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Abstract: Triaxial neutron stars can be sources of continuous gravitational radiation detectable

by ground-based interferometers. The amplitude of the emitted gravitational wave can be greatly

affected by the state of the hydrodynamical fluid flow inside the neutron star. In this work, we

examine the most triaxial models along two sequences of constant rest mass, confirming their

dynamical stability. We also study the response of a triaxial figure of quasiequilibrium under a variety

of perturbations that lead to different fluid flows. Starting from the general relativistic compressible

analog of the Newtonian Jacobi ellipsoid, we perform simulations of Dedekind-type flows. We find

that in some cases the triaxial neutron star resembles a Riemann-S-type ellipsoid with minor rotation

and gravitational wave emission as it evolves towards axisymmetry. The present results highlight the

importance of understanding the fluid flow in the interior of a neutron star in terms of its gravitational

wave content.
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1. Introduction

One of the most profound predictions of general relativity is that a system which
possesses time-varying multipole moments higher than a quadrupole generates gravi-
tational waves. The most common systems that satisfy such criterion are the ones that
are not symmetric about their rotation axis, with prime examples being those of binary
compact objects. Therefore, it is not a surprise that the first direct detection of a gravita-
tional wave came from a binary black hole [1,2]. In the first three observational periods
(O1–O3), the LIGO/Virgo [3,4] collaboration discovered gravitational waves from almost
100 binaries [5–7], including two binary neutron stars [8–11] and two black hole–neutron
star mergers [12]. Another exciting possibility is to detect gravitational waves from a single
neutron star that exhibits some kind of asymmetry [13–16]. Although such gravitational
waves are much weaker than the ones emerging from a binary system (and this is one of
the reasons that they have not been detected yet), they have the potential of providing
important information regarding the nature of a neutron star, such as regarding various
fluid instabilities or its elastic, thermal, and magnetic characteristics.

A hydrodynamical instability is one well-known mechanism that can produce nonax-
isymmetric neutron stars which emit gravitational waves [17]. One important parameter
that characterizes unstable rotating neutron stars is β := T/|W|, where T is the rotational
kinetic energy and |W| the gravitational binding energy [17,18]. As the rotation of the star
increases, there are two critical points (nonaxisymmetric instabilities) that are associated
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with two different physical mechanisms. In the presence of some dissipative mechanism
such as viscosity or gravitational radiation, at β = βs, the star becomes secularly unstable
to a bar mode deformation. The timescale of this instability is set by the dissipation and
is much longer than the dynamical (free-fall) timescale. At even higher rotation rates,
when β = βd > βs, the star becomes dynamically unstable to a bar mode deformation.
This instability emerges regardless of any possible dissipation, and its growth is set by the
dynamical timescale. For incompressible stars in Newtonian gravity, βNewt

s = 0.1375 and
βNewt

d = 0.2738 [19]. Although the values of β at these critical points can change in general
relativity, with compressible equations of state and differential rotation, the overall idea (the
existence of distinct secular and dynamical instability points) remains (Nonaxisymmetric
instabilities for values of β as low as 0.01 have also been found [20,21]. These so-called
shear instabilities depend on β and the degree of differential rotation [22]).

The broadbrush picture above can be further refined by the fact that there are two cate-
gories of secular instabilities: (i) the viscosity-driven instability which, as the name suggests,
manifests itself in the presence of viscous dissipation [23] and (ii) the Chandrasekhar–
Friedman–Schutz (CFS) instability which is driven by a gravitational radiation
reaction [24–26]. For Newtonian incompressible fluids, an axisymmetric rotating body is
described by a Maclaurin spheroid [19], an oblate spheroid having Rx = Ry ̸= Rz. At the
point of secular instability, when β = 0.1375, two families of triaxial (Rx ̸= Ry ̸= Rz)
solutions emerge: (a) the Jacobi ellipsoids, which are uniform rotating ellipsoidal figures of
equilibrium in the inertial frame and thus emit gravitational waves, and (b) the Dedekind
ellipsoids, which are ellipsoidal figures of equilibrium stationary in the inertial frame
and therefore do not emit gravitational waves (this does not mean that the evolution
along the Dedekind sequence does not produce gravitational waves).The Dedekind ellip-
soids have constant vorticity and nonzero internal fluid circulation. Equilibrium solutions
(a) and (b) are related to the processes (i) and (ii), respectively, as follows [27–29]. Viscosity
dissipates mechanical energy but conserves angular momentum, and a Jacobi ellipsoid has
less mechanical energy, T + W, than a Maclaurin spheroid of the same rest mass and angu-
lar momentum. Thus, the viscous-driven evolution (i) of an unstable Maclaurin spheroid
would proceed towards a Jacobi ellipsoid (a). On the other hand, gravitational radiation
preserves circulation along any closed path on a plane parallel to the equator, but not
angular momentum. A Dedekind ellipsoid has less mechanical energy than a Maclaurin
spheroid of the same rest mass and circulation. Thus, in the absence of viscosity, the CFS-
driven (ii) evolution of an unstable Maclaurin spheroid would proceed towards a Dedekind
ellipsoid (b). The presence of both viscosity and gravitational radiation tends to stabilize
the star against these competing mechanisms [30]. In the limit where the gravitational
wave timescale equals the viscous timescale, the Maclaurin spheroid is secularly stable all
the way to the dynamical instability point.

One important difference between the viscosity-driven instability and the CFS instabil-
ity is that the latter is generic while the former is absent in sufficiently slowly rotating stars.
In addition, the viscosity-driven instability emerges only for sufficiently stiff equations
of state in which the bifurcation point exists before the mass-shedding (Keplerian) limit.
In Newtonian gravity, with a polytropic equation of state, p = kρΓ, the triaxial sequence
exists only if Γ ⪆ 2.24 [31]. In general relativity, the critical adiabatic index does not change
significantly but slightly increases to ∼2.4 [32–35]. At the same time, the critical parameter
βs also increases relative to the Newtonian value (0.1375) by a factor that depends on
the compactness of the neutron star [36]. On the other hand, the CFS instability becomes
stronger in general relativity and sets in at β < 0.1375 [37,38] so that the two instabilities
no longer occur at the same value of βs.

Sequences of triaxial solutions in general relativity were investigated
in [39–41] using a select set of stiff equations of state. It was found that the triaxial se-
quence becomes shorter (a smaller deformation is allowed) as the compactness increases,
while supramassive [42] triaxial equilibria are possible, depending on the equation of state.
In [43], the first full general relativistic simulations of triaxial uniformly rotating neutron
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stars were performed, and the dynamical stability of certain normal and supramassive
solutions was established. It was found that all triaxial models evolve toward axisymmetry,
maintaining their uniform rotation, while losing their triaxiality through gravitational wave
emission. Similar results were reported in [44] where triaxial quark stars (having finite
surface density) were evolved in general relativity.

In this work, we investigate the fate and stability of triaxial models against a variety
of perturbations. First, we establish the dynamical stability of the most triaxial figure of
quasiequilibrium along two constant rest mass sequences, one that corresponds to com-
pactness 0.1 and another one that corresponds to compactness 0.19. Second, by replacing
the Jacobi-like velocity flow with a Dedekind-like one, we explore the fate of the resulting
ellipsoidal neutron star. We find that in some cases this procedure leads to a Riemann-
S-type ellipsoidal figure of quasiequilibrium that barely rotates while largely preserving
its nonaxisymmetric shape. This object emits gravitational waves whose amplitude is
approximately 20% of the one coming from the original triaxial neutron star as it evolves
towards axisymmetry, and this highlights the importance of the fluid flow in accurate
gravitational wave analysis.

Here, we employ geometric units in which G = c = M⊙ = 1, unless stated otherwise.
Greek indices denote spacetime dimensions (0, 1, 2, 3), while Latin indices denote spatial
ones (1, 2, 3).

2. Numerical Methods and Model Parameters

For the construction of the initial models, we use the COCAL code as described
in [39–41], while for the evolution we use the EINSTEIN TOOLKIT [45–49]. Below, we
summarize the most important features of our initial data models and their evolutions.

2.1. Initial Data

We construct uniformly rotating triaxial neutron stars having angular velocity Ω and
velocity with respect to the inertial frame vi = Ωϕi = Ω(−y, x, 0). The fluid’s 4-velocity
can be written as

uα = utkα = ut(tα + vα) , (1)

where ut is a scalar. The spacetime of the rotating star possesses a helical Killing vector,
kα, where

kα = tα + Ωϕα, (2)

with the fluid variables being Lie-dragged along kα,

Lk(huα) = Lkρ = Lks = 0. (3)

Here, ρ, h, s are the rest mass density, enthalpy, and the entropy per unit rest mass. We
have ρh = ϵ + p, where ϵ is the total energy density and p is the pressure.

In order to ensure the existence of triaxial uniformly rotating models, we use a stiff
polytropic equation of state with Γ = 4. For the polytropic constant, we choose k = 1 in
G = c = M⊙ = 1. Similar to [41,43], the value of Γ used is simply to prove a point of
principle, rather than to address physical EOS parameters.

The models are computed with the COCAL code, a second-order finite-difference code
whose methods are explained, for example, in [40,50]. For computational convenience,
we employ the Isenberg–Wilson–Mathews (IWM) formulation [50–54]. Therefore the
3-metric is γij = ψ4 fij, where ψ is the conformal factor and fij the flat metric. The unknown

gravitational variables in the 3 + 1 formulation are the lapse α, the shift βi, and the conformal
factor ψ. In the COCAL code, the full system of equations (waveless formulation) is also
used, but the differences from the conformally flat IWM scheme are small [40]. A number
of diagnostics are used to describe the initial solutions, and explicit formulae are given in
the appendix of [40]. The most important diagnostics are the following: (1) the angular
momentum of the triaxial star J (where J is the Arnowitt–Deser–Misner (ADM) angular
momentum), which is computed via a surface integral at infinity or a volume integral over
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to each other, so they appear as a single triangle point (magenta or blue). In the right
panel, though, the triaxial sequences are clearly seen. For a fixed eccentricity, a triaxial
model has less T/|W| than the corresponding axisymmetric model. In particular, for a
fixed eccentricity, the triaxial solution has less gravitational (ADM) mass M (thus more
negative gravitational potential energy W), angular momentum J, angular velocity Ω,
and moment of inertia I than the corresponding axisymmetric model. Therefore, it has
less kinetic energy, too. On the other hand, it has larger proper mass and hence less total
energy T + W = M − Mp (T + W is more negative for the triaxial solution). Thus, it is the
preferred figure of equilibrium.

From the right panel of Figure 1, we notice that the bifurcation point happens at
larger β or e as the compactness increases. The triaxial sequence also shrinks the larger the
compactness, which intuitively means that it is harder to construct a triaxial neutron star of
large compactness. For incompressible fluids [36] in general relativity, it was found that

βs = βNewt
s + 0.126

(

M

R

)

s

(

1 +

(

M

R

)

s

)

(5)

where βNewt
s = 0.1375 at eccentricity eNewt

s = 0.8127. Equation (5) predicts that βs = 0.15 at
(M/R)s = 0.1, while for (M/R)s = 0.19, it is βs = 0.166, which is in broad agreement with
the right panel of Figure 1. Notice also that the IWM formulation slightly overestimates
βs as well as es at the bifurcation point with respect to a full solution to the Einstein
equations [40].

The models used in this study are shown in the right panel of Figure 1 as blue and ma-
genta dots. They constitute the most triaxial solutions along the corresponding sequences
of constant rest mass. In Table 1, these two solutions are dubbed as C010s17 (magenta
corresponds to compactness 0.1) and C019s08 (blue corresponds to compactness 0.19).

Table 1. Initial data models C010s17 and C019s08 used in this work. Here, ρ, Ri, e =
√

1 − (R̄z/R̄x)2,

Ω, M, M0, (M/R)s, T/|W|, and I are the central rest mass density, the coordinate radii, the proper

eccentricity with respect to the z-axis, the angular velocity, the ADM mass, the rest mass, the

corresponding (with the same rest mass) spherical compactness, the ratio of kinetic over gravitational

potential energy, and the moment of inertia, respectively. To convert to cgs units, we use the fact that

1 = 1.477 km = 4.927 µs = 1.989 × 1033 g.

Model ρ Rx Rz/Rx Ry/Rx e ΩM

C010s17 0.3430 0.4421 0.4444 0.6875 0.8918 0.01808
C019s08 0.4583 0.4476 0.4619 0.7813 0.8778 0.05098

Model M M0 J/M2 (M/R)s T/|W | I(×10−3)

C010s17 0.03042 0.03193 1.117 0.1 0.1547 1.740
C019s08 0.06888 0.07578 0.9011 0.19 0.1676 5.781

We employed the single-star module of the COCAL code to compute the quasiequi-
librium solutions of this work. This module uses the KEH method [58,59] on a single
spherical patch (r, θ, ϕ) with r ∈ [ra, rb], θ ∈ [0, π], and ϕ ∈ [0, 2π], where ra = 0,
rb = O(106M) (no compactification used), to achieve convergence through a Green’s
function iteration. The grid structure in the angular dimensions is equidistant but not in
the radial direction. The definitions of the grid parameters can be seen in Table 2, along
with the specific values used here.
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Table 2. Summary of grid parameters used by COCAL to produce the triaxial models. Note that

Nf
r = 128 is the number of points across the largest star radius.

ra = 0 : Radial coordinate where the radial grids start.
rb = 106 : Radial coordinate where the radial grids end.
rc = 1.25 : Radial coordinate between ra and rb where the radial grid spacing changes.
Nr = 384 : Number of intervals ∆ri in r ∈ [ra, rb].
Nf

r = 128 : Number of intervals ∆ri in r ∈ [ra, 1].
Nm

r = 160 : Number of intervals ∆ri in r ∈ [ra, rc].
Nθ = 96 : Number of intervals ∆θj in θ ∈ [0, π].
Nϕ = 96 : Number of intervals ∆ϕk in ϕ ∈ [0, 2π].
L = 12 : Order of included multipoles.

2.2. Evolutions

For the evolution, we use the BAIKAL [60] code, which solves the Einstein field equa-
tions in the BSSN formalism, and the ILLINOIS GRMHD [46,47] to evolve fluid quantities.
The code is built on the CACTUS infrastructure and uses CARPET [48] for mesh refinement,
which allows us to focus numerical resolution on the strong-gravity regions while also
placing outer boundaries at large distances well into the wave zone for accurate GW extrac-
tion and stable boundary conditions. The evolved geometric variables are the conformal
metric γ̃ij, the conformal factor ϕ, (γij = e4ϕγ̃ij), the conformally rescaled, tracefree part

of the extrinsic curvature, Ãij, the trace of the extrinsic curvature, K, and three auxiliary

variables Γ̃
i = −∂jγ̃

ij, a total of 17 functions. For the kinematical variables, we adopt
the puncture gauge conditions [61,62], which are part of the family of gauge conditions,
using an advective “1 + log” slicing for the lapse and a 2nd-order “Gamma-driver” for the
shift [63].

The equations of hydrodynamics are solved in conservation-law form, adopting high-
resolution shock-capturing methods [64]. The primitive, hydrodynamic matter variables
are the rest mass density, ρ, the pressure p, and the three-coordinate velocity vi = ui/u0.
The enthalpy is written as h = 1 + e + p/ρ, and therefore the stress energy tensor is
Tαβ = ρhuαuβ + pgαβ. Here, e is the specific internal energy (this should not be confused
with the eccentricity in Table 1).

The grid structure used in these evolutions is summarized in Table 3. Typically, we
use five refinement levels, with the innermost level’s half-side length being approximately
∼1.5 times larger than the radius of the star in the initial data (Rx). We use 240 × 240 ×
240 cells for the innermost refinement level, which means that we have approximately
160 points across the neutron star’s largest diameter. (For the initial data construction, we
used 256 points across the largest neutron star diameter.) For the innermost refinement
level, this implies a ∆x ∼ 5.53 × 10−3 (C010s17) and ∆x ∼ 5.60 × 10−3 (C019s08). This
number of points is necessary in order to have accurate evolutions of such stiff equations
of state (Γ = 4), which present a challenge for any evolution code.

Table 3. Grid parameters used for the evolution of each model. Parameter N corresponds to the

number of points used to cover the largest radius of the star. Parameter dx is the step interval at the

coarser level.

Model Grid Hierarchy dx N

C010s17 {8.49, 4.24, 2.12, 1.06, 0.531} 8.84 × 10−2 80
C019s08 {8.59, 4.30, 2.15, 1.07, 0.537} 8.95 × 10−2 80

3. Results

We perform full general relativistic simulations of the two most triaxial models C010s17
and C019s08 under a variety of perturbations in order to probe their stability and, more
importantly, their fate, especially with respect to their nonaxisymmetric shape. As a first
test for dynamical stability, we evolve these triaxial models by applying a 5% pressure
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39. Huang, X.; Markakis, C.; Sugiyama, N.; Uryū, K. Quasi-equilibrium models for triaxially deformed rotating compact stars. Phys.

Rev. D 2008, D78, 124023. [CrossRef]
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41. Uryū, K.; Tsokaros, A.; Baiotti, L.; Galeazzi, F.; Sugiyama, N.; Taniguchi, K.; Yoshida, S. Do triaxial supramassive compact stars

exist? Phys. Rev. D 2016, 94, 101302. [CrossRef]

42. Cook, G.B.; Shapiro, S.L.; Teukolsky, S.A. Spin-up of a rapidly rotating star by angular momentum loss—Effects of general

relativity. Astrophys. J. 1992, 398, 203–223. [CrossRef]

43. Tsokaros, A.; Ruiz, M.; Paschalidis, V.; Shapiro, S.L.; Baiotti, L.; Uryū, K. Gravitational wave content and stability of uniformly,
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