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Differential Framework for Submeter-Accurate
Vehicular Navigation With Cellular Signals

Joe Khalife

Abstract—A framework that could achieve submeter-level-
accurate horizontal navigation with carrier phase differential mea-
surements from cellular signals is developed. This framework,
termed CD-cellular, is composed of a base and a rover in a cellular
environment, both making carrier phase measurements to the
same cellular base transceiver stations (BTSs). The base shares
its carrier phase measurements with the mobile rover, which in
turn employs an extended Kalman filter to obtain a coarse esti-
mate of its states, followed by a batch weighted nonlinear least
squares (B-WNLS) estimator to solve for the integer ambiguities,
and finally a point-solution WNLS to estimate its own states. The
framework is designed to guarantee that after some time, the
rover’s position error remains below a pre-defined threshold with
a desired probability. This is achieved by leveraging models of the
BTS positions from stochastic geometry. Experimental results on an
unmanned aerial vehicle (UAV) in an open semi-urban environment
with multipath-free, line-of-sight (LOS) conditions are presented,
showing that the developed framework achieves a 70.48 cm position
root mean-squared error (RMSE) over a trajectory of 2.24 km,
measured with respect to the UAV’s navigation solution from its
onboard GPS-inertial navigation system (INS).

Index Terms—Carrier phase, fifth-generation (5G), integer

ambiguity resolution, LTE, navigation, RTK, signals of
opportunity, UAV.
NOMENCLATURE
i € {UAV(U), Base(B)}, receiver index.
n € {1,...,N}, BTS index.
N Total number of BTSs.
k Discrete-time index.
c Speed of light.
A Signal wavelength.
29 (k) Carrier phase measurement from ¢-th receiver to n-
th BTS at time-step k.
Tr, £ [z, Yr, |7, i-th receiver’s two-dimensional (2-D)

position vector.
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£ [2s,,Ys,|", n-th BTS’s 2-D position vector.
Altitude difference between i-th receiver and n-th
BTS.

Carrier phase ambiguity between i-th receiver and
n-th BTS.

i-th receiver’s clock bias.

n-th BTS’s clock bias.

Measurement noise between i¢-th receiver and n-th
BTS. _

Variance of vgf ).

Carrier-to-noise ratio of n-th BTS measured by ¢-th
receiver.

1-th receiver’s PLL noise equivalent bandwidth.

Double-difference carrier phase measurment for n-
th BTS.
Single-difference range for n-th BTS.

Double-difference integer ambiguity for n-th BTS.

Double-difference measurement noise for n-th
BTS.

Vector of all double-difference measurements.
Vector of all single-difference ranges.

Vector of all double-difference integer ambiguities.
Vector of all double-difference measurement noise.
Covariance matrix of vy g.

Confidence level.

Desired position error threshold.

Cutoff time beyond which position error bound
holds.

Collection of all double-difference measurement
vectors up to time-step k.

Time history of receiver U’s position up to time-step
k¢ in vector form.

Collection of all single-difference range vectors up
to time-step k¢.

Collection of all double-difference measurement
noise vectors up to time-step k.

Covariance matrix of VU“B.

B-WNLS float estimate of f‘f«%

B-WNLS float estimate of IN.

B-WNLS integer estimate of IN.

Integer ambiguity errors.

B-WNLS estimate of fﬁfj after integer fix.
Double-difference geometry matrix.
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Amax(A) Maximum eigenvalue of some matrix A.
Amin(A) Minimum eigenvalue of some matrix A.
f;zl 4 (-)  Inverse chi-square cdf with M degrees of freedom.

1. INTRODUCTION

S AUTONOMOUS vehicles (AVs) get endowed with

higher levels of autonomy, the accuracy and resiliency
requirements of their navigation systems become evermore
stringent. For example, for an automated driving system to
be classified as SAE J3016™ Level 4 (high automation), the
driving system must be able to precisely and safely execute
driving maneuvers, such as lane changes or turns at intersec-
tions. In order to execute such driving maneuvers, localization
accuracies of 0.1 m with a confidence of 95% must be realized
[1]. On the other hand, while similar clear-cut requirements for
unmanned aerial vehicles (UAVs) have not been established yet
[2], [3], itis not far-fetched to imagine submeter-level navigation
requirements for certain flight operations, e.g., beyond visual
line-of-sight (BVLOS) in urban environments and in large-scale
swarms.

Today’s AVs rely on an inertial navigation system (INS) aided
by global navigation satellite system (GNSS) signals. While
such systems can meet the submeter-level accuracy requirement
in certain clear line-of-sight conditions, they are at the mercy
of GNSS signal vulnerabilities. These signals are jammable,
spoofable, and may become unusable in certain environments
(e.g., deep urban canyons) [4]-[7]. Moreover, a GNSS receiver
may simply fail altogether. When GNSS signals are compro-
mised or unusable, the error in the INS-derived navigation
solution will quickly drift unboundedly, violating the navigation
accuracy requirement and jeopardizing the safe operation of the
AV. On one hand, aiding sensors such as lidars or cameras can be
used to limit the drift of the INS [8], [9]. However, such sensors
can only provide position information in a local map and they
too could drift over time [10], [11]. One way to circumvent this
issue is to create high-fidelity global maps of lidar point clouds
or camera images and localize the AV in such global maps using
map matching [12]. However, building these high-fidelity maps
for different environment is tedious and performing map match-
ing requires high computational power and resources to run in
real-time [13], [14]. On the other hand, signals of opportunity
(SOPs) (e.g., low Earth orbit (LEO) satellite [15]-[17], digital
television [18], [19], and cellular [20]-[26]) possess desirable
attributes to serve as an alternative aiding source to GNSS
signals. Navigation with SOPs has been demonstrated on ground
vehicles and unmanned aerial vehicles (UAVs), achieving a
localization accuracy ranging from meters to tens of meters,
with the latter accuracy corresponding to ground vehicles in
deep urban canyons with severe multipath conditions [27]-[33].
Cellular SOPs, particularly 3G code-division multiple access
(CDMA), 4G long-term evolution (LTE), and 5G new radio
(NR), are among the most attractive SOP candidates for nav-
igation. These signals are abundant, received at a much higher
power than GNSS signals, offer a favorable horizontal geome-
try, are free to use, and can provide position information in a
global map. While cellular signals are jammable and spoofable
[34]-[36], they are typically received at high powers (more

than 30 dB than GNSS signals [37]) and are transmitted in
multiple frequency bands. The cellular 3G, 4G, and 5G spectrum
spans the 700 MHz to nearly 6 GHz bands. The 5G millimeter
wave (mmWave) spectrum is envisioned to span several GHz
of spectrum, with some bands reaching up to 400 MHz of
bandwidth. This makes staging a successful, clandestine attack
on cellular SOPs generally challenging, as the attacker would
need to target the entire cellular spectrum with very high power.

A challenge that arises in cellular-based navigation is the
unknown states of cellular base transceiver stations (BTSs),
namely their position and clock errors (bias and drift). This is in
sharp contrast to GNSS-based navigation, where the states of the
satellites are transmitted to the receiver in the navigation mes-
sage. Since cellular BTSs are spatially stationary, their positions
may be mapped prior to navigation (e.g., by a dedicated mapping
campaign or from satellite imagery and cellular databases).
While mapping BTS positions is also tedious, the number of
BTSs in an environment is orders of magnitude lower than
the number of points in a lidar point cloud or pixels in image
maps. While BTS positions can be mapped once and stored
for later use, BTS clock errors must be continuously estimated
since these errors are stochastic and dynamic. To deal with this
challenge, a base/rover framework was proposed in [20], [38], in
which the base and rover make pseudorange measurements to the
same BTSs in the environment. The base was assumed to have
complete knowledge of its states (e.g., by having access to GNSS
signals), while estimating the states of BTSs in its environment,
and sharing these estimates with a rover that had no knowledge
of its states. Another framework was developed in which the
rover estimated its states simultaneously with the states of the
BTSs in the environment, i.e., performed radio simultaneous
localization and mapping (radio SLAM) [39], [40].

It is well-known that carrier phase measurements are much
more precise than code phase (pseudorange) measurements.
While meter-level accuracy is achievable with pseudorange mea-
surements, submeter-level (centimeter to decimeter) is achiev-
able in carrier phase differential GNSS (CD-GNSS), also known
as real-time kinematic (RTK) [41], [42]. However, the literature
on differential cellular-based navigation frameworks is sparse.
A preliminary study of cellular carrier phase-based navigation
were conducted in [43], [44], in which the received carrier
phase of cellular signals was exploited to produce submeter-
level accurate navigation solutions on a UAV flying in an
open semi-urban environment. The framework was based on
carrier phase differential (CD)-cellular measurements, requir-
ing an additional base receiver. The CD-cellular navigation
framework was analyzed through Monte Carlo simulations.
One advantage of the CD-cellular framework is that it re-
quires very few base receivers to cover large areas [44] (1
base in about 6 km radius). One challenge with using dif-
ferential carrier phase measurements is having to resolve the
integer ambiguities [41], [45], [46]. Several solutions have been
proposed for this problem, most notably the Local Minima
Search (LMS) method [47] and the Least-squares Ambiguity
Decorrelation Adjustment (LAMBDA) method [48]-[50] and
its variants [51]. These methods rely on either (i) multiple-
frequency measurements, both code and carrier phase measure-
ments, (i1) the GNSS satellite geometry to change significantly
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with time as the receiver remains stationary, or (iii) dedicated
ground-based GPS integrity beacons [52]. However, code phase
measurements are not necessarily available from cellular BTSs,
nor do BTSs necessarily transmit synchronized signals on dif-
ferent frequencies; and BTSs are stationary. To overcome this
issue, a CD-cellular framework that leverages UAV motion to
resolve the integer ambiguities and achieve a submeter-accurate
navigation solution was proposed in [44]. However, the work in
[44] suffers from two major limitations: (i) the navigation solu-
tion prior to resolving the ambiguities lacks rigorous reliability
guarantees and (ii) the size of the batch filter that resolves the
ambiguities is pre-set, which does not guarantee any navigation
performance requirements.

This paper presents the first complete study for submeter-
accurate horizontal navigation using CD-cellular measurements.
The framework requires a base receiver making carrier phase
measurements to the same BTSs as the navigating rover and
assumes a communication channel between the base and rover.
While this framework could be employed for ground or aerial
vehicles (as long as multipath and signal blockage conditions are
properly mitigated or accounted for), this study focuses on UAV
applications, due to the favorable multipath-free, line-of-sight
(LOS) channels between the BTS and the UAV. It is important
to note that the algorithms presented in the paper are agnostic to
the signal type. The CD-cellular framework only assumes car-
rier phase measurements available from nearby cellular towers,
which can be produced from 3G, 4G, 5G, and future generations.
In particular, this paper extends [43] and [44] by making the
following four contributions:

1) First, a three-stage framework for navigating with CD-
cellular measurements is developed. The first stage em-
ploys an extended Kalman filter (EKF) to obtain a coarse
estimate of the UAV’s position. An EKF initialization
scheme is provided. In the second stage, a batch solution is
obtained to fix the integer ambiguities. In the third stage,
the UAV navigates with the CD-cellular measurements
and fixed ambiguities.

2) A probabilistic upper bound on the position error af-
ter resolving the integer ambiguities is established. The
probabilistic upper bound captures mainly the effect of
the integer ambiguity error on the UAV position error.
Models of the BTS positions from stochastic geometry are
leveraged to determine the upper bound that holds with a
desired probability, for a given number of BTSs.

3) The derived probabilistic upper bound is used to formulate
atest that determines when to solve the batch estimator and
fix the integer ambiguities in order to guarantee that the
UAV position error remains under a pre-defined threshold,
with a certain probability.

4) Experimental results are presented demonstrating the pro-
posed CD-cellular framework. The experiments show a
UAV navigating at submeter-level accuracy in an open
semi-urban environment and multipath-free, LOS con-
ditions, while remaining in the same BTS sectors. The
UAV achieves a horizontal position root mean-squared
error (RMSE) of 70.48 cm over a trajectory of 2.24 km,
measured with respect to the UAV’s navigation solution
from its onboard GPS-INS.
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The remainder of the paper is organized as follows. Sec-
tion II describes the cellular carrier phase observable model.
Section III formulats the base/rover CD-cellular framework.
Section IV provides experimental results demonstrating the
proposed framework, showing submeter-level UAV navigation
accuracy. Concluding remarks are given in Section V.

II. CELLULAR CARRIER PHASE OBSERVABLE MODEL

In the rest of this paper, availability of code phase, Doppler
frequency, and carrier phase measurements of cellular CDMA
and LTE signals is assumed (e.g., from specialized navigation
receivers [18], [20], [53]-[56]). The continuous-time carrier
phase observable can be obtained by integrating the Doppler
measurement over time [41]. The carrier phase (expressed in
cycles) made by the ¢-th receiver on the n-th SOP is given by
¢ (to) +

t .
RO To) (@), n=1,....N, ()
to

where f gi is the Doppler measurement made by the ¢-th receiver

on the n-th cellular SOP, 4.} (to) is the initial carrier phase, and
N is the total number of SOPs. In (1), ¢ denotes either the base
(B) or the rover UAV (U). Assuming a constant Doppler during
a subaccumulation period 7', (1) can be discretized to yield

)+ Z ol @)

where t;, £ to + kT In what follows, the time argument ¢ will
be replaced by k for simplicity of notation. Note that the receiver
will make noisy carrier phase measurements. Adding measure-
ment noise to (2) and expressing the carrier phase observable in
meters yields

o (ty,) = ol (#

20 (k )-M‘”JrATZf O +oP(k), G

=0

where A is the wavelength of the carrier signal and o )(k)
the measurement noise, which is modeled as a discrete-time
zero-mean white Gaussian sequence with variance [m(f)(k)}Q.
The carrier phase in (3) can be parameterized in terms of the
receiver and cellular SOP states as

2Ok = /I, (k) +A22, (k)
+c[dtr, (k) ~

where 7., = [2,,,y,,]" is the receiver’s two-dimensional (2-D)
position vector; 7, = [z, ]T is the cellular BTS’s known
2-D position vector; Az, s = z..(k) — z,, is the difference
between the receiver’ and BTS’s altitude; c is the speed of light;

dtr, and ot are the receiver’s and cellular BTS’s clock biases,

- Tsn||

Sts, (k)] + AN + 0D (K),  (4)

respectively; and NN, ,(f) is the carrier phase ambiguity. Note that a
coherent PLL may be employed in CDMA and LTE navigation
receivers since the cellular synchronization and reference signals
do not carry any data. As such, the measurement noise variance
can be expressed as [41]
o] =

__CURLL 5
T No (R’ ©)

Authorized licensed use limited to: The Ohio State University. Downloaded on April 13,2023 at 05:03:54 UTC from IEEE Xplore. Restrictions apply.



KHALIFE AND KASSAS: DIFFERENTIAL FRAMEWORK FOR SUBMETER-ACCURATE VEHICULAR NAVIGATION WITH CELLULAR SIGNALS 735

— Central
) | Database

where B; pr1 is the receiver’s PLL noise equivalent bandwidth
and C/Ny ., (k) is the cellular SOP’s measured carrier-to-noise
ratio at time-step k. The remainder of this paper assumes zero-
mean Gaussian measurement noise. The actual measurement
noise statistics may differ from the what is assumed in (5).
Therefore, instead of using (5), Gaussian overbounds of the true
measurement noise distribution could be used, if known. Meth-
ods described in [57]-[59] could be used to compute overbounds
of the measurement noise statistics in different environments.
Note that small UAVs and hearable cellular BTSs are typically
at comparable altitudes, which makes the vertical diversity very
poor. Therefore, one can only estimate the UAV’s horizontal
position using cellular SOPs without introducing significant
errors. As such, the proposed framework assumes that the UAV
and BTS altitudes, z,(k) and z,, , respectively, are known and
only the UAV’s 2-D position is estimated.

It is important to note that the channels between the UAVs
and the cellular BTSs do not suffer from severe multipath, as
a strong LOS component is usually observed in the received
signal [60], [61]. In the case of severe multipath or non-LOS
(NLOS) conditions, it is assumed that either (i) signal processing
techniques at the SOP receiver level [24], [28], [56], [62]-[67]
or (ii) measurement outlier rejection techniques [57] are used to
mitigate mulitpath or exclude measurements with large errors
due to multipath. Concepts of receiver autonomous integrity
monitoring (RAIM) may also be used to exclude measure-
ments with large errors, which can be considered as faulty
measurements [68]—[71]. Alternatively, multipath error models
may be used to predict and mitigate large measurement errors,
either through multipath prediction maps [58], [72] or statistical
models [73]. To this end, it is assumed in the rest of the paper
that the effect of multipath has either (i) been mitigated or (ii)
included in the measurement model (4).

III. NAVIGATION WITH CARRIER PHASE DIFFERENTIAL
CELLULAR MEASUREMENTS

This section develops the CD-cellular navigation framework
and establishes guarantees on its achievable performance. The
framework consists of two receivers in an environment compris-
ing N cellular BTSs. The receivers are assumed to be listening
to the same BTSs, with the BTS locations being known. The
first receiver, referred to as the base (B), is assumed to have
knowledge of its own position state (e.g., a stationary receiver
deployed at a surveyed location or a high-flying aerial vehicle
with access to GNSS). The second receiver, referred to as the
rover UAV (U), does not know its position and aims to navigate
using the CD-cellular framework. The base communicates its
own position and carrier phase observables with the rover. Fig. 1
illustrates the base/rover framework.

A. CD-Cellular Measurement Model

In what follows, the objective is to estimate the rover’s
position, which will be achieved by double-differencing the
measurements (4). It is subsequently assumed that the UAV and
the base are within the same sector of a particular BTS. As such,
there will be clock bias discrepancies due to sector mismatch

(Estimating z,, and y,,)

B) 2\
Data: Zry, Yry» {251 ’,(ffim )) }
n=1

Fig. 1. CD-cellular base/rover framework.

[20]. Without loss of generality, let the measurements to the first
SOP be taken as references to form the single difference

20 (k) 2 20 (k) — 2 (k), ©6)

for n = 2,..., N. Subsequently, define the double difference
between U and B as

200 () 2 2 (k) — 28 (k)

n,l n,l

7o ()
Ik

2 h(U)(k) + NS+ oK), (7)

)2 Il () = 7, I3+ A2, L, (k) -

Tsn||2 + AZ%B Sn( )

) _T51||2 + AZgB 51( )

where AW (k

mrm (k) = r I3 + 822, ., (k >, N,SU B 2 N N
Ny NP o PR £ 0 (k) — ol (k) = o () +

’U§B)(k}), and n =2, ..., N. Note that (7) holds only when the
UAV and base carrier phase measurements are synchronized.
Synchronization is done using the cellular system time.
The detected reference signals are used to synchronize the
measurements from both receivers. Synchronization errors
between the base and UAV receivers translate to differencing
carrier phase measurements shifted in time. As such, the residual
error in this case will be a function of the synchronization error
At, the UAV speed v, and the receiver drifts 5t. Tt can be shown
that the residual CD-cellular measurement error Az due to
synchronization errors between the base and rover is bounded
according to

|AZ| S 2(vmax + StmaX)At, (8)

where v« is the maximum UAV speed and Stmax is the max-
imum clock drift. It is shown in [44] that in typical open
semi-urban cells, the synchronization error is less than 60 us.
As such, for vpax = 14 m/s, which is considered high for small
UAVs, and a 150 Hz drift at a carrier frequency of 882.75 MHz
for the receiver clocks, which was observed from experimental
data, the residual errors in the CD-cellular measurement will be
less than 8 mm according to (8). Therefore, full synchronization
is assumed. In vector form, the measurement model (7) becomes

zy (k) £ h[r., (k)] + AN + vy (k) )
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where
- T
zup(k) 2 [A3P R), 20 ()]
.
U U

hlre, (k)] 2 [n8)(R), ... h G ()]

N2 [NUB N](VUI’B)]T
- T
vup(k) £ _véﬁ’B)(k),...,vgiB)(k)] ,

where vy (k) has a covariance Ry g (k), which can be readily
shown to be

2
Rus(k) = RO(®K) + [o"P (k)] 1va1],, (10)

where [o"% (£)]2 2 [0 (k)] + [0 (K)]?),

(k)]Q + [agU)(k)]Q,...,

]+ [Vw]].

and 11 isan (N — 1) x 1 vector of ones. Note that the vector
NN is now a vector of N — 1 integers and has to be solved for
along with the rover UAV’s position 7, ;. The next subsections
present a framework to obtain a navigation solution with CD-
cellular measurements.

B. Navigation Strategy

It is important to first establish the navigation strategy em-
ployed by the UAV. To this end, assume CD-cellular mea-
surements are given at k = 0,1,2,.... It is desired that, with
probability greater than 1 — «, the 2-norm of the position error
be less than a desired threshold ¢ for all k£ > k.. Let o7, (k)
denote the position error at time-step k. Then, it is desired that

(1)

For k < k¢, the UAV will use an EKF to produce a “rough”
estimate of its position and the integer ambiguities. Measure-
ments at k = 0 and k = 1 are used to initialize the EKF. Then,
at k = k¢, a batch weighted nonlinear least-squares (B-WNLS)
estimator for all measurements from k = 0 to k¢ is used to
obtain an estimate of the integer ambiguities that guarantees
(11) for k > k¢. The EKF solution is used to initialize the
B-WNLS. For k£ > k¢, the UAV will solve for its position using
zy (k) and the estimated ambiguities through a point solution
weighted nonlinear least-squares (PS-WNLS). The time-step k¢
is determined on-the-fly by the UAV via the test developed in the
remaining of this section. Fig. 2 summarizes the aforementioned
navigation strategy.

The blocks in Fig. 2 are subsequently described.

Pr [||57~TU(/€)||§ < c?] >1—a, Vk> ke

C. EKF Model and Initialization

Define the vector kg = [r]. TN T]T as the state vector

ry Ty

to be estimated by the EKF, where 7'~IU is the 2-D velocity vector
of the UAV. The UAV’s position and velocity states are assumed
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EKF
initialization

Solve for integer
ambiguities using B-WNLS

Estimate 7, (k) using estimated
integer amibuities (PS-WNLS)

Estimate 7, (k)
using EKF

[ ! >
T T g
01 ke k
Fig.2. Diagram of the proposed CD-cellular navigation strategy.

to evolve according to a velocity random walk model [31]. Note
that only the float solution of IN is estimated in the EKEF, i.e.,
the integer constraint is relaxed. The EKF will produce an esti-
mate Zgkr(k|j), i.e., an estimate of xgkr(k) using all measure-
ments zy (k) up to time-step j < k, along with an estimation
error covariance Pegp(k|j) 2 E[Zexr(k|j)Zgxr(k|j)] where
Zexr(k|j) = zekr(k) — Zekr(K|j) is the estimation error. The
UAV’s random walk dynamics and the measurement model in (9)
are used to derive the EKF time-update and measurement-update
equations. The EKF initialization is discussed next. Note that the

measurement zy g, = [zB)B(O), zB)B(l)]T may be parameter-
ized as
z 0
ZUBy = [zﬁiﬁﬂ = hini [zexe(D)] + vu By, (12)
N a |R[rey (1) =T7(1)] + AN
Rini [wEKF(l)] = |: h [TTU(l)] + AN 5
where T'is the sampling time and vy B,, £ [v{; 5(0), v{; g(1)]"

is the overall initial measurement noise, which is modeled as
a zero-mean Gaussian random vector with covariance Ry =
diag[Ry 5(0), Ry g(1)]. The measurement equation in (12) can
be solved in a weighted nonlinear least-squares (WNLS) estima-
tor (e.g., using the Gauss-Newton algorithm) with a weighting
matrix R; ! [74]. Solving the WNLS yields an estimate of
xpkr(1), denoted Zpkr ini> and an associated estimation error
covariance, denoted Pk ini. Finally, the EKF initial estimate
and estimation error covariance are initialized according to

ZTekr(1]1) = Tekr,ini, Pexkr(1]1) = PEKE ini- (13)

Note that the size of zy p,,, must be greater than or equal to the
size of xpkr to perform the steps described above, i.e., N must
satisfy Kg(N —1) > ((N —1) +4), where K is the batch
size. In the case where Ky = 2, as in (12), then /N must be 5 or
more. If N < 5, then the batch size must be increased. However,
N must satisfy N > 2, otherwise the CD-cellular measurements

cannot be formed.

D. B-WNLS Solution

When k = k¢, the B-WNLS estimate of the UAV’s position
and the integer ambiguities is computed. Define the collection
of carrier phase measurements from time-step O to k¢ as

k}( A

Zyp —

(20 5(0), ..., 25 5 (k)] (14)
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which can be expressed as

k¢ k¢

2, =h [r’fg] + AN N 4 v, (15)

Ty (0)

Tru (kC)

[ . ] [ h[r(0)]
hrg| = : ;
_h [TTU (kC)]

ke . . . .
where v is the overall carrier phase measurement noise with

vy,B(0)
k¢ A
rTU =

[I>

k .
) VUC,B : )
vy,B(ke)

Iiv_nyxv-1)

>

T 2

Iiv_nyxv-1)

covariance Rf_ﬁB £ diag[Ry 5(0), ..., Ry (k)]

T
Let mEﬂWNLS = [(r:fé) , NT|T denote the parameters to be

. . . . . N

estimated. A B-WNLS estimator with weight matrix (R’ 5)™*
-

. . . ~ ke A rrake T ke T

is used to obtain an estimate Ty g = [(Frg) (N ) |

of m%fWNLS and an associated estimation error covariance

ke .
P35 wis- given by

ke ke
Pg WNLS = fr% T Pr%N (16)
- (Prn) PR

ke
Note the dependency of N on k.
The vector N consists of integers; however, its estimate, the

ke o . .
vector N ~, is not necessarily a vector of integers. As such,

the vector N ke must be “fixed” to the correct integers. This is
achieved using the LAMBDA method [49], which produces the

vector of fixed integers denoted by N " obtained from the float
.k X .
solution N * and PI;\‘,. Specifically, the vector IN " is defined

as
( ke T ke 1 ke
N -N) (Py) (N -nN)|,
A7)
where Z is the set of integers. After fixing the integer ambi-

guities, the UAV’s fixed position estimates f",fU are obtained
according to

<k .
N £ argmin
NezZN-1

_ .k - k-
B = Bhg - PR PRy (N - Nk‘) RENGES)

Note that the B-WNLS solution is initialized with the EKF
estimates of the UAV positions and ambiguities.

E. PS-WNLS

Once the integer ambiguities are determined, the carrier phase
measurements at time-step k > k¢ are used to determine the
point solution 7, (k) and an associated estimation error co-
variance P, (k) using a WNLS, i.e., the estimate of r, (k)

using zy p(k) and N*¢ through a WNLS. To this end, define
the integer ambiguity estimation error as N ko a N - N*¢,
Hence, the carrier phase measurement vector for k > k¢ can be
parameterized by

zu(k) 2 hry (B)] + AN + AN" +ousk). (19

The difference between (9) and (19) is that now an estimate of
N is known to the UAV, and it can therefore estimate its position

. . Srke .
vector instantaneously using zy g (k). However, AN * is now

. .. -k
introduced as an additional measurement error, where IN ¢ can

. . k¢
be modeled as a zero-mean random vector with covariance P N
The weight matrix in the PS-WNLS is chosen to be

- k
=1(k) 2 WP + Rups (k)] (20)
In the following sections, k¢ is determined to satisfy (11)
YV k > k¢. To this end, the position error is first probabilistically
upper bounded and a test on k is derived to determine when (11)
will hold.

FE. Probabilistic Position Error Upper Bound

The carrier phase measurement noise standard deviation cal-
culated from (5) is on the order of a 1.5 cm for a carrier-to-noise
ratio of 35 dB-Hz and a wavelength of 34 cm (800 MHz cellu-
lar band). Moreover, typical carrier-to-noise ratios for cellular
signals are observed to be much higher than 35 dB-Hz for low-
altitude receivers, reaching 60 dB-Hz or more in the case of LTE
and 5G signal [37]. As such, it is assumed that the contribution
of vy, (k) to the estimation error is insignificant compared to

N kc. The position error due to N e can be approximated by

57y (k) = A [GT(k)zfl(k)é(k)r GT(k)S k)N,
@
G(k) =

P (b)-rl,

VI By [5+8220 0,0 [ )=rsy [5+8220, ()

P (b)-rl

T
T (k)T

\/”;'TU (k)rsy ||z+Az72“U’5N (k) \/”'A'TU (k)rs 2+AZ72'U’51 (k)
(22)

The estimation error covariance associated with the position
estimate is expressed as
~ - -1
P, (k) =[G (K)G(k)| (23)
In what follows, the time argument will be omitted for com-
pactness of notation. Let >3 denote a square root of 3. Using

the submultiplicative property of the 2-norm, it can be shown
from (21) that

- -1 . 2 . 2
670 |12 < 22 [GTzrlc.] GTx3 Hz*%N’“f
2

2
(24

Using the fact that the square of the 2-norm of some real matrix
A is the maximum eigenvalue of AAT [75, p- 266 & 341],
denoted by Ama (AAT), the term [|[GTE 1G] IGTE 2|2 is

calculated to be
- -1
= domax ([GTz:lG] >

= )\max (PrU) s

ATy 1@ ] L &T %2
H[Gz: G} G’

2
(25)

Authorized licensed use limited to: The Ohio State University. Downloaded on April 13,2023 at 05:03:54 UTC from IEEE Xplore. Restrictions apply.



738

where the last equality follows from (23). Subsequently,
|67, |13 can be further bounded according to

- 1~ ke||?
16700 12 < 22hmax (Py) ‘2 EN ‘HQ. (26)
Note that
o o\—1
P, = e (T) (GTG)
e ~\—1
< Ao () trace [(GTG) }ngg, 27)

£HDOP?

where the horizontal dilution of precision (HDOP) depends on
the current geometry between the UAV and the cellular BTSs.
With probability 3, the HDOP is probabilistically upper bounded
according to

Pr [HDOP < HDOP,,,,] = 8, (28)

where HDOP,,,,x can be calculated in advance from the known
cellular BTS using stochastic geometry models, as discussed in
the next subsection. Subsequently, Amax(Pr;) can be bounded
according to

HDOP?

)‘«max (PTU) S )hmax (2) max>? (29)

which in turn implies that with a probability greater than S, the
following holds

- .12
16700 12 < A2Amax () HDOPZ, || 5273 N (30)

G. Determination of HDOP,,4x

In order to determine the distribution of HDOP and hence
HDOP,,,.x, stochastic geometry is used to model the relative
geometry between the UAV and BTSs. Specifically, the BTS
positions are modeled as a binomial point process (BPP) and the
total number of hearable BTSs is assumed to be known [76], [77].
The BTS position distribution is parameterized by the minimum
and maximum hearable distance to a BTS, denoted by d,;, and
dmax, respectively. However, the HDOP can be parameterized
by the bearing angles only; hence, the dependency on dy,;, and
dmax 18 eliminated. Then, several realizations of the BTS bearing
angles are realized for a given value of IV and the empirical
cumulative density function (cdf) of the HDOP is characterized.
Finally, the value HDOP,,,,, is identified [rom the emprical cdf
for a desired (. Fig. 3(a) illustrates a realization of the BPP
for N = 15 (dpin = 50 m and dpx = 5000 m) and Fig. 3(b)
shows HDOP,,,, for various N and 3 obtained from 10° BPP
realizations.

H. Probabilistic Integer Ambiguity Error Upper Bound

With a probability greater than 1 — p, N ke will be within the
confidence region defined as

kT -1
(M%) (PR) N™ <q0). (31
where v(p) £ f;zl)N71(1 — p) and f;zl)M(-) is the inverse cdf

of a chi-square distributed random variable with M degrees of
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—p3=038
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(b)

Fig. 3. (a) Voronoi diagram for a realization of the BPP for N = 15. The red
asterisks indicate the BTS locations and the black disc at the origin inidcates
the UAV location. The shaded blue area is the ring defined between dpi, and
dimax- (b) HDOP 5 that satisfies PrfHDOP < HDOP ,ax] = S for various
N and 3 values. The empirical cdf of the HDOP was calculated from 10°> BPP
realizations.

freedom. Note that the left-hand side of (31) would not be chi-
square distributed in the presence of unmodeled errors such as
multipath biases due to deep fading or cycle slips. In such cases,
the measurement noise variance must be inflated to overbound
these unmodeled errors. This can be investigated further in future
work. By defining

P 23 iPRS 3, (32)
the inequality in (31) may be re-written as
e NT -1 - ke
(zféN’“) (P’f\‘,) SN <qp). (33)

Note that (33) implies the inequality

Pr {Hﬁéﬁkg

2 _

1. Eigenvalue Test for Batch Size Determination

Assuming that the HDOP and N are independent, the follow-
ing inequality holds

Pr (07113 < 32 (5)
> pB(1—p).
Recall that (11) is desired; therefore, satisfying

(BR) ) < ¢

HDOPZ, Ana (P’fé) v(p)]

(35)

HDOP? nax

max

A hmax (2)

= Amm<(P§%‘)l) >g(Cp).  (6)

achieves (11), where A, (A ) denotes the smallest eigenvalue of
matrix A, ¢(¢,p) £ (&)[A*Amax (Z)HDOP;,, v(p)], and p =
1 — (1 — a)/p. Note that the inequality in (36) is in the form of
a test that can be performed after each measurement is added to
the batch filter.

Remark: 1t is easier to compute (15?\3)’1 rather than 15];\?
without having to solve the batch WNLS; hence, the test is on
}\mm((f’lj\‘})’l). Appendix A shows that the inversion of 2 x 2

matrices only is needed to compute (15];\;)’1.
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IV. EXPERIMENTAL RESULTS

This section presents experimental results demonstrating
submeter-level UAV navigation results via the framework de-
veloped in this paper. As mentioned in Section III, only the 2-D
position of the UAV is estimated as its altitude may be obtained
using other sensors (e.g., altimeter). The UAV’s position is
estimated in the horizontal plane of an East-North-Up (ENU)
frame centered at the average of the BTS positions. In the
following experiments, the altitude of the UAV was obtained
from its on-board navigation system. Alternatively, the UAV’s
altitude may be obtained from a barometric altimeter. Moreover,
the noise equivalent bandwidths of the receivers’ PLLs were set
to Bu,prLL = BB,pL1, = BprLL = 3 Hz in all experiments and
the measurement noise covariances were calculated according
to (5).

A. Experimental Layout and Setup

In order to demonstrate the CD-cellular framework discussed
in Section III, two Autel Robotics X-Star Premium UAVs were
equipped each with an Ettus E312 universal software radio
peripheral (USRP), a consumer-grade 800/1900 MHz cellular
antenna, and a small consumer-grade GPS antenna to discipline
the on-board oscillator for ground-truth collection. Note that
one UAV acted as a base and the other as a navigating UAV.
The base was mounted on a UAV since access to building
roofs was restricted in the experiment area. The receivers were
tuned to a 882.75 MHz carrier frequency (i.e., A = 33.96 cm),
which is a cellular CDMA channel allocated for the U.S. cellular
provider Verizon Wireless. Samples of the received signals were
stored for off-line post-processing. The cellular carrier phase
measurements were given at a rate of 12.5 Hz,i.e., 7' = 0.08 s.
The ground-truth reference for each UAV trajectory was taken
from its on-board integrated navigation system, which uses
GPS, an inertial measurement unit (IMU), and other sensors.
The hovering horizontal precision of the Autel Robotics X-Star
Premium UAVs are reported to be 2 m.

The navigating UAV’s total traversed trajectory was 2.24 km,
which was completed in 4 minutes with a total trajectory radius
of 270 m. The trajectory radius is defined as the distance between
the centre of the trajectory and the furthest point on the trajectory.
Over the course of the experiment which took place in an open
semi-urban environment and mulitpath-free, LOS conditions
near Riverside, California, USA, the receivers were listening to 9
BTSs, whose 3-D positions were mapped prior to the experiment
according to the framework in [78]. Some errors may arise due
to uncertainties in the BTS positions, which were verified from
Google Earth imagery. While the accuracy of Google Earth is
not officially known, studies show that it is below 20 cm in
the areas of interest [79]. A panorama of the environment from
the UAV’s vantage point is shown in Fig. 4, and the channel
impulse response measured using the autocorrelation function of
the CDMA shortcode for all 9 BTSs over 300 seconds is shown
in Fig. 5. The curves in Fig. 5 demonstrate a dominant LOS
component and nearly multipath-free conditions. Throughout
the experiments, the UAV remained in the same BTS sectors
as the base receiver. The CD-cellular measurements were used

Fig. 4.
environment near Riverside, California, USA.

Panorama of the environment from the UAV’s vantage point for the

TABLE I
EXPERIMENTAL RESULTS (kT = 120 5)

k < k¢ k > ke Vk

Duration 120 s 120 s 240 s
Distance traveled 0.96 km 1.28 km 2.24 km
Trajectory radius 330 m 168 m 270 m
EKF RMSE 2415 m 3.95 m 14.53 m
B-WNLS RMSE 65.79 cm - -
PS-WNLS RMSE 65.79 cm 74.83 cm 70.48 cm
No Test RMSE - - 12.26 m

to estimate the navigating UAV’s trajectory via the base/UAV
framework developed in Section III. The experimental setup,
the cellular BTS layout, and the true trajectory (from the UAV’s
on-board integrated navigation system) and estimated trajectory
(from the proposed CD-cellular framework) of the navigating
UAV are shown in Fig. 7. A plot of the carrier-to-noise ratios
of all the BTSs measured by the rover and the time history of
the delta ranges (deviation from the initial range) are given in
Fig. 6(a) and Fig. 6(b), respectively. The base measured similar
carrier-to-noise values.

B. Navigation Results

The probabilities 5 and o were set to 0.99 and 0.4, respec-
tively, and the desired position error threshold was set to (i)
¢=¢( =+v2mand (ii) ¢ = ¢, = 3 m. For these parameters,
ke, T was found to be 120 s and k¢, T was found to be 99
s. The position RMSE for k < k¢, was found to be 24.15 m
(from the EKF), and 74.89 cm for k > k¢, (from the PS-WNLS,
after resolving the integer ambiguities through the B-WNLS).
The estimated trajectories are also shown in Fig. 7 and the
position error and associated £30 bounds are shown in Fig. 8.
Similarly, the position RMSE for k < k¢, was found to be
24.15 m (from the EKF), and 2.65 m for k > k¢,. The time

history of )»min((PI;\‘,)_l) is shownin Fig. 9(a) along with g({1, p)
and ¢g((z2,p), and the empirical cdfs of the position RMSE for
k >0 and for k > k. (after resolving the ambiguities through
the B-WNLS) are shown in Fig. 9(b) and (c) for (; and (s,
respectively. The position RMSEs for each part of the trajectory
are shown in Tables I and II for {; and (2, respectively. It can be
seen from Fig. 9(b) that Pr[||07,[|3 < ¢}] = 0.62 > 1 — cand
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Fig.5. Channel impulse response measured using the autocorrelation function of the CDMA shortcode for all 9 BTSs over 300 seconds in the environment near

Riverside, California, USA.
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Fig. 6. (a) Carrier-to-noise ratios {C/No,, }9 _; of all the cellular BTSs
measured by the rover in the experiment. The carrier-to-noise ratios measured
by the base were of similar values. (b) Measured and calculated delta ranges
to all the cellular BTSs from the rover in the experiment. Similarly, the base’s
measured delta ranges closely matched the calculated delta ranges.

TABLE II
EXPERIMENTAL RESULTS (k¢ T = 99 5)

k < k¢ k> ke Vk
Duration 99 s 141 s 240 s
Distance traveled 0.68 km 1.56 km 2.24 km
Trajectory radius 175 m 282 m 270 m
EKF RMSE 22.11 m 4.05 m 14.53 m
B-WNLS RMSE 2.5 m - -
PS-WNLS RMSE 2.5 m 2.65 m 2.59 m
No Test RMSE - - 12.26 m

from Fig. 9(c) that Pr[||07, ||3 < (3] = 0.88 > 1 — «, where «
was chosen to be 0.4 for both experiments. This demonstrates
that the proposed navigation strategy achieves the bounded-error
requirement. For comparison, a navigation solution referred to
as “No Test” trajectory was computed at the second time-step
instead of determining k. from the proposed test. The RMSE of

Total traversed trajecory: 2.24 km
Total position RMSE (¢ = v/2 m): 70.48 cm

——CD-Cellular: B-WNLS
~—CD-Cellular: PS-WNLS

UAV's navigation system
——CD-Cellular: EKF

GPS antenna

— Cellular antenna

Ettus E312
USRP |

Fig. 7. Experimental setup, the cellular BTS layout, and the true trajectory
(from the UAV’s on-board integrated navigation system) and estimated trajectory
(from the proposed CD-cellular framework for ¢ = /2 m) of the navigating
UAV. The ground-truth trajectory is shown in white, the EKF trajectory estimate
in red, the B-WNLS solution in blue, and the P-WNLS solution in green. The
white curve coincides almost completely with the blue and green curves. Map
data: Google Earth.

the No Test trajectory was found to be 12.26 m, which is also
summarized in Table I and Table II.

It is important to note that the proposed CD-cellular frame-
work is designed to guarantee a positioning performance under
integer ambiguity errors only. However, when measurement
noise dominates and in the presence of unmodeled errors (e.g.,
multipath), the effect the integer ambiguity errors may have on
the positioning error becomes less significant. As aresult, there is
afundamental lower bound on the position error that is a function
of the unknown environment. This also implies that the proposed
framework performs well in a practical regime of the design
parameters «, 3, ¢, and IN. Nevertheless, the proposed method
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Fig. 8.  Position error and associated £3-0 bounds for { = V2 m.
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Fig. 9. (a) Time history of Amin((f’?\? Y1) and the thresholds g(¢1,p) and
g(¢2,p). It can be seen that the tests are satisfied for k¢, 7= 120 s and
ke, T =99 s, respectively. (b) Cdf of the position error for k > k¢, and
k > 0, using the B-WNLS estimate for k < k¢, . It can be empirically seen

that Pr [||57‘rU ||§ < Cf] = 0.62 > 1 — a, where a = 0.4. (c) Cdf of the position
error for k > kCz and k£ > 0, using the B-WNLS estimate for £ < k<2. It can
be empirically seen that Pr [||67-TU ||Z < g%] =0.88>1—a, where « = 0.4.

guarantees with a desired confidence level that the position
error due to integer ambiguity errors remains below a desired
threshold.

C. Discussion

The following are key takeaways and remarks from the
experimental results presented above. First, it is important to
note that the RMSEs were calculated with respect to the tra-
jectory returned by the UAVs’ on-board navigation system.
Although these systems use multiple sensors for navigation,
they are not equipped with high precision GPS receivers, e.g.,
RTK systems. Therefore, some errors are expected in what is
considered to be “true” trajectories taken from the on-board
sensors. The hovering horizontal precision of the UAVs are
reported to be 2 m. It is worth noting that ideally, one would
set the base to be stationary at an accurately surveyed posi-
tion. However, considering the nature and limitations of the
conducted experiment, the base was a hovering UAV. In such

case, if the base’s reported position from its GPS-INS system
exhibited a bias, such bias would get consumed into the inte-
ger ambiguity term (cf. (7)), which is subsequently estimated.
Note that the framework still achieved the desired performance
on the rover UAV, despite the use of a non-stationary base
UAV.

Second, the experiments showed that reliable navigation with
cellular signals is possible when the proper models are used
in an open semi-urban environment. The experiments lasted 4
minutes, indicating that the UAV could rely exclusively on cel-
lular carrier phase measurements for sustained submeter-level
accurate navigation. Note that the proposed framework does
not account for unmodeled errors, such as multipath or signal
blockage. Such errors could be partially mitigated (i) at the
receiver level [24], [66], (ii) via outlier rejection techniques [57],
[80], or (iii) included in the measurement model [59], [73], after
which the proposed framework must be adapted. It is expected
for the performance to degrade in the presence of such errors.
Extending the proposed framework to account for such errors
could be the subject of future work.

Third, not only the UAV can navigate at submeter-level accu-
racy in the absence of GPS signals, but it can do so with bounded
errors. This is inherent to the formulation of the CD-cellular
framework. Fig. 9(b) is clearly satisfying (11) for 5 = 0.99,
a=04,and ¢ =+/2m.

Fourth, throughout the experiments, the UAV and base re-
mained within the same BTS or eNB sectors. BTSs and eNBs
typically transmit in three different sectors, each of which cov-
ering 120 degrees. When crossing between sectors, the receiver
would need to perform a “handover,” which involves acquiring
and tracking the signal from the new sector [20]. The CD-cellular
framework is robust against the BTS sectors not being com-
pletely synchronized when the UAV and the base are listening
the same BTS sectors. However, errors in the measurements
may be introduced when the UAV and base are in different
sectors of a particular BTSs. One way to reduce the effect of the
errors introduced by crossing BTS sectors is to use the approach
proposed in [38].

Fifth, the distance between the base and rover varied from
272 m to 580 m throughout the experiment. The CD-cellular
measurement model in (7) does not require a minimum or
maximum separation between the base and navigating UAV.
However, the maximum separation is dependent on the signal
quality. It was shown in [44] that a cellular SOP receiver can
acquire and track a BTS signal reliably up to a distance of 6
km. As such, the base and the UAV must each be within 6
km of a BTS to form differential measurement to that partic-
ular BTS. Several bases could be deployed to cover a larger
area.

Sixth, in the CD-cellular framework formulation, the UAV-
mounted receiver’s clock bias is canceled by differencing mea-
surements. As such, the magnitude of the receiver’s clock bias
should not affect the position estimate. This implies that the
quality of the receiver’s clock should not affect the navigation
performance, as long as the receiver can maintain track of the
signals.
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Seventh, in order to assess the effect of altimeter errors on the
2-D navigation solution, a zero-mean, Gaussian measurement
noise error was simulated in Az, with a 100 m? variance.
The 2-D position RMSE for all & for the experiment was 78.8
cm (increase of 8.32 cm) for ¢ = /2 m. The degradation in the
2-D navigation solution is up to two orders of magnitudes less
than the altimeter errors.

Eighth, some of the position errors are due to vehicle dynam-
ics, mainly during turns. The dynamic stress on the receiver’s
tracking loops will induce carrier phase measurements error,
which in turn translate to position errors. The effects of dynamics
can be seen by comparing Fig. 6 and Fig. 8. One can see that
the error trend in Fig. 8 follows the variations due to turns in
the delta range shown in Fig. 6. Higher order loops or vector
tracking loops could be used in the cellular receiver to minimize
the effects of dynamics on the measurements.

Ninth, while the experimental results presented herein are not
extensive, they present solid evidence of the potential of the
proposed approach. Beside the submeter-level RMSE achieved,
it is evident from the 3 — o bounds shown in Fig. 8, which
remain below 1 m in magnitude, that the position error is not
expected to grow over time if the navigating UAV traveled a
longer distance.

Tenth, it can be seen from Table I and Table II that not per-
forming the proposed test results in a jump in the position RMSE.
This indicates that a probabilistic bound can be guaranteed only
when the proposed test is satisfied.

V. CONCLUSION

This paper presented a framework for submeter-accurate UAV
horizontal navigation with cellular carrier phase measurements.
The proposed framework, called CD-cellular framework, relies
on a base receiver and a navigating receiver on-board a navi-
gating UAYV, also known as rover. Both receivers make carrier
phase measurements to the same sectors of the same cellular
SOPs to produce the cellular carrier phase double difference
measurements, referred to as CD-cellular measurements. The
main strategy behind the CD-cellular framework is to navigate
in three stages. In the first stage, an EKF is employed to produce
a coarse estimate of the UAV’s position. In the second stage,
which is determined by a proposed test on the estimation error
covariance, the UAV fixes the integer ambiguities in a batch
solver. The proposed test guarantees that the position error of
the UAV will remain less than a pre-defined threshold with
a desired probability after the batch solution is calculated. In
the third stage, the UAV navigates with high precision with the
CD-cellular measurements and fixed integer ambiguities. The
proposed method is designed for environments with strong LOS
signal. Further analysis should be conducted to extend the pro-
posed approach to multipath environments. Experimental results
demonstrated not only that the proposed framework guarantees
adesired navigation performance, but it also showed a UAV nav-
igating in an open semi-urban environment and multipath-free,
LOS conditions with a 70.48 cm horizontal position RMSE over
a trajectory of 2.24 km with reference to the UAV’s navigation
solution from its onboard GPS-INS system.
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APPENDIX A

PROOF THAT ONLY 2 x 2 MATRICES ARkE NEEDED TO BE
INVERTED TO COMPUTE (P ¢ )™!

From (20) and (32), one can readily see that

1
2

i -1
- [AQP% T RU,B] ’ (P’j;) [AQP];\‘, T RU,B]

_ {x21+ (P’ff,)lRU_B} : [A2I+RU_B (P’f\‘,)lr

which shows that the calculation of (f’];f,)’l entails know-
ing (Pl;\‘,)’l. The estimation error covariance of the B-WNLS
Pl unLg i given by

P]];C—WNLS = {(ﬁkc)T (R%.,B)il ﬁk“} ; (37)

where HF¢ = |GFaTk], GFe 2 diag[G(0), ..., G(k¢)]. Note

that G(k) is evaluated at the EKF position estimate at k. Ex-

panding (37) and using matrix block inversion, (Pff,)’l may be

expressed as
e\~ 1 k¢ .
(Pl\f') =2? Z [Rﬁl,B("f) - RG{B(“)G(H)
~k=0

[ETERG(RGH)] T GTRR(5)
(38)

The calculation of R{I%B (k) is straightforward from the struc-
ture of Ry p(x) in (10) and the Sherman-Morrison formula,
which is given by

Rilp(r) = [RO ()]
RO 1y 1], [RO(w)]

T N (RO v

1

(39)

Recall that R(Y) (k) is a diagonal matrix and its inverse can

be trivially obtained. Consequently, calculating (P’;\ﬁ)’l and

subsequently (13];\“})’1 requires inverting only the matrices

{GT(5)R 5 (k)G (k) ZC:O’ each of which is a 2 x 2 matrix.
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