Mathematische Annalen

https://doi.org/10.1007/500208-023-02758-9 Mathematische Annalen
)]

Check for
updates

Stable phase retrieval in function spaces

D. Freeman' - T. Oikhberg?® - B. Pineau? - M. A. Taylor?

Received: 13 February 2023 / Revised: 15 October 2023 / Accepted: 18 October 2023
© The Author(s), under exclusive licence to Springer-Verlag GmbH Germany, part of Springer Nature 2023

Abstract

Let (2, X, ) be a measure space, and 1 < p < oo. A subspace E C L, (i) is said
to do stable phase retrieval (SPR) if there exists a constant C > 1 such that for any
f, 8 € E we have

|i1\1:f1 If —Agll = ClLfI— 1]l 0.1

In this case, if | f| is known, then f is uniquely determined up to an unavoidable
global phase factor A; moreover, the phase recovery map is C-Lipschitz. Phase retrieval
appears in several applied circumstances, ranging from crystallography to quantum
mechanics. In this article, we construct various subspaces doing stable phase retrieval,
and make connections with A (p)-set theory. Moreover, we set the foundations for an
analysis of stable phase retrieval in general function spaces. This, in particular, allows
us to show that Holder stable phase retrieval implies stable phase retrieval, improving
the stability bounds in a recent article of M. Christ and the third and fourth authors.
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We also characterize those compact Hausdorff spaces K such that C(K) contains an
infinite dimensional SPR subspace.

Mathematics Subject Classification 46B42 - 43A46 - 42C15

Contents

I Introduction . . . . . . .. .. ...
1.1 Motivation and applications . . . . . . . . . . ...
1.2 Anoverviewof theresults . . . . .. ... ... L L

2 Preliminari€s . . . . . . . ...
2.1 The Kadec—Pelczynski dichotomy . . . . . . . ... ... .. ... . ...
2.2 Complex Banach lattices . . . . . . . . . ... ...

3 General theory . . . . . . . . L
3.1 Connections with almost disjoint pairs and sequences . . . . . . . . . .. .. ... .. .....
3.2 Holder stable phase retrieval and witnessing failure of SPR on orthogonal vectors . . . . . . . .

4 Examples . . . ..o
4.1 Building SPR subspaces via isometric theory . . . . . . . . . ... ... Lo
4.2 Existence of SPR embeddings into sequence spaces . . . . . . . .. ... ...
4.3 Explicit constructions of SPR subspaces using random variables . . . .. ... ... ... ...

S SPRIN Lp-Spaces . . . . . . .o
6 C(K)-spaces with SPRsubspaces . . . . . . ... ... ... .. ...
7 Openproblems . . . . . ...
References . . . . . . . . . . . e

1 Introduction

There are many situations in mathematics, science, and engineering where the goal
is to recover some vector f from |Tf|, where T is a linear transformation into a
function space. Note that if |A| = 1 then it is impossible to distinguish f and A f in
this way. The linear transformation 7 is said to do phase retrieval if this ambiguity
is the only obstruction to recovering f. That is, given a vector space H and function
space X, a linear operator 7 : H — X does phase retrieval if whenever f,g € H
satisfy |Tf| = |Tg| then f = Ag for some scalar A with |A| = 1. Phase retrieval
naturally arises in situations where one is only able to obtain the magnitude of linear
measurements, and not the phase. Notable examples in physics and engineering which
require phase retrieval include X-ray crystallography, electron microscopy, quantum
state tomography, and cepstrum analysis in speech recognition. The study of phase
retrieval in mathematical physics dates back to at least 1933 when in his seminal
work Die allgemeinen Prinzipien der Wellenmechanik [65] W. Pauli asked whether
a wave function is uniquely determined by the probability densities of position and
momentum. In other words, Pauli asked whether | f| and |f| determine f € Lr(R)
up to multiplication by a unimodular scalar. The mathematics of phase retrieval has
since grown to be an important and well-studied topic in applied harmonic analysis.
As any application of phase retrieval would involve error, it is of fundamental
importance that the recovery of f from |T f| not only be possible, but also be stable.
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Stable phase retrieval in function spaces

We say that 7' does stable phase retrieval if the recovery (up to a unimodular scalar) of
f from |T f| is Lipschitz. If X is finite dimensional, then T does phase retrieval if and
only if it does stable phase retrieval [12, 22]. However, if X is infinite dimensional and
T is the analysis operator of a frame or a continuous frame, then 7 cannot do stable
phase retrieval [2, 23]. Here, a collection of vectors (Y );cq € H is a continuous frame
of a Hilbert space H over a measure space (2, X, p) if the map f +— ((f, ¥1))ieq
is an embedding of H into Ly(i). One of the main goals of this paper is to use the
theory of subspaces of Banach lattices to present a unifying framework for stable phase
retrieval which encompasses the previously studied cases and allows for stable phase
retrieval in infinite dimensions.

Let X = L (), or, more generally, a Banach lattice. Let E C X be a subspace.
We say that E does phase retrieval as a subspace of X if whenever | f| = |g| for some
f,8 € E we have that f = Ag for some scalar A with |[A| = 1. Given a constant
C > 0, we say that E does C-stable phase retrieval as a subspace of X if

inf If —2gl < C[IfI = lgl| forall f. ¢ < E. (1.1

We may define an equivalence relation ~ on E by f ~ g if f = Lg for some scalar A
with |A| = 1. Then, E does phase retrieval as a subspace of X if and only if the map
f = |f| from E/~ to X is injective. Furthermore, E does C-stable phase retrieval
as a subspace of X if and only if the map f +— |f| from E/~ to X is injective and
the inverse is C-Lipschitz. By introducing stable phase retrieval into the setting of
Banach lattices, we are able to apply established methods from the subject to attack
problems in phase retrieval, and conversely we hope that the ideas and questions in
phase retrieval will inspire a new avenue of research in the theory of Banach lattices.
Before starting the meat of the paper, we present some additional motivation, give an
outline of our major results, and state some of the important ideas and theorems from
Banach lattices which we will be applying. We conclude the paper by listing many
open questions concerning stable phase retrieval in this new setting.

1.1 Motivation and applications

The inequality (1.1) arises in various circumstances. For instance, in crystallography
and optics, one seeks to recover an unknown function F € L>(R%) from the absolute
value of its Fourier transform F. If one also seeks stability, this translates into an
inequality of the form

inf IF =Gz, < CIIIF| = |Gll|L,. (12)

which one would want to be valid for F, G ina subspace E C L, (R¢) which incorpo-
rates the additional constraints F', G are known to satisfy. Using Plancherel’s theorem
to write |FF — AGll, = ||f — k§||L2, one sees that the inequality (1.2) reduces to
(1.1), up to passing to Fourier space and making the change of notation f = F and
g = G. We refer the reader to the surveys [42, 47] and references therein for a fur-
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ther explanation of the importance of phase retrieval in optics, crystallography, and
other areas. In particular, these articles explains why, in practice, physical experiments
are often able to measure the magnitude of the Fourier transform, but are unable to
measure the phase.

A second scenario where phase retrieval appears is quantum mechanics. In this case,
one wants to identify situations where | /| and |f| determine f € L;(R) uniquely. As
already mentioned, Pauli asked whether this could true for all f € L,(R). However,
a counterexample to this conjecture was given in 1944: There exists f, g € La(R)
such that | f| = |g| and |f| = |g] but f is not a multiple of g. This leads to the natural
question of whether one can build “large" subspaces G C L (R) for which | f| and |f|
determine f € G € Ly(R) uniquely. By passing to the phase space L2(R) x L(R),
we see that G has the above property if and only if E := {(f, f) : f € G} does phase
retrieval as a subspace of Ly (R) x L>(R), i.e., knowing &, k € E and |h| = |k| implies
h is a unimodular multiple of k. This also naturally leads to the question of stability
of Pauli phase retrieval, by requiring (1.1) hold on E. In this case, using Plancherel’s
theorem to return to G, (1.1) on E translates into the inequality

Milll:fl If = 2gllL, < C(I1F1—18ll, + I1F1 = 18llL,) for f.g € G. (1.3)

For a non-exhaustive collection of results on Pauli phase retrieval and its generaliza-
tions, see [8, 42, 49, 50] and references therein. To our knowledge, the question of
stability in the Pauli Problem is essentially unexplored. However, the results presented
here in conjunction with [28] give a relatively large class of subspaces of L (R?) sat-
isfying (1.3).

Finally, we mention that phase retrieval has grown to become an exciting and
important topic of research in frame theory [12—14, 18, 27, 34, 42]. A frame for a
separable Hilbert space H is a sequence of vectors (¢;) jes in H such that there exists
uniform bounds A, B > 0 so that

AlFIP <D Kf o)1 < BIFIP forall f e H. (1.4)

jeJ

The analysis operator of a frame (¢;) jey of H is the map © : H — £>(J) given by
O(f) = ((f, ¢;)) jes. Note that the uniform upper bound B in the frame inequality
(1.4) guarantees that ® : H — {>(J) is bounded, and the uniform lower bound A
gives that ® is an embgdding of H into £2(D' Given a frame (¢;) jey of H, the
canonical dual frame (¢;)jey is defined by ¢; = (@*@)_1¢j for all j € J and
satisfies

F=)Af )b =) (f. 0;)¢; forall feH. (15)
jeJ jeJ

Frames have many applications and play a fundamental role in signal processing
and applied harmonic analysis. One important reason for this is that the analysis
operator ® is an embedding of H into ¢,(J), which allows for the application of
filters, thresholding, and other signal processing techniques. Another reason is that
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(1.5) gives a linear, stable, and unconditional reconstruction formula for a vector in
terms of the frame coefficients.

A frame (¢;)jecy is said to do phase retrieval if whenever f,g¢ € H and
S, @)D jes = (I{g, #j)]) jes, there exists a unimodular scalar A such that f = Ag.
A frame is said to do stable phase retrieval if there exists a constant C > 1 such that
forall f,g € H,

\)i\?=fl If =2gllm = ClOI =10 e)- (1.6)

Using the fact that the analysis operator ® : H — £,(J) is an embedding, we see that a
frame does stable phase retrieval if and only if the subspace ® (H) < £,(J) does stable
phase retrieval in the sense of (1.1). In finite dimensions, phase retrieval for frames is
automatically stable. However, in infinite dimensions, it is necessarily unstable. As we
will see, this is due to the fact that the ambient Hilbert lattice £, (J) is atomic, whereas
the construction of SPR subspaces from [24] is done in the non-atomic lattice L, (R).
For further investigations on the instability of phase retrieval for frames—including
generalizations to continuous frames and frames in Banach spaces—see [2, 23].

As mentioned previously, phase retrieval problems arise in applications when con-
sidering an operator 7 : H — X, which embeds a Hilbert space H into a function
space X. In particular, the inequality (1.2) arises by taking 7" to be the Fourier trans-
form, and (1.6) arises by taking T to be the analysis operator of a frame. A particularly
important choice for 7' is the Gabor transform (see [3, 44] for recent advances in Gabor
phase retrieval). As should now be evident, the question of stability for each of these
phase retrieval problems can be translated into a special case of (1.1), by taking
E:=T(H).

1.2 An overview of the results

The examples from Sect.1.1 show that the inequality (1.1) unifies various phase
retrieval problems. However, as mentioned previously, phase retrieval for frames is
unstable in infinite dimensions, and it was only recently that the first examples of
infinite dimensional SPR subspaces of real L, () spaces were constructed [24]. The
purpose of this article is twofold. First, we construct numerous examples of subspaces
of L, (u) doing stable phase retrieval. For this, we use various isometric Banach space
techniques, modifications of the “almost disjointness" methods in classical Banach lat-
tice theory, random constructions, and analogues of some constructions from harmonic
analysis. Secondly, we prove several structural results about SPR subspaces of L , (i),
and even general Banach lattices. Notably, both the characterization of real SPR in
terms of almost disjoint pairs (Theorem 3.4), as well as the equivalence of SPR and its
Holder analogue (Corollary 3.12) hold for all Banach lattices. Our results also extend
those in the recent article [28], which uses orthogonality and combinatorial arguments
akin to Rudin’s work [68] on A (p)-sets to produce examples of subspaces of (real or
complex) L (1) doing Holder stable phase retrieval.

We now briefly overview the paper. In Sect.2, we recall some basic terminology
and results from Banach lattice theory in order to make the paper accessible to a
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wider audience. Most notably, in Sect.2.1 we collect basic facts related to the Kadec—
Pelczynski dichotomy. Such results give structural information about closed subspaces
of Banach lattices that are dispersed, i.e., that do not contain normalized almost disjoint
sequences. As we will show in Theorem 3.4, a subspace of a (real) Banach lattice does
stable phase retrieval if and only if it does not contain normalized almost disjoint
pairs. In Theorem 2.1, we collect various facts about dispersed subspaces; finding
SPR analogues of these results will occupy much of the paper. In particular, although
SPR is much stronger than being dispersed, in Theorem 5.1 we will show that every
closed infinite dimensional dispersed subspace of an order continuous Banach lattice
contains a further closed infinite dimensional subspace doing SPR. The preliminary
section finishes with Sect. 2.2, which recalls basic facts about complex Banach lattices.

Section 3 collects various results on stable phase retrieval that hold for general
Banach lattices. In particular, in Sect.3.1 we make the aforementioned connection
between stable phase retrieval and almost disjoint pairs (see Theorem 3.4). In Sect. 3.2,
we show that if the phase recovery map is Holder continuous on the ball, then it is
Lipschitz continuous on the whole space (Corollary 3.12). This follows from The-
orem 3.10, which shows that failure of stable phase retrieval can be witnessed by
“well-separated" vectors. The equivalence between stable phase retrieval and Holder
stable phase retrieval allows us to improve some results from [28], yielding the first
examples of infinite dimensional closed subspaces of complex L»(w) doing stable
phase retrieval.

In Sect. 4, we build infinite dimensional SPR subspaces using a variety of different
techniques. In particular, we prove in Corollary 4.8 an analogue of statement (iii) of
Theorem 2.1; namely, that for every dispersed subspace E C L,[0, 1] (1 < p < 00),
we can build a closed subspace E” € L [0, 1]isomorphic to £, and doing stable phase
retrieval. Moreover, for p < 2 and ¢ € (p, 2], we will show that any closed subspace
of L,(u) isometric to Ly (u) does SPR in L, (u), see Proposition 4.1. Regarding
sequence spaces, in Sect.4.2 we show that £, embeds into itself in an SPR way,
while no infinite dimensional subspace of £, does SPR when 1 < p < oco. Sect.4.3
constructs SPR subspaces of rearrangement invariant spaces using random variables.
This, in particular, tells us that subspaces spanned by iid Gaussian and g-stable random
variables will do SPR in a variety of spaces, including all L ,-spaces in which they can
be found. Here, we recall that “iid” stands for “independent and identically distributed”,
and by a sequence of iid Gaussians we mean a sequence of independent random
variables all of which have standard normal distribution (see [24] for more precise
definitions as well as other applications of iid vectors to phase retrieval). Finally,
Sect. 4.4 provides some basic stability properties of SPR subspaces.

Section 5 contains a study of the structure of SPR subspaces of L (), for a finite
measure 1. We begin with the aforementioned Theorem 5.1, which is applicable for
general order continuous Banach lattices, but for which much of the proof occurs in
L1(w). Indeed, we will show that the generalization to order continuous Banach lattices
follows from the result in L (w) by arguing via the Kadec—Pelczynski dichotomy.

Note that from the classical results in Theorem 2.1 (a)-(d) it follows that if E is
dispersedin L ,(1) and 1 < ¢ < p < oo, then E may be viewed as a closed subspace
of Ly(w), and it is dispersed in L, (). In Theorem 5.3 we show thatif 2 < p < oo,
there are closed subspaces E C L, () which do SPR (and hence are dispersed in
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Ly(n) forall 1 < g < p), but fail to do SPR when viewed as a closed subspace
of Ly(u) forall 1 < g < p. However, by Theorem 5.6, if p < 2, then any SPR
subspace E C L, () also does SPR when viewed as a closed subspace of L, (u) for
any 1 < g < p. Whether there is an SPR analogue of statement (v) of Theorem 2.1
remains an open problem.

Section 6 is devoted to the study of infinite dimensional SPR subspaces of C(K).
The main result is Theorem 6.1 which states that for a compact Hausdorff space K,
the space C (K) of continuous functions over K admits a (closed) infinite dimensional
SPR subspace if and only if the Cantor-Bendixson derivative K’ of K is infinite. The
paper finishes with Sect. 7, which discusses various avenues for further research.

2 Preliminaries

As many of our results hold in the generality of Banach lattices, we briefly summarize
some of the standard notations and conventions from this theory. For the most part, our
conventions align with the Refs. [7, 61]. Moreover, the statements of our results require
minimal knowledge of Banach lattices to understand; it is simply the proofs that use
the technology and terminology from this theory. Unless otherwise mentioned, all
L ,-spaces, C(K)-spaces and Banach lattices are real. When a result is applicable for
complex scalars, we will explicitly state this. The word “subspace” is to be interpreted
in the vector space sense. If a result requires the subspace to be closed or (in)finite
dimensional, we will state this.

Recall that a vector lattice is a vector space, equipped with a compatible lattice-
ordering (see [7] for a precise definition). For a vector lattice X, the positive cone of
X is denoted by Xy := {f € X : f > 0}. The infimum of f, g € X is denoted
by f A g, and the supremum is denoted by f Vv g. The modulus of f is defined as
|fl:= f Vv (—f),and elements f, g € X are said to be disjoint if | f| A |g] = 0. A
weak unit is an element e € X for which | f| A e = 0 implies f = 0. For a net (fy)
in X, the notation f,, | 0 means that f,, is decreasing and has infimum 0. A subspace
E C X is a sublattice if it is closed under finite lattice operations; it is an ideal if
f € Eand|g| <|f|implies g € E.

A Banach lattice is a Banach space which is also a vector lattice, and for which one
has the compatibility condition || /|| < ||g|l whenever | f| < |g|. Note that the SPR
inequality (1.1) remains well-defined when L , (1) is replaced by an arbitrary Banach
lattice. As we will see, several of our results on SPR are also valid in this level of
generality. Common examples of Banach lattices include L ,-spaces, C(K)-spaces,
Orlicz spaces, and various sequence spaces. In this case, the ordering is pointwise, i.e.,
f < gmeans f(t) < g(¢) for all (or almost all in the case of measurable functions) ¢
in the domain of f and g.

A Banach lattice X is order continuous if for each net ( f) satisfying f, | 0 we

have fy M 0. L »-spaces are order continuous for 1 < p < oo, but C(K)-spaces

are not (unless they are finite dimensional). To transfer results from L () to more
general Banach lattices, we will make use of the AL-representation procedure. For
this, let X be an order continuous Banach lattice with a weak unit e. It is known that X
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can be represented as an order and norm dense ideal in L (x) for some finite measure
w. That is, there is a vector lattice isomorphism 7 : X — L (u) such that RangeT is
an order and norm dense ideal in L (). Note that T need not be a norm isomorphism,
though 7" may be chosen to be continuous with 7e = 1. Moreover, RangeT contains
Loo(p) as a norm and order dense ideal. It is common to identify X with RangeT
and view X as an ideal of L;(u). Such an inclusion of X into L(u) is called an
AL-representation of X. We refer to [61, Theorem 1.b.14] or [39, Section 4] for details
on AL-representations.

2.1 The Kadec-Pelczynski dichotomy

Here, we briefly recap the literature on subspaces which do not contain almost disjoint
normalized sequences. Recall that a sequence (x,) in a Banach lattice X is said to
be a normalized almost disjoint sequence if ||x,||x = 1 for all n, and there exists a
disjoint sequence (d,) in X such that ||x,, — d,||x — 0. Following [15, 40, 41], a
closed subspace of a Banach lattice that fails to contain normalized almost disjoint
sequences will be called dispersed. The classical Kadec—Pelczynski dichotomy (c.f.
[61, Proposition 1.c.8]) states that for a subspace E of an order continuous Banach
lattice X with weak unit, either

(i) E fails to be dispersed, i.e., E contains an almost disjoint normalized sequence,
or,
(i) E is isomorphic to a closed subspace of L1(£2, X, u).

As we will see in Theorem 3.4, for real scalars, a subspace does stable phase retrieval
if and only if it does not contain normalized almost disjoint pairs. Hence, the Kadec—
Pelczynski dichotomy will provide a tool to analyze such subspaces.

In L,(n) for 1 < p < oo and a probability measure p, the Kadec—Pelczynski
dichotomy can be improved. Indeed, we summarize the literature in the following
theorem.

Theorem 2.1 Let 1 < p < 0o and w be a probability measure. For a closed subspace
E of L, (1), the following are equivalent:

(a) E isdispersed, i.e., E contains no almost disjoint normalized sequences;

(b) There exists 0 < q < p suchthat || - L, ~ |l -z, on E;

© Forall0<q <p, |-l ~ |-, onE;

(d) E is strongly embedded in L,(u), i.e., convergence in measure coincides with
norm convergence on E.

Moreover,

(i) For p # 2, a closed subspace of L [0, 1] is dispersed if and only if it contains
no subspace isomorphic to £ .
(ii) For p > 2, a closed subspace of L [0, 1] is dispersed if and only if it is isomor-
phic to a Hilbert space.
(iii) For p < 2 and any q € (p, 2], there is a closed subspace of L |0, 1] which is
both dispersed and isometric to L0, 1].
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(iv) For p # 2, L,[0, 1] cannot be written as the direct sum of two dispersed
subspaces.

(v) There exists an orthogonal decomposition L;[0, 1] = E® E L with both E and
E*+ dispersed in L»[0, 1].

Proof The equivalence of (b), (¢) and (d) is [4, Proposition 6.4.5]. Other than the
isometric portion of statement (iii), the rest of the statements are neatly summarized
in [40, Propositions 3.4 and 3.5], with references to various textbooks for proofs. An
isometric embedding of L,[0, 1]into L [0, 1]forg € (p, 2) is givenin [61, Corollary
2.£.5]. An isometric embedding of £> into L,[0, 1] for 1 < p < oo is given in [4,
Proposition 6.4.12]. O

Remark 2.2 One of the goals of this article is to find SPR analogues of the results in
Theorem 2.1. However, we should mention that the connection between Theorem 2.1
and SPR has already been implicitly made in [28]. Recall that a subset A € Z is called
a A(p)-set if the closed subspace generated by the set of exponentials {¢>7* : n €
A} C L, (T) satisfies the equivalent conditions in Theorem 2.1. Such sets have been
deeply studied [9, 20, 69], and have many interesting properties. For example, Rudin
[68] showed that for all integers n > 1, there are A(2n)-sets that are not A(qg)-sets
for every g > 2n. Moreover, Bourgain [19] extended Rudin’s theorem to all p > 2.
On the other hand, when p < 2, and A is A(p), then it is automatically A(p + €)
for some & > 0 [11, 45]. Since |¢>"*| = 1, complex exponentials cannot do stable
phase retrieval. However, by replacing e*™"* by sin(27nx) or other trigonometric
polynomials with non-constant moduli, [28] is able to use combinatorial arguments
in the spirit of Rudin to produce SPR subspaces of L ,(w) when the dilation set A is
sufficiently sparse.

2.2 Complex Banach lattices

Complex Banach lattices are defined as complexifications of real Banach lattices, and
in the case of complex function spaces like C(K') and L , (1), agree with the standard
definition. More precisely, by a complex Banach lattice we mean the complexification
Xc = X @ iX of areal Banach lattice, X, endowed with the norm |x + iy|lx. =

Illx 4+ iy||lx, where the modulus | - | : X¢ — X is the mapping given by
|x +iy| = sup {xcos6 + ysinf}, forx +iy € Xc. 2.1
0el0,2n]

We referto [1, Section 3.2] and [70, Section 2.11] for a proof that the modulus function
is well-defined, and behaves as expected.

With the above definition, one can define complex sublattices, complex ideals, etc.
However, we will not need this. We do, however, note that if 7 : X — Y is a real
linear operator between real Banach lattices, then we may define the complexification
Tc : Xc — Yo of T viaTe(x +iy) = Tx 4+ iTy. The map T¢ is C-linear, bounded,
and if T is a lattice homomorphism then T¢ preserves moduli, i.e., T|z| = |T¢z| for
z € Xc. When we work with complex Banach lattices X¢, we will use these facts
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to identify X¢ as a space of measurable functions on some measure space, and then
work pointwise. How to do this will be explained later in the paper.

3 General theory

In this section, we present several results on (stable) phase retrieval that are valid in
general Banach lattices. We begin with the definitions:

Definition 3.1 Let E be a subspace of a vector lattice X. We say that E does phase
retrieval if for each f, g € E with | f| = |g| there is a scalar A such that f = Ag.

Definition 3.2 Let E be a subspace of a real or complex Banach lattice X. We say that
E does C-stable phase retrieval if for each f, g € E we have

|i1\1=f1 If =2gll < ClLfT =gl (3.D

If E does C-stable phase retrieval for some C, we simply say that E does stable phase
retrieval (SPR for short).

Note that if a subspace E of a real or complex Banach lattice X does C-stable phase
retrieval, then so does its closure.

3.1 Connections with almost disjoint pairs and sequences

When considering whether asubspace E € X does phase retrieval, there is one obvious
obstruction. If f, g € E are non-zero disjoint vectors, then |f — g| = |f + g| =
|f1+1gl, but f — g cannot be a multiple of f + g. Hence, if E is to do phase retrieval,
then it cannot contain disjoint pairs. Similarly, if £ is to do stable phase retrieval, then
it cannot contain “almost” disjoint pairs. As we will now see, in the real case, these
are the only obstructions to (stable) phase retrieval.

Definition 3.3 Let E be a subspace of a real or complex Banach lattice X. We say that
E contains e-almost disjoint pairs if there are f, g € Sg (here and below, Sg = {e €
E : |le|]| = 1} stands for the unit sphere of E) such that ||| f| A |g]|| < e. If E contains
e-almost disjoint pairs for all € > 0, we say that E contains almost disjoint pairs.
Theorem 3.4 Let E be a subspace of a Banach lattice X, C > 1 and ¢ > 0. Then,

(i) If E does C-stable phase retrieval, then it contains no %-almost disjoint pairs;
(i) If E contains no e-almost disjoint pairs, then it does %-stable phase retrieval.

In particular, E does stable phase retrieval if and only if it does not contain almost

disjoint pairs.

Proof (i): Suppose that E does C-stable phase retrieval, but there are f, g € E such
that || 1| = [lg]l = 1 but [[[ /| Alglll < & Define hy = f +gand hy = f — g. Then
since the identity

If el =1f —gll =211 AlgD
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holds in any vector lattice by [7, Theorem 1.7], we have

2
Harl = th2ll = 2UF I~ T8l < =

On the other hand, 71 + hp = 2 f has norm 2, and &} — hy = 2g also has norm 2.
This contradicts that E does C-stable phase retrieval.

(i1): A classical Banach lattice fact (see, e.g., [10, Remark after Lemma 3.3]) is that
every Banach lattice embeds lattice isometrically into some space of the form

<@L1(9,~, &w)) :

iel

Since both stable phase retrieval and existence of almost disjoint pairs are invariant
under passing to and from closed sublattices, we may assume without loss of generality
that X is of this form.

Suppose E does not do %-stable phase retrieval. Find f = (f;), g = (gi) € E such

that || f — gll, ILf + gl > 2111/ — Iglll. For each i € I let
I; = {t € Q; :sign (f;(¢)) = sign (g;(t)), orone of f;(¢), gi(¢) is zero}.
Then
I7 = Qi\I; = {t € Q; :sign (fi(1)) = —sign (i (1))}.
We compute that
IfI =gl = (fil = 8iDier = (fiyr,| = 18115, Dier + (1fiypel = 18iyre Dier-

So, since the modulus is additive on disjoint vectors,

A1 =181 = (1 fiyg) = 180181 )i + (1 foppel = Mgiprel]) s

Now, by definition of /; we have

(I fiyr | = g Dier = (1 fiyr, — 8i,

)ieI

and

(1 fizel = 18ie ) ier = (ire + gD
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Notice next that d; = (fi\lf — g,~|1ic),-61 and dy = (f,'|1i + iy )ier are disjoint.
Moreover,

If =& — fipge = 8ipedier | = iy, — giygdier = | ([1fir ] = |
< Il =gl < %nf — gl

111 )ies |

Similarly,

I+ 8= (fiyn + &ipdierll = 1(fiyre + 8ippedier | = ||(||fi|1;'| - |gi|1;‘||),~61”

&
= AT =lglllh < 1L+ gll-

By assumption, we have that both f + g and f — g are non-zero. Hence, by [7,
Lemma 1.4], and the fact that |d{| A |d2| = O we have

- —g—d d
| f g|A|f+g|<|f g 1|/\If+g|Jr |d1 | AIergI

If—el IIf+gll = If—gll If+elIf =gl IIf+el
_Mf—g—dil 1f+sl ld1] If +¢—do
A A :
ILf—ell If+ell - If =gl If+zl

It follows that

H lf =8l 1f+él H<||f—g—d1||+||f+g—dzll
If—ell I|f+g|| If— el I/ +zl

Thus, we have constructed normalized e-almost disjoint vectors and —2-

. Hf+g||
in E.

Hf g\l

Remark 3.5 After this paper was complete, Bilokopytov [16] contacted us with a
streamlined proof of Theorem 3.4, which also avoids the extra constant 2. We expect
the proof to be published independently.

Remark 3.6 Implication (i) of Theorem 3.4 holds when the Banach lattice X is replaced
by any vector lattice equipped with an absolute norm. Here, a norm on a vector lattice
X is absolute if ||| f]|| = || f|l for all f € X; see [17, 56, 66] for more information.
The proof of Theorem 3.4 also shows that a subspace of a Banach lattice does phase
retrieval if and only if it does not contain disjoint non-zero vectors. A compactness
argument then yields that in finite dimensions, phase retrieval implies stable phase
retrieval. Indeed, consider the map Sg x Sg — R, (f, g) — |I|f] A |g|ll- Then this
map is continuous, so its image is compact, which allows one to conclude that the
existence of almost disjoint pairs implies the existence of a disjoint pair. In infinite
dimensions, it is relatively easy to construct subspaces doing phase retrieval but failing
stable phase retrieval.

Proposition 3.7 Every infinite dimensional Banach lattice has a closed subspace
which does phase retrieval but not stable phase retrieval.
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Proof By [6, p. 46, Exercise 13], any infinite dimensional Banach lattice X contains a
normalized disjoint positive sequence, which we shall index as consisting of vectors
(ui)ien and (vs)4es; here, S denotes the set of all two-element subsets of N (the order
is not important). We fix an injection ¢ : N> — N and consider the vectors

fi=ui+ 22_4¢(i’j)v{i,j}.
J#

The sum above converges, and we have

lui = fill < ei, where; = ) 27400,
i

Then Y, ¢, = Y, ;27%¢D < 37 274" = 1/15, hence, by [4, Theorem 1.3.9],
(fi) 1s a Schauder basic sequence. Also, 1 < || f;|| < 16/15 for each i, so this basis
is semi-normalized. We shall show that E = Span|[f; : i € N] fails stable phase
retrieval, but has phase retrieval.

To show the failure of SPR, let, fori # j, ¥ (i, j) = max{¢(, j), ¢ (j,i)}. Clearly
V(i, j) = ¥(j,i),andlim; ¥ (i, j) = ooforanyi.Notethat fiA f; = 2= Dy 4,
hence

Ifi A fill =274 0D — 0.

i,j—>00

Next we show that E does phase retrieval. Pick non-zero f, g € E, with | f| = |g];
we have to show that f = +g. To this end, write f =), a; fi and g = ), b; fi. We
can expand

f= Zaiui + Z (a;i27* 0D 4 q; 2790 DYy 5,
i li.j}eS

and likewise for g. Comparing the coefficients with u;, we conclude that, for every i,
lai| = |b;|. By switching signs in front of f and g, and by re-indexing, we can assume
that a; = by > 0. We have to show that the equality @; = b; holds for every i > 1.

The preceding reasoning shows that @; = 0 iff b; = 0. Suppose both a; and b; are
different from 0. Comparing the coefficients with vy; j;, we see that

274¢(1,i)a1 +274¢(i,1)ai} — \274¢(1,i)b1 +274¢(i,1)bi ,

which is only possible if sign a; = sign b;. O

Example 3.8 Theorem 3.4 fails for complex spaces. Indeed, define E as the complex
spanof {(1,1, 1), (i, 1, —1)} € C3, where we equip C> with the modulus |(a, b, ¢)| :=
(lal, |b], |c]). Clearly, E contains vectors f, g with | f| = |g| butsuch that f —Ag is not
zero for any A € C. Hence, FE fails phase retrieval. However, one can easily compute
that E contains no disjoint vectors, which by compactness yields the non-existence
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of almost disjoint vectors. Moreover, as observed in [28], a complex subspace that
contains two linearly independent real vectors cannot do complex phase retrieval. In
particular, if £ C X is subspace of a Banach lattice X with dim £ > 2, then the
canonical subspace Ec € X fails to do phase retrieval.

Remark 3.9 Theorem 3.4 shows that for real scalars, the study of subspaces doing sta-
ble phase retrieval is equivalent to the study of subspaces lacking almost disjoint pairs.
As mentioned in Sect. 2.1, there is a vast literature on closed subspaces lacking almost
disjoint normalized sequences. Clearly, if E contains an almost disjoint normalized
sequence, then it fails to do stable phase retrieval. However, the converse is not true.
For example, the standard Rademacher sequence (r,) in L,[0,1], 1 < p < oo, is
dispersed by Khintchine’s inequality, but |r,| = 1 for all n. Moreover, if one adds
a single disjoint vector to a dispersed subspace, one produces a dispersed subspace
failing phase retrieval. Nevertheless, as mentioned in Sect. 1.2, many of the results in
Theorem 2.1 have SPR analogues.

3.2 Holder stable phase retrieval and witnessing failure of SPR on orthogonal
vectors

In [28], the following terminology was introduced in the setting of L ,-spaces: A
subspace E of a real or complex Banach lattice X is said to doy-Hoélder stable phase
retrieval with constant C if for all f, g € E we have

Mi?:f1 If = 2glx < CILFI =gl (L flix + llgho ' . (3.2)

The utility of this definition arose from a construction in [28] of SPR subspaces of
L4() which are dispersed in Lg(1t). Applying certain Holder inequality arguments,
[28] was then able to deduce that such subspaces do }T-Hblder stable phase retrieval in
Lo (w). The idea in [28] is to begin with an orthonormal sequence (%), and instead of
comparing | f| to |g|, one compares | f 1 to |g|2. Assuming the integrability condition
rt € L4(p) with uniformly bounded norm, and various orthogonality and mean-zero
conditions on the products r7 j, the orthogonal expansion f = ), axry leads to an
orthogonal expansion

1FP=) aanr;+ Y lalsc + [ FI7,1. sc = Inel* — 1.
k#j k

The products 77 ; encode how the subspace “sits" in L4(u), i.e., they encode the
lattice structure. However, analyzing | f|? rather than | f| allows one to work alge-
braically. As was shown in [28], if one imposes appropriate orthogonality conditions,
the subspace E spanned by ry will do stable phase retrieval in L4 (). Reference [28]
then gives examples of such r; built from dilates of a single function P, with | P| not
identically constant. Verifying that such sequences () satisfy the required orthog-
onality conditions is then a combinatorial exercise, using sparseness of the dilates
to get non-overlapping supports with respect to the basis expansion. This sparseness
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naturally leads to E lying in higher L ,-spaces, so that by interpolating, one concludes
that E does Holder stable phase retrieval in Lo () with y = % if p=6,and y — %
as p — 00.

The purpose of this section is to show that—at the cost of dilating the constant—
Holder stable phase retrieval is equivalent to stable phase retrieval. For real scalars,
this can already be deduced from the almost disjoint pair characterization in Theorem
3.4. However, the proof below works equally well for complex scalars. The following
theorem was proven in [5] for phase retrieval using a continuous frame for a Hilbert
space. We extend it here to subspaces of Banach lattices.

Theorem 3.10 Let (X, || - ||) be a Banach lattice, real or complex. Fix linearly inde-
pendent f, g € X, and suppose that Y = span{ f, g} is equipped with a Hilbert space
norm || - || g, which is K -equivalent to || - ||. Then there exist f', g’ € Y so that

. _a < K mi " _ g , 33
min If—Agll = min I/ =28l (3-3)

and

] .

U1+ 181 = K min |1/ = 2¢/Il, (34)

and
A= 1gll = ILFT = 11 (3.5)

Remark 3.11 Conditions (3.3) and (3.5) state that replacing (f, g) by (f’, g’) tightens
the SPR inequality up to the universal factor K. The condition (3.4) states that f’ and
g’ are “almost orthogonal” (in fact, the proof shows that they are orthogonal in the
Hilbert space H = (Y, || - ||n)); it also permits us to witness the failure of SPR on
f', & with controlled norm.

In general, by John’s Theorem, every 2-dimensional space is +/2-equivalent to a
Hilbert space, but in certain cases a better estimate can be obtained. For instance, if
X = Ly(uw), then for the inherited norm on Y we have K = 1 and f’ orthogonal to
g’. If X is a Banach lattice, which is r-convex and s-concave (I <r <2 < s < 00)
with constants M) (X) and M 5)(X) respectively, then, by [71, Theorem 28.6], there
exists || - || g for which

1 11 1
K < M"(X)M)(X)2%, wherea = max { —————— } .

In particular, for X = L, there exists || - || z for which K < 211/p=1721 71, Corollary
28.7] provides similar results for operator ideals (Schatten spaces).

In certain applications of Theorem 3.10 (such as Theorem 5.3), the norm || - ||z
arises not from the Hilbert space with the minimal Banach—Mazur distance to Y, but
from an equivalent Euclidean norm on some subspace E (with Y € E C X). In this
setting K may exceed v/2.
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To prove Theorem 3.10, we need to represent elements of X as measurable
functions. As mentioned in the proof of Theorem 3.4, every (real) Banach lattice
X embeds lattice isometrically into a space of the form (€D, c; L1(i, %, 'ui))oo .
Hence, throughout the proof we can assume that elements of X are functions on
a measure space. In the complex case, a similar reduction is possible. Indeed, let
X be a complex Banach lattice. By the discussion in Sect.2.2, we can assume that
X = Zc is the complexification of some (real) Banach lattice Z. We can then let
T :7 — (@ia Li1(22, %, y,,-))OO be a lattice isometric embedding. The com-
plexification T¢ maps X into the complexification of (@l e L1(£24, %, 'U“i))oo' The
codomain of this map is still (@ie, L1(L;, %, Mi))oo,butnow interpreted as a Banach
lattice over the complex field (cf. [1, Exercises 3 and 5 on page 110]). Since T is one-
to-one, the definition of 7¢ tells us that 7¢ is one-to-one. Moreover, as mentioned
in Sect. 2.2, T¢ preserves moduli. Finally, by [1, Lemma 3.18 or Corollary 3.23], T¢
preserves norm. Thus, everything in the SPR inequality is preserved, so, analogously
to the real case, we may assume throughout the proof that the complex Banach lattice
X is a space of complex-valued functions.

Proof of Theorem 3.10 By scaling, we assume that,on Y, || - || < || - ||lg < K| - ||. By
replacing g by a unimodular scalar times g, we assume

lrglliznl If—2glleg =I1f —glu-

This latter condition is equivalent to ( f, g) > 0. Indeed,
If —rgly = (f. )+ (g.8) — 2% (Mf.8)-

This is minimized when A is the conjugate phase of (£, g). This is minimized when
A=1iff (f,g)>0.

Consider f, := f —r(f+g)and g, ;== g —r(f + g) forr € [0, 1/2]. We let R
be the first instance of (f —r(f +g), g —r(f +g)) = 0. This is possible since when
r = 0, the inner product is non-negative, and when r = %, it is negative. Note that

I fr—&rllg =11f — gllu-

Thus, since fr and gr are orthogonal,

min — A = min — A .
min |Lfx ~ Agrlln = min || f ~Aglln

We will take f' = fg and g’ = gg. To see (3.3), we compute

min || f —Ag|l < |If|u=n1 If —2glln =

min || f = ¢'|lg < K
o min If glly <

. / _ )\. !/ .
rkr‘nznl I f gl
(3.6)
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Moreover, as f’ and g’ are orthogonal in H,

. . 1 1
K min [l = xg/ll = min £ =2gIlu = (L1 + 181307 = Q17 + 1812

3.7
This gives (3.4).
We now verity (3.5). To see this, we prove
1
Lfrl = l8rll = WA = lgll forr e 10, 1. (3.8)
We represent X C L°($2) and let r € Q. We will prove that
1
I1fr O = grOI = [If O] — 18] forr € |0, 7| (3.9)

Note that (3.9) is simply a claim that an elementary inequality holds for complex
numbers. Write f(t) = a + ib and g(t) = ¢ + id. Multiplying f(¢) and g(¢) by a
unimodular scalar, we rotate so that d = —b. WLOG, |a| > |c[; then, multiplying by
—1 if necessary, we also assume a > 0. We have

frty=a—r(a+c)+ib, g @)=c—r(a+c)—ib.

Now, we note that our assumptions give || f-(t)| — |g- ()| = | f+ ()| — |g-(¢)| for 0 <
r < 3. Indeed, S(f (1)) = —3(g, (1)) and (R(f())* = (N(gr (1)) for 0 < r <
by elementary computations. Taking r = 0, || f ()| — |g(®)|| = | f ()| —|g(#)|. Hence,
we must prove

PI—

1
|frO] = g O] < |f )] = |g@)] forr € [0, 5} :

This inequality is true for all > 0. Indeed, recall first that a > c. By the Fundamental
Theorem of Calculus, for any convex function ¢ and w > 0, we have ¢ (a — w) —
¢(c —w) < ¢(a) — ¢(c). In our case, the function h(s) = +/s2 + b? is convex and
r(a + c¢) > 0; therefore,

lfr®|—1gr@®)| =h(a—r(a+c)) —h(c—r(a+c)) <h(a)—h(c)
=[f®—1g®I

m}

Corollary 3.12 Let E be a subspace of a real or complex Banach lattice X, and y €
(0, 1]. If E does y-Holder stable phase retrieval in X with constant C > 0 then E

1
does stable phase retrieval in X with constant V2(/8C)7.
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Proof Let f,g € E with || f|l = 1 and ||g|| < I such that

(71 +1gIP)? < V2 inf I1f ~2gl. (3.10)

In particular,

272 < inf |If - gl <2.

As E does C-stable y-Holder phase retrieval, we have that

2712 < |Ai?:f] If = 2gll < CULFI =Ll AFI+ g =" <277 Cllfl =gl

(3.11)

Thus, we have that C!/723/CV)=1|| f| — |g|| > 1 and infy =1 || f — Agll < 2. Tt
follows that

inf Lf =gl = @POYIIF1 = lglll- (3.12)

To prove (3.12) we have assumed that || || = 1 and ||g|| < 1. However, by scaling we
have that any f, g € E which satisfy (3.10) also satisfy (3.12).

We now consider any pair of linearly independent vectors x, y € E. By Theorem
3.10 there exists f, g € E which satisfy (3.10) such that

lr;‘n_n] lx = Ayl < ﬁﬁﬂ ILf —Aglland [[lx| = Iyl = [I1f1— |8l

Thus, we have that

min |lx —2y[ < 222327 | 1x] — 1yl

This proves that E does 2!/2(23/2C)!/7 -stable phase retrieval. O

1
Remark 3.13 The constant /2(+/8C)7 in Corollary 3.12 arises by using the worst
case scenario K = +/2 from Theorem 3.10. This constant can certainly be optimized;
for example, if one also takes into account the distance from E to a Hilbert space.

To conclude this section we give a simple proof that in finite dimensions, phase retrieval
is automatically stable.

Corollary 3.14 Let X be a real or complex Banach lattice, and E a finite dimensional
subspace of X. If E does phase retrieval, then E does stable phase retrieval.

Proof The real case has already been dealt with in Remark 3.6, but the argument we
provide below works for both real and complex scalars. Indeed, by Theorem 3.10, if
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E fails to do stable phase retrieval then we can find, for each N € N, functions fy, gn
with || fvll = 1, llgnll <1,

] .
(vl + lenl®H? < ‘5&}2& I fv — rgnll, (3.13)
and
2z min || fy = *ewll > NI1fnl = lgnll. (3.14)

. Il
By compactness, after passing to subsequences, we may assume that fy — f

and gy M> g, forsome f, g € E.Since || fy|| = 1 forall N, it follows that || /|| = 1.
Moreover, from (3.14) and continuity of lattice operations, we see that ||| f|—|g||| = 0.
Hence, | f| = |g| # 0. Fix a phase A. By (3.13), we have

(VIR + llgn 12 < V20 fy — rgwll-

Passing to the limit, we see that

1
L= (1P +1gI%)2 = V21 f =gl
Hence, f # Ag. It follows that E fails to do phase retrieval. O

Remark 3.15 Note that the Banach lattice X in Corollary 3.14 is not assumed to be finite
dimensional. This is of some note, as, unlike for closed spans, the closed sublattice
generated by a finite set can be infinite dimensional.

4 Examples
4.1 Building SPR subspaces via isometric theory

As mentioned in Theorem 2.1, when 1 < p < 2andg € (p, 2], one can find isometric
copies of L,[0, 1]in L,[0, 1]. As we will now see, such subspaces must do SPR.

Proposition 4.1 Suppose p,q € [1,00), and either (1) 1 < p < g < 2, or (2)
q =2 < p < o0. There exists an € > 0 such that if E C L,[0,1] is (1 + ¢)-
isomorphic to F C L4[0, 1], then E does SPR in L0, 1].

Proof We only handle case (1), as (2) is very similar. Suppose, for the sake of contra-
diction, that E fails SPR. Then by Theorem 3.4, E contains c-isomorphic copies of
Ef,, for any ¢ > 1. Consequently, for any such ¢ we can find norm one f, g € E so

that || f + glle,, I/ —gllz, = ¢~ 121/ However, by the Clarkson inequality in Ly,

If -+l +1f —glf, <2070, +1elf )7 =" < (1+2)727,
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where 1/q + 1/q’ = 1. However, the left side is > 92144 /P and it is easy to see
that 1 + ¢'/p > ¢’. Hence, we get a contradiction if & > 0 is sufficiently small. O

Corollary 4.2 Ifeither 1 < p <q <2,0orq =2 < p < oo, then L,[0, 1] contains
an SPR subspace isometric to L0, 1].

Proof 1t is well known (see e.g. [51, Section 9]) that, under the above conditions,
L [0, 1] contains an isometric copy of L,[0, 1]. By Proposition 4.1, that copy does
SPR. O

4.2 Existence of SPR embeddings into sequence spaces

Proposition 4.3 If a Banach space E embeds into € (a) for some infinite cardinal o
(which happens, in particular, when E itself has density character o), then there is an
isomorphic SPR embedding of E inside of {so ().

The fact that any Banach space E of density character o embeds isometrically into
Loo (@) 1s standard. We recall the construction for the sake of completeness: Let (x;);cs
be a dense subset of E of cardinality o; for each i find x;* € Sg+ sothatx (x;) = [lx; ||.
Then E — £o(a) : x > (x](x))ies is the desired embedding. Similarly, one can
show that if E is a dual space, with a predual of density character «, then E embeds
isometrically into £ (x).

To establish Proposition 4.3, it therefore suffices to prove:

Lemma 4.4 For any infinite cardinal «, there exists an isometric SPR embedding of
Loo (@) into itself.

To prove Lemma 4.4, we rely on the following.

Lemma 4.5 Suppose E is a (real or complex) Banach space, and x, y € E have norm
1. Then there exists a norm 1 functional f € E* so that | f (x)| A | f(y)] > 1/5.

Proof Suppose first that dist (y, Fx) < 2/5 (here F is either R or C). Find r € F
so that ||y — tx|| < 2/5. By the triangle inequality, || > 3/5. Find f € E* so
that | fIl = 1 = f(x). Then [f(y)| = |¢]|f(x)] — lly — tx]| = 1/5. The case of
dist (x, Fy) < 2/5 is handled similarly.

Now suppose dist (x, Fy), dist (y, Fx) > 2/5. By Hahn-Banach Theorem, there
exist norm one g, h € E* so that g(x) > 2/5, g(y) =0, h(y) > 2/5, and h(x) = 0.
Then f := (g + h)/||g + k| has the desired properties. Indeed, ||g + /| < 2, hence

3

DN | —

1
|f ()] = E(Ig(X)I — lh(x)]) =

and likewise, | f(y)| > 1/5. O

Proof of Lemma 4.4 For the sake of brevity, we shall use the notation £ = £ (),
and E, = {1(a). Pick a dense set (f;)ics in Sg,, with |I| = «. Define an isometric
embedding J : E — {o(I) : x — (fi(x))ier. We shall show that, for every
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x,y € Sg and ¢ > 0, there exists i so that | f;(x)| A |fi(¥)] > 1/5 — &. Once this
is done, we will conclude that |[|Jx| A |Jy]|| > 1/5 for any x, y € Sg, which by
Theorem 3.4 tells us that J is indeed an SPR embedding.

By Lemma 4.5, there exists f € Sg+ sothat | f(x)|A]f(y)| > 1/5. By Goldstine’s
Theorem, there exists f’ € Sg, so that | f'(x)| A |f'(y)| > 1/5 — ¢/2. Find i so that
If" = fill <e&/2.Then

1
LHIALLEDIZ 1 OIA LS D=L = fill = ke

which proves our claim. O

Remark 4.6 We can define the canonical embedding of E into C(Bgx) (with Bgx =
{e* € E* : |le*|| < 1} equipped with its weak™ topology) by sending e € E to the
function e¢* — e*(e). The above reasoning shows that this embedding is SPR. For
separable E, more can be said—see Proposition 6.2 below.

Remark 4.7 1f an atomic lattice is order continuous (which £, of course is not), then the
“gliding hump” argument shows the non-existence of infinite dimensional dispersed
subspaces. The lattice ¢ is not order continuous, but it has no infinite dimensional
dispersed subspaces. This is because ¢ contains ¢ as a subspace of finite codimension,
hence any infinite dimensional subspace of ¢ has an infinite dimensional intersection
with cg.

Combining the results from this and the previous subsection, we see that, often,
the collection of dispersed subspaces of a Banach lattice coincides with those that do
SPR, up to isomorphism (cf. Question 7.1 below). Indeed, we have the following:

Corollary 4.8 Forevery dispersed subspace E C L,[0,1](1 < p < 00), there exists a
closed subspace E' C L [0, 1] isomorphic to E, and doing stable phase retrieval. The
same result holds with L 5[0, 1] replaced by C[0, 1], C(A), ¢ or any order continuous
atomic Banach lattice.

Proof By Theorem 2.1, for 1 < p < oo and p # 2, a closed subspace of L,[0, 1] is
dispersed if and only if it contains no subspace isomorphic to £,,. A result of Rosenthal
[67] states that for 1 < p < 2, a subspace of L [0, 1] that does not contain £, must be
isomorphic to a subspace of L, for some r € (p, 2]. By Corollary 4.2, one can build
an SPR copy of L, in L .

Inthecase2 < p < 0o, Theorem 2.1 states that any dispersed subspace of L [0, 1]
must be isomorphic to a Hilbert space. By Corollary 4.2, L [0, 1] contains an SPR
copy of £>. To deal with the case p = 00, note that L [0, 1] isisomorphic (as a Banach
space) to £+, and use Lemma 4.4 together with the fact that £, lattice isometrically
embeds in Loo[0, 1].

For order continuous atomic lattices and ¢, there are no infinite dimensional dis-
persed subspaces by Remark 4.7. The claim for C[0, 1] and C(A) will be proven in
Proposition 6.2 below, when we analyze SPR subspaces of C (K )-spaces. As we will
see in the proof of Proposition 6.2, the fact that every separable Banach space embeds
into C[0, 1] and C(A) in an SPR fashion ultimately follows from Remark 4.6. O
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4.3 Explicit constructions of SPR subspaces using random variables

In this subsection, we construct SPR subspaces of a rather general class of function
spaces by considering the closed span of certain independent random variables. The
use of sub-Gaussian random vectors has been widely successful in building random
frames for finite dimensional Hilbert spaces which do stable phase retrieval whose
stability bound is independent of the dimension [25, 26, 35, 54, 55]. However, different
distributions for random variables will allow for the construction of subspaces which do
stable phase retrieval and are not isomorphic to Hilbert spaces. We begin by presenting
a technical criterion for SPR.

Proposition 4.9 Suppose X is a Banach lattice of measurable functions on a probabil-
ity measure space (S2, ) which contains the indicator functions and has the property
that for every € > 0 there exists § = §(¢) > 0 so that | xs|| > § whenever u(S) > ¢.
Suppose, furthermore, that E is a subspace of X, which has the following property:
There exist @« > 1/2 and B > 0 so that, for any norm one f € E, we have

p(fwe:f@l=p)) za @.1)
Then E is an SPR-subspace.

Proof Suppose f, g € E have norm 1. By the Inclusion—Exclusion Principle,

i(foeQ:|f@l =8 lgwl = B}) = 2a 1.
Thus, I[fI A lglll = B8 Qe — 1). o

The above proposition is applicable, for instance, when X is a rearrangement invari-
ant (r.i. for short; see [61] for an in-depth treatment) space on (0, 1), equipped with
the canonical Lebesgue measure A. Examples include L, spaces, and, more generally,
Lorentz and Orlicz spaces (once again, described in great detail in [61]; for Lorentz
spaces, see also [33]). Below we describe some SPR subspaces, spanned by indepen-
dent identically distributed random variables.

Suppose f is a random variable, realized as a measurable function on (0, 1)
(with the usual Lebesgue measure A). Then independent copies of f—denoted by
f1, f2,...——can be realized on ((0, 1), Ao, By Caratheodory’s Theorem (see e.g.
[58, p. 121]), there exists a measure-preserving bijection between ((0, 1), A)RO and
(0, 1), A). Therefore, we view f1, f2, ... as functions on (0, 1).

Suppose now that, in the above setting, the following statements hold:

(i) f belongs to X, and has norm one in that space;
(ii) There exists r so that, if fi, ..., f, are independent copies of f, and Zi la;|" =
1, then ) ; a; f; is equidistributed with f;
(iii) There exists 8 > 0 so that P(| /| > B) > 1/2.

In this situation, if f1, f>, ... are independent copies of f (viewed as elements of X,
per the preceding paragraph), then span|[f; : i € N]is an SPR copy of £, in X.
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We should mention two examples of random variables with the above properties:
Gaussian ((ii) holds with » = 2) and g-stable (¢ € (1, 2); (ii) holds with » = g).
The details can be found in [4, Section 6.4]. For the Gaussian variables, the proba-
bility density function is dy(x) = ce=**/ 2, with ¢ depending on the normalization.
For the g-stable variables with characteristic function ¢ > ce™" " (with ¢ ensuring

normalization), the Fourier inversion formula gives the density function

o
df(x) = %/O cos(tx)e " dt.

In both cases, dy is continuous (in the latter case, due to Dominated Convergence
Theorem), hence there exists 8 > 0 so that

3

B
-8

It is known that Gaussian random variables belong to L, for p € [1, co), while
the r-stable random variables (1 < r < 2) liein L, if and only p € [1, r). Moreover,
the results from [61, p. 142-143] tell us that L;(0,1) C L, 4(0, 1) for s > p (this
is a continuous inclusion, not an isomorphic embedding). If » > p, then the r-stable
variables belong to L, (0, 1) (indeed, take s € (p,r); then the r-stable variables
live in L (0, 1), which in turn sits inside of L, ,(0, 1)). Likewise, one shows that any
Lorentz space L 4(0, 1) contains Gaussian random variables.

The above reasoning implies:

Proposition 4.10 Suppose 1 < p < ococand 1 < g < oo (when p = 1, assume in
addition g < 00). Then L, 4(0, 1) contains a copy of > that does SPR. If, in addition,
1 <p<r <2 then L, ,(0,1) contains a copy of £, that does SPR.

4.4 Stability of SPR subspaces under ultraproducts and small perturbations

We show that SPR subspaces are stable under ultraproducts, and under small perturba-
tions (in the sense of Hausdorff distance). These results hold for both real and complex
spaces.

Proposition 4.11 Suppose 1 is an ultrafilter on a set I, and, for eachi € I, E; is a
C-SPR subspace of a Banach lattice X;. Then [ [ E; is a C-SPR subspace of [ [ X;.

We refer the reader to [46] or [32, Chapter 8] for information on ultraproducts of
Banach spaces and Banach lattices.

Proof We have to show that, for any x, y € ]_[ﬂ E;, there exists a modulus one A so
that ||x — Ay|| < CJ||x| — |y|ll. To this end, find families (x;) and (y;), representing
x and y respectively. Then for each i there exists A; so that |X;| = 1 and ||x; —
Aivill < Clllxil — |yilll. As ultraproducts preserve lattice operations, |x| and |y| are
represented by (|x;|) and (]y;|), respectively, hence |||x| — |y||| = limg |||x;| — |yilll-
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By the compactness of the unit torus, there exists A = limg A;, with |[A| = 1. Then
lx — Ay|l = limg ||x; — A;yi |, which leads to the desired inequality. m]

Remark 4.12 Proposition 4.11 can be used to give an alternative proof of Corollary
4.2. First find a family of finite dimensional subspaces Fy € L,(0, 1), ordered by
inclusion, so that Uy Fy is dense in L, (0, 1), and each Fj is isometric to EZ" for
some ny (one can, for instance, take subspaces spanned by certain step functions). A
reasoning similar to that of [32, Theorem 8.8] permits us to find a free ultrafilter £(
so that ]_[u Fy contains an isometric copy of L4(0, 1). A fortiori, ]_[u £, contains an
isometric copy of L, (0, 1) (call it E).

Proposition 4.10 proves that L, (0, 1) contains a subspace, isometric to £, (spanned
by Gaussian random variables for ¢ = 2, g-stable random variables for ¢ < 2) which
does SPR. By Proposition 4.11, [ ] £, embeds isometrically into [ [ L,(0, 1), in
an SPR fashion. By [46], [ L,(0, 1) can be identified (as a Banach lattice) with
L (L2, p), for some measure space (€2, ).

Let X be the (separable) sublattice of L, (€2, u) generated by E. By [61, Corollary
1.b.4], X is an L, space. [58, Corollary, p. 128] gives a complete list of all separable
L, spaces; all of them lattice embed into L (0, 1). Thus, we have established the
existence of an SPR embedding of £ = L, (0, 1) into L, (0, 1).

To examine stability of SPR under small perturbations, we introduce the notion of
one-sided Hausdorff distance between subspaces of a given Banach space. If E, F
are subspaces of X, define d1g(E, F) as the infimum of all § > 0 so that, for every
x € F with ||x]| < 1 there exists x’ € E with ||x — x’|| < § (this “distance” is not
reflexive, hence “one-sided”). Note also that, for x as above, there exists x” € E with
x|l = |lx|| and ||x — x”|| < 28; indeed, one can take x” = Hx’.

By “symmetrizing” d g, we obtain the classical Hausdorff distance: if E and F
are subspaces of X, let dy(E, F) = max{d g (E, F),d g (F, E)}. For interesting
properties of dy, see [21], and references therein.

Proposition 4.13 Suppose E is an SPR subspace of a Banach lattice X. Then there
exists 8 > 0 so that any subspace F with d, y(E, F) < § is again SPR.

From this we immediately obtain:

Corollary 4.14 For any Banach lattice X, the set of its SPR subspaces is open in the
topology determined by the Hausdorff distance.

Remark 4.15 See [40, Proposition 3.10] for a similar stability result for dispersed
subspaces of a Banach lattice.

Proof of Proposition 4.13 Suppose E does C-SPR. We shall show that, ifd| g (E, F) <
1/(2+/2(C + 1)), then F does C’-SPR, with

1—1(1 2d (EF)) 2di 1 (E. F)
C/_Cﬁ 11‘1 £ ]H E) .

Suppose, for the sake of contradiction, that F fails to do C’-SPR. Find f, g € F
so that minj; = || f — Agll = 1 and ||| f| — Ig|ll = ¢ < 1/C’. By Theorem 3.10, we
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can find f’, g’ € F so that

min || /" —1g'[ = I T=18'1 < ¢, and | f'll + l1g'll < 2.

[Al=1 f

For any § > dyg (E, F), there exist f”, g” € E so that || f” — f'|| < §|lf'|l and
lg” — &Il <8lg’|l. The triangle inequality implies:

N T = 18" < WL T = 18"+ 8Af T+ 18" < e +28;

lrr‘n_n If" = 2rg"ll = n}l_n I =ag'll =8dlf I +1g'lh = 7_ —24.

As E does C-SPR, we conclude that

1
— —28 < C(c+29),
V2

and consequently,

\% —2dg(E, F) <C(c+2d1u(E, F)) < C( ! +2d1u(E, F))

which contradicts our choice of C’. O

Balan proved that frames which do stable phase retrieval for finite dimensional
Hilbert spaces are stable under small perturbations [12]. The following extends this
to infinite dimensional subspaces of Banach lattices.

Corollary 4.16 Suppose (e;) is a semi-normalized basic sequence in a Banach lattice
X, so thatspan|[e; : i € N]does SPR in X. Then there exists ¢ > 0 so that if (f;) € X
and ) ; lle; — fill < € thenspan|[f; : i € N]does SPRin X.

Remark 4.17 Inreal L,, Corollary 4.16 can be strengthened. Suppose (¢;) is a sequence
of normalized independent mean-zero random variables, spanning an SPR-subspace
of L;. Then there exists an ¢ > 0 with the following property: if (f;) is a collection of
normalized independent mean-zero random variables so that (e;, f;) are independent
whenever i # j, and sup; |le; — fill < &, thenspan[f; : i € N] € L, does SPR as
well. For the proof, recall that there exists ¥ > 0 so that the inequality || |u| A [v]|| > ¥
holds for any norm one u, v € span[e; : i € N]. Let ¢ = y /4. We will show that, for
any normone x,y € F = span|[f; : i € N], we have |||x| < y/2

Write x = ) ;o fi and y = Y, Bi f;, and define x’ = ), ajei, y/ = Y, Biei.
Then

2

Zal(fl —e)

e — x'|1?

2 2 2 2 2
= lailllfi —eill* <&® Y o) =&
i

i

Similarly, |y —'|| < e. Therefore, ||lx| — [x'[l, [|y] —[¥'|ll < e, hence [[lx| Ayl =
Ix'T A1l = 2e. But [[lx"| A Y1l = v, hence [[lx| A [yl = /2.
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5 SPRin L,-spaces

In this section, we investigate the relations between dispersed and SPR subspaces of
L, as well as the relation between doing SPR in L, versus doing SPRin L.

Theorem 5.1 Every infinite dimensional dispersed subspace of an order continuous
Banach lattice X contains a further closed infinite dimensional subspace that does
SPR.

Proof We first prove the claim for L(S2, u), with u a finite measure. Let E be a
closed infinite dimensional subspace of L1(€2, i) containing no normalized almost
disjoint sequence. By Theorem 2.1, E also does not contain £1. By [57], every closed
infinite dimensional subspace of L (€2, i) almost isometrically contains £, for some
1 < r < 2. Since E does not contain £, it follows that there exists » > 1 such that
for all e > 0, £, is (1 + ¢)-isomorphic to a subspace of E. Let « > 0 be such that
Z% is not (1 + «)-isomorphic to a subspace of £,. Such an « exists by the Clarkson
argument in Proposition 4.1. We now claim that for 0 < ¢ < «, every subspace of
L that is (1 4 &)-isomorphic to £, must do stable phase retrieval. Indeed, if E failed
SPR, it would contain for all y > 0 a (1 4 y)-copy of K%. Thus, for all y > 0, we
have that E% is (1 + y)(1 + e)-isomorphic to a subspace of ¢,. However, this gives a
contradiction if ¥ > 0 is small enough such that (1 + y)(1 +¢) < 1 + «.

Now let E be a closed infinite dimensional dispersed subspace of an order contin-
uous Banach lattice X. Replacing E be a separable subspace of E, we may assume
that E is separable. Using that every closed sublattice of an order continuous Banach
lattice is order continuous, replacing X by the closed sublattice generated by E in X,
we may assume that X is separable. It follows in particular that X has a weak unit. By
the AL-representation theory, there exists a finite measure space (€2, ) such that X
can be represented as an ideal of L(€2, u) satisfying

(1) X isdensein L(2, ) and L~ (S2, ) is dense in X;
) 1/ = 1 fllx and [| fllx < 2] fllo forall f € X.

Since E contains no almost disjoint normalized sequence, the Kadec—Pelczynski
dichotomy [61, Proposition 1.c.8] guarantees that || - ||[x ~ || - ||z, on E. In par-
ticular, we may view E as a closed infinite dimensional subspace of L (w). We claim
that E contains no almost disjoint sequence when viewed as a subspace of L. Indeed,
suppose there exists a sequence (x,) in E with ||x,|/z, = 1 for all n, and a disjoint
sequence (d,) in Ly with ||x, — d,|lz, — 0. Then in particular, x, converges to 0 in

measure. By [31, Theorem 4.6], x, X% 0in X. That is, for all u € X, we have that
[l1x| A lulllx — 0. Thus, by [31, Theorem 3.2] there exists a subsequence (x;,) and

a disjoint sequence (dx) in X such that ||x,, — di||x — 0. Since ||x,||., = 1 and
Il-llx ~ Il -, on E, this contradicts that E contains no normalized almost disjoint
sequence.

By the beginning part of the proof, we may select an infinite dimensional closed
subspace E’ of E that does SPR in L. In other words, there exists ¢ > 0 such that for
all f,¢ € E"with |[f|lL, = llgllL, =1 we have

MAIA gL, = e

@ Springer



Stable phase retrieval in function spaces

Since ||-||x ~ |I-|lz, on E, the same is true on E’, so we may view E’ as a closed infinite
dimensional subspace of X. We claim that it contains no normalized almost disjoint
pairs. Indeed, if f, g € E' with || fllx = llgllx = 1, then || f|lL, ~ ligllL, ~ 1. Now,
using that £’ does SPR in L; and property (ii) of the embedding, we have

NATATgHx = I A T8z, 2 e

Thus, E’ contains no normalized almost disjoint pairs when viewed as a subspace of
X. It follows that E’ does SPR in X. O

Question 5.2 With Corollary 4.8 and Theorem 5.1 in mind, we ask the following:
If a Banach lattice X contains an infinite dimensional dispersed subspace E, does it
contains an infinite dimensional SPR subspace? If so, can we construct an infinite
dimensional SPR subspace E’' with E' C E C X?

Our next results are motivated by the equivalence between statements (a)-(d) in
Theorem 2.1 and the discussion in Remark 2.2. Note that it follows from Theorem
2.1 (a)-(d) that if E is dispersed in L, () and 1 < g < p, then E may be viewed as
a closed subspace of L, (u), and it is dispersed in L, (). It is then natural to ask the
following question: Let x be a finite measure and 1 < ¢ < p. Let E be a subspace
of L,(u) € Ly(w). What is the relation between E doing SPR in L, (u) versus E
doing SPRin L, (14)? It is easy to see that if £ does SPRin L, (u), then E does SPR
in Ly(w)ifandonlyif || - |, ~ Il - llz, on E. We will now show that E doing SPR
in L, (n) does not imply E does SPR in L, (i), even though the property of being
dispersed passes from L, () to Ly ().

Theorem 5.3 Forall 2 < p < oo there exists a closed subspace E C L ,[0, 1] such
that E does stable phase retrieval in L [0, 1] but E fails to do stable phase retrieval
in Lgl0, 1] forall1 < q < p.

Proof Let2 < p < oo. It will be convenient to build the subspace E C L0, 2]
instead of L,[0, 1]. Let (rj)i';l be the Rademacher sequence of independent,
mean-zero, 1 random variables on [0, 1]. For all j € N, we let g; = r; +
21/P0yy 9 1 19-i+1y. Let E = Span joyg;.

We first prove forall 1 < g < p that E fails to do stable phase retrieval in L4[0, 2].
We have for all j # i that ||g; — gi||[£q = |lg; + g,~||%q > 24-!. On the other hand,
Irjl = Iyt and Bm 12772 45 4 yprey [, = 0. Thus, lim g —Ig 4111, = 0.
This shows that E fails to do stable phase retrieval in L4[0, 2].

We now prove that E does stable phase retrieval in L [0, 2]. Note that by Khint-
chine’s Inequality there exists B > 0 so that (3 |a;|H)'? < [ Y ajrjll, <

B(Y_la;j|*)!/? for all scalars (a;) € £». Thus, we have for all f = > a;r; and
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x=f+ Zajzj/m[lﬂ,j’lﬂ,,-“) € E that

p
P p — e .
”f”Lz([O,l]) = llx”Lp([O.,Z]) = ” E ai;r; HL,,([O,IJ) + § :|aJ|p

p/2 p/2
=B (Y1) + (X 1)
— (BP p
= (B + 1)||f||L2([0,1])~
This computation shows that the map g; +— r; extends linearly to a map £ C
L,[0,2] — L[0, 1], x = f, establishing an isomorphism between E and a Hilbert
space. By Theorem 3.10 and Remark 3.11 it suffices to prove that there exists a constant

8 >0sothatifx,y € Eand f, g € L2[0, 1] with f = 1[o,1)x and g = 1[o,1]y such
that || fllz, = 1, llgllz, < 1, and (f, g) = O then [/|x| — [y[ll, = 6.

We now claim that it suffices to prove that there exists ¢ > 0 such that

if [|[xLa12)| — [yLaolllz, < & then [||£* —[g*[1Z, > 8. (5.1)

Indeed, as all the L, norms are equivalent on the span of the Rademacher sequence,
there exists a uniform constant K > 0 so that the following holds:

I = 118, = [P - 18P

= /(Ifl —1gDUST+18DASIP =181

< I£1 = lgllz 1AL T+ 18D AL = 181D Ly
= KIIfI—lgllz, = KILfI—1gllL,-

Here, the constant K comes from bounding
IAL1+ 1gDAfIF = 11D, < K. (5.2)

To get this upper estimate, note that, by Holder’s Inequality,

IS+ 18DASI = I8Pz, = 1A+ 18D AT+ 18D Af| = 18Dl
< IS+ 1gHZ AT = 181 zes

hence, by Triangle Inequality,

3
LT+ 18D AL =181y < (1 1lze + lglLe) - (5.3)
Further, both f and g belong to the span of independent Rademachers, on which all the
L , norms are equivalent (for finite p). Since we know that || f ||, = L and || gllz, < 1,

this gives a bound for the right-hand side of (5.3), which, in turn, implies (5.2).
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To finish the proof of the claim, note that if [|[x1q,2)| — [y1a,2)lllz, = ¢ then
x| —1Iylllz, = &andif [[[xLa,2)| — [yLapllle, <& then[llx| —|yllz, = SKL.

~We now establish (5.1) with ¢ = 1/8 and § = 1. Let x = Yairj +
2P0y o 1y and y = 3o bj(rj + 27 PAyy yomi 1)) Welet f = Y ajr;
and ¢ = )" b;r; and assume that || |7, = 3" la;1* = 1, llgll7, = > Ib;|* < 1 and
(f,8) =Y ajbj =0. We may assume that

1/p
(Ol =15,07) " = Ixtanl = blaolle, <e=1/8.  (54)

All that remains is to prove that I fI?— |g|2||%2 > §. We have from (5.4) that ||a;| —
|bj]| < 1/8forall j € N.Hence,||aj|2—|bj|2| < 1/4forall j € Nas|a;|+|bj| < 2.
As rj2. = 1jo,1) for all j € N, we have that

A== (f = (f +8 =2 (ajai —bjbi)rjri + Y (aj —bHL. (5.5)
Jj>i

Note that (5.5) gives an expansion for f2 — g in terms of the ortho-normal collection
of vectors {1o,17} U {r;7;}>;. Thus we have that

2P = 18PN, =2 lajai — byl

Jj>i
=2 > lajai —bibil’ =} laj — bl
jeNieN jeN
=Y ((Z laja;|* + |bjb,-|2> — (2ajb,~ Zaibl)) =Y laj = b3
jeN ieN ieN jeN
_y (2 wal + wjb,-ﬂ) SRR s ek =0
jeN \ieN jeN
4 4 2 22
= (1r1E, + gt ) = Y 1a2 = 1)
jeN
1
= (115, +lglt,) = 7 D la} =631 asla? o7 < 174
jeN
1
> (15, + gL, ) = QA1 + gl
=5 +lgli, (lehi, = 7) aslfil, =1
3 1
z" 3 lgllz, < 1.
Hence, |1/ — [8I?7, 2 3/2 = 3 > 1 =36. o
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Example 5.4 In the special case p = 2, Theorem 5.3 could have been proven using a
result in [24]. Indeed, as above, let (r;) denote the Rademacher sequence, realized on

the interval [0, 1]. Define g; = r; + 23 L1427 1427+ We can think of the sequence

(g;) as being defined on a finite measure space. Note that || 2% Lii42-i142-inyllL, = 1.
Hence, for the same reason as in [24], Span{g;} does SPR in L,. However, recall
that the Rademacher sequence does not do phase retrieval; we’ve also scaled the
additional indicator functions to be perturbative in L. Hence, for i # j we have
gl —lg;lllL, = 21—, + %, whereas the other side of the SPR inequality is of order 1.
This provides an example of a subspace E C Ly() S Li(w) that does SPRin Ly ()
but not in L (u).

The next result contrasts with Theorem 5.3 by showing, in particular, that if £ does
SPR in both L, and L, then we can both “interpolate” the SPR, and “extrapolate it
downward”.

Theorem 5.5 Suppose 1 is a probability measure and 1 < g < p < o0. Let E be a
closed subspace of L, (real or complex). Assume that || - ||, ~ || - Iz, on E, and E
does stable phase retrieval in Ly. Then forall 1 <r < p, || -|lL, ~ |||, on E, and
E does stable phase retrieval in L.

Proof From the discussion on the Kadec—Pelczynski dichotomy (see Sect.2.1), we
know that, as E C Lg(p) does SPR, then || - [, ~ || - [, on E, whenever r < p.

Assume first that ¢ < r < p. Let C > 0 so that the L, and L, norms are C-
equivalent on E, and let K > 0 so that E does K-stable phase retrieval in L,. As
q <r < pwehaveforall f, g € E that

|xi?—f1 If =gz, < C|xi?—fl If —Aglle, = CKIIfI =gz, = CKIIfI =gz,

(5.6)

Thus, E does stable phase retrieval in L,.

We now turn to the case 1 < r < gq. By the previous argument, E does stable phase
retrieval in L ,. Hence, the L, norm is equivalent to the L1 norm on E, and hence the
L, norm is equivalent to the L, norm on E. Let C > 0 so that the L, and L, norms
are C-equivalent on E, and let K > 0 so that E does K-stable phase retrieval in L .
Let 6 be the value so that g~' = 6r~! + (1 — ) p~!. By Hélder’s inequality, for any

f,g €E,

A1 = 1glllz, < 1A =188, (11, + lglz,) '™
< ClllFL—18e, (1 1z, + lgllz,) ™ 5.7)

Therefore, for any f, g € E, we have
inf I1f —gle, < inf If = Aglle, = KNI/ = Igll,
1-6
< CKIIFI =18, (10, +lgl,) ™"
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Thus, E does 6-Holder stable phase retrieval in L,. By Corollary 3.12, it follows that
E does stable phase retrieval in L. O

In Theorem 5.3, we showed that when2 < p < oo an SPR-subspace E C L [0, 1]
need not do SPR in L,[0, 1] for any 1 < g < p. Our next result shows that the case
1 < p < 2 is completely different.

Theorem 5.6 Let (2, 1) be a probability space and let E be a closed infinite dimen-
sional subspace of L (82, ). Consider the following statements:

(i) E does stable phase retrieval in L, (2, ).
(i) E does stable phase retrieval in L1(2, u) and || - ||L,, ~ |-z, on E.
(iii) There exists o > O such that for all x,y € E,

pn(r e Q:lx@)| = allx|L, and [y(®)| = allylL,}) > a. (5-8)

Then for all 1 < p < oo, (iil) < (ii) = (). Moreover, if 1| < p < 2, all three
Statements are equivalent.

Proof (iii) = (ii): Note that condition (iii) implies that E contains no normalized
1
a1+5-disjoint pairs, when viewed in the L, norm. Hence, E does SPR in L, which

implies that || - || L, ™ Il - I, on E. Using this in condition (iii), we conclude that
E contains no normalized almost disjoint pairs, when viewed in the L1 norm, hence
does SPR in L.
(i) = (i): Let C > O so that ||lx[|., < Cllx||z, forall x € E. Let K > 0 so that
E does K-stable phase retrieval in L. Thus, for all x, y € E we have that
m
|

I in [x —Aylz, < Cmi—nl lx = Aylle, = CKlllx| = [ylliz, = CKllx] = Iylllz,-

=1

Thus, E does C K -stable phase retrieval in L, (£2).

(i) = (iii): Let 1 < p < 2 and assume that (i) is true but (iii) is false. We first
note that condition (i) implies that || - |, ~ || - [|, on E. We may choose a sequence
of pairs (x,, y,)52; in E and o > 0 such that ||xn||Lp = ||y,,||Lp =1, with

n({t € Q: |xal Alyal =07 = 0, but [|lxa] A lyulll, > 2e. (5.9)

As (|xu| A lyal);2, converges in measure to 0 and is uniformly bounded below in

L, norm, after passing to a subsequence we may find a sequence of disjoint subsets
(€2,)72; € 2 such that

I(xnl AlynDIaglie, = Xl Alyal = (xel AlyaDlg,ll, — 0. (5.10)

Let e, \( O with 1 < «/2. After passing to a subsequence, we may assume

that [x,1g,llL, > o« forall n € N. As (,);2 is a sequence of disjoint subsets

of the probability space (€2, u), we have that u(2,) — 0. Thus, after passing to
a further subsequence we may assume that |lx;1g,llL, < &, forall j < n. Again,
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after passing to a further subsequence we may assume that there exists values (8,)5
such that limj— o [xj1¢, I, = Bn for all n € N. Furthermore, we may assume that
xjle,llz, < Bn+én/2forall j > n. As (Qj);?":1 is a sequence of disjoint sets, we
have for all N € N that

N N
: 14 : b4 14
lim ||xj||L > lim E llx;1g, ||L = E B -
Jj—00 P Jj—00 ! P =t

In particular, we have that 8, — 0. Hence, after passing to a further subsequence of
(xn);'f’=1 we may assume that 8, < &,/2 forall n € N. Thus, [|x;1q, Iz, <én for all
j > n.Insummary, we have that foralln € N, ||x,1¢q, ||L,, > « and for all j # n, we
have [lx;1q,[lL, < én.

As &1 < a/2, we have in particular that ||x; — x|, > «/2 for all j # n. We
have that (x,)32, is a semi-normalized sequence in a closed subspace of L, which
does not contain £,. Thus, by [67, Theorem 8], (x,,),‘;‘;1 is equivalent to a semi-
normalized sequence in L, (v) for some p < p’ < 2 and probability measure v.
We may assume after passing to a subsequence that (x,);° ; is weakly convergent in
L,y (v). Thus, the sequence (xz, — Xon—1)52; converges weakly to 0 in Ly (). As
L ,/(v) has an unconditional basis, after passing to a further subsequence, we may
assume that (x2, — x2,—1);~; is C-unconditional for some constant C.

As L, (v) has type p’and (x2, — x5 1)20:1 is unconditional, we have that (xp, —
xzn,l):‘;] is dominated by the unit vector basis of £,. We will prove that there
exists a constant K so that for all N € N there exists k € N such that the finite
sequence (x2, — xzn_l)ﬁsz K -dominates the unit vector basis of Eg As p < p/,
this would contradict that (x2, — x2,—1)5,—, is dominated by the unit vector basis of
£ . Alternatively, one could use that L, has type p, the uniform containment of Zg s
and [67, Theorem 13] to get that E contains a subspace isomorphic to £, which, in
view of Theorem 2.1, contradicts that E does stable phase retrieval in L .

Let N € Nand ¢ > 0. Let k € N be large enough so that 2ex N < 27 !a. Let
(a j)];.:kN 1 be a sequence of scalars. We have that

k+N P kN || kN 4
Z aj(xaj —x2j-1) > Z Z aj(xaj —x2j-1)
s Ly e Lp(Q)
k+N p
I-p _ 14 _ . S vn s
= Y | 2" lan ez = 2D (o, = | D0 @2 = x2j-1)
n=ktl j#n LP(QZH)
k+N P
1- P
= ) |2 Pellanl? =27l [ D1yl
n=k+1 Jj#n
k+N
> > [ 2" Palan|? = 2Pl NPT " a )P
n=k+1 Jj#n
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k+N
> (21—Pa!’ —2”8,pr) 37 Janl?
n=k+1
k+N
=277l Y jal”.
n=k+1

Now that we have established that all three statements in Theorem 5.6 are equivalent
for 1 < p < 2, we can show the implication (ii)=(iii) for 1 < p < oo. Indeed, we
assume (ii) holds. Since E does SPR in L1, by (ii)=>(iii) for p = 1, we deduce that
there exists &« > 0 such that forall x, y € E,

p(r e Q:x(@)| = allx|z, and [y()] = allyllL,}) > a. (.11

Now we use the second assumption of (ii) to replace the L1 norm with the L, norm
in (5.11). O

6 C(K)-spaces with SPR subspaces

Throughout this section, subspaces are assumed to be closed and infinite dimensional,
unless otherwise mentioned. Recall that a non-empty compact Hausdorff space is
called perfect if it has no isolated points, and scattered (or dispersed) if it contains no
perfect subsets. For a compact Hausdorff space K, we define its Cantor—Bendixson
derivative K’ to be the set of all non-isolated points of K. Clearly K’ is closed, and
K = K'iff K is perfect; otherwise, K’ is a proper subset of K. Also, if K contains a
perfect set S, then S lies inside of K’ as well.

Theorem 6.1 Suppose K is a compact Hausdorff space. Then C(K) has an SPR sub-
space if and only if K’ is infinite.

The proof depends on an auxiliary result, strengthening Remark 4.6.

Proposition 6.2 Every separable Banach space embeds isometrically into C(A), and
into C[0, 1], as a 10-SPR subspace (here A is the Cantor set).

Proof Fix a separable Banach space E. Let K be the unit ball of E*, with its weak™
topology. By Lemma 4.5 and Remark 4.6, the natural isometric embedding j : E —
C(K) (taking e into the function K — R : e* > e¢*(e)) is such that ||| jx| A |jy|l] >
1/5 whenever ||x]| = 1 = |y|l. As K is compact and metrizable, there exists a
continuous surjection A — K [53, Theorem 4.18]; this generates a lattice isometric
embedding of C(K) into C(A), hence one can find an isometric copy of E C C(A)
so that |||x| A |y||| > 1/5 whenever x, y are norm one elements of E.

View A as a subset of [0, 1]. Then there exists a positive unital isometric extension
operator T : C(A) — CI[0, 1]—thatis,for f € C(A), Tfla = f;T1=1;||T| =1,
and Tf > 0 whenever f > 0. The “standard” construction of 7" involves piecewise-
affine extensions of functions from A to [0, 1]; for a more general approach, see
the proof of [4, Theorem 4.4.4]. One observes that |||Tx| A [Tyl = |[lx]| A |¥]ll,
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hence, if E € C(A) has the property described in the preceding paragraph, then
INTx| A|Ty|ll > 1/5 whenever x, y € E have norm 1.

By Theorem 3.4, the copies of E in C(A) and C[0, 1] described above do 10-SPR.

O

The next result is standard topological fare (cf. [63, Theorem 29.2]).

Lemma 6.3 Suppose K is a compact Hausdorff space, andt € U C K, where U is
an open set. Then there exists an open set V so thatt € V CV C U.

Proof of Theorem 6.1 Suppose first that K is finite (in this case, K must be scattered).
To show that any subspace E C C(K) fails SPR, consider Co(K, K') = {f €
C(K) : flk = 0}.Thendim C(K)/Co(K, K') = |K'| < 0o,hence ENCy(K, K') is
infinite dimensional as well. It suffices therefore to show that every infinite dimensional
subspace of Co(K, K’) fails SPR.

Note that, in the case of finite K’, Co(K, K’) can be identified with co(K\K’) as
a Banach lattice. Indeed, any f € co(K\K') is contmuous on K\K’, smce this set
consists of isolated points only. Extend f to a function f K — R with f lxr =0,
flK\K/ f. Note that for any ¢ > 0, the set { € K\K' : |f£t)| >ct={teK:
|f(#)| = c} is finite, hence closed; consequently, {r € K : | f(t)| < c} is an open
neighborhood of any element of K’. From this it follows that f is continuous.

On the other hand, pick 7 € Co(K, K'). We claim that h|g\x € co(K\K")—
that is, {t € K\K’ : |h(t)] > c} is finite for any ¢ > 0. Suppose, for the sake of
contradiction, that this set is infinite for some c. By the compactness of K, this set
must have an accumulation point, which must lie in K’. This, however, contradicts the
continuity of /.

A “gliding hump” argument shows that no subspace of ¢o(K\K’) does SPR. From
this we conclude that no subspace of C(K) does SPR if K’ is finite.

Now suppose K contains a perfect set. By [58, Theorem 2, p. 29], there exists
a continuous surjection ¢ : K — [0, 1]. This map generates a lattice isometric
embedding 7 : C[0,1] — C(K) : f +— f o¢. However, C[0, 1] contains SPR
subspaces, by Proposition 6.2.

It remains to prove that C (K') contains an SPR copy of ¢y when K is scattered, and
K’ is infinite. Note first that K\ K" must be infinite. Indeed, otherwise any point of
K’ = K'\(K’\K") will be an accumulation point of the same set, and K" will be
perfect, which is impossible.

Observe also that any + € K’\K” is an accumulation point of K\K’. Indeed,
suppose otherwise, for the sake of contradiction. Then ¢ has an open neighborhood
W, disjoint from K\K’. If U is another open neighborhood of ¢, then so is U N W.
As 1 is an accumulation point of K, U N W must meet K, hence also K. This implies
t € K”, providing us with the desired contradiction.

Find distinct points #1,%,... € K'\K”. For each i find an open set A; >
so that t; ¢ A; for j # i. Lemma 6.3 permits us to find an open set U; so that
t; € Ui C U; C A;. Replacing U, by U>\Uj, Uz by U3\U; U Us, and so on, we can
assume that the sets U; are disjoint. Lemma 6.3 guarantees the existence of open sets
Vi so that, forevery i, t; € V; C V; C U;.

@ Springer



Stable phase retrieval in function spaces

As noted above, each #; is an accumulation point of K\K’. Therefore, we can
find distinct points (sji)‘l?il C (K\K') N V;. For each n, let S, be the closure of

{sj2n:j € N} (note S, € Van C Uay,). Note that there exists x™ € C(K) such that:

(i) 0 < x™ < 1 everywhere.
(i) xM|s, = 1/2.
(iii) x™(s1,20—1) = L.
(iv) xM(sy0) =1/2for1 <i <n—1.
(v) x = 0o0n (K\Uz)\{S1,20—1+ .2+ S - - - » Sp.2n—2}-

To construct such an x ™, recall that S1.2n—1> 51,25 Sn.4, - - - » Sp,2n—2 are isolated points
of K, hence the function g, defined by g(s12,—1) = 1, g(sp2i) = 1/2for1 <i <
n — 1, and g = 0 everywhere else, is continuous. Further, by Urysohn’s Lemma,
there exists 1 € C(K) sothat 0 < h < 1/2 = h|s,, vanishing outside of Up,. Then
x™ = g + h has the desired properties.

We claim that (x™) is equivalent to the standard cp-basis. Indeed, suppose (o) €
coo, with V, |, | = 1. We need to show || >, o, x| = 1. The lower estimate on the
norm is clear, since x = Zn an,x™ attains the value of o, at s 1.2n—1-

For an upper estimate, note that x vanishes outside of U,,U,,, and on U,, if m is
large enough. If m is odd (m = 2n — 1), then the only point of U,, where x does
not vanish is sy 2,—1, which we have already discussed. If m is even (m = 2n), then
|x| < 1/2 except for the points s; 2, (i > n); at these points, x equals («, + «;)/2,
which has absolute value not exceeding 1.

It remains to show that £ = span [x" : n € N] does SPR. In light of Proposi-
tion 3.4, if suffices to prove that |||x| A |y]|| > 1/3 for any norm one x, y € E. Write
x=Y, apx™andy =3, B,x™.Find n and m so that [a,| = | = |B|. If n = m,
then both |x| and |y| equal 1 at s1 2,1, so [||x]| A |y]l| = 1.

Otherwise, assume, by relabeling, that n < m. If |«,,| > 1/3, then

1
T ALY = 1 G om=—DI A 1Y S1.2m =01 = [etm] A 1Bl = 3

The case of | 8,| > 1/3is treated similarly. If |y, |, |Br]| < 1/3,then |x(sp,20)| = oty +
oy |/2 > 1/3,and similarly, | y(s,,2,)| > 1/3, which again gives us |||x| A]y]|| > 1/3.
O

Question 6.4 The proof of Theorem 6.1 shows that K’ is infinite iff C(K) contains an
SPR copy of ¢g. If K is “large” enough (in terms of the smallest ordinal « for which
K@ is finite), what SPR subspaces (other than co) does C(K) have? Note that cg
is isomorphic to ¢ = C[0, w] (o is the first infinite ordinal). If K (@) ig infinite, does
C(K) contain an SPR copy of C[0, ®*]?

In the spirit of Proposition 4.1, it is natural to ask which (isometric) subspaces of
C(K) are necessarily SPR. Below we give a “very local” condition on a Banach space
E (finite or infinite dimensional) which guarantees that any isometric embedding of
E into C(K) has SPR.

Recall (see [48]) that a Banach space E is called uniformly non-square if there exists
& > 0 so that, for any norm one f, g € E we have min{|| f + gl|, || f — gll} <2 —¢.
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Note that E fails to be uniformly non-square iff for every ¢ > 0 there exist norm one
f,g € Esothat ||f + gll,llf — gll > 2 — ¢. In the real case, this means that £
contains E% (equivalently, Ego) with arbitrarily small distortion. This is incompatible
with uniform convexity or uniform smoothness.

Proposition 6.5 Any uniformly non-square subspace of C(K) does SPR.

Proof Suppose E is a non-SPR subspace of C(K); we shall show that it fails to be
uniformly non-square. To this end, fix ¢ € (0, 1/2); by Theorem 3.4, there exist norm
one f,g € E with ||| f| A |g|]| < €. Pointwise evaluation shows that

LFIVIgl+ 1INl =1 f + gl = 1fIVIgl—=1fIAIgl.
As the ambient lattice is an M-space, we have ||| f| V |g]||| = 1, hence

L—e <|IFIVIgll = AT = I1f + gl < MV I+ AT A Ll < T 4e.

Replacing g by —g, we conclude that 1 —e < || f — gl < 1 +¢.
Letu = (f +8)/If +gllandv = (f —g)/Ilf — gll. Then

lu—fF+o=1—-1f+gll <e

and similarly, |v —(f—-9 ” < ¢. Then

lutoll = [(f++(f =l = |u—=f+ o] = [v-(F -] >2~2

and likewise, |ju — v|| > 2 — 2¢. As ¢ is arbitrary, E fails to be uniformly non-square.
O

For infinite dimensional subspaces, Proposition 6.5 is only meaningful when K is
not scattered. Indeed, if K is scattered, then C (K) is co-saturated [36, Theorem 14.26],
hence any infinite dimensional subspace of C(K) contains an almost isometric copy
of co [60, Proposition 2.e.3]. In particular, such subspaces contain almost isometric
copies of E%, hence they cannot be uniformly non-square.

In light of Proposition 6.5, we ask:

Question 6.6 Which Banach spaces E isometrically embed into C(K) in a non-SPR
way?

Note that containing an isometric copy of Ego (and consequently, failing to be
uniformly non-square) does not automatically guarantee the existence of a non-SPR
embedding into C(K) (in this sense, the converse to Proposition 6.5 fails). In the
following example we look at isometric embeddings only; one can modify this example
to allow for sufficiently small distortions.

Proposition 6.7 There exists a 3-dimensional space E, containing Ego isometrically
(and consequently, failing to be uniformly non-square), so that, if K is a Hausdorff
compact, and J : E — C(K) is an isometric embedding, then |||Jx| A |Jy||| = 1/3
for any norm one x,y € E.
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The following lemma is needed for the proof, and may be of interest in its own
right.

Lemma 6.8 Suppose K is a Hausdorff compact, E is a Banach space, and J : E —
C(K) is an isometric embedding. Denote by F the set of all extreme points of the unit
ball of E*. Then, for any x,y € E, ||Jx| A |Jy|ll = supgcr le*(x)] A le* ()]

Proof Standard duality considerations tell us that J* : M(K) — E* (M(K) stands
for the space of Radon measures on K) is a strict quotient—that is, for any ¢* € E*
there exists © € M(K) so that ||| = |le*|| and J*u = e*. Further, we claim
that, for any e* € F, there exists t € K so that J*§; € {e*, —e*}. Indeed, the set
S={ueMK):|ul=<1,J*u=e*"}is weak*-compact, hence it is the weak™-
closure of the convex hull of its extreme points. We claim that any such extreme point is
also an extreme point of {u € M(K) : |||l < 1}. Indeed, suppose u = (1 + @2)/2,
with ||u1|l, llnz2]l < 1. Then e* = (J*uy + J*up)/2, which guarantees that e* =
J*puy = J*ua, so uy, no € S, and therefore, they coincide with p.

To finish the proof, recall that the extreme points of {ix € M(K) : |||l < 1} are
point evaluations and their opposites. O

Proof of Proposition 6.7 To obtain E, equip R? with the norm

1
lIGe, y, Il = max {Ix], [y], E(IXI + [yl +Izl)}- (6.1)

Clearly {(x1,x2,0) : x1,x2 € R} gives us an isometric copy of Ego in E. Note
that the unit ball of E* is a polyhedron with vertices (1,0, 0), (0, £1, 0), and
(£1/2,+£1/2,+£1/2); we denote this set of vertices by F. In light of Lemma 6.8,
we have to show that, for any norm one x = (x1, x2, x3) and y = (y1, y2, y3) in E,
there exists e* € F so that |e*(x)| A |e*(y)| > 1/3.

In searching for e*, we deal with several cases separately. Note first that, if x| A
[y1| = 1/3,thene™ = (1, 0, 0) has the desired properties. The case of [x2|A|y2| > 1/3
is treated similarly. Henceforth we assume |x1| A |y1], [x2] A |y2] < 1/3. In light of
(6.1), we need to consider three cases:

@) |x1l =1=Iylor|x2] =1=]yil.
(i) Either |x;| Vv [x2] = 1 and |yi| + [y2| + [y3] = 2, or [y1]| V |y2| = 1 and |x| +
lx2| + |x3] = 2.
(i) |xi| + |x2] + lx3l = 2 = [y1| + |y2| + |y3].

In all the three cases, we look for e* = (g1, €2, €3)/2, with €1, &3, 3 = %1 selected
appropriately.

Case (i). We shall assume x; = 1 = y;, as other permutations of indices and
choices of sign are handled similarly. Select ¢; = 1, and take €3 so that e3x3 > 0.
Pick ey = 1 if e1y; 4+ e3y3 > 0 and &2 = —1 otherwise. Then [x>| < 1/3, hence

1 1— 1—-1/3 1
e’ (x) = 5(81 + e2x2 +83X3) > 2|x2| > 3 / = 3
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Further,

leryr +e2 +esysl 1
2 -2

le* ()] =

Case (ii). We deal with x; = 1 (and consequently, |y1| < 1/3) and |y| + |y2| +
|y3| = 2, as other possible settings can be treated similarly. Let &1 = 1. If |x3| < 1/3,
select €3 so that e3x3 > 0. Pick &> so that €3y, and €3y3 have the same sign. Then

Tl —lol -l 1-1/3 1

* >
le*(x)| > > z2— 2z 3

and

- 2-2 2-2-1/3 2
e (y)| > L2l + Iysl = Iyl _ |y1] - hB_2
2 2 2 3

Suppose, conversely, that |x;| > 1/3, hence |y2| < 1/3. Let &, = signx,. Select
€3 so that e1y; and e3y3 are of the same sign. Then |x3] <2 — (1 + |[x2]) = 1 — |x3],
hence

L+ xal = xal _ 2lxal _

* >
le*(x)| > > z—

W

On the other hand, 2 — |yz| = |y1| + |y3| and

il sl = [y2l _ 22l 2-2-1/3
2 2 - 2

le* ()] = -

W o

Case (iii). If |x], |[x2| < 1/3, let &3 = sign x3, and select €1, &7 so that both &1 y;
and &, y, have the same sign as €3y3. Then

()| > lx3| — 1x1] — [x2] _ 2 = 2(|x1| + |x2]) > 2—-4-1/3 _ 1
2 2 2 3

and

[yil + [y2l + [y3l _

1.
2

le* ()] =
The case of |yi1], |y2] < 1/3 is handled similarly.
Now suppose neither of the above holds. Up to a permutation of indices, we assume
that |x1| > 1/3 (hence |y;| < 1/3), and |y2] > 1/3 (hence |x2| < 1/3). Then let
€1 = signx; and &3 = sign x3. Pick &> so that sign e, y, = sign £33, then

il + sl = ol 22  2-2-1/3 2

* > —
le” ()] = 2 5 Z 2 3

and likewise,
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[yl + ly3l — Iy1|

le”(V)] = >

Wll\)

7 Open problems

We now list some open questions and directions for further research. The reader can
find additional questions embedded throughout the paper.

Question 7.1 (Classification of SPR subspaces): Given a Banach lattice X, it is of
interest to classify the closed subspaces of X that do SPR. This question, of course,
can be interpreted in various ways. Possibly the crudest of these is to classify the
closed subspaces of X doing SPR up to Banach space isomorphism. One can then
refine this classification by tracking the optimal SPR and isomorphism constants. On
the other hand, one can ask about the “structure” of the collection of SPR subspaces
of X. For example, whether certain natural candidates do SPR, or whether they have
a further subspace/perturbation which does SPR. Compare with [24, Theorem 1.1],
which, within a restricted class of subspaces of L, (R), is able to classify those that do
SPR.

Phase retrieval is most often studied in terms of recovering a function f from
|Tf| where T is a linear transformation, such as the Fourier transform or Gabor
transform. However, any use of phase retrieval in applications requires sampling at
only finitely many points. Gabor frames are constructed by sampling the short-time
Fourier transform at a lattice; however, any frame constructed by sampling the Gabor
transform at an integer lattice cannot do phase retrieval. There has been significant
recent interest in determining which sampling points allow for constructing frames
which do phase retrieval [3, 43, 44].

The problem of sampling continuous frames which do stable phase retrieval to
obtain frames which do stable phase retrieval was introduced in [37] and was shown
to be connected to important integral norm discretization problems in approximation
theory (such as in [29, 30, 52, 59]). In [38] it is proven that if (x;);cq 1S a bounded
continuous frame of a separable Hilbert space H then there exist sampling points
(tj) jes in 2 such that (x, ) jel is a frame of H. The corresponding quantitative and
finite dimensional theorem in [59] gives that for each § > O there are universal
constants B > A > 0 so that if (x;);cq is a continuous Parseval frame of an n-
dimensional Hilbert space H and ||x;|| < Bn!/? for all t € Q then there exists m on
the order of n sampling points (¢;)_, in 2 so that (m~ 12y, )7 is a frame of H
with lower frame bound A and upper frame bound B. The proof of the above theorem
relies on the celebrated solution to the Kadison—Singer Problem and its connection to
frame partitioning [62, 64]. It is natural to consider if this discretization theorem holds
as well for stable phase retrieval, and the following question is stated in [37].

Question 7.2 Let C, 8 > 0. Do there exist constants D, x > 0 so that for alln € N
there exists m < Dn so that the following is true: Let H be an n-dimensional Hilbert
space, (€2, u) a probability space, and (x;);cq a continuous Parseval frame of H which
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does C-stable phase retrieval such that ||x;|| < B+/n for all t € Q. Then there exists
a sequence of sampling points (z; ’}1:1 C Q such that (m~"/ zx,j)’l”:l is a frame of H
which does «-stable phase retrieval. '

Note that if (x;);eq is a continuous Parseval frame of H over a probability space €2
then the analysis operator © (x) = ({x, x;))req 1s an isometric embedding of H into
L>(£2). We have that the continuous frame (x;);cq does C-stable phase retrieval if
and only if the range of the analysis operator ® (H) does C-stable phase retrieval as a
subspace of L, (2). In Theorem 5.3 we prove that there exists a subspace £ C L, (2)
such that E does stable phase retrieval as a subspace of L, (2) but that £ does not do
stable phase retrieval as a subspace of L1(€2). As shown by Theorem 5.6, doing stable
phase retrieval in L (€2) gives a lot of useful additional structure. This motivates the
following problem.

Question 7.3 Let C, 8 > 0. Do there exist constants D, x > 0 so that for alln € N
there exists m < Dn so that the following is true: Let H be an n-dimensional Hilbert
space, (€2, u) a probability space, and (x;);cq a continuous Parseval frame of H with
analysis operator ® such that ®(H) does C-stable phase retrieval as a subspace of
L1(2) and as a subspace of L,(2), and ||x;|| < B+/n for all t € Q. Then there exists
a sequence of sampling points (tj);f'zl C € such that (m~!/ 2x,j )’}':1 is a frame of H
which does «-stable phase retrieval.

The previous two questions on constructing frames by sampling continuous frames
relate to discretizing the L,-norm on a subspace of L, (€2). There is significant interest
in approximation theory on discretizing the L ,-norm on finite dimensional subspaces
of L,(2) which are called Marcinkiewicz-type discretization problems [29, 30, 52,
59]. For p # 2, it is too much to ask for the number of sampling points to be on the
order of the dimension of the subspace. This leads to the following general problem
on discretizing stable phase retrieval.

Question 7.4 Let £ C L ,(2) be an n-dimensional subspace for some 1 < p < o0
and probability space Q2. Let C > 0 and let f : N — N be strictly increasing. What
properties on E imply that there exists m < f(n) and sampling points (¢ j)’;‘zl cQ
so that the subspace {(m_l/ Px(t j));f’zl : x € E} does C-stable phase retrieval in Z’;}?
What properties on E imply that there exists m < f(n), sampling points (¢ j);’.’:1 C Q,
and weights (wj);flzl with Z'j’;l |w;|? = 1 so that the subspace {(wjx(tj));fl:l tx €
E} does C-stable phase retrieval in ZZ’?
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