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The effective potential has been previously calculated through three-loop order, in Landau gauge, for a
general renormalizable theory using dimensional regularization. However, dimensional regularization is
not appropriate for softly broken supersymmetric gauge theories, because it explicitly violates super-
symmetry. In this paper, I obtain the three-loop effective potential using a supersymmetric regulator based
on dimensional reduction. Checks follow from the vanishing of the effective potential in examples with
supersymmetric vacua, and from renormalization-scale invariance in examples for which supersymmetry is
broken, either spontaneously or explicitly by soft terms. As by-products, I obtain the three-loop Landau
gauge anomalous dimension for the scalar component of a chiral supermultiplet, and the beta function for

the field-independent vacuum energy.
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I. INTRODUCTION

The quantitative analysis of vacuum expectation values
and spontaneous symmetry breaking in quantum field
theories can be formulated in terms of the Coleman-
Weinberg effective potential [1-3]. The perturbative loop
expansion of the effective potential is evaluated as the sum
of all one-particle-irreducible vacuum diagrams, where the
vertices and propagators depend on the scalar background
fields. For a general field theory, the effective potential is
known at two-loop order [4,5] and three-loop order [6,7].
These results are based on Landau gauge fixing, which
greatly simplifies the expressions; other gauge-fixing
choices have kinetic mixing between scalar and vector
degrees of freedom. Complete effective potential results
for a general field theory at two-loop order in a variety of
other gauge-fixing prescriptions can be found in Ref. [8],
which illustrates the unfortunate complications encoun-
tered. In the special case of the Standard Model, the
four-loop contributions at leading order in QCD are also
known [9].

The three-loop effective potential results of Ref. [7] were
obtained using dimensional regularization (DREG) [10-15]
followed by renormalization with modified minimal sub-
traction known as MS [16,17]. Although MS is the modern
standard for loop calculations of all types in nonsupersym-
metric theories, it is not appropriate for supersymmetric
theories with or without explicit soft breaking terms. This is
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because the DREG regularization procedure introduces
explicit supersymmetry violation, due to the fact that in

d=4-2¢ (1.1)
dimensions there is a nonsupersymmetric mismatch between
the numbers of gauge boson and gaugino degrees of freedom.
Although this mismatch only has multiplicity 2e, it is
multiplied by poles in e from loop diagrams. After renorm-
alization, this leads to violations of the relationships among
parameters that should be enforced by supersymmetry.
The purpose of this paper is to remedy this problem by
providing a counterpart to the results of Ref. [7] but using
Siegel’s supersymmetric regularization by dimensional
reduction (DRED) [18-20] followed by modified minimal
subtraction.! In DRED, loop momenta are still in d
dimensions, but each vector degree of freedom has four
components, so as to avoid the nonsupersymmetric mis-
match between gauginos and gauge bosons. The extra 2¢
vector components are called e scalars. When explicit soft
supersymmetry breaking is present in supersymmetric
gauge theories, there is an additional complication, because
in general in the resulting DR renormalization scheme the e
scalars obtain nonzero squared mass contributions in excess
of the corresponding vector squared masses, due to
renormalization. These e-scalar squared mass contributions
are unphysical, in the sense that they have no observable

1Although there are technical problems [21-23] associated
with simultaneously avoiding either inconsistencies or ambigu-
ities of DRED at higher-loop orders while maintaining super-
symmetry, these are not an issue for the three-loop vacuum
diagrams considered in this paper, as demonstrated by the explicit
calculations reported below.
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counterparts. Accordingly, in Ref. [24] it was shown that
these unphysical quantities can be simultaneously eliminated
from the renormalization group equations and from the
relations between on-shell physical quantities and the
Lagrangian parameters, by a parameter redefinition of
the type given in Ref. [25]. The resulting supersymmetric
renormalization scheme based on regularization by dimen-
sional reduction is known® as the DR’ scheme, with the
property that the e-scalar squared masses appearing in
propagators are exactly the same as those of the correspond-
ing vector bosons. The two-loop results for the effective
potential in a general softly broken supersymmetric gauge
theory in DR’ were obtained in Ref. [5], and in the present
paper this will be extended to three-loop order.

The notations, conventions, and general strategies of this
paper will follow closely those of Refs. [7,26]. Therefore, to
avoid needless (and lengthy) repetition, the reader is advised
to consult those papers for the relevant definitions. In
particular, the three-loop effective potential is given in terms
of renormalized e-finite basis integrals: A(x) at one loop,
I(x,y,z) at two loops, and F(w,x,y,z), F(0,x,y,z),
G(v,w,x,y,z2), and H(u,v,w,x,y, z) at three loops, along
with convenient combinations A(x,y), I(w,x,y,z), and
K(u,v,w,x,y,z). Here, u,v,w,x,y,z denote propagator
squared mass arguments, and the dependence on the
common renormalization scale Q is suppressed in the lists
of arguments, as it is typically the same everywhere within a
given calculation. These basis functions were defined
explicitly in Sec. II of [7] and Sec. II of [26], and the
computer software library 3vIL provided with the latter
reference provides for their fast and accurate numerical
evaluation. Note that their definitions do not depend on
whether one is using the MS or DR’ scheme. They satisfy
symmetry relations that reflect all of the invariances of the
corresponding underlying Feynman diagrams under inter-
changes of squared mass arguments. They also satisfy
special case relations, which are identities that occur when

|

the squared mass arguments are nongeneric, meaning that
some of them are equal to each other, and/or vanish.
Examples of these special case relations appeared in
Eqs. (5.82)—(5.86) of Ref. [26] and (2.40)—(2.43) of
Ref. [7]. There are many other identities reflecting the
analytic special cases that occur when there is only one
distinct nonzero squared mass found in Refs. [27-33], and
listed in the notation of the present paper in Sec. V of
Ref. [26]. For convenience, both the symmetry relations and
the known special case relations are provided in the
identities.anc file of the Supplemental Material [34].

Since the structure of the three-loop effective potential
has been elucidated already in Ref. [7] at considerable
length, the present paper will assume this as given and
concentrate on the distinctions that are special to super-
symmetric theories and DRED. Furthermore, the explicit
results at three-loop order are extremely complicated, and
therefore mostly useless to the human eye. Hence, they will
be almost entirely relegated to ancillary electronic files,
which are suitable for use with symbolic manipulation
software and numerical evaluation with 3VIL.

II. EFFECTIVE POTENTIAL
IN DIMENSIONAL REDUCTION

Consider a general renormalizable theory, which we will
later assume to be a softly broken supersymmetric gauge
theory. Suppose that the fields with diagonal tree-level
squared masses consist of some real scalars R; with squared

masses m?3, two-component fermions y; with squared

it
masses M?, and real vector fields A% with squared masses
m2. In the case of the fermions, the masses need not be
diagonal, but may include charged Dirac fermion fields
consisting of pairs y; and yp with off-diagonal masses
M, where M? = M? = |[M'"|. For Majorana fermions,
one identifies 7 and I'. There are also field-dependent
interactions

1. 1. |
‘Cim = —gﬂjkleRle — ﬁ/{jklijRleRm — 5 (YJIJle//ﬂ//J + C.C.)

i . 1, 1,
+ g Ay B,y — AR 0, Ry~ g FAGAM R R, — 5 g AGAMR,

1
abc Aua Avb c abe cde Apua Avb Ac Ad abc Apa by 7cC
— g7 ArIA 0, A7 —Zg geArA AL AL — g A " 0,@¢,

where @ and @®° are ghost and antighost fields. The
independent couplings are scalar cubic /¥, scalar quartic

*Many sources elide the distinction between the DR’ and DR
schemes. It is hard to fault this practice, as the DR scheme as
defined in Ref. [24], and in the present paper (including arbitrary
independent unphysical e-scalar squared masses) it is not of much
practical use.

(2.1)

[

2kim - ~Nukawa Y/, vector-fermion-fermion ¢4/, vector-
scalar-scalar ¢*/%, vector-vector-scalar ¢*”/, and vector-
vector-vector ¢“’°. By convention, Y ;= (Y/"/)* and
My = (M'")*. Note that the vector-vector-scalar-scalar
and vector-vector-vector-vector interaction couplings
are not independent of the cubic couplings, as they are
given by
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gabjk — gajlgbkl + gaklgbjl’ (22)

bed _ abe cd
ga c _ga L’gL e

(2.3)
respectively. Each of these masses and couplings may
depend on one or more background scalar fields ¢, which
correspond to the possible vacuum expectation values.

The loop expansion of the DR’ effective potential can be
written as

+ 71 V(Z)

1
Vg = VO + —— v (1622

1672

1
——= VO 4+
* (167%)3 -

(2.4)
The contribution V(©) is the tree-level background-field-
dependent potential, and each V(?) is obtained by summing
the contributions of Z-loop one-particle-irreducible dia-
grams. At one-loop order, the effective potential in the DR’
scheme is given by the supertrace form

v =STF0) =2 f) +3Y fla). (2.5

J

where j, I, and a appearing as arguments of loop integral
functions are shorthand notations for the corresponding
DR’ squared masses, and the one-loop integral function is

1 _
flx) = sz(ln(x) -3/2), (2.6)
which depends on the renormalization scale Q through the
definition

In(x) = In(x/ Q).

As explained in Ref. [5], Eq. (2.5) differs from the MS
result, which instead has a one-loop function fy(x) =
f(x) + x?/6 for the vectors. The difference arises from the
e-scalar contribution to f(x).

The two-loop contribution in either MS or DR’ can be
written in the form

(2.7)

| B ) 1 .. . 1. . . 1 . .
Ve = T (W) fss(ju k. 1) + g/l”kkfss(ﬁ k) + 3 YMY s frrs(1 . ) + 1 (YTYIT T MMy +c.c.)frrs(1. ], )

1, . , 1 , .
T (g% fyss(a. j. k) + 1 (g*"7)* fyvs(a. b, j) + 59
1 :
+ ﬁ (gahc)zfgauge(a’ b, 0)9

in terms of two-loop integral functions fggg, fss,» frrss
fEEss fvsss fvvs, frevs fEFys and fguyge. The functions
Sfssss fss» frrs, and frgg do not involve vectors or e
scalars, and so are trivially the same in the MS and DR’
schemes. In contrast, the functions fyss, fvvs, frrv, fEE Vs
and fgag are different in the two schemes. The DR’
functions are constructed so as to include the contributions
of the e scalars corresponding to each vector field, with each
e-scalar mass equal to the corresponding field-dependent
vector boson mass. They were obtained in® Ref. [5]. The DR’
results for the one-loop function f and the nine two-loop
|

] a U
Yo frrv(I. ], a) + 59?19?/ MMy frpy(1,J, a)

(2.8)

|
functions are provided in the funct ionsDRED. anc file
of the Supplemental Material [34].

As explained in Ref. [7], the three-loop contribution to
the effective potential for a general renormalizable theory
can be expressed in terms of 89 loop integral functions; see
Egs. (3.2)—(3.32) of that paper for the rather lengthy
expression for V©) in terms of the functions and the
renormalized couplings. The 89 functions can be divided
into three categories. First, there are 24 functions that do
not involve vector fields or € scalars at all, and so they are
trivially the same in the DR’ and MS schemes:

Hggssss,  Ksssssss  Jssssss Gssssss Lsssss Esssss

Hpppsss,  Hpprsss:  Hrrssers  Hppssers  Hrppssers  Hppssers

Kssssers  Ksssseps  Krrrsses  Krrpssis  Kprrsses  Kerrssrs

Kiprsses  Kssrrrrs  Ksserirs  Kssipies  Jssrrss Jssirs- (2-9)

Here we have adopted a slightly more efficient notation than in that paper, since fyss(x.y.2) = fssv (v.2.X) + Fys(x.y) + Fys(x.2),
where the functions on the right side were the ones defined in Ref. [5], and the function f g is the one used here. This takes advantage of
Eq. 2.2).
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In a second category are five functions which involve vector
fields, but for which there are no corresponding e-scalar
contributions. This occurs when all Feynman diagram
contributions to the function have only vector lines that
terminate (at one end, at least) in a vector-scalar-scalar vertex,
since in that case the vector index will be contracted with a
momentum, which lives in only d dimensions, not four, thus
projecting out the e-scalar components. Therefore, these five
functions are again the same in the DR’ and MS schemes:
|

HSSSVVV‘
(2.10)

HFFFVSS7 HFFFVS& HFFFVSS7 HSSSSSV’

The remaining 60 functions do involve e-scalar contributions
in at least one contributing diagram, and are therefore
different in the DR’ and MS schemes:

HVVSSSS7 HSSVVSS’ HVVVSSS’ HVVSSVS’ HSSVVVV? HSVVVSV?

KSSSSSV7 KSSSSVV’ KSSSVVS? KVVSSSS’ KSSSVVV7 KVVSSVS’

KSSVVVV’ KVVSVVS! JSSVSSf JSSVVSf GVSVV.SV Hgauge,S’

Kgauge,S’ Kgauge,SSv Hrppyver, HFFVVI:“I_’v Hrpyyrr, HI_’FVVFI_”

HFFFVVV’ HFFFVVV’ KFFFVVF’ KFFFVVF’ KFFFVVF’ KFFFVVF’

Kirppvve:  Kvvrrrrs  Kyverrrs  Kvvirrr Kgugerrr  Kgauge P 7o

Hppsvrr,  Hppsvep,  Hrppsvirs  Hrepsvers  Hppsvirs Hrerrsvys

Hpppsyyv, Hpprsvvs  Krresves  Krresves  Keprsves  Krrpsves

Kiprsvies Krersves Ksssvrrs  Ksssvirs  Kssvvrrs  Kssyvirs

KVVSSFF’ KVVSSFI_” KVVSVFF’ KVVSVFF" Hgaugw Kgauge- (211)

The main letters £, G, H, J, K, L correspond to the parent
Feynman diagram topology, and the subscripts encode the
information about the types of propagators in a canonical
ordering, as shown in Fig. 1, and explained in detail in
Ref. [7]. The distinction between F and F is that the latter
contains a chirality-flipping fermion mass insertion. Note
that in many cases involving gauge boson interactions,
more than one Feynman diagram contributes to a given
function with a fixed structure of gauge invariants. For
some of these, the word “gauge” in a subscript indicates
combinations of diagram topologies involving multiple
gauge vector boson or ghost propagators with a common
group theoretic structure. The difference in the present
paper is that for each vector propagator, one also includes
the corresponding e-scalar contribution in the DR’ function.
The results of evaluating all 89 functions appearing in V)
are given in the functionsDRED.anc file of the
Supplemental Material [34]. These constitute the main

2 5 1 2
1 4 E

E1234 G12345 H123456

FIG. 1.

I

new results of this paper. For any given softly broken
supersymmetric gauge theory, one can plug in the results
for the renormalized field-dependent masses and couplings,
as specified above, into Egs. (3.2)-(3.32) of Ref. [7] to
evaluate the three-loop effective potential.

At three-loop order, there is a qualitatively new practical
problem not encountered at one-loop and two-loop orders;
the presence of doubled bosonic propagator lines carrying
the same momentum (the propagators labeled 1 and 2 in
topologies J, K, and L of Fig. 1) with small or vanishing
squared masses can give rise to possible logarithmic
infrared singularities. In the case of doubled Goldstone
boson propagators, this problem was noted in the context of
the three-loop effective potential in Ref. [6]. Besides
causing infrared divergence problems when the renormal-
ization-scale choice leads to small Goldstone boson
squared masses, it manifests as imaginary parts of the
effective potential at the minima of its real part when the

$o (D eoo

J12345 L334

K123456

Feynman diagram topologies that contribute to the effective potential at three-loop order. The numbers indicate the canonical

ordering of subscripts denoting propagator types (S, F, F, V), and the corresponding squared mass arguments.
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tree-level Goldstone boson squared masses are negative.
These imaginary parts are spurious, in the sense that they are
not associated with any actual instability of the true vacuum
state. This can occur for perfectly reasonable choices of the
renormalization scale, including (see Ref. [6]) in the case of
the actual parameters of the Standard Model. In general, this
problem can be systematically defeated by resummation, as
shown in Refs. [35,36], with further elucidations in
Refs. [7,37-41]. Doubled propagators of massless gauge
bosons can also [7] cause infrared divergences in the effective
potential; these are benign, in the sense that they are also
eliminated in the process of resumming the Goldstone boson
contributions. It was also demonstrated in Ref. [7] that
infrared divergences from doubled massless fermion lines
do not occur at three-loop order.

Even in cases without infrared divergences due to
doubled bosonic propagators, the presence of vanishing
squared mass arguments can cause practical problems,
because the three-loop integral functions for generic
squared mass arguments will often contain individual terms
with denominators with powers of the arguments when
written in terms of the basis integrals. Although these do
not give true infrared singularities, demonstrating this and
obtaining expressions suitable for numerical evaluation
often requires taking limits of basis integral functions that
may not be immediately obvious.

To deal efficiently and systematically with these issues in
particular cases, it is useful to have expansions of the basis
integral functions for small squared mass arguments 6. A
complete list of such expansions for every combination of
squared mass arguments satisfying

0<d<Ku,v,w,x,yz (2.12)
is provided in the expdelta.anc file of the
Supplemental Material [34]. (Reference [7] provided an
ancillary file expzero.anc with a subset of these
expansions, which was less complete but sufficient for
the special cases needed there, namely, those encountered
in the Standard Model.) These expansions are derived using
the differential equations that the basis integrals satisfy
(obtained in Ref. [26]), and are given to order & for the I,
F, and F functions, order §* for the 7 and G functions, and
order §* for K and H. At three-loop order, the expansions
can contain up to three powers of In(5). Whenever a
squared mass argument vanishes, or should be treated as
small, one can replace it with §, and then use these
expansions to evaluate the leading order contribution to
the effective potential as 6 — 0. Poles in § always cancel,
and possible infrared divergences in individual diagrams
then manifest themselves as residual powers of In(5),
which must also cancel from the minimization conditions
for the effective potential, and from associated physically
meaningful quantities. This provides a useful check in
examples, including the ones mentioned below.

ITII. CHECKS FROM UNBROKEN
SUPERSYMMETRY

Consider a supersymmetric theory, with no explicit
supersymmetry-breaking terms. (For reviews of supersym-
metry using notations and conventions consistent with the
following, see Refs. [42,43].) As shown by Zumino in
Ref. [44], at a supersymmetric minimum of the tree-level
potential, the full effective potential must vanish at each
order in perturbation theory. In the case of nongauge
theories like the Wess-Zumino model, this was used in
Ref. [7] as a check on the 24 contributions at three-loop
order in Eq. (2.9) above, which do not involve vector
bosons. I have now extended these checks to various
supersymmetric gauge theory special cases.

For an example that is simple enough to analyze
explicitly in text, consider a supersymmetric U(1) gauge
theory with gauge coupling g and two chiral superfields
@, and ®_ with charges +1 and —1, respectively, and a
superpotential mass term

W=pud, o_. (3.1)
The corresponding complex scalar fields can be written in
terms of canonically normalized real components as

1 1
¢ = 7§(R1 +iR,), - = E(R3 +iRy).

There are three Weyl fermions, y| =y, y, = w_, and
3 = 4, the latter being the gaugino field. Finally, there is a
single vector boson A¥. In order to main unbroken
supersymmetry, the background scalar field components
for @, and ®_ have been chosen to both vanish, leading to
a tree-level potential V(®) = 0. Then, the gaugino and
gauge boson masses vanish, while the chiral fermion
and scalar squared masses are all equal:

(3.2)

M2 = m? =0, (3.3)
Mi=Ms=mi=mi=mi=mi=z  (3.4)

with
My, =My =Vz=p. (3.5)

There are no scalar cubic interactions, and the nonvanishing
quartic scalar interactions are

AV — 2222 _ 3333 _ a4 _ 30 (3.6)
A2 — 34— 2 (3.7)
N33 14 _ 0033 o4 _ 2 (3.8)
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and permutations thereof, while the nonvanishing Yukawa
couplings stemming from gaugino interactions with scalar
and chiral fermion pairs are

Y113 — iY213 — _Y323 — —iY423 =g (39)
and equal values when the last two (fermion) indices are

interchanged. The nonvanishing vector-scalar-scalar cou-
plings are

gAzl — _gAlz — gA34 — _gA43 =g, (3.10)
and the vector-fermion-fermion couplings are
a'=-n’=g (3.11)

There are no vector-vector-scalar interactions (because the
gauge symmetry is not spontaneously broken) and no vector-
vector-vector interactions (because the gauge symmetry is
|

Abelian). The one-loop part of the effective potential
evaluated from Eq. (2.5) is

VW =4f(z) —4f(z) =0, (3.12)

where the two terms come from the scalar and fermion
contributions to the supertrace, respectively, and there is no
contribution from the massless vectors because f(0) = 0.
The two-loop contribution from Eq. (2.8) is

V@ = @P(fss(z,2) +4fpps(0,2,2) + fyss(0,2,2)

+ frrv(2:2,0) = 2fprv(2, 2,0)]. (3.13)

This also vanishes due to nontrivial cancellations
between these functions obtained by plugging in their
expressions in terms of the basis integrals from
the file functionsDRED.anc in the Supplemental
Material [34]. Finally, the three-loop contribution obtained
from the general form specified in Eqs. (3.2)—(3.32) of
Ref. [7] is

3
VO = g*| Lysss(2.2.2.2) + 5 Essss(2. 2. 2. 2) + 42H pgsrr(0. 2.2, 2.0, 2) + 4T ssprs5(2. 2,0, 2. 2)

2

+ 4KFFFSSF(Zv Z, 0, Ty Xy O) + 4zKFFFSSF(Z’ Z, 0, Ty Xy O) + 8KFFF55F(O’ O, ey Ly e Z) + 4KSSFFFF(Zv Z, 0, Z, 0, Z)

1

- EHSSVVSS(L 2,0,0,2,2) = 2J55vss5(2. 2.0, 2. 2) + Ksssvvs(2.2,2.0,0,2) + Kyygss5(0,0, 2, 2.2, 2)

2
1

1
+ = Hppyyrr(2,2.0,0,2.2) + 2Hppyyrp(2. 2,00, 2, 2) = 22H pryypp(2,2.0,0, 2, 2)

+ EHFFVVFF(Z’ 2,0,0,2,2) + 22 Kpppyvi(2,2,2,0,0,2) + 2K pppyyr(2, 2, 2,0,0, 2)

— 42K pppyyvr(2.2,2,0,0,2) + 2K pppyyi(2. 2, 2,0,0,2) + Kpppyyr(2.2.2,0,0, 2)

+ ZszvFFFF(Oa 0,2,2,2,2) = 22Kyypppr(0,0,2,2,2,2) + Kyyprrr(0,0,2, 2, 2, 2)

+ 4ZHFFFVSS(Z’ Z, 0, 0, Z, Z) + 4HFFFVSS(Z’ Z, 0, 0, Z, Z) + 4ZKFFFSVF<Z’ Z, O, Z, 0, Z)

— 82K rprsyi(2.2,0,2,0,2) + 4K pppsyr(2.2,0, 2,0, 2) — 4K gs5vrr (2.2, 2,0, 0, 2)

+ 2zKyyssip(0,0, 2,2, 2, 2) = 2Kyysspr(0,0, 2,2, 2, 2) | -

As noted at the end of the previous section, to evaluate this
properly one may first change the 0 arguments to o, then
after using the results in functionsDRED.anc, apply
the expansions in expdelta.anc to keep only non-
vanishing terms as 6 — 0. Most of the functions in
Eq. (3.14) are individually completely smooth in the limit
0 — 0. The exceptions, which have only simple logarithmic
singularities, are

Kyvirpr(6,6,2.2,2,2) = 12In(8)[z + A(2)]*/<?

. (3.15)

(3.14)
[
KVVFFFF(S? 5, Z,2,2, Z) - 125(6) [Z + A(Z)]Z/Z
T (3.16)
Kyyrppr(6,6,2,2,2,2) = 12In(8)[z+A(2))? + ..., (3.17)

where the ellipses represent terms that are finite as 6 — 0.
Since these functions appear in Eq. (3.14) with coefficients
proportional to z%, —2z, and 1, respectively, the In(5) terms
are seen to successfully cancel in the complete expression.
In fact, the whole expression for V() vanishes in the limit
0 — 0, as required, due to nontrivial cancellations between
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the various functions. This becomes apparent after express-
ing the results in terms of the renormalized three-loop basis
integrals.

The simple example above does not come close
to completely testing the results obtained in
functionsDRED. anc, because of the absence of sca-
lar-scalar-scalar, vector-vector-scalar, and vector-vector-
vector interactions, and the absence of superpotential
Yukawa couplings. I have carried out more detailed tests,
each including many more terms, as follows:

(i) Supersymmetric U(1) gauge theory with three chiral
superfields ®, ®, and ®,, with charges +1, —1,
and 0, respectively, and a superpotential W =
yDePD + p®@P + 1 4y ®3. Supersymmetry is unbro-
ken when the scalar background fields are taken to
vanish.

(i) Supersymmetric U(1) gauge theory with two chiral
superfields ® and @, with charges +1, —1. There is
no superpotential. The gauge symmetry is sponta-
neously broken by equal magnitude background
fields for the scalars, @ = ¢. This is a D-flat
direction, leaving supersymmetry unbroken.

(iii) Supersymmetric SU(n) gauge theory with n = 2,3,
with chiral superfields ®; and ®/ in the fundamental
and antifundamental representations with j =
I,...,n, and a singlet chiral superfield ®,. The
superpotential is W = y@y®@® + pu®@P + 1y ®@3.
The background scalar fields are taken to vanish,
leaving the gauge symmetry unbroken and main-
taining unbroken supersymmetry.

(iv) Supersymmetric SU(n) gauge theory with n = 2,3,
with chiral superfields ®; and ®/ in the fundamental
and antifundamental representations, with no super-
potential. The scalar fields obtain background values
with equal magnitudes along a D-flat direction
®; = ®/ = p5;;, breaking the gauge symmetry
but again maintaining unbroken supersymmetry.

In each of these cases, I have checked that V(1) = v(2) =
VB =0 as required by unbroken supersymmetry at tree
level. These are highly nontrivial consistency checks on the
results obtained in functionsDRED.anc, relying on
intricate cancellations between the individual contributions
after writing them in terms of the renormalized basis
integrals. (As one might expect, the cancellations of the
individual contributions would not occur if one used the
MS functions instead of the correct DR’ ones.) These
cancellations include terms proportional to the infrared
regulator In(8) in the three-loop part, corresponding to
massless vectors and massless scalars along flat directions.

IV. CHECKS FROM RENORMALIZATION
GROUP INVARIANCE

Another class of checks, applicable for cases of non-
supersymmetric vacua and softly broken supersymmetric

gauge theories, comes from renormalization group invari-
ance. The invariance of the effective potential with respect
to changes in the arbitrary renormalization scale Q can be
expressed as

dveff _

0 0
O:QdQ <Q@+Zx:ﬁxﬁ>vefﬁ (4.1)

where X runs over all of the independent DR’ parameters of
the theory, including the background scalar field(s) ¢, the
masses and couplings that may depend on the ¢, and a
field-independent contribution to the tree-level potential,
which I will denote below by A. The beta functions for the
parameters X are given in a loop expansion by

1
1672

1

(3)
67 B (42

By = —BY + B+

1
(167%)

and in the particular case of the background scalar fields,
one writes 3, = —y¢p, where y® is the scalar anomalous
dimension, not to be confused with the chiral superfield
anomalous dimension. Therefore, at each loop order 7,
consistency requires

-1
Q%v“> +3° (Zﬁ;’f—")aiwi) —0. (43)

n=| X

To evaluate the first term in Eq. (4.3), the derivatives
with respect to Q of the basis integrals, and of the nine
two-loop functions and the 89 three-loop functions, are
given for convenience in the file QdQDRED. anc of the
Supplemental Material [34]. Since most of the Sy functions
are known from previous work, evaluating Eq. (4.3) for
each ¢ in particular cases in principle gives nontrivial
checks on the results of the present paper in the file
functionsDRED. anc. However, there are two missing
pieces of information. First, although the two-loop and
three-loop contributions to the anomalous dimensions of
the chiral superfields were calculated in Refs. [45,46], the
anomalous dimensions of the scalar components are differ-
ent and were only previously known to two-loop order.
Second, the beta function of the field-independent vacuum
energy A was only previously known at two-loop order.
Therefore, by demanding that Eq. (4.3) holds for ¢ =
1,2,3 in a variety of cases, I have been able to derive and
then check these missing results. I will first provide these
results and then briefly review the list of special case
models used to infer and check them.

Consider a supersymmetric gauge theory with chiral
superfields @; and a superpotential

1 1.
W= 2y 00,0 + 5 p D (4.4)
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STEPHEN P. MARTIN

PHYS. REV. D 109, 015019 (2024)

involving Yukawa couplings y“* and supersymmetric
masses '/, and soft supersymmetry-breaking terms

1 .. 1 .. 1
Lot = <6 a* i i + S 0Veid; + EMM“/I“> +c.c.

+ (m?)ipip™ + A, (4.5)
where ¢; are the scalar components of ®;, and 1 are the
gaugino fields. Here, a”/* and b"/ are holomorphic scalar
cubic and scalar squared mass terms, respectively, M, are

the gaugino masses, and (mz)j- are the nonholomorphic

scalar squared masses. The last term, the field-independent
vacuum energy A, is irrelevant to the (nongravitational)
dynamics of the theory and therefore generally omitted, but
its presence is necessary to maintain renormalization-scale
invariance of V. Note that in all checks below, I have
assumed that there are no tadpole couplings in W or —L 5
associated with gauge-singlet chiral superfields. I also
assume that there is at most one U(1) component in the
gauge group to avoid the complication of kinetic mixing
between different Abelian gauge fields. Both of these
assumptions hold in the case of the minimal supersym-
metric Standard Model (MSSM).

The gauge group is assumed to have couplings g, with
generators (t%),/. The notation for group theory invariants
will closely follow that of the review in Chap. 11 of
Ref. [43]. For each distinct group component, the dimen-
sion (number of Lie algebra generators) and the quadratic
Casimir invariant are denoted d, and G, respectively. The
quadratic Casimir invariant of an irreducible representation
carrying a flavor index i is denoted C, (i), where

(tt),/ = C,(i)5!.

1

(4.6)
|

B = g3(S. - 3G,),

ﬁéi) = ZgZGa<Sa

-3G,)(7G, —
—6C,(j)]

/35? - gZIGa(Sa
+ G gpy *y i Cp (i)

- 3Ga) + 4gz3zgisab

Sa) + 89295GaSap + 69294 Sar(3Gy, = Sp)
a(l)/da + g?zyijkyijlykmnylmn [3Ca(i)/2 =+ Ca(k>/4]/da

For an irreducible representation r, the Dynkin index is
T,(r) defined by

Trr[tatb] = 5abTa(r>7 (47)

and the sum of the 7,(r) over all of the chiral super-
multiplet representations is

Sa= ZTa(r) (48)

Similarly, define
Sap = _Ta(r)Cy(r) (4.9)
Supe = ZT )Cy(r)Co(r). (4.10)

For example, for a supersymmetric U(1) gauge theory with
chiral superfields ®; with charges q,-, one has d, =1,
G _0 C()_Qz’ S _ZIQH Ziq?’ and

Saaa = >.; q%. For a supersymmetric SU ( .) gauge theory
with n, flavors of fundamental and antifundamental chiral
superfields, one has d, =n2-1, G,=n,, C,(i)=
(n2=1)/(2n.)=Cy for each i, and S,=ny, S,, = n;Cy,
and Syq, = n;Cj.

The DRED beta functions for the gauge couplings g,
were found at two-loop order in [47,48], and at three-loop
order in [49] by making use of results in [50,51]. Using the
notations above, they are

(4.11)

— gy yinC,(i)/d, (4.12)
— 8G3939%Supe — 205"y Ca(i) G,/ d,,

(4.13)

The anomalous dimension of the chiral superfield ®; and the anomalous dimension of its scalar component ¢; have the

same general form

i

(2)j 1

Vi = __ytklyjkmylnpymnp + gayzklyjkl[HZC (k) + I’l3C ( )] + 5jgaca( )[n4gaS + nﬁghcb( ) + HGQaGa}

2

1 . .
}’E V= Eyiklyjkl +n18gz

C,(i), (4.14)

(4.15)
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a1
y = —g Yy’ 7y

kmn

4

3 1 j sqr jkm,Inp rs 3 ip
ypmnyl”yqrx - _yiklyjkmylnpysnpy“q Ymgr + yiklyjk yl ! ymnqu Yprs + §€3yikly'” qy

kmn ,lrs

y ypmryqns

+ Gay ity V" Y [17C (i) + 15 Co(k) + ngCo(l) + n19Cu(p)]

+ Gagpiury™ 111 Co())Cy (i) + 112 C (i) Cp (k) + n13C, (k) Cy (k) 4 114Co (k) Cy (1))

+ Gayiury™ [1158.Ca(i) + n16S,Ca(k) 4+ 117G Co(i) + 113G, Co (k)]

+ 812 C(i){gh[n19S% + n20S,G + 121G + RG2S, Cp (i) + 123G Cp (i) + 124 Sp)

+ 15 g3 g2Cp (i) Co (i) + nasgay "™ yiumCo (k) /d, }.

However, as is well known, some of the coefficients n,, ..

(4.16)

., Ny Of the gauge-coupling-dependent terms differ for the chiral

superfield and its scalar component. Indeed, the coefficients for the scalar component are dependent on the choice of gauge
fixing, while the coefficients for the chiral superfield are not. For the chiral superfield anomalous dimension, the results

are [45,46]

n1:_27 l’l2:2, n3:_17 l’l4:2, n5:4’ n6:_6’ n7:2+3§3, n8:1_3§39

ng=4-6¢3, ng=-4+6¢3 n;=4-150, np=-8+120;, n;3=-12-6(;,

n14:—2—|—18C3, l’l15:—1, n16:—4, I’l17:3—3C3, n18:12—62_,'3, n19:2,

nyg = -2 + 24C3, nyp = —12, Nyy = —4, ny3y = 12, Noy = 20_246:3, Ny5 = —16, Nyg = -5. (417)
For the scalar component, I find that the Landau gauge coefficients are instead,
n=-1, nm=2 ny=-1, m=1, ns=2, ng=-9/4, n;=2+43, ng=1-3¢,
ng=4-6¢3, ng=-4+643 n;=4-1203, np=-8+120, ni3=-12, nyu=-2+120,
n15:—1, nl6:_4’ n17:7/2—95_,'3/2, nlg:12—6¢3, l’llg:l, n20:—9/4—|—12§3,
n21:—13/16—63§3/8, n22:—2, n23:—1+15C3, n24:10—12¢'3, l’l25:—12, n26:—5/2. (418)

The first six of these are not new, having been obtained in
Ref. [5] from the DR’ two-loop effective potential.

The different roles played by the chiral superfield
anomalous dimension and the scalar component field
anomalous dimension are as follows. The former enters
into the beta functions for superpotential parameters
according to

Por =1y (i )+ (o k), (4.19)

Bui = vupt + (i < ), (4.20)
valid at all orders in perturbation theory. The scalar
component field anomalous dimension y* is instead related
to the beta function of the background scalar fields ¢;
according to

ﬂ(ﬂi — —(}’S){(Dj, (4.21)
for use with X = ¢; in Eq. (4.3).

For the sake of completeness, I also review the beta
functions for the soft supersymmetry-breaking parameters
as needed below, again following closely the notation of the

|

review in Chap. 11 of Ref. [43]. This can be done most
efficiently in terms of differential operators in coupling-
constant space that act on the chiral superfield anomalous
dimensions:

1 d 0
Q=-M,g9,——a’*—, (4.22)
2 99, ay"
1 0 0
Q' =-M,g,— — ajjx—- 4.23
2 aYa agu al.]k ayijk ( )

The beta functions for M, a'/*, and b"/ were found at two-
loop order results in Refs. [25,52-54] and extended by
Refs. [55,56] to all orders in perturbation theory,

ﬂM,, = 2Q(ﬁqa/ga)v (424)
Bax = lrha* =2y"*Q(y)] + (i< j)+ (i< k), (4.25)
Py = [y =25 Q(y1)] + (i < j)  (4.26)
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using spurion methods as proposed in Ref. [54]. However, in cases with gauge-singlet chiral superfields, 3, contains extra
terms not captured by the above. The results were given in Refs. [25,53,54] at two-loop order:

1 1 i mnj 1 ij mn i mnj ij ij . . »
ﬂgij) = Eb lylmny I+ iyjlylmnb +u lylmna /= Z(b I = 2Ma/“tj)g%tca(l) + (l <~ .])’ (427)

y 1 1 1 )
ﬂiu) = _Eb lylmnypqnypqrymrj - Ey lelmnbmrypqrypqn - Ey ]lylmn:um ypqrapqn

= WY 1 @Y V™ = Y1 YUY @™ 4 2y 0y, (DP1 = uPIM ) gaCu(p)
+ (By1,gy? Y + 2p'yy,,aPt = 2uly,, yPUM ) g2 12C, (p) — Cou(i)]
+ (267 = 84T M ) G2 Co (i) 928, + 292 C (i) = 352G ] + (i < j). (4.28)

This will be sufficient for the examples considered below. A way of finding /3, at arbitrary loop order in terms of the chiral
superfield anomalous dimension is given in Ref. [57]. For the nonholomorphic soft squared masses (m?), the result is [58]

) d
By = B JAL+ {m* (M + X)gu =+ [(m279 4 (m?)y + (m2) e

99, ay"re
0 .
+ [(mz)fzykpq + (mz)gynkq + (mz)](;ynpk] F}y{’ (429)
npq
with
L Lo 1 o
X, = a Xa cees 4.30
“ 16x? * (167%)? + (4.30)
I o I @ I 0
= a a Ay 4.31
« = le " T e et b (4.31)
where the results needed for three-loop order /)’<mz),_- are [58,59]
X =2¢2[G M, - (m*)EC, (k) /d,). (4.32)

2 0 1
X = gh(10G, = 28,)Gu|M [ = 4G4 G (m*)sCo(k) /dy = 452G S ab M + G703, (), [Ca(p) + ica(k>] /da
+ gia*riay,,C,(k)/2d,, (4.33)
and the special contributions from Abelian group factors are [60]
AL =20), (), (4.34)
A(az) = ()89, Cy (k) (m*)f — z(mz)ﬁynpq)’lm]’ (4.35)

2 (mz)’llykpqypqrymtynst - 4yknpypqrymtylst(m2)z - 2aknpanpqy1rsyqrs

3 3

Ag ) - (ta)kl{3(m2>?ykpqynpry”tyqst 5
22 kg, yars 1662 C (k)Y 1Py, M2 + (8 = 24¢3) g2 C,y (k) akn?

261 Aprsy ynpq+ 9p b( )y ylnp| b| +( C3)gb b( )(1 Anp

+ (1253 - IO)giCb(k) [aknpylan;; + yknpalanb] + gi(mZ)lllykpqynpq[(lo - 24C3)Cb(k> - lzcb(p)]
+ (16 = 4883) g,y (k)y""P vy, (m?);, = 1693,62Cy (k) Ce (k) ()} + g3.92C (k) Co (k) [(96¢3 — 64) M, |

(43¢, — 40)M,M:JSE + 1241Cy (K) (3G, - sh><m2>’;}. (4.36)
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Finally, renormalization group invariance of the effective potential requires nontrivial running of the field-independent
vacuum energy X = A in Eq. (4.3). The one-loop and two-loop contributions were found in Ref. [5] from the two-loop DR’
effective potential:

AN = (02 )]+ 20 e+ bty = o M

2 .
ﬂs\) = =y Ry [(m?) e (m?)h, + (M) ™ 4 papt™ (m?)!) 4 g (m?) 0" + 5™ by, ]

— a®ay[(m?) 4 pnd™] = 297 i (1) ™ = YR Qi = i@ kb
+4g2C, (i) [(m2)L(m2)% 4 by, — M by — Miguy ;b + 2(m? Y™y + 20ty | M)
+ gzda(“'sa - 8Ga)|Ma|4'

(4.37)

(4.38)

From the special case examples described below, I was able to deduce the general three-loop result, which is divided into
parts with 0, 2, and 4 powers of gauge couplings:

where

Y =B+ R+ Y.

3a ilm n j j r ir r
B = 2910, [ (2 Y (2K (Yol gt () 4 gy (M2 )i + bybH]

. 1 . . . ‘
+ Y 1Y Y g (M) [5 (m*)] + 2ﬂirﬂ”] + VY imap Y P Y 100 (102 ) [3 ()] 4 dpaopt’" |

| . , .
=3V VinpYimg " ()i (m2)] 4 (m2 )bt - pigpa?” ()5 + i (m 2k + by b

1 . : ) , .
- Zymmylmnyquykpq (mz)i[(mzx + 2/1"'[,{]1 - ylk[yjkmynqrypqrﬂlnﬂmp (m2>{

- ylkmy]kl( )i [;umrﬂnrynpqylpq + /’tnr,ulrympqynpq]

+ 2%yttt ()5, 30y "7 + (M%) Vg™

1
= 33TV Vg Ui (2)), + papp” ()]

A+ 1283y 5y y L Vg (M2 ) E o™+ 683y Ky 0y Vg i apd” (m?)E + p?P i, (m?)7]

ikl m ikl m ikl m ikl m ir
+ 2[“ a kmy pqylpq +y yjkma pqalpq +a yjkmy pqalpq + y ajkma pqylpq]ﬂirﬂ]

1 . . .
ik l k l k l k l
- 5 [all aijry mnypmn +a¥ Yijiy mnapmn + le a;ja mnypmn + yl] Yijia mnapmn]/"krﬂpr

1 ) 1. .
-3 [a' % a;;1y"™P 0y, 0 + a7y Y™ P9 " g — Zylmnykmnyquylquijbkl

ikl m ikl m ikl m 2\J
+2[al Ajkmy pqylpq +a YjkmY pqalpq +yl Ajimd pqylpq](m )i

1. .. . .
ijk Imn ijk Imn ijk Imn 2\P
i mn i mn i mn k
_5[5“ aiiiy"™y pmn + @Y Y™ Ay A Y110 | (M)

mnl mnl

klm npq 1 kpq 1 kpq
Yitny ampq 2y1mny y Eaimny y

+ 29"y, y Py, . 4 2y Ypail P i

iln zmn

. 1 . .
+ [zyklmallnynpqympq + 2yklmy ynpqampq - Eylmnykpqymnlapql ykpqymnly ]bij/’ljk

1. .. i, 1 ..
k l / k k l
- E [yl] aijlb mﬂknynpqympq yijkal] blmﬂ nynpqympq] - Zal] aia m”akmn

+ 385 [(y*bM™ + 20T "™ ) (911 b iy + 20k )Y kmg Y]
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ﬂ&%b) — 662C, (i)a*ayu | M,[? + gai*a;; (m?)L[(12L; — 8)C, (i) +
2)il(8 = 1283)C

AL = ghd,[(4 - 2465)G2 +

+ g2 ( ijkaile +aijk}’ile*)(

+54%
Gay" " yijn(m? )i |[M[P[14C, (k) = 4C, (1))
gay "y (m? ) (m?), (1285 -
Gay" i (m?)(m?)7[(12£
+95[ (1285 = 8)Cy (i) + (10 — 18L3)C, (k) |{ ('

+ Yyl = M) (b — M) + (m?
+ [yijk)’izn(mz)ﬁ' + ¥y (m?

+ 9aCa(){ga[(84 — 120¢3)
+ 9295 Ca(i)Cp () [(4885 — 40) (m?)} +
+ G2C,(i ga(18G -6S,)
+ 2C,(1)[(24 = 123)g
+ (b - ZMQW)(b

+ (4843

2G, —892S, + (2445
2MZ#1]>] + 8ga( )z[(

Note that f, vanishes in the case of no supersymmetry-
breaking terms.

To obtain the three-loop beta function for A, I found that
it was more than sufficient to consider Eq. (4.3) for the
following example models, chosen somewhat arbitrarily.
Since the goal here was only to obtain the beta function for
the field-independent vacuum energy, the background
values of all scalar fields were simply set to O.

®

(ii)

(iif)

Supersymmetric theory with no gauge symmetry and
six chiral superfields @ ;3 456, With superpotential
W =y @, 0, D3 4y @ Dy D5+ Y Oy Dy Dy + 54, DT+
o @3 53 D3+ 3y @F + s DF +-3us g and  soft
supersymmetry-breaking  Lagrangian  —L 5=
204 12 204 12 204 |2 204 |2 210 |2
mi| 1 |” +m3|hy|* 4+ m3| 3| + mi|pa|” +m3| s[>+
mg|s|* + A
Supersymmetn'c theory with no gauge symmetry
potentlal W= y(D q)z(I):; +y '® 64654’)7 (D2®4(D6+
ﬂ12®1 (1)2 +/434®3¢)4 +/’t56®5q)6 and soft super-
symmetry-breaking Lagrangian —Lq=m?|¢;|* +
m3| o |*+m3 |3 |* +m3|al> +m3| s |+ mg| s> +A.
Supersymmetric theory with no gauge symmetry
and two chiral superfields, with the most general
superpotential (including four independent Yukawa
couplings and three mass terms) and the most
general soft supersymmetry-breaking Lagrangian.

—8g2.C, (i)](m?)! (m?
-28)g7

2)F — ]

o(0) + (683
a( )( l]katjkM —I—a]klekM*>|M |2 - 1ngyl]kyz]kc ( )|1Ma|4

)Z/"np/"lp + /"kp:unp (m
Vurpn™ + y*aip,b™ 4 a7y, ;b ™,

(9685 — 26)G,S, + 1082]|M,,|*
+ GagpdaSap|Mal*[(20 = 2405) (2|M . [* + M M + M(M,)
G, —365,] + g3 C(i)(965 —

(4 — 1883)C, (k)]
—6)C, (k)]

8)Ca(i) + (8 = 18L3)Cy (k)]
=2)Cy(i) + (12 = 2483)C,(j)]
— M ) (aij — yiMy) g™

2)n Tt b (m? )]

(4.41)

— 24|M,?]
64)} (m?);|M,|*

— 56)u"p;j|M M
)i + gaCa(i)[(56 - 2443)G
Cp(D)][2(m*

a 16Su]ﬂijﬂij|Ma|2
V™

Ca(1)Ca(j)/d (4.42)

@iv)

)

(vi)

(vii)

(viii)

015019-12

Supersymmetric U(1) gauge theory with six chiral
superfields with charges ¢, —¢q, g2, —¢»,0, and O,
with the most general allowed superpotential and the
most general soft supersymmetry-breaking Lagran-
gian consistent with these charge assignments.
Supersymmetric U(1) gauge theory with six chiral
superfields with charges ¢, —q1, 92, —¢2, (1 + ¢2),
and —(q; + ¢,), with the most general allowed super-
potential and soft supersymmetry-breaking Lagran-
gian consistent with these charge assignments.
Supersymmetric SU(2) gauge theory, with three
doublet chiral superfields @, ®,, and ®; and one
singlet S, with superpotential W = y®,®,S, and
soft supersymmetry-breaking Lagrangian —L 5 =
(agrs + 1 MAX) + c.c. + m3||* + m3|ga|* +
maldsl> + mllsP + A,

Supersymmetric SU(2) gauge theory, with four
doublet chiral superfields ®;, ®,, ®;, ®,, and
one singlet S, with superpotential W = y®®,S +
y'®3®,8, and soft supersymmetry-breaking Lagran-
gian =L = (agrs + d'p3pys + 5MAA) +c.c. +
mi | [*+m3| ol +m3 s [P +m3|al* +m3 s[>+ A
Supersymmetric SU(2) x U(1) gauge theory, with
chiral superfields transforming as (2,+1), (2,-1),
and (1, 0), and the most general allowed superpoten-
tial and soft supersymmetry-breaking Lagrangian.
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(ix) Supersymmetric SU(3) gauge theory, with triplet and
antitriplet chiral superfields ®, ®, and one singlet S,
with superpotential W = y®®S, and soft super-
symmetry-breaking Lagrangian —Lq = (agps +
IMAR) + c.c. + m*|p* + m?|p|> + m?|s]> + A.

The expression for £ in Eqs. (4.39)~(4.42) was obtained
by writing the most general possible form for it with
unknown coefficients, and then solving for the coefficients
by demanding the vanishing of Eq. (4.3) for £ = 1,2, 3.
These examples also produced numerous redundant
checks.

To obtain the previously unknown values of the three-
loop scalar field anomalous dimension coefficients
ny,...,nye in Eq. (4.18), I found that it was again more
than sufficient to consider Eq. (4.3) for each of the
following example models:

(i) Supersymmetric U(1) gauge theory with six chiral

—(q1 + ¢q2), and —(gq; + ¢q3), and a superpotential
W = y®,0,05 + yO,D;d¢. To avoid a gauge
anomaly, g3 = g7 +3q1q>+34195+34793 +34,43-
The effective potential is a function of the Yukawa
couplings y, y’, the gauge coupling ¢, and the
background values of the scalar components of
@, and ®,, which are taken to be independent.

(i) Supersymmetric SU(2) x U(1) gauge theory with
chiral superfields transforming as @; = (2, q,),
D) =(2,92), P3=102.93), 4= (L qy), 5=
(1,—¢; — ¢»). There is a Yukawa interaction W =
y®,®,Ds. To avoid gauge anomalies, g3 =—q; —q»,
and g3 = q¢3 + 9939, + 99,45 + ¢3. The effective
potential is a function of the Yukawa coupling y, the
gauge couplings g and ¢, and the background values
of the scalar components of ®; and ®,, which are
taken to be independent.

(iii) Supersymmetric SU(2) gauge theory with chiral
superfields consisting of one doublet ® and one
triplet X, with superpotential W = y®®dZ. The
effective potential is a function of the Yukawa
coupling y, the gauge couplings g, and the back-
ground values of the scalar components ® and X,
which are taken to be independent.

(iv) Supersymmetric U(1), SU(2), and SU(3) gauge
theories with chiral superfields @ and ® in funda-
mental and antifundamental representations, with
superpotential W = u®® and — Lo = A+ m?|p|>+
m?|p|> + (b +iMA2* +c.c.). The background
scalar field components of ¢ and ¢ were taken to

be nonzero and equal along a D-flat direction, but
supersymmetry is explicitly broken by soft terms, so
the effective potential does not vanish.
In addition to determining the scalar field anomalous
dimension coefficients, these models again produced
numerous redundant checks of Eq. (4.3).

V. OUTLOOK

In this paper, I have provided the three-loop effective
potential in Landau gauge for a general softly broken
supersymmetric theory, using a regularization and renorm-
alization scheme that respects supersymmetry. As by-
products, the beta function for the field-independent
vacuum energy and the Landau gauge anomalous dimen-
sion of scalars have been obtained.

It should be noted that the results obtained in this paper
apply only to models with softly broken supersymmetry.
This is because if there is supersymmetry violation in the
dimensionless couplings (or simply in the field content) of
the theory, then it was shown in Refs. [61,62] that while
dimensional reduction can be applied in a consistent way,
renormalization requires that there are evanescent cou-
plings that are different (at all but at most one renormal-
ization scale) for € scalars and vectors. This is inconsistent
with the procedure followed in the present paper, where the
contributions of e scalars and vectors have been combined
due to always having the same gauge interactions. This is a
feature only of softly broken supersymmetry.

I have checked the consistency of the three-loop effective
potential for numerous toy models, as described above. An
obvious more practical application of the results obtained
here is to the MSSM, which could well describe our world
even though there are increasingly stringent bounds on
superpartners coming from direct searches at the Large
Hadron Collider. This would extend the two-loop results of
Ref. [63] and allow a more precise determination of the
relations between the Higgs vacuum expectation values
and the other renormalized Lagrangian parameters.
Implementing the general results found here in the special
case of the MSSM is in principle straightforward, although
the combinatorics appear to be somewhat intimidating.
This is left as an exercise for the clever and courageous
reader.
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