, 56], see also [3] for the quintic wave
equations. As pointed out above, the energy method described above can not be applied to
the full interaction due to the presence of boundary pressure and the resulting irreversibility
of wave forward dynamics. The wave component does not cooperate with the structure due
to the boundary interaction. On the other hand, the asymptotic smoothness for waves with a
boundary damping [35, 53] is typically shown by using compensated compactness method
[4] which requires estimates on the difference of two solutions. However, this aspect of the
method does not cooperate with supercriticality of the plate dynamics. This is in contrast to
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[18] where structural acoustic model with partial interior damping imposed on the wave and
up to critical nonlinear plate effects were considered. The latter are modeled by Nemytski’s
operator bounded on the phase space. In this latter configuration, which leads to a gradient
system, compensated compactness method is applied to the difference of two trajectories
of the full interaction by exploiting natural cancellations in the model. This is no longer an
option in the presence of supercritical terms in the plate dynamics. The above conundrum
is resolved by discovering additional mechanisms of compensation when accounting for the
full interaction and analyzing separately the two parts of the dynamics which do not cooper-
ate on the boundary interface. The final part of the argument amounts to exploiting decays
of non-cooperative interface part of the dynamics with the convergence of both structural
and acoustic elements resulting from the so called hidden boundary regularity and compen-
sated compactness. As a consequence, the designed hybrid method depends on the following
features: energy equality for the overall system, the support of l must contain �0 and the
linearity of the dissipation kwt imposed on the interface �0.

One should also note that the supercriticality of plate dynamics raises the fundamental
issue of wellposedness (uniqueness and continuous dependence) of weak solutions. This
preliminary step, and a starting point of the present analysis, has been resolved in [24] by
exploiting “hidden” trace regularity secured due to a strategic location of boundary dissipa-
tion along with logarithmic control of Sobolev’s embeddings-see also [21] where a single
Kirchhofff-Bousinesq plate was considered.

1.6 Possible Extensions and Open Problems

While there are several aspects of the model which can be generalized without a substantial
new effort, there are some others which, at the present stage, do not appear to have a solution
in sight. We shall elaborate on these. The method proposed in the present work can be easily
adjusted to a more general wave model where sources up to critical exponenti.e; locally
Lipschitz Hs(�) → L2(�), s ≥ 1, with appropriate dissipativity assumptions are added.
Moreover, the boundary dissipation on the wave component can be taken in a more general
nonlinear form such as l(x)g(zt )where the function g(s) is continuous, monotone increasing
with appropriate growth restrictions and g(0) = 0. This is in line with the results available
for single waves [4] and also for structural acoustic models in [18]. However, the restriction
to linear dissipation on the plate component is intrinsic to the (energy) method, see [2, 3].
Similarily, the results related to the properties of the attractor such as smoothness or finite
dimensionality are not within the reach at this moment, in contrast to [18]. The main reason
is that the analysis of smoothness requires estimates on the differences of two solutions—
where super criticality is again an obstacle. Notable difference are quintic wave equations [3]
with an interior linear damping where one can resort to Strichratz estimates and backward
regularity of the trajectories on the attractor. Here, again, boundary damping and the lack of
reversibility of the wave dynamics is the predicament.

2 Existence of Global Weak Attractor

This section is devoted to the proof of the first statement in Theorem 2. First, we note that,
as a consequence of the assumption �0 ⊂ supp{l}, we are dealing with a dynamical system
{H, St } which is strongly continuous with respect to the finite energy of H -see Theorem
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1. Moreover, the energy identity (see (1.15) with “=” instead of “≤”) has been previously
established [24].

2.1 Ultimate Dissipativity

The first step, in fact highly challenging in the present context in the proof of Theorem 2,
is to show that the system {H, St } is ultimately dissipative [57, 58]. It should be noted that
the system does not possess a gradient structure, so the validity of the absorbing property
does not follow from the usual arguments in dynamical system theory based on asymptotic
compactness [4]. In the present case, existence of a bounded absorbing ball needs to be
established independently.

This is accomplished in Proposition 1 below.

Proposition 1 Under the assumptions of Theorem 2, there exists an absorbing set B ⊂ H for
the system (1.1)–(1.2), i.e. for all R0 > 0 there exists t0 = t0(R0) such that, for every initial
data u0 ∈ H satisfying ‖u0‖H ≤ R0 we have

Stu0 ∈ B, for t ≥ t0. (2.1)

The proof is technical and it proceeds through several lemmas.
The key ingredient is a careful reconstruction of the energy from the dissipation modulo

some constant which however does not depend on the solution.This reconstructions of energy
is given by the following Lemma.

Lemma 1 Under the assumptions of Proposition 1, let {z, w} be a solution of system (1.1)–
(1.2). Then, for T > 0 sufficiently large, the corresponding energy functional E satisfies

TE(T ) ≤ CT

{∫ T

0
D(t)dt + l.o.t.[0,T ] {z}

}
+ KT , (2.2)

where CT > 0 and KT ∈ R are constants that do not depend on the initial data, and

l.o.t.[0,T ] {z} ≡ sup
t∈[0,T ]

‖z(t)‖2L2(�)
+ sup

t∈[0,T ]
‖z(t)‖2L2(�) (2.3)

The proof of the estimate (2.2) requires a reconstruction of acoustic and elastic energies
governed by the dynamics (1.1) and (1.2).

Remark 10 From thismoment on,we are going to use the symbol “�” to express an inequality
in which the constants that do not depend on fixed instants of time or the energy are omitted.

2.1.1 Reconstruction of the Elastic Energy

Lemma 2 (Plate Energy Reconstruction) Let T > 0. If {z, w} is a strong solution of (1.1)–
(1.2), then there exist constants C1 > 0 and K1,T ∈ R such that the following estimate
holds:∫ T

0

[
Ew(t) +

∫
�0

f (w(t))w(t)

]
dt ≤ C1

{
Ew(0) + Ew(T ) +

∫ T

0
D(t)dt

}
+ K1,T

(2.4)
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Proof We are working with smooth solutions first. Multiplying the plate equation (1.2) by w

and integrating by parts on �T
0 ≡ �0 × (0, T ), we obtain:∫

�T
0

[|wt |2 + |�w|2 + |∇w|4]+ ∫
�T
0

f (w)w

= −βT
0 + 2

k

∫ T

0
k‖wt‖2�0

− ρ

∫
�T
0

ztw − 2σ
∫

�T
0

w|∇w|2 (2.5)

with βT
0 ≡
[
(wt , w)�0 + k

2
‖w‖2L2(�0)

]∣∣∣∣
T

0
.

The terms in the right-hand-side (RHS) of (2.5) are handled next using Hölder inequality
and Poincaré-type inequality as follows:

|βT
0 | ≤ Ew(T ) + Ew(0); (2.6)∣∣∣∣∣ρ

∫
�T
0

ztw

∣∣∣∣∣ ≤ ρ2

2

∫
�T
0

|zt |2 + 1

2

∫
�T
0

|w|2 �
∫ T

0
‖l1/2zt‖2L2(�)

+ ε

∫
�T
0

|∇w|4 + CT ,ε;
(2.7)∣∣∣∣∣2σ

∫
�T
0

w|∇w|2
∣∣∣∣∣ ≤ ε

∫
�T
0

|∇w|4 + σ 2

ε

∫
�T
0

|w|2 � ε

∫
�T
0

|∇w|4 + CT ,ε, (2.8)

for any ε > 0, where CT ,ε is a positive constant.
Returning to (2.5) and using (2.6), (2.7) and (2.8), we have∫

�T
0

[|wt |2 + |�w|2 + (1 − ε)|∇w|4]

+
∫

�T
0

f (w)w � Ew(0) + Ew(T ) +
∫ T

0
D(t)dt + CT ,ε, (2.9)

for every ε > 0. Choosing ε > 0 small enough, inequality (2.4) thus follow from (2.9) by
setting the constants C1 and K1,T properly. ��

2.1.2 Reconstruction of the Acoustic Energy

This part is way more challenging and it requires careful consideration of the geometry. The
dissipation is localised on �0 and one needs to reconstruct the energy propagating in tangen-
tial directions to �1. We recall that the wave equation (1.1) considers Neumann boundary
conditions with the boundary damping locally distributed on �0 only. This leads to an uncon-
trolled portion �1 of the boundary that remains under Neumann boundary conditions. It is
known that in such cases standard "boundary" multipliers do not work [30]. In view of this, a
special multiplier is considered which accounts for the geometry and it is constructed using a
very specific vector field acting on �. Such approach was introduced in [30] and leads to the
presence of tangential derivatives which provide for an additional technical difficulty -see
[34].

Under the geometrical assumption (G) imposed on �1, a key point is to construct a vector
field h ∈ C1(R3) such that

h · ν = 0 on �1 and Jhx · x ≥ c0|x |2 for every x ∈ R
3, (2.10)
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for some c0 > 0, where Jh denotes the Jacobian of h. As argued in [30], (Appendix A.4
p.301), the above can be done by using the appropriate convexity arguments validated by the
fact that uncontrolled part of the boundary �1 is convex and (x − x0) ·ν(x) ≤ 0 on �1. These
two conditions are critical for the construction of the needed vector field h -see Lemma II.I,
Appendix II [59].

Lemma 3 Let T > 0. If {z, w} is a strong solution of (1.1)–(1.2), and the Assumptions of
Theorem 2 hold, then there are positive constants C2, C2,T and K2,T such that the following
energy estimate holds

∫ T

0
Ez(t)dt ≤ C2

{
Ez(0) + Ez(T ) +

∫ T

0
D(t)

}
+ C2,T l.o.t.[0,T ] {z} + K2,T , (2.11)

for every ε > 0, where l.o.t.[0,T ] {z} is given in (2.3).

Proof We begin with the classical step: multiplying the wave Eq. (1.1) by h · ∇z, integrating
by parts in QT−α

α ≡ � × (α, T − α) and using the divergence theorem, one obtains∫
QT−α

α

c2 Jh∇z · ∇z = − (zt , h · ∇z)�|T−α
α − 1

2

∫
QT−α

α

[|zt |2 − c2|∇z|2] div{h}

+1

2

∫
�T−α

α

[|zt |2 − c2|∇z|2] (h · ν) + c2
∫

�T−α
α

(h · ∇z)∂ν z −
∫
QT−α

α

f1h · ∇z,
(2.12)

where �T−α
α ≡ � × (α, T − α). Now, we multiply (1.1) by zdiv{h} and integrate by parts in

QT−α
α in order to obtain

1

2

∫
QT−α

α

[|zt |2 − c2|∇z|2] div{h} = (zt , (1/2)zdiv{h})�|T−α
α − c2

∫
�T−α

α

(1/2)zdiv{h}∂ν z

+ c2

2

∫
QT−α

α

z(∇z · ∇div{h}) + 1

2

∫
QT−α

α

f1zdiv{h}

≤ (zt , (1/2)zdiv{h})�|T−α
α − c2

∫
�T−α

α

(1/2)zdiv{h}∂ν z

+ ε

∫
QT−α

α

c2|∇z|2 + Cε

∫
QT−α

α

|z|2 + 1

2

∫
QT−α

α

f1zdiv{h},
(2.13)

for every ε > 0, where Cε is a positive constant.
Combining (2.12), (2.13) and choosing ε = c0

2 , we obtain∫
QT−α

α

c2|∇z|2 ≤ − 2

c0
(zt , h · ∇z − (1/2)zdiv{h})�

∣∣∣∣
T−α

α

+ 1

c0

∫
�T−α

α

[|zt |2 − c2|∇z|2] (h · ν)

+ 2c2

c0

∫
�T−α

α

∂ν z [h · ∇z − (1/2)zdiv{h}]− 2

c0

∫
QT−α

α

f1[h · ∇z + (1/2)zdiv{h}]

+ 2T

c0
Ch,ε sup

t∈[0,T ]
‖z(t)‖2L2(�)

.

(2.14)

The kinetic energy is reconstructed multiplying (1.1) by z and integrating by parts in QT−α
α ,

namely
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1

2

∫
QT−α

α

|zt |2 − 1

2

∫
QT−α

α

c2|∇z|2 = (zt , (1/2)z)�|T−α
α − c2

2

∫
�T−α

α

z∂ν z−1

2

∫
QT−α

α

f1z.

(2.15)

Adding (2.14) and (2.15) we conclude

1

2

∫
QT−α

α

[|zt |2 + c2|∇z|2] ≤ γ T
α + B�T

α +SQT
α + 2T

c0
Ch,ε sup

t∈[0,T ]
‖z(t)‖2L2(�)

(2.16)

where the following notation was introduced

[pointwise energy terms] γ T
α ≡ − 1

c0

(
zt , 2h · ∇z − z

[
div{h} + c0

2

])
�

∣∣∣∣
T−α

α

; (2.17)

[boundary terms] B�T
α ≡ 1

c0

∫
�T−α

α

[|zt |2 − c2|∇z|2] (h · ν)

+ c2

c0

∫
�T−α

α

∂νz
(
2h · ∇z − z

[
div{h} + c0

2

])
. (2.18)

[internal source terms] SQT
α ≡ − 2

c0

∫
QT−α

α

f1 [h · ∇z + z(1/2)(div{h} + c0/2)] .

(2.19)

Estimating γ T
α . Pointwise energy terms (2.17) are handled by performing straightforward

calculations ∣∣∣γ T
α

∣∣∣ � Ez(α) + Ez(T − α) + sup
t∈[0,T ]

‖z(t)‖2L2(�)
. (2.20)

Estimating B�T
α . For the boundary terms, we first use property h · ν = 0 over �1 (see

assumption (2.10)) and the decomposition ∇z = ∂νz ν + ∇τ z, where τ denotes tangential
direction, which yields the following estimate for the first integral in (2.18)∣∣∣∣ 1c0
∫

�T−α
α

[|zt |2 − c2|∇z|2] (h · ν)

∣∣∣∣ ≤ 1

c0
max
x∈�0

|h(x)|
{∫ T−α

α

∫
�0

[|zt |2 + c2|∂ν z|2 + c2|∇τ z|2
]]

�
∫ T

0
D +
∫ T−α

α

∫
�0

|∇τ z|2, (2.21)

where the boundary conditions of (1.1) were used. The remaining integral in the RHS of
(2.18) is rewritten in the form∫

�T−α
α

∂ν z
(
2h · ∇z − z

[
div{h} + c0

2

])
= 2
∫

�T−α
α

∂ν z(h · ∇z)︸ ︷︷ ︸
I1

−
∫

�T−α
α

z∂ν z
[
div{h} + c0

2

]
︸ ︷︷ ︸

I2

≡ 2I1 − I2.

(2.22)

Estimate for I2. Using trace theorem and the boundary conditions in (1.1), we have

|I2| ≤ 1

2

(
max
x∈�

∣∣∣c0
2

+ div{h(x)}
∣∣∣) ∫ T

0

[
‖∂νz‖2L2(�)

+ ‖z‖2L2(�)

]

�
∫ T

0
D + T sup

t∈[0,T ]
‖z(t)‖2H1/2(�)

.

(2.23)
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Estimate for I1. Using the decomposition ∇z = ∂ν z ν + ∇τ z on �, we have

I1 =
∫

�T−α
α

∂νz(h · [∂νz ν + ∇τ z]) =
∫

�T−α
α

|∂νz|2(h · ν)︸ ︷︷ ︸
I11

+
∫

�T−α
α

∂νz(h · ∇τ z)︸ ︷︷ ︸
I12

. (2.24)

Now, using assumption (2.10) on h it follows that supp{h · ν} ∩ � ⊂ �0, from which we
compute the first integral in the RHS of (2.24) as follows

I11 ≡
∫

�T−α
α

|∂νz|2(h · ν) =
∫ T−α

α

∫
supp{h·ν}∩�

|∂νz|2(h · ν)

≤ max
x∈�0

|h(x)|
∫ T

0

∫
�0

|∂νz|2

�
∫ T

0
D(t)dt +

∫ T

0
|l0z|2�1

. (2.25)

The second integral in the RHS of (2.24) is handled using the boundary conditions in (1.1)

I12 ≡
∫

�T−α
α

∂νz(h · ∇τ z)

=
∫

�T−α
α

l(x)zt (h · ∇τ z) +
∫ T−α

α

∫
�0

wt (h · ∇τ z) − l0

∫ T−α

α

∫
�1

z(h · ∇τ z)

�
∫ T

0
D(t)dt +

∫ T−α

α

[∫
�

l(x)|∇τ z|2 +
∫

�0

|∇τ z|2
]

+ T sup
t∈[0,T ]

‖z(t)‖2L2(�1)
. (2.26)

Returning to (2.24) and using (2.25) and (2.26) we obtain

|I1| �
∫ T

0
D(t)dt

∫ T−α

α

[∫
�

l(x)|∇τ z|2 +
∫

�0

|∇τ z|2
]

+ T sup
t∈[0,T ]

‖z(t)‖2L2(�1)
. (2.27)

Estimates (2.23) and (2.27) are used to improve (2.22) and to obtain∣∣∣∣
∫

�T−α
α

∂νz
(
2h · ∇z − z

[
div{h} + c0

2

])∣∣∣∣
�
∫ T

0
D(t)dt +

∫ T−α

α

[∫
�

l(x)|∇τ z|2 +
∫

�0

|∇τ z|2
]

+ T sup
t∈[0,T ]

‖z(t)‖2L2(�1)
. (2.28)

Combining (2.21) and (2.28), we obtain

|B�T
α | �
∫ T

0
D(t)dt +

∫ T−α

α

[∫
�

l(x)|∇τ z|2 +
∫

�0

|∇τ z|2
]

+ T sup
t∈[0,T ]

‖z(t)‖2L2(�1)
.

(2.29)

Tangential derivatives are estimated using Propsotion 5 in [54] and the boundary conditions
in (1.1). This is the crucial element in the proof. Indeed, for 0 < η < 1/2, there existsCη > 0
such that∫ T−α

α

∫
supp{h·ν}∩�

|∇τ z|2 +
∫ T−α

α

∫
�

l(x)|∇τ z|2

≤ Cη

{∫ T

0

∫
�0

[|∂νz|2 + |zt |2
]+ ∫ T

0

∫
�

l(x)
[|∂νz|2 + |zt |2

]+ ‖z‖2
Hη+ 1

2 (QT
0 )

}
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� Cη

{∫ T

0
D(t)dt + ‖z‖2

L2(�T
0 )

+ ‖z‖2
Hη+ 1

2 (QT
0 )

}
. (2.30)

Note that “almost lower order terms” in the (2.30) can be handled as follows

‖z‖2
Hη+ 1

2 (QT
0 )

≤ Cε‖z‖2L2(QT
0 )

+ ε

∫ T

0
Ez, (2.31)

for any ε > 0. Combining (2.29), (2.30) and (2.31) and using the Trace Theorem, we have

|B�T
α | � ε

∫ T

0
Ez +
∫ T

0
D(t)dt + T

[
sup

t∈[0,T ]
‖z(t)‖2L2(�)

+ sup
t∈[0,T ]

‖z(t)‖2L2(�)

]
. (2.32)

Estimating SQT
α .

∣∣∣∣12
∫
QT−α

α

f1z[div{h} + c0/2]
∣∣∣∣ � CT

[
1 + sup

[0,T ]
‖z(t)‖2L2(�)

]
. (2.33)

The remaining integral in (2.19) is estimated using the divergence theorem as follows

−
∫
QT−α

α

f1(h · ∇z) = −
∫
QT−α

α

div{ f1zh} +
∫

�

f1zdiv{h}

= −
∫

�T−α
α

f1z(h · ν) +
∫
QT−α

α

f1zdiv{h}, (2.34)

and consequently ∣∣∣∣− 2

c0

∫
QT−α

α

f1(h · ∇z)

∣∣∣∣ �
∫

�T−α
α

| f1z| +
∫
QT−α

α

| f1z|. (2.35)

Moreover ∫
QT−α

α

| f1z| ≤ C f1

∫
QT−α

α

[|z|2] � CT

[
1 + sup

[0,T ]
‖z(t)‖2L2(�)

]
. (2.36)

Analogously, the boundary integral in the RHS of (2.35) is estimated as follows∫
�T−α

α

| f1z| ≤ C f1

∫ T−α

α

∫
�

[|z| + |z|2]

� CT

[
1 + sup

[0,T ]
‖z(t)‖2L2(�1)

]
. (2.37)

Combining (2.33) and (2.35), and using estimates (2.36) and (2.37), we conclude

|SQT
α | ≤ CT

[
sup
[0,T ]

‖z(t)‖2L2(�)

]
+ K2(T ), (2.38)

for some positive constants CT and K2(T ). Finally, we return to (2.16) and use estimates
(2.20), (2.32) and (2.38) in order to obtain

(1 − ε)

∫ T−α

α

Ez(t)dt ≤ Ez(α) + Ez(T − α) +
∫ T

0
D(t)dt
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+CT ,ε

{
1 + sup

t∈[0,T ]
‖z(t)‖2L2(�)

+ sup
t∈[0,T ]

‖z(t)‖2L2(�1)

}
, (2.39)

for some positive constant CT ,ε and for any ε > 0.
In order to handle the pointwise energy terms in the RHS of (2.39), we multiply the wave

equation (1.1) by zt and integrate by parts in Qt
s = � × (s, t) for s ≤ t in order to obtain

Ez(t) + c2
∫ t

s

∫
�

l(x)|zt |2 = Ez(s) + c2
∫ t

s

∫
�0

ztwt−
∫ t

s

∫
�

f1zt . (2.40)

Applying (2.40) for {s, t} = {0, α} and {s, t} = {T − α, T }, we obtain
Ez(α) + Ez(T − α)

� Ez(0) + Ez(T ) +
∫ T

0
D(t)dt + CT

[
1 + sup

t∈[0,T ]
‖z(t)‖2L2(�)

]
. (2.41)

Combining (2.39) and (2.41), and choosing ε > 0 sufficiently small, we conclude∫ T−α

α

Ez(t)dt � Ez(0) + Ez(T ) +
∫ T

0
D(t)dt

+ CT

{
1 + sup

t∈[0,T ]
‖z(t)‖2L2(�)

+ sup
t∈[0,T ]

‖z(t)‖2L2(�)

}
, (2.42)

for some positive constants C and CT .

Completing the energy integral. To complete the energy integral in the LHS of (2.42), we
use the energy identity (2.40) for {s, t} = {0, t} from which we obtain[∫ α

0
+
∫ T

T−α

]
Ez

≤ 2αEz(0) + c2
[∫ α

0
+
∫ T

T−α

] ∫ t

0

∫
�0

ztwt +
[∫ α

0
+
∫ T

T−α

] ∫ t

0

∫
�

f1zt

� Ez(0) +
∫ T

0
D(t)dt + CT

[
1 + sup

t∈[0,T ]
‖z(t)‖2L2(�)

]
, (2.43)

for some positive constant CT . Adding (2.42) and (2.43) we have∫ T

0
Ez(t)dt � Ez(0) + Ez(T ) +

∫ T

0
D(t)dt + CT

[
1 + sup

t∈[0,T ]
‖z(t)‖2L2(�)

+ sup
t∈[0,T ]

‖z(t)‖2L2(�)

]
.

(2.44)

Inequality (2.11) thus follow from (2.44) by setting the constants C2, C2,T and K2,T prop-
erly. ��

2.1.3 Proof of Lemma 1

We are now in position to establish the energy estimate (2.2). Due to the argument based
on density, it is enough to consider {z, w} a strong solution of (1.1)–(1.2). Combining the
results in Lemmas 2 and 3, we obtain∫ T

0

[
E +
∫

�0

f (w)w

]
� E(0) + E(T ) +

∫ T

0
D(t)dt + CT l.o.t.[0,T ] {z} + KT . (2.45)
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On the other hand, note that assumption (1.17) on f implies F(s) ≤ f (s)s + C f , for every
s ∈ R and for some constant C f ∈ R+. Consequently, we have the following

E −
[
E +
∫

�0

f (w)w

]
≤ σ

∫
�0

w|∇w|2 + C f |�0|+
∫

�

| f1z|

� ε

∫
�0

|∇w|4 + Cε+C f1 sup
t∈[0,T ]

‖z(t)‖2L2(�)
, (2.46)

for every ε > 0. Estimate (2.46) combined with the lower estimate (1.16) and the energy
identity (1.15) yields

TE(T ) +
∫ T

0
E ≤ (1 + 1/c1)

∫ T

0
E + σ

∫ T

0

∫ T

t

∫
�0

wt |∇w|2 + T c2
c1

�
∫ T

0

[
E +
∫

�0

f (w)w

]
+ ε

∫ T

0

∫
�0

|∇w|4 + CT ,ε

[
1 +
∫ T

0
D(t)dt

]
.

(2.47)

Combining (2.45) and (2.47) we obtain

TE(T ) +
∫ T

0
E(t)dt � E(0) + E(T ) + ε

∫ T

0

∫
�0

|∇w|4 + CT ,ε

[
1 +
∫ T

0
D(t)dt + l.o.t.[0,T ] {z}

]
.

(2.48)

The pointwise energy terms in the RHS of (2.48) are handled using the lower estimate (1.16)
as follows

E(0) + E(T ) ≤ 1

c1
[E(0) + E(T ) + 2c2] , (2.49)

while the initial energy is replaced using the energy identity (1.9) as follows

E(0) = E(T ) +
∫ T

0
D(t)dt − σ

∫ T

0

∫
�0

wt |∇w|2, (2.50)

for every ε > 0. Combining (2.48), (2.49) and (2.50), we have

(T − C)E(T ) +
∫ T

0

[
Ez(t) + 1

2

{
‖wt‖2L2(�0)

+ ‖�w‖2L2(�)
+ (1/2 − ε)‖∇w‖4L4(�0)

}]

≤ CT

[
1 +
∫ T

0
D(t)dt + l.o.t.[0,T ] {z}

]
, (2.51)

for some positive constants C and CT > 0. Finally, for T > 0 large and ε > 0 small
enough, inequality (2.2) thus follow from (2.51) by rescaling the constants CT and KT . This
concludes the proof of Lemma 1.

Estimate (2.2) in Lemma 1 provides a bound for the energy in terms of damping and
“lower order terms”, the latter depending only on wave solutions. Therefore, the next step in
the proof of Proposition 1 is to “absorb” these lower order terms using the damping functional.

2.1.4 Stationary Solutions

Next step is to absorb the lower order terms in the estimate (2.2) by using the damping.
To achieve this, an analysis of stationary states is needed. This is accomplished below for
strong solutions first, the result can thus be extended to weak solutions via an approximation
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argument. We begin by observing that if u = Stu0 is a stationary solution of (1.1)–(1.2) then
u = (z, 0, w, 0), where z and w satisfy the following stationary problems

−c2�z + f1 = 0, in �,

∂νz =
{−l0z, on �1,

0, on �0;
(2.52)

�2w = div{|∇w|2∇w} + σ�{w2} − f (w), in �0,

w = 0, ∇w = 0, on ∂�0.
(2.53)

It follows from assumption (1.17) on f1 and the boundary conditions in (2.52) that

0 = −c2
∫

�

z�z +
∫

�

f1(z)z iff C f1,ε ≥ (1 − ε)‖z‖2H1(�)
, (2.54)

for every ε > 0 and for some positive constant C f1,ε . Choosing ε small enough, we conclude
that the stationary solution z is bounded.

For the plate solution w, we multiply (2.53) by w and integrating by parts in �0, we have∫
�0

[|�w|2 + |∇w|4] d�0 = −2σ
∫

�0

w|∇w|2d�0 −
∫

�0

w f (w)d�0. (2.55)

The first integral in the RHS of (2.55) is estimated using Poincaré’s-type inequality in
W 1,4

0 (�0) as follows∣∣∣∣−2σ
∫

�0

w|∇w|2
∣∣∣∣ ≤ σ 2

ε

∫
�0

|w|2 + ε

∫
�0

|∇w|2

≤ 2ε
∫

�0

|∇w|4 + σ 4|�0|
4ε3

,

(2.56)

for every ε > 0. The second integral in the RHS of (2.55) is evaluated using assumption
(1.17) on f , which implies f (s)s ≥ −εs4 − Cε for any ε > 0, for some Cε ∈ R and for
every s ∈ R. Using this lower estimate and Poincaré-type inequality inW 1,4

0 (�0), we obtain

−
∫

�0

f (w)w ≤ ε

∫
�0

|∇w|4 + Cε|�0|, (2.57)

for every ε > 0. Finally, combining (2.55), (2.56) and (2.57), we have

‖�w‖2L2(�0)
+
∫

�0

|∇w|4 ≤ 3ε
∫

�0

|∇w|4 + |�0|
(

σ 4

4ε3
+ Cε

)
. (2.58)

Choosing ε > 0 properly, inequality (2.58) above shows that every stationary solution of
the plate equation (2.53) is bounded in H2(�0). Since z is bounded, we conclude that the
stationary solution u = (z, 0, w, 0) of (2.52)–(2.53) is bounded inH. Therefore, if we denote
by N the set of stationary solution of (1.1)–(1.2), then there exists KN > 0 such that

‖u‖H ≤ KN , for every u ∈ N . (2.59)

The above analysis of stationary solutions will be used in the next step in order to absorb
lower order terms that appeared in the previous step.
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2.1.5 Absorption of Lower Order Terms by the Damping and the Stationary Set

Lemma 4 Let T > 0 and assume that u = {z, zt , w,wt } ∈ C(0, T ;H) is a solution of
(1.1)–(1.2). There exist constants C = C(T ) > 0 and K1 = K1(T ), both independent on
E(0). such that

l.o.t.[0,T ] {z} ≤ C
∫ T

0
D(t)dt + K1, (2.60)

provided that T > 0 is large enough.

Proof The proof relies on a suitable compact/uniqueness argument. By “suitable” we mean
that the presence of non-dissipative terms needs to be accounted for by a size of stationary
set. Argument along these lines was used for the first time in [35]. The main idea is that the
damping forces solutions to remain in a bounded set determined by the stationary solutions.
Assume that (2.60) is not true, i.e. for any choice of constants C > 0 and K1 > 0, there exist
a solution u = {z, zt , w,wt } of (1.1)–(1.2) such that

l.o.t.[0,T ] {z} > C
∫ T

0
D + K1.

Let K1 > KN be fixed and set C = n ∈ N. Therefore, we obtain a sequence of solutions
un = {zn, znt , wn, wn

t } such that

l.o.t.[0,T ] {z
n} > n

∫ T

0
Dn(t)dt + K1, for every n ∈ N, (2.61)

where Dn = k‖wn
t ‖2L2(�0)

+ c2‖l1/2znt ‖2L2(�)
. Since K1 > 0, inequality (2.61) implies

l.o.t.[0,T ] {z
n} > K1, for every n ∈ N; (2.62)

lim
n→∞

l.o.t.[0,T ] {z
n}∫ T

0 Dn(t)dt
= ∞, as n → ∞. (2.63)

Case I.
{
l.o.t.[0,t] {zn}

}
n∈N

is uniformly bounded.

In this case, the limit (2.63) implies that
∫ T
0 Dn → 0 as n → ∞ and consequently

l1/2znt → 0 in L2((0, T ) × �) as n → ∞; (2.64)

wn
t → 0 in L2((0, T ) × �0) as n → ∞. (2.65)

In addition, inequality (2.2) in Lemma 1 and relation (1.16) imply that {un} is bounded in
L∞(0, T ;H). Hence, there exists a subsequence, also denoted by {un}, such that

un → u ≡ {z, zt , w,wt } weakly star in L∞(0, T ;H). (2.66)

Using the compact embedding H1−η(�) ⊂ H1(�) and H2−η(�0) ⊂ H2(�0), for every
0 < η sufficiently small, as well as Aubin’s-Simmons Lemma (see [60]) we conclude

{zn, wn} → {z, w} in C(0, T ; H1−η(�) × H2−η(�0)). (2.67)

In particular, we have

l.o.t.[0,T ] {z
n} → l.o.t.[0,T ] {z}, as n → ∞. (2.68)
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Case Ia. u = 0. In this case, we pass to the limit into (2.62) and use (2.68) in order to conclude
0 ≥ K1, which is a contradiction.
Case Ib. u �= 0. In this case, convergences (2.64)–(2.67) allow us to pass to the limit on the
variational problem

0 = d

dt

[
(znt , φ)� + (wn

t , ψ)�0 + ρ(zn |�0 , ψ)�0

]
+ c2(∇zn,∇φ)� + c2l0(z

n |�1 , φ|�1)�1 + (�wn,�ψ)�0

+ c2(l
1
2 znt |�, l

1
2 φ|�)� + k(wn

t , ψ)�0 − c2(wn
t , φ|�0)�0 + G(wn, ψ),

for every φ ∈ H1(�) and ψ ∈ H2
0 (�0), where

G(wn, ψ) ≡ −
∫

�0

[
|∇wn |2∇wn · ∇ψ + σ∇{wn2} · ∇ψ + f (wn)ψ

]
d�0,

stands for the nonlinear terms.
Since the maps w 
→ |∇w|2∇w, w 
→ |∇w|2 and w 
→ f (w) are continuous from

H2−η(�0) into L2(�0), for η > 0 small enough, we can pass with the limit on G(wn, ψ).
Also, from the convergence (2.63) we conclude that wt = 0. Therefore, w is a stationary
solution of (1.2), while z is a (distributional) solution of⎧⎪⎨

⎪⎩
ztt − c2�z + f1 = 0, in � × (0, T );
∂νz =
{

−l0z, on �1 × (0, T ),

0, on �0 × (0, T ).

Henceforth, since �0 ⊂ supp{l}, it follows that v = zt is a (distributional) solution of⎧⎪⎪⎪⎨
⎪⎪⎪⎩

vt t − c2�v = 0, in � × (0, T );
v = 0, on �0 × (0, T ),

∂νv =
{

−l0v, on �1 × (0, T ),

0, on �0 × (0, T ).

(2.69)

which by applyinguniqueness continuation result due toRuiz (see [27]) for the above equation
(2.69) with potential and overdetermined on �0, we conclude that v = 0 and, consequently,
zt = 0 in � × (0, T ). Therefore, z is a stationary solution of (1.1), hence u = (z, 0, w, 0)
is a stationary solution of system (1.1)–(1.2), i.e. u ∈ N and, consequently, ‖u‖H ≤ KN
(see (2.59)). On the other hand, passing to the limit into (2.62), and accounting for (2.68),
we have ‖u‖H ≥ K1 > KN which provides a contradiction.

Case 2.
{
l.o.t.[0,T ] {z

n}
}
n∈N

not bounded.

This case is ruled out by using the following rescaling argument. Let us define λ2n ≡
l.o.t.[0,T ] {z

n}, for every n ∈ N. Hence, setting ûn = un/λn , it follows that ẑn = zn/λn and

ŵn = wn/λn are solutions of (1.1)–(1.2) verifying

l.o.t.[0,T ] {ẑ
n} = 1, for every n ∈ N. (2.70)

In addition, inequality (2.61) implies

1 =
l.o.t.[0,T ] {z

n}
λ2n

> n
∫ T

0
D̂n + K1

λ2n
, (2.71)
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where D̂n ≡ Dn/λ
2
n , for every n ∈ N. Inequality (2.71) implies limn→∞

∫ T
0 D̂n = 0.

Consequently, applying inequality (2.2) in Lemma 1 to the solutions {zn, wn}, dividing by
appropriate powers λn , we conclude that

t

λ2n
E(un(t)) + 1

λ2n

∫ t

0
En ≤ CT

{∫ T

0
D̂n + l.o.t.[0,T ] {ẑ

n} + KT

λ2n

}
, t ≤ T . (2.72)

where Ên = E(ûn). Inequality (2.72) above provides a uniform bound for the total energy
at t = T and the energy integral. On the other hand, applying the energy identity (1.9) to the
solution {zn, wn}, using the lower bound (1.16) and dividing by λ2n , we have

‖ûn(t)‖2H ≤ 1

c0

[
1

λ2n
E(un(T )) +

(
1 + 1

k

)∫ T

0
D̂n + σ 2

λ2n

∫ T

0

∫
�0

1

4
|∇wn |4 + c1

]
.

(2.73)

Since the RHS of (2.73) is bounded [recall the definition of nonlinear energy Ew(t) as
controlling L4 norm ∇wn and (2.72) ] it follows that {ûn}n∈N is bounded in L∞(0, T ;H).
Therefore, reducing to a subsequence if necessary, there exists û = {ẑ, ẑt , ŵ, ŵt } such that

ûn → û weakly star in L∞(0, T ;H). (2.74)

However, since
∫ T
0 D̂n goes to 0 as n goes to infinity, we conclude

ŵn
t → 0 in L2((0, T ) × �0), (2.75)

l1/2 ẑnt → 0 in L2((0, T ) × �). (2.76)

Note that convergences (2.74), (2.75) and (2.76) imply that ŵt = 0 and ẑt |�0 = 0. In addition,
ẑ is a (distributional) solution of

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
ẑt t − c2�ẑ = 0 in� × (0, T );
ẑt = 0 in�0 × (0, T );
∂ν ẑ =
{

−l0 ẑ on�1 × (0, T );
0 on�0 × (0, T ).

Proceeding as in the previous case, after using unique continuation for the wave solution
ẑ, we conclude that ẑ = 0 and, consequently, l.o.t.[0,T ] {ẑ} = 0. On the other hand, it fol-

lows from convergence (2.74) and Aubin-Simmon’s Lemma, we have ẑn → ẑ strongly in
C(0, T ; H1−η(�)), for η > 0 small enough and, therefore,

1 = l.o.t.[0,T ] {ẑ
n} = l.o.t.[0,T ] {ẑ},

which provides a contradiction. ��

Remark 11 The idea of the proof of the contradiction argument above relies on two principles:
the damping takes care of the dynamics while the constant K1 takes care of the stationary
behavior, the coercivity of div[∇w]4 [see the definition of Ew(t) and the inequality (2.72) ]
plays critical role.
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2.1.6 Completion of the Proof of Proposition 1 and of first part of Theorem 2

The next step is in merging the estimates obtained so far for the elastic and acoustic energies.
This will lead to a construction of the absorbing ball for the full dynamical system.

Proof of Proposition 1 Let R0 > 0 and u0 ∈ H such that ‖u0‖H ≤ R0. It follows from
Lemmas 1 and 4 that the corresponding total energy functional E satisfies

E(T ) ≤ C(T )

∫ T

0
D(t)dt + K (T ), (2.77)

for T > 0 sufficiently large with K (T ) independent on a solution.
We define Ẽ ≡ E + ε1(w,wt )�0 where ε1 > 0 is small enough. Proceeding as in [21], we

have

|Ẽ − E| ≤ ε1[Ew + ‖w‖2L2(�0)
],

which implies, for all ε1 ≤ 1/4,

E ≤ 2Ẽ + M1 and Ẽ ≤ 2E + M2, (2.78)

where M1, M2 ∈ R are constants which depend on σ . Using (2.78), we rewrite (2.77) as
follows

Ẽ(T ) ≤ C(T )

∫ T

0
D(t)dt + K (T ). (2.79)

Now, using the energy identity (1.9), the plate equation (1.2) and assumption (1.18) on σ , as
well as the estimate

σ

∫
�0

|∇w|2wt dx ≤ k

4
‖wt‖2L2(�0)

+ σ 2

k

∫
�0

|∇w|4dx,

we obtain

d

dt
Ẽ ≤ −

(
k

2
− ε1

)
‖wt‖2L2(�0)

− (c2 − γρ)‖l1/2zt‖2L2(�)

− ε1

{
‖�w‖2L2(�0)

+
∫

�0

[(
1 − δ − σ 2

kε1

)
|∇w|4 −

(
ε1ρ

4l̃γ
+ kε1 + σ 2

δ

)
|w|2 + w f (w)

]
d�0

}
,

for any ε1, δ, γ > 0. Choosing these parameters such that

k

2
− ε1 > 0, 1 − δ − σ 2

kε1
> 0, c2(1 − γ ) > 0,

and exploiting assumption (1.17) on f , we obtain

d

dt
Ẽ + C0

[
Ew + ‖w‖2L2(�0)

+ D
]

≤ C1, (2.80)

where C0,C1 > 0 are constants. Notice that a Poincaré-type inequality in W 1,4
0 (�0) was

used and ζ > 0 must be chosen small enough, as well. Integrating (2.80) in the interval
[0, T ], we conclude ∫ T

0
D(t)dt ≤ 1

C0

[Ẽ(0) − Ẽ(T ) + TC1
]
. (2.81)
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Combining estimates (2.79) and (2.81) we obtain

Ẽ(T ) ≤ C0(T )
[Ẽ(0) − Ẽ(T ) + TC1

]+ K (T ), (2.82)

whereC0(T ) = C(T )
C0

. Fromestimate (1.16), there exists c > 0 such that Ẽc(t) ≡ Ẽ(t)+c > 0

for every t ≥ 0. Replacing Ẽ by Ẽc in (2.82), we have

Ẽc(T ) ≤ γ Ẽc(0) + K̃T

1 + C(T )
, (2.83)

where 0 < γ ≡ C(T ,E(0))
1+C(T ,E(0)) < 1 and K̃T = C0(T )TC1 + K (T ) + c.

Remark 12 The constant c above does not depend on the solution, but only on the parameter
σ , the function f and the domain �0. Therefore, the constant K̃T depend on T but not on the
initial data. This fact is essential in the computations to follow.

Let m ∈ N, re-iterating the above estimate (2.83) on the interval [(m − 1)T ,mT ] we
conclude

Ẽc(mT ) ≤ γ Ẽc((m − 1)T ) + K̃T

1 + C(T )
≤ γm−1Ẽc(0) +

(
m−1∑
i=0

γ i

)
K̃T

1 + C(T )
. (2.84)

For t > T , let m ∈ N such that t = mT + s, with s ∈ [0, T ). Hence, using (2.80) and (2.84),
we have

Ẽc(t) ≤ Ẽc(mT ) + (t − mT )C1

≤ γm−1Ẽc(0) + 1

1 − γ
· K̃T

1 + C(T )
+ TC1

≤ 1

γ
e− | ln γ |

T t Ẽc(0) + KT . (2.85)

where KT ≡ TC1 + K̃T . Using the expressions of Ẽc and Ẽ , we have |Ẽc(0)| ≤ CR0 , for
some CR0 > 0. Consequently, inequalities (2.78) and (2.85) imply

E(t) ≤ 2

[
1

γ
e− | ln γ |

T tCR0 + KT

]
+ M1.

Finally, choosing t0 = t0(R0) > 0 sufficiently large and using the lower bound (1.16), we
conclude

‖u(t)‖H ≤ E(t)1/2 ≤
{
1

c1
[2(1 + KT ) + M1 + c2]

}1/2
≡ R, for t ≥ t0.

Therefore, the conclusion will follow from the above inequality by setting B = {y ∈ H :
‖y‖H ≤ R}. ��
Remark 13 Note that the inequality in (2.77) is not sufficient to conclude absorption property.
This is due to the presence of Boussinesq nonlinear force which makes the energy relation
non dissipative. To handle this issue, we have used perturbed energy method which allows
to account on the restorative effects of the restorative forces.

Proposition 1 ensure the existence of absorbing ball for the dynamical system {H, St }. In
order to complete the proof of the existence of weak global attractor, the first part of Theorem
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2 it suffices to appeal to general results in dynamical systems. We have weakly continuous
flow in H with an absorbing ball which is weakly compact. Theorem 1, Chapter 2 in Sect 2
[41] [see also sect 2.3.2 in [61] provides the desired conclusion.

In order to establish the second part of the Theorem, the task is more challenging andmore
work is required. Indeed, one needs to establish asymptotic smoothness of the flow. This will
be done under the assumption that σ = 0. The above condition implies the finiteness of
dissipative integrals

∫∞
0 D(s) ≤ C(E(0)) a property of critical use in the proof.

3 Global Strong Attractor

In order to prove an existence of strong attractor, one needs to establish asymptotic smoothness
in strong topology of the phase space. This is done below.

3.1 Asymptotic Smoothness in Strong Topology-Proof of the Second Part of
Theorem 2

In order to complete the proof of Theorem 2, one needs to establish asymptotic smoothness.
in strong topology of the phase space. We recall that (see [61], Definition 2.2.1, page 52) an
evolution operator St is asymptotically smooth if: for every bounded set B ⊂ H such that
St B ⊂ B for t > 0, there exists a compact set K ⊂ B such that St B converges uniformly to
K in the sense that

lim
t→∞ dH{St B | K } = 0,

A sufficient condition to establish the asymptotic smoothness of (H, St ) is given by
the Ladyzhenskaya condition (see Proposition 7.1.6 in [42], page 340): for every bounded
sequence {un} ⊂ H and every tn → ∞, the sequence {Stnun} is relatively compact in H.

The asymptotic smoothness is formulated in the following Proposition.

Proposition 2 Under the assumptions of Theorem 2, the dynamical system {H, St } is asymp-
totically smooth.

In order to prove Proposition 2, first we establish the asymptotic smoothness for elastic-
plate solutions. This is quite involved due to the following two reasons: (1) the presence of
supercritical internal nonlinearity, (ii) the fact that the two parts of the interaction wave and
plate do not cooperate through the cancellations of the boundary terms.Thus the boundary
terms [intrinsically unbounded] need to be dealt with. The first predicament is dealt with by
adopting the method of J. Ball’s. The second one, by adapting the technology of "dissipation
integral" [4] which forces the assumption σ = 0 but still allows for supercriticality. The
proof is carried out through a sequence of Lemmas.

3.1.1 Strong Convergence of the Elastic Component

Due to the supercriticality of nonlinear terms in the plate equation, we shall adapt the so called
“energy” method [2] which is intrinsically based on the following two features: [i.] energy
identity for the Lyapunov’s function and [ii.] linear damping. To proceed, we introduce the
following notation: for u0 ∈ H, let u(t) = Stu0 be the corresponding solution of (1.1)–(1.2)
given by u = {z, zt , w,wt }. It is convenient to denote u = {z,w}, where z = {z, zt } and
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w = {w,wt } correspond to the wave and plate components, respectively. With this notation,
the asymptotic compactness of plate solutions is proven next.

Lemma 5 Let {t j } j∈N ⊂ R+ such that t j → ∞ as j → ∞. For every sequence {u j } of
solutions of (1.1)–(1.2), with {u j (0)} ⊂ H bounded, the sequence {w j (t j )} ⊂ Hw has a
convergent subsequence.

Proof Let ε > 0 to be chosen later. For a single solution u = {z,w} of (1.1)–(1.2), define
I(w) = Ew + ε(w,wt )�0

where Ew ≡ Ew + σ

∫
�0

w|∇w|2 +
∫

�0

F(w).

Proceeding as in [21], we have the identity valid for all weak solutions. [Recall that this
argument requires geometric assumption �0 ⊂ supp l.]

d

dt
I(w) = −(k − ε)‖wt‖2�0

+ σ

∫
�0

wt |∇w|2 − εa(w,w) − ε

∫
�0

|∇w|4 − 2εσ
∫

�0

w|∇w|2

− ε

∫
�0

w f (w) − εk(w,wt )�0 − ρ

∫
�0

wt zt − ερ

∫
�0

wzt .
(3.1)

Choosing ε = k/2, we rewrite (3.1) as

d

dt
I(w) + kI(w) = �(u), (3.2)

where

�(u) ≡ σ

∫
�0

wt |∇w|2 − k

4

∫
�0

|∇w|4 − k

2

∫
�0

w f (w)

+k
∫

�0

F(w) − k

2
ρ

∫
�0

wzt − ρ

∫
�0

wt zt . (3.3)

Integrating in time (3.2) we obtain:

I(w(t)) = e−ktI(w(0)) +
∫ t

0
e−k(t−s)�(u(s))ds, for t > 0. (3.4)

Remark 14 Note that� consists of subcritical terms except for the last two integrals.However,
for the noncompact terms in (3.4) we have∣∣∣∣−kρ

2

∫
�0

wzt − ρ

∫
�0

wt zt

∣∣∣∣ ≤ Ck,ρ,l

[
D(u) + Cσ ‖w‖2L2(�0)

]
, (3.5)

for some constantCk,ρ,l > 0. In addition, since k >> σ 2, it follows from the energy identity
(1.9) and the dissipativity proved in Proposition 1 that∫ T

0
D(u)dt ≤ CR + Cσ

∫ T

0

∫
�0

|∇w|4, t ≥ 0. (3.6)

Inequalities (3.5) and (3.6) suggest the decomposition � = �1 + �2 where

�1(u) ≡ σ

∫
�0

wt |∇w|2 − k

4

∫
�0

|∇w|4 − k

2

∫
�0

w f (w) + k
∫

�0

F(w) (3.7)

�2(u) ≡ −kρ

2

∫
�0

wzt − ρ

∫
�0

wt zt . (3.8)
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Let {u j } be a sequence of solutions of (1.1)–(1.2) such that {u j (0)} ⊂ H is bounded,
and let {t j } ⊂ R+ such that t j → ∞. It follows from the ultimate dissipativity-, proved in
the previous section (see Proposition 1), that {u j (t)} is uniformly bounded inH. Restricting
to a subsequence if necessary, there is ξ ∈ H such that u j (t j )⇀ξ , where the symbol “⇀”
denotes weak convergence. For the same reason, we have u j (t j −T )⇀ξT , for some ξT ∈ H.
Defining u j (t) = u j (t j + t − T ), for t ≥ 0, we conclude that {u j } is a sequence of
solutions of (1.1)–(1.2) such that u j (0) = u j (t j −T )⇀ξT . If u is the corresponding solution
satisfying u(0) = ξT , it follows from the fact that St is a strongly continuous semigroup, that
u j (t)⇀u(t) uniformly over compact sets. In particular, we have u j (t j ) = u j (T )⇀u(T ) and,
consequently, u(T ) = ξ .Writing in two coordinates, [wave, plate] we have by the uniqueness
of the limit: u j = {z j ,w j }, u j = {z j ,w j }, u = {z,w}, ξ = {ξ1, ξ2} and ξT = {ξ1T , ξ2T },
from which, in particular,

w j (t j )⇀w(T ) = ξ2 and w j (t j − T )⇀w(0) = ξ2T .

Applying (3.4) for w j , we have

I(w j (t j )) = e−kT I(w j (t j − T )) +
∫ T

0
e−k(T−s)�(u j (s))ds. (3.9)

Note that �1 is subcritical with respect to the strong topology ofH and, therefore, compact.
In this case, we have �1(u j (s)) → �1(u(s)) on [0, T ]. Therefore,

lim sup
t j→∞

∫ T

0
e−k(T−s)�1(u j (s))ds =

∫ T

0
e−k(T−s)�1(u(s))ds. (3.10)

By compactness properties of �1 and (3.9)

limt j→∞
∫ T
0 e−k(T−s)�1(u j (s))ds + ∫ T0 e−k(T−s)�2(u j (s))ds

= ∫ T0 e−k(T−s)�1(u(s))ds + limt j→∞
∫ T
0 e−k(T−s)�2(u j (s))ds

= I(w(T )) − e−kT I(w(0)) + limt j→∞
∫ T
0 e−k(T−s)[�2(u j (s)) − �2(u(s))]ds

= I(ξ2) − e−kT I(w(0)) + limt j→∞
∫ T
0 e−k(T−s)[�2(u j (s)) − �2(ū(s))]ds.

(3.11)

Since |Ew(t)| ≤ C(Ew(t)), for every t ≥ 0, it follows from the ultimate dissipativity once
more, that {I(w j (t j − T ))} is bounded. Therefore, taking the lim supt j→∞ of identity (3.9),
accounting for the limit above yields:

lim sup
t j→∞

I(w j (t j )) ≤ Ce−kT + I(ξ2) − e−kT I(w(0))

+ lim sup
t j

∫ T

0
e−k(T−s)[�2(ū j (s) − �2(ū(s)]ds. (3.12)

We shall show that the last term goes to zero when T → ∞. It is only here where we use
σ = 0. Indeed,

∫∞
0 �2(u j ) ≤ ∞ by the virtue of k > 0 and the fiiniteness of the dissipation

integral [σ = 0] ∫ ∞

0
|(z jt , w j

t )|dt ≤
∫ ∞

0
||(z jt ||2�0

+ ||w j
t ||2�0

dt < ∞;
uniformly in t j . Moreover, for every ε > 0, there exists J = J (ε) such that

lim supt j
∫ T
0 e−k(T−s)�2(ū j (s)ds ≤ ∫ T0 e−k(T−s)[||w̄ J

t (s)||2 + ||z̄ Jt (s)||2]ds + ε
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∫ T
0 e−k(T−s)�2(ū(s)ds ≤ ∫ T0 e−k(T−s)[||w̄t (s)||2 + ||z̄t (s)||2]ds. (3.13)

Moreover, for every index j we have

lim
T→∞

∫ T

0
e−k(T−s)[||w̄ j

t (s)||2 + ||z̄ jt (s)||2] = 0 (3.14)

The proof of (3.14 ) amounts to splitting the splitting the interval [0, T ] = [0, N ] ∪ [N , T ].
Uniform [in j] L1(0,∞) bounds C(B) for ||z jt ||2�0

+||w j
t ||2�0

allow to select N large enough
to obtain the integral on [0, N ] small. Then, since k > 0 exponential decay allows to make
the integral on [0, N ] small.

Letting T → ∞ in inequality (3.12) above and applying (3.14) with j = J , we conclude
that lim supt j→∞ I(w j (t j )) ≤ I(ξ2). To arrive at the final conclusion of strong convergence,
one needs to validate the converse inequality. Here, however, the argument is classical based
onweak lower semicontinuity.Weobserve thatI is (sequently)weakly lower semicontinuous,
fromwhich the convergencew j (t j )⇀ξ2 impliesI(ξ2) ≤ lim inf t j→∞ I(w j (t j )). Therefore,
we must conclude that I(w j (t j )) → I(ξ2), which implies ‖w j (t j )‖Hw → ‖ξ2‖Hw . This
convergence together with the weak convergence w j (t j )⇀ξ2 imply the strong convergence
w j (t j ) → ξ2 in Hw , as desired. ��

3.1.2 Strong Convergence of the Acoustic Component

The following “compensated compactness” property will be used [4]

Lemma 6 Let B ⊂ H be a bounded forward invariant set and ε0 > 0. There exists T0 =
T0(ε0, B) such that

Ez(T0) ≤ ε0 + �T0(u0,u1); (3.15)

for any u0,u1 ∈ B and u = {z, zt , w,wt } given by u(t) = Stu0 − Stu1, where �T0 is a
functional defined on B × B such that

lim inf
m→∞ lim inf

n→∞ �T0(ym, yn) = 0. (3.16)

for every sequence {yn} ⊂ B.

Remark 15 We note that if the result of Lemma 6 were true for the full energy of the system,
then the AS smoothness will be deduced from Proposition 2.10 in [4]. The point we make
is that validity of the inequality in Lemma above for Ew component is problematic due to
supercriticality of the restoring force. Indeed, the usual cancellation properties do not apply
when working on a difference of two solutions.

Proof Since B is a bounded forward invariant set, we have St B ⊂ B. Therefore, there exists
R > 0 such that, if u(t) = Stu0 for u0 ∈ B, we have ‖u(t)‖H ≤ R for every t ≥ 0. We
recall u = {z, zt , w,wt } corresponds to a difference of two solutions of (1.1)–(1.2) and,
consequently, {z, zt } correspond to the difference of two wave solutions driven by the initial
data with the Neumann data given by wt , corresponding to the speed of propagation of the
difference of two solutions of the plate.

With this in mind, we write the energy identity for the wave equation (1.1) (see [24]). The
latter is due to the fact that the support of l(x) contains �0.

Ez(t) + c2
∫ t

s

∫
�

l(x)|zt |2 = Ez(s) + c2
∫ t

s

∫
�0

wt zt , s ≤ t . (3.17)
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Remark 16 Note that the energy identity required that support l(x) contains �0 -see Theorem
1 and [24].

Using the above identity for s = t and t = T , and integrating over [0, T ] we obtain

T Ez(T ) + c2
∫ T

0

∫ T

t
‖l1/2zt‖2� =

∫ T

0
Ez + c2

∫ T

0

∫ T

t

∫
�0

wt zt

≤
∫ T

0
Ez + cT

(kl̃)1/2

∫ T

0
k1/2‖wt‖L2(�0)

c‖l1/2zt‖L2(�)

≤
∫ T

0
Ez + cT

2(kl̃)1/2

∫ T

0

[
k‖wt‖2L2(�0)

+ c2‖l1/2zt‖2L2(�)

]
.

(3.18)

The energy integral is bounded using estimate (2.11) in Lemma 3, and uniform bounds for
the pointwise energy terms, from which (3.18) imply

T Ez(T ) +
∫ T

0
Ez (3.19)

≤ 2C2 {Ez(0) + Ez(T )} +
(
2C2 + cT

2(kl̃)1/2

)∫ T

0

[
k‖wt‖2L2(�0)

+ c2‖l1/2zt‖2L2(�)

]
+ 2C2,T l.o.t.[0,T ] {z}

≤ CR + C(T )

{∫ T

0

[
k‖wt‖2L2(�0)

+ c2‖l1/2zt‖2L2(�)

]
+ l.o.t.[0,T ] {z}

}
. (3.20)

where C(T ) = 2(C2 + C2,T ) + cT /2(kl̃)1/2 and l.o.t{z} are given by (2.3). The damping
term in the RHS of (3.19) is replaced using the energy identity (3.17), from which we obtain

Ez(T ) ≤ CR

T
+ C(T )

T

[
Ez(0) − Ez(T ) +

(
1 + c2

2kl̃

)∫ T

0
k‖wt‖2�0

+ l.o.t.[0,T ] {z}
]

.

For any ε > 0, we choose T = T (ε, R) > CR/ε and write CT ≡ C(T )/T , from which we
conclude

Ez(T ) ≤ ε

1 + CT
+ γεEz(0) + γε

[
ck

∫ T

0
k‖wt‖2L2(�0)

+ l.o.t.[0,T ] {z}
]

, (3.21)

where 0 < γε ≡ CT
1+CT

< 1. In writing w = w1 − w2, it is convenient to denote

L[0,T ]{z, w} = ct

[ ∫ T

0
k‖w1

t ‖2L2(�0)
− σ

∫ T

0

∫
�0

w1
t |∇w1|2 +

∫ T

0
k‖w2

t ‖2L2(�0)

− σ

∫ T

0

∫
�0

w2
t |∇w2|2

]

+ σ

∫ T

0

∫
�0

w1
t |∇w1|2 + σ

∫ T

0

∫
�0

w2
t |∇w2|2 + l.o.t.[0,T ] {z} (3.22)

Ez(mT ) ≤ ε

1 + CT
+ γεEz((m − 1)T ) + γεL

T
m{z, w}, (3.23)
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where 0 < γε ≡ CT
1+CT

< 1, m ∈ N and

LT
m{z, w} = ck

∫ mT

(m−1)T
k‖wt‖2L2(�0)

dt + l.o.t.
[(m−1)T ,mT ]

{z}.

After iterations we have

Ez(mT ) ≤ ε + γm
ε Ez(0) +

m−1∑
k=0

γ k+1
ε LT

m−k{z, w}, m = 1, 2, . . . (3.24)

Finally, for ε0 > 0 we choose m sufficiently large such that ε + γm
ε Ez(0) < ε0. Inequality

(3.16) follows from (3.24) by setting T0 = mT and

�ε0,B,T0(u0,u1) =
m−1∑
k=0

γ k+1
ε LT

m−k{z, w}. (3.25)

The conclusion of Lemma 6 then follows from the fact that LT
m{z, w} consists of subcritical

(lower order (2.3)) terms and boundedness of the kinetic energy of plate solutions, that it∫∞
0 ‖wt‖2L2(�0)

< ∞. Indeed, the latter follows from
∑m−1

0 γ k+1
ε am−k → 0 when m → ∞

where ak ≡ ∫ kT
(k−1)T ‖wt‖2L2(�0)

with
∑

ak < ∞. Thus we have proved that for all initial
data of the structure in B, z(t) components have strong convergence when t → ∞. This
follows from the arguments in the proof of Proposition 2.10 [4] which exploit Kuratowski
measure of noncompactness α(Pz(St B)) proving that such converges to zero when t → ∞.
By Pz(St B) we denote projection of the solution on z -wave component. ��

3.1.3 Completion of the Proof of Proposition 2

Weare now in position to prove Proposition 2,whichwill establish the asymptotic smoothness
for the system (1.1)–(1.2). Note, that Lemmas 6 and 5 provide the asymptotic smoothness for
the components of a solution u = (z,w) of system (1.1)–(1.2). Althought it is expected that
the asymptotic smoothness property can be extended from the components z and w to the
solutionu, we accomplish this by combining the forementioned resultswith Ladyzhenskaya’s
condition (see Definition 2.2.1, page 52 in [61]).

Proof of Proposition 2. According to Proposition 7.1.6 in [42], in order to conclude the asymp-
totic smoothness, it is sufficient to establish Ladyzhenskaya’s condition. Let {u j } ⊂ H
bounded and t j → ∞. We must show that {u j (t j )} is relatively compact. Setting u j =
(z j ,w j ) and u j = (z j ,w j ) the corresponding solutions, it follows from Lemma 6 that
{w j (t j )} ⊂ Hw is relatively compact. Therefore, it remains to show that {z j (t j )} ⊂ Hz is
relatively compact. Since B ≡ {u j } ⊂ H is bounded and the system (H, St ) is dissipative,
there exists B ⊂ H bounded absorbing set and t0 = t0(B) > 0 such that u j (t) ∈ B, for every
t ≥ t0 and every j ∈ N. Applying Lemma 6, for every ε > 0 there exists T = T (ε,B) such
that

Ez(T ) < ε + �ε,B,T (u0,u1), (3.26)

for every u0,u1 ∈ B and z the difference of corresponding wave solutions.
Let j0 ∈ N such that t j ≥ t0 + T , for every j > j0. Therefore, u j (t j − T ) ∈ B for every

j > j0 and inequality (3.26) can be written as follows

‖zn(tn) − zm(tm)‖Hz < ε + �ε,B,T (un(tn − T ),um(tm − T )), (3.27)
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for every n,m > j0. Inequality (3.27) and property (3.16) for �ε,B,T imply that {z j (t j )} is
relatively compact. This concludes the proof. ��

Propositions 1 and 2 allow us to conclude that the corresponding dynamical system (H, St )
associated with system (1.1)–(1.2) is dissipative and asymtotically smooth. Therefore, there
exists a unique compact global attractor A (see Sect. 1.4),as claimed in the second part of
Theorem 2.

Author Contributions Both authors have contributed to the writing of the manuscript.

Funding NSF [National Science Foundation]- DMS-2205508

Data Availability Not applicable.

Declarations

Conflict of interest None.

Ethical Approval Not applicable.

References

1. Miranville, A., Zelik, S.: Attractors for dissipative partial differential equations in bounded and unbounded
domains. In: Handbook of differential equations: evolutionary equations. Vol. IV, 103–200, Handb. Differ.
Equ., Elsevier/North-Holland, Amsterdam (2008)

2. Ball, J.M.: Global attractors for damped semilinear wave equations. Discrete Contin. Dyn. Syst. 10(1&2),
31–52 (2004)

3. Kalantarov, V., Savostianov, A., Zelik, S.: Attractors for damped quintic wave equations in bounded
domains. Ann. Henri Poincaré 17(9), 2555–2584 (2016)

4. Chueshov, I., Lasiecka, I.: Long Time Behavior of second Order Evolution Equations with nonlinear
Damping. Memoires AMS 195(912), 1–183 (2008)

5. Morse, P.M., Ingard, K.: Theoretical Acoustics. McGraw-Hill, New York (1968)
6. Howe,M.S.:Acoustics of Fluid Structure Interactions.CambridgeMonographs onMechanics.Cambridge

University Press, Cambridge (1998)
7. Banks, H.T., Smith, R.: Feedback control of noise in a 2-D nonlinear structural acoustic model. Discrete

Contin. Dyn. Syst. 1(1), 119–149 (1995)
8. Banks, H.T., Demetriou, M., Smith, R.: H-infinity Mini Max periodic control in a two-dimensional

structural acoustic model with piezoceramic actuators. IEEE Trans. Autom. Control 41(7), 943–959
(1996)

9. Fahroo, F., Wang, C.: A new model for acoustic-structure interaction and its exponential stability. Quart.
Appl. Math. 57(1), 157–179 (1999)

10. Bucci, F., Chueshov, I., Lasiecka, I.: Global attractors for a composite system of nonlinear wave and plate
equations. Commun. Pure Appl. Anal. 6(1), 113–140 (2007)

11. Lasiecka, I.: Mathematical Control Theory of Coupled PDEs. SIAM, Philadelphia (2002)
12. Avalos, G., Lasiecka, I.: Exact controllability of structural acoustic interactions. J. Math. Pures Appl.

82(8), 1047–1073 (2003)
13. Avalos, G., Toundykov, D.: Boundary stabilization of structural acoustic interactions with interface on a

Reissner–Mindlin plate. Nonlinear Anal. Real World Appl. 12(6), 2985–3013 (2011)
14. Liu, Y., Mohsin, B., Hajaiej, H., Yao, P.-F., Chen, G.: Exact controllability of structural interactions with

variable coefficients. SICON 54(4), 2132–2153 (2016)
15. Varlamov, V.: Existence and uniqueness of a solution to the Cauchy problem for the damped Boussinesq

equation. Math. Methods Appl. Sci. 19(8), 639–649 (1996)
16. Yue, L.: Instability of solutions to a generalised Boussinesq equation. SIAMH. Math. Anal. 26(6), 1527–

1546 (1995)
17. Lasiecka, I., Tataru, D.: Uniform boundary stabilization of semilinear wave equations with nonlinear

boundary damping. Differ. Integral Equ. 6(3), 507–533 (1993)

123



Journal of Dynamics and Differential Equations

18. Bucci, F., Toundykov, D.: Finite-dimensional attractor for a composite system of wave/plate equations
with localized damping. Nonlinearity 23(9), 2271–2306 (2010)

19. Lagnese, J.: Boundary Stabilization of Thin Plates. SIAM, Philadelphia (1989)
20. Lagnese, J., Lions, J.L.: Modeling. Masson, Analysis and Control of Thin Plates. Collection RMA (1988)
21. Chueshov, I., Lasiecka, I.: On the attractor for 2D-Kirshhoff–Boussinesq model with supercritical non-

linearity. Commun. Partial Differ. Equ. 36, 67–99 (2011)
22. Feng, B., Ma, T.F., Monteiro, R.N., Raposo, C.A.: Dynamics of laminated Timoshenko beams. J. Dyn.

Differ. Equ. 30(4), 1489–1507 (2018)
23. Kaltenbacher, B.: Mathematics of nonlinear acoustics. Evol. Equ. Control Theory 4(4), 447–491 (2015)
24. Lasiecka, I., Rodrigues, J.H.: Weak and strong semigroups in structural acoustic Kirchhoff–Boussinesq

interactions with boundary feedback. J. Differ. Equa. 298, 387–429 (2021)
25. Lasiecka, I., Ma, T.F., Monteiro, R.N.: Global smooth attractors for dynamics of thermal shallow shells

without vertical dissipation. Trans. Am. Math. Soc. 371(11), 8051–8096 (2019)
26. Feng, H., Guo, B.-Z.: On stability equivalence between dynamic output feedback and static output feed-

back for a class of second order infinite-dimensional systems SICON, vol 53, nr 4 (2015)
27. Ruiz, A.: Unique continuation for weak solutions of the wave equation plus a potential. J. Math. Pures

Appl. 71, 455–467 (1992)
28. Yang, F., Yao, P., Chen, G.: Boundary controllability of structural acoustic systems with variable coeffi-

cients and curved walls. Math. Control Signals Syst. 30(1), Art. 5, 28 pp (2018)
29. Peng, Q., Zhang, Z.: Global attractor for a coupled wave and plate equation with nonlocal damping on

Riemanian manifold. Appl. Math. Optim. (2023). https://doi.org/10.1007/s00245-023-09998-w
30. Lasiecka, I., Triggiani, R., Zhang, X.: Nonconservative wave equations with unobserved Neumann B.C.

global uniqueness and observability in one shot. In: Differential Geometric Methods in the Control of
PDE, Contemprary Mathematics, vol. 268, pp. 227–325, AMS (2000)

31. Lasiecka, I.: Boundary stabilization of a three dimensional structural acoustic model. J. Math. Pures Appl.
78, 203–322 (1999)

32. Daniels, I., Lebiedzik, C.: Existence and uniqueness of a structural acoustic model involving a nonlinear
shell. Discrete Contin. Dyn. Syst. l 1(2), 243–252 (2008)

33. Tataru, D.: On the regularity of boundary traces for the wave equation. Ann Scuola Normale Superiore,
Pisa CL SCI 26, 185–206 (1998)

34. Lasiecka, I., Lebiedzik, C.: Asymptotic behaviour of nonlinear structural acoustic interactions with ther-
mal effects on the interface. Nonlinear Anal. 49, 703–735 (2002)

35. Chueshov, I., Eller, M., Lasiecka, I.: On the attractor for a semilinear wave equation with critical exponent
and nonlinear boundary dissipation. Commun. Partial Differ. Equ. 27(9&10), 1901–1951 (2002)

36. Chueshov, I., Lasiecka, I.: Long-time dynamics of von Karman semi-flows with non-linear bound-
ary/interior damping. J. Differ. Equa. 233, 42–86 (2007)

37. Chueshov, I., Lasiecka, I.: Attractors for second order evolution equations with a nonlinear damping. J.
Dyn. Differ. Equ. 16(2), 469–512 (2004)

38. Feireisl, E.: Attractors for wave equation with nonlinear dissipation and critical exponents. C.R. Acad.
Sci. Paris, Ser. I 315, 551–555 (1992)

39. Toundykov, D.: Optimal decay rates for solutions of a nonlinear wave equation with localized nonlinear
dissipation of unrestricted growth and critical exponent source terms under mixed boundary conditions.
Nonlinear Anal. 67, 512–544 (2007)

40. Temam, R.: Infinite Dimensional Dynamical Systems in Mechanics and PhysicsApplied Mathematical
Sciences, vol. 68. Springer, Berlin (1997)

41. Babin, A.V., Vishik, M.I.: Attractors of Evolution Equations. North Holland, Amsterdam (1992)
42. Chueshov, I., Lasiecka, I.: Von Karman Evolution Equations. Well-Posedness and Long-Time Dynamics.

Springer, New York (2010)
43. Kaltenbacher, B.: Some aspects in nonlinear acoustics: structure-acoustic coupling and shape optimiza-

tion. In: Mathematical theory of evolutionary fluid-flow structure interactions, pp. 269–307, Oberwolfach
Semin, 48, Birkhäuser/Springer, Cham (2018)

44. Bucci, F., Chueshov, I.: Long-time dynamics of a coupled system of nonlinear wave and thermoelastic
plate equations. Discrete Contin. Dyn. Syst. 22(3), 557–586 (2008)

45. Becklin, A., Rammaha, M., Mohammad, A.: Hadamard well-posedness for a structure acoustic model
with a supercritical source and damping terms. Evol. Equ. Control Theory 10(4), 797–836 (2021)

46. Feng, N., Yang, Z.: Well-posedness and attractor on the 2D Kirchhoff-Boussinesq models. Nonlinear
Anal. 196, 111803, 29 p (2020)

47. Li, J., Chai, S.: Uniform decay rates for a variable coefficients structural acoustic model with curved
interface on a shallow shell. Appl. Math. Optim. (2023). https://doi.org/10.1007/s00245-023-09968-2

123

https://doi.org/10.1007/s00245-023-09998-w
https://doi.org/10.1007/s00245-023-09968-2


Journal of Dynamics and Differential Equations

48. Liu, Y., Yao, P.-F.: Energy decay rate of the wave equations on Riemannian manifolds with critical
potential. Appl. Math. Optim. 78(1), 61–101 (2018)

49. Yang, Z., Feng, N., Li, Y.: Robust attractors for a Kirchhoff-Boussinesq type equation. Evol. Equ. Control
Theory 9(2), 469–486 (2020)

50. Yang, Z., Ding, P., Liu, X.: Attractors and their stability on Boussinesq type equations with gentle dissi-
pation. Commun. Pure Appl. Anal. 18(2), 911–930 (2019)

51. Zelati, M.C.: Global and exponential attractors for the singularly perturbed extensible beam. DCDS 25,
1041–1060 (2005)

52. Ma, T.F., Huertas, S., Paulo, N.: Attractors for semilinear wave equations with localized damping and
external forces. Commun. Pure Appl. Anal. 19(4), 2219–2233 (2020)

53. Chueshov, I., Lasiecka, I., Toundykov, D.: Long-term dynamics of semilinear wave equation with nonlin-
ear localized interior damping and a source term of critical exponent. Discrete Contin. Dyn. Syst. 20(3),
459–509 (2008)

54. Chueshov, I., Lasiecka, I., Toundykov, D.: Global attractor for a wave equation with nonlinear localized
boundary damping and a source term of critical exponent. J. Dyn. Differ. Equ. 21(2), 269–314 (2009)

55. Sakamoto, R.: Hyperbolic Boundary Value Problems. Cambridge University Press, Cambridge (1982)
56. Moise, I., Rosa, R.A.,Wang,X.: Attractors for noncompact nonautonomous systems via energy equations.

Discrete Contin. Dyn. Syst. 10, 473–496 (2004)
57. Hale, J.K.: Asymptotoc Behavior of Dissipative Systems. Mathematical Surveys andMonographs. AMS,

Providence, RI (1988)
58. Ladyzhenskaya, O.: Attractors of Semigroups and Evolution Equations. Cambridge University Press,

Cambridge, Lezioni Lincee (1991)
59. Lasiecka, I., Lebiedzik, C.: Decay rates of interactive hyperbolic–parabolic PDE models with thermal

effects on the interface. Appl. Math. Optim. 42, 127–167 (2000)
60. Simon, J.: Compact sets in the space Lp(0, T;B). Annali di Matematica Pura ed Applicata, Ser. 4(148),

65–96 (1987)
61. Chueshov, I.: Dynamics of Quasi-Stable Dissipative Systems. Springer, Berlin (2015)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

123


	On weak/Strong Attractor for a 3-D Structural-Acoustic Interaction with Kirchhoff–Boussinesq Elastic Wall Subject to Restricted Boundary Dissipation
	Abstract
	1 Introduction
	1.1 The Model
	1.2 Notation
	1.3 Well-posedness of the Dynamical System
	1.4 Main Results
	1.5 Methodology and Discussion Within the Context of the Literature
	1.6 Possible Extensions and Open Problems

	2 Existence of Global Weak Attractor
	2.1 Ultimate Dissipativity
	2.1.1 Reconstruction of the Elastic Energy
	2.1.2 Reconstruction of the Acoustic Energy
	2.1.3 Proof of Lemma 1
	2.1.4 Stationary Solutions
	2.1.5 Absorption of Lower Order Terms by the Damping and the Stationary Set
	2.1.6 Completion of the Proof of Proposition 1 and of first part of Theorem 2


	3 Global Strong Attractor
	3.1 Asymptotic Smoothness in Strong Topology-Proof of the Second Part of Theorem 2
	3.1.1 Strong Convergence of the Elastic Component
	3.1.2 Strong Convergence of the Acoustic Component
	3.1.3 Completion of the Proof of Proposition 2


	References


