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ABSTRACT: We present a generalization of the connectivity-based 4
hierarchy (CBH) of isodesmic-based correction schemes to a
multilayered fragmentation platform for overall cost reduction while
retaining high accuracy. The newly developed multilayered CBH
approach, called stepping-stone CBH (SSCBH), is benchmarked on a
diverse set of 959 medium-sized organic molecules. Applying SSCBH
corrections to the PBEh-D3 density functional resulted in an average
error of 0.76 kcal/mol for the full test set compared to accurate I
CCSD(T)-quality enthalpies and an even lower error of 0.44 kcal/mol
on a subset containing only acyclic molecules. These results rival the
traditional CBH-3 approach at a greatly reduced cost, allowing larger
fragment corrections to be made at the MP2 level of theory rather DFIJACBH(3):G4] —— DFI[ACBH(3,2):MP2,G4]
than with G4. Our SSCBH approach will enable more widespread

applications of CBH methods to a broader range of organic and

biomolecular systems.
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1. INTRODUCTION

Advancements in computational chemistry now allow the
thermodynamic properties of small molecules to be studied at
or beyond chemical accuracy (+1 kcal/mol).'~" Currently,
the well-established method for computing energies with such

used almost universally, scaling more moderately, albeit at a
significant loss of accuracy.

To mitigate this decrease in accuracy, fragmentation-based
methods provide a correction to a low level of theory by first
deconstructing the large molecule into smaller overlapping

accuracy is coupled cluster (CC) theory, treating single (S),
double (D), triple (T),... excited configurations to accurately
capture electron correlation effects.' However, combinations
of electrons quickly lead to steep computational scaling
(ranging from O(N®)—O(N') for CCSD—CCSDTQ), re-
stricting the best of these methods (CCSDTQS+) to very
small molecules or very small basis sets or both.”®'>'"7*° An
alternative approach involves CCSD(T)/CBS, wherein en-
ergies at the “gold standard” CCSD(T) level (scaling as
O(N7)) are evaluated at the complete basis set limit and is
applicable for small- to medium-sized molecules while
retaining chemical accuracy.'® Unfortunately, even these
methods are not directly applicable to many chemically
relevant larger molecules.

Effective solutions to this problem come in the form of
composite and hybrid (fragmentation) methods. Popular
comgosite wave function-based methods (cWFTs), including

n,’

Wn,>'9?122 G4,%3 CBS-n,>**° HEAT,'* and ccCA,*® approx- -

imate CCSD(T+)/CBS through a series of calculations at Rec_e“'Ed: December 4, 2023

various levels of theory and basis set sizes. Although ¢WFTs Revised:  March 31, 2024
Accepted: April 1, 2024

have increased the applicability of CCSD(T)/CBS on
medium-sized systems, the steep computational scaling of
these methods still prohibits universal application. Thus, for
large molecules, approximate density functional methods are

© 2024 American Chemical Society

WACS Publications

3543

fragments on which more accurate levels of theory can be used
readily and then adding fragment energy differences between
the two levels of theory to approximate the full system at the
higher level of theory. Of particular interest for this work is the
Connectivity Based Hierarchy (CBH) of error cancellation
schemes. CBH is a hybrid method based on an extension of the
isodesmic bond separation scheme.”” It is also related to ideas
developed by other authors on a range of more sophisticated
homodesmotic error correction schemes.”®*” The central idea
in such methods is to set up a reaction scheme wherein both
reactants and products feature a similar chemical environment,
allowing low-level methods to calculate this reaction energy
quite accurately due to the cancellation of systematic errors.
CBH is a hierarchy arranged in rungs where each successive
rung increasingly preserves more of the chemical environment.
The rungs of CBH break down a parent molecule into a set of
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fragments at a given rung », maintaining the local environment
to a specified level based on the local connectivity. As CBH is a
generalization of isodesmic reactions, these fragments make up
the product side of the CBH reaction. The reactant side is then
composed of the original molecule along with overlapping
regions of the adjacent product fragments to take double
counting into account.

To utilize these schemes for chemical accuracy, all fragments
are calculated at a low level of theory as well as at a higher level
of theory, and then, the difference between the two is added to
the energy of the parent molecule calculated at the low level of
theory to approximate the high level, full molecule calculation.
This procedure achieves a target mean-absolute error (MAE)
of <2 kcal/mol compared to accurate calculations or
experimental values for a diverse group of density functionals
and <1 kcal/mol for wave function-based methods at as low as
the CBH-2 rung.””**" The success of these CBH corrections
on such a wide range of methods lends strong support to the
idea of significant and systematic error cancellation starting at
the second rung of CBH, which preserves the immediate
connectivity of each heavy atom. Lower rungs, including the
original isodesmic scheme (CBH-1), typically do not provide
sufficient error cancellation, as the associated errors are quite
high, >3 kcal/mol, for many systems.

Although average errors of 1—2 kcal/mol have been
achieved through CBH-2, better performance can be attained
at higher rungs (CBH-3 and CBH-4).”2%*" For example,
CBH-3 provided a modest improvement in the calculated
thermochemical properties of medium-sized biofuel mole-
cules.” However, systematic benchmark studies with CBH
have not used these higher rungs, as these introduce larger
computational costs due to the increase in fragment size, which
must be calculated at the high (target) level of theory. The
utility of these higher rungs is explored herein using a multistep
CBH approach in which larger fragments (CBH-3) are used to
construct a correction from a low- to an intermediate-level of
theory, and then smaller fragments (CBH-1 or CBH-2) are
used to further correct the energy from the intermediate- to a
high-level of theory.

Adding multiple levels of corrections has two potential
benefits: (1) reducing the overall computational cost of
fragment calculations and (2) increasing the overall accuracy
at a similar computational cost. Depending on how well the
intermediate level of theory captures long-range effects, the
accuracy obtained through the inclusion of an additional step
between low- and high-levels of theory will approach the
equivalent two-layer model in which the high level is used
directly in combination with a higher rung of CBH, but at a
significantly reduced cost. Additionally, CBH is limited by the
accuracy of its high-level fragment calculations, typically G4 or
CCSD(T). The accuracy of G4 is around 1 kcal/mol on
average, thus extrapolated energies E(DFT:G4) are designed
to achieve a slightly lower accuracy of 1—2 kcal/mol compared
to the true energy.

This work introduces and benchmarks strategies involving a
multilayered CBH approach called Stepping-Stone Connectiv-
ity-Based Hierarchy (SSCBH). Just as stepping stones provide
a pathway over streams of water, SSCBH utilizes a sequence of
smaller steps to reach a target rather than one large step.
SSCBH can also be viewed as a sum of interactions broken
down into long-, medium-, and short-range, each calculated at
an increasingly more accurate level of theory. In such an
approach, the highest level of theory only captures local short-
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range effects, and lower levels of theory must be chosen
carefully as they will be responsible for modeling all other
longer-range interactions.

The work presented herein is broken into two sections. First,
a graph-theoretic analysis of CBH is performed to facilitate an
automated set of Python scripts to derive the reactants and
products at each order of CBH. A benchmark study on SSCBH
is then presented by including intermediate levels of theory,
MP2 or CCSD(T) with smaller basis sets, to extrapolate from
DFT (low level) to G4 (high level). The calibrations are first
carried out on a test set of 28 molecules, followed by a more
comprehensive assessment on a much larger test set of 959
molecules.

2. METHODS

2.1. Connectivity-Based Hierarchy. In theoretical
thermochemistry, the energies of reactions describing small
structural changes can be accurately calculated without the
need for highly sophisticated methods due to matching
chemical environments between the products and reactants.
This phenomenon is due to a high degree of error-cancellation
of approximate methods when the chemical environment is
conserved between products and reactants. In the 1970s, Pople
et al. first popularized these ideas with the introduction of the
(isodesmic) bond separation reaction, in which a molecule is
separated into its constituent heavy atom bonds. In a bond
separation reaction, e.g., methyl 3-butenoate shown below, the
number of bonds of a given formal type is retained throughout
the chemical transformation.

o
I #4CH +H0 —— H,C=CHp + 2 CHyCH; + H,C=0 + 2 CHyOH
= o

Thus, the associated energy change (heat of bond
separation) can be calculated accurately with inexpensive
levels of theory that have systematic errors; i.e., deviations in
the bond energies calculated with a given method are similar
for similar types of bonds.

The connectivity-based hierarchy (CBH) of isodesmic-type
reaction schemes expands on these ideas by defining a
generalized set of chemical environment-preserving reactions
that can be constructed in a systematic manner based solely on
the connectivity of a molecule. There are three components to
a CBH reaction: the molecule of interest (parent molecule),
the product-side molecules (primary fragments), which
preserve the chemical environments of the original system,
and the reactant-side molecules (overlap fragments), which
balance any overcounted atoms. Together, the energies of the
parent and fragment molecules give the reaction energy
E(CBH):

E(CBH) = Z Eproducts - Z Ereactants

_ primary overlap parent
- Z Efrag - Z Efrag —E (1)

Since these reaction energies can be calculated with a
reasonable accuracy regardless of which level of theory is
used, CBH schemes can be further utilized to approximate
properties calculated at expensive levels of theory at a greatly
reduced computational cost. A correction term can be
constructed using the fragment energies calculated at two
levels of theory: an approximate (Low) and a sophisticated
(High) level of theory.

AE = Eﬁag(High) - Efrag(Low) 2)
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ACBH(Low: High) = > AEP™Y — 3 AE™™® (3
Under the assumption that E(CBH)(Low) ~ E(CBH)(High)
and a rearrangement of eqs 1—3, the parent molecule energy
E(High) can be approximated from a series of significantly less
expensive calculations, bypassing the need for the full molecule
calculation at the high level of theory.

EP**"(High) & Ecpy_,(Low: High)

= FP*™(Low) + ACBH — n(Low: High)
4)
Here, the different reaction schemes are denoted by CBH-n,
where larger values of n feature a larger amount of
preservation. The energy correction is represented as ACBH-
n(Low: High) and the corrected total energy of the parent
molecule as Ecgy,(Low:High). The quality of the approxi-
mated values depends on the chosen preservation scheme of
CBH, with larger fragments leading to smaller deviations from
the true energy. Typically, deviations within chemical accuracy
(defined as 1 kcal mol™") are achieved with the CBH-2 scheme
and above, corresponding to the hypohomodesmotic scheme.
In the current work, we generalize eq 4 to account for more
than one correction added. An approximated energy expression
utilizing a multistep correction is shown in eq 5 with two CBH
corrections from rungs, m and n, where m # n.

Egscpa(nm) = B (Low) + ACBH — n(Low: Med)

+ ACBH — m(Med: High) (5)

In eq S, three different levels of theory are used, denoted as
Low, Med, and High, indicating low, medium (intermediate),
and high-fidelity levels of theory under the general assumption
that the trend in accuracy for the group of methods is High >
Med > Low. The resulting energy is represented as Eggcppi(n, m)
or more completely as Eggcpyy(y, ) [ Low:Med:High].

2.2. Implementation of Automated CBH. We have
recently developed pyCBH,”” an open-source package to
derive the CBH reactants and products at different CBH rungs
in an automated manner (available on Github at https://
github.com/colliner/pyCBH). The development of pyCBH
was motivated by the inherent systematic structure of the rungs
of fragmentation in CBH as well as the need to quickly
calculate thousands of CBH corrections in an automated
manner. pyCBH employs a graph-theoretic analysis to derive
the CBH reactions using an efficient algorithm, and the full
details have been outlined elsewhere. Fragments can be formed
either from a parent molecule given in Cartesian coordinates or
from the SMILES representation for any user-defined CBH
rung.

Included with pyCBH is a lookup table of many of the
common fragments formed with CBH-0 to CBH-3 along with
a database of energies calculated at various levels of theory. If
all fragments of a generated CBH reaction are present in the
database, then the ACBH correction can be computed
automatically from the lookup table without the need for
further electronic structure calculations.

2.3. Generalization to Multilayered CBH. To utilize two
or more CBH corrections, the levels of theory must be ranked
according to their performance and how sophisticated the
underlying physics is modeled therein. In general, this ranking
would normally follow the formal scaling of the methods.
Typically, for most molecules, the calculated ordering will be
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retained, ie., Low < intermediate < High, but this may not
always be the case. DFT has typically been used as the lowest
level of theory in previous CBH studies since these methods
are among the most widely used approaches for electronic
structure calculations. Many popular density functionals adopt
a semiempirical approach by selecting a flexible functional form
and then fitting the undetermined coeflicients to a set of
accurate reference values.”* While DFT is formally exact, most
widely used functionals are not systematically improvable; i.e.,
the addition of more rigorous approximations or constraints
does not guarantee an improvement in performance. The
accuracies of many wave function-based methods, on the other
hand, can usually be improved through a well-defined
procedure. For example, the addition of higher-order
excitations in the calculation of the energy in coupled cluster
(CC) theory is a systematic strategy to approach the true
energy. Thus, it is important during the development of
SSCBH and other multilayered fragmentation methods for the
combination of levels of theory to be chosen carefully and
benchmarked on a wide range of molecules, especially when
mixing approximate methods, namely, DFT, and accurate wave
function-based methods such as coupled cluster theory.

In search of a set of methods that follow the monotonic
increase described above, a variety of method combinations
were explored. The high level (target) used here is the fourth
generation Gaussian-n c(WFT method, G4.>> This composite
method is composed of a series of ab initio calculations at
different levels of theory, viz., MP2, MP4, and CCSD(T), in
combination with various basis sets. Each of these smaller
calculations is a potential candidate for acting as the
intermediate level of theory since G4 is more accurate than
any one of its constituent calculations. These levels of theory,
however, could have substantial errors by themselves, due to
the use of small basis sets or frozen core approximations. The
core—valence correlation term in the G4 protocol, for example,
is treated with an all-electron treatment, “MP2(full)” with a
large basis set. In fact, the bulk of the correction terms in G4
are derived from MP2 and MP4 with four different basis sets.
To avoid discrepancies from these basis set effects, small basis
set MP2 and MP4 calculations were not used as the
intermediate level of theory. Overall, the MP2(full)/
G3LargeXP and CCSD(T)/6-31G(d) portions of G4 were
found to be the most suitable intermediate levels of theory for
G4-based SSCBH, due to the former employing a large basis
set and the latter being responsible for correlation effects
beyond MP4. The use of three corrections (four total levels of
theory) using both intermediate options is explored below.
Additionally, the effect of treating all electrons vs the frozen
core approximation is explained in the Supporting Information
and Figure SI.

For the low level of theory, some of the most popular
density functionals were tested, along with some less expensive
semiempirical methods. All low levels of theory used can be
categorized into groups based on their computational cost and
scaling. Semiempirical methods, including PMS6,>° PM6-D3,*°
and PM7,”” are the least expensive methods of the bunch. The
slightly more expensive group includes the composite X-3c
methods HF-3¢,”® PBEh-3¢,*” and B97-3c.*® These methods
employ minimal basis set density functional theory calculations
with a set of 3 corrections to account for known deficiencies of
the methods. X-3¢ methods are robust levels of theory to
bridge the gap between semiempirical methods and DFT
calculations with a large basis set. The remainder of the low-
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Figure 1. SSCBH Benchmark test set 1 composed of 28 HCNOSCI molecules.

level methods make up the previously most explored group.
This group employs standard density functionals paired with
the Pople-style basis set 6-311++G(3df2p).

2.4. Benchmark Data Sets. The first test set (Figure 1) of
28 HCNOSCl-containing organic molecules was used to
benchmark which combination of levels of theory works the
best for SSCBH. These molecules were chosen as representa-
tive of various features in organic molecules, which may be
challenging for the standard CBH-2 methodology. Since the
largest fragments in this study are from the CBH-3 rung and
have a chain length of 4 heavy atoms, parent molecules are
required to have a minimum chain length of S heavy atoms to
avoid capturing the full system in one fragment. Once the new
approach was calibrated, the performance of SSCBH was
evaluated on a much larger test set of 959 organic molecules.
These molecules are a subset of the 1k-G4-C9 data set
featuring molecules of up to 9 carbon atoms and up to 13 total
heavy atoms with similar compositions as the first test set.*' All
electronic structure calculations in this work were performed
with either the Gaussian 16 package*” or ORCA 4." All of the
CBH reactions and corresponding corrections featured in this
work were generated with the automated CBH package
pyCBH (https://github.com/colliner/pyCBH).

3. RESULTS AND DISCUSSION

3.1. SSCBH Benchmark. The standard CBH protocol
(CBH-1, CBH-2, and CBH-3) was applied to the 28-molecule
test set as a baseline for benchmarking the multilayered
SSCBH (Figure 2). As anticipated, higher rungs of CBH (with
increasingly larger fragments used in the correction) decreased
the error for all low-level methods, with the performance in the
expected order: CBH-3 > CBH-2 > CBH-1. The best
semiempirical method for the traditional CBH-3 correction
was PM6-D3 with a mean absolute error (MAE) of 4.35 kcal/
mol compared to G4 reference values. Minimal basis set
composite methods gave impressive results after the CBH-
corrections but were slightly worse than the DFT group
though at a reduced cost. For comparison, CBH-3-corrected
B97-3c and PBE-D3 featured MAEs of 0.98 and 0.68 kcal/mol,
respectively. Among the other functionals tested, B3LYP-D3
and wB97X-D also yielded impressive MAEs with chemical
accuracy (less than 1 kcal/mol).

Although the performance is sufficient for many of the low
levels of theory after the CBH-3 correction, the required
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Figure 2. Standard CBH(1—3) protocol for organic molecules of test
set 1 using various semiempirical, composite (X-3c), and DFT
methods.

calculations can be time-consuming since the energy of these
fragments must be calculated at the highest level of theory
(G4). SSCBH can reduce the need for these expensive
calculations on large fragments by treating such fragments with
a lower fidelity method and subsequently correcting them with
G4 calculations on smaller fragments. Thus, for the SSCBH
approaches illustrated in this work, the highest level of theory
(G4) was restricted to either ACBH-2 or ACBH-1 moving
forward. Additionally, we analyzed the importance of
dispersion-corrected DFT to capture long-range effects from
weak interactions.

First, we consider the performance of methods in which the
highest level of theory (i.e., G4) was restricted to ACBH-2.
Both MP2(Full)/G3LargeXP and CCSD(T)/6-31G(d) were
used as the intermediate levels of theory, showing a modest
increase in performance for most low levels (LL) of theory
with the performance using MP2(full)/G3LargeXP being
significantly better than using CCSD(T)/6-31G(d), 0.57
kcal/mol vs 1.59 kcal/mol for PBE-D3. Since CCSD(T) has
a much steeper formal scaling than MP2 (N’ vs N°), this
difference is mostly likely due to basis set effects since the
CCSD(T) term in G4 utilizes a much smaller basis set than the
MP2(full) term. Therefore, the three-layer models discussed
below will mainly focus on MP2(full) as the intermediate level.

The performances of three combinations of multilayered
CBH are compared in Figure 3. The best-performing
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Figure 3. Effect of the intermediate level of theory for multilayered
CBH.

combinations, CBH(3,2) starting from B97-3c or most larger
basis set DFT methods, achieved MAEs below 1 kcal/mol
compared to G4 and are competitive with the corresponding
two-layer CBH model in which the high-level fragment
calculations are applied with CBH-3. The additional correction
from MP2(full) accounts for effects modeled with G4 at a
greatly reduced computational cost.

Now, we consider the performance of restricting the highest
level of theory (G4) to ACBH-1—a three-layer model using
MP2(full)/G3LargeXP as the intermediate level of theory as
well as a four-layer model using MP2(full)/G3LargeXP for
ACBH-3 corrections and CCSD(T)/6-31G(d) for ACBH-2
corrections. However, restricting the highest level of G4
correction to CBH-1 (isodesmic) proves to be a significant
limitation. For example, the CBH(3,1) correction for B3LYP-
D3 resulted in a mean absolute error of 3.5 kcal/mol,
compared to 0.71 kcal/mol for the CBH(3,2) correction.
Although adding additional layers decreases the original CBH-
1(LL:G4) errors, the error cancellation from adding CBH-3
and CBH-2 corrections is insufficient to achieve chemical
accuracy. Similar discrepancies have been pointed out in
previous CBH studies, where the CBH-1 fragments are
inadequate to preserve enough of the local chemical environ-
ment. The deviation of CBH(3,1) can be reduced with the
inclusion of a fourth layer correction, CCSD(T) with CBH-2;
however, the errors coming from the small CBH-1 fragments
are now combined with errors coming from small basis sets
leading to only a slightly better model with a MAE of 2.14
kcal/mol for B3LYP-D3. Finally, a different four layer model
using CCSD(T)/6-31G(d) for ACBH-3 corrections and
MP2(full)/G3LargeXP for ACBH-2 corrections (i.e., switch-
ing CCSD(T)/6-31G(d) and MP2(full)/G3LargeXP), was
also considered (not shown). While the results improved
slightly relative to the original four-layer model for non-
benzenoid systems, they were significantly worse for benzenoid
systems, making the overall performance to be worse. These
results appear to be related to the relative signs of the
contributions from the two intermediate corrections. If they
have opposite signs, there is some cancellation and the
composite results are better. If they have the same signs, the
composite results get worse. Overall, the best combinations of
these methods reach around 2 kcal/mol compared to G4,
indicating that the high-level G4 correction must be at a higher
rung than CBH-1.

The inclusion of long-range interactions, i.e., dispersion, in
the low level of theory is shown to be important since these
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effects are not corrected for in any of the smaller fragment
calculations. The most common dispersion corrections for
DFT including Grimme’s D3 and D4,* along with NL
(VV10),* all work well. Standard CBH as well as SSCBH are
compared to their nondispersion corrected counterparts in
Figure 4. In every case, the dispersion-corrected functional
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Figure 4. Effect of the various dispersion corrections on the low level
of theory for multilayered CBH.

outperformed its standard counterpart for the three-layer
models. The top performing combinations of SSCBH achieve
between 0.50 and 0.75 kcal/mol average errors with explicit
dispersion corrected methods compared to 1—2 kcal/mol
errors for standard DFT, highlighting the importance of
capturing such long-range effects within the low level of theory.
Interestingly, there is no significant difference in the perform-
ance between the different dispersion models.

Our overall conclusion from the SSCBH benchmark set is
that the best-performing model is to use G4 to get the ACBH-
2 correction and to use MP2(full)/G3LargeXP as the
intermediate level of theory to obtain the ACBH-3 correction.
This three-layer model, denoted as SSCBH(3,2)[LL:MP2-
(full):G4] will now be compared to the ACBH-3 model
directly obtained with G4 for a much larger test set to assess
the overall performance and outlook.

3.2. Application to the 1k-G4-C9 Data Set. The results
summarized in Table 1 show the overall mean absolute error of
SSCBH corrected DFT and traditional 2-layer CBH. Similar
trends are seen on the larger test set of 959 organic molecules.
In general, the SSCBH model SSCBH(3,2)[LL:MP2(full):G4]
reached a similar performance (within 0.3 kcal/mol) to its two-
layer counterpart CBH-3[LL:G4] at a reduced computational
cost. There is a significant improvement compared to the two-

Table 1. Mean Absolute Errors (kcal/mol) for Three-layer
SSCBH Methods Compared to the Standard Two-Layer
CBH Protocol

rung of correction 2 layer 3 layer 2 layer
CBH-1
CBH-2 G4 G4
CBH-3 G4 MP2(full)
low level (LL) keal mol™
PBEh 1.04 1.30 1.61
PBEh-D3 0.65 0.76 1.38
wB97X-D 0.86 1.14 1.37
CAM-B3LYP 1.57 1.87 1.99
CAM-B3LYP-D3(BJ) 0.83 111 151
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layer CBH-2 mode], indicating the MP2 correction with CBH-
3 is adding additional error cancellation, but not as much as
the full CBH-3 G4 correction. Thus, these multilayered
corrections can be used to reduce the computational cost of
the CBH-3 model with a small loss in accuracy.

These improvements are generalized over a variety of
functional groups and molecular features, summarized in Table
2. The multilayer CBH(3,2) [@B97X-D:MP2(full):G4] model

Table 2. Mean Absolute Errors (kcal/mol) for SSCBH and
CBH Methods for Various Functional Groups and
Molecular Features for ®B97X-D

rung of correction 2 layer 3 layer
CBH-1
CBH-2 G4
CBH-3 G4 MP2(full)
total MAE 0.86 1.14
acyclic 0.35 0.33
alicyclic 1.39 2.12
conjugated 2.10 3.18
heterocyclic 1.34 1.62
hydrocarbons 0.57 0.71
O-containing 0.85 1.15
N-containing 1.26 1.59
S-containing 0.75 0.95
Cl-containing 1.15 1.90

performs with an MAE of 1.14 kcal/mol compared to 0.86
kcal/mol for the CBH-3 model. Overall, these models perform
best on the acyclic molecules and hydrocarbons as both
subgroups have a significantly lower deviation than the full data
set. The performance of the multilayer CBH(3,2)[wB97X-
D:MP2(full):G4] on acyclic molecules is closer to the
corresponding performance of the CBH-3[wB97X-D:G4] as
both have similar performances (0.35 vs 0.33), implying that
the multilayer model can fully approximate the CBH-3 model
at a reduced cost. However, this effect is not seen for
conjugated and heterocyclic systems, which feature larger
errors regardless of how many layers of CBH corrections are
added. Local connectivity-based corrections oftentimes per-
form worse on these systems due to the nature of their valence
bond structures and delocalization effects, which are difficult to
capture within the corresponding fragments. Additionally, each
fragment as defined by CBH is optimized to the lowest energy
conformer, which can introduce conformational differences
between the optimized structure of the full molecule and its
corresponding fragments, especially with larger fragments at
higher rungs of CBH.

The explicit treatment of dispersion in the low level of
theory diminishes the errors to some extent, as the error for
ring-containing molecules is slightly above 1.0 kcal/mol for
dispersion-corrected PBEh and around 2.5 kcal/mol for the
uncorrected counterparts (Tables 3 and 4). The results further
reinforce the importance of sufficiently modeling noncovalent
interactions in the full molecule calculations at the low level of
theory. Dispersion-corrected low-level PBEh-D3(BJ) per-
formed well regardless of which heteroatoms were present in
the molecule, although the dispersion correction improved the
errors of molecules containing chlorine the most out of any
heteroatom, reducing the MAE from 1.93 to 0.86 kcal/mol.

While SSCBH works well in most cases, there are some
cases where the single and multilayered CBH schemes break.
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Table 3. Mean Absolute Errors (kcal/mol) for SSCBH and
CBH Methods for Various Functional Groups and
Molecular Features for PBEh

rung of correction 2 layer 3 layer
CBH-1
CBH-2 G4
CBH-3 G4 MP2(full)
total MAE 1.04 1.30
acyclic 0.69 0.64
alicyclic 1.78 2.64
conjugated 1.61 2.64
heterocyclic 2.07 242
hydrocarbons 1.32 1.62
O-containing 1.30 1.58
N-containing 1.61 1.96
S-containing 0.94 1.10
Cl-containing 1.17 1.93

Table 4. Mean Absolute Errors (kcal/mol) for SSCBH and
CBH Methods for Various Functional Groups and
Molecular Features for PBEh-D3(BJ)

rung of correction 2 layer 3 layer
CBH-1
CBH-2 G4
CBH-3 G4 MP2(full)
total MAE 0.65 0.76
acyclic 0.44 0.44
alicyclic 0.78 1.04
conjugated 0.94 1.16
heterocyclic 0.97 1.09
hydrocarbons 0.50 0.58
O-containing 0.66 0.81
N-containing 0.87 0.99
S-containing 0.97 0.60
Cl-containing 0.35 0.86

Examples involve (1) larger strained and cyclic molecules and
(2) error-cancellation mismatch between the CBH rungs.

1. For some heterocyclic aromatic systems (e.g., 2-
aminopyridine), CBH-3 is less reliable without special
care, i.e, CBH-2 correction schemes result in smaller
errors than CBH-3. We hypothesize this effect is from
the optimized geometry of CBH-2 fragments more
closely matching the geometries in the parent molecule
than that of the CBH-3 fragments. To address this, the
parent geometry must be retained as closely as possible
for CBH-3 fragments. A possible solution is to consider
multiple conformers and the fragment conformer that
matches the parent geometry the closest could be used.

2. Another instance in which the SSCBH scheme breaks
down is in the case of a mismatch between errors in
CBH rungs. One class of molecules in which this is
apparent is multisubstituted chlorobenzene (e.g., penta-
chlorobenzene). The overall results are related to the
signs of the intermediate corrections from the two levels.
If they have opposite signs, there is some cancellation,
and the composite results are better. Overall, the
combination of levels of theory used is of the utmost
importance in order to avoid mismatching errors and
other effects that may appear in certain CBH rungs.
Furthermore, using a combination of DFT and wave
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function-based methods could also be responsible for an
increased chance of observing this phenomenon.

Finally, to demonstrate the efficiency of the new models
proposed in this study we selected two 15 heavy-atom test
molecules, one aromatic (formula CyN(SH;,,), and the other
aliphatic (formula CoO¢H,4). In both systems, the fragment
calculations involved in the three-layer SSCBH(3,2) models
(DFT:MP2(full):G4) are 3—4 times faster than the fragment
calculations in the two-layer CBH-3 models (DFT:G4). This is
primarily because larger CBH-3 fragments (up to 8 heavy-
atoms) are considered at the G4 level in the two-layer
calculations compared to the smaller CBH-2 fragments (only
up to S heavy atoms) in the three-layer calculations. These
speedups are in addition to the more than 1 order of
magnitude speedup of the two-layer CBH-3 calculations
relative to the direct G4 calculations.

4. CONCLUSIONS

The benchmarks presented here demonstrate that the
multilayered CBH model SSCBH could be used to reduce
the computational scaling of higher rungs of CBH corrections,
replacing many of the expensive calculations on large
fragments with the lower MP2(full) level of theory. Cheaper
methods, such as PM6-D3 and X-3c, have been used as the low
level of theory with moderate errors compared to G4,
indicating that larger molecules could be studied using the
SSCBH approach in which DFT is not a viable option. Overall,
the accuracy of G4 can be rivaled with a wide variety of less
expensive methods at a greatly reduced cost with the SSCBH
protocol, with improved accuracy compared to the traditional
CBH correction scheme. Additionally, corrections from
SSCBH can be utilized to reduce the computational cost of
more accurate composite methods. With these methods, the
study of larger molecules could be performed without the need
for expensive calculations on large fragments. Using a suitable
combination of methods, important long-range effects can be
captured at intermediate levels of theory with little to no loss in
accuracy compared to the more expensive standard CBH
approach.
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