THE UNGAR GAMES

COLIN DEFANT, NOAH KRAVITZ, AND NATHAN WILLIAMS

ABSTRACT. Let L be a finite lattice. Inspired by Ungar’s solution to the famous slopes problem,
we define an Ungar move to be an operation that sends an element « € L to the meet of {z} UT,
where T is a subset of the set of elements covered by xz. We introduce the following Ungar game.
Starting at the top element of L, two players—Atniss and Eeta—take turns making nontrivial
Ungar moves; the first player who cannot do so loses the game. Atniss plays first. We say L is
an Atniss win (respectively, Feta win) if Atniss (respectively, Eeta) has a winning strategy in the
Ungar game on L. We first prove that the number of principal order ideals in the weak order on Sy,
that are Eeta wins is 0(0.95586™n!). We then consider a broad class of intervals in Young’s lattice
that includes all principal order ideals, and we characterize the Eeta wins in this class; we deduce
precise enumerative results concerning order ideals in rectangles and type-A root posets. We also
characterize and enumerate principal order ideals in Tamari lattices that are Eeta wins. Finally,
we conclude with some open problems and a short discussion of the computational complexity of
Ungar games.

1. INTRODUCTION

1.1. Poset Games. In Gale’s game Chomp [14], we begin with a rectangular chocolate bar whose
northwestmost carré' has been removed. Two players alternately take nonempty bites, where each
bite consists of choosing a carré and eating all carrés that lie weakly southeast of the chosen one.
The first player who is left with nothing to eat is designated the loser. See Figure 1 for an example.
Although it is easy to see (using a strategy-stealing argument, as described in Gale’s original paper)
that the first player can always guarantee a win in this game, describing an explicit winning strategy
is open even for 3-row chocolate bars [31].

More generally, one can play Chomp on a chocolate bar of an arbitrary skew partition shape; at
this level of generality, the first player does not always have a winning strategy. In fact, Chomp
generalizes even further to finite posets (without mention to chocolate). In the poset game played
on the finite poset P, two players start with P and then alternately remove nonempty principal
upward-closed sets; the first player who is unable to make a move (i.e., who is left with the empty
set) loses. Nim, another notable example of a poset game, corresponds to the case where P is a
disjoint union of chains.

1.2. Nibble. Consider now the following more genteel version of Chomp, which we call Nibble.
Instead of taking a boorishly large mouthful, a player may only politely nibble away at any number
of exposed corner carrés of the chocolate bar. An example is illustrated in Figure 1. A corollary of
one of our main results (Theorem 1.5) is a complete characterization of which player has a winning
strategy when Nibble is played on a chocolate bar in the shape of an arbitrary Young diagram.

Just as Chomp generalizes to arbitrary finite posets, Nibble generalizes to arbitrary finite lattices;
our next order of business is explaining this generalization.

Tt appears that there is no generally accepted English word for this concept. Hershey’s has attempted to popularize
the word “pip,” but this has not caught on. The word “square” may be the closest approximation in standard English
usage.
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Chomp Nibble

FIGURE 1. Allowable moves in Chomp (left) and in Nibble (right). Starting positions
for which the second player has a winning strategy are indicated in gold.

1.3. Ungar Moves. In 1970, Scott [26] asked for the minimum possible number of distinct slopes
determined by a collection of n > 4 points in the plane that do not all lie on a single line. Ungar
[30] solved this problem in 1982 by showing that the answer is 2|n/2]. Building on an approach
suggested by Goodman and Pollack [15], Ungar considered projecting the collection of points onto
a rotating line. At each point in time, the ordering of the projected points along the line yields a
permutation of the set [n] = {1,...,n}. As the line rotates, the projected points sometimes swap
positions in the ordering. (See Figure 2.) This idea allowed Ungar to work in a purely combinatorial
setting in which he analyzed certain moves that can be performed on permutations. Each such
move reverses some disjoint consecutive decreasing subsequences of a permutation. For instance,
we could reverse the consecutive decreasing subsequences 53 and 641 in the permutation 853297641
to obtain the new permutation 835297146.

Every poset P in this article is assumed to have the property that {y € P :y < z} is finite for
every x € P. Given a poset P and an element x € P, we write covp(z) for the set of elements of P
that are covered by x. There is an equivalent way of formulating the moves that Ungar studied if we
view the symmetric group S, as a lattice under the (right) weak order: a move sends a permutation
w € Sy to the meet A\ ({w}UT), where T' C covg, (w). This observation leads to the following
much more general definition from [10].

Definition 1.1 ([10]). Let L be a meet-semilattice. An Ungar move is an operation that sends an
element x € L to A\({z}UT) for some set T' C covy(z). We say this Ungar move is trivial if T = (),
and we say it is mazimal if T = covp(x).

Given a meet-semilattice L and an element x € L, we write Ung(z) for the set of elements of L
that can be obtained by applying an Ungar move to x.

Suppose n > 4, and, as before, view S, as a lattice under the weak order. Consider starting
with the decreasing permutation with one-line notation n(n—1)---1 and applying nontrivial Ungar
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FiGURE 2. Five points in the plane are numbered 1,2,3,4,5. One can project the
points onto a line and read the ordering of the projections along the line to obtain
a permutation. When the line rotates, the associated permutation changes via an
Ungar move.

moves until reaching the identity permutation 12 ---n. Ungar proved that if the first Ungar move
in this process is not maximal, then the total number of Ungar moves needed is at least 2|n /2] [30].
This allowed him to resolve Scott’s original geometric problem about slopes. See [1, Chapter 12]
for additional exposition about this result.

A meet-semilattice L has an associated pop-stack sorting operator Pop;: L — L, which acts
on each element of L by applying a maximal Ungar move. The nomenclature comes from the
fact that Popg coincides with a map that sends a permutation through a data structure called
a pop-stack—this map has been the object of considerable study in combinatorics and theoretical
computer science [2,3,6,7,19,22], and numerous recent articles have investigated pop-stack sorting
operators on other interesting lattices [5,8,9,11,17,24]. In his original paper [30], Ungar also proved
that the maximum number of iterations of Popg needed to send a permutation in .S, to the identity
isn—1.

In [10], the first author and Li studied Ungarian Markov chains, which are random processes on
lattices in which Ungar moves are applied randomly.

1.4. Ungar Games. We can now describe our generalization of Nibble. Let L be a finite lattice.
Starting at the top element 1 € L, two players—Atniss and Eeta—take turns making nontrivial
Ungar moves; the first player who cannot make a nontrivial Ungar move loses the game. We assume
that Atniss goes first. Note that the game ends precisely when a player reaches the bottom element
0 of L. In particular, Eeta wins if |[L|] = 1. Observe that exactly one of the two players has a
winning strategy in the Ungar game on L.
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Definition 1.2. We say a finite lattice L is an Atniss win if Atniss has a winning strategy in the
Ungar game played on L; otherwise, we say L is an Feta win.

Slightly abusing terminology, we also make the following definition when we have a fixed meet-
semilattice.

Definition 1.3. Given a meet-semilattice L with a minimal element 0, we say an element z € L
is an Atniss win in L if the interval [0,z] in L is an Atniss win; otherwise, we say x is an Feta
win in L. Let A(L) and E(L) denote the set of Atniss wins in L and the set of Eeta wins in L,
respectively.

FIGURE 3. A lattice with 7 Atniss wins (labeled A) and 5 Eeta wins (labeled E).
The entire lattice is an Atniss win.

One can determine the sets A(L) and E(L) recursively. First, the bottom element 0 is an Eeta
win. In general, an element z € L is an Atniss win if there exists an Eeta win in Ung(x) \ {z},
while z is an Eeta win if the elements of Ung(x) \ {z} are all Atniss wins. See Figure 3.

Our main focus in this article will be the characterization and the asymptotic and/or exact
enumeration of Eeta (equivalently, Atniss) wins in various interesting lattices.

1.5. The Weak Order. We begin by considering the weak order on S, since that is, after all, the
context in which Ungar moves first arose.

Theorem 1.4. We have |E(S,)| = O(0.95586™n!).

Although the preceding theorem is not as precise as the results that we will derive for other
lattices, it still shows that asymptotically almost all elements of .S,, are Atniss wins.

1.6. Intervals in Young’s Lattice. We write J(P) for the lattice of finite order ideals of a
poset P, ordered by containment. Young’s lattice is J(N?); equivalently, it is the lattice of integer
partitions ordered by containment of Young diagrams. We tacitly identify integer partitions and
skew partitions? with their Young diagrams (which we draw using English conventions). Suppose

2Although it is customary to write \/u for the skew shape obtained by removing a Young diagram y from a Young
diagram A, we will break with this convention and write A \ u instead. This is because we view A and p as posets.
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w and X are partitions with g < A\. We can view A \ p as a poset whose elements are the boxes
of A\ u; the order relation is such that 00 < [0’ if and only if OJ lies weakly northwest of [J'. The
interval [p, A] in Young’s lattice is naturally isomorphic to J(\\ p), the lattice of order ideals of
A\ p. The Ungar game on J(A \ u) is equivalent to the game Nibble played on a chocolate bar of
shape A\ p.

A lattice path is a finite path that starts at a point in Z? and uses unit north (i.e., (0,1)) steps
and unit east (i.e., (1,0)) steps. We denote north steps by N and east steps by E, and we identify
lattice paths with finite words over the alphabet {N,E}. A block of a lattice path is a maximal
consecutive string of steps that have the same direction. For example, the blocks of the lattice path
EENENNNN are EE, N, E, and NNNN (in that order).

Associated to a partition A is the lattice path path(\) obtained by traversing the southeast
boundary of A\. More precisely, if A = (\1,...,\g), where Ay > --- > A\ > 1, then

path(\) = EMNEM-17 %N ... FA 42N,

The n-th staircase (for n > 0) is the partition 6, = (n,n —1,...,2,1); its associated lattice path is
path(d,) = (EN)".

The following theorem treats a very large class of intervals in Young’s lattice and characterizes
which of them are Eeta wins. In particular, the case p = () (and n = 0) completely characterizes
which elements of Young’s lattice are Eeta wins.

Theorem 1.5. Consider an interval [p, ] in Young’s lattice. Let n be the smallest integer such
that u < 6p. If 61 < A, then the interval [u, \] is an Feta win if and only if path(\) does not
contain an odd-length block of east steps immediately followed by an odd-length block of north steps.

Example 1.6. Let p be the partition (3,1). Then p < d3, but pu £ d2. Therefore, we can apply
Theorem 1.5 whenever d4 < A.
If A =(5,4,2,2), then the Young diagram of A\ u is

In this case, Theorem 1.5 tells us that [u, A] is an Atniss win because path(\) = EENNEENEN
contains a block consisting of a single east step immediately followed by a block consisting of a
single north step.

On the other hand, if A = (6,4, 2,2), then the Young diagram of A\ p is

In this case, path(\) = EENNEENEEN, so Theorem 1.5 guarantees that [u, A] is an Eeta win.

Theorem 1.5 has a somewhat surprising corollary. Namely, whether the lattice [, A\] 2 J(A\ p)
is an Atniss win or an Eeta win is independent of i so long as A is “deep enough” in Young’s lattice
relative to p. This is actually a special case of the following much more general result. Let us write
max(P) for the set of maximal elements of a poset P.

Theorem 1.7. Let P be a poset. Suppose 6,\ € J(P) are such that § C X\ and every non-
mazximal element of § is less than at least 2 mazximal elements of 6. For every p € J(P) such that
w € 6\ max(9), the lattice J(A\ ) is an Atniss win if and only if the lattice J(\) is an Atniss win.

Let us highlight two families of intervals in Young’s lattice for which we will obtain especially
nice enumerative results. Let p,xp be the rectangular Young diagram that consists of a rows of size
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b. Let ®T(A,) denote the root poset of type A,. Then ®*(A,) is isomorphic as a poset to the
skew shape ppxn \ On—1.

Theorem 1.8. We have

S S (B (gt = ——- LA Y)

1 2 _ 2
250 550 1-(1+2)y> - (1+yz

Theorem 1.9. We have

1 — 2 — — — p
S IB(J(@F (A))]" = — R e R R N St T e

2z
n>1
Consequently,
E(J ot An Nl —-3/2 n+1
B (A)] ~ /2,
where 6
= ~ 3.13040
Py 8(3v/57 — 1)~1/3 4+ (34/57 — 1)1/3
and
1

= 576 + (1726130304 — 69393024v/57)1/3 + 12(998918 + 40158v/57)1/3 =~ 0.79594.
7= /576 + ( ) ( )

Since |J(®1(Ay))| is the (n + 1)-th Catalan number (which grows as (4 — 0(1))"), the preceding
theorem shows that |[E(J(®T(Ay)))|/|J(®T(Ay))| is decays exponentially in n.

1.7. Tamari Lattices. Let Tam, denote the n-th Tamari lattice. These lattices, which were intro-
duced by Tamari [29] in 1962, are fundamental objects in algebraic combinatorics with connections
to several other areas [20]; they differ from the lattices discussed in the previous subsection because
they are not distributive. We will characterize Eeta wins in Tamari lattices in Propositions 5.2
and 5.3, and this will lead to the following exact enumeration.

Theorem 1.10. The generating function F(z) = - [E(Tamy)[2" is algebraic of degree 4: it
satisfies the equation Q(F(z),z) = 0, where
Qy,2) = 2+ (=1 + 32+ 22)y + (=2 + 22 + 32%)y? + 322 + 2%y,
Consequently,
[E(Tam,)| ~ %n/ "

where p ~ 2.90511 is the unique positive real root of the polynomial

3227 — 3220 — 1552° — 202" — 14823 4+ 6027 — 82 — 4
and v =~ 1.04240 is a root of the polynomial

173489520642 — 1192740454422 — 667873152027

— 8862781442% — 338243202 — 5161442* + 40482% + 11.

Since |Tam,| is the n-th Catalan number (which grows as (4 — o(1))"), the preceding theorem
shows that |E(Tam,)|/Tam,| is decays exponentially in n.

1.8. Outline. In Section 2, we discuss some basic properties of lattices and Ungar moves. Section 3
concerns the weak order on Sy,; it is in this section that we establish Theorem 1.4. In Section 4, we
prove the results from Section 1.6 about Young’s lattice. Section 5 is devoted to analyzing Ungar
games on principal order ideals of Tamari lattices; it is in this section that we prove Theorem 1.10.
Finally, in Section 6, we mention potential directions for future research; we also give a short
argument showing that Ungar games are NC!-hard.



THE UNGAR GAMES 7

2. BASICS

We assume familiarity with the theory of posets (partially ordered sets); a standard reference is
[28, Chapter 3]. As mentioned in Section 1, we assume that every poset P in this article is such
that {y € P:y < z} is finite for every x € P.

Let P be a poset. We tacitly view subsets of P as subposets of P. If u,v € P are such that
u < v, then the interval from wu to v is the set [u,v] = {w € P:u < w < wv}. If |[u,v]| = 2, then we
say v covers u. For x € P, we write covp(z) for the set of elements of P that x covers. We write
max(P) for the set of maximal elements of P. An order ideal of P is a subset I C P such that if
x,y € P are such that x <y and y € I, then © € I. An order ideal is principal if it is of the form
{y € P:y <z} for some z € P. Let J(P) denote the set of finite order ideals of P, ordered by
containment.

A meet-semilattice is a poset L such that any two elements x,y € L have a greatest lower bound,
which is called their meet and denoted x A y. Because the meet operation is commutative and
associative, it makes sense to write /\ X for the meet of a nonempty finite set X C L. Our running
assumption about posets (that principal order ideals are finite) guarantees that L has a unique
minimal element 0. We say L is a lattice if any two elements z,y € L also have a least upper
bound, which is called their join and denoted x V y. If L is a finite lattice, then it has a unique
maximal element 1.

If P is a poset, then J(P) is a lattice whose meet and join operations are given by intersection
and union, respectively. A finite lattice is distributive if it is isomorphic to J(P) for some finite
poset P. Ungar moves in distributive lattices have a simple description. For each I € J(P), we
have cov jpy(I) = {I \ {z} : * € max(I)}. Thus, applying an Ungar move to [ results in an order
ideal I\ T for some T' C max([).

If L is a meet-semilattice, then every element = € L is either an Eeta win or an Atniss win. If z
is an Atniss win, then there is a nontrivial Ungar move that sends x to an Eeta win. This yields
the following lemma, which we record for future reference.

Lemma 2.1. Let L be a meet-semilattice. For every x € L, the set Ung(x) NE(L) is nonempty.

We denote the Cartesian product of sets X1, ..., X, by X1 x---x X,,. If Ly, ..., L, are lattices,
then there is a natural partial order on Lj X - - X Ly, in which (z1,...,2m) < (y1,...,ym) if and only
if x; <y, for all 1 <4 < m; this turns Ly X - -+ X Ly, into a lattice called the product of Ly,..., Ly,.
The following simple lemma, which allows us to analyze the Ungar game on Lj X --- X L,, in terms
of the Ungar games on L, ..., Ly, will be very useful for us in the sequel.

Lemma 2.2. Let Ly,..., Ly, be lattices. An element (z1,...,%y) is an Eeta win in the product
Ly X -+ X Ly, if and only if x; is an Eeta win in L; for every i € [m]. That is,

E(Li X -+ X Lp) =E(L) X -+« x E(Ly,).

Proof. We proceed by induction on L; X -+ X Ly,. Choose (z1,...,2Zm) € L1 X -+ X Ly,. The
key observation is that Ung(x1,...,zy) = Ung(zy) X -+ x Ung(zy,). Thus, applying a nontrivial
Ungar move to (z1,...,%y) consists of applying Ungar moves to z1, ..., x,, individually, where at
least one of these Ungar moves is nontrivial.

Suppose (z1,...,%n) is such that z; € E(L;) for all . Applying any nontrivial Ungar move to
(z1,...,Tm) produces an element (yi,...,Yn) such that y; € A(L;) for some i; by the induction
hypothesis, (y1,...,ym) € A(Ly X -+ X Ly,). This shows that (x1,...,2m,) € E(Ly X -+ X Ly,).

To prove the reverse direction, suppose (x1,...,%;) is such that z; € A(L;) for some i. Let
K C [m] be the (necessarily nonempty) set of indices i such that x; € A(L;). For each i € K,
there is some y; € (Ung(z;) \ {x;}) N E(L;). For i ¢ K, set y; = x;. Then (y1,...,ym) €
Ung(z1,...,2m)\{(z1,...,2m)} is an Eeta win by induction, so (x1,...,Zm) € A(L1X---XLy,). O
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3. THE WEAK ORDER

Consider the symmetric group S,,, whose elements are the permutations of [n]. An inversion of
a permutation w € S, is a pair (i,) such that 1 <4 < j < n and w= (i) > w™1(j). The (right)
weak order is the partial order on S,, in which v < v if and only if every inversion of u is also an
inversion of v. It is well known that the weak order on S, is a lattice. We will henceforth simply
write S,, for this lattice.

The Ungar moves on S, are precisely those described in Section 1.3: each such move reverses
some disjoint consecutive decreasing subsequences of a permutation.

Given a word z of length k& whose entries are distinct positive integers, we define the standard-
ization of x to be the permutation in S; obtained by replacing the i-th smallest entry in z with
i for all i € [n]. For example, the standardization of 36582 is 24351. Given v € Si, we say a
permutation w € S, consecutively contains v if there exists an index ¢ € [n — k + 1] such that the
standardization of w(i)w(i + 1)---w(i + k — 1) is v. For example, w consecutively contains 1324
if and only if there exists i € [n — 3] such that w(i) < w(i +2) < w(i + 1) < w(i + 3). We say w
consecutively avoids v if w does not consecutively contain v.

The following lemma will allow us to prove Theorem 1.4, which tells us that as n — oo, asymp-
totically almost all permutations in S, are Atniss wins. Rather than demonstrate explicit winning
strategies for Atniss, we will employ a strategy-stealing argument.

Lemma 3.1. Let B = {1324,14325,154326, 1654327, ...} be the set of permutations of the form
I(m—1)(m —2)---2m form > 4. If w € S,, is a permutation that consecutively contains one of
the permutations in B, then w is an Atniss win in S, .

Proof. Suppose m > 4 and i € [n —m + 1] are such that w(i)w(i + 1)---w(i +m — 1) has stan-
dardization 1(m — 1)(m — 2)---2m. Let v be the permutation obtained from w by reversing the
consecutive decreasing subsequence w(i + 1)w(i + 2)---w(i + m — 2). The maximal consecutive
decreasing subsequences of v are exactly the same as the maximal consecutive decreasing subse-
quences of w other than w(i + 1)w(i +2)---w(i + m — 2). Therefore, Ung(v) is equal to the set
of permutations that can be obtained by applying an Ungar move to w that involves reversing the
subsequence w(i + )w(i +2)---w(i + m — 2). We know by Lemma 2.1 that there exists an Eeta
win in Ung(v). This Eeta win is in Ung(w) \ {w}, so w is an Atniss win. O

Another way of phrasing the above proof of Lemma 3.1 is that Atniss can reverse the run
w(i+ 1w +2)---w(@+m —2) as a “throwaway” move and then choose whether or not to play
further.

Proof of Theorem 1.4. It follows from Lemma 3.1 that every Eeta win in S, consecutively avoids
1324. It is known (see [21]) that the number of permutations in S,, that consecutively avoid 1324
is 0(0.95586™n!). 0

4. INTERVALS IN YOUNG’S LATTICE

4.1. Intervals in Distributive Lattices. Before we specialize our attention to Young’s lattice,
let us prove Theorem 1.7, which is much more general in scope because it deals with arbitrary finite
distributive lattices. We begin with a simple but useful lemma that is analogous to Lemma 3.1.

Lemma 4.1. Let P be a poset. Suppose A € J(P) and x € max(\) are such that
max(A\ {z}) = max(\) \ {z}.
Then A € A(J(P)).

Proof. By Lemma 2.1, there exists v € Ung(A\ {z}) NE(J(P)). Then v =X\ ({z} UT) for some
T C max(\\ {z}) = max(A) \ {z}. Since ({z} UT) C max(\), we have v € Ung(\) \ {\}. Because
v € E(J(P)), this proves that A € A(J(P)). O
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Proof of Theorem 1.7. Let P be a poset, and suppose 0, A\, u € J(P) are such that every non-
maximal element of ¢ is less than at least 2 maximal elements of ¢ and p C (6 \ max(d)) C 0 C A.
For I € J(P), let I = I\ pu. We will prove by induction on || that A € A(J(P)) if and only if
Xe A(J(P)).

First, suppose there exists € max(d) Nmax(A). It follows from our hypotheses on ¢ and A that
max(\ \ {z}) = max()) \ {z}, so Lemma 4.1 guarantees that A € A(J(P)). On the other hand,
the hypothesis that 1 C (8 \ max(8)) implies that z € max()) and max(X \ {z}) = max(X) \ {z}.
Appealing to Lemma 4.1 again, we find that A € A(J(P)) as well.

Next, suppose we have max(d) N max(A) = (. Because max(\) = max(\), we know that
Ung(A) = {7 : v € Ung(\)}. For each v € Ung()) \ {A}, we have & C v, so we know by induc-
tion that v € A(J(P)) if and only if 7 € A(J(P)). This implies that there exists an element of
E(J(P)) in Ung(A)\ {A} if and only if there exists an element of E(J(P)) in Ung(X) \ {X} In other
words, A € A(J(P)) if and only if X € A(J(P)). O

4.2. Atniss and Eeta Wins in Young’s Lattice. Note that every non-maximal element of
the staircase partition d,4+; is less than at least 2 maximal elements of d,+1. Moreover, we have
dn+1 \ max(dp4+1) = O,. Appealing to Theorem 1.7, we find that in order to prove Theorem 1.5, it
suffices to prove it when p = ().

We will find it helpful to define a I-path® to be a lattice path of the form E*N® for some positive
integers a and b. Given parities @ and (3, we say that such a lattice path is («, ) if a is @ and b is
. For example, the I-path E2N® is (even, odd). The maximal elements of a partition \ are called
the corners of A\. If X has k corners, then path(\) can be written uniquely in the form Iy - - - Jp,
where 1, ..., are d-paths; we call these the maximal I-paths of .

Proof of Theorem 1.5. As mentioned above, we may assume p = (). Then n = 0. Let A be a
partition, and let Iy, ..., Jx be the maximal J-paths of A so that path(\) = Iy ---dg. Let ¢1,..., ¢k
be the corners of A, listed from southwest to northeast (so ¢; corresponds naturally to ;). Our
goal is to show that A is an Eeta win in Young’s lattice if and only if none of its maximal JI-paths
are (odd,odd). If A = (), then this is vacuously true because A has no maximal J-paths. Thus,
we may assume A is nonempty and proceed by induction on Young’s lattice. Observe that A is an
Atniss win in Young’s lattice if and only if the transpose of A is an Atniss win in Young’s lattice.

First, suppose none of the maximal J-paths of A are (odd,odd). Consider v € Ung(\) \ {\}.
Then v = A\ T, where T' C {c1,...,cx} is nonempty. Let us write T = {¢;,,...,¢;,, }, where
11 < -+ < %y. We may assume without loss of generality that at least one of I;,,...,d; , 1is
(even,odd) or (even,even); if not, then simply replace A and v by their transposes. Let j be the
smallest index such that c;; is (even,odd) or (even,even). Say J;, = E?N’. When we delete the
corners in T' to obtain v, J;; transforms into E*~!NEN?~1. If ij =1 or ¢ ¢ T, then it is
straightforward to see that E¢7!N is an (odd,odd) maximal I-path of v. If instead i; > 1 and
ci;—1 €T (so i —1 =1ij1), then I;; 1 is (odd,even), so it contains at least 2 north steps. This
implies that E4~!N is an (odd, odd) maximal JI-path of v in this case as well. In either case, we
have shown that v has an (odd, odd) maximal J-path, so we can use our induction hypothesis to
see that v in an Atniss win in Young’s lattice. As v was an arbitrary element of Ung(\) \ {A}, this
proves that A is an Eeta win in Young’s lattice.

To prove the converse, suppose A has at least one (odd,odd) maximal I-path. We consider a
few cases.

Case 1. Suppose J;; has at least 2 north steps. Let A# be the partition obtained by removing the
first two rows from A. Then A* has at least one (odd, odd) maximal J-path, so it is an Atniss win
in Young’s lattice by induction. This means that there is a nonempty set T# of corners of A\# such

3The symbol I is pronounced “le” (or “lle”).
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that A* \ T7 is an Eeta win. By induction, A* \ T% has no (odd,odd) maximal J-paths. The set
T7# corresponds naturally to a set T of corners of A, and A\ T is the partition obtained by adding
the first two rows of A to the top of A* \ T#. Then A\ T has no (odd, odd) maximal I-paths, so
it is an Eeta win by induction. Since (A\ T') € Ung(A) \ {A}, this shows that A is an Atniss win.

Case 2. Suppose J; = EN. In this case, max(\\ {c;}) = max()\) \ {cx}. Setting P = N? in
Lemma 4.1, we find that A is an Atniss win.

Case 3. Suppose I, = E®N for some a > 2. Let A# be the partition obtained by removing the
first row from A. By Lemma 2.1, there is a (possibly empty) set T# of corners of \* such that
A#\ T# is an Eeta win. By induction, A¥ \ T# has no (odd, odd) maximal I-paths. The set T%
corresponds naturally to a set T of corners of A, and A\ 7' is the partition obtained by adding the
first row of A to the top of A¥ \ T#. Then A \ T has no (odd, odd) maximal JI-paths except for
possibly the northeastmost J-path (call this I). Notice that I € {E*N, E**IN}. If I is (odd, odd),
then A\ ({¢x}UT) has no (odd, odd) maximal I-paths and hence is an Eeta win by induction. Since
A\ ({ex}UT)) € Ung(A) \ {A}, this shows that X is an Atniss win if I is (odd, odd). Now suppose
I is instead (even,odd). Notice that T' is nonempty since, if it were empty, then A\ 7' = A would
have no (odd, odd) maximal J-paths, contrary to our standing assumption. So 7' is nonempty, and,
since A\ T has no (odd, odd) maximal I-paths, again we are done by induction. O

4.3. Rectangles. Let us now prove Theorem 1.8, which enumerates Eeta wins in J(pyxp), where
Paxb 18 the a x b rectangle poset.

Proof of Theorem 1.8. For fixed a,b > 0, we can append extra north steps to the beginning and

extra east steps to the end of the path associated to an order ideal in J(pgxp) so that the resulting

path uses a total of a north steps and b east steps. Then such a path can be written uniquely in

the form N*J; ---I,E?, where s,t > 0 and Iy, ...,J; are J-paths that use a total of a — s north

steps and b — ¢ east steps. It follows from Theorem 1.5 that such an order ideal is an Eeta win

in J(paxp) if and only if none of Ij,...,J; are (odd,odd). We will consider generating functions

that count Jd-paths, with the variable x keeping track of the number of east steps and the variable

y keeping track of the number of north steps. The generating function for (odd, odd) I-paths is
Yy

R

so the generating function for J-paths that are not (odd,odd) is

) xy Ty xy

(x+ad+a° 4+ y+y>+y° +-

I-a?)(1-y?) (A-2)1-y) (1-a)1-y?)
The generating function that counts sequences of I-paths that are not (odd, odd) is then
1

(t+a®+2°+)y+y>+y° + -

_ zy _ zy '
1 ((H)(ky) (1—x2><1—y2>)

Hence,

S S B (pase))a’y =Dyt >t , ( -~ !
(4

a>0 b>0 5>0 t>0 —)(1—y) (1—x29§?1—y2))
1 1

T 00 1~ (2 - =)

—z)(1-y)  (1-2*)(1-y?)

B 1+2)(1+y)
1= (1+a)y? — (14 y)a?
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4.4. Type-A Root Posets. The root poset ®*(A,)—which is isomorphic to the skew shape
Pnxn \ On—1—is an important poset in algebraic combinatorics with several interesting properties.
For example, the number of order ideals of ®*(A4,,) is the Catalan number C,, 1 = 7#2 (2(::11)). In
this subsection, we prove Theorem 1.9, which enumerates Eeta wins in J(®1(A,,)).

As before, we view an order ideal in J(pnxn \ 0n—1) as a skew shape A\ 0,1 such that A C pyxn,
and we consider the associated lattice path path(\). Suppose path(\) uses s north steps and ¢
east steps. Then s,t € {n — 1,n}. Let path’(\) = N *path(\) E"*. If we delete from path’(\)
all steps that lie on the boundary of 6,1 or on the z-axis or y-axis, then we will break path’()\)
into lattice paths n(%), ... ,n(r) that represent order ideals of smaller type-A root posets. That is,
for each 1 < i < r, there is a positive integer n; such that n(® = path(A(i)) for some partition A\(*)
satisfying 9,1 C A0 C Pn;xn;- In fact, this construction is designed so that A contains the
slightly larger staircase d,,. Setting p = d,,,—1 in Theorem 1.5, we find that the interval [0,,_1, A®)]
is an Eeta win if and only if 7} does not contain an odd-length block of east steps immediately
followed by an odd-length block of north steps. It is straightforward to see that

TN 6n—1) 2 [0y —1, AV oo x [, 1, A1),

so it follows from Lemma 2.2 that A\ d,—; is an Eeta win in J(pnxn \ 0n—1) if and only if none
of nW ..., n" contains an odd-length block of east steps immediately followed by an odd-length
block of north steps.

Example 4.2. Let n = 12, and let A = (11,11,11,10,10,6,6,4,3,3,3,1). Then
path’(\) = ENEENNNENEENNEEEENNENNNE

is drawn in Figure 4. The steps lying on the boundary of 1y or the z-axis or y-axis are colored
red. If we delete those steps, then we are left with the lattice paths

7V = ENEENN, 5® =EN, 5® = EEENNENN.
Then n; = 3, no = 1, and n3 = 4. The corresponding partitions are
AW =(3.31), A& =(1), X®=(4,4323).

For each 1 < i < 3, the skew shape A\ \ 0,1 is an order ideal of pp,xn, \ dn,—1. Notice that each
A actually contains the staircase 6,,. Since the intervals [6o, ()] and [0, A(?)] are Atniss wins,
the lattice J(A\ d10) is also an Atniss win.

L

FIGURE 4. Deleting the (red) steps that lie on the boundary of 419 or the z-axis or
y-axis breaks a lattice path into 3 smaller lattice paths.

In our enumeration of Eeta wins in J(pnxn \ 0n—1), it will be convenient to use the language of
Dyck paths. A Dyck path of semilength n is a path in R? consisting of up (i.e., (1,1)) steps and
down (i.e., (1,—1)) steps that starts at (0,0), ends at (2n,0), and never passes below the z-axis.
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We can represent a Dyck path as a word over the alphabet {U, D}, where U stands for an up step
and D stands for a down step.

An ascending run (respectively, descending run) of a Dyck path is a maximal consecutive string
of up (respectively, down) steps. Say a run is odd (respectively, even) if it has an odd (respectively,
even) number of steps. Say a run is weird if it is odd and does not touch the z-axis or it is even
and does touch the z-axis. Say a run is strange if it is odd and does not contain the first or last
step of the Dyck path or it is even and contains the first or last step of the Dyck path.

Example 4.3. Consider the Dyck path

0/B|UU/BIT|DD|UUUU[BDDD = M

Odd runs are in light blue, while even runs are in lavender. In the word representation of this Dyck
path, we have separated the runs by bars for clarity, and we have underlined the weird runs and
overlined the strange runs.

Given adjectives a and  that describe runs, let us say a Dyck path is («, §)-avoiding if it does
not contain an « ascending run immediately followed by a § descending run. For example, a Dyck
path is (odd, strange)-avoiding if it does not contain an odd ascending run immediately followed
by an strange descending run.

Given an order ideal A\ 6,1 of ppxn \ 0n—1, let path*(\) be the word obtained from path’(\)
by replacing each E with U and replacing each N with D. Then U path*(A)D is a Dyck path of
semilength n + 1. For example, if A is the partition from Example 4.2, then U path®(A)D is the
Dyck path

UvUuDUUDDDUDUUDDUUUUDDUDDDUD.
It follows from the above discussion that A\ §,,—1 is an Eeta win in J(ppxn \ dp—1) if and only if
U path*(\) D is (weird, weird)-avoiding. This allows us to prove Theorem 1.9.

Proof of Theorem 1.9. Let F,, be the set of (odd,odd)-avoiding Dyck paths of semilength n. Let
F, and F, be the set of (weird,weird)-avoiding Dyck paths of semilength n and the set of

n

(strange, strange)-avoiding Dyck paths of semilength n, respectively. Let
F(z) =) |Falz" E(2) =) |Fal", F(z) =) [Fulz".
n>0 n>0 n>0

Let G, and H,, be the set of (odd,strange)-avoiding Dyck paths of semilength n and the set of
(strange, odd)-avoiding Dyck paths of semilength n, respectively. Let

G(2) =) |Gnl" and H(z) = [Hn|z"
n>0 n>0

If A is a nonempty Dyck path, then there are unique Dyck paths A’ and A” such that A = UA'DA”.
For example, if A = UUUDDUDDUD, then A’ = UUDDUD and A” = UD. We call A’ and
A" the primary part of A and the secondary part of A, respectively. A nonempty Dyck path is
(weird, weird)-avoiding if and only if its primary part is (odd, odd)-avoiding and its secondary part
is (weird, weird)-avoiding. Therefore,

(1) F(z) =1 = 2F(2)E(2).

A nonempty Dyck path is (odd,odd)-avoiding if and only if its primary part is nonempty and
(strange, strange)-avoiding and its secondary part is (odd, odd)-avoiding. Therefore,

(2) F(z) =1 =z(F(z) — 1)F(2).
A nonempty Dyck path A is (strange, strange)-avoiding if and only if one of the following holds:
e The primary part A’ is (odd, odd)-avoiding, and the secondary part A” is empty.
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e The primary part A’ is (odd, strange)-avoiding, and the secondary part A” is nonempty and
(odd, strange)-avoiding.
Therefore,
(3) F(z) —1=2F(2) + 2G(2)(G(z) — 1).
A nonempty Dyck path A is (odd, strange)-avoiding if and only if one of the following holds:

e The primary part A’ is (strange, odd)-avoiding, and the secondary part A” is empty.
e The primary part A’ is nonempty and (strange, strange)-avoiding, and the secondary part
A" is nonempty and (odd, strange)-avoiding.
Therefore,

(4) G(z)—1=zH(z)+ 2(F(z) — 1)(G(2) — 1).

There is a simple bijection G,, — H,, that acts by simply reversing a Dyck path and swapping U’s
and D’s (i.e., reflecting the path through the line x = n), so

(5) G(z) = H(z).

Equations (1) to (5) form a system in the unknowns F(z), F(z), F(z), G(z), H(z). We can solve
this system using a computer algebra program to find that

1 —224 V22 —42+2— 21 — 4z + 422 — 423
. .

For n > 1, the poset ®*(A,,) is isomorphic to ppxn \ 0n—1. As discussed above, there is a bijection
from E(J(pnxn \ 0n-1)) to F, | given by A\ 6,1 — Upath*(\) D. Hence,

F(z)=1+z+

S BU@ A" = L1 =24 pe)) = T2V b2 V1A b T4

z 2z
n>1

as desired.

The method used to derive the asymptotics in the statement of the theorem is routine and
is discussed in [13, Chapter VII]; we will just sketch the details. The constant p is determined
by noting that 1/p is the complex singularity of %(—1 — z+ F(z)) closest to the origin (Pring-
sheim’s theorem guarantees that p is positive and real). One can use a computer algebra software
such as Maple to expand 1(—1 — 2z + F(z)) as a Puiseux series centered at 1/p; the result is
Bo+ B1(z — 1/p)/2 + o((z — 1/p)'/?) for some explicitly computable algebraic numbers 8y and ;.
Following the discussion in [13, Chapter VII], this expansion transfers into an asymptotic formula
of the form 5 )

EJ(I)+A N7n732 n+1
[E(J (27 (An)))| N

™
and one can use a computer algebra software to find that v is as stated in the theorem. ([l

5. TAMARI LATTICES

A permutation w € S, is called 312-avoiding if there do not exist indices i1 < io < 43 such
that w(ia) < w(iz) < w(ii). The set of 312-avoiding permutations in S,, forms a sublattice of the
weak order that we denote by Tam,,; this is one of the many combinatorial realizations of the n-th
Tamari lattice. Our goal in this section is to prove Theorem 1.10, which enumerates Eeta wins in
Tamari lattices both exactly and asymptotically. Our first order of business is to describe Ungar
moves in Tamari lattices.

Suppose w € S,,. If there exist indices ¢ and i’ such that i + 1 <4 and w(i +1) < w(i’) < w(i),
then we can perform an allowable swap by swapping the entries w(i) and w(i+1). Let m| (w) be the
permutation obtained from w by repeatedly performing allowable swaps until no more allowable
swaps can be performed. The element 7 (w) is well defined (i.e., does not depend on the sequence
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of allowable swaps) and is 312-avoiding [23]. Hence, we obtain a map 7 : S, — Tam,. Note that
7 (w) = w if and only if w € Tam,,.

The first author showed [9, Equation (1)] that applying a maximal Ungar move within Tam,,
to a 312-avoiding permutation w is equivalent to applying a maximal Ungar move to w within
the weak order on S, and then applying 7). The exact same argument (which we omit) shows
that applying an arbitrary nontrivial Ungar move to w within Tam,, is equivalent to applying an
arbitrary nontrivial Ungar move to w within S,, and then applying 7. In what follows, we give an
equivalent description of Tamari lattice Ungar moves that will be more suitable for our purposes.

The plot of a permutation w € S, is the diagram showing the points (i, w(i)) for all i € [n]. We
often identify permutations with their plots. Suppose u € S, and v € S,,. The direct sum u ® v
and the skew sum u © v are the permutations in Sy,1, defined by

‘ u(7) if 1 <i<m;
(u®w)(i) = ) , )
m+v@i—m) fm+1<i<m-+n

and
n+u(i) if1<i<m;
v(i—m) ifm+1<i<m+n.

(wev)(i) = {

The plot of u @ v (respectively, u © v) is obtained by placing the plot of v to the northeast
(respectively, southeast) of the plot of w. If U and V are sets of permutations, then we let

UeV={udv:uclU veV} and UsV={usv:uelU veV}.

A permutation is called decomposable if it can be written as the direct sum of two smaller
permutations; otherwise, it is indecomposable. Every permutation w can be written uniquely in
the form uwy @ -+ ® uy for some indecomposable permutations uq,...,ux; these indecomposable
permutations are called the components of w. Note that a permutation is 312-avoiding if and
only if all of its components are 312-avoiding. Moreover, a 312-avoiding permutation in S, is
indecomposable if and only if its last entry is 1.

Suppose w = uy @ -+ ® up € Tam,, where uq,...,u; are the components of w. Applying an
Ungar move to w is equivalent to applying Ungar moves to uq,...,u; independently and then
taking the direct sum of the resulting permutations. In symbols,

Ung(w) = Ung(u1) & - - - & Ung(ug).

This shows that in order to describe Ungar moves, we can restrict our attention to indecomposable
312-avoiding permutations.

Suppose w € Tam,, is indecomposable, and assume n > 2. We can write w = w’ & 1 for some
w' € Tam,,_1. Let vy,...,v; be the components of w' so that w = (v1 & --- @ vx) © 1. Suppose
v € Tam,,. To apply an Ungar move to w, we apply an Ungar move to w’ and then either keep
the entry 1 in the last position or slide the 1 into position n — m. In symbols, we have

Ung(w) = ((Ung(v1) @ --- @& Ung(uvg)) © {1}) U ((Ung(v1) @ -- - & Ung(vg-1)) © {1}) ® Ung(uy)) .

Example 5.1. Suppose

w = 32568741 = (21 & 23541) &1 = e € Tams.
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The 8 indecomposable elements of Ung(w) are

[ ] [ ] [ J [ ]
[ ] [ ] [ ] o
[ ] [ ] [ J [ ]
[ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ]
[ ] [ ] [ J [ ]
32568741 23568741 32567841 23567841
[ ] [ ] [ ] [ ]
[ J [ ] [ J [ ]
[ ] [ ] [ ] [ ]
[ ] [ ] [ ] [
[ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ]
[ ] [ ] [ J [ ]
[ ] [ ] [ J [ ]
32564871 23564871 32564781 23564781
while the 8 decomposable elements of Ung(w) are
[ ] [ ] [ [ J
[ J [ ] [ J [ ]
[ [ ] [ ] [ J
[ ] [ [ J [ ]
[ ] [ ] [ J [ ]
[ [ ] [ ] [ ]
[ ] [ ] [ J [
[ ] [ ] [ ] [ ]
32156874 23156874 32156784 23156784
[ [ ] [ [ ]
[ ] [ ] [ ] [ J
[ ] [ ] [ ] [
[ ] [ ] [ J [ ]
[ ] [ ] [ [ ]
[ ] [ ] [ ] [ ]
[ ] [ ] [ J [
[ [ ] [ ] [ ]
32156487 23156487 32156478 23156478

Recall from Section 3 the definition of the standardization of a word. Consider a permutation
w=w(l) --w(n) € Tam,. Let us say w is even-districted if one of the following conditions holds:
o n=1;
en >3 w=w o1 for some w' € Tam,_; with an even number of components, and the
standardization of w(1)---w(n — 2) is an Eeta win in Tam,,_s.

The following two propositions provide a recursive description of Eeta wins in Tamari lattices.

Proposition 5.2. Let w = u1 & --- ® ug € Tam,,, where uy,...,u are the components of w. Let
n; be the size of u;. Then w € E(Tam,,) if and only if v; € E(Tamy,;) for all 1 <i <k.

Proof. The interval [0,w] in Tam, is isomorphic to the product [0,u1] x --- x [0,u;] (abusing
notation, we use 0 to denote the bottom elements of different lattices). Therefore, the desired
result follows from Lemma 2.2. O

Proposition 5.3. An indecomposable permutation is an Feta win in Tam, if and only if it is
even-districted.

Our proof of Proposition 5.3 will require the following lemmas. We refer the reader to Example 5.5
for an illustration of the proof of Lemma 5.4.
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Lemma 5.4. Let x € Tam,, and suppose there ezists a permutation y € Ung(z) N E(Tam,,) with
an even number of components. Then there exists y € Ung(z) such that y © 1 is even-districted.

Proof. Let v © 1 be the final component of y. Then y = u @ (v © 1), where u has an odd number
of components. Let m be the size of u (so u € Tam,,). Because y € E(Tam,), we know by
Proposition 5.2 that all of the components of w are Eeta wins in their respective Tamari lattices.
The number m + 1 is the last entry in y. Since y € Ung(z), we know that y < x in the weak order.
This implies that m + 1 appears to the right of the entries m +2,...,n in z. Let r = 27 (m + 1).
Because x is 312-avoiding, the entries in positions r — (n —m) +1,...,7 — 1 in x are the numbers
m+ 2,...,n in some order; that is

{z(r—(n—-m)+i):1<i<n—-m-1}={m+2,...,n}.

Let z € Tam,,_,,—1 be the standardization of the sequence z(r —(n—m)+1)---x(r—1). According
to Lemma 2.1, there exists 2’ € Ung(z) N E(Tam,,_,,—1). Note that 2’ &1 € Ung(z & 1).

Applying an Ungar move to x amounts to moving the entries 1,...,m and then moving the
entries m+1,...,n independently. To make this more precise, let w € Tam,,; be the permutation
obtained from x by deleting the entries m+2,...,n, and let Z be the set of permutations of the set
{m+1,...,n} whose standardizations are in Ung(z & 1). Then Ung(x) is the set of permutations
that can be obtained by selecting a permutation w’ € Ung(w) and then replacing the entry m + 1
in w’ with a permutation in Z. Since y = u @ (v © 1) € Ung(x), it must be the case that
u® 1 € Ung(w). Also, there is a permutation in Z whose standardization is 2’ © 1. It follows that
u® (2’ 61) € Ung(x). Let g = u® (2’ ©1). To complete the proof, we just need to show that g &1
is even-districted.

The components of 7 are the components of u and the indecomposable permutation 2’ © 1. Since
u has an odd number of components, y has an even number of components. If we delete the last
two entries from 3 © 1 and then standardize, we obtain u @ 2’. We observed above that all of the
components of u are Eeta wins, and we chose 2z’ to be an Eeta win. Therefore, it follows from
Proposition 5.2 that u @ 2’ is an Eeta win. This demonstrates that i © 1 is even-districted. ([l

Example 5.5. Preserve the notation from the proof of Lemma 5.4. Let n = 9. Suppose

T = 237986541 = *. and y = 231457986 = o

Then we have

u=23145= _® and v=132= LA
[ ] [ ]
[ ]
We have m = 5 and r = 27 (6) = 6. The sequence
x(r—(n—-—m)+1)---z(r—1)=2z(3)z(4)z(5) = 798
has standardization z = 132. We must choose a permutation
2" € Ung(z) N E(Tams) = Ung(132) N E(Tams);

in this particular example, our only choice is to set 2z’ = 123. The permutation obtained from z by

deleting the entries 7,8,9 is
[ J
[
[ ]

w=236541 = 4
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As observed in the proof of Lemma 5.4, we have u @ 1 = 231456 € Ung(w). Finally, we set

J=u®d (7 1) = 231457896 = . :

and we observe that

gol=(ud(2’e1)©1=34256891071 = o

is indeed even-districted.

Lemma 5.6. Suppose z € Tam,, is even-districted and z' is a decomposable element of Ung(z).
Then the first component of 2’ is not even-districted.

Proof. Let us write z = (y1®---Dy,)© 1, where y1, ..., y, are indecomposable. Let y, = y©1. The
assumption that z is even-districted is equivalent to the assertion that r is even and y1 ®- - - Dy, _1 DY
is an Eeta win. In particular, it follows from Proposition 5.2 that yi,...,y,—1 are Eeta wins.
According to our description of Tamari lattice Ungar moves, we can write 2/ = ((¢y; ®---®y._1)©
1) @ y,., where y € Ung(y;) for all 1 <4 < r. The first component of 2’ is (y} & --- D y._;) ©1, so
we need to show that this is not even-districted. We consider a few cases.

Case 1. Suppose that y;- # y; for some j € [r — 2|. Since y; is an Eeta win, y;. is an Atniss win.
This implies (by Proposition 5.2) that the standardization of the permutation obtained by deleting
the last two entries from (y; @ --- @ y._;) © 1 is an Atniss win, so (y; @ --- @ y._;) © 1 is not
even-districted.

Case 2. Suppose that yé- =yj; forall j € [r—2] and that y/._, is indecomposable. Then y{®- - -®y._,
has r — 1 components, so (y; @ --- @ y._;) © 1 is not even-districted because r — 1 is odd.

Case 3. Suppose that y;- = y; for all j € [r — 2] and that y._, is decomposable. Let us write
Yr—1 = (1 @ -+ @ xy) © 1 for some indecomposable permutations z1,...,z;. According to our
description of Tamari lattice Ungar moves, we must have y. | = ((z} &---®x}_;) ©1) &z}, where
x; € Ung(x;) for all 1 <i <t¢. Then we have

Yr Y,

z= ° and Z = °

Yr—2 Yr—2

n n

Lemma 2.1 tells us that there exists an Eeta win z} in Ung(z;). Then ((z} ®---®z,_;) 1) ®a} is
in Ung(y,—1) and is not equal to y,_1 because y,_1 is indecomposable. Because y,_1 is an Eeta win,
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this implies that ((z} @ - @ x}_) ©1) ® 2} is an Atniss win. But 2} is an Eeta win, so it follows
from Proposition 5.2 that (2} @ - - @ a}_;) © 1 is an Atniss win. This shows that some non-final
component of y/._, is an Atniss win, so some non-final component of y; & --- @ y,._; is an Atniss
win. By Proposition 5.2, the standardization of the permutation obtained by deleting the last two
entries from (y] @ - @yl._;)©1is an Atniss win, so (y] - D y._;) © 1 is not even-districted. [

We can now prove Proposition 5.3.

Proof of Proposition 5.3. 1t is easy to check that the desired result holds when n < 2. Therefore,
we may assume n > 3 and proceed by induction on n. Let w € Tam, be indecomposable. We
will prove that w € E(Tam,,) if and only if w is even-districted. We may also apply induction on
the lattice Tam,,. In other words, we may assume that the set of indecomposable Eeta wins that
are less than w in Tam,, is equal to the set of even-districted permutations that are less than w in
Tam,,.

Assume first that w is even-districted. Suppose = € Ung(w) \ {w}; we need to show that = is an
Atniss win. If z is decomposable, then we can set z = w and 2z’ = x in Lemma 5.6 to find that the
first component of z is not even-districted. By induction, this implies that the first component of
x is an Atniss win, so it follows from Proposition 5.2 that x is an Atniss win.

Now assume z is indecomposable. Let z = 2/ © 1. Because x < w in Tam,,, we can use induction
to see that x is an Atniss win if and only if it is not even-districted; thus, we need to show that x is
not even-districted. Let ¢ be the standardization of the permutation obtained by deleting the last
two entries from z. It suffices to show either that 2’ has an odd number of components or that ¢
is an Atniss win. Let us write w = (u1 @ --- ® u,) © 1, where uy, ..., u, are indecomposable. Then
¥ =u} @ ®ul., where u; € Ung(w;) for all 1 <i <r. Let u, = y © 1. Our assumption that w is
even-districted tells us that r is even and that u; @ --- ® u,—1 @ y is an Eeta win. It follows from
Proposition 5.2 that ui,...,u,—1,y are Eeta wins. We now consider three cases.

Case 1. Suppose u; # u; for some j € [r — 1]. Because u; is an Eeta win and u; € Ung(u;), we
know that u; is an Atniss win. It follows from Proposition 5.2 that ¢ is an Atniss win, so x is not
even-districted.

Case 2. Suppose that v} = u; for all j € [r — 1] and that u; is indecomposable. Then u; =y’ ©'1
for some 3y’ € Ung(y)\{y}. Since y is an Eeta win, 3/ is an Atniss win. Thus, ¢ = u1®- - -Du,—1 By’
is an Atniss win by Proposition 5.2. This proves that x is not even-districted.

Case 3. Suppose that u; = u; for all j € [r — 1] and that u,. is decomposable. We can write
y=v1D- - P v, where vy,...,v; are the components of y. Because y is an Eeta win, we know by
Proposition 5.2 that vy, ...,v; are Eeta wins. Our induction hypothesis guarantees that vy,...,vs
are even-districted. Since u. is decomposable, we have u,. = ((v] ® --- ® v;_;) © 1) & v;, where
vi € Ung(v;) for all 1 < i < t. If v; is indecomposable, then u, has exactly 2 components, so
' =u1 ®- - Bu,—1 Bu, has exactly r+ 1 components. In this case, x is not even-districted because
r+ 1 is odd. Thus, we may assume that v, is decomposable. Applying Lemma 5.6 with z = v
and 2/ = v], we find that the first component of v} is not even-districted. By induction, the first
component of v, is an Atniss win. The first component of v} is a non-final component of u., so it is
also a non-final component of /. This implies that the first component of v; is also a component
of ¢, so ¢ is an Atniss win by Proposition 5.2.

We have proven that if w is even-districted, then it is an FEeta win. To prove the converse, let
us now assume w is not even-districted; our goal is to show that w is an Atniss win. Hence, we
need to show that there exists an Eeta win in Ung(w) \ {w}. Let us write w = w’ &1, and let v
be the final component of w’. Let v = v/ & 1. By Lemma 2.1, there exist Eeta wins z € Ung(v)
and 2’ € Ung(v’). If w’ is indecomposable, then v = w’, so 1 & z is an Eeta win in Ung(w) \ {w}.
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Thus, we may assume w’ is decomposable and write w’ = u & v for some (possibly decomposable)
permutation u. We consider three cases.

Case 1. Suppose u is an Atniss win. Then there exists an Eeta win u € Ung(u) \ {u}. Note
that (u® (2’ ©1)) ©1 € Ung(w) \ {w}. If u has an odd number of components, then we can use
Proposition 5.2 to see that (u@® (2' ©1)) ©1 is even-districted (because u and 2’ are Eeta wins), so
it follows by induction that (u® (2’ ©1)) ©1 is an Eeta win. Now suppose @ has an even number of
components. According to Lemma 5.4, there exists @’ € Ung(u) such that @’ ©1 is even-districted.
By induction, @ ©1 is an Eeta win. Consequently, (@' © 1) @ z is an Eeta win in Ung(w) \ {w}.

Case 2. Suppose u is an Eeta win with an even number of components. Since u € Ung(u), we can
appeal to Lemma 5.4 to find that there exists u’ € Ung(u) such that v’ &1 is even-districted. By
induction, v’ © 1 is an Eeta win. Consequently, (v/ © 1) @ z is an Eeta win in Ung(w) \ {w}.

Case 3. Suppose u is an Eeta win with an odd number of components. Then u & 2’ is an Eeta win
by Proposition 5.2, so (u@® (2’ ©1)) ©1 is even-districted. Also, (u® (2’©1))©1 is in Ung(w) \ {w}
(notice that (u@® (2’ ©1)) &1 # w by our assumption that w is not even-districted). This implies
that (u® (2’ ©1)) ©1 < w in Tam,, so by induction, (u® (2’ © 1)) © 1 is an Eeta win. O

Having recursively characterized Eeta wins in Tamari lattices via Propositions 5.2 and 5.3, we
can now enumerate them.

Proof of Theorem 1.10. Let G(z) =Y, gnz", where g, is the number of even-districted elements
of Tam,,. For n > 3, it follows from Propositions 5.2 and 5.3 that every even-districted element of
Tam,, can be written uniquely in the form (u; @ -+ @ up @ ((ugr1 B+ D u,) ©1)) ©1, where k is

odd, r > k, and uq,...,u, are even-districted. Thus,
gn = E § 9ny " Gn, = § [T/2—| § 9ny " Gny-
r>k>1  ni,...,n.>1 r>1 n,...,np>1
k odd ni+-+4n,=n—2 ni+-+nr=n—2

Translating this recurrence into generating functions yields

G(z)=z2+22) [r/2]G(2)
r>1
=242" ) m(G(2)" "+ G(2)*™)
m>1
=2+ 22(G(2) + G(2)?) Y _ m(G(2)>)™!
m>1
2G(2) + G(2)
(1-G(2)?)*
Let F(z) = >_,>1 |[E(Tamy,)[2". According to Proposition 5.3, G(z) is the generating function

for indecomposable Tamari lattice Eeta wins. As a consequence, F(z) = 1_GC(;Z()Z) Equivalently,

(6) =z+z

G(z) = 151(;’2) After substituting this into (6) and performing basic algebraic manipulations, we

find that Q(F(z), z) = 0, where
Qy,2) = 2+ (=14 324+ 22)y + (=2 + 22 + 32%)y% + 32%° + 22y,

The method used to derive the asymptotics in the statement of the theorem is routine and is
discussed in [13, Chapter VII]; we will just sketch the details. Let p = lim |E(Tam,)|"/”. The
n—oo

discriminant of Q(y, z) with respect to y is 22@(2), where

Q(z) = 32 — 32z — 15522 — 202% — 1482 + 602° — 82° — 4.7,
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Pringsheim’s theorem states that 1/p must be a positive real root of this discriminant, so p is a
positive real root of z7Q(1/z). One can check that 27Q(1/z) has a unique positive real root. One
can then use a computer algebra software such as Maple to expand F'(z) as a Puiseux series centered
at 1/p; the result is By + B1(z — 1/p)/2 4 o((z — p)'/?) for some explicitly computable algebraic
numbers Sy and ;. Following the discussion in [13, Chapter VII], this expansion transfers into an
asymptotic formula of the form

[B(Tam,)| ~ =%,

and one can use a computer algebra software to find that the minimal polynomial of « is as stated
in the theorem. ]

6. OPEN PROBLEMS

6.1. The Weak Order. Although Theorem 1.4 provides an asymptotic upper bound for the num-
ber of Eeta wins in the weak order on S,, we are still far from fully understanding these Ungar
games. It would be interesting to improve the upper bound in Theorem 1.4 or find a nontrivial
lower bound. For instance, does the number of Eeta wins grow more like ¢"n! or more like (n!)¢
(each for some ¢ < 1)7

Consider the set B of permutations from the statement of Lemma 3.1. We deduced Theorem 1.4
from that lemma and a known asymptotic estimate for the number of permutations in S,, that
consecutively avoid 1324. It could be interesting to more accurately enumerate (either exactly or
asymptotically) the permutations that consecutively avoid all of the patterns in B; this would
immediately yield an improvement upon Theorem 1.4.

An earlier version of this work included the conjecture that if a permutation w is an Eeta win
in the weak order on S,,, then w has at most "T_l descents. This conjecture was disproved by Evan
Bailey, who used a computer to find all counterexamples for n < 14. The first counterexamples
appear for n = 10; for example, the permutation with one-line notation 3,10,9,8,4,7,2,5,1,6 is
an Eeta win with 5 descents.

6.2. Other Lattices. Theorem 1.5 considers a large class of intervals in Young’s lattice and char-
acterizes which of them are Eeta wins. It would be interesting to extend this characterization to
all intervals in Young’s lattice.

Of course, it would also be interesting to study Ungar games on other lattices beyond those
considered here. For example, since Young’s lattice is J(N?), it is natural to ask what can be said
about Ungar games on principal order ideals of J(N?). Another well-studied lattice that is similar
in many ways to Young’s lattice is the Young—Fibonacci lattice, which was introduced by Fomin [12]
and Stanley [27]; note, however, that this lattice is not distributive. The number of elements of
rank n in the Young—Fibonacci lattice is the Fibonacci number f,, where we use the conventions
fo=fi=1land f, = fn1+ fa2 forn > 2.

Conjecture 6.1. For n > 2, the number of Feta wins of rank n in the Young—Fibonacci lattice is
Jn—2+ (_1)n‘

The n-th shifted staircase is the subposet SS, of N? consisting of all pairs (4,j) such that
1 <4 < j < n. There is a natural bijection between order ideals of SS,, and binary strings of length
n; we illustrate this bijection for n = 5 in Figure 5. A 0-block (respectively, 1-block) in a binary
string is a maximal consecutive substring of 0’s (respectively, 1’s). Note that J(SS,,) is generally
not isomorphic to an interval in Young’s lattice, so we cannot apply Theorem 1.5 to understand its
Atniss wins and Eeta wins. Nevertheless, the following characterization seems to hold.

Conjecture 6.2. An order ideal of SS, is an Eeta win in J(SS,) if and only if its corresponding
length-n binary string ends with 0 and does not contain an odd-length 0-block immediately followed
by an odd-length 1-block.
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FIGURE 5. An order ideal of the shifted staircase SSy is shown in red. This order
ideal is uniquely determined by a path of up and down steps lying just above it, and
that path corresponds to the length-5 binary string 10110.

6.3. Complexity. It is natural to consider Ungar games from the point of view of complexity
theory. A boolean formula is an expression on n boolean inputs using the usual binary operations
OR and AND and the unary operation —. We are interested in the class of boolean formulas whose
truth value can be computed with a circuit of depth O(log(n)) [4]. A decision problem is called
NC!-hard if any such formula is linearly reducible to it.

In [18], Kalinich showed that poset games are NC!-hard. We can adapt this argument to Ungar
games.

Theorem 6.3. Ungar games are NCl-hard.

Proof. As in [18], we show that we can construct Ungar games that encode the boolean formula
value problem with only linear blowup—that is, we produce a lattice that is an Eeta win if and
only if the formula evaluates to 1 using the given inputs.

We represent posets as Hasse diagrams so that the data for a poset is polynomial in the number
of its elements. Noting that the lattice with 1 element is an Eeta win and the lattice with 2 elements
is an Atniss win, we see that it suffices to construct the OR of two games and the — of a game. This
is carried out in Figure 6, at the expense of 7 extra elements per OR and 1 extra element per —.

By our assumption that the depth of the given formula is O(log(n)), the resulting poset has
n9M) elements. It is straightforward to see by induction that this poset is indeed a lattice. O

By analogy with poset games, it is reasonable to consider Ungar games on distributive lattices
J(P), so that the game can be played on P itself. Building on work of Schaeffer [25], Grier proved
that poset games are PSPACE-complete [16]. It is not so easy to adapt Grier’s argument from
poset games to Ungar games on distributive lattices.

Question 6.4. Are Ungar games on distributive lattices J(P) PSPACE-complete in |P|?
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FIGURE 6. Left: a lattice encoding the boolean formula x ORy; middle: a lattice
encoding —x; right: a lattice encoding (1 ORx2 OR (—x3)) AND (x4 ORx5). Each
variable should be replaced by the 1-element lattice (corresponding to setting the
variable to 1) or the 2-element lattice (corresponding to setting the variable to 0).
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