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ABSTRACT
Grafting polymer chains to the surface of nanoparticles overcomes the challenge of nanoparticle dispersion within nanocomposites and estab-
lishes high-volume fractions that are found to enable enhanced material mechanical properties. This study utilizes coarse-grained molecular
dynamics simulations to quantify how the shear modulus of polymer-grafted nanoparticle (PGN) systems in their glassy state depends on
parameters such as strain rate, nanoparticle size, grafting density, and chain length. The results are interpreted through further analysis of
the dynamics of chain conformations and volume fraction arguments. The volume fraction of nanoparticles is found to be the most influ-
ential variable in deciding the shear modulus of PGN systems. A simple rule of mixture is utilized to express the monotonic dependence of
shear modulus on the volume fraction of nanoparticles. Due to the reinforcing effect of nanoparticles, shortening the grafted chains results
in a higher shear modulus in PGNs, which is not seen in linear systems. These results offer timely insight into calibrating molecular design
parameters for achieving the desired mechanical properties in PGNs.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0188494

I. INTRODUCTION

Harnessing the synergy between polymer traits, such as
mechanical properties and processability, and the multifunc-
tionality unlocked by nanoparticles, polymer nanocomposites
emerge as dynamic materials, open to meticulous refinement and
enhancement.1–5 Realization of the improvements to be made in
material properties hinges on the controlled dispersion of nanopar-
ticles within the polymer matrix.2,6 A well-established method to
answer this challenge is grafting polymer chains onto the surface of
nanoparticles to obtain a well-dispersed material system.3 Grafted
polymer chains allow for the construction of polymer brush regions
regulated by factors such as grafting density and polymer molecu-
lar weight.7,8 The brush regions have manipulable attributes, such as
stiffness, which gives the ability to control the positions of nanopar-
ticles with respect to one another.9,10 It is necessary to have a
thorough understanding of the alterable parameter space available
to predict and design polymer-grafted nanoparticle (PGN) materials
with optimized mechanical reinforcement.

Molecular dynamics simulations are a commonly used tool in
investigating the mechanical properties of polymer nanocompos-
ite systems. All-atom molecular dynamics (AA-MD) simulations
can accurately and precisely address local chain dynamics and fail-
ure mechanisms.11 However, most AA-MD cannot access the time
scale necessary for practical application molecular-level design. To
overcome this spatiotemporal limitation, coarse-grained molecular
dynamics (CG-MD) merges clusters of atoms into larger, coarse
beads, with effective interactions derived from atomistic molecular
dynamics (AA-MD) simulations.6,12–14 With a more accessible and
practical spatiotemporal scale, the structures, mechanical properties,
and chain dynamics of bulk material systems can be observed.13,15–21

Generic bead-spring models, such as those modified from the Kre-
mer and Grest (KG), can describe the physical behavior of linear
polymer chains well.17,22 Modeling KG chains grafted onto nanopar-
ticles is a technique that has been previously utilized and should give
insight into the behavior of PGNs in a qualitative manner.23

While great effort has been made to characterize the mechan-
ical properties of PGN materials through computational and
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experimental means, the large alterable parameter space and intri-
cacy in design leave gaps that must be addressed. Previously, shear
modulus has been characterized experimentally for PGN materials
well above their glass transition temperatures.3,20,24 In particular,
oscillatory shear measurements find enhancement in storage mod-
ulus (G′) in lower frequency ranges.25 Additionally, a stress over-
shoot behavior is observed in the shear response3 and characterized
through modeling techniques above glass transition temperature for
polymer melts filled with PGNs26 as well as polymer melts with free
nanoparticles.27 However, the origin of this behavior and the effects
of various design parameters of PGNs on the shear response remain
poorly understood.

This study aims to utilize KG coarse-grained molecular dynam-
ics simulations to bridge this knowledge gap concerning the effects
of deformation rate, grafted chain length, and nanoparticle core size
on the shear mechanical properties of PGNs below their glass transi-
tion temperature. Systematic characterization of the shear modulus
presented herein expands upon prior efforts that characterized prop-
erties below glass transition temperature, such as tensile strength
and toughness,3,28 and offers new insights for designing PGNs.

The methods used to model the PGN systems of this study are
presented along with the equilibration as well as deformation sim-
ulation details. The focus of these results is on the shear modulus
of the tested system, derived from shear deformation simulations.
Using wide variation in the parameter space, the roles of deforma-
tion rate, grafted chain length, and nanoparticle core size on the
shear modulus are analyzed. Chain conformations are analyzed to
gain physical insight into what may cause the trending behavior.
Finally, due to the intricate coupling effect of the polymer length
and nanoparticle size, a relationship between the volume fraction
of nanoparticles and the shear modulus of PGNs (ΦNP vs G) is
investigated to yield more tangible explanations.

II. SIMULATION METHODS
A. Modeling

Molecular dynamics simulations are carried out using
the Large-scale Atomic/Molecular Massively Parallel Simulator
(LAMMPS).29 The Kremer–Grest model is employed with finitely
extensive nonlinear elastic (FENE) chains. Spherical PGNs are
constructed with three types of beads. A diagram of the anatomy of
a PGN is shown in Fig. S1 of the supplementary material. The first
type of bead is one core bead placed at the center of the nanoparticle.
The second type of bead is the surface bead placed at a fixed radial
distance from the core bead. The surface beads are placed using
the Fibonacci sphere algorithm to create an evenly distributed
surface. The number of surface beads corresponds to the number of
polymer chains grafted to the nanoparticle as they are the respective
starting point for each grafted polymer chain. The third type of
bead is a polymer bead used to construct the grafted chains. The
FENE polymer chains are attached on one end to the spherical
nanoparticle. These chains are initially generated using a commonly
employed self-avoiding random walk algorithm originating at the
nanoparticle surface.6,12,30

It is important to highlight that all measurements are pre-
sented in terms of reduced Lennard-Jones units, where σ represents
length and τ represents time. Kremer and Grest have provided a
method to map the reduced units to real units.22 They map the

simulated KG polymer to the experimental work through the deter-
mined entanglement length (Ne), persistence length, and bead fric-
tions. The diffusion data of the KG polymer model with Ne = 35
closely aligns with the diffusion data of polyethylene (PE) deter-
mined by nuclear magnetic resonance (NMR). The analysis by
Kremer and Grest revealed that one monomer in the KG model
corresponds to approximately three monomers in polyethylene (PE)
when comparing the molecular weights of the polymer systems. As
a result, they present a length scale mapping of 1 σ = 0.51 nm for
PE. The time scale mapping is determined by correlating the Rouse
diffusion constant with the corresponding value determined for the
KG polymer at the equivalent number of monomers. Subsequently,
the time scale mapping to PE is calculated to hold a conversion of
1 τ = 6.6 ps. It is critical to note that mapping a KG system result is
heavily dependent on the characteristics of the polymer under inves-
tigation. The example mapping to PE serves purely demonstrative
purposes. The comprehensive mapping of the findings of this study
to a real unit system is beyond the scope of this research and heavily
contingent upon the specific polymer of interest and, therefore, will
not be addressed.

The grafting density of each nanoparticle is held as a constant
of 0.5 (chains�σ2) (chains per surface area). The nanoparticle core
radius and grafted chain length are systematically varied to sam-
ple a large parameter space. Nanoparticle radii (R) of 1, 2, 3, 5,
and 8 (σ) are tested throughout this study. PGNs with polymer
chain lengths (N) of 20, 50, 100, 150, and 200 monomers are tested
for each nanoparticle radius, totaling 25 systems to encompass the
nanoparticle radius and chain length sample space. This study sam-
ples both the unentangled and entangled regimes for the particular
polymer model used. The entanglement length of the KG polymer
is approximated to be roughly 35 monomers (Ne ≈ 35).22,31,32 Each
system configuration consists of 32 PGNs initially arranged in a
face-centered cubic (FCC) Bravais lattice (Fig. 1), offering an effi-
cient packing structure. Additionally, PGNs of similar topological
parameters have been observed to fall into FCC structures in previ-
ous experimental work.33–36 The periodic boundary conditions are
set along the x, y, and z directions to simulate a continuous material
system.11,12,37

B. Force field description
This study utilizes a modified version of the Kremer–Grest

(KG) polymer model22 as a coarse-grained approach for polymer
chains to capture the general polymer mechanics. These linear poly-
mer chains are depicted as a bead spring model. The KG polymer
chain consists of (N) monomers (beads) aligned in a sequence
connected by anharmonic springs. The interaction between the
monomers is modeled with a FENE potential [Eq. (1)],22

E = −0.5KR2
0 ln �1 − � r

R0
�2� + 4ε��σ

r
�12 − �σ

r
�6� + ε, (1)

where the force constant (K) is set as 30 (ε�σ2), the equilibrium
bond distance (R0) is 1.5 (σ), and σ = ε = 1 for the Lennard-Jones
potential for non-bonded monomer–monomer interactions, which
have been parameterized before.38 All of the parameters and results
reported herein for length, energy, mass, and time are presented in
reduced units of σ, ε, m, and τ, respectively. Bond angles use the
harmonic angle style with force field coefficients of 5-ε and 120○ for

J. Chem. Phys. 160, 134903 (2024); doi: 10.1063/5.0188494 160, 134903-2

Published under an exclusive license by AIP Publishing

 28 M
ay 2024 19:10:47

https://pubs.aip.org/aip/jcp


The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

FIG. 1. PGN system initial configuration built by arranging singular polymer grafted
nanoparticles into an FCC unit cell and then extending the packing with 32 PGNs:
(a) graphical representation and (b) simulation configuration.

all polymer chain element prefactors and equilibrium angle values,
respectively. The harmonic angle potential is selected to increase
the stiffness of the chain and decrease its entanglement length,
which allows for more entangled polymer melts with fewer polymer
beads.

A nanoparticle is treated as a rigid body in this system due to
the stark difference in stiffness relative to polymeric materials.12,39

The fix rigid/nvt in LAMMPS is enforced for nanoparticle bead
interactions, while integrating in a constant NVT ensemble with
the Nosé–Hoover thermostat.40 The nanoparticle is modeled as a
hollow, rigid shell with a center point using two bead types as
mentioned in Sec. II A. A Lennard-Jones (LJ) interaction site is
positioned at the center of the nanoparticle using the core bead loca-
tion (center). A shift factor is applied to the LJ potential, selected
as the radius of the nanoparticle (RNP), to prevent polymer beads
from entering the excluded volume of the nanoparticle shell. The
surface beads, located at the radial distance d = RNP from the cen-
ter (core) bead, hold LJ interaction sites with no shift factor. Prior
research has demonstrated that a lack of free volume resulting from
high grafting densities on nanoparticles poses a significant challenge
to the interaction of their grafted polymer chains with neighbor-
ing nanoparticles. The interactions between dense polymer coronas
of even low chain length PGNs make it impossible for a neigh-
boring nanoparticle to penetrate another nanoparticle.15 Therefore,
nanoparticle–nanoparticle (NP–NP) interactions are excluded to
reduce the computational cost. However, systems with significantly
lower grafted densities than what is used in this study should

consider the possibilities of NP–NP interactions. Additionally, self-
interactions between the nanoparticle surface beads and surface
beads to center beads are set to none indicating their pairwise forces,
and energy computations are excluded.

C. System equilibration
To reach the minimum energy configuration, a previously

developed equilibration protocol is utilized.6,15 A soft interatomic
cosine potential is applied for a short duration to push any overlap-
ping beads. After the short push-off simulation, the FENE potential
is activated for a series of short NPT simulations, starting at high
pressure and intermittently reducing the pressure to allow the sys-
tem to hold its new configuration. This step is necessary to reduce
the free volume within the simulation box and allow interpene-
tration between neighboring PGNs. Next, a long equilibration is
conducted for roughly 13 000 000 time steps. A time step size of
0.01 (τ) was employed following widely accepted time step val-
ues commonly used in simulating the KG coarse-grained polymer
model.41–44 The Nosé–Hoover thermostat and barostat are applied
to control the temperature and pressure of the simulation during
the equilibration. The damping frequencies of the thermostat and
barostat are 1.0 (τ) and 1.0 (τ), respectively. A bond-swapping
technique is employed to accelerate the equilibrations of the long
polymer melts. This technique enables polymer bonds to exchange
positions with one another, thus preventing chains from becoming
trapped in specific configurations.45,46 The bond swapping is imple-
mented using the LAMMPS fix bond/swap command.46 Specifically,
the attempted bond swapping is set at every ten steps with 0.5 frac-
tion of polymer beads to consider for swapping and a cutoff distance
of 1.3 (σ).

The full equilibration of the system is determined by monitor-
ing chain conformations along the simulation. Once the normalized
mean squared internal distance (MSID) of chains is found to con-
verge, the systems are considered well-equilibrated.47 Next, a quench
simulation is run to replicate the annealing process as well as remove
any residual stresses within the system. Through the quench simu-
lation, the temperature is brought to 0.4 (T∗, reduced temperature
unit), which is found to be below the glass transition tempera-
ture of KG polymer melts.48 The reduction in temperature from
1 (T∗) to 0.4 (T∗) occurred over a series of simulations total-
ing 600 000 time steps or 6000 (τ). The systems are equilibrated
at their final temperature for 200 000 time steps or 2000 (τ). Prior
to the quench simulations, the FENE bond potential is substituted
with a quartic bond potential. This potential facilitates bond break-
ing in polymer chains that are heavily stretched. The specific bond
parameters utilized are adapted from the previous work on glassy
polymer mechanics.49 Figure S2 of the supplementary material illus-
trates the parameterization of the quartic potential compared to the
FENE potential. The parameterization matches the quartic equilib-
rium bond length with that of the FENE bonds, while permitting the
fracture of bonds upon surpassing their cutoff length. The employed
force required to rupture bonds has been demonstrated in several
prior studies to hold a realistic ratio to the fracture of covalent bonds
found in typical polymers.17,50–52 The application of this bond poten-
tial change protocol in addition to the parameterization of the bond
potentials has been widely employed throughout the literature to
study KG polymer deformation simulations.49,53–57
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Throughout the equilibration process, the positions of the
PGNs may deviate from the original FCC lattice. The deviation
is dependent on the size of nanoparticles as well as the length
of the grafted chains. Figure S3 of the supplementary material
shows the nanoparticle radial distribution functions of fully equi-
librated large and small chain lengths and nanoparticle systems.
Throughout their equilibration, systems with small nanoparticles
transition into an arrangement similar to that of a melt, exhibiting
a disordered distribution of nanoparticles within their long-range
structure. Larger nanoparticle systems shift slightly; however, they
tend to remain close to their ordered FCC packing structure. These
results are in line with the experimental observations regarding
the effects of structural parameters on the assemblies of PGNs.58

An ordered configuration is not well maintained as the volume of
relaxed polymer chains overcomes the available void space offered in
FCC packing. The decrease in nanoparticle size facilitates a reduced
available void space for relaxed polymer chain segments. As the
grafted polymer chain length of these systems increases, the vol-
ume of relaxed polymer ends tends to overwhelm the available
space, therefore, reducing their ability to maintain a well-ordered
arrangement.

The volume fraction of nanoparticles (ΦNP) and monomer
densities (ρmon) of each fully equilibrated system are presented in
Table S1 of the supplementary material. Three distinct trials are
run for each system to obtain a statistical average. The individual
trials are distinguished by different lengths of additional simula-
tion in the NPT ensemble after the system is sufficiently equili-
brated. This allows the equilibrated system to explore different initial
configurations for the proceeding shear deformation simulations.

D. Shear deformation
Following the full equilibration and quench of each system, a

shear deformation simulation is conducted. The quartic bond style
is utilized to allow bond breaking in polymer chains that are heavily
stretched. It should be noted that irreversible bond breaking was not
observed within the specific small strain region of interest of this
study. However, integrating this aspect into the model is valuable
in maintaining a physically accurate representation of the potential
of mechanical failure. In the case of larger deformation, simulations
must retain the capability for bond breaking to accurately capture
the mechanics of failure in polymer chains.

The simulation box is switched to triclinic (non-orthogonal)
to allow for six adjustable dimension parameters (x, y, z, xy, xz,
and yz) for shear deformation. The shape of the simulation box
is changed at a constant engineering shear strain rate using the
fix deform LAMMPS command to model the shear deformation.
The deformation in this scenario is small so no box flipping is
enforced. The nonequilibrium molecular dynamics shear deforma-
tion simulation implements the use of the SLLOD equations of
motion.59 The fix nvt/sllod command is used to regulate the temper-
ature of the system through a Nosé–Hoover thermostat and update
polymer particle positions and velocities each time step. The atom
positions are not remapped throughout the simulation; however,
velocities are remapped when the atoms cross periodic boundaries.
This technique is used to maintain a consistent velocity profile to
align with the changing box shape. Similar simulation techniques
reported in previous studies have been used to characterize shear

deformation responses up to large strains.27 The time step employed
for all shear deformation simulations remains consistent with the
time step utilized during system equilibration [0.01 (τ)]. This selec-
tion is informed by a study conducted by Lee and Kremer, which
revealed negligible effects of different time step sizes on the stress
autocorrelation function.43 This finding suggests that small varia-
tions in the time step size have a minimal impact on the dynamics of
the KG system. The number of time steps used for shear deforma-
tion simulation is dependent on the maximum strain desired, strain
rate, and time step. Throughout the simulation, the strain is moni-
tored using the following equation, where L0 is the initial length of
the simulation box (σ), γ̇xy is the strain rate, t is the time step, and
dt is the time step size:

γxy = L0 ⋅ γ̇xy ⋅ t ⋅ dt
L0

. (2)

The virial stress tensor is calculated and collected during the
shear simulations. Given that the shear deformation is applied on the
xy plane, the xy component of stress (pxy) becomes the focal point
of this study. Once the shear deformation simulation is completed,
pxy is plotted as a function of the measured strain to obtain the PGN
shear stress vs shear strain curves.

III. RESULTS AND DISCUSSION
A. Shear stress–strain

Figure 2 shows a sample stress–strain curve in which the sys-
tem containing PGNs with nanoparticle radii of 1 (σ) is strained
till 20 (σ/σ) at a rate of 0.01 (τ−1). The legend provides labels cor-
responding to the curves plotted, differing by grafted chain lengths
(N) for different nanoparticle radii of 1 (σ) systems. The simula-
tion shown in Fig. 2(a) is observed to reach a steady shear condition
at a large strain of roughly 13 (σ/σ). These systems hold nanopar-
ticles of radii 1 (σ) and chain lengths of 20, 50, 100, 150, and 200
(N). It is important to clarify that the large strain simulation was
performed for primarily illustrative purposes to demonstrate the
system response to a significant strain. Analysis of the large strain
response is not addressed in this study and left for future work.
The focus of this work remains in the small strain region. All other
systems were deformed only to a strain sufficient for observing the
small strain response to avoid unnecessary computational expense.
It should additionally be noted that in the region of small strain
under analysis, there were no observed instances of bond breaking.

The results of this study focus on characterizing the material
shear modulus, obtained by examining the small strain region
of the stress–strain curve. The simple shear simulations are con-
ducted under constant shear rates. However, it is expected that
rate-dependent terms may have effects, particularly at the elevated
strain rates examined within this work. Analysis is conducted for
each simulation to extract the shear modulus (G) using the lin-
ear portion of the small strain region in the stress–strain curve.
Figure 2(b) shows a zoomed-in image of the stress–strain curve in
the small strain region. A linear function is fitted to the data of up
to 2% total strain following the criteria of the previous simulation
work.60 The method of least squares is used to derive the slope of the
fitted function. This slope represents the shear modulus (G) within
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FIG. 2. Shear stress as a function of shear strain for (a) the large strain and (b) the
small strain (zoomed-in view).

this study. For each system, G is reported as a statistical average over
the three trials performed to provide statistical error.

B. Strain rate dependency
Initially, the relationship between the shear rate (γ̇) and G is

analyzed for systems of pure linear chains and grafted nanoparti-
cles. Figure 3 shows G as a function of shear rate for pure linear
chain and grafted chains of length 20 (N). Only the selected grafted
systems with a nanoparticle core radius of 5 and 8 (σ) are plotted
to visualize the trending behavior for clarity. However, these trends
are consistent and representative of the behavior of all nanoparticle
radius systems and chain lengths, which are shown in Fig. S4 of the
supplementary material.

Shear deformation simulations are conducted at seven differ-
ent strain rates [0.01, 0.005, 0.001, 0.0005, 0.0001, 0.000 05, and

FIG. 3. Effect of strain rate on G at a constant chain length (N = 20).

0.000 01 (τ−1)]. The results indicate that an increased strain rate
generally produces a higher observed G (see Fig. S4). This rela-
tionship breaks down as strain rates surpass 0.005 (τ−1). At these
relatively high strain rates, the decrease in G is expected to be largely
a result of the relatively high corresponding error of these points.
Larger shear strain rates experience heightened noise in the simula-
tion results due to the constant time step size across all deformation
simulations. Previous simulation studies report similar observations
as well as potential instabilities at large shear rates.61 In general, the
error for shear strain rates of PGNs less than 0.005 (τ−1) is lower
than that for higher shear strain rates. Similar strain rates have been
used to study the mechanical properties of PGNs through CG-MD
simulations.27,49

C. Chain length and size effects
The parameter space of PGNs can be decomposed into the

grafted chain length and nanoparticle core radius (Fig. 4) to ana-
lyze their effects on the shear modulus (G). Figure 4(a) shows G as
a function of polymer chain length for linear chains and PGNs of
nanoparticle radii 5 and 8 (σ). The full set of PGN systems are pre-
sented in the supplementary material (Fig. S5); however, the trends
are well represented with the presented reduced plot. It should be
noted that a nanoparticle radius of 0 (σ) represents the linear poly-
mer system with no nanoparticles. Focusing on the behavior of
the linear chains, an expected rough constant G is observed for all
chain lengths. For the lowest chain length (N = 20), a decrease in
G is expected due to the chain being shorter than the determined
entanglement length of the polymer model (Ne ≈ 35).22,31,32 More
interestingly, PGN systems with lower chain lengths are found to
result in higher measured G. As the grafted chain length increases
for these systems, G decreases to converge to roughly the same G as
that of linear ungrafted polymer chain systems. The behavior of this
relationship is attributed to long grafted chain lengths resulting in
lower nanoparticle volume fractions, which are analyzed in greater
depth in the proceeding volume fraction analysis and the conforma-
tion analysis. An increase in elastic modulus with decreasing chain
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FIG. 4. Effects of (a) chain length and (b) nanoparticle core size on G at a constant
shear rate [γ̇ = 10−5 (τ−1)].

length was reported in the previous work for star polymers with
higher than 12 arms. Consequently, this implies a possible increase
in the nanoconfinement of the polymer chains and a higher fraction
of polymers existing in a concentrated brush regime.62

Figure 4(b) shows G as a function of nanoparticle core radius
for chain lengths of 20, 50, and 200 (N) for clarity. The complete
set of chain lengths is provided in the supplementary material (Fig.
S6). As expected from the chain length effects, the short chain length
systems are more strongly affected by the variance of nanoparti-
cle radius. In general, as the nanoparticle core radius increases,
the observed G increases. However, for large chain lengths, more
specifically N = 200, G remains roughly unaffected by the increased
nanoparticle radius. The slight non-monotonic behavior of G with
increasing nanoparticle radius, primarily at low nanoparticle radii,
is expected to be statistically insignificant. The error reported for

low nanoparticle radius systems is high relative to larger radius sys-
tems. This elevated error is primarily attributed to the varied system
packing structures for small nanoparticle radii post-equilibration.
The equilibrated structure assemblies subjected to shear deforma-
tion exhibit greater dissimilarity in small nanoparticle radii systems,
contrasting with the fairly uniform equilibrated structures observed
in systems with larger nanoparticle radii. As mentioned in Sec. II C,
System Equilibration, systems with larger nanoparticle radii tend to
stay close to their FCC packing structure throughout the equilibra-
tion, while small nanoparticle radii systems shift to a disordered
arrangement due to the decrease in available void space for relaxed
polymer chain segments.

The trends shown in Fig. 4(b) point to a material stiffening
effect due to the higher volume of rigid nanoparticles throughout the
system. As the bulk material transitions to higher portions of softer
polymeric make-up, the total response tends to that of the majority
material’s behavior, which would be a softer and reduced G. Overall,
the coupling effect of the chain length and nanoparticle core radius
shown in Fig. 4 leads to the notion that the shear response of PGNs
can culminate into a volume fraction argument, which is discussed
in further detail below.

D. Conformation analysis
To further understand what factors may affect the shear

response mechanics for different polymer-grafted nanoparticle sys-
tems, the monomer radial positions of the grafted chains are ana-
lyzed. Figure 5 shows the plots of the average radial distance of
monomers along the polymer chain vs the index of monomers
starting from the grafted site on the nanoparticle surface. Near
the surface of nanoparticles, “concentrated polymer brush” (CPB)
regions are expected to form, creating a stiff shell of stretched poly-
mer chains. Further out from the nanoparticle surface, a “semidilute
polymer brush” (SDPB) region is expected, where chain conforma-
tions are more relaxed. A common practice throughout the literature
is to fit a linear relationship between low-index monomers as the
CPB region, in which the radial distance of polymer chains is
expected to scale as R ∼ N. Between high index monomers in the
SDPB region, the radial distance of polymer chains is expected to
transition to scale as R ∼√N.10,15 Figure 5 additionally shows these
expected scaling behaviors as a reference. The coefficients used for
the expected theoretical behavior are estimated by incrementally fit-
ting the monomer position indices beginning from the last index,
which is expected to match the form Ri ∼ N0.5. Generally, the first
few monomers appear to follow the expected scaling of the CPB
region, and the remaining chain transitions close to the expected
scaling of the SDPB region. The lack of strong visual correlation to a
linear region may be due to the necessary conditions of short chains
highly grafted onto low curvature surfaces.7 An equation defining
the crossover radius as the point at which a transition from the CPB
to SDPB regime will occur is given by Ohno et al.10 The equation
leads to the expectation that the crossover radius will increase as the
nanoparticle core radius increases. This relationship is consistent
with the results regarding the conformations of spherical polymer
brushes of past studies.7,63 Evaluating the exact point of this transi-
tion is not within the scope of this research and is, therefore, not
quantified. However, this question does warrant future investiga-
tion on further quantifying the transitional point for similar PGN
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FIG. 5. Radial distance of monomers from the surface of the nanoparticle.

systems. Notably, the theoretically expected scaling of the SDPB
region reveals that large nanoparticle systems experience curling of
the grafted polymer free ends. Specifically, for nanoparticle radii of
5 and 8 (σ) and more pronounced for long chains, the free ends are
found to scale roughly as R ∼ N1/3. This is indicative of a poor sol-
vent condition64 for the interstitial regions of these PGN systems.
This effect is likely due to an increase in the available interstitial
void space and restriction from the surrounding dense polymer
coronas.

Snapshots taken of simulated system trajectories65 are shown
in Fig. 6 to aid in the physical visualization of this confining effect.
The deep red highlighted beads belong to a single selected PGN,
including its nanoparticle beads and grafted polymer chain beads.
All other beads are rendered with transparency to provide a three-
dimensional view of the simulation box. White transparent beads are
grafted polymer chains, and the faint dark circles are other nanopar-
ticles. Large nanoparticle radii systems are expected to offer greater
available void space in the interstitial zones, allowing polymer free
ends to reside in close proximity to their nanoparticle.58 Addition-
ally, neighboring dense coronas likely confine these free polymer
ends to remain in their immediate interstitial regions. Figure 6(a)
shows the equilibrated PGN system of the nanoparticle radius of 8(σ) and chain length of 200 (N). In this image, the grafted polymer
chain free ends of the selected PGN do not reach far out in the space
of the simulation box but are restricted to the interstitial pockets
around their nanoparticle. This restriction likely contributes to the
curling of the free polymer ends of large nanoparticle radii systems.
Contrarily, small nanoparticle radii are expected to offer lower avail-
able void space between PGNs, which may force free polymer chain
ends outside of their close interstitial regions and allow them to be
more relaxed/stretched. Figure 6(b) shows the equilibrated PGN sys-
tem of nanoparticle radius of 3 (σ) and chain length of 200 (N). The
grafted polymer chain free ends of the selected PGN in this system
reach relatively far out into the space of the simulation box. Some
polymer free ends appear to extend significantly, exploring inter-
stitial pockets of neighboring PGNs. This extension allows for the
more relaxed state of polymer free ends in comparison to the con-
fined free ends in the large nanoparticle radius systems. Figure 6(c)
supplements these observations by showing the probability distribu-
tion of the end-to-end distance (Ree) of each grafted polymer chain
of length 200 (N) normalized by their respective average NP–NP
spacing (dNP). The probability distributions are for systems with
nanoparticles of radii 3 and 8 (σ). For nanoparticles of radii 3 (σ),

the mode of the skewed distribution, shows that most chains are
extended to roughly the distance of their NP–NP spacing. However,
the average end-to-end distance appears to be greater than that of
their NP–NP spacing, indicating that the ends of many chains reach
far into the interstitial pockets of neighboring PGNs. The relatively
normal distribution for nanoparticles of radii 8 (σ) shows that the
NP–NP spacing exceeds the average end-to-end distance of their
grafted polymer chains. This confirms that most free ends of their
grafted chains are restricted to the immediate interstitial pockets
surrounding their nanoparticle.

Additionally, the average end-to-end distance of the grafted
polymer chains is plotted as a function of nanoparticle core radius
for each system shown in Fig. 7. The roughly constant behavior of
the end-to-end distance for each chain length is presumably due to
their constant grafted density, resulting in the formation of a dense
polymer corona. The high grafting density of the polymer corona
prohibits grafted chains from forming “mushroom” configurations
on the surface of nanoparticles with low end-to-end distances.66

There is an observed increase in end-to-end distance as the nanopar-
ticle core radius is increased. The increase in radius leading to the
flattening of the nanoparticle surface likely induces overcrowding
effects near the grafting points at the nanoparticle surface. Higher
confinement forces a greater extension of the polymer in this region
due to the decreased available space between chains. This is in line
with the previous theory regarding the effect of the curvature of
the grafting surface on polymer chain conformations.7,63 As the
curvature of the surface diminishes (with an increase in nanopar-
ticle radius), the transition from a confined brush region to relaxed
chains occurs at longer chain lengths, resulting in an extension of
the end-to-end distance.

The Debye–Waller factor (DWF) is also considered for fast
chain dynamical analysis.67 The factor is measured as the aver-
age monomer mean square displacement (�u2�) within its caging
region.68 In this work, �u2� is referred to as the DWF following the
methods of previous simulation studies.68,69 The time a monomer
spends in its caging region, the caging time, is taken as 1 (τ) of
the simulation in the equilibrium state for each PGN system, align-
ing with the caging time used by the previous work calculating the
DWF for CGMD simulations.70 Figure 8 shows the DWF as a func-
tion of the monomer index of the nanoparticle of radius 2 and 8(σ) PGN systems for clarity in the conformation explanation; the
complete parameter space is shown in Fig. S7 of the supplementary
material. For the average �u2� over all monomers for the system
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FIG. 6. Snapshots of system trajectories post-equilibration for PGNs with nanopar-
ticle radii and grafted chain lengths of (a) 8 (σ) and 200 (N) and (b) 3 (σ) and
200 (N), respectively, and (c) probability distribution of end-to-end distances nor-
malized by the respective average NP–NP spacing for systems with nanoparticle
radii of 3 and 8 (σ).

FIG. 7. End-to-end distance of grafted polymer chains (�RN�) as a function of
nanoparticle core radius.

containing nanoparticles with a radius of 8, the DWF can be taken
as roughly 0.032 (σ2). Prior studies quantifying the DWF for similar
KG polymer systems find that �u2� for systems slightly below their
glass transition temperature also fall in the vicinity of 0.03 (σ2).70

This study uses �u2� to analyze the segmental mobility of the
polymer chains grafted to the surface of the nanoparticle. Three
distinct regions are observed in the analysis of the DWF: an ini-
tial increase, a plateau, and a final increase. The initial increase
with a low magnitude of �u2� is found to correlate to the first few
monomers of the grafted polymer chains, close to the surface of the
nanoparticle. At the surface of the nanoparticle, chains are heavily
confined due to the grafted-chain density causing a caged dynamic
motion. However, as the plateau region is reached, for the majority
of the polymer chain length, the monomers are seen to be in a semi-
mobile state in comparison to low-index monomers. The monomers
in this plateau are confined to local motion but still restricted by
neighboring chains. Finally, in the last few monomers of each chain
length, an additional increase is observed correlating to the free
ends of the grafted polymer chains. The free ends are allowed to
explore different conformations with much less cage restriction. The
analysis presents a physical picture to explain the nanoparticle-to-
nanoparticle interactions. Close to the surface of the nanoparticle,
a hard shell region of confined polymer chains is observed, and
further away, a softer shell comprised of polymer chain free ends
allows intermingling with the coronas of nearby PGNs. Although
grafted chain density is held as a constant throughout all systems,
for smaller nanoparticles, less distinction can be made between the
three regions of mobility. The heavy noise in smaller nanoparticle
systems is attributed to the fewer total chains averaged compared to
large nanoparticle systems. The region transitions show the chains
of small grafted nanoparticles to be less confined and, therefore,
more likely to interpenetrate the full corona of neighboring PGNs. In
contrast, greater confinement effects in larger nanoparticle systems
provide additional stiffening behavior at the surface of the nanopar-
ticles acting as an effective stiff core. Furthermore, the distinct softer
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region of polymer free ends may more easily interpenetrate only the
soft regions of other PGNs. These pronounced distinctions in caged
polymer dynamics likely contribute to the enhanced shear modulus
found in large nanoparticle systems.

E. Volume fraction effect
The prominent effects of the nanoparticle size in competition

with the effects of chain length in grafted vs ungrafted chains lead
to the conclusion that volume fraction effects of nanoparticles on
the polymer are dominant in the determination of G. To better
understand this conclusion in the behavior of the PGN systems,
G is plotted as a function of the volume fraction of nanoparticles
(Fig. 9). Only plots with a selected few shear rates are provided here;
however, the full parameter space is provided in the supplementary
material (Fig. S8). This volume fraction is calculated by taking
the ratio of the sum of nanoparticle volumes (VolNP) to the total
simulation box volume (Volbox) [Eq. (3)],

ΦNP = ∑32
n=1 VolNP

Volbox
. (3)

For statistical accuracy, these results are taken as an average
over three trials, and the standard deviation is displayed. Analyzing
0.00 ΦNP provides the G for linear polymer chains (no nanoparti-
cles). In this comparison, throughout all evaluated shear rates, G
for linear polymer chains remains relatively constant, only showing
fluctuation as a function of shear rate. At a high shear rate [Fig. 9(a)],
the G values for different systems are clustered, showing no distinct
trend. This ambiguity is attributed to the elevated error of the high
shear strain rates previously stated in the strain rate dependency
analysis. However, it is interesting to analyze points near similar vol-
ume fractions, achievable by the variations in polymer length as well
as nanoparticle size, resulting in more polymer beads due to con-
stant grafted density. At similar volume fractions where data points
cluster, for example, ΦNP ≈ 0.02, the small radius PGN system (1 σ)
appears to hold higher G values than the nearby larger radius sys-
tems 2, 3, and 5 (σ). Additionally, the relatively elevated G of small
nanoparticle radii hold lower grafted chain lengths than those of the
larger nanoparticles near the same ΦNP. The intricate influence of
the nanoparticle size and chain length is expected to be secondary
to the effects of ΦNP on the measurement of G. This observation is
consistent with the analyzed effects of chain length for PGN materi-
als exhibiting similar monotonically increasing shear modulus with
increasing nanoparticle filling fractions.71 The results of the pre-
vious study indicate that the shear modulus of PGNs depends on
the chain length and grafted density of systems with approximately
equal nanoparticle filling fractions. However, the influence of the
nanoparticle size and chain length is expected to be secondary to
the effects of ΦNP, which holds a more prominent linear correlation
to the measurement of G.

At shear rates below 0.01 (τ−1), a recognizable trend emerges.
The data are well-fitted to an adapted formulation of a general
rule of mixtures, provided by the Voigt modulus,72 displayed in the
following equation:

GPGN = ΦNP ⋅GNP + (1 −ΦNP) ⋅Glinear , (4)

where GPGN is the shear modulus of the PGN system, ΦNP is the
volume fraction of nanoparticles in the PGN system, and Glinear is

FIG. 8. Debye–Waller factor of the PGN system with nanoparticle radii of (a) 2 and
(b) 8 (σ).

the shear modulus of the pure linear chain system. This formulation
assumes an equivalent strain within the composite’s reinforcement
(nanoparticles) and matrix (polymers) as well as a linear-elastic
material response. Equation (4) is fitted to the corresponding data
shown in Fig. 9 by employing non-linear least squares optimization
to tune the parameters of GNP and Glinear . The fits are shown in Fig. 9,
indicated by the black dotted line, and the respective parameters are
provided in Table I. At a vanishing value of ΦNP, GPGN holds no
dependence on GNP, indicating that the contribution to GPGN resorts
entirely to G of the linear polymer chain system. The fitted Glinear
values are approximately equal to the arithmetic mean of the lin-
ear chain values of G. Conversely, the maximized value of ΦNP = 1
indicates GPGN with the sole contribution from GNP and no depen-
dence on Glinear . While this model accurately captures the behavior
of low ΦNP systems, caution must be exercised in the extrapolation
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TABLE I. GNP and Glinear for varying shear rates.

Shear rate (γ̇) GNP (p∗) Glinear (p∗)
0.000 01 40.42 9.84
0.000 05 42.78 10.75
0.000 1 44.93 11.13
0.000 5 48.23 12.06
0.001 47.32 12.29
0.005 43.38 12.82
0.01 32.37 12.58

of the value of GNP. The NP–NP interactions are not considered in
this work as they are negligible given the steric hindrances of grafted
polymers, but this does not hold true for bare particles. Therefore, a
parameterized model of a purely nanoparticle system to capture this
data point is not within the scope of this research.

Most prominently, as shown in Figs. 9(b)–9(d), G appears to
collapse to a more discernible linear correlation with the volume
fraction of nanoparticles present within the system. The difference
in the trend of high shear rate simulation (0.01 τ−1) [Fig. 9(a)] is
attributed to the increased error described in the shear rate effects.
As the volume fraction of nanoparticles increases, the measured G
increases. This is an expected observation given that nanoparticles
are typically much more rigid than polymeric materials. As a sys-
tem is filled with a more rigid material, the total material property
tends to align with that of the introduced material; in this case, rigid
nanoparticles.

The relationship between ΦNP and G displayed in this study is
supplemented by the findings of Jhalaria et al.,73 where the shear
modulus (G) was studied for poly(methyl acrylate) (PMA) grafted
silica nanoparticles. In consensus with this research, their find-
ings show shear modulus enhancement as a function of increasing
nanoparticle volume fraction. While they observe a slightly nonlin-
ear behavior, the qualitative increase is verified. From Eq. (4), GNP
and Glinear of Jhalaria et al. are estimated to be 18.78 and 7.32 GPa,
respectively. Due to the lack of a distinct trend within the values
of GNP and Glinear of this study, the arithmetic mean of the data
[GNP = 42.78 (p∗) and Glinear = 11.65 (p∗)] are taken to com-
pare with the findings of Jhalaria et al. The ratio of Glinear GPa of
Jhalaria et al. to the average Glinear (p∗) of this study can be used
as a scalar value (α) for mapping Eq. (4). The value of α is deter-
mined to be roughly 0.645 GPa�p∗. The maximum of GNP of this
study multiplied by α yields GNP = 27.59 GPa, which is greater than
the value presented by Jhalaria et al. (18.78 GPa). It is noted that
the work of Jhalaria et al. was conducted above the glass transi-
tion of their grafted polymer chains. Additionally, their findings are
high-frequency measurements in which the high rate may have an
effect on the trend as well as magnitude of G. Although the quali-
tative behavior of the findings is in agreement, the difference in the
quantitative analysis is expected to be a result of the nanoparticle
interactions considered in this study as well as the different grafted
chain densities and specific polymer chemistry in the findings of
Jhalaria et al.. The effects of these parameters are not specifically
addressed within the scope of this research. However, these findings
warrant future investigation to resolve the dependence of the value
of G on additional parameters of interest, such as grafted density and
grafted polymer chemistry.

FIG. 9. Shear modulus (G) as a function of volume fraction of nanoparticles at (a)
0.01, (b) 0.001, (c) 0.0001, and (d) and 0.000 01 (τ−1).
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IV. CONCLUSION
This study characterizes the shear mechanical response of poly-

mer grafted nanoparticles (PGNs) by obtaining the shear modulus(G) through molecular dynamics simulations. The shear rate of
deformation influences the response of the systems by increas-
ing G as the rate is increased. This trend is seen to decompose
at large shear rates, justified by the relatively high corresponding
error of these points due to heightened simulation noise. As the
grafted polymer chain length decreases, G increases due to effec-
tive stiffening, which is seen through a conformational analysis. The
dynamics of chain conformations reveal distinct regions of caged
monomer motion in larger nanoparticle systems, which also con-
tributes to the enhanced values of G. Chain conformations of large
nanoparticle systems reveal poor solvent conditions in the inter-
stitial pockets of the PGNs. This phenomenon is expected to be a
result of the availability of free volume in these regions, stemming
from a reduction in nanoparticle surface curvature. The curva-
ture of the nanoparticle surface introduces additional confining
effects, leading to the elongation of the end-to-end distances most
prominently in long polymer chains. The size of the nanoparticle
displays an expected effect of increased G for larger nanoparticles.
The reason for this relationship again primarily stems from the
increase in the volume fraction of nanoparticles. To further under-
stand the relationship between the volume fractions of nanoparticles
and shear modulus, a simple rule of mixtures formulation is used
to model G as a function of ΦNP. The qualitative analysis of this
trend is verified by recent experimental work. However, quanti-
tative disparities warrant a continued investigation into systems
approaching the upper bounds of ΦNP. Furthermore, the para-
meters not addressed in this study, such as grafted density and
polymer chemistry, require further examination into their effects
on G. The insights provided by this research add to the ongoing
development of PGN simulations for future studies. The simu-
lations and results presented here advocate for the expansion of
comprehensive models that capture intricate details from shear
mechanical properties to tensile strength and toughness charac-
terization of prior research findings. In conclusion, the thorough
parametric study conducted in this research not only contributes
to advances in understanding the shear mechanical properties of
PGNs below their glass transition temperature but also paves the
way for new insights into the intricate attributes of the PGN material
response.

SUPPLEMENTARY MATERIAL

See the supplementary material for the detailed analyses
referenced in the main text.
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