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ABSTRACT: Dark matter freeze-in is a compelling cosmological production mechanism in
which all or some of the observed abundance of dark matter is generated through feeble
interactions it has with the Standard Model. In this work we present the first analysis of
freeze-in dark matter fluctuations and consider two benchmark models: freeze-in through
the direct decay of a heavy vector boson and freeze-in through pair annihilation of Standard
Model particles in the thermal bath. We provide a theoretical framework for determining the
impact of freeze-in on curvature and dark matter isocurvature perturbations. We determine
freeze-in dark matter fluid properties from first principles, tracking its evolution from its
relativistic production to its final cold state, and calculate the evolution of the dark matter
isocurvature perturbation. We find that in the absence of initial isocurvature, the freeze-in
production of dark matter does not source isocurvature. However, for an initial isocurvature
perturbation seeded by inflation, the nonthermal freeze-in process may allow for a fraction of
the isocurvature to persist, in contrast to the exponential suppression it receives in the case
of thermal dark matter. In either case, the evolution of the curvature mode is unaffected by
the freeze-in process. We show sensitivity projections of future cosmic microwave background
experiments to the amplitude of uncorrelated, totally anticorrelated, and totally correlated
dark matter isocurvature perturbations. From these projections, we infer the sensitivity to the
abundance of freeze-in dark matter that sustains some fraction of the primordial isocurvature.
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1 Introduction

Cosmological and astrophysical observations provide incontrovertible evidence for the existence
of dark matter (DM) [1-3]. A cold and collisionless DM component of the Universe describes
the large-scale structure of the Universe remarkably well, as evidenced by the anisotropy of
the cosmic microwave background (CMB) [3] and galaxy clustering [4, 5], for example.

One of the prominent theoretical descriptions for the nature of DM is the weakly-
interacting massive particle (WIMP), for which DM has interactions with Standard Model
(SM) particles beyond gravity [6]. These interactions are weak enough for WIMPs to be
considered collisionless for the purposes of structure formation and yet substantial enough
for WIMPs to be in equilibrium with the bath of thermalized SM particles at very early
times in cosmic history. As the Universe expands and cools, WIMPs eventually undergo
thermal freeze-out, in which the comoving number density approaches a fixed value after
chemical decoupling from the SM bath.



A compelling alternative scenario for the cosmological production of DM is freeze-in [7].
For instance, the annihilation of SM particles can generate an abundance of feebly-interacting
massive particles constituting DM, but the interaction strength is so weak that DM particles
never attain thermal equilibrium with the SM bath [7]. Alternatively, the feeble decay of
a heavy parent particle thermalized with the SM bath could generate the observed DM
abundance without the DM attaining thermal equilibrium. Beyond these examples there
exists a variety of well-motivated models that can give rise to freeze-in dynamics in the early
Universe that are compatible with the observed properties of DM [7-18].

On the experimental side, freeze-in DM sets an important cosmological benchmark for
direct detection experiments searching for evidence of DM interactions via electronic recoils [19-
32]. Typical WIMP-motivated nuclear-recoil experiments lose sensitivity for DM masses below
O(GeV), while electronic-recoil experiments can probe DM masses down to O(MeV). For
low masses, thermal WIMPs generate too much relativistic energy density during big bang
nucleosynthesis (BBN), altering predictions of the primordial element abundances [33-35].
Freeze-in provides a mechanism to produce such light DM candidates without running afoul
of BBN constraints [36-39].

The nonthermal nature of freeze-in production has been studied in the context of
their nonthermal phase space distribution (PSD) function and its impact on cosmological
observables [15, 16, 40-42]. These previous works considered the impact of out-of-equilibrium
production on only the background evolution of the Universe.

In this work we determine the properties of DM fluctuations during freeze-in and how
they influence the evolution of a primordial DM isocurvature perturbation. While single
field inflation fits CMB observations remarkably well [43] and only allows for adiabatic
perturbations, multi-field inflation is a theoretically well-motivated alternative that can give
rise to an initial isocurvature [44]. However, since isocurvature can evolve in a multi-fluid
system that exhibits energy exchange, the primordial value is not necessarily the one that
is constrained by cosmological observables. This effect has been studied explicitly in the
context of several scalar fields that exchange energy with one another (e.g. [45]). DM freeze-in
offers an alternative scenario of a post-inflationary process that exhibits energy exchange
between sectors, which do not reach thermal equilibrium, and thus does not automatically
wash out information about the state of an initial abundance of DM just after inflation. In
our work we study for the first time the impact of DM freeze-in on the evolution of the
adiabatic and isocurvature modes.

We focus on two DM freeze-in benchmark models, direct decay of a heavy parent
particle into two DM particles and 2-to-2 annihilation of SM particles into millicharged
DM, described in section 2.1. We define a theoretical framework that encompasses the
evolution of both the DM background phase space distribution (PSD) and its fluctuations
from first principles in sections 2.2 and 2.3, following the evolution of both the adiabatic
and isocurvature modes through the entire freeze-in process. We use the PSD to compute
both DM background and perturbed fluid properties, which we then use to investigate the
evolution of the DM isocurvature perturbation mode during DM freeze-in in section 3. We
find that, in presence of an initial fraction of DM characterized by an initial isocurvature
perturbation, the process of DM freeze-in leads to a suppression of the initial isocurvature



but does not exponentially wash it away as in the case of thermal DM [46]. On the other
hand, in absence of a primordial isocurvature perturbation, no isocurvature is produced
by DM formation. Lastly, in section 4 we forecast the sensitivity of next-generation CMB
experiments to DM isocurvature perturbations and determine the corresponding sensitivity
to the maximum initial DM fraction with isocurvature perturbations that can be generated
during inflation, assuming the remaining DM abundance is generated via freeze-in. Although
we focus on freeze-in models in this paper, our roadmap is more general and can be applied
to other DM formation mechanisms.

2 Freeze-in cosmology
The evolution of the DM sector is described by the Boltzmann equation for the DM PSD f,:

%+ dz' dfy,  d(ap) Ofy
or  dr 0xt dr 0(ap)
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keeping terms up to linear order in perturbation theory, where 7 is the conformal time, a(7)
is the scale factor, 2/ are comoving spatial coordinates, and my, p, and E = ,/p? + mi
are the DM mass, momentum, and energy, respectively. The collision term C|[f;] sources
the production of DM from particle species ¢, with PSD f;, in the thermal bath. In this
work we choose to evolve the PSD directly, which has the advantage of not requiring the
introduction of additional equations to close the system, in contrast to, for instance, solving
Friedmann equations where an equation of state for the fluids has to be assumed. Instead,
any non-trivial dynamical evolution of macroscopic DM properties can be exactly derived
from a PSD approach, as we show in sections 2.2 and 2.3.

Typically, eq. (2.1) is solved only at the background level for freeze-in dynamics; however,
for the purpose of determining the evolution of isocurvature perturbations, we go one step
further and study the dynamics of perturbations. In other words, first we expand both the
DM PSD and the collision term as

fx(w,pﬂ') :fx(p77)+5fx(map’7)a (2'2)
C(x,p,7) = C(p,7) + 6C(x,p, ), (2.3)

where fx and C = C] ﬁ] are the homogeneous and isotropic background components with
no spatial dependence, and 4 f, < fx and 6C < C are linear perturbations, which contains
spatial fluctuations. We then proceed by solving separately eq. (2.1) at the background and
perturbative level to determine both fx and df,.

Throughout this study we approximate the early Universe to have two components: the
DM fluid and the SM bath, consisting of all relativistic SM particles in thermal equilibrium
at temperature 7. We denote the SM bath sector with the subscript “r” for radiation. This
description of SM particles all in equilibrium at a single temperature breaks down when
neutrinos decouple around 71" ~ 1 MeV; thus, we restrict our study to DM freeze-in scenarios
that conclude before neutrino decoupling. The energy density of the SM bath is

=g (1)1, (2.4)



where ¢.(T) is the effective number of relativistic degrees of freedom at temperature 7. Any
particle species in kinetic equilibrium has a PSD given by a Bose-Einstein or Fermi-Dirac

distribution
1

f’i: eEi/T:I:17 (25)
depending on the spin statistics of the particle (— for bosons, + for fermions), where E;

is the particle’s energy.

2.1 Dark matter production models

The collision term appearing on the right-hand side of eq. (2.1) dictates how the DM sector
is created. Here we analyze two representative DM freeze-in channels: DM production
through the direct decay of a heavy parent particle thermalized with the SM bath and
through the annihilation of SM particles. For both cases, we assume DM is a spin-1/2
fermion. The collision terms reported in section 2.1 are valid at all order in perturbation
theory, and we further specify them at the background and perturbative level in sections 2.2
and 2.3, respectively.

2.1.1 Direct decay

For the case of direct decay, we consider a vector particle Z’ that is thermalized with the
SM bath in the early Universe! such that its PSD is a Bose-Einstein distribution with
temperature 7. The DM particle x interacts with the Z’ particle according to the Lagrangian

o 1 - —/.
LD g2, Xv"x + §m2Z/ZMZ 4+ x(i0 —my)x, (2.6)
where m,, and my are the DM and Z’' masses, respectively, and g, is the coupling con-
stant for the interaction. The spin-averaged? scattering amplitude squared for the decay
process Z' — xx is

2
oo 2 Ix(, 2 2
Mol =3 (m% +2m2). (2.7)
The inverse-decay process xx — Z’ and effects coming from Pauli blocking factors are
negligible throughout freeze-in due to the small abundance of x particles (i.e., fy, < fz/).
Under these approximations the collision term for the decay process simplifies to

1 [ 3dpy 243 S
Otz = 5/ (277)322Ez/ / (%)32%12”)45(4’(172/—px—py)\Mzwxyl fz, (28)
X

where 5™ is an n-th dimensional Dirac delta function.

'We remain agnostic on the interaction with the SM that lead to thermalization. While we note that the
addition of a Z’ may be subject to other constraints, we do not consider them in this work.
*We follow the convention in ref. [47] of averaging over initial and final states.



2.1.2 2-to-2 annihilation

For 2-to-2 annihilation, we consider a millicharged DM particle x with mass m, > 1 MeV.
Millicharged DM could arise from a DM hypercharge or from coupling DM to an ultralight
dark photon mediator that mixes kinetically with the SM photon; for the purposes of this
work, we assume a pure millicharge scenario.

Freeze-in proceeds via electron-positron annihilation, characterized by the Lagrangian

1
LD eJhy AL+ eQy X XA, + x(i0 — my)x — ZFWFW , (2.9)

where A, is the SM photon, F* is the electromagnetic field strength, and J&,; is the SM
electromagnetic current. The spin-averaged amplitude squared of the process e;e_ — xx is

4,12
e Qx
252

[t2 t+u? +4s(m? + m2) - 2(m? +m2>2], (2.10)

—_—2
Me e oxxl = X

where s, t, and u are the Mandelstam variables, m, is the electron/positron mass, and Qe
is the DM millicharge. Similar to the decay case, the inverse process xx — ere_ and Pauli
blocking factors are highly suppressed due to the low DM abundance (i.e., fy, < f.). We
estimate the relative suppression in abundance to be

. M
USUECIN 10—6< eV) , (2.11)

fe 2 my
where zg is the redshift at the end of the freeze-in process, zeq ~ 3500 is the redshift of
matter-radiation equality, and we have assumed that DM is nonrelativistic at the end of
freeze-in at redshift zg and that fo(zg) ~ fy(2zs) for my 2 1MeV. We use a Boltzmann
distribution to describe the PSD of the electrons and positrons such that f. ~ e~ </T. The
collision term for annihilation simplifies to
comif, f] 1 / 2d3pe_ 2d°pe., 2d3px;
e 2 ) (2m)32E._ ) (2m)32E., J (2m)32Eg (2.12)

—_ 2
X (27T)45(4) (Pe_ + De, — Px *pY)|Me+e_ax>2‘ fe_ fe+-

The Lagrangian in eq. (2.9) also allows for elastic scattering processes e~ x — e~ x with
a scattering amplitude squared of

64Qi
2t2

Efficient elastic scattering can establish kinetic equilibrium and alter the DM PSD function.

_
‘Me—x%E—x| =

[82 +u® — 4(m? + mi)(s +u) + 6(m? + mi)ﬂ . (2.13)

By writing down the collision term for the elastic scattering process and comparing with
eq. (2.12), we find that the collision terms of the two processes obey

—_—
1 (Me_xse x| f
c* < Cann%l_ (2.14)
(Mee sl Je
At the end of freeze-in, we have
—_—
M 2 2
| efx—>efx’2 ~ % < 374 ~ 10, (2.15)
Meye gl & ™Mb



where m3,

= ¢2T?/3 is the square of the Debye plasma mass, which accounts for screening
of the electromagnetic field in a charged, relativistic plasma [48]. Therefore, during the

DM creation process,

X

MeV \ [ s%/m}
el ann < D
ce /et < 0.01( - ) ( 107 ) , (2.16)

which indicates that the evolution of the PSD function in eq. (2.1) is dominated by the
s-channel annihilation collision term in eq. (2.12). Thus, we estimate that elastic processes
are subdominant to the leading collision term due to annihilations C*" for the mass range
we consider (m, > 1MeV) and can be neglected when solving eq. (2.1).

After freeze-in, when DM is nonrelativistic, we expect the rate of momentum transfer
between DM and the baryon fluid to be sufficiently small, such that f, remains unaltered.
Based on CMB studies of millicharged DM scattering [49-51], for m, 2 1 MeV, the momentum-
transfer rate coefficient between DM and electrons/protons is < (0(0.01) of the Hubble
expansion rate pre-recombination for @, > O(107Y). Since at least an order of magnitude
smaller millicharge @Q)e is required to reproduce the observed DM abundance, we expect
elastic scattering to have a negligible impact on the DM velocity distribution. In summary,
we calculate f, from the annihilation collision term C*"" throughout freeze-in and assume
that it remains unaltered afterwards.

2.2 Background evolution

The Boltzmann equation (2.1) for the background PSD f, simplifies to

ofy _ @
or €

C, (2.17)

where € = aF = /¢% + m§a2 is the comoving energy, and ¢ = ap is the comoving momentum.
The background collision terms in eq. (2.8) and (2.12) depend only on the homogeneous
background temperature T(7), which coincides with the photon temperature in the early
Universe. Therefore, the background collision term in the decay case is

2 E
d . gX 2 2 max 1
C [fZ/] = 647Tpx (mzl + me) AIIIin dEm s (218)

where

2 2
™Mo, m',
B = ﬁ (Ex—px, /1—4m§</m2z,), o ﬁ (Ex+px. /1—4m§</m22/) . (2.19)
X X

and in the annihilation case is

- 2
2Ta2Q? [ ds — Pxs Pxy/s(s =4m3) \ [T g2
Cann 7 _ as T T h _ 1— e ) 2 2 2 ,
[fe_, fe,] 3py _/S 826 xT gin — oaT —~ (2mg + s)(2m3, + s)

(2.20)

where smin = max[4m2, 2m, (E, +m,)].



Macroscopic quantities like the DM number density, energy density, and pressure are
obtained from the PSD fx by

3p
i) = [ Gehie). (2.21)

_ 2d°%p
Px(T) Z/(2 E sEf(p,7), (2.22)
_ 2d%p p? -
By(r) = / Grsph ), (2.23)
Integrating eq. (2.17) recovers both the number density and energy density conservation
equations
dnx 2d%q C
3 — — 2.24
dr 3y T a2 / (2m)3 €’ (2:24)
ds _
x| 3945, (1 + wy) = aQ, (2.25)

dr

where H = a~! Za is the conformal Hubble expansion rate, wy, = p,/py is the DM equation

of state, and Q is the energy exchange term defined as

2d3q ~
GS/(%)‘JF)C. (2.26)

The last macroscopic DM property relevant for our analysis is the adiabatic sound speed cix =

Q

P/ P Freeze-in calculations of DM models [7, 8, 52] often entail solving eq. (2.24) or eq. (2.25)
to relate the predicted amount of DM for a given interaction and coupling strength to the
observed relic abundance of DM. However, in this work, we solve for the DM PSD directly.
Predictions for the shape of the nonthermal phase space are only accessible when solving
eq. (2.17) directly. Moreover, the evolution of macroscopic DM fluid properties, such as the
equation of state, can be only be derived from first principles using a PSD approach.

We solve eq. (2.17) in the interval [Tin;, Thn] for the collision terms in eq. (2.8) and
eq. (2.12), corresponding to our two models of interest. We choose the initial time such
that T(Tini) > T(zg), while the final time 74, is chosen such that Q(7g,) = 0 and my >
Dy (Thin), i-e., well after DM has transitioned to become nonrelativitistic. We use 60 bins
of discrete comoving momenta spanning from ¢, = 1.4 x 1072 MeV to 14MeV for all DM
masses considered, normalizing the scale factor to unity at T'=1MeV. We take fx(ﬂni) =0,
noting that the two classes of models we consider have an attractor solution. In other words,
irrespective of the exact initial condition for the DM PSD, the IR-dominated dynamical
evolution leads to the same final PSD; thus, we are not sensitive to the exact choice of
fx(ﬁni). Figure 1 shows the resulting PSDs for various choices of model parameters, along
with the Fermi-Dirac distribution for comparison. The peak of the PSD for more massive DM
candidates is shifted towards lower momenta with respect to the PSD of lighter ones. DM is

created relativistic, with a typical momentum of order p,, ~ T(25) = Tj. This shift in the PSD
1/3

peak between heavier and lighter species is approximately [g* (Thghter) /g+(T, heav‘er)] / < 1.

In figure 2, we show the evolution of the background comoving number density n{™™ =

ﬁxa?’ as a function of m, /T. Note that temperature scales with a according to entropy
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Figure 1. Background PSD of freeze-in DM for the decay (left panel) and 2-to-2 annihilation (right
panel) scenarios, as a function of comoving momentum. The normalization for each PSD is set such
that it integrates to 1, and the scale factor is normalized to be unity at "= 1 MeV. The dashed, black
line represents the Fermi-Dirac distribution.
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Figure 2. Background decay (left panel) and freeze-in millicharged DM (right panel) comoving number
density. Numbers are normalized by n} = 1079 MeV Mpc—3. The kinks appear at the beginning of the
QCD phase transition (PT). Couplings are reported below each corresponding line.

conservation: T ~ g, (T)l/ 3a.% Therefore, T decreases less slowly as a function of @ when g,
decreases, particularly after the QCD phase transition at temperature 7' = 200 MeV, and this
effect is noted for the curves in figure 2. We fix the coupling constants g, and @, by matching
the comoving number density abundance n{™ = ﬁxas such that freeze-in produces all of the
(Tfin) = ﬁX(Tﬁn)a(Tﬁn)g = Nx,0-

While f(7g,) does not depend on f(7iy;), the required value of the coupling constant

observed dark matter abundance today, requiring ng™

needed to produce the observed DM abundance does depend on whether a fraction of DM

3Since we consider freeze-in processes that complete before neutrino decoupling, g. as defined in eq. (2.4)
coincides with g.g, the effective number of relativistic degrees of freedom associated with entropy density.



was created during reheating, yielding an initial DM abundance ﬁ;“ Since the freeze-in DM
abundance scales approximately with the coupling constant squared, we have that Q&f ) / Q&O) ~
(1 — Fini)'/? for the case of 2-to-2 annihilation, where Q§<f ) and Q&O) correspond to the
couplings for which fx # (0 and fx = 0 at initial time 73p;, respectively. The parameter Fiy; =

ﬁ;om(ﬂni)/ ﬁ;om(Tﬁn) quantifies the initial comoving abundance of DM.
2.3 Perturbative evolution

To solve for the spatial fluctuations of freeze-in DM, we choose to work in synchronous
gauge, in which the line element squared

ds® = a*(7) [—dT + (045 + hij)dacidwj} (2.27)
contains the metric perturbation
iz | Kikj kik;, 1
hij(a:,r) = /d3k‘e k:a:[ ) h(k ) ( k,2j - 35ij>6’l7(k,7')] . (2.28)
The Boltzmann equation in Fourier space for the perturbed PSD SL\fX reads [53]
95f, i —~ dfy [dn (k-q@)?(dh dn a? —
—X + —(k-q)6 X1 — ( ) = —4C, 2.29
or + e( 9o+ dlogq |fi7' 2k2q%2 \dt + dr € (2.29)

where 6C is the perturbed collision term in Fourier space determined by

3d3pZ/ 2d

6C" (k,p,m) = 5 @nVaEy %)32’; 6D (b2 —p =)Mozl 0F 21(k,p2,7).
(2.30)
—~ann 1 2d3p5_ 2d3pe+ 2d3pf 4¢(4)
50 (k)p77—) - 5/ (277)32Ee_ (271')32E€+ (271-)32EY( 7T) 6 (pe_ +pe+ _pX _pY)

< [Mere sl [Tfe, (kype 7)fer (Do, T)+ fe_ (pe,,T)@L(k,pePT)} :
(2.31)

for the decay and annihilation freeze-in models, respectively. For a fixed wavenumber £k,
eq. (2.29) depends on the conformal time 7, the magnitude of the comoving momenta ¢, and
k-g=k- q/(kq). We expand the perturbed PSD as a Legendre series:
5fx(k7p7 7-) = Z(_Z)e(2£ + 1)6fx,f(kap7 T)PK(I; : ﬁ) ) (232)
¢

where P, are Legendre polynomials. We similarly expand the perturbed collision term. The
resulting Boltzmann hierarchy is

B _ i ,
a%f;“ N ?’T]: 9o =207 o] + a:‘@l’ (2.33)
8651”;,2 _ %’: (2071 = 36F,s] - (1152}; + ?ZZ) di{gq 1 ajﬁ*g,

aéaf:’é = (%cfl)e Vfﬁx,zq -+ 1)5?%“1} + aj@& for £ > 3.



We focus on deriving DM perturbations on the large scales probed by CMB experiments, so
we solve the Boltzmann hierarchy well before horizon crossing (i.e., k7 < 1). In this limit,
g}x,ézi% ~ (k7)" =~ 0, which allows us to restrict our analysis to multipoles £ = 0, 1,2

To calculate the multipole moments of the collision term, we expand the perturbed
PSD in terms of temperature fluctuations 67'(x, p, 7) in the SM bath. For the decay case,
the PSD for 7’ is

E eE/T

———— 0T (x,p 2.34
T2 (eE/T—l)Zd (w7p77_)7 ( 3 )

folz,p,7) ~ ( E/T 1)71 N

assuming that rapid elastic processes in the thermal bath suppress any dependence on the
absolute value of the momentum [54-57]. With this simplification we find

500 = + log

eEmin/T — 1 eEmax/T — 1 1 — e_Emin/T

_a (mZ 4 2m2)dTo [ p T  Ewa/T 1 — = Bmax/T
647Dy ’

(2.35)

d g>2< (mQZ, + 2mi) (STl /Emax dE FE eE/T 2EEX . m2Z’

(5/5' = )
: 647py Buw T T (eF/T 129, [E2 2,

where the temperature fluctuation in Fourier space has also been expanded in a Legendre
series as

0T (k,p,7) = > (—i) (20 + 1)0T o (k, 7) Py(k - P) . (2.36)
¢

Anisotropic stress vanishes for a species in thermal equilibrium; thus, 5T o =0and 55’2 o
0Ty = 0. Therefore, eq. (2.33) together with eq. (2.35) specify the full Boltzmann hierarchy.
In a similar fashion, for millicharged DM we expand the electron/positron PSD as

_ E _
felz,p,7) ~ e BT ﬁe‘E/TéT(w,fo, 7), (2.37)

to compute the multipole moments of the perturbed collision term and find

2 45T
som = oo / ds {eEmm/T<E;jm+1) Emax/T<Ef%aX+1>}
Smin

12(27)3py
2
1_4mg 1+2mg 1+2mX1’
S
(2.38)
e Q2 16T / _ 4m2 2m? 2m2
Lo 1202n)3py Jan,

% Emm/T Ein - S e*Emax/T EL_&X_"_l_ _S .
T 9T B, T 9T E,

We report additional details of the calculation in appendix A.
We obtain the perturbed macroscopic fluid quantities — such as the energy density
fluctuation dp,, pressure perturbation p,, velocity divergence 6,, and anisotropic stress o, —
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by integrating the Boltzmann hierarchy in eqgs. (2.33) (see appendix B for details) [53, 58, 59]:

) 2d3q — o 4 [ 2d3q =
dpy = Oxpx =a” /(2 )3 5€0f 05 (Px + Px)by = ka / (27 >3q 0f 1
(2.39)
2d%q ¢° L _ 2d3q 2¢° —
5pX =a / ( )3 3¢ fXO ) (px +pX)CfX =a 4/ (27T)3 3¢ 5fx,2 :

Since DM is created relativistic, the fluid equations during freeze-in can be approximated as

do 1dh\
dpx+37—[6px~|—37-[(6px~|—5px)+,0x(1—|—wx)(9 t5 s )zaéQO,
d 0 —
[('OXZZ_TM—|—4’pr(1—|—wx)t9x—k:26px—|—k:2px(1—|—wx)ox:aéQl, (2.40)

d[(py+Dx)oy]

4 8 dh | 164
TPIT L atp (1+ w1t 15 =o0.

Bdr 5 dr )T
where the source terms on the right-hand side of the equations represent the energy and
momentum exchange, given by

_ 243 —~ _ 243 _
50, = a—3/ T4 5e0 and 60, = k;a—3/ 4457 (2.41)

respectively. We obtain (S/Qo and 00, numerically by directly integrating the collision terms.
We also derive an analytic approximation of §Qy and 6Q; (see appendix A for details) for
both models of interest in the regime where Z’ and ey /e_ are relativistic:

22 2\ 5T 2 2 E/T

—~d gz (m7, +2m2)0Ty 4ms, E e

09, ~ X X 1-— /dE\/ E? — ,< > _ 2.42

Q ~ Coa 16(27)3 mZ/ Mz T (eB/T —1)2 ’ ( )

22 2\ .57 2 2 E/T

—d g5 (m, +2m3)ké T 4m?2 / ) 5 \3/2 ( E) e

R 1-— E E — / = —
0Q1 ~Cia 16(27)3 m%, d Mz ) T) (eB/T —1)2°

(2.43)
—~ ann et 26T 4m?2 2m2 2m?2
590 ~ Oann Q 0/ \/ \/ ZLE <1+ T:e><1+ SX>

3/2 i}
x (6 + 6¢T§ + 3% + STB> e~ VIIT (2.44)

—>ann €4Q2 kﬁl \/ 4m 4m? 2m2 2m2 -
X _ X _ e e X K
5Q1 ~ CLann 6(27‘(’)5 /dS 1 s ]. s 1 + s 1 + s 33 2(\/§/T> ;
(2.45)

where Ko(x) are modified Bessel functions of the second kind, and the temperature multipoles
are related to the overdensity and velocity divergence of the thermal species as 5T 0o=T6, /4
(6T = T6./4) and 6Ty = T8, /(3k) (6T = Th./(3k)) for the decay (annihilation) case. To
align with the exact numerical results of integrating the collision terms, we introduce the
calibration constants Cpq,Ciq = 2 and Co ann,C1,ann ~ 1.5. As these calibration constants are
O(1), the analytic approximations are broadly consistent with the numerical result; thus, we
surmise the approximations would be applicable to other models as well.
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2.4 Initial conditions for DM freeze-in perturbations

The last step required to solve the Boltzmann hierarchy is specifying the initial conditions
for the perturbed PSD. The most general solution of the perturbed Boltzmann equation
for a combination of multiple fluids is a linear combination of different modes, which evolve
independently. The observable modes for a two-component system, consisting of the SM bath
and DM, are the adiabatic and DM isocurvature modes. The adiabatic mode corresponds
to the energy density perturbations of the DM being in phase with the energy density
perturbations of the SM bath, such that a local overdensity in the SM bath corresponds to
an overdensity in the DM. The DM isocurvature mode describes the situation in which a
local overdensity in the SM bath corresponds to an underdensity in the DM, such that the
total energy density is homogenous. In principle, there is also a velocity isocurvature mode
for a relativistic species; however, such a mode rapidly decays as DM becomes nonrelativistic.

The classification into adiabatic and isocurvature modes is well-defined on super-horizon
scales (kT < 1), where they are characterized in terms of a regular (constant or growing in
the limit k7 — 0) or singular (decaying in the limit k7 — 0) modes, when properly accounting
for gauge modes [60]. We focus on the evolution of perturbations on cosmologically relevant
scales k € [107%,1071] Mpc~!, which remain in the super-horizon regime for the entire DM-
formation epoch (i.e., k7ini < k7 < 1). Our aim is to evolve the perturbed DM PSD
throughout freeze-in for both physical modes. To find the initial conditions at the beginning
of freeze-in for the multipoles in each mode, we consider

_ 6, df, —~ 0, df, — oy df.
0fy0=—— o= 0fy1 = — i 0fyo=—2tar—. 2.46
T 4 dlogq’ T 3qk dlogq’ S 2 dlogq (2.46)
where the attractor solution for 5id/ =0 G;d/ o O';d/ ° at initial time Tiy; is found using the

iterative procedure of ref. [61]. In particular, we relate the task of finding initial conditions and
observable modes to the language of eigenvectors and eigenvalues of the system of perturbed
Einstein equations for the metric variables (h,7) and conservation laws for the perturbed
variables describing the radiation (d,6:) and DM (dy, 0y, 0y ) sectors:

dUu

Tlog(hr] = AGTIU, (2.47)

where U = (1, h, d;, 0,6y, 0y,0,) and A is a matrix encoding the evolution equations.
The general solution of eq. (2.47) reads

U(kr) = Cj(kr/kr )N UV, (2.48)

where the index j labels the different modes, C; are constants, A\; are the eigenvalues of
the modes, and 7, is a reference time scale in which we assess the relative importance of

different modes. The matrix A is expanded in powers of k, i.e., A(k) = 3, A;(k7)?,
where A; are constant matrices. Similarly, we also expand the vector U ) = Yo U E-j )(k‘T)i,
where i labels the order of the expansion in k7. Thus, A\; and U((]j ) are the eigenvalues
and associated eigenvectors for Ap. The eigenvalue determines whether the mode is regular

(Aj > 0) or singular (\; < 0).
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We identify the adiabatic mode as the one with constant 1 in the limit k7 — 0 (i.e.,
eigenvalue A\,q = 0). The amplitude of this mode is the curvature perturbation R. For the
DM attractor solution in the adiabatic mode, we find

1
hd = 5(kr)QR, (2.49)
1
ad 2
=1- —(k 2.
1
62d = —g(kT)QR, (2.51)
1
02 = — — k(kr)3 2.52
T 36 ( T)~R’ ) ( 5 )
oad = 2 = P N )2 2.
2 T,./T; + 20q(1 + 2¢, )T, /T,
ot — 23304 o/ T + 20000 1+ 20)Ton/ Ty o (2.54)
180(1 + 29)(3 + 4q)
2
ad 2
= k ini R’ 2.55
X 151 90g ) (2.55)
where
ol (2.56)

T 3H (G, + by

quantifies the efficiency of the energy transfer to DM in an expanding Universe, and

L. =Q/p: (2.57)
1_‘pr = 5QO/(ﬁr5r) (2.58)
FGr = 5Q1/((ﬁr +ﬁr)9r) (259)

are the dimensionless background energy exchange, perturbed energy exchange, and perturbed
momentum exchange parameters, respectively. For the purpose of finding an analytical
solution of the system of equations, we assume that q,I',./ Iy, Tor / I, are constant during
freeze-in. The true time-dependence of these quantities is showed in section 3, and is consistent
with the assumption made here. In the limit g — 0, (relativistic) DM energy density redshifts

4. in the limit q — 1, DM maintains a constant energy density. The energy transfer

as a

is negligible in the q — 0 limit, and the initial conditions simplify to (5;‘1 = —(k7mi)?/3,
G;d = —23k%73,/540, and U;d = 2(k7ini)%/45, consistent with the results expected from a
subdominant, non-interacting, free-streaming species [60, 62].

We identify the DM isocurvature mode as the mode that has constant overdensity J,
when the energy exchange is negligible (i.e., in the q — 0 limit). In this case, at times
when DM is relativistic, we have Aj, = O, 5;50 =1, 9;?0 = k?7ini/4, and O‘;SO = (kmini)?/30,
matching the isocurvature initial conditions for a subdominant free-streaming species [60, 62].
However, when the energy transfer is non-negligible, the isocurvature mode has a negative
eigenvalue; hence, the mode is decaying as long as the energy exchange proceeds. In this

scenario, Ajso = —4q, which in the annihilation case with g*"* ~ 1/4 simplifies to Ajso &~ —1
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such that the DM isocurvature mode reads

i r T
piso — _firwiknmsxr (2.60)
iso 3F9r + r T
n= 12Fr Pw lemsxr (261)
550 = —w, Sy, (2.62)
020 = — (w2 /4)Syr (2.63)
530 = (kTini) " Sy.r (2.64)
030 = (k/4)Sy (2.65)
iso 1 F9r + Fpr 2
0y = <30 — 10Frwx> kTiniSyr (2.66)

where @, = HoQyo/(v/Qrok), and Hp, 2,0 and o are the present-day Hubble expansion
rate, DM relic abundance, and radiation relic abundance, respectively. The amplitude of the
isocurvature perturbation is Sy;. In the decay case we have q@ ~ 3/4 and

: 1 21

w1 (1 + 2 >wx(kﬁm)3sxr (2.67)
i w

n 0= X (kTini)QS)(r 2.68

%0 (2.68)
5% = —w, Sy (2.69)
e i/4> " (2.70)
51?0 = (kTml) ( )
eiso (k/4 )(lenl) 2er ( )

oiso — (lenl)

X 30 kTmlSXT ) (273)

where @, = HoQy0/ (v hok377), where 75 is the conformal time at the end of the freeze-in.

Given the initial conditions for the DM PSD and the evolution of the other perturbed
variables, we can now solve the Boltzmann hierarchy in eq. (2.33) for each individual mode.
We show in figure 3 the £ = 0,1, 2 multipoles of the adiabatic and DM isocurvature perturbed
PSD for the decay and annihilation freeze-in cases at the end of the freeze-in process.
The qualitative difference between decay and annihilation case is the shape of gjfx’oz the
isocurvature mode of this PSD multipole does not evolve in time and thus remains imprinted
in the features of the background PSD (cfr. eq. (2.46)) at 7ipi. In the decay case, at the initial
time, the background PSD at small momenta mya(7ini) S ¢, S 1 scales as fx N —qy 2log gy,
and thus q?cgt\fxﬁ x —qidfx/dlog gy ~ —loggqy, explaining the growth in figure 3. For
momenta ¢, < mya(Tini), the perturbed PSD tend to zero. On the other hand, in the
annihilation case the growth of the background PSD at low momenta is less steep; hence,
we recover a more familiar shape for gjfx70. As with the background PSD, the different
multipoles (and hence the total perturbed PSD) are peaked at lower momenta with respect
to the perturbed Fermi-Dirac distribution.
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Figure 3. Multipoles of the perturbed PSD of freeze-in DM for the decay (left panel) and 2-to-2
annihilation (right panel) scenarios as a function of comoving momentum. We show the adiabatic and
DM isocurvature modes for the decay case with mz = 10 GeV, m, = 4 GeV and the annihilation
case with m, = 10MeV. The normalization for each PSD is set such that it integrates to 1, and the
scale factor is normalized to be unity at "= 1MeV. The dashed, black line represents the perturbed
Fermi-Dirac (FD) distribution.

3 Evolution of primordial perturbations

3.1 Kodama-Sasaki formalism

We employ the formalism developed by Bardeen [63] and extended by Kodama and Sasaki
(KS) [64, 65] to study the evolution of the amplitudes for the adiabatic and isocurvature
perturbations in our two-component universe, consisting of freeze-in DM and the SM bath.
In this framework the scalar metric perturbations are given in terms of four functions of
conformal time and comoving coordinates (A, B, Hy,, Hr), where the metric is

ds* = a*(1){ —(1 + 2A)dr? — 298 1aidr + (14 2HL)6i; + 2@ de'dr? 3. (3.1)
oxt K oxtOxd

The KS formalism consists of four differential equations quantifying the evolution of four gauge
invariant variables: the total density perturbation A, the total velocity V', the isocurvature
perturbation amplitude S\, and the relative velocity V,,. Our goal is to solve the KS equations
throughout the DM freeze-in process in order to track the evolution of amplitude of the
isocurvature mode S,. The gauge-invariant KS variables in our two fluid system are defined as

pA = ﬁxAx + ey
(P + D)V = (px + D)V + (or + Px)Vi

A A
Sy = X _ a 3.4
¥ lrw, 14w (3.4
er = VX_‘/r, (35)
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where

Ay = 0y + 301+ w)(1 - ) H(6/k ~ B) (3.6)
A= 6,430+ w)(1—a) 0/~ B) (3.7)
6. 1dHr
L 39
(/3 + 13)9 = (px +px)ex + (ﬁr "‘ﬁr)@r . (3'9)

The curvature perturbation R is related to the total density perturbation A = —(2/3)(k7)*R.
During freeze-in the Universe is radiation dominated such that ¢. < ¢,; hence, we neglect
¢ when solving the KS equations. Furthermore, the radiation sector has equation of
state w, = 1/3 and adiabatic sound speed cir = 1/3; therefore, since we have p, < p;, the
total equation of state and adiabatic sound speed of the multi-fluid system is also w ~ ¢2 ~ 1/3.
Performing a change of variables from 7 to x = k7, the KS system of four differential
equations simplifies to

o_si g,

=% s g[a Tt - [+ 5[0 (3.11)

e AR S N (3.12)
% {qx +3(1+ Cg,x)qx} A— %ﬂf {Fim + e — gﬂ}

T --ti-dras cZ,X>qx} Vet (cZ, 3R (1)

where we define the dimensionless perturbed energy and velocity exchange parameters in
the KS formalism in terms of the integrated background and perturbed collision terms we
derive in sections 2.2 such that

§Qy 1 dOH(0/k—B
Exr:gx_gr%gx:qx< QO_'HQE (/k )>a (3.15)
Fo=F —F~F = 0 — & (3.16)

aHk(py + Dx)
Additionally, the intrinsic non-adiabatic pressure perturbation Iy, the relative entropy
perturbation I';¢, and the anisotropic stress II are

Pl = plint + PLrel 5 (3.17)
pIl = py 1Ly + prlly = g(ﬁx + Py )0y (3.18)
Plint = Py 'y + ol = (5px - cixépx) , (3.19)
Plrel = (cﬁ,x - cfu) (Px + Px) [er + qx1fw} : (3.20)
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Figure 4. Evolution of the equation of state w, (solid lines) and adiabatic sound speed cg’x (dashed
lines) for the decay (left panel) and 2-to-2 annihilation (right panel) freeze-in scenarios.

respectively. The anisotropic stress II, and internal pressure perturbation I'. of the thermal
radiation are negligible due to the fast interactions in the SM bath, which maintain equilibrium
and suppress deviations from a perfect fluid. Therefore, calculating the DM fluid macroscopic
properties is sufficient to quantify the global properties in equations (3.17)—(3.20).

Using the solutions of the perturbed and background evolution equations for the DM
PSD, we calculate the evolution of the quantities in egs. (3.17)—(3.20), the DM equation
of state w,, and the adiabatic sound speed cg’x. In figure 4, we show the evolution of w,
and cix as a function of conformal time 7 for various DM masses for freeze-in through decay
and annihilation. As expected, the DM is relativistic at early times with an equation of state
of wy, =1/3, and it eventually transitions to cold DM with w, (74,) = 0. The adiabatic sound
speed tracks the evolution of the equation of state but with a small time delay.

In figure 5 we show the evolution of DM internal pressure and anisotropic stress fluid
properties for both the adiabatic and the isocurvature mode. We observe that all these fluid
properties are suppressed during the DM formation epoch by powers of k7. In particular, we
find that during DM formation, the non-adiabatic pressure perturbations evolve as \F§d| /R x
(kr)* and [T5°| /(S (7/78) %) o< (k7)?, which are compatible with the theoretical scaling
with time that can be estimated as

; 2d3q q2 <—ad,iso q m?a? —ad,iso
ad,iso __ 2 ) ~ 347X )
B = / (2m)3 (36 Cax 0 x0 /d 1 q* o (3.21)

where we keep only the leading order in expanding for ¢, > m,a. Therefore the expected
scaling with time of I" is given by the scaling of J, times the additional factor a’? o 72. On
the other hand, during freeze-in, when II, ~ o, the anisotropic stress perturbation evolves
as H;d/R o (k7)? and |H§O’/(er(7'/7'ﬁ)_4qx) o (k7)? as suggested by the mode evolution

described in section 2.4. These behaviours are common to both models. The relative entropy

2
a7X -

are gauge-invariant by construction; hence, they can be computed in any gauge of choice

perturbation I'y¢ vanishes during freeze-in, since ¢ c?w. Note that all these properties

when solving the perturbed PSD Boltzmann hierarchy.
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Figure 5. Evolution of the DM non-adiabatic pressure I'y and anisotropic stress II, perturbations
for the DM adiabatic and isocurvature modes for & = 1072 Mpc~*. Curves are normalized by the total
amplitude of their respective mode to represent the intrinsic value. We set mz = 10GeV and m, =
4 GeV for the decay case (left panel) and m, = 1GeV for the 2-to-2 annihilation case (right panel).

We turn our attention to the non-zero energy exchange term FE,,. For the freeze-in
models we consider, the energy transfer term is a function of temperature of the thermal bath
such that Q = Q,(T'), where T is determined by the radiation energy density p, = % g«(T)T*.
The relative energy exchange term appearing in eq. (3.15) can be rewritten as

Q  dlogp, = Hdr Hdr " Hdr k . '
Therefore, eq. (3.15) simplifies to
dlog Q A Py +D
By = (1 . X _ Px T Px r} . 9
= e G | - s, (3:23)

In the case zero initial DM isocurvature S,, = 0, consistent with single field inflation, the
energy exchange term vanishes in the large scale limit  — 0 (since A ~ 2?) and thus
does not source isocurvature.

In figure 6 we show the evolution of q‘;(, qy™", and 'y / [}, Do /T, defined in eqgs. (2.56)—
(2.59) for a selection of DM masses in our two benchmark models. Regarding the parameters q
for decay and annihilation, we observe that their values do not vary significantly during
freeze-in, except during the QCD phase transition at 7 ~ 10%s for reasons discussed in
section 2.2. The initial steep phase of the curve corresponds to DM rapidly approaching its
background attractor solution, since we assume that at initial time fx(ﬂm) = 0. Conversely,
if a sizeable fraction of DM is already present at initial time, we would have observed q, — 0
also at early times. On the other hand, we observe that our treatment of the I',;/ Iy, Lo, / T,
coefficients in section 2.4 as effective constants is well-justified in the regime where T >> m
and T > My, Me. When the temperature drops closer to the mass scales of the particles
involved in freeze-in, the evolution of these quantities is affected by the choice of mass
parameters. However, note that these differences appear only during the final stages of
freeze-in, when energy and momentum transfer start becoming inefficient.
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Figure 6. Top panels: relative background energy exchange parameter q for the decay (left panel)
and 2-to-2 annhilation (right panel) freeze-in models. Dashed lines corresponds to the values q¢ = 3/4
and g*"" = 1/4 which we used for analytical estimate of sections 2.4 and 3.2. The kinks correspond
to the beginning of the QCD phase transition (PT). Bottom panels: perturbed energy T, /T, (solid
lines) and momentum Ty, /T, (dashed lines) exchange coefficients.

3.2 Dark matter freeze-in with initial isocurvature

Generically, in a single-field slow-roll model of inflation, only the adiabatic mode is excited.
The perturbation in the inflaton field ¢ can be expressed in terms of a time shift ot of the
background scalar field such that [66]

¢ = %&. (3.24)

After inflation, perturbations in the spatial distribution of different species are connected by

= 75px = 6p1‘
dpy = dp.
dr dr

which implies S, ~ 0 due to the energy density continuity equation. Any contributions to

ot

(3.25)

Syr from the coupled evolution with R that vanish in the k7 — 0 limit are not fundamental
excitations of the isocurvature mode and thus are not observable [64].

However, in the presence of multiple fields during the inflationary era, the DM isocurvature
mode can be excited. For example, if a second subdominant scalar field is present during
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Figure 7. Isocurvature amplitude evolution, normalized by the curvature amplitude evolution, for
the decay (left panel) and 2-to-2 annihilation (right panel freeze-in scenarios. We set myz = 10 GeV
and m, = 2GeV for the decay case and m, = 1.6 GeV for the 2-to-2 annihilation case. We show the
evolution for different comoving DM abundances Fin;. Solid and dashed lines correspond to S;“ri =R
and S;r;i = 107'R, respectively.

inflation, its fluctuations have non-zero power spectrum (e.g., see refs. [67-73]). We consider a
scenario in which a fraction of DM is present at the end inflation with an excited isocurvature
mode with amplitude S;(r;i > 0. The remaining fraction of DM is produced post inflation via
freeze-in. Note that we still assume there is a single species of DM particle.

To analyze this scenario, we solve the KS equations with the initial conditions S;}i =R
and initial fraction of DM abundance Fi,; (see section 2.2). In the context of reheating,
efficient energy exchange has been shown to lead to an exponential decay of isocurvature [46].
This scenario would apply, for example, if DM were a WIMP in thermal equilibrium with
the SM bath in the early Universe. Any initial DM isocurvature would be erased due to
DM becoming part of the thermal bath.

However, in the freeze-in scenario, the interactions are not efficient enough to erase
the initial isocurvature, as shown in figure 7. We find that the isocurvature perturbation,
despite being diluted, could still have an impact on late time observables. The evolution of
the energy and momentum source terms F,, and F,, depends not only on the properties of
DM, but also on the relative size of the primordial curvature and isocurvature perturbations.
For our benchmark models we have that

4 T,[3 p >R deca
By~ —-q == [A — pXSXr] o< v ,
37T, 14 Pr Syr ann.
AT ALw 5 K (3.26)
F\ ~ 3q, Kfr — 1)V — fvaxr} x xR decay, ann.,
3r 3" p+p

at leading order during radiation domination. Both source terms are suppressed on super-
horizon scales. Since ,5‘;(/ pr < 22 and Py / pr o x, the term proportional to A dominates in
the decay case, while the isocurvature term dominates in the annihilation scenario, assuming
that curvature and isocurvature perturbations have comparable amplitudes. At leading order
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the evolution of isocurvature is governed by

Sy 3

0 S04 )aSu (3.27)

Thus, we have S, o 773 for the decay case with qi ~ 0.75 and S, o 71 for the annihilation
case with gi™ ~ 0.25. A rescaling of the initial value of the isocurvature perturbation Sy}
simply corresponds to vertical shift of the curves. In conclusion, the resulting isocurvature,
which is seeded during inflation, does not vanish on large scales and is subject to constraints
from the CMB. The degree of statistical correlation between the isocurvature and adiabatic
fluctuation is not affected by freeze-in, since in this scenario, the two perturbations do not mix.

4 Current and future constraints on isocurvature

Over the past two decades, CMB experiments have favored cosmological initial conditions
that are adiabatic and very nearly Gaussian [74-78]. The Planck collaboration constrains
the primordial isocurvature fraction parameter i, and the degree of correlation § between
the curvature and isocurvature perturbations, which are defined as [76-78]

___ Pss(k) cosd - PrRS
Prr(k) + Pss(k)’ VPrRr + Pss

We forecast the reach of future CMB measurements with Simons Observatory (SO) [79]
and CMB-S4 [80] for three classes of a 1-parameter extension of the ACDM model: totally
correlated (cosd = 1), anti-correlated (cosé = —1), and uncorrelated (cosé = 0) DM

Biso(k)

(4.1)

isocurvature perturbations. We fix the spectral tilt of isocurvature power spectrum to
be nrr = 1 (uncorrelated scenario) or ny; = nrr (totally correlated/anti-correlated scenarios),
making the B, parameter fundamentally scale-independent. If the spectral tilt of the
isocurvature power spectrum is left free to vary, data prefer nzz = 1, which corresponds
to a weaker bound on [, [76-78].

Using the Boltzmann code CLASS [81], we compute the minimum level of isocurvature
perturbations detectable by next-generation experiments by through their impact on the
temperature and polarization anisotropies of the CMB. We perform a Fisher matrix analysis
to obtain estimates of the constraining power. Both SO and CMB-5S4 are located in the
Southern Hemisphere, with fractional sky coverage of fqy = 0.4. For SO we consider the
goal configuration, characterized by a white instrumental noise for temperature of N17 =
6.3 K —arcmin. For CMB-S4 we assume N'7 = 1 pK —arcmin. The expected spatial
resolution for SO is fpwpm = 1.4arcmin, and we use the conservative value of Opwun =
3arcmin for CMB-S4. For both experiments, the polarization noise is taken to be N'FF =
V2NTT. The range of multipoles of interest is £ = [30,3000] for SO and /7 = [30,3000] and
g = [30,5000] for temperature and polarization for CMB-S4, respectively.

Existing constraints for fSis, and the results of our forecast are reported in table 1.
Improvements over Planck for upcoming experiments are driven mainly by improvements in
the polarization noise and provide up to one order of magnitude tighter upper bounds on the
amplitude of the isocurvature power spectrum. Given the time evolution of the isocurvature
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CMB probe | Planck (TEL) | SO (TE) | SO (TEL) | CMB-S4 (TE) | CMB-5S4 (TEL)

Biso 9.5x107% | 1.5x107* | 1.4x1074 1.4x107* 6.7x107°

cosd =1 Fa. 9% 1073 3x1073 | 3x1073 3x1073 2x1073

Fan 4x1072 2x1072 | 2x1072 2x1072 1.5x1072

Biso 3.8x1072 1.7x1072 | 1.7x1072 1.5x1072 8.8x 1073
cosé =0 Fa 0.12 0.07 0.07 0.06 0.04
Fimn 0.22 0.15 0.15 0.14 0.11

Biso 10.7x107% | 1.5x107* | 1.4x 1075 1.4x1074 7.1x1075

cosd=—1 Fa. 9% 1073 3x1073 | 3x1073 3x1073 2x1073

ann 4x1072 2x1072 | 2x1072 2x1072 1.5x1072

Table 1. Current upper limits and forecasted sensitivity on Sis, for totally correlated (cosd=1),
uncorrelated (cosd =0), and totally anti-correlated (cosd = —1) DM isocurvature perturbations. We
consider temperature and polarization anisotropies alone (TE), as well as including lensing (TEL).
Values of S5, are quoted at the 95%CL both for Planck [78] and for the forecasted values upper
bounds. We also include derived upper bounds and forecasted sensitivity on the initial DM abundance
for decay F2; and annihilation F21" DM freeze-in. In the decay case, we consider myz =10GeV

and m, =2GeV. In the 2-to-2 annihilation case, we set m, =100MeV.

ann

perturbation in eq. (3.27), we can recast the final value of the isocurvature perturbation
in terms of the initial DM abundance as

Sini
st = an(F )= (12)

where A is numerical coefficient determined by the full evolution of the KS equations.
Therefore, constraints on fSis, can also be recast in terms of constraints of initial DM
abundance as

< 1 /Biso
e A(S;(I}I/R) 1- IBiSO '

Fi (4.3)
We also report upper bounds on the initial DM abundance in table 1 for the mz = 10 GeV,
m, = 2GeV decay case and the m, = 100MeV annihilation scenario. For our choice
of S1/R = 1, we find upper bounds on the primordial DM abundance that are Fip; S O(1072)
at 95% CL for totally correlated/anti-correlated isocurvature perturbations and Fin <
O(1071) at 95% CL for uncorrelated ones, when considering temperature, polarization, and
lensing anisotropies. Upper bounds for the decay case are a factor O(2 — 5) tighter than
the annihilation scenario, and they are only slightly sensitive to the exact values of m
and m,. We find that the upper bounds from SO and CMB-S4 are very similar and are
typically a factor few better than those derived from Planck. Moreover, upper bounds on the
primordial DM abundance for other points of the parameter space differ by less than a factor
2 from the reported values. If the initial isocurvature-to-curvature ratio is different from
1, upper bounds on fiy; scale according to eq. (4.3); for instance, if S;(r}i/R = 10", upper
bounds are ten times weaker, regardless of the degree of correlation between isocurvature
and curvature perturbations.

— 922 —



In this work we assumed for simplicity that primordial isocurvature has the same scale
dependence of the curvature perturbation. If they possess different scale dependencies, the
constraints are model-dependent; however, we speculate that our results remain valid for
nR ~ ng,, assuming that curvature and isocurvature power spectra have the same pivot
scale, since the constraints mainly come from low multipoles, due to the high-¢ suppression of
temperature fluctuations in the isocurvature mode [82, 83]. On the other hand, as suggested
by the Planck analysis [76-78], we expect constraints to be weaker (stronger) for blue (red)
tilted isocurvature primordial power spectra.

5 Conclusions

In this work we study the cosmological implications of a DM sector generated through a
freeze-in mechanism, a compelling alternative to the traditional WIMP scenario. In particular
we analyze under which conditions a primordial isocurvature perturbation of two classes of
freeze-in models would survive the formation of the DM sector. Because freeze-in DM never
achieves thermal equilibrium, an initial isocurvature is never exponentially washed out.

We develop a theoretical framework that allows for the rigorous determination of the
background and perturbed macroscopic properties of freeze-in DM, produced through direct
decay and 2-to-2 annihilation, starting from the DM PSD. In particular, we compute for the
first time the perturbed PSD from first principles. We note that this approach does not need
to assume how macroscopic properties evolve in time, as in the standard approach where
continuity equations are solved to determine the DM properties. Instead, these properties
are fully derived by the evolved PSD and its fluctuations, which are then used to determine
the isocurvature perturbation evolution.

Depending on the initial amount of DM generated at the end of inflation and on the
amount of primordial isocurvature, we calculate what the final residual isocurvature is at the
end of the DM creation epoch. We forecast the expected sensitivities of next-generation CMB
experiments, SO and CMB-54, in detecting the effects of DM isocurvature on temperature,
polarization, and lensing two-point statistics. We consider different degrees of correlation
between the curvature and isocurvature perturbations, showing how future experiments can
constraint the presence of an initial freeze-in DM abundance at the percent/subpercent level
for a high degree of statistical correlation between curvature and isocurvature perturbations.

Our main findings are that no isocurvature is generated by DM freeze-in. We also find
that fluid properties such as shear, pressure, and entropy perturbations are suppressed at
large scales, and we quantify the degree of suppression for both the adiabatic and isocurvature
modes. In the presence of an initial isocurvature, freeze-in dynamics suppress isocurvature
inefficiently, compared to the exponential suppression of thermal DM, which allows an initial
isocurvature perturbation to persist. The degree of suppression is well-approximated by
background quantities only, with perturbed quantities giving higher order corrections that
are suppressed on large scales.

We present a road map that is applicable to a wide class of DM models. Beyond studying
the impact of DM formation on isocurvature, our treatment of analyzing fluctuations from
first principles may also be relevant for studying a dark sector that feebly couples to photons,
electrons, or neutrinos during the formation of the CMB. If DM isocurvature is ever detected,
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the methodology introduced here can serve as an useful tool to connect the dynamics of DM
formation with inflationary physics, a rather uncharted territory.

Acknowledgments

We thank Rouven Essig, Daniel Grin, Marc Kamionkowski, and Mauro Valli for comments on
the first version of the draft. KVB thanks Wayne Hu, Gordan Krnjaic, and Albert Stebbins
for insightful discussions. KVB also thanks Pranjal Ralegankar and Daniel Egana-Ugrinovic
for comments. KKB thanks Julian Mufioz, Joshua Ruderman, and LianTao Wang for helpful
discussions. The authors further thank Raphael Flauger, Davide Racco, and Antonio Riotto
for relevant correspondence. NB and KKB acknowledge support from the National Science
Foundation (NSF) under Grant No. PHY-2112884. KVB acknowledges the support of NSF
grant PHYS-1915093.

A Perturbed collision terms

In this appendix we compute the perturbed collision term and its /-th moments appearing
in the Boltzmann hierarchy. We also present an analytical approximation of the perturbed
energy and momentum exchange terms, appearing in eq. (2.40). We perform expansions
in terms of Legendre polynomials

l

> Yen(@)Y5,(9), (A1)

m=—/{

47

P@-9) = 20+1

where Y, are spherical harmonics, which form an orthonormal basis, satisfying
[ A2V ()Y () = 8555 (A.2)

where 6% are Kronecker delta functions. Due to the orthonormality of the spherical harmonics,

we have
TPl D)ok p) = i s 3 Vi (B1)View (Pa) [ A0 Vi ()i ()
i PR T R e 1) gy e e
— o By
Y] \P1-DP2)-

A3
We normalize the Legendre polynomials such that Py(x) = 1 and Pi(x) = =. A
A.1 Direct decay
For the case of freeze-in via decay of a heavy parent particle, the perturbed collision term is
f@(k Py 7)
3d*py / 2d%p3
(

72/\
(277)45(4) (pz — Px — p?)|M| Ofz(1,k,py)

2 271' SQEZ/ 27T)32E3
gX mZ,+2m dBpy —~
SW(Ey — By — Bx(lpy — 5f (7, k,py
32 27T EZ/E |pZ’ ’) ( Z X X(’pZ px|)) fZ (T7 7pZ)
gx(mz,+2m

= /dcos HZ/de/E 6(1)(008 07 — cos0)of (T, k, D), (A.4)

647mp, 7
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where cos 0* = (2B E, —m%,)/(2pzpy) and we choose a coordinate system such that

Dz :pZ’(OvsiHHZ'acOSHZ/) pX :px(oa(): 1) .

(A.5)
Under our 0T (k,p, 7) ~ 5T ¢(k,T) approximation, the /-th moment of the collision term
is given by

L[ dQ;
6C, = zf/ o Zkpy (k- )5C(T k.p,)

_ gX(mZ, +2m?2 )

dcos Oz dpy
64mp,, / CoSvz:0pz EZ
gi (mZ, + 2m

(S )(COSGZ/ —COSG )5’@(7 k pZ/)PZ(pZ’ pX)
— §l d 0 9 /d ,
647‘(‘pX / CosSUz apz E

z
Therefore,

E , EZ//T
5(1)(cos 07 — cos6™) Z c

= (eEZ’/T _ 1)2P€(pZ’ px)

(A.6)
g (mZZ/ +2m? )5T0 i ePu/T .
0Cy = 6ampy /dEZ e [P EY Ty /dcos 0,0 (cos 0, — cos 0%)
B gi (mQZ/ + 2m§<>6To /Emax dEE EB/T (A7)
B 647, win T T (/T —1)2 '
_ gi (mQZ, + 2m§<>5T0 Euin/T B Brax/T o 1 — ¢~ Bmax/T
647y cBuin/T 1 Buan/T —1 | 01— ¢~ Bain/T
2 (12 2\ 57 7
—~ gy \mz +2m3 ) 0T E. Ey /T
0C = X( Z64 X> /dEZ'TZ2(E€/T1)2/dCOSGZ'5( )(cos Bz — cos %) cos 0
TPy e~z —
_ g>2< (mQZ/ + 2m§<>5T1 /Emax @E eE/T 2EE, — m2Z’
647p, win T T (eB/T —1)2 2Dy

E2 - m2Z/

(A.8)
At the level of DM macroscopic properties, the perturbed energy exchange term, cor-
responding to the ¢ = 0 multipole, is

—~ Epy 243 243
590:57,0/ 3d°pz Px Px

(2m)32E 7 (27)32E), (27)32E%
N gi(m%—kai)ﬁo

2E ’
B (2m) 6 (pz —py—p0)]MI 2

(eEZ’/T—]_>2
4m2 E\2 E/T
2
16(27)3 \/ mZ,/dEVE mz'( )(

7 7€E/T_1)2 , (A.9)
where we take E, ~ Ez /2 and use
2d3p,  2d%py 1 4m?2
S (pgy —py —pe) = —4[1 — —X Al
/ (27)32E, (27)32Ex Pz =px=px) = o m, (A.10)
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For the ¢ = 1 multipole, we have
3d3pZ/ 2d3px 2d3
21)26@ (py
(2m)32E 5 (27)32E, (277)32E Px(2m)70 (P2 — pOIM[’
« Lz efz /T 2By B —m},
T2 (eEZ,/T —1)2 2p 2Py

2 (12 2\L.5T 3
N gy (m%, +2m3 ) koTy . 4m? /dE E2 B mz/)3/2 <_>2 e?/T 7
16(2m)3 T) (eE/T —1)2

where we also assume p, ~ E, and pz ~ Ez.

@1=kﬁ1/

(A.11)

A.2 2-to-2 annihilation

For the case of freeze-in via 2-to-2 annihilation of electron-positron pairs into millicharged
DM particles, the perturbed collision term is

2%, 2d%p.,  2dpy
(50 k + X (21)4s@
P 2 (2m)32E,_ 27T)32E (27T)32EY( ) (Pe_ + De, — )‘M‘
x [6fo(r, k. pe ) fe(r,pe,) + Folr,pe )3 (T, k,peg] :
(A.12)
The ¢-th moment of the perturbed collision term is thus
—~ (;Tg 2d%pe._ 2d%p, 2d%p+
5 + X 2 45(4)
Ce="5" | Grpare apan. @rya 208 B+ pe — o= pIMI o
X E67 Pe(f)67 . ﬁx) j_ E€+PZ(1§€+ . ﬁx) 6_(Ee_ +Ee+)/’f
T2 :
Therefore,
- 2 AST >
0Cy = Qxeo/ ds|e Ermn/T<Emln + 1) e—Emax/T( == 4 1)}
]‘2(27[-)32?)( Smin
2 2 2m2
% 1_4me 1+2me 1+ X],
s
2 45T
(5/6'1 e Wl/ dS efEmin/T EL_IH + 1 _ _S _ efEmax/T EII’_laX + 1 . _8
12(27)°py Jsmin T 2TE, T 2TE,
Am?2 2 9m2
woyf1 = dme Ny | 2me |y mxl, (A.14)
s

where for 5/5’1 we assume F.  ~ FEe, X p._ & pe, =~ T and use u = 2m§ + 2mi —t—s
to approximate

FEqcosf + Escos by

~ cos f1 + cos By

T
t—m}—-m3+2E. E, u—m3—m}+2E.E,
= + (A.15)
2pe_py 2pe, Dx
2E._+E. )E,—s
QTpX '

— 26 —



For the perturbed energy and momentum exchange terms, we have

<X 1 E 2 ee
5Q0:5T0/2q€e Ix(;e) e F X T
Q26T 4m2 4m2 2m2 2m?
Q 0/ See\/ \/ m€ 1+ m@ 1+ X
See See See See
Fee\? _Eee
X /dEee E2—3<T> e T (A.16)
402 2
Q 5To/ \/1_4m2\/ 4m?2 <1+2mg><1+2mx>
s s s
$3/2 _
<6+6\[+38+ =5 > —Vs/T
and
202 2
501 ~ Q kcm / . \/ 4m? \/ dm [ 2mE\ (| 2my
See See See
/ dEoe(E2 — s00)3/2eEee/T (A.17)
etQ? kST am? Am?2 2m2 2m2
zﬁil/ \/ L— =1+ = ) [ 1+ = |3sKa(Vs/T),
where in both cases we use p, = E, = E./2,
1 4m?

d*py Erx
1_4/(277)32EX(2¢)32EX5 (Gee =Px =PR) ~ s |1 = =

4092 2
J:eQX 1_4m3<1+2m§><1+2mx>.

6 s

B Fluid perturbations

By integrating /=0, 1,2 equations of the Boltzmann hierarchy in eqs. (2.33) over 2d3qe/(27)3a*,
2kd3q|q|/(2m)3a®, and 2d3q|q|*/[(27)33ea?], we obtain the evolution equations of the energy

density fluctuation dp,, velocity divergence 6,, and anisotropic stress o,, respectively:

dé _ 1dh

S 3U B0+ 5+ () (3 ) = 00

d 6

OAPIN 345 15, )~ K20, 4 K2 )y = a0 (B.1)
AP+ - Ly 4 L (2dh 4dyy,.
T+H(P><+Px)(5ax_zx) 15(Px+px)@ <l5d7 5 dr )(5px_px)—07
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where we introduce a higher moment of pressure p,, velocity divergence éx> and anisotropic
stress ¥, defined as [53, 58, 59|

B 2d3
pX = (27r)q3 3q€3 fx (BQ)
~ k 2d3 -~

(py + )8y = / s T (B.3)
- 2d3q 2¢* —~

(ox+ 205 = 2 [ G X T e (B.4)

2 . . ~ — ~

For relativistic DM with ¢ ~ €, we can safely make the approximations Dy ~ Dy, Oy ~ Oy,

and ¥, ~ o,, thus recovering eq. (2.40).

C Kodama-Sasaki notation

It is useful to map equations (B.1) into the same equations in the Kodama-Sasaki (KS)
notation [64]. In KS notation, the evolution equations for any given species, without
specifying any gauge, are

6P,a + 3H(0pa + PaTLa) + (Pa + Do) (kv + 3HL) = a(eq — A)Qa
[(ﬁa +]5a)('0a — B)]/ + 4H(Po¢ + poz)(va - B) — kPaTra — k(pa + pa)A (Cl)

9 _
+ gkﬁaWTa = aQa(v — B) + aH(pa + Pa)fa -

Matching notations, we have vy, = 0, /k, Tra = 0pa/Pa and mr, = %(ﬁa + D)0 /Da- There-
fore, in the case of DM in the synchronous comoving gauge (A = B =0, H;, = h/6), we have

o h' -
0P, +3H (0py+0py )+ (Px+Dy) (Hx—i-z) =aeyQy,

(C.2)
[(ﬁx+]3x)9x]/+4%(ﬁx+ﬁx)9x_k25px+k2(ﬁx +Dx)ox = aQy0+aHk(py+Dy) fx,
from which we derive that
) Q1 — 9,0
£y = &, fy = R U (C.3)
QX Hk(px + px)
The conservation of the stress-energy tensor imposes the constraints Q, = —QX, Er = &y,

and fr = —(py + Dx) fx/(pr + Pr). Finally, under a gauge transformation characterized by the
two free functions 7" and L [64], the metric scalar variables transform as

A=A-T -HT, B=B+L+kT, Hp=Hy— (k/3)L—HT, Hp=Hrp+kL, (C4)

while the species fluctuations and energy-momentum four-vector transform as

o = 0o + 3H(1 + wo) (1 — g)T, T = Vo + L,
2
w’a (1 + wa)(l - QQ)HT7 T = 7T, (C5>
. Q! =
Eq = Eq — —=—HT, a = Jas
HO. Jo=1

respectively. Given these definitions, we verify the gauge invariance of the isocurvature
perturbation we employ in this work.
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D Comment on the KS formalism

Alternative definitions of the isocurvature perturbation have been proposed in the literature
(e.g., see refs. [45, 64, 84, 85]). In this appendix, we compare definitions and comment on
their interpretations.

In the KS formalism, the amplitude of the isocurvature mode [cf., eq. (3.4)] has a simple
interpretation in the comoving orthogonal gauge, in terms of the background energy or

number density and its fluctuation:

szs _ dpy 0pr B Ony B ony ’ (D.1)

n(l+wy) p(l+w) iy

for standard non-interacting DM and radiation sectors. In the alternative formalism introduced
by Malik and Wands (MW) [45, 84, 85], the amplitude is instead defined to be

S%W——?)H( Ox Opx )— Ox o . (D2)

dpy/dr N dp:/dr Px(1 = ay)(1 +wy) - pr(1—qe)(1 4 wr)

This latter definition ensures that if the single clock condition in eq. (3.25) is fulfilled,
then S%W = 0. In the absence of energy transfer, the definitions from KS and MW
coincide [45, 84, 85]. However, when q,,q, # 0, the two definitions differ by

SMW — SES ~ 31?{%} xr? <1 (D.3)
during radiation domination (q, < 1, py/pr < 1).

Both definitions of isocurvature in eq. (3.4) and eq. (D.2) are gauge invariant* and thus
take the same value in every coordinate system [87]. However, the KS definition Sffrs is
constructed as a linear combination of gauge-dependent perturbations [88], which obfuscates
its interpretation in terms of physical quantities; the interpretation only becomes apparent in
gauges with a particular choice of physical time slicing, such as comoving orthogonal gauge.
On the other hand, the MW definition of isocurvature has a clear geometric interpretation [88].
In the large scale limit k& — 0, which is relevant for CMB observations, the evolution of
Sﬁs coincides with S%W; however, there are differences at finite k. The redefinition of
the isocurvature variable by MW changes the evolution eq. (3.12) for the amplitude of the
isocurvature S’%W, such that the source terms proportional to the adiabatic perturbation A
vanish, both in eq. (3.12) explicitly and in the energy exchange term E,, in eq. (3.23) [84].
The remaining energy exchange term sourcing isocurvature, E%W, can be written explicitly
in terms of the non-adiabatic part of the perturbed energy transfer:

EMY o (5@ - Q/(pr> . (D.4)
Px

In the MW formalism, it is then straightforward to show that the non-adiabatic part of
the perturbed energy transfer is zero in a universe with zero initial isocurvature, S%W =0,

It has been claimed that the isocurvature definition of Kodama and Sasaki is not gauge invariant [84, 86].
To clarify, eq. (3.4), the definition used by Kodama and Sasaki, is gauge invariant, as can be seen by using the
transformations in eq. (C.5); however, the definition in terms of perturbed number densities in eq. (D.1) is not.
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given that the energy transfer is a function of the radiation density Q(p,), such that §Q =
(dQ/dr)/(dpr/dr) % dp, during freeze-in. This argument has been presented in [86, 89]. Yet,
in the KS formalism, source terms proportional to the adiabatic perturbation A remain,
yielding nonzero, scale-dependent contributions to isocurvature on super-horizon scales. This
effect is not observable: it is an artifact of the KS formalism introducing a small mixing
between the curvature and isocurvature perturbations. Regardless, both formalisms are
consistent with each other, since differences are highly suppressed.

In conclusion, on large scales both formalisms are consistent with each other since
differences are highly suppressed, thus our results from section 3.2 are applicable to describe
the amplitude of the isocurvature mode constrained by the Planck satellite.

References

[1] V.C. Rubin and W.K. Ford Jr., Rotation of the Andromeda Nebula from a Spectroscopic Survey
of Emission Regions, Astrophys. J. 159 (1970) 379 [INSPIRE].

[2] WMAP collaboration, Five- Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations:
Cosmological Interpretation, Astrophys. J. Suppl. 180 (2009) 330 [arXiv:0803.0547] [INSPIRE].

[3] PLANCK collaboration, Planck 2018 results. VI. Cosmological parameters, Astron. Astrophys. 641
(2020) A6 [Erratum bid. 652 (2021) C4] [arXiv:1807.06209] [INSPIRE].

[4] A. de Mattia et al., The Completed SDSS-1V extended Baryon Oscillation Spectroscopic Survey:
measurement of the BAO and growth rate of structure of the emission line galaxy sample from
the anisotropic power spectrum between redshift 0.6 and 1.1, Mon. Not. Roy. Astron. Soc. 501
(2021) 5616 [arXiv:2007.09008] [INSPIRE].

[6] M.J. Chapman et al., The completed SDSS-IV extended Baryon Oscillation Spectroscopic Survey:
measurement of the growth rate of structure from the small-scale clustering of the luminous red
galazy sample, Mon. Not. Roy. Astron. Soc. 516 (2022) 617 [arXiv:2106.14961] INSPIRE].

[6] G. Arcadi et al., The waning of the WIMP? A review of models, searches, and constraints, Eur.
Phys. J. C 78 (2018) 203 [arXiv:1703.07364] [INSPIRE].

[7] L.J. Hall, K. Jedamzik, J. March-Russell and S.M. West, Freeze-In Production of FIMP Dark
Matter, JHEP 03 (2010) 080 [arXiv:0911.1120] [INSPIRE].

[8] X. Chu, T. Hambye and M.H.G. Tytgat, The Four Basic Ways of Creating Dark Matter Through
a Portal, JCAP 05 (2012) 034 [arXiv:1112.0493] [INSPIRE].

[9] M. Blennow, E. Fernandez-Martinez and B. Zaldivar, Freeze-in through portals, JCAP 01 (2014)
003 [arXiv:1309.7348] [INSPIRE].

[10] N. Bernal et al., The Dawn of FIMP Dark Matter: A Review of Models and Constraints, Int. J.
Mod. Phys. A 32 (2017) 1730023 [arXiv:1706.07442] INSPIRE].

[11] F. D’Eramo, N. Fernandez and S. Profumo, Dark Matter Freeze-in Production in Fast-Expanding
Universes, JCAP 02 (2018) 046 [arXiv:1712.07453] [INSPIRE].

[12] G. Bélanger et al., micrOMEGAs5.0: Freeze-in, Comput. Phys. Commun. 231 (2018) 173
[arXiv:1801.03509] [INSPIRE].

[13] S. Heeba, F. Kahlhoefer and P. Stocker, Freeze-in production of decaying dark matter in five
steps, JCAP 11 (2018) 048 [arXiv:1809.04849] [INSPIRE].

— 30 —


https://doi.org/10.1086/150317
https://inspirehep.net/literature/literature/67059
https://doi.org/10.1088/0067-0049/180/2/330
https://arxiv.org/abs/0803.0547
https://inspirehep.net/literature/literature/780697
https://doi.org/10.1051/0004-6361/201833910
https://doi.org/10.1051/0004-6361/201833910
https://arxiv.org/abs/1807.06209
https://inspirehep.net/literature/literature/1682902
https://doi.org/10.1093/mnras/staa3891
https://doi.org/10.1093/mnras/staa3891
https://arxiv.org/abs/2007.09008
https://inspirehep.net/literature/literature/1807802
https://doi.org/10.1093/mnras/stac1923
https://arxiv.org/abs/2106.14961
https://inspirehep.net/literature/literature/1872767
https://doi.org/10.1140/epjc/s10052-018-5662-y
https://doi.org/10.1140/epjc/s10052-018-5662-y
https://arxiv.org/abs/1703.07364
https://inspirehep.net/literature/literature/1518747
https://doi.org/10.1007/JHEP03(2010)080
https://arxiv.org/abs/0911.1120
https://inspirehep.net/literature/literature/836205
https://doi.org/10.1088/1475-7516/2012/05/034
https://arxiv.org/abs/1112.0493
https://inspirehep.net/literature/literature/1079777
https://doi.org/10.1088/1475-7516/2014/01/003
https://doi.org/10.1088/1475-7516/2014/01/003
https://arxiv.org/abs/1309.7348
https://inspirehep.net/literature/literature/1256043
https://doi.org/10.1142/S0217751X1730023X
https://doi.org/10.1142/S0217751X1730023X
https://arxiv.org/abs/1706.07442
https://inspirehep.net/literature/literature/1607216
https://doi.org/10.1088/1475-7516/2018/02/046
https://arxiv.org/abs/1712.07453
https://inspirehep.net/literature/literature/1644325
https://doi.org/10.1016/j.cpc.2018.04.027
https://arxiv.org/abs/1801.03509
https://inspirehep.net/literature/literature/1647573
https://doi.org/10.1088/1475-7516/2018/11/048
https://arxiv.org/abs/1809.04849
https://inspirehep.net/literature/literature/1693802

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

G. Bélanger, C. Delaunay, A. Pukhov and B. Zaldivar, Dark matter abundance from the sequential
freeze-in mechanism, Phys. Rev. D 102 (2020) 035017 [arXiv:2005.06294] [INSPIRE].

C. Dvorkin, T. Lin and K. Schutz, Making dark matter out of light: freeze-in from plasma effects,
Phys. Rev. D 99 (2019) 115009 [Erratum ibid. 105 (2022) 119901] [arXiv:1902.08623] [INSPIRE].

C. Dvorkin, T. Lin and K. Schutz, Cosmology of Sub-MeV Dark Matter Freeze-In, Phys. Rev.
Lett. 127 (2021) 111301 [arXiv:2011.08186] INSPIRE].

G. Elor, R. McGehee and A. Pierce, Mazimizing Direct Detection with Highly Interactive Particle
Relic Dark Matter, Phys. Rev. Lett. 130 (2023) 031803 [arXiv:2112.03920] [INSPIRE].

N. Fernandez, Y. Kahn and J. Shelton, Freeze-in, glaciation, and UV sensitivity from light
mediators, JHEP 07 (2022) 044 [arXiv:2111.13709] [INSPIRE].

R. Essig, J. Mardon and T. Volansky, Direct Detection of Sub-GeV Dark Matter, Phys. Rev. D
85 (2012) 076007 [arXiv:1108.5383] [INSPIRE].

S. Derenzo et al., Direct Detection of sub-GeV Dark Matter with Scintillating Targets, Phys. Rev.
D 96 (2017) 016026 [arXiv:1607.01009] [INSPIRE].

M. Battaglieri et al., US Cosmic Visions: New Ideas in Dark Matter 2017: Community
Report, in the proceedings of the U.S. Cosmic Visions: New Ideas in Dark Matter, (2017)
[arXiv:1707.04591] [INSPIRE].

SUPERCDMS collaboration, First Dark Matter Constraints from a SuperCDMS Single-Charge
Sensitive Detector, Phys. Rev. Lett. 121 (2018) 051301 [Erratum ibid. 122 (2019) 069901]
[arXiv:1804.10697] [INSPIRE].

DARKSIDE collaboration, Constraints on Sub-GeV Dark-Matter-FElectron Scattering from the
DarkSide-50 Experiment, Phys. Rev. Lett. 121 (2018) 111303 [arXiv:1802.06998] [INSPIRE].

SENSEI collaboration, SENSEI: First Direct-Detection Constraints on sub-GeV Dark Matter
from a Surface Run, Phys. Rev. Lett. 121 (2018) 061803 [arXiv:1804.00088] INSPIRE].

SENSEI collaboration, SENSEI: Direct-Detection Constraints on Sub-GeV Dark Matter from a
Shallow Underground Run Using a Prototype Skipper-CCD, Phys. Rev. Lett. 122 (2019) 161801
[arXiv:1901.10478] [INSPIRE].

DAMIC collaboration, Constraints on Light Dark Matter Particles Interacting with Electrons
from DAMIC at SNOLAB, Phys. Rev. Lett. 123 (2019) 181802 [arXiv:1907.12628] [INSPIRE].

XENON collaboration, Light Dark Matter Search with Ionization Signals in XENON1T, Phys.
Rev. Lett. 123 (2019) 251801 [arXiv:1907.11485] INSPIRE].

SUPERCDMS collaboration, Constraints on low-mass, relic dark matter candidates from a
surface-operated SuperCDMS single-charge sensitive detector, Phys. Rev. D 102 (2020) 091101
[arXiv:2005.14067] [INSPIRE].

SENSEI collaboration, SENSEI: Direct-Detection Results on sub-GeV Dark Matter from a New
Skipper-CCD, Phys. Rev. Lett. 125 (2020) 171802 [arXiv:2004.11378] [INSPIRE].

EDELWEISS collaboration, First germanium-based constraints on sub-MeV Dark Matter with
the EDELWEISS experiment, Phys. Rev. Lett. 125 (2020) 141301 [arXiv:2003.01046] [INSPIRE].

PANDAX-IT collaboration, Search for Light Dark Matter-Electron Scatterings in the PandaX-11
Ezperiment, Phys. Rev. Lett. 126 (2021) 211803 [arXiv:2101.07479] [INSPIRE].

R. Essig et al., Snowmass2021 Cosmic Frontier: The landscape of low-threshold dark matter direct
detection in the next decade, in the proceedings of the Snowmass 2021, (2022) [arXiv:2203.08297]
[INSPIRE].

— 31 —


https://doi.org/10.1103/PhysRevD.102.035017
https://arxiv.org/abs/2005.06294
https://inspirehep.net/literature/literature/1796189
https://doi.org/10.1103/PhysRevD.99.115009
https://arxiv.org/abs/1902.08623
https://inspirehep.net/literature/literature/1721743
https://doi.org/10.1103/PhysRevLett.127.111301
https://doi.org/10.1103/PhysRevLett.127.111301
https://arxiv.org/abs/2011.08186
https://inspirehep.net/literature/literature/1830595
https://doi.org/10.1103/PhysRevLett.130.031803
https://arxiv.org/abs/2112.03920
https://inspirehep.net/literature/literature/1986674
https://doi.org/10.1007/JHEP07(2022)044
https://arxiv.org/abs/2111.13709
https://inspirehep.net/literature/literature/1978911
https://doi.org/10.1103/PhysRevD.85.076007
https://doi.org/10.1103/PhysRevD.85.076007
https://arxiv.org/abs/1108.5383
https://inspirehep.net/literature/literature/925558
https://doi.org/10.1103/PhysRevD.96.016026
https://doi.org/10.1103/PhysRevD.96.016026
https://arxiv.org/abs/1607.01009
https://inspirehep.net/literature/literature/1473775
https://arxiv.org/abs/1707.04591
https://inspirehep.net/literature/literature/1610250
https://doi.org/10.1103/PhysRevLett.121.051301
https://arxiv.org/abs/1804.10697
https://inspirehep.net/literature/literature/1670791
https://doi.org/10.1103/PhysRevLett.121.111303
https://arxiv.org/abs/1802.06998
https://inspirehep.net/literature/literature/1656670
https://doi.org/10.1103/PhysRevLett.121.061803
https://arxiv.org/abs/1804.00088
https://inspirehep.net/literature/literature/1665524
https://doi.org/10.1103/PhysRevLett.122.161801
https://arxiv.org/abs/1901.10478
https://inspirehep.net/literature/literature/1717756
https://doi.org/10.1103/PhysRevLett.123.181802
https://arxiv.org/abs/1907.12628
https://inspirehep.net/literature/literature/1747015
https://doi.org/10.1103/PhysRevLett.123.251801
https://doi.org/10.1103/PhysRevLett.123.251801
https://arxiv.org/abs/1907.11485
https://inspirehep.net/literature/literature/1746509
https://doi.org/10.1103/PhysRevD.102.091101
https://arxiv.org/abs/2005.14067
https://inspirehep.net/literature/literature/1798459
https://doi.org/10.1103/PhysRevLett.125.171802
https://arxiv.org/abs/2004.11378
https://inspirehep.net/literature/literature/1792814
https://doi.org/10.1103/PhysRevLett.125.141301
https://arxiv.org/abs/2003.01046
https://inspirehep.net/literature/literature/1783306
https://doi.org/10.1103/PhysRevLett.126.211803
https://arxiv.org/abs/2101.07479
https://inspirehep.net/literature/literature/1841841
https://arxiv.org/abs/2203.08297
https://inspirehep.net/literature/literature/2053446

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

E.W. Kolb, M.S. Turner and T.P. Walker, The Effect of Interacting Particles on Primordial
Nucleosynthesis, Phys. Rev. D 34 (1986) 2197 [INnSPIRE].

P.D. Serpico and G.G. Raffelt, MeV-mass dark matter and primordial nucleosynthesis, Phys. Rev.
D 70 (2004) 043526 [astro-ph/0403417] [INSPIRE].

C. Boehm, M.J. Dolan and C. McCabe, A Lower Bound on the Mass of Cold Thermal Dark
Matter from Planck, JCAP 08 (2013) 041 [arXiv:1303.6270] InSPIRE].

S. Baumholzer, V. Brdar, P. Schwaller and A. Segner, Shining Light on the Scotogenic Model:
Interplay of Colliders and Cosmology, JHEP 09 (2020) 136 [arXiv:1912.08215] [INSPIRE].

G. Ballesteros, M.A.G. Garcia and M. Pierre, How warm are non-thermal relics? Lyman-«
bounds on out-of-equilibrium dark matter, JCAP 03 (2021) 101 [arXiv:2011.13458] [INSPIRE].

S.-P. Li, X.-Q. Li, X.-S. Yan and Y.-D. Yang, Simple estimate of BBN sensitivity to light freeze-in
dark matter, Phys. Rev. D 104 (2021) 115007 [arXiv:2106.07122] INSPIRE].

Q. Decant, J. Heisig, D.C. Hooper and L. Lopez-Honorez, Lyman-a constraints on freeze-in and
super WIMPs, JCAP 03 (2022) 041 [arXiv:2111.09321] [INSPIRE].

K.J. Bae, A. Kamada, S.P. Liew and K. Yanagi, Light axinos from freeze-in: production processes,
phase space distributions, and Ly-a forest constraints, JCAP 01 (2018) 054 [arXiv:1707.06418]
[INSPIRE].

Y. Du et al., Revisiting dark matter freeze-in and freeze-out through phase-space distribution,
JCAP 04 (2022) 012 [arXiv:2111.01267] [INSPIRE].

F. Huang, Y.-Z. Li and J.-H. Yu, Distinguishing thermal histories of dark matter from structure
formation, arXiv:2306.00065 [INSPIRE].

D. Chowdhury, J. Martin, C. Ringeval and V. Vennin, Assessing the scientific status of inflation
after Planck, Phys. Rev. D 100 (2019) 083537 [arXiv:1902.03951] [INSPIRE].

D. Wands, Multiple field inflation, Lect. Notes Phys. 738 (2008) 275 [astro-ph/0702187]
[INSPIRE].

K.A. Malik and D. Wands, Adiabatic and entropy perturbations with interacting fluids and fields,
JCAP 02 (2005) 007 [astro-ph/0411703] [iNSPIRE].

S. Weinberg, Must cosmological perturbations remain non-adiabatic after multi-field inflation?,
Phys. Rev. D 70 (2004) 083522 [astro-ph/0405397] [INSPIRE].

E.W. Kolb and M.S. Turner, The Early Universe, CRC Press (1990) [D0I:10.1201/9780429492860]
[INSPIRE].

J.-P. Blaizot, E. lancu and R.R. Parwani, On the screening of static electromagnetic fields in hot
QFED plasmas, Phys. Rev. D 52 (1995) 2543 [hep-ph/9504408| [INSPIRE].

K.K. Boddy et al., Critical assessment of CMB limits on dark matter-baryon scattering: New
treatment of the relative bulk velocity, Phys. Rev. D 98 (2018) 123506 [arXiv:1808.00001]
[INSPIRE].

M.A. Buen-Abad, R. Essig, D. McKeen and Y.-M. Zhong, Cosmological constraints on dark matter
interactions with ordinary matter, Phys. Rept. 961 (2022) 1 [arXiv:2107.12377] nSPIRE].

D.V. Nguyen et al., Observational constraints on dark matter scattering with electrons, Phys. Rev.
D 104 (2021) 103521 [arXiv:2107.12380] [NSPIRE].

C.E. Yaguna, The Singlet Scalar as FIMP Dark Matter, JHEP 08 (2011) 060 [arXiv:1105.1654]
[INSPIRE].

- 32 —


https://doi.org/10.1103/PhysRevD.34.2197
https://inspirehep.net/literature/literature/230286
https://doi.org/10.1103/PhysRevD.70.043526
https://doi.org/10.1103/PhysRevD.70.043526
https://arxiv.org/abs/astro-ph/0403417
https://inspirehep.net/literature/literature/646527
https://doi.org/10.1088/1475-7516/2013/08/041
https://arxiv.org/abs/1303.6270
https://inspirehep.net/literature/literature/1225311
https://doi.org/10.1007/JHEP09(2020)136
https://arxiv.org/abs/1912.08215
https://inspirehep.net/literature/literature/1771549
https://doi.org/10.1088/1475-7516/2021/03/101
https://arxiv.org/abs/2011.13458
https://inspirehep.net/literature/literature/1833623
https://doi.org/10.1103/PhysRevD.104.115007
https://arxiv.org/abs/2106.07122
https://inspirehep.net/literature/literature/1868417
https://doi.org/10.1088/1475-7516/2022/03/041
https://arxiv.org/abs/2111.09321
https://inspirehep.net/literature/literature/1970939
https://doi.org/10.1088/1475-7516/2018/01/054
https://arxiv.org/abs/1707.06418
https://inspirehep.net/literature/literature/1610823
https://doi.org/10.1088/1475-7516/2022/04/012
https://arxiv.org/abs/2111.01267
https://inspirehep.net/literature/literature/1958892
https://arxiv.org/abs/2306.00065
https://inspirehep.net/literature/literature/2664610
https://doi.org/10.1103/PhysRevD.100.083537
https://arxiv.org/abs/1902.03951
https://inspirehep.net/literature/literature/1719364
https://doi.org/10.1007/978-3-540-74353-8_8
https://arxiv.org/abs/astro-ph/0702187
https://inspirehep.net/literature/literature/744056
https://doi.org/10.1088/1475-7516/2005/02/007
https://arxiv.org/abs/astro-ph/0411703
https://inspirehep.net/literature/literature/665291
https://doi.org/10.1103/PhysRevD.70.083522
https://arxiv.org/abs/astro-ph/0405397
https://inspirehep.net/literature/literature/650715
https://doi.org/10.1201/9780429492860
https://inspirehep.net/literature/literature/299778
https://doi.org/10.1103/PhysRevD.52.2543
https://arxiv.org/abs/hep-ph/9504408
https://inspirehep.net/literature/literature/394630
https://doi.org/10.1103/PhysRevD.98.123506
https://arxiv.org/abs/1808.00001
https://inspirehep.net/literature/literature/1684664
https://doi.org/10.1016/j.physrep.2022.02.006
https://arxiv.org/abs/2107.12377
https://inspirehep.net/literature/literature/1893591
https://doi.org/10.1103/PhysRevD.104.103521
https://doi.org/10.1103/PhysRevD.104.103521
https://arxiv.org/abs/2107.12380
https://inspirehep.net/literature/literature/1893587
https://doi.org/10.1007/JHEP08(2011)060
https://arxiv.org/abs/1105.1654
https://inspirehep.net/literature/literature/898920

[53]

[54]

[55]

[56]

[57]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

C.-P. Ma and E. Bertschinger, Cosmological perturbation theory in the synchronous and conformal
Newtonian gauges, Astrophys. J. 455 (1995) 7 [astro-ph/9506072] [INSPIRE].

P.L. Bhatnagar, E.P. Gross and M. Krook, A Model for Collision Processes in Gases. 1. Small
Amplitude Processes in Charged and Neutral One-Component Systems, Phys. Rev. 94 (1954) 511
[INSPIRE].

S. Hannestad and R.J. Scherrer, Selfinteracting warm dark matter, Phys. Rev. D 62 (2000) 043522
[astro-ph/0003046] [INSPIRE].

I.M. Oldengott, T. Tram, C. Rampf and Y.Y.Y. Wong, Interacting neutrinos in cosmology: exact
description and constraints, JCAP 11 (2017) 027 [arXiv:1706.02123] INSPIRE].

D. Egana-Ugrinovic, R. Essig, D. Gift and M. LoVerde, The Cosmological Evolution of Self-
interacting Dark Matter, JCAP 05 (2021) 013 [arXiv:2102.06215] iNSPIRE].

M. Shoji and E. Komatsu, Massive Neutrinos in Cosmology: Analytic Solutions and Fluid Approz-
imation, Phys. Rev. D 81 (2010) 123516 [Erratum ibid. 82 (2010) 089901] [arXiv:1003.0942]
[INSPIRE].

J. Lesgourgues and T. Tram, The Cosmic Linear Anisotropy Solving System (CLASS) IV: efficient
implementation of non-cold relics, JCAP 09 (2011) 032 [arXiv:1104.2935] [INSPIRE].

M. Bucher, K. Moodley and N. Turok, The General primordial cosmic perturbation, Phys. Rev.
D 62 (2000) 083508 [astro-ph/9904231] [INSPIRE].

M. Doran, C.M. Miiller, G. Schéfer and C. Wetterich, Gauge-invariant initial conditions and early
time perturbations in quintessence universes, Phys. Rev. D 68 (2003) 063505 [astro-ph/0304212]
[INSPIRE].

M. Kopp, C. Skordis and D.B. Thomas, Extensive investigation of the generalized dark matter
model, Phys. Rev. D 94 (2016) 043512 [arXiv:1605.00649] [INSPIRE].

J.M. Bardeen, Gauge Invariant Cosmological Perturbations, Phys. Rev. D 22 (1980) 1882
[INSPIRE].

H. Kodama and M. Sasaki, Cosmological Perturbation Theory, Prog. Theor. Phys. Suppl. 78
(1984) 1 [INSPIRE].

T. Hamazaki and H. Kodama, Evolution of cosmological perturbations during reheating, Prog.
Theor. Phys. 96 (1996) 1123 [gr-qc/9609036] [INSPIRE].

D.H. Lyth and A. Riotto, Particle physics models of inflation and the cosmological density
perturbation, Phys. Rept. 314 (1999) 1 [hep-ph/9807278] [INSPIRE].

A.D. Linde, Generation of Isothermal Density Perturbations in the Inflationary Universe, Phys.
Lett. B 158 (1985) 375 [INSPIRE].

D. Polarski and A.A. Starobinsky, Isocurvature perturbations in multiple inflationary models,
Phys. Rev. D 50 (1994) 6123 [astro-ph/9404061] [INSPIRE].

A.D. Linde and V.F. Mukhanov, Nongaussian isocurvature perturbations from inflation, Phys.
Rev. D 56 (1997) R535 [astro-ph/9610219] [INSPIRE].

J. Garcia-Bellido and D. Wands, Metric perturbations in two field inflation, Phys. Rev. D 53
(1996) 5437 [astro-ph/9511029] [INSPIRE].

M. Axenides, R.H. Brandenberger and M.S. Turner, Development of Azion Perturbations in an
Axion Dominated Universe, Phys. Lett. B 126 (1983) 178 [INSPIRE].

— 33 —


https://doi.org/10.1086/176550
https://arxiv.org/abs/astro-ph/9506072
https://inspirehep.net/literature/literature/396100
https://doi.org/10.1103/PhysRev.94.511
https://inspirehep.net/literature/literature/47032
https://doi.org/10.1103/PhysRevD.62.043522
https://arxiv.org/abs/astro-ph/0003046
https://inspirehep.net/literature/literature/524585
https://doi.org/10.1088/1475-7516/2017/11/027
https://arxiv.org/abs/1706.02123
https://inspirehep.net/literature/literature/1603072
https://doi.org/10.1088/1475-7516/2021/05/013
https://arxiv.org/abs/2102.06215
https://inspirehep.net/literature/literature/1846553
https://doi.org/10.1103/PhysRevD.81.123516
https://arxiv.org/abs/1003.0942
https://inspirehep.net/literature/literature/847752
https://doi.org/10.1088/1475-7516/2011/09/032
https://arxiv.org/abs/1104.2935
https://inspirehep.net/literature/literature/896298
https://doi.org/10.1103/PhysRevD.62.083508
https://doi.org/10.1103/PhysRevD.62.083508
https://arxiv.org/abs/astro-ph/9904231
https://inspirehep.net/literature/literature/498461
https://doi.org/10.1103/PhysRevD.68.063505
https://arxiv.org/abs/astro-ph/0304212
https://inspirehep.net/literature/literature/616811
https://doi.org/10.1103/PhysRevD.94.043512
https://arxiv.org/abs/1605.00649
https://inspirehep.net/literature/literature/1454361
https://doi.org/10.1103/PhysRevD.22.1882
https://inspirehep.net/literature/literature/159548
https://doi.org/10.1143/PTPS.78.1
https://doi.org/10.1143/PTPS.78.1
https://inspirehep.net/literature/literature/216359
https://doi.org/10.1143/PTP.96.1123
https://doi.org/10.1143/PTP.96.1123
https://arxiv.org/abs/gr-qc/9609036
https://inspirehep.net/literature/literature/423353
https://doi.org/10.1016/S0370-1573(98)00128-8
https://arxiv.org/abs/hep-ph/9807278
https://inspirehep.net/literature/literature/472934
https://doi.org/10.1016/0370-2693(85)90436-8
https://doi.org/10.1016/0370-2693(85)90436-8
https://inspirehep.net/literature/literature/215880
https://doi.org/10.1103/PhysRevD.50.6123
https://arxiv.org/abs/astro-ph/9404061
https://inspirehep.net/literature/literature/372940
https://doi.org/10.1103/PhysRevD.56.R535
https://doi.org/10.1103/PhysRevD.56.R535
https://arxiv.org/abs/astro-ph/9610219
https://inspirehep.net/literature/literature/425200
https://doi.org/10.1103/PhysRevD.53.5437
https://doi.org/10.1103/PhysRevD.53.5437
https://arxiv.org/abs/astro-ph/9511029
https://inspirehep.net/literature/literature/402027
https://doi.org/10.1016/0370-2693(83)90586-5
https://inspirehep.net/literature/literature/189288

[72]

[76]

[77]

[78]

[79]

[80]
[81]

[82]

[83]

[84]

[85]

[36]

[87]

[88]

[89]

D. Seckel and M.S. Turner, Isothermal Density Perturbations in an Azion Dominated Inflationary
Universe, Phys. Rev. D 32 (1985) 3178 [INSPIRE].

M.S. Turner and F. Wilczek, Inflationary axion cosmology, Phys. Rev. Lett. 66 (1991) 5 INSPIRE].

WMAP collaboration, First year Wilkinson Microwave Anisotropy Probe (WMAP) observations:
Implications for inflation, Astrophys. J. Suppl. 148 (2003) 213 [astro-ph/0302225] [INSPIRE].

WMAP collaboration, First year Wilkinson Microwave Anisotropy Probe (WMAP) observations:
tests of gaussianity, Astrophys. J. Suppl. 148 (2003) 119 [astro-ph/0302223] [INSPIRE].

PrLANCK collaboration, Planck 2013 results. XXII. Constraints on inflation, Astron. Astrophys.
571 (2014) A22 [arXiv:1303.5082] [INSPIRE].

PLANCK collaboration, Planck 2015 results. XX. Constraints on inflation, Astron. Astrophys.
594 (2016) A20 [arXiv:1502.02114] [INSPIRE].

PLANCK collaboration, Planck 2018 results. X. Constraints on inflation, Astron. Astrophys. 641
(2020) A10 [arXiv:1807.06211] [INSPIRE].

SIMONS OBSERVATORY collaboration, The Simons Observatory: Science goals and forecasts,
JCAP 02 (2019) 056 [arXiv:1808.07445] [iNSPIRE].

CMB-54 collaboration, CMB-S4 Science Book, First Edition, arXiv:1610.02743 [INSPIRE].

D. Blas, J. Lesgourgues and T. Tram, The Cosmic Linear Anisotropy Solving System (CLASS)
II: Approximation schemes, JCAP 07 (2011) 034 [arXiv:1104.2933] [INSPIRE].

W. Hu and N. Sugiyama, Toward understanding CMB anisotropies and their implications, Phys.
Rev. D 51 (1995) 2599 [astro-ph/9411008] [INSPIRE].

W. Hu and N. Sugiyama, Small scale cosmological perturbations: An Analytic approach, Astrophys.
J. 471 (1996) 542 [astro-ph/9510117] [INSPIRE].

K.A. Malik, Cosmological perturbations in an inflationary universe, Ph.D. Thesis, University of
Portsmouth (2001) [astro-ph/0101563] [INSPIRE].

K.A. Malik and D. Wands, Cosmological perturbations, Phys. Rept. 475 (2009) 1
[arXiv:0809.4944] [INSPIRE].

D. Racco and A. Riotto, Freeze-in dark matter perturbations are adiabatic, JCAP 01 (2023) 020
[arXiv:2211.08719] [INSPIRE].

W. Hu, Covariant linear perturbation formalism, ICTP Lect. Notes Ser. 14 (2003) 145
[astro-ph/0402060] [INSPIRE].

M. Bruni, P.K.S. Dunsby and G.F.R. Ellis, Cosmological perturbations and the physical meaning
of gauge invariant variables, Astrophys. J. 395 (1992) 34 [INSPIRE].

A. Strumia, Dark Matter from freeze-in and its inhomogeneities, JHEP 03 (2023) 042
[arXiv:2211.08359] [INSPIRE].

— 34 —


https://doi.org/10.1103/PhysRevD.32.3178
https://inspirehep.net/literature/literature/215794
https://doi.org/10.1103/PhysRevLett.66.5
https://inspirehep.net/literature/literature/300168
https://doi.org/10.1086/377228
https://arxiv.org/abs/astro-ph/0302225
https://inspirehep.net/literature/literature/613197
https://doi.org/10.1086/377220
https://arxiv.org/abs/astro-ph/0302223
https://inspirehep.net/literature/literature/613195
https://doi.org/10.1051/0004-6361/201321569
https://doi.org/10.1051/0004-6361/201321569
https://arxiv.org/abs/1303.5082
https://inspirehep.net/literature/literature/1224747
https://doi.org/10.1051/0004-6361/201525898
https://doi.org/10.1051/0004-6361/201525898
https://arxiv.org/abs/1502.02114
https://inspirehep.net/literature/literature/1343460
https://doi.org/10.1051/0004-6361/201833887
https://doi.org/10.1051/0004-6361/201833887
https://arxiv.org/abs/1807.06211
https://inspirehep.net/literature/literature/1682899
https://doi.org/10.1088/1475-7516/2019/02/056
https://arxiv.org/abs/1808.07445
https://inspirehep.net/literature/literature/1689432
https://arxiv.org/abs/1610.02743
https://inspirehep.net/literature/literature/1490867
https://doi.org/10.1088/1475-7516/2011/07/034
https://arxiv.org/abs/1104.2933
https://inspirehep.net/literature/literature/896300
https://doi.org/10.1103/PhysRevD.51.2599
https://doi.org/10.1103/PhysRevD.51.2599
https://arxiv.org/abs/astro-ph/9411008
https://inspirehep.net/literature/literature/379454
https://doi.org/10.1086/177989
https://doi.org/10.1086/177989
https://arxiv.org/abs/astro-ph/9510117
https://inspirehep.net/literature/literature/401312
https://arxiv.org/abs/astro-ph/0101563
https://inspirehep.net/literature/literature/552645
https://doi.org/10.1016/j.physrep.2009.03.001
https://arxiv.org/abs/0809.4944
https://inspirehep.net/literature/literature/797883
https://doi.org/10.1088/1475-7516/2023/01/020
https://arxiv.org/abs/2211.08719
https://inspirehep.net/literature/literature/2182798
https://arxiv.org/abs/astro-ph/0402060
https://inspirehep.net/literature/literature/643804
https://doi.org/10.1086/171629
https://inspirehep.net/literature/literature/341454
https://doi.org/10.1007/JHEP03(2023)042
https://arxiv.org/abs/2211.08359
https://inspirehep.net/literature/literature/2182455

	Introduction
	Freeze-in cosmology
	Dark matter production models
	Direct decay
	2-to-2 annihilation

	Background evolution
	Perturbative evolution
	Initial conditions for DM freeze-in perturbations

	Evolution of primordial perturbations
	Kodama-Sasaki formalism
	Dark matter freeze-in with initial isocurvature

	Current and future constraints on isocurvature
	Conclusions
	Perturbed collision terms
	Direct decay
	2-to-2 annihilation

	Fluid perturbations
	Kodama-Sasaki notation
	Comment on the KS formalism

