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ABSTRACT
We present fully coupled, full-dimensional quantum calculations of the inter- and intra-molecular vibrational states of HCl trimer, a paradig-
matic hydrogen-bonded molecular trimer. They are performed utilizing the recently developed methodology for the rigorous 12D quantum
treatment of the vibrations of the noncovalently bound trimers of flexible diatomic molecules [Felker and Bačić, J. Chem. Phys. 158, 234109
(2023)], which was previously applied to the HF trimer by us. In this work, the many-body 12D potential energy surface (PES) of (HCl)3
[Mancini and Bowman, J. Phys. Chem. A 118, 7367 (2014)] is employed. The calculations extend to the intramolecular HCl-stretch excited
vibrational states of the trimer with one- and two-quanta, together with the low-energy intermolecular vibrational states in the two excited
v = 1 intramolecular vibrational manifolds. They reveal significant coupling between the intra- and inter-molecular vibrational modes. The
12D calculations also show that the frequencies of the v = 1 HCl stretching states of the HCl trimer are significantly redshifted relative to
those of the isolated HCl monomer. Detailed comparison is made between the results of the 12D calculations on the two-body PES, obtained
by removing the three-body term from the original 2 + 3-body PES, and those computed on the 2 + 3-body PES. It demonstrates that the
three-body interactions have a strong effect on the trimer binding energy as well as on its intra- and inter-molecular vibrational energy lev-
els. Comparison with the available spectroscopic data shows that good agreement with the experiment is achieved only if the three-body
interactions are included. Some low-energy vibrational states localized in a secondary minimum of the PES are characterized as well.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0207366

I. INTRODUCTION

Noncovalent, hydrogen-bonded (HB) and van der Waals
(vdW) interactions are of profound significance, having a major
role in shaping the structural and dynamical properties of mat-
ter on all scales, ranging from small molecular complexes and
molecular clusters to liquid and solid condensed phases, as well
as biomacromolecules and key biological structures, such as cel-
lular membranes. For decades, this has made them the subject of

increasinglymore elaborate studies by experimentalists and theorists
alike.

Noncovalently boundmolecular complexes, binary and ternary
in particular, have been long been the favorite target in this context.
Their relatively low dimensionality and simplicity allow investigat-
ing HB and vdW interactions that bind them with the sophistication
and level of detail and accuracy that would be impossible for more
complex systems. The high-resolution infrared (IR), far-IR, and
Raman spectra of noncovalently bound complexes encode a great
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deal of information about their potential energy surfaces (PESs)
and the intricate rovibrational dynamics on them, which exhibits
large nuclear quantum effects. However, decoding this informa-
tion for any molecular complex of interest is a demanding task,
whose accomplishment involves, on the theoretical side, ab initio
electronic structure calculation of an accurate high-dimensional
(ideally, a full-dimensional) PES and rigorously computing the
(ro)vibrational eigenstates of the complex on this PES. Compari-
son between the theoretical results thus obtained with the measured
spectra permits the assignment of the latter, as well as the assess-
ment of the quality of the PES employed and its improvement, if
necessary.

This approach is feasible only if the methodology is available
for accurate and efficient quantum calculation of the rovibrational
states of noncovalently bound complexes. Its development must
overcome several challenges, the first of which is the high dimen-
sionality of the vibrational problem that needs to be solved. A fully
coupled treatment of all vibrational, intra- and inter-molecular,
degrees of freedom (DOFs) of the complex is six-dimensional (6D)
for complexes of two diatomic molecules [e.g., (HF)2 and (HCl)2],
and it is already 12D for the smallest molecular trimers, those of
three diatomic molecules [e.g., (HF)3 and (HCl)3]. The following
additional challenges arise from the characteristics of the vibra-
tional DOFs, in particular, intermolecular: large-amplitude motions,
strong anharmonicity, and coupling among themselves and with the
intramolecular monomer vibrations.

For these reasons, until a couple of years ago, rigorous quan-
tum calculations of the (ro)vibrational states of noncovalently bound
molecular complexes were restricted to binary systems, and over-
whelmingly under the assumption of rigid monomers, thus taking
only the intermolecular DOFs of the complexes into account.1–5

While significantly reducing the dimensionality of the problem,
the rigid-monomer approach is incapable of describing impor-
tant aspects of the vibrational dynamics that involve intramolec-
ular monomer vibrations and their excitations, e.g., intramolec-
ular vibrational frequencies and their shifts from the gas-phase
monomer values due to the complexation, as well the effects of
the coupling between the intra- and inter-molecular vibrational
modes. The earliest instances of the full-dimensional and fully cou-
pled treatment of the vibrations of noncovalently bound molecular
dimers were those in 6D for the HF dimer6–8 and HCl dimer.8–10

Subsequent rigorous full-dimensional quantum calculations of the
vibrational eigenstates of such systems remained limited to molec-
ular dimers, (HF)211,12 and (H2O)2 (12D, including states with the
excited monomer bend but not the excitations of the monomer
stretches).13

The range of noncovalently bound binary molecular com-
plexes, for which full-dimensional quantum calculations of fully
coupled excited intra- and inter-molecular vibrational states are
feasible, was significantly enlarged beyond diatom–diatom systems
by our introduction of the novel computational strategy in which
the eigenstates of reduced-dimension intra- and inter-molecular
vibrational Hamiltonians serve as compact contracted bases for
the intra- and inter-molecular DOFs, respectively, of the molecular
complex.14,15

The use of the eigenstates of intermediate reduced-dimension
Hamiltonians as compact contracted bases in full-dimensional
bound-state calculations has been a long tradition. The sequen-

tial diagonalization-truncation method of Bačić and Light16–19 was
very successfully applied to floppy isomerizing molecules, e.g.,
LiCN/LiNC and HCN/HNC, as well as weakly bound molecular
complexes. On the other hand, Carrington and co-workers20–23 have
developed approaches in which the internal coordinates of (cova-
lently bound) polyatomic molecules are divided in two groups,
referred to as stretch and bend, and contracted basis functions
are used for both groups, subject to two different energy cut-
offs. However, this approach, which is rather close in spirit to
ours, was not extended to noncovalently bound molecular com-
plexes until later. Zou et al.,24 in their quantum 6D calculations
of the vibrational states of the isomerizing acetylene/vinylidene
system, combined the eigenfunctions of the reduced-dimension
4D and 2D Hamiltonians into the final 6D basis, in which
the full-dimensional vibrational Hamiltonian was diagonalized. A
certain number of the intermediate 4D eigenstates below and
above the lowest-energy (4D) vinylidene state was included in
the 6D basis.

The key to the success of our strategy14,15 was the insight25 that
in noncovalently bound molecular systems, the coupling between
the high-frequency intramolecular modes and the low-frequency
intermolecular vibrations is very weak. Due to this weak coupling,
only a relatively small number of low-energy eigenstates of the inter-
molecular vibrational Hamiltonian (far below the energies of the
intramolecular vibrational fundamentals) needs to be included in
the final product-contracted basis in order to obtain highly accu-
rate full-dimensional vibrational energy levels of the complex. This
methodology has enabled fully coupled quantum calculations, in
full dimensionality (9D), of the (ro)vibrational states of water-
containing binary molecular complexes for flexible monomers,
H2O/D2O–CO,15 HDO-CO,26 H2O–HCl,27 and several of its H/D
isotopologues,28,29 benzene-H2O/HDO (9D, flexible water and rigid
benzene),30 H2O@C60 (9D, flexible water and rigid C60),31 and,
most recently, the water dimer (12D), including the excited OH-
stretch states.32 For the first time, these calculations have yielded all
intramolecular vibrational fundamentals and their frequency shifts,
as well as the low-energy intermolecular vibrational states in each
of the intramolecular vibrational manifolds and the effects of the
coupling between the two sets of modes. A recent comprehensive
review of these methodological developments and their applications
to binary molecular complexes is available.33

For a cluster of molecules, the total PES is commonly rep-
resented by a many-body expansion as the sum of one-body
(monomer), two-body, three-body, and possibly higher-body inter-
actions. The procedure described above has been proven to be
capable of generating a full-dimensional two-body potential for a
pair of molecules. However, while the two-body terms are domi-
nant, it is well known that the nonadditive three-body interactions
make a significant contribution and have to be included for an
accurate representation of the total PES of a molecular cluster. The
smallest clusters, for which the three-body interactions can mani-
fest, are molecular trimers. Therefore, in principle, noncovalently
bound molecular trimers can play the same role in quantifying the
three-body interactions that molecular dimers have had for a long
time in determining the two-body interactions. However, just as for
dimers, the realization of this potential presupposes the existence
of rigorous, ideally full-dimensional quantum calculations of the
vibrational eigenstates (intra- and inter-molecular) of the molecular
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trimer of interest, on an ab initio calculated PES, and the comparison
of the results with the spectroscopic data. The problem with this was
that until very recently, the bound-state methodology required for
accomplishing this task in the case of hydrogen-bonded molecular
trimers simply was not available.

This situation changed when Felker and Bačić recently imple-
mented the strategy outlined above, which proved successful for
noncovalently bound binary molecular complexes,14,15,33 in the
methodology that has enabled the first rigorous quantum calcu-
lations of the vibrational states of a hydrogen-bonded molecular
trimer, in this case of diatomic molecules, initially in 9D for rigid
monomers34 and then in full dimensionality (12D), for flexible
monomers.35 In the 12D calculations of the fully coupled excited
intra- and inter-molecular vibrational states of the molecular trimer,
the full vibrational trimer Hamiltonian, largely derived byWang and
Carrington,36 is partitioned into two reduced-dimensionHamiltoni-
ans, one in 9D for the intermolecular vibrational DOFs and another
in 3D for the intramolecular vibrations of the trimer and a remain-
der term. These two Hamiltonians are diagonalized separately and
a fraction of their respective 9D and 3D eigenstates is included in
the 12D product contracted basis for both the intra- and inter-
molecular DOFs, in which the matrix of the full 12D vibrational
Hamiltonian of the trimer is diagonalized.35 Thanks to this method-
ological development, it is now possible to calculate the inter- and
intra-molecular vibrational levels of hydrogen-bonded trimers of
diatomic molecules in full dimensionality and with the degree of
rigor that was previously feasible only for the binary molecular
complexes.

In Ref. 35, this methodology was applied to the 12D cal-
culations of the vibrational states of (HF)3, which included the
one- and two-quanta intramolecular HF-stretch excited vibrational
states of the trimer and low-energy intermolecular vibrational states
in these intramolecular vibrational manifolds. The 2 + 3-body
SO-3 + HF3BG PES of HF trimer37,38 was employed in these
calculations.

Here, the same methodology35 is used to compute, for the first
time, fully coupled, full-dimensional (12D) excited intra- and inter-
molecular vibrational states of (HCl)3, another hydrogen-bonded
molecular trimer of fundamental importance. As in (HF)3, each
monomer of (HCl)3 is both the proton donor and proton acceptor,
creating a cyclic structure with nonlinear hydrogen bonds. To date,
there have been no such rigorous bound-state calculations of this
molecular trimer, whose vibrational dynamics, like that of (HF)3,
has been the subject of numerous experimental and theoretical
studies.

Bevan and co-workers39 measured the high-resolution rovibra-
tional spectrum of the asymmetric intramolecular HCl ν5 vibrational
band of the HCl trimer in supersonic jet expansion. They showed
that the observed spectrum could be understood in terms of an
oblate rovibrator model, whose structure is consistent with (HCl)3
in the ground state having a dynamically averaged planar geom-
etry. Moreover, they provided both theoretical and experimental
evidence, indicating that the tunneling between the clockwise (cw)
and counterclockwise (ccw) forms of the trimer is negligible. Nesbitt
and co-workers40,41 investigated various isotopologues of (HCl)3 by
means of high-resolution IR spectroscopy in supersonic slit expan-

sion, obtaining detailed dynamical and structural information. This
allowed them to assign the asymmetric HCl stretch vibration in the
isotopologues of the trimer. In addition, themeasured homogeneous
line broadening was interpreted in terms of intramolecular vibra-
tional redistribution-induced opening of the trimer ring, followed by
true predissociation. A combined experimental and theoretical study
of the vibrational predissociation of (HCl)3 by Reisler, Bowman, and
co-workers42 determined the dissociation energies for breaking two
hydrogen bonds (leading to dimer + monomer fragments) and all
three hydrogen bonds (generating three monomer fragments) of
the trimer, and rotational distributions of HCl fragments, as well
as provided insight into the mechanism of the trimer fragmenta-
tion. In addition to these gas-phase studies, Engdahl and Nelander43
performed Ne matrix isolation spectroscopic measurements for dif-
ferent H/D isotopologues of the HCl trimer and assigned two peaks
at 229.9 and 239.3 cm−1 to the intermolecular out-of-plane symmet-
ric bend and in-plane asymmetric bend fundamental of HCl trimer,
respectively.

On the theoretical side, Latajka and Scheiner44 studied the
energetics, structure, and harmonic vibrational frequencies of the
HCl trimer, as well as the dimer and tetramer (and those of other
hydrogen halides) by ab initio electronic structure calculations. They
also investigated cooperative, many-body effects in the hydrogen
bonding of these systems.

Going beyond the harmonic treatment of cluster vibrations,
Mancini and Bowman45 performed on-the-fly ab initio calcula-
tions of the anharmonic intramolecular vibrational frequencies of
(HCl)n (n = 2–6) clusters. The local-monomer model (LMon) was
employed in these calculations. The LMon approach is powerful
and versatile, but it does not include low-frequency intermolecu-
lar modes and their coupling to the high-frequency intramolecular
vibrations.

In this paper, we report rigorous 12D quantum calculations
of the coupled intra- and inter-molecular vibrational states of
the HCl trimer, together with the frequency shifts of the former
from those of the isolated HCl monomer. These calculations are
performed on the many-body PES of the trimer developed by
Mancini and Bowman,46 which includes one-, two-, and three-body
interactions. The 12D PES is constructed from an already avail-
able accurate semiempirical monomer47 and dimer10 surfaces and
a new high-level ab initio permutationally invariant 12D three-
body potential. Using this PES, Mancini and Bowman have per-
formed LMon calculations, augmented with harmonic Hückel-type
mode coupling, of the anharmonic HCl stretch frequencies of
the trimer.46

Having the 12D results from the present work allows us to
assess the accuracy of reduced-dimensional models when applied
to the vibrations of the HCl trimer. We also investigated the cou-
pling between the inter- and intra-molecular vibrational modes of
the trimer and themanifestations of the cooperative hydrogen bond-
ing, resulting from the three-body interactions. The states localized
in the secondary minima on the HCl trimer PES are analyzed
as well.

The structure of this paper is as follows: computational details
are described in Sec. II. In Sec. III, we present and discuss the results.
Section IV contains the conclusions.
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TABLE I. Energies and internal coordinates in the global minimum and secondary minima of the PES.46 The energy is
relative to the energy of the isolated flexible monomers in their equilibrium structure. k ∈ 1, 2, 3 denotes the index of the HCl
monomers. For the global minimum, the coordinates are equal for all values of k. In the case of the secondary minima, the
three numbers in the parentheses denote the coordinate values for k = 1, 2, and 3.

Global minimum Z secondary minimum Y Secondary minimum

E (cm−1) −2335.52 −1599 −1198
rk (bohr) 2.4245 (2.4168, 2.4225, 2.4125) (2.4124, 2.4177, 2.4124)
Rk (bohr) 6.9196 (6.9965, 7.4812, 6.9670) (7.1351, 10.5922, 7.1325)
θk (○) 90.0000 (89.9151, 90.0169, 89.7451) (79.6956, 179.6610, 79.3388)
ϕk (

○) 47.6534 (45.2756, 40.4201, 224.8820) (20.9535, 46.9121, 340.2355)

II. COMPUTATIONAL DETAILS
A. Potential energy surface

The many-body PES developed by Mancini and Bowman46
is employed. This potential is expressed as a sum of one-, two-,
and three-body terms. The one-body term is the spectroscopically
accurate HCl monomer potential of Ref. 47, which was constructed
from least-squares fits to microwave and infrared spectral lines of
the isolated HCl monomer. The two-body term is obtained from
the 6D ES1-EL dimer potential of Ref. 10. The ES1-EL potential
is constructed from the ES1 dimer potential48 (which was fitted
to spectroscopic data) with the addition of an electrostatic term
to improve the computed tunneling splittings of the HCl dimer
for HCl-stretch excited states. The three-body term was obtained
from a least-squares fit to ≈52000 three-body energies computed
using the CCSD(T)-F12/aVDZ level of theory for structures sam-
pled from dynamics simulation. The three-body PES is characterized
by a ring-shaped global minimum structure and two secondary
minima, denoted in Ref. 46 as Z and Y (see Table I). Note that
potential is less reliable in the regions of secondary minima and
transition states because the training data contain fewer structures
in these regions.49

B. Calculation of the vibrational states of the HCl
trimer

The 12D intra- and inter-molecular vibrational states of the
HCl trimer are calculated rigorously as fully coupled, employing
the method developed for trimers of flexible (identical) diatomic
molecules and presented in Ref. 35 where it was applied to the HF
trimer. This 12D approach is described in detail in Ref. 35 and
in the preceding Ref. 34, where the 9D rigid-monomer version of
this methodology was introduced. Therefore, here we only summa-
rize the salient features of the approach, using the notation in Sec.
II of Ref. 35, and focus on the computational details needed for
understanding the rest of this paper.

The coordinate system employed, introduced by Wang and
Carrington,36 shown in Fig. 1 is the same as for the HF trimer
in Ref. 35. The rk (k = 1, 2, 3) intramolecular coordinates denote
the HCl bond lengths, while the Rk (k = 1, 2, 3) frame coordi-
nates, collectively denoted as R, refer to the monomer-c.m. to
monomer-c.m. distances. The orientation of the kth monomer is
described by ωk ≡ (θk,ϕk) and k = 1–3, (collectively denoted as
ω) where ϕk and θk are the in-plane and out-of-plane angles,

FIG. 1. Schematic depiction of the rk , Rk , θk , ϕk (k = 1–3) coordinates used
for the cyclic HCl trimer with flexible monomers. Ok (k = 1–3) is the c.m. (cen-
ter of mass) of the monomer k. Shown explicitly are the three monomer-c.m. to
monomer-c.m. distances Rk and the HCl internuclear vectors rk (k = 1–3). The
intramolecular HCl-stretch coordinate of the kth monomer is rk ≡ ∣rk ∣. The ϕ1 and
θ1 angles as well as the x̂1, ŷ1, and ẑ1 axes of the local Cartesian system centered
at O1 are also shown. For each monomer k, the x̂k and ŷk axes are in the O1O2O3
plane with x̂k on the bisector of the angle of the triangle at Ok , and ẑk = x̂k × ŷk ,
i.e., perpendicular to the O1O2O3 plane. For each monomer k, the θk polar and
ϕk azimuthal angles define the orientation of rk relative to the local Cartesian axis
system attached to monomer k.

respectively, corresponding to motion in and out of the plane
determined by the c.m.-s of the monomers. The following masses
were employed in the calculations: m(H) = 1.007 825 032 u and
m(35Cl) = 34.968 852 69 u.

As outlined in Sec. I, the computational methodology35 is based
on partitioning of the full (12D) vibrational Hamiltonian Ĥ of the
molecular trimer into two reduced-dimensional Hamiltonians, 9D
(rigid-monomer) Ĥinter(R,ω; r̄) for the intermolecular DOFs, 3D
Ĥintra(r; R̄, ω̄) for the intramolecular DOFs, and a remainder term;
a bar above a symbol denotes a coordinate that is fixed. Ĥinter and
Ĥintra are diagonalized separately, and a fraction of their respective
9D and 3D eigenstates is included in the 12D product-contracted
basis, in which thematrix of Ĥ is diagonalized. Asmentioned before,
only the low-lying 9D intermolecular states are included in the 12D
basis.

The 9D intermolecular eigenstates of Ĥinter are obtained with
a similar partition-contraction technique.34 Ĥinter is partitioned into
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a 3D “frame” Hamiltonian ĤF(R; ω̄, r̄), a 6D “bend” Hamiltonian
ĤB(ω; R̄, r̄), and a remainder term; all three terms are defined in
Ref. 34. Eigenstates of ĤF and ĤB are used to create the 9D product
contracted basis, in which Ĥinter is diagonalized.

The choices made for the values of the coordinates (R̄, ω̄, r̄) that
are held fixed in the above-mentioned reduced-dimensional Hamil-
tonians are crucial because they affect the quality of the 9D and 12D
product contracted bases, and therefore, the size of the final 12D
basis required to give the energy levels of Ĥ with the desired level
of convergence. The values of the fixed coordinates that have been
tested and ultimately selected for our calculations, as well as the basis
sets employed for various trimer DOFs, are specified below in Sec. III
at the beginning of each subsection presenting the results for the dif-
ferent reduced- and full-dimension models. The tables showing the
convergence of the energy levels with respect to the basis parameters
are shown in the supplementary material.

The most time-consuming part of the computational proce-
dure is obtaining the potential energy matrix elements in the 12D
basis.35 The potential energy has to be evaluated at the points of a
direct product grid formed by the PODVR grid points of the frame
and intramonomer coordinates and an angular grid. In order to save
computational time, we eliminate those points of the angular grid
where all 6D bend functions (eigenstates of ĤB) included in the
12D basis have negligible amplitude. This is justified by the fact that
the bend functions are quite localized. The reduction inthe angu-
lar grid is quantified by a cutoff parameter, A (≥ 0): the larger A
is, the more grid points are eliminated (see Sec. II D 6 of Ref. 35).
A similar basic idea was implemented, in a very different context,
in Ref. 50.

C. Symmetry considerations
The computer code used in the calculations utilizes the G12

molecular symmetry group,51 which contains the permutations of
the monomers and the spatial inversion. The point group of the
equilibrium geometry of the HCl trimer is C3h. Therefore, in the
G12 symmetry model, there are two equivalent global minima on the
PES, corresponding to the cw and ccw versions of the equilibrium
structure. Every vibrational state is split into two states, belonging to
the following irreducible representations of G12: (A′1,A

′
2), (A

′′
1 ,A

′′
2 ),

(E′,E′), and (E′′,E′′). However, as mentioned in Sec. I, previous
spectroscopic studies of the HCl trimer39 have found no observable
tunneling splittings due to the interconversion between the cw and
ccw versions of the trimer. Our present calculations also show neg-
ligible tunneling splittings of less than 0.01 cm−1. Consequently, the
splittings are not reported, and only a single energy value is given
for each doublet. Since the tunneling cw–ccw interconversion is not
feasible, the effective molecular symmetry group of the HCl trimer
is G6 (isomorphic with C3h), and not G12.

III. RESULTS AND DISCUSSION
A. Intermediate reduced-dimension calculations

The main goal of the calculations of the eigenstates of
the reduced-dimension Hamiltonians in 3D (inter- and intra-
molecular), 6D, and 9D, presented in this section, is to generate
compact contracted bases, in which the higher-dimensional Hamil-
tonians are diagonalized. However, as shown below, these results are

also helpful for elucidating the coupling among different inter- and
intra-molecular vibrational modes of the trimer.

1. 3D intermolecular eigenstates of ĤF

The 3D frame potential VF that appears in ĤF is defined in
two ways, described in Secs. II B and II C of Ref. 34: (a) VF = V(eq)F
when the angles are fixed at their equilibrium values, θ̄ = 90○ and
ϕ̄ = 47.6534○ and (b) VF = V(avg)F , which is a Gaussian-weighted-
average of the potential over the angle variables [see Eq. (18) of
Ref. 34]. The parameters of the Gaussian are chosen to resem-
ble the ground-state wave function from the 6D bend calculations.
Its center is θ0 = 90○ and ϕ0 = 48.5

○, while the standard devia-
tions are σθ = 13.7○ and σϕ = 11.8○. Eleven points are used for
the averaging, evenly distributed on the [θ0 − 2.5σθ, θ0 + 2.5σθ] and
[ϕ0 − 2.5σϕ,ϕ0 + 2.5σϕ] ranges for each θk and ϕk angle, respectively.

In ĤF , the HCl monomer bond lengths rk (k = 1–3) are fixed.
The following three fixed values for every rk were tested: one of
them, r̄e = 2.4245 bohrs, is the equilibrium value. The other two
values are from the reduced-dimension quantum 3D calculations
of the intramolecular vibrational eigenstates of Ĥintra, r̄0 = 2.4569
bohrs—the expectation value of the HCl bond length in the ground
vibrational state, obtained from diagonalization of Ĥintra,where the
intermolecular coordinates were fixed at their equilibrium val-
ues (note that this is slightly different from the expectation value
obtained from the 12D computation, which is 2.452 bohrs) and
r̄⋆ = 2.4681 bohrs—the average of the expectation values of the HCl
bond length in the ground and the first excited states.

Once VF and r̄e have been specified, ĤF is diagonalized in the
basis consisting of the products of three 1D potential-optimized
discrete variable representation (PODVR)52,53 functions covering
the R1, R2, and R3 intermonomer distances, respectively. The
results presented here are obtained with the 3D basis of NR = 12
PODVR functions for each Rk (k = 1, 2, 3) frame coordinate follow-
ing extensive convergence tests (see Table I of the supplementary
material).

Table II presents the ten lowest eigenvalues of the 3D ĤF ,
obtained with three different fixed HCl bond length values (r̄) and
the two effective potentials, V(avg)F and V(eq)F . HX (X = Cl, F, . . .)
trimers have two frame intermolecular vibrational modes, the sym-
metric stretch (νss and A′1 symmetry) and the doubly degenerate
asymmetric stretch (νas and E′ symmetry). The symmetric stretch
has higher energy than the asymmetric stretch; the same was found35
for (HF)3. It is evident from Table II that the frame energies are sen-
sitive to the choice of both VF and r̄. They increase by a few cm−1

as r̄ changes from r̄e to r̄0 and then to r̄⋆, for both choices of VF .
Similarly, using V(avg)F instead of V(eq)F substantially lowers all frame
eigenvalues, regardless of which r̄ value is used, r̄e, r̄0, or r̄⋆. The
reason is that V(avg)F samples configurations with (partially) broken
H-bonds, makingV(avg)F less steep thanV(eq)F . Note thatV(avg)F turns
out to be superior to V(eq)F in the sense that it is more similar to the
9D eigenstates (vide infra) thus, yielding better 9D product basis.
In addition, Table II presents the expectation values (⟨Rk⟩) and the
root mean square (rms) deviations (ΔRk) of the frame coordinates
for the first ten frame eigenstates obtained with r̄ = r̄0 and V(avg)F .
(See the supplementary material, Tables II and III for additional
information regarding ⟨Rk⟩ and ΔRk values for the excited states.)
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TABLE II. Lowest eigenenergies of the 3D ĤF , in cm−1, obtained with different r̄ values and VF = V(eq)F or VF = V(avg)F . The

⟨R⟩(ΔR) values, given in bohrs, correspond to the states calculated with VF = V(avg)F and r̄0. For additional information,
see the text.

VF V(avg)F V(eq)F

r̄ r̄e r̄0 r̄⋆ r̄e r̄0 r̄⋆ ⟨R⟩(ΔR) Assign.

1 0.00 0.00 0.00 0.00 0.00 0.00 7.049 (0.196) gs (A′1)
2, 3 74.87 76.83 77.54 87.48 90.36 90.57 7.092 (0.248) νas(E′)
4 93.44 95.18 95.81 107.89 110.60 110.92 7.108 (0.279) νss(A′1)
5 146.91 150.72 152.12 171.67 177.29 177.71 7.135 (0.303) 2νas(A′1)
6, 7 147.31 151.17 152.59 172.16 177.86 178.30 7.136 (0.302) 2νas(E′)
8, 9 163.06 166.77 168.12 189.52 195.09 195.64 7.152 (0.328) νss + νas(E′)
10 183.07 186.58 187.84 211.58 216.99 217.64 7.169 (0.346) 2νss(A′1)

TABLE III. Lowest eigenenergies (in cm−1) of ĤB, obtained with different r̄ and R̄ values (in bohrs).

(r̄, R̄) = (r̄e, 7.0) (r̄e, 7.1) (r̄e, 7.2) (r̄0, 7.0) (r̄0, 7.1) (r̄0, 7.2) (r̄⋆, 7.1) Assignment

A′1,A
′
2

1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 gs
2 314.36 303.38 291.79 330.20 318.19 305.76 323.28 2νoab
3 373.31 359.36 345.44 380.93 366.74 352.62 369.21 νisb
4 440.57 424.39 407.70 455.63 437.52 419.37 441.75 2νiab
5 453.91 436.43 419.67 469.15 451.95 435.27 457.57 2νosb

E′a,E′b

1, 2 227.09 217.39 207.95 232.76 222.67 212.92 224.49 νiab
3, 4 325.20 314.08 302.37 341.22 329.10 316.57 334.25 2νoab
5, 6 377.69 364.64 351.16 395.02 381.01 366.71 386.62 νosb + νoab
7, 8 444.29 425.13 406.42 455.93 435.97 416.63 439.69 2νiab
13, 14 568.56 545.06 521.52 585.11 560.59 536.31 565.63 νisb + νiab

A′′1 ,A
′′
2

1 223.59 216.31 208.88 233.76 226.04 218.24 229.34 νosb
2 376.34 361.65 346.73 391.03 375.32 359.59 379.99 νiab + νoab
3 395.00 379.55 364.03 408.85 392.51 376.28 396.92 νiab + νoab
4 470.10 453.08 435.32 493.08 474.72 455.83 482.20 3νoab
5 481.19 464.93 447.74 504.11 486.37 467.95 493.77 3νoab
7 571.43 549.38 526.80 591.04 568.26 545.05 574.65 νisb + νosb

E′′a ,E′′b

1, 2 166.88 161.24 155.30 175.13 168.97 162.60 171.61 νoab
3, 4 383.05 367.94 352.71 397.18 381.16 365.18 385.67 νiab + νoab
5, 6 437.50 420.78 404.09 453.28 435.70 418.30 440.81 νiab + νosb
7, 8 455.00 438.67 421.49 477.62 459.83 441.43 467.16 3νoab
9, 10 520.15 501.32 481.93 540.95 520.70 500.23 526.66 νisb + νoab

The ground-state expectation value of Rk is about 0.13 bohrs larger
than the equilibrium value due to the wave function averaging, as
expected. For the excited states, the values of both ⟨Rk⟩ and ΔRk
increase further with the number of quanta.

2. 6D intermolecular eigenstates of ĤB

For 6D ĤB, it is necessary to specify the fixed intermonomer
distance R̄ and the (also fixed) HCl bond length r̄. In the calculations
of the eigenstates of ĤB, based on consideration of the expecta-
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TABLE IV. Properties of the lowest-energy 6D eigenstates of ĤB for R̄ = 7.1 bohrs and r̄ = r̄0. The ΔE values are in cm−1,
while ⟨ϕk⟩, Δϕk , and Δθk are in degrees. For all states, ⟨θk⟩ = 90○ for symmetry reasons.

ΔE ⟨ϕ1⟩(Δϕ1) ⟨ϕ3⟩(Δϕ3) ⟨ϕ3⟩(Δϕ3) (Δθ1,Δθ2,Δθ3, ) Assignment

A′1,A
′
2

1 0.00 48.6 (11.7) 48.6 (11.7) 48.6 (11.7) (13.5, 13.5, 13.5) gs
2 318.19 47.4 (13.5) 47.4 (13.5) 47.4 (13.5) (22.3, 22.3, 22.3) 2νoab
3 366.74 50.1 (15.8) 50.1 (15.8) 50.1 (15.8) (14.6, 14.6, 14.6) νisb

E′a,E′b

1 222.67 49.3 (18.3) 49.2 (14.6) 49.2 (14.6) (13.8, 14.1, 14.1) νiab
2 222.67 49.2 (13.2) 49.3 (17.2) 49.3 (17.2) (14.3, 13.9, 13.9) νiab
3 329.10 47.3 (12.9) 47.9 (13.2) 47.9 (13.2) (20.7, 23.0, 23.0) 2νoab
4 329.10 48.1 (13.3) 47.5 (13.0) 47.5 (13.0) (23.7, 21.5, 21.5) 2νoab

A′′1 ,A
′′
2

1 226.04 49.2 (12.4) 49.2 (12.4) 49.2 (12.4) (17.4, 17.4, 17.4) νosb
4 474.72 47.3 (14.3) 47.3 (14.3) 47.3 (14.3) (26.3, 26.3, 26.3) 3νoab
5 486.37 47.1 (14.0) 47.1 (14.0) 47.1 (14.0) (25.7, 25.7, 25.7) 3νoab

E′′a ,E′′b

1 168.97 48.1 (12.6) 48.1 (12.2) 48.1 (12.2) (21.7, 16.1, 16.1) νoab
2 168.97 48.2 (12.1) 48.1 (12.5) 48.1 (12.5) (13.7, 20.0, 20.0) νoab
7 459.83 46.8 (15.8) 46.6 (14.4) 46.6 (14.4) (32.3, 22.5, 22.5) 3νoab
8 459.83 46.6 (13.9) 46.8 (15.3) 46.8 (15.3) (18.2, 29.4, 29.4) 3νoab

tion values ⟨Rk⟩ for the lowest-energy 3D frame eigenstates in the
supplementary material, Tables II and III, we decided to test R̄
= 7.0, 7.1 and 7.2 bohrs, together with the three r̄ values, r̄e, r̄0, and
r̄⋆, defined in Sec. III A 1. The 6D bend eigenstates of ĤB are com-
puted on the basis consisting of the products of spherical harmonics
Y l
m(θ,ϕ), and all spherical harmonics with l ≤ lmax = 13 are included

in the final calculations.
Table III presents the first few eigenvalues of ĤB for the R̄

and r̄ values employed (convergence test is presented in Table IV
of the supplementary material). The eigenvalues of ĤB appear as
closely spaced tunneling doublets because the calculations sample
two equivalent minima on the PES, corresponding to the clockwise
and counter-clockwise versions of the equilibrium structure. (There
is no tunneling splitting for the eigenvalues of ĤF because in that
case, the angular coordinates are fixed so that only one minimum is
sampled.) The computed tunneling splittings are less than 0.01 cm−1

for the bending states investigated here, and therefore, only one
energy value is provided for each of the As

1 − A
s
2 and E s

− E s (s = ′ or
′′) state pairs. (Note that for the E s symmetry, we obtain four numer-
ically nearly degenerate eigenvalues since E s is doubly degenerate
and all eigenvalues are duplicated due to the permutation-inversion
symmetry.)

The bending modes of the HX trimers are as follows: in-plane
symmetric bend (νisb, A′1, and A′2), in-plane asymmetric bend (νiab
and two doubly degenerate E′ states), out-of-plane symmetric bend
(νosb, A′′1 , and A′′2 ), and the out-of-plane asymmetric bend (νoab
and two doubly degenerate E′′ states). The R̄ and r̄ dependence of

the 6D bending energies presented in Table III reflects the cou-
pling of the bending vibrations with the inter- and intra-molecular
stretching vibrations, respectively. Two trends regarding the bend-
ing energies are evident: (a) they decrease with increasing R̄ due to
the decreasing angular anisotropy of the PES as the intermonomer
distances increase. (b) They increase with increasing r̄. This is caused
by the monomer–monomer “crowding” effect, which increases with
increasing H-X bond length.

Table IV presents the expectation values (⟨ϕk⟩) and the rms
deviations (Δϕk,Δθk) of the angle coordinates for the selected 6D
bend eigenstates, obtained with r̄ = r̄0 and R̄ = 7.1 bohrs (Table V of
the supplementary material shows these quantities for all the states
in Table III.) We used the ground-state expectation values and the
root-mean-square deviations to parameterizeV(avg)F in the 3D frame
calculations. The in-plane bending modes are characterized by large
Δϕk values, while Δθk is large for the out-of-plane vibrations. For
most excited states investigated here, ⟨ϕk⟩ is slightly larger than in
the ground state. However, ⟨ϕk⟩ is slightly smaller for νoab than for
the ground state and further decreases for the higher excitations of
this mode, reaching 46.8○ for 3νoab.

3. 9D intermolecular eigenstates of Ĥinter

The 9D calculations described in this section are analogous
to our earlier 9D rigid-monomer calculations of the intermolecular
vibrational states of the HF trimer.34 The supplementary material,
Tables VII, VIII, and IX, present how the 9D intermolecular vibra-
tional eigenenergies of Ĥinter vary with respect to the following
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TABLE V. Energies (in cm−1) of selected intermolecular vibrational eigenstates of the HCl trimer from 9D rigid-monomer calculations of the HCl trimer, computed for three
different r̄ values. The energies of the corresponding intermolecular vibrational states from the full-dimensional (12D) calculations, for the ground intramolecular vibrational state,
are shown as well. ∗: low basis state norm (see the text).

A′1,A
′
2 E′

9D, r̄e 9D, r̄0 9D, r̄⋆ 12D 9D, r̄e 9D, r̄0 9D, r̄⋆ 12D

gs 0.00 0.00 0.00 0.00 νas 72.72 75.53 76.57 75.94
νss 90.91 93.56 94.52 93.29 2νas 141.95 147.48 149.51 148.28
2νas 141.17 146.62 148.63 147.15 νss + νas 157.78 163.23 165.22 163.66
2νss 177.67 183.01 184.93 182.60 νiab 219.05 226.76 229.51 228.55
νas + νiab 284.98 295.54 299.36 296.80 νas + νiab 287.20 297.67 301.46 299.29
νas + νiab 288.25 298.66 302.41 300.43 νss + νiab 304.49 314.94 318.65 316.40
2νoab 299.12 316.85 323.11 315.48 2νoab 310.14 328.28 334.46 328.34
νisb 361.83 373.04 377.04 374.3a νosb + νoab∗ 367.60 387.16 394.17 ⋅ ⋅ ⋅

2νosb∗ 439.12 460.69 468.20 ⋅ ⋅ ⋅ νas + νisb 431.61 445.73 451.00 446.99

A′′1 ,A
′′
2 E′′

9D, r̄e 9D, r̄0 9D, r̄⋆ 12D 9D, r̄e 9D, r̄0 9D, r̄⋆ 12D

νosb 213.72 225.55 229.67 225.02 νoab 160.15 169.44 172.69 169.22
νas + νoab 228.01 239.74 243.87 239.60 νas + νoab 228.43 240.38 244.60 240.48
νas + νoab 232.64 244.59 248.82 244.53 νss + νoab 247.50 259.36 263.52 259.11
νss + νosb 301.40 315.71 320.73 315.28 νiab + νoab 367.33 384.27 390.20 385.16
νiab + νoab 359.13 376.46 382.56 377.31 νiab + νosb∗ 416.42 435.76 442.58 ⋅ ⋅ ⋅

νiab + νoab 377.38 394.18 400.09 395.31 3νoab∗ 428.00 455.50 464.71 ⋅ ⋅ ⋅

3νoab 441.41 468.14 477.67 466.02 νisb + νoab∗ 497.38 524.10 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

3νoab 459.09 484.68 493.63 483.62
νisb + νosb 548.19 572.67 581.15 572.27

aAverage energy of the two candidate states, 373.96 cm−1 and 374.72 cm−1 .

parameters: the number of eigenstates of ĤB per subirrep included
in the 9D basis (NB), the number of eigenstates of ĤF included in
the 9D basis (NF), NR, and R̄. They also show the effect of using
V(avg)F or V(eq)F when computing the eigenstates of ĤF . Based on
this information, the calculations of the 9D eigenstates of Ĥinter are
performed using R̄ = 7.1 bohrs, VF = V(avg)F , NB = 30, NF = 150, and
NR = 12. We choose VF = V(avg)F because the eigenstates of the 3D
ĤF computed with V(avg)F are closer in energy to the correspond-
ing frame eigenstates of 9D Ĥinter than those obtained using V(eq)F .
Furthermore, comparison of the energies of the bending vibrations
from the 9D calculations (eigenstates of Ĥinter) to those from the 6D
bending-level calculations (eigenstates of ĤB) reveals that the agree-
ment is the best for 6D eigenenergies obtained using R̄ = 7.1 bohrs,
suggesting that this is the optimal R̄ value.

Table V presents the intermolecular vibrational energy levels
computed in the 9D model for three different r̄ values, r̄e, r̄0, or r̄⋆,
specified in Sec. III A 1. We show only those states whose dominant
basis-state norm (BSN) is greater than 0.4 and that have, at most,
two vibrational quanta (and 3νoab). The states that have a lower BSN
(around 0.3) but could still be identified unambiguously are denoted
with an asterisk. Table V also presents the selected 12D eigenstates
of Ĥ for the monomers in their ground intramolecular vibrational

states, which are discussed in more detail in Sec. III B. It is evi-
dent from Table V that the 9D excitation energies are sensitive to
the value of the monomer bond length r̄ used in the calculations,
i.e., they increase significantly as the HCl bond length increases.
This demonstrates that, just as in the case of the HF trimer,34,35

the coupling of inter- and intra-molecular vibrational modes is not
negligible and can be fully accounted for only by rigorous 12D cal-
culations. In general, the energies of the bending vibrations increase
more with increasing HCl bond length than those of the frame
vibrations, suggesting that the inter–intra coupling is larger for the
bending modes than for the frame modes.

Table VI presents the expectation values and the root-mean-
square (rms) deviations of the coordinates calculated for selected
eigenstates of the 9D intermolecular Hamiltonian, for r̄ = r̄0. The
quantities ⟨q⟩ and Δq (q = R, r,ϕ or θ) are calculated by averaging
the ⟨qk⟩ and Δqk values for k = 1, 2, 3 and for all nearly degener-
ate states corresponding to a given vibrational state, i.e., two wave
functions for vibrations with A′ (A′′) symmetry and four wave
functions for vibrations with E′ (E′′) symmetry. In the case of
the frame vibrations, ⟨R⟩ and ΔR are similar to the corresponding
values calculated in the 3D frame model (see Table II), while the
expectation values and rms deviations of the angle coordinates are
very similar to the ground state values, probably because the frame
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TABLE VI. Properties of selected inter- and intra-molecular vibrational eigenstates of the full 12D Hamiltonian and the 9D
intermolecular Hamiltonian with r̄ = r̄0. ⟨q⟩ and Δq (q = R, r ,ϕ or θ) are calculated by averaging the ⟨qk⟩ and Δqk values
for k = 1, 2, 3 and for all nearly degenerate states corresponding to a given vibrational state, i.e., two wave functions for
vibrations with A′ (A′′) symmetry and four wave functions for vibrations with E′ (E′′) symmetry.

12D 9D

⟨r⟩(Δr) ⟨R⟩(ΔR) ⟨ϕ⟩(Δϕ) (Δθ) ⟨R⟩(ΔR) ⟨ϕ⟩(Δϕ) (Δθ)

gs 2.452 (0.147) 7.040 (0.197) 48.4 (11.7) (13.5) 7.043 (0.197) 48.5 (11.7) (13.4)
νas 2.451 (0.147) 7.088 (0.251) 48.6 (11.9) (13.7) 7.090 (0.251) 48.6 (11.8) (13.5)
νss 2.451 (0.147) 7.104 (0.283) 48.6 (11.9) (13.7) 7.106 (0.283) 48.6 (11.8) (13.6)
νoab 2.450 (0.146) 7.065 (0.203) 48.1 (12.4) (18.1) 7.066 (0.203) 48.1 (12.4) (17.8)
νosb 2.450 (0.146) 7.088 (0.224) 49.0 (12.6) (17.9) 7.089 (0.224) 48.9 (12.5) (17.7)
νiab 2.451 (0.146) 7.090 (0.226) 49.2 (15.5) (14.1) 7.088 (0.219) 49.2 (15.6) (14.0)
νisb a 2.450 (0.146) 7.232 (0.448) 49.6 (14.9) (14.9) 7.166 (0.348) 49.8 (15.3) (14.6)
νHCl
sym 2.474 (0.194) 7.011 (0.202) 48.1 (11.4) (13.1) ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

νHCl
asym 2.474 (0.190) 7.022 (0.195) 48.2 (11.5) (13.2) ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

aThe 12D values are averaged for the two candidate states.

vibrations have low energy. In the case of the bend states, ⟨ϕ⟩, Δϕ,
andΔθ are similar to the corresponding values in the 6D bendmodel
(see Table IV).

An issue that one may wish to consider having the 9D results
is the extent of the coupling between the intermolecular stretching
(frame) vibrations and the bending vibrational modes of the HCl
trimer. This coupling is rigorously included in the 9D treatment but
not in either the 6D bend or the 3D frame calculations. Hence, the
comparison of the 9D results with those from the 6D and 3D calcu-
lations, respectively, should, in principle, be able to shed light on the
intermolecular stretch-bend coupling in this complex. For this pur-
pose, Table VII presents the energies of the intermolecular stretching
and bending vibrations from the 9D, 6D, and 3D calculations. In
the case of the intermolecular frame modes, the 3D energies are
slightly higher than their 9D counterparts. For the bending funda-
mentals, the 6D calculations mostly give slightly lower energies than
the 9D treatment. Overall, the 9D results are close to the results of
both the 3D frame and 6D bend calculations, with their differences
not exceeding 1.8%. Based on this, one is tempted to conclude that
the intermolecular stretch-bend coupling in the HCl trimer is very
weak. However, the issue is not so straightforward because the 3D
frame and the 6D bend contracted bases that comprise the 9D prod-
uct basis are not generated in a completely independent manner. As
explained in Sec. III A 1, the 3D frame potential VF = V(avg)F that
appears in ĤF is based on the information from the 6D bend (ĤB)

calculations. In turn, as described in Sec. III A 2, the fixed inter-
monomer distance R̄ that enters the 6D ĤB is based on the expec-
tation values ⟨Rk⟩ from the 3D frame (ĤF) calculations. Thus, the
apparent weak intermolecular stretch-bend coupling that emerges
from the 9D calculations is somewhat deceptive. It is at least, in part,
due to the manner in which each of two reduced-dimension Hamil-
tonians, ĤF and ĤB, is defined, by making use of the information
based on the eigenstates of the other Hamiltonian. The frame-bend
coupling would very likely appear to be larger if the parameters
defining ĤF and ĤB were fixed independently, without sharing key
information.

TABLE VII. Energies of the intermolecular vibrational fundamentals (in cm−1) com-
puted from the 9D intermolecular, 3D frame, and 6D bend calculations, all for
r̄ = r̄0.

9D 3D frame (V(avg)F ) 6D bend (R̄ = 7.1 bohrs)

νas 75.53 76.83
νss 93.56 95.18
νoab 169.44 168.97
νosb 225.55 226.04
νiab 226.76 222.67
νisb 373.04 366.74

4. 3D intramolecular eigenstates of Ĥintra

Table VIII presents several lowest intramolecular eigenstates of
the 3D Ĥintra, for Vintra = V(eq)intra and Vintra = V

(avg)
intra cases, obtained

with Nr = 8 PODVR basis functions for each monomer. In the
case of V(eq)intra , the intermolecular coordinates are fixed to their
equilibrium values (see Table I), while for V(avg)intra , R̄k = 7.1 bohrs,
ϕ̄k = 50○, and θ̄k = 90○ are employed, based on the expecta-
tion values obtained from the 9D intermolecular eigenstates of
Ĥinter. The convergence of the intramolecular eigenenergies with
respect to Nr is shown in the supplementary material, Table X.
Table VIII presents the corresponding intramolecular energy lev-
els from the 12D calculation for comparison and discussion in
Sec. III B.

In general, the energies of the 3D intramolecular eigenstates
presented in Table VIII obtained with V(avg)intra are higher than those
computed for V(eq)intra . This implies that the hydrogen bonding in the
trimer is weaker whenV(avg)intra is used, resulting in smaller redshifts of
the HCl-stretch vibrations.
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TABLE VIII. Energies (in cm−1) of the v = 1, 2 HCl-stretching states of the HCl trimer
computed in 12D (for intermolecular modes in the ground state) and from the 3D
intramolecular Hamiltonian Ĥintra. The ⟨r⟩ and Δr values (in bohrs) are also shown

for the “3D, V(eq)intra ” eigenstates (the values for the “3D, V(avg)intra ” case are very similar).

Irrep 12D 3D, V(avg)intra 3D, V(eq)intra ⟨r⟩(Δr)

gs A′1 0.0 0.0 0.0 2.457 (0.147)
νHCl
sym A′1 2819.17 2811.68 2787.44 2.479 (0.194)
νHCl
asym E′ 2835.88 2828.85 2812.96 2.479 (0.191)
2νHCl

sym A′1 5544.02 5533.81 5491.05 2.502 (0.236)
νHCl
sym + νHCl

asym E′ 5546.10 5535.75 5495.19 2.502 (0.229)
2νHCl

asym A′1 5650.73 5636.46 5596.77 2.501 (0.229)
2νHCl

asym E′ 5663.41 5650.55 5615.95 2.501 (0.227)

B. 12D intra- and inter-molecular vibrational
eigenstates of Ĥ

The 12D eigenstates of the full vibrational Hamiltonian pre-
sented in this section are obtained with the following parameters:
the 12D product basis is built from N inter = 150 9D intermolecu-
lar eigenstates for each subirrep and N intra = 38 3D intramolecu-
lar eigenstates (for all states up to four vibrational quanta in the
intramolecular modes). The 3D intramolecular eigenstates are cal-
culated with Nr = 8 and Vintra = V(eq)intra , while the 9D intermolecular
eigenstates are calculated with r̄ = r̄0, R̄ = 7.1 bohrs, VF = V(avg)F , NB
= 30, NF = 150, and NR = 12. Two values of the angular grid cut-
off parameter A were tested, A = 1.0 and A = 30.0, which reduced
the grid to about 15% and 7% of its original size, respectively.
(Note that A = 0.1 was used for the HF trimer in Ref. 35, where
the size of the grid was reduced to 7% of the original.) A = 30.0
turned out to be too large because the energy levels computed with r̄
= r̄e and r̄0 were slightly different; therefore, the cutoff parameter
was reduced. The discrepancy between the r̄ = r̄e and r̄0 results
becomes minuscule for A = 1.0, and the energies are similar to the
values computed with A = 30.0 and r̄ = r̄e, showing that A = 1.0
is appropriate. Therefore, A = 1.0 is employed for all calculations
reported here.

1. Intermolecular vibrations
Table V presents the energies of the selected low-lying inter-

molecular vibrational states of the HCl trimer from the full-
dimensional (12D) calculations for the monomers in their ground
intramolecular vibrational states. Here, those 12D eigenstates are
listed for which the 9D eigenstates included in the basis have BSN
≥0.4. Note that there are two candidates for νisb, so we present the
average of the two values. It is evident that for nearly all the states
shown, the best agreement between the results of the 12D and 9D
calculations is achieved when r̄ = r̄0 is used in the latter. In this case,
the agreement for most 12D and 9D states is within a few tenths
of cm−1 and better than 2 cm−1 for all states presented in Table V.
Thus, when the monomers are in their ground intramolecular vibra-
tional states, the intermolecular vibrational eigenenergies from the
rigid-monomer 9D calculations (with carefully chosen r̄) can agree
very well with those from the full-dimensional 12D calculations of
the HCl trimer. However, it should be noted that the vibrationally

averaged HCl bond length employed in the present 9D calculations
is not that for the isolated HCl monomer but is the ground-state
value from the 3D intramolecular vibrational calculation (diagonal-
ization of 3D Ĥintra). Therefore, it partially includes the effect of
the hydrogen bonding in the trimer on the HCl bond length. It
should also be pointed out that in the case of the HF trimer,35 the
intermolecular vibrational energy levels from the 9D and 12D cal-
culations do not agree so well, typically differing by 1–4 cm−1, but
the differences can go up to 7 cm−1. This suggests that the cou-
pling between the intra- and inter-molecular vibrations is stronger
for (HF)3 than (HCl)3, rendering the rigid-monomer treatment
less accurate.

Table VI presents the expectation values and rms deviations
of the coordinates for the selected inter- and intra-molecular vibra-
tional states of the HCl trimer from 12D calculations (and also in
9D). For the ground and excited intramolecular vibrational states
listed, the 12D values of ⟨r⟩ and Δr are very slightly smaller than
those obtained from the 3D intramolecular vibrational calculations
(see Table VIII). The expectation values and rms deviations of the
intermolecular coordinates are generally similar in the 12D and 9D
models. The exception is the νisb state, for which the 12D ΔR is con-
siderably larger than that from the 9D calculations. [Note that the
12D value may not be reliable because there are two candidates for
this state, for which the average is reported. For the candidate state
at 373.96 cm−1, ⟨R⟩(ΔR) = 7.299(0.525) bohrs, while for the state at
374.72 cm−1, ⟨R⟩(ΔR) = 7.164(0.370) bohrs.]

Now, let us compare the 12D intermolecular vibrational ener-
gies of HCl trimer to those of the HF trimer,35 when the monomers
(HCl and HF) are in their ground intramolecular vibrational states.
The energies of the intermolecular stretching vibrations are signif-
icantly lower for the HCl trimer than for the HF trimer;35 for νss,
93.3 vs 186.90 cm−1 and for νas, 75.9 vs 170.9 cm−1. This is not sur-
prising and can be mainly attributed to the fact that HCl is heavier
thanHF, although the differences in the potentials of the two systems
must also play a role. The energies of the intermolecular bending
vibrations of the HCl trimer are also lower than those of their coun-
terparts in the HF trimer.35 In this case, the difference between the
masses of HCl and HF does not have a large effect since the bend-
ing vibrations primarily involve the large-amplitude motions of the
light H atoms, while the heavy Cl and F atoms move much less. This
means that the angular anisotropy of the potential for the motions
of the H atoms must be considerably smaller for the HCl trimer
than for the HF trimer. This is not surprising, given that the vibra-
tionally averaged ground-state intermonomer distance in the HCl
trimer, 7.04 bohrs, is greater than the corresponding intermonomer
distance in the HF trimer,35 4.9 bohrs. Similar to the HF trimer, the
lowest-energy bending fundamental of the HCl trimer is νoab and
the highest-energy one is νisb. However, while the νiab and νosb fun-
damentals have very similar energies for the HCl trimer, this is not
the case with the HF trimer.35

Spectroscopic data pertaining to the intermolecular vibrational
energies of the HCl trimer that could be directly compared to our
12D results are very limited. The only experimental information
available comes from Ref. 43, which reports two intermolecular
vibrational transitions, at 229.9 and 239.3 cm−1, measured in a Ne
matrix isolation experiment. They were assigned to the out-of-plane
symmetric bend and in-plane asymmetric bend, respectively, but
the authors of Ref. 43 do not exclude the reverse assignment either.
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These measured values are in reasonable agreement with our com-
puted 12D values of 225.02 cm−1 for νosb and 228.55 cm−1 for νiab.
However, it is important to note that transition frequencies mea-
sured in the Ne matrix can be lower than the gas-phase values by
several cm−1 (e.g., see Table IX of Ref. 35 for the HF trimer).

2. Intramolecular vibrations
Table VIII presents the energies (in cm−1) of the v = 1, 2

HCl-stretching states of the HCl trimer computed in 12D, for inter-
molecular vibrational modes in the ground state. Table VIII also
presents the corresponding intramolecular vibrational energies from
the reduced-dimension 3D calculations, obtained for both V(eq)intra

and V(avg)intra . The comparison between the 12D and 3D intramolec-
ular eigenenergies is informative about the strength of the coupling
between the intramolecular and intermolecular vibrations of the
trimer, with a caveat discussed below. As expected, using V(avg)intra
in the 3D calculations yields energies in a much better agreement
with those from the 12D calculations than when V(eq)intra is utilized. In
fact, the 3D values of the νHCl

sym and νHCl
asym fundamentals obtained with

V(avg)intra are only ≈7 cm−1 (less than 0.3%) lower than the respective
12D values. For the higher excited intramolecular states, overtone
and combination states, presented in Table VIII, the difference
between their 12D and 3D V(avg)intra values is less than 15 cm−1 or
≈0.3% as well.

These results suggest very weak coupling between the excited
intra- and inter-molecular vibrational modes of the HCl trimer.
However, it should be remembered that in Ĥintra, the potentialV

(avg)
intra

is defined by the constants (R̄k = 7.1 bohrs, ϕ̄k = 50○ and θ̄k = 90○)
that are the expectation values associated with the intermolecular
vibrational ground state of the 9D Ĥinter. Hence, as pointed out
in Ref. 35, the 3D V intra is a “trimer-adapted” potential for the
collective intramonomer vibrations of the trimer, which incorpo-
rates information from the sophisticated 9D calculations and not
just a sum of three isolated-monomer potentials. For this reason,
the eigenstates of Ĥintra are anticipated to capture, to a significant
degree, the effect of the intermonomer interactions on the intra-
monomer vibrations, i.e., the inter–intra coupling, in the trimer.
Excellent agreement for the intramolecular vibrational energies pre-
sented in Table VIII from the 3D and 12D calculations bears out this
expectation.

As mentioned earlier, hydrogen-bond formation results in
shifts in the frequencies of the intramolecular vibrations of the
monomers in a molecular complex away from the vibrational
frequencies of the isolated monomers. We accurately character-
ized such vibrational frequency shifts in the past couple of years
for several triatom–diatom molecular complexes, H2O/D2O–CO,15
HDO-CO,26 and HCl–H2O,27 by means of full-dimensional (9D)
quantum calculations of their inter- and intra-molecular vibra-
tions. Most recently, these rigorous quantum calculations, in
12D, were extended to the vibrational frequency shifts for the
HF trimer.35

The 12D results presented in Table VIII allow us to calculate
the frequency shifts for the HCl trimer. On the PES employed, when
the three monomers are at a large separation, the v = 1 vibrational
level of the isolated HCl is at 2886.19 cm−1 (the measured value
is 2885.9777 cm−1). This combined with the results presented in

Table VIII gives for the trimer vibrational states νHCl
sym and νHCl

asym, the
frequency shifts (redshifts) of −67.02 and −50.31 cm−1, respectively.
The redshift calculated for νHCl

asym is somewhat smaller than the mea-
sured shift of −76.20 cm−1,39 implying that the current PES slightly
underestimates the strength of the hydrogen bonding in the HCl
trimer. In the case of the HF trimer, the redshifts calculated by us35
for the νHF

sym and νHF
asym fundamentals are −280.43 and −216.78 cm−1,

respectively. Clearly, they are much larger than their counterparts in
the HCl trimer, reflecting the much stronger hydrogen bonding in
the HF trimer than in HCl trimer.

It is instructive to compare the intramolecular vibrational ener-
gies of HCl trimer obtained in our 12D calculations to those from the
reduced-dimension LMon–Hückel and three-mode coupling mod-
els in Ref. 46 employing the same PES, neither of which includes
the coupling between the intra- and inter-molecular modes of the
trimer. The three-mode model46 is essentially equivalent to our 3D
intramolecular vibrational treatment in Sec. III A 4, with V(eq)intra ,
which also lacks the intra/inter mode coupling. Not surprisingly, in
this work, both approaches yield virtually the same energies for νHCl

asym,
2814 cm−1 (3-mode46) and 2813 cm−1 (Table VIII).

In the LMon–Hückel treatment,46 the local anharmonic HCl
stretching frequencies are computed using a 1D potential cut along
each monomer’s local HCl stretching mode. They are then split
into the desired 1:2 degeneracy pattern using a Hückel matrix,
where the splitting is set to be equal to the splitting of the har-
monic frequencies. This LMon–Hückel model gives 2815 cm−1

for νHCl
asym, nearly identical to that of the three-mode coupling

model.
Thus, all three 3D intramolecular treatments give very simi-

lar energies for νHCl
asym, 2813–2815 cm−1, which is in good agreement

with the measured value41 of 2810 cm−1. In fact, they agree with the
experiment better than the energy of νHCl

asym from the fully coupled
12D calculations, 2836 cm−1 (Table VIII). However, the 3D treat-
ments of the intramolecular monomer vibrations do not include
coupling to the intermolecular vibrations of the trimer, which is
done rigorously by the 12D calculations. Therefore, one is led to
conclude that the better agreement of the reduced-dimension calcu-
lations with an experimental value in this case is fortuitous, caused
by the cancellation of errors arising from the approximations in
bound-state methodology and the residual inaccuracies of the PES
employed.

3. Coupling between the inter- and intra-molecular
vibrational modes of the HCl trimer

One measure of the strength of the coupling between the
inter- and intra-molecular vibrational modes of the trimer is the
degree to which the intermolecular excitation energies vary in dif-
ferent intramolecular excitation manifolds. In order to quantify this
inter/intra coupling, Table IX presents the energies of the funda-
mentals of the intermolecular stretching and bending modes of the
trimer for both the intramolecular ground state and the excited v

= 1 νHCl
sym and νHCl

asym intramolecular vibrational manifolds, from 12D
calculations. They are obtained by taking the energies of the vibra-
tions involving the combined inter- and intra-molecular excitations
and subtracting from them the corresponding pure intramolec-
ular vibrational energy. Similar to what was found for the HF
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TABLE IX. Intermolecular excitation energies (in cm−1) in the ground state and
the νHCl

sym and νHCl
asym intramolecular manifolds of the HCl trimer, obtained from 12D

calculations.

Excitation gs νHCl
sym

a
νHCl
asym

b

νas 75.94 79.47 (77.20, 78.17, 78.18)
νss 93.29 97.44 95.29
νoab 169.22 178.81 (173.69, 176.40, 177.85)
νosb 225.02 237.77 233.15
νiab 228.55 238.4c (233.63, 235.31, 237.70)
νisb 374.3d 387.63 383.57

aEnergies relative to the intramolecular excitation energy of 2819.17 cm−1 .
bEnergies relative to the intramolecular excitation energy of 2835.88 cm−1 .
cAverage energy of the two candidate states, 237.93 and 238.77 cm−1 .
dAverage energy of the two candidate states, 373.96 and 374.72 cm−1 .

trimer,35 the excitation energies of all intermolecular modes con-
sidered are higher in both v = 1 HCl-stretch excited intramolecu-
lar manifolds than in the ground intramolecular vibrational state.
Moreover, they are slightly higher for νHCl

sym excitation than for
νHCl
asym. The differences between the intermolecular excitation ener-
gies in the v = 1 and v = 0 intramolecular excitation manifolds are
much smaller in magnitude for the HCl trimer than for the HF
trimer, but only slightly smaller in relative terms when compared to
the respective intermolecular vibrational energies. By this measure,
the magnitude of inter–intra coupling is comparable in HCl and
HF trimers.

One more piece of evidence for the coupling between the intra-
and inter-molecular vibrations of the HCl trimer is provided by the
two entries at the bottom of Table VI. They show that, surpris-
ingly, excitation of the intramolecular νHCl

sym and νHCl
asym fundamentals

results in the appreciable shortening of the vibrationally averaged
distance between HCl monomers, from 7.040 bohrs in the ground

state to 7.011 bohrs for the νHCl
sym fundamental and 7.022 bohrs for the

νHCl
asym. Similar effects were observed for the HF trimer.35 Evidently,
the coupling between intra- and inter-molecular modes of the HCl
(and HF) trimer manifests in the changes of both its vibrational
energy level structure and geometric features due to the intramolec-
ular vibrational excitations, and the observed changes suggest
that the H-bonding becomes stronger in the v = 1 intramolecular
manifold.

4. Cooperative hydrogen bonding—The role
of the three-body interaction

A distinctive aspect of molecular trimers is that these are the
smallest systems in which nonadditive many-body (three-body in
this case) interactions are present, leading to cooperative bonding.
One way to assess the significance of the three-body interactions in
a molecular trimer is by performing bound-state calculations for a
trimer on a pairwise additive two-body PES that does not include
the three-body interactions and compare the resulting structural and
spectroscopic properties to those obtained for the 2 + 3-body PES
in which the three-body interactions are present. This route is fea-
sible in the present study, because the 12D PES of the HCl trimer
that we employ is expressed as a sum of one-, two-, and three-body
terms. Table X presents different quantities calculated for the HCl
trimer on the full 2 + 3-body PES and on the two-body PES. Since
the three-body interaction is always attractive, its omission weakens
the hydrogen bonds between the monomers and increases the inter-
monomer separations. All the differences between the 2 + 3-body
and two-body results presented in Table X can be understood qual-
itatively in terms of these two features, and the 12D calculations can
quantify them.

If the three-body interaction is excluded, on the two-body
trimer PES, the energy of the global minimum (De) decreases in
absolute value by 285 cm−1, relative to that for the 2 + 3-body

TABLE X. Various quantities computed in 12D on the full 2 + 3-body PES and on the two-body PES. Energies are in cm−1,
distances are in bohrs, and angles are in degrees. Here, qe (q = r , R, θ,ϕ) denotes the internal coordinates in the equilibrium
structure, while ⟨q⟩(Δq) corresponds to the ground state. νHCl

= 2886.19 cm−1 is the stretching fundamental frequency of
the isolated HCl, computed on the PES employed.

2 + 3-body PES 2-Body PES 2 + 3-body PES 2-Body PES

De 2335.52 2050.14 νHCl
sym 2819.17 2831.41

D0 1526.83 1331.25 νHCl
asym 2835.88 2843.80

re 2.4245 2.4194 νHCl
sym—νHCl

−67.02 −54.78
Re 6.9196 7.0356 νHCl

asym—νHCl
−50.31 −42.39

ϕe 47.6534 48.52 νas 75.94 62.85
θe 90.00 90.00 νss 93.29 82.77
⟨r⟩(Δr) 2.452 (0.147) 2.450 (0.146) νoaba 169.44 140.19
⟨R⟩(ΔR) 7.040 (0.197) 7.158 (0.212) νosbb 225.55 191.84

νiab 228.55 187.29
νisb 374.3c 330.62

aFrom 9D calculation with r̄ = r̄0 .
bFrom 9D calculation with r̄ = r̄0 .
cAverage energy of the two candidate states, 373.96 and 374.72 cm−1 .
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PES. In addition, the equilibrium and also the vibrationally aver-
aged (ground state) intermonomer distances, Re and ⟨R⟩, respec-
tively, are larger on the two-body PES than on the 2 + 3-body
PES.

Regarding the trimer energetics, the two-body 12D binding
energy D0 of the HCl trimer with respect to the complete dissoci-
ation channel (HCl)3 (g.s.) → 3 HCl (g.s.), 1331.25 cm−1, is smaller
by 196 cm−1 than the D0 for the same channel on the 2 + 3-body
PES, 1526.83 cm−1.

The 12D binding energy D0 of the HCl trimer with respect to
the (HCl)3 (g.s.) → (HCl)2 (g.s.) + HCl (g.s.) channel can also be
readily calculated for both the 2 + 3-body and two-body PESs. As
mentioned above, on the 2 + 3-body PES, the 12D binding energy
of the HCl trimer in the ground state relative to that of the three
HCl (g.s.) monomers is 1526.83 cm−1, compared to 1331.25 cm−1 on
the two-body PES. On the other hand, the 6D binding energy of the
isolated HCl dimer on the ES1-EL PES10 is 425.26 cm−1. Therefore,
on the 2 + 3-body PES, the binding energy of the HCl trimer relative
to (HCl)2 (g.s.) + HCl (g.s.) is 1526.83–425.26 = 1101.57 cm−1. On
the two-body PES, for the same channel, the D0 is 1331.25–425.26
= 905.99 cm−1.

For both (HCl)3 dissociation channels above, our 12D D0
values calculated on the 2 + 3 body PES are in excellent agree-
ment with those from the DMC calculations on the same PES
and also agree well with the experimental results,42 unlike the cor-
responding 12D results obtained for the two-body PES in this
work.

It is evident from Table X that the three-body term has a large
effect on the vibrational transition energies, as well as intra- and
inter-molecular energies. On the two-body PES, with the three-
body term excluded, the energies of all intermolecular vibrational
fundamentals are significantly lower, by more than 40 cm−1 for
the in-plane bend modes, than those of their counterparts on the
2 + 3-body PES.

As mentioned in Sec. III B 1, the only experimental informa-
tion regarding the intermolecular vibrations of (HCl)3 comes from
Ref. 43. Reported there are two intermolecular vibrational transi-
tions, at 229.9 and 239.3 cm−1, measured in a Ne matrix isolation
experiment and tentatively assigned to the out-of-plane symmet-
ric bend and in-plane asymmetric bend, respectively (although the
authors of Ref. 43 do not exclude the possibility of a reverse assign-
ment). These measured values are in much better agreement with
the 12D values computed on the 2 + 3-body PES, 225.02 cm−1 for
νosb and 228.55 cm−1 for νiab, than with those for the two-body PES,
191.84 and 187.29 cm−1, respectively.

The energies of the twoHCl-stretch fundamentals of the trimer,
νHCl
sym and νHCl

asym, are lower on the 2 + 3-body PES than on the two-
body PES. This is due to the stronger hydrogen bonding and larger
frequency redshifts on the 2 + 3-body PES in comparison with
those for the two-body PES. The redshift calculated for νHCl

asym on
the 2 + 3-body PES, −50.31 cm−1, is closer to the measured39 red-
shift of −76.20 cm−1 than the value obtained for the two-body PES,
−42.39 cm−1.

One can conclude that the three-body interactions have a
strong impact on the energetics and the vibrations of the HCl
trimer, and that their inclusion is essential for achieving good agree-
ment with the experiment regarding the dissociation energies of the

FIG. 2. ⟨ϕ⟩ (top) and Δϕ (bottom) for the A′1-symmetry eigenstates of the 9D
intermolecular Hamiltonian with r̄ = 2.452 bohrs. Outlier points with large ⟨ϕ⟩ and
large Δϕ are states (partially) localized in the Z secondary minimum.

trimer and the energies of its intra- and inter-molecular vibrational
states.

C. Vibrational states localized in the secondary
minima

Vibrational states localized in the secondary minima of the PES
are expected to play an important role in the predissociation mech-
anism of the HCl trimer, as suggested by the experimental41,42 and
computational42 evidence. If the intramolecular asymmetric stretch
is excited, its vibrational energy is first transferred to the inter-
molecular modes, followed by breaking of a hydrogen bond, which
results in an open-chain configuration of the trimer. Next, the open-
chain HCl trimer dissociates via two channels, (HCl)3 → 3HCl or
(HCl)3 → HCl + (HCl)2, the latter being the dominant channel
according to Ref. 42. Motivated by this, we look for vibrational states
corresponding to an open-chain configuration, i.e., states (partially)
localized in the Z or Y secondary minimum (see Table I). We are
able to identify some states localized in the Z secondary minimum
based on the ⟨ϕk⟩(Δϕk) values and the 2D reduced probability den-
sity34 (RPD) plots along ϕ1 and ϕ2, as shown in Fig. 2. For low-lying
states localized in the global minimum, ⟨ϕk⟩ ≈ 49

○ and Δϕk is typi-
cally between 12○ and 18○, but there are some outlier states at higher
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FIG. 3. 2D reduced probability density plot (RPD) along ϕ1 and ϕ2 for three representative states of the HCl trimer: one localized in the global minimum, the other in the Z
secondary minimum, and the third delocalized between the global minimum and the Z secondary minimum. The RPD plots shown are obtained from 6D bend eigenstates.
For additional details, see the text.

energies for which ⟨ϕk⟩ is as large as 70
○ and Δϕk can be 40○. Such

outlier states are found among both 6D bending eigenstates and 9D
intermolecular eigenstates.

These states are further investigated by calculating the (ϕ1,ϕ2)
RPD plot for the 6D bending states. Let us assume that the molecule
is localized close to a structure with non-equal ϕk,0 values, that
is, ϕ1,0 ≠ ϕ2,0 ≠ ϕ3,0. In this case, the (ϕ1,ϕ2) RPD plot shows six
peaks due to permutation of the HCl monomers. The positions
of the peaks are (ϕ1,ϕ2) = (ϕ1,0,ϕ2,0), (ϕ2,0,ϕ3,0) and (ϕ3,0,ϕ1,0)
for even permutations and (ϕ1,ϕ2) = (2π − ϕ2,0, 2π − ϕ1,0), (2π
− ϕ3,0, 2π − ϕ2,0) and (2π − ϕ1,0, 2π − ϕ3,0) for odd permutations. If
ϕk,0 = ϕj,0 for j ≠ k, then certain peaks coincide. For example, for
states localized in the global minimum, all ϕk,0 are equal so there will
be only two peaks, for (ϕ1,ϕ2) = (49○, 49○) and (311○, 311○) (see
Fig. 3), corresponding to the clockwise and counter-clockwise ver-
sions, respectively. The (ϕ1,ϕ2) RPD plots of most states look like
the example in the left panel shown in Fig. 3 because they are local-
ized in the global minimum. The (ϕ1,ϕ2) RPD plot of the outlier
states mentioned before is characterized by six peaks (in the mid-
dle panel shown in Fig. 3), and the peak positions agree with the
ϕk values of the Z secondary minimum (see Table I), meaning that
these states are (mostly) localized in the Z secondary minimum. We
also find many states delocalized between the global minimum and
the Z secondary minimum. For these states, the (ϕ1,ϕ2) RPD plots
also exhibit six peaks, but the peaks corresponding to (50○, 50○)
and (310○, 310○) are larger than the other four because these are
present for states localized in the global minimum and also for states
localized in the Z secondary minimum (in the right panel shown in
Fig. 3).

Table XI presents the lowest-energy intermolecular vibrational
states localized in the Z secondary minimum. These nearly degen-
erate states most likely belong to the sixfold split ground state of
the Z secondary minimum (note that there are six equivalent Z
minima on the PES). Their energies are obtained from the 9D
rigid-monomer intermolecular calculation with r̄ = 2.452 bohrs and
are assigned to the Z minimum based on the ⟨ϕk⟩ ≈ and Δϕk val-
ues. It should be noted that these values are not as accurate as

TABLE XI. Six-fold split intermolecular vibrational ground state of the Z secondary
minimum from the 9D rigid-monomer calculations with r̄ = 2.452 bohrs. The ΔE
energies, measured from the ZPE corresponding to the global minimum, are in cm−1.

ΔE Irrep ⟨ϕ1⟩(Δϕ1) ⟨ϕ2⟩(Δϕ2) ⟨ϕ3⟩(Δϕ3) (Δθ1,Δθ3,Δθ3)

546.87 A′1 73.0 (46.3) 73.2 (46.4) 73.2 (46.4) (18.8, 18.3, 18.3)
546.84 E′a 84.7 (48.6) 78.5 (48.0) 78.5 (48.0) (20.2, 17.7, 17.7)
546.84 E′b 61.9 (41.2) 68.6 (44.5) 68.6 (44.5) (17.4, 18.8, 18.8)
546.94 E′a 60.2 (40.1) 70.2 (45.3) 70.2 (45.3) (17.3, 18.0, 18.0)
546.94 E′b 86.7 (48.6) 77.6 (47.9) 77.6 (47.9) (20.2, 18.3, 18.3)
546.96 A′2 73.0 (46.2) 73.3 (46.4) 73.3 (46.4) (18.7, 18.2, 18.2)

those for the states in the global minimum reported in this paper
because the PES employed46 was developed to accurately describe
the region around the global minimum and it is less reliable around
the secondary minima,49 and for this reason, we have not performed
extensive convergence tests for these states. A more detailed explo-
ration of them may be warranted in the future once a detailed and
reliable trimer PES in the neighborhood of the local minima is
available.

IV. CONCLUSIONS
In this paper, we present the first rigorous full-dimensional

(12D) quantum calculations of the fully coupled intra- and inter-
molecular vibrational states of the HCl trimer. We recently intro-
duced the computational methodology employed in these calcula-
tions in Ref. 35, where it was implemented for the 12D calcula-
tions of the HF-stretch excited vibrational states of the HF trimer.
The calculations in this work utilize the 12D PES of Mancini and
Bowman.46

When HCl monomers are in their ground intramolecular
vibrational states, the energies of the low-lying intermolecular vibra-
tional states of the trimer considered, obtained by the 12D (flexible-
monomer) calculations, agree to within 2 cm−1 with those from the
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rigid-monomer 9D calculations of the intermolecular eigenstates.
However, it should be noted that the fixed HCl bond length used in
the 9D calculations corresponds to the (trimer-adapted) expectation
value for the ground state of the trimer from the 3D intramolecu-
lar vibrational calculation, which partially includes the effect of the
trimer hydrogen bonding.

This paper also reports the 12D energies of the v = 1, 2 HCl-
stretch excited intramolecular vibrational states, together with the
intermolecular vibrational states in the excited v = 1 νHCl

sym and
νHCl
asym intramolecular vibrational manifolds. Comparison of the 12D
results with those from the 3D intramolecular vibrational calcula-
tions shows that the 3D values of νHCl

sym and νHCl
asym fundamentals are

only ≈7 cm−1 (less than 0.3%) lower than the respective 12D val-
ues. This can be taken to imply a weak coupling between the excited
intra- and inter-molecular vibrational modes of the HCl trimer.
However, it should be remembered that the potential employed in
the 3D intramolecular vibrational calculations is trimer-adaped, i.e.,
it incorporates key information from the sophisticated 9D inter-
molecular vibrational calculations. Therefore, it includes, to a sig-
nificant degree, the effect of the intermonomer interactions on the
intramonomer vibrations.

One measure of the strength of the coupling between the inter-
and intra-molecular vibrational modes of the trimer is how the inter-
molecular vibrational energies change upon the excitation of the
intramolecular vibrational modes. Our 12D calculations show that
the excitation energies of all intermolecular modes considered are
higher in both v = 1 HCl-stretch excited intramolecular manifolds,
by 4–13 cm−1, than in the ground intramolecular vibrational state.
The same effect was found for the HF trimer.35

Our 12D quantum calculations yield for the HCl trimer vibra-
tional states, νHCl

sym and νHCl
asym, the frequency shifts (redshifts) of −67.02

and −50.31 cm−1, respectively. The latter is somewhat smaller than
the measured redshift of −76.20 cm−1.39 While appreciable, these
(HCl)3 redshifts are considerably smaller than those calculated by
us in 12D for the νHF

sym and νHF
asym fundamentals of the HF trimer,35

−280.43 and −216.78 cm−1, respectively. Clearly, this is the result of
the much stronger hydrogen bonding in the HF trimer than in the
HCl trimer.

Molecular trimers provide a unique opportunity for quantify-
ing the importance of the three-body interactions. In this work, we
do it by comparing the results of the 12D calculations for the full
2 + 3-body PES46 to those computed on the purely two-body PES
obtained by removing the three-body term from the original PES.
This comparison reveals that the absence of the three-body inter-
action affects strongly the energetics and the vibrational energies
of the HCl trimer. Thus, the 12D binding energies D0 of the HCl
trimer with respect to the dissociation channels, (HCl)3 (g.s.) → 3
HCl (g.s.) and (HCl)3 (g.s.) → (HCl)2 (g.s.) + HCl (g.s.), are about
200 cm−1 higher on the 2 + 3 body PES than on the two-body PES.
In addition, the 2 + 3-body D0 values agree much better with the
experimental results46 than the corresponding 12D results obtained
for the two-body PES in this work.

The three-body term, or its absence, also has a large effect on
the intra- and inter-molecular vibrational energies of the trimer.
Thus, on the two-body PES, with the three-body term excluded, the
energies of all intermolecular vibrational fundamentals are signifi-
cantly lower, by more than 40 cm−1 for the in-plane bend modes,

than those of their counterparts on the 2 + 3-body PES. Impor-
tantly, the energies of the νosb and νiab intermolecular fundamentals
calculated in 12D on the 2 + 3-body PES agree much better with
the results of the measurements for (HCl)3 in a Ne matrix43 than
the values computed on the two-body PES. For the two HCl-stretch
fundamentals of the trimer, νHCl

sym and νHCl
asym, the energies calculated in

12D are lower on the 2 + 3-body PES than on the two-body PES due
to stronger hydrogen bonding and larger frequency redshifts on the
former PES.

The conclusion is that the three-body interactions strongly
affect the energetics and the vibrations of the HCl trimer.
Their inclusion is essential for an accurate description of the
trimer properties and for achieving good agreement with the
experiment.

Finally, low-energy vibrational states localized in a secondary
minimum are identified, based on the expectation values and the rms
deviations of suitably chosen coordinates and the RPD plots along
them.

The 12D calculations for the HCl trimer in this paper, together
with those in 12D for the HF trimer in Ref. 35, demonstrate
the maturity of the methodology for rigorous, full-dimensional
quantum calculations of the coupled intra- and inter-molecular
vibrational states of noncovalently bound trimers of flexible
diatomic molecules. It is our hope that these advances will moti-
vate further experimental studies of these and other molecular
trimers, for which scant spectroscopic data are currently available.
Work is in progress in our group on extending this treat-
ment to the 12D quantum calculations of the intermolecular
vibration–rotation-tunneling states of the H2O trimer in the rigid-
monomer approximation.

SUPPLEMENTARY MATERIAL

See the supplementary material for the convergence tests and
additional results for the eigenstates of the 3D ĤF , 6D ĤB, 9D Ĥinter,
3D Ĥintra, and 12D Ĥ.
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dimensional bound state calculations for (HF)2, (DF)2, andHFDF,” J. Chem. Phys.
102, 2315 (1995).
7Q. Wu, D. H. Zhang, and J. Z. H. Zhang, “6D quantum calculation of energy
levels of HF stretching excited (HF)2,” J. Chem. Phys. 103, 2548 (1995).
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34P. M. Felker and Z. Bačić, “Intermolecular vibrational states of HF trimer from
rigorous nine-dimensional quantum calculations: Strong coupling between inter-
molecular bending and stretching vibrations and the importance of the three-body
interactions,” J. Chem. Phys. 157, 194103 (2022).
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